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1 Introduction

The consistent definition of non-commutative gauge theory is an important step for under-
standing of low-energy physics of D-branes in general backgrounds of string theory [1-3].
This problem was extensively investigated during the last decades. We mention here the
main approaches discussed in the literature: the covariant coordinates approach [4, 5], the
twist approach [6-9], the Lo.-bootstrap approach [10] and also recently proposed approach
based on the combination of the Lo, algebras and the twist [11]. Nevertheless the structure
of the non-commutative field theory still requires the better understanding, especially in
case when the non-commutativity ©%(z) is not constant. In the previous work [12] in
collaboration with Richard Szabo we formulated a novel approach to the construction of
algebra of non-commutative gauge symmetries in the semi-classical limit, based on the sym-
plectic embeddings of (almost)-Poisson gauge structure. The aim of the present research
is to construct the dynamical sector of the corresponding theory.



The associative non-commutativity of space-time is usually introduced in the theory
by substituting the standard pointwise multiplication of fields f - g on some manifold M
with the star multiplication,

frg=Fg+ 5 {f.0h+O0), (11)

defined as an associative deformation of the pointwise product along the given Poisson
structure,

{z',27} = a©Y(z), (1.2)

where « is a small parameter which we will refere to as the non-commutativity parameter.
The non-commutativity field ©%(z) is considered to be an external field. The higher order
in i contributions to (1.1) are defined from the condition of the associativity, (f xg) xh =
f*(g*h), and can be constructed according to the Formality theorem [13], or also the
polydifferential approach [14].

The non-commutative U(1) gauge transformations 5§V C A, are defined as transforma-
tions satisfying the following two conditions: they should close the algebra,

67,651 Aa = 6885 41, Aa (1.3)
with, [f, g]« = f*xg— g« f, and should reproduce the standard U(1) gauge transformations
(5?14@ = 0, f, in the commutative limit. Reminding that the Poisson bracket is the semi-
classical limit of the star commutator, {f,g} = limy_o[f, g]x/ih, we define the Poisson
gauge transformations d5A,, following [12], as the semi-classical limit of the full non-
commutative U(1) gauge transformations. They should close the algebra,

167, 64]Aa = 677,91 Aa (1.4)

called Poisson gauge algebra, and reproduce the standard U(1) gauge transformations in
the commutative limit, lim, 067 Aq = Ou f.

If ©¥ is constant, one may easily see that the expression, & A = 0uf +{f, Au}, satis-
fies (1.4). However, for non-constant ©%(z) the standard Leibniz rule with respect to the
partial derivative is violated, 9,{f, g} # {0uf, 9} + {f, Dug}, therefore the same expression
will not close the algebra (1.4) anymore. To overcome this problem one has to modify
the expression for the gauge transformations introducing the corrections proportional to
the derivatives of the non-commutativity 9,0% (z) which would compensate the violation
of the Leibniz rule. The problem was solved in [15] using the L-bootstrap approach
to the non-commutative gauge theories [10]. We stress that Lo.-formalism is a powerful
tool for the construction of perturbative order by order in « expressions for the consistent
non-commutative deformations of gauge theories [16]. Though, to get an explicit all order
expressions normally one needs to invoke additional considerations.

The approach to the solution of this problem proposed in [12] is based on the symplectic
embeddings of Poisson manifolds [17, 18] and is especially good for obtaining explicit form
of the deformed constructions. The problem with violation of the Leibniz rule for the



original Poisson bracket (1.2) can be solved in an extended space. To each coordinate !
we introduce a conjugate variable p;, in such a way that the corresponding Poisson brackets,

{xi’pj}:7;(xap)7 {piypj} =0, (1'5)
should satisfy the Jacobi identity. In our construction we will need the vanishing bracket
between p-variables, {p;,p;} = 0, while the matrix, ’yé(x,p) = 5; — %@-@ikpk + O(a?),
defining the Poisson bracket {z*, p;} will be constructed in section 2. For constant ©% this
matrix is constant, fy;-(:c,p) = 5;, so, {f(x),pi} = 0;f(x), i.e., the Poisson bracket between
the function f(x) on M and the auxiliary variable p; is just a partial derivative of this
function. In case if ©%(z) is not constant the expression for 'y; (z,p) is more complicated,
however the action of the operator { -, p;} which we will call ‘twisted’ derivative on functions
f(z) is similar to that of the partial derivatives 0;. First of all because the Jacobi identity for
the Poisson brackets (1.5) and the fact that {p;, p;} = 0 imply that these operators comute,
{{f(@),pi},pi} = {{f(x),pj},pi}. Second, because the ‘twisted” derivative satisfies the
Leibniz rule,

{f (@), 9(@)} i} = {f (@), pi}, g(2)} + {f (@), {9(),pi}} , (1.6)

which also follows from the Jacobi identity. However, the price to pay is that the expression
{f(z),p;} depends also on the auxiliary non-physical p-variables. It turns out that the
auxiliary variables can be eliminated in the consistent way by introducing the constraints,
Pa = Ag(x).! In the section 3 we will prove that the gauge transformations defined by,

A = 70(A) 9 f(x) + {Aal@), f(2)}, (1.7)
where, 7L (A) := 4l (z,p) |pa=Aa(x)> close the algebra (1.4) and reproduce the standard U(1)
gauge transformations, 5?14(1 = 0, f, in the commutative limit.

The new results of the present research are related to the consistent definition of the
dynamical part of field-theoretical model having the Poisson gauge algebra (1.4) as the
corresponding algebra of gauge symmetries. Working in the formalism of the symplectic
embeddings we introduce the matter field 1 by postulating the corresponding gauge trans-
formation as, ds¢) = {1, f}. In the section 4 we construct the gauge covariant derivative
D, (1) satisfying two key requirements: it transforms covariantly under the gauge trans-
formation, 0;D,(¢)) = {Da(), f}, and reproduces the standard partial derivative in the
commutative limit, D,(¢)) — 041, as a — 0. In the section 5 it will be shown that the
commutator of two covariant derivatives defines the Poisson field strength F,;, which also
transforms covariantly, 6 ¢F. = {Fap, f}, and reproduces the standard U(1) field strength
in the commutative limit, limqy_,0 Fap = 0 Ap — OpAy. We also define the corresponding
Bianchi identity in the section 5.1. The main relations are resumed by table 1 on the top
of the next page, which for simplicity is given for the case of linear Poisson structures,
QY (z) = f,ij zF. In the table we are using the following notations,

Ry = % (vipt = pipl) . M= (p‘l)j (&hiy — 03] (p‘l)em :

Note that in [19] the symplectic embeddings were used to construct the consistent Hamiltonian descrip-

tion of the electrically charged particle in the field of magnetic monopole distributions. However in that
case the elimination the auxiliary p-variables was not possible.



Object Identity

Da(®) = pi(A) (1(A) 0 +{ A0 ¥}) | [Das Dol = {Faps - } + (Faa A% — Foa Aa™) D
Fab = Ry (A)(FL(A) 814, + {Ai, A;}) Do (Foe) — Faa Ay Fue + cycl.(abe) = 0

Table 1. The main relations.

with, (91];1 = 0/0A;, and the matrix p(A) is defined by, p’(A) = p}(2,p)lp,=4,(x), Where
pi(z,p) should satisfy the equation,

{f (@), pa(e,p)} + Pl p) O { (@), m} =0, Vf(x). (1.8)

For the non-linear Poisson structures ©%(z) there may appear additional contributions in
the identities in the right hand side of the table which are given in the section 5.

For arbitrary non-commutativity ©% (z) we provide the recurrence relations for the con-
struction of the matrices, 7. (A) and p!,(A) which are the building blocs of our construction.
For some particular choices of the non-commutative spaces, like the rotationally invariant
NC space [20-24] described by the su(2)-like Lie Poisson structure, ©¥(x) = 2ac"*zy, or
the x-Minkowski space [25-29] we obtain explicit all-order expressions for 7% (A) and pl, (A)
in the sections 2 and 4 correspondingly. In the section 6 we use the gauge covariant ob-
jects Dg (1) and Fgp to construct the gauge invariant action and derive the field equations
for the gauge field A, and the matter field . In case of the rotationally invariant non-
commutative space [20] the field equations in the pure gauge sector read, DS (]—"gb) = 0.
We conclude with the final remarks and discussion in the section 7 and provide the useful
for the calculation formulas in the appendix.

2 Symplectic embeddings of Poisson manifold

In this section we will summarize the necessary ingredients from the symplectic geometry
that we will use throughout the paper. All precise mathematical definitions and proofs are
given in [12], here our aim is to recollect them and expose on a physics friendly language.
The problem of the construction of the symplectic embedding for the given Poisson struc-
ture (1.2) formulated in the introduction consists basically in finding the matrix ’y} (x,p)
which defines the Poisson bracket {z',p;} in such a way that the complete algebra of
Poisson brackets (1.2) and (1.5) should satisfy the Jacobi identity.

The Jacobi identity involving the original coordinates only, {2?, {27, 2*}} + cycl. = 0,
is satisfied automatically since ©% (x) is a Poisson bi-vector. The Jacobi identity with two

original coordinates and one p-variable, {x%, {27, p;}} + cycl. = 0, implies an equation,?

A 8275 — Ak 8273 +a®™m 9k — a0 9,4 —ay™ 0,0 =0, (2.1)

on the function ’y} (z,p) in terms of given Poisson structure ©%(z). The Jacobi identity
with one z and two p-variables, {z¢, {p;,pr}} + cycl. = 0, is also satisfied automatically.

2Note that here we use different notations from [12], the matrix ~¥ here corresponds to 68 + a4 used
in [12].



It follows from the fact that, {p;,p;} = 0, and antisymmetry of {z7,pr}. And finally the
Jacobi identity involving the p-variables only, {p;, {p;, pr }} +cycl. = 0, is trivially satisfied.

So, the matrix 'y;'-(x, p) is defined as a solution of the equation (2.1) with the condition,
vj(,p)la=0 = 0}, to guarantee that the complete algebra of the Poisson brackets (1.2)
and (1.5) is a deformation in « of the canonical Poisson brackets, i.e., forms the symplectic
algebra. Up to the second order in « the solution reads,

n «Q
Talzp) =3 " =0 — 5 0.0%p, (2.2)
n=0

a2

-1 (2 O™, 0,y O + aa@bmam@kC) pope + O(a) .

The recurrence relations for the construction of the matrix 7§($, p) in any order in « are
given in [30].

2.1 Arbitrariness

We note that the symplectic embedding is not unique. The arbitrariness is described by the
invertible transformations of the variables (x,p) which leave the Poisson brackets between
the coordinates and coordinates {z%,27}, as well as, momenta and momenta {p;,p;} un-
changed, while change the brackets between the coordinates and momenta {x?, p;}. Making
the transformation which change only the p-variables, ¢ : p — p, with ¢(p)|a=0 = p and
leave z-variables unchanged we do not change neither the bracket (1.2), nor the {p;, p;} =0,
while for the bracket between the coordinates and momenta one finds,

75 (,8) = {2, 5 (P)}p=p(p) = V(@ 2) 5 (D) p=p() - (2.3)
The new set of Poisson brackets,
{2%,27} = a ©Y(z), (2.4)
{«".5;} =%(x.0), B} =0,
also represents the symplectic embedding of the Poisson structure (1.2) since
(2, P)|a=0 = 0}
2.2 Symplectic embeddings of Lie-Poisson structures

The Kirillov-Kostant Poisson bracket, also called sometimes the Lie-Poisson bracket, is
defined in [31] as,

{2, 27} = f;7 2", (2.5)
where f,ij are the structure constants of a Lie algebra. The solution for the equation (2.1)
in this case is given by [12, 32, 33],

A 1 .
() =85 = 5 13" i + X5 (=M/2) (2.6)
where,
]\4[z = llc]l l ]ijlij > (27)



and X/ (—M/2) is a matrix valued function with,

\/7(:0‘5 \/7 i; 22;5?” r , (2.8)

with B, being Bernoulli numbers. We stress that the matrix 7/(p) defined in (2.6) does
not depend on z-variables.
Let us consider an exemple of the su(2)-like Lie-Poisson algebra,

{z* 2!} =2aM,, 2™, (2.9)

physically corresponding to the rotationally invariant non-commutative space. In (2.9)
gfm is the Levi-Civita symbol and the factor of 2 is just a matter of convenience. We use
the Kronecker delta to raise and lower indices, and summation under the repeated indices
is understood. In this case the matrix M. appearing as the argument of the third term in

the r.h.s. of (2.6) is given by,
M)} =40 (p'p = 6} p) (2.10)

where, p? = p,,p™. This matrix is diagonalizable, it can be written as, M, = S -D-S™!,
where D is the diagonal matrix with the eigenvalues of M., \; = 0, Ay = A\3 = —4a?p?
on the diagonal and the matrix S is constructed from the corresponding eigenvectors.
Therefore following [34] we write,

2] (~M/2) =[S ding X (-)1/2), X (~3a/2), X (~Xo/2)] - 57’ (2.11)
= a? (8} p* — p'p;) X(0?p?),

where,

S

x(t) =t x(2t) = - (Vieot vVi—1). (2.12)

We conclude that,
lh) = [1+ a?px (a%?) | 35 — a?x (%) pap® — a2a'pr. (2.13)

Note that the explicit form of the function y(¢) was obtained from the general solu-
tion (2.6) diagonalizing the matrix X; (=M_./2). Alternatively one may check that the
expression (2.13) satisfies the equation (2.1) only if x(¢) obeys the ODE,

2tx +3x+tx: +1=0, x(0) =—= (2.14)

whose solution is given by (2.12).
The second particular exemple we would like to discuss here is the x-Minkowski
space [25—29] yielding the Kirillov-Kostant structure,

{aF 2y =2 (ai ] xl) , (2.15)
with a’ being constants. For this Poisson structure the simplest solution for v*(p) reads [35],

mmm=[1+MmP+mmﬂ&—&m. (2.16)



2.3 Change of coordinates

If two different Poisson structures ©% (z) and ©%(Z) are related by the invertible coordinate
transformation, v : x — Z, i.e.,

éij (f) = {fl(l‘)v jj (x)}:v:x(ﬁc) = 8/657@ @kl(x) 8li‘j|x=:v(i) 3 (2‘17)

and the symplectic embedding 7;- (z,p) of the first one is known, then the symplectic em-
bedding of the second one can be constructed according to,

F(#,p) = {F(2), 0j Yoa(z) = OkF' V5 (,0)ls—a(z) - (2.18)

Thus formally having in hand a symplectic embedding of a given Poisson structure we may
generate symplectic embeddings of the whole family of the related Poisson structures. At
the same time we have to be careful with the applications of this construction since the
physical observables should not depend on the change of coordinates.

Let us consider an example. We start with the symplectic embedding (2.13) of the
su(2)-like Lie-Poisson structure (2.9). The corresponding non-commutativity preserves
rotational symmetry, see [20]. Let us discuss its generalization, namely the non-linear
Poisson structure,

{38} =2aeY,, 2™ f(&?), (2.19)

where f(#?) is some given function. The non-commutativity (2.19) also preserves rota-
tions, however it does not grows on the infinity provided that f(#?) decreases faster then
1/ V#2, when #2 — oo. In this case we have a kind of “local” rotationally invariant non-
commutativity. The algebra (2.19) can be obtained from (2.9) by the change of variables,

i =g(2?) 2", (2.20)
where g(2?) is a function to be determined. Note that, #? = g?(x?) 2. One calculates,
{337} =2aeY,, 2™ ¢*(2?) = 2 e, 3" g(2?) . (2.21)
Comparing (2.21) to (2.19) and taking into account (2.20) one finds,
f (9% a?) = g(a?), (2.22)

which is a functional relation on g provided that f is some given function. Taking f as the
Gaussian function, f(7?) = exp(—a#?/2), one obtains from (2.22),

2 _W(az ) _W(azQ)

gla®)=e 2 | = i=e2 g, (2.23)

where W (z) is the Lambert W function satisfying the functional relation, z = W (z) eV (),

One may easily verify that in this case, aZ? = exp(—W (ax?)) az? = W(ax?), and thus,
(@) = exp(—ai?/2) = exp(-W(az?)/2) = g(x?), i.e., (2.22) holds true. The inverse
transformation is,

= it=e2 3. (2.24)



Now from (2.18), (2.20) and (2.24) we derive the symplectic embedding of (2.19),

i _as? [, aFpF
Y;(Z,p) =e 2 (i—Hag}Q> VJ’?(P)a (2.25)

where the matrix 7 (p) was constructed in (2.13) and we remind that we do not change p
variables.

3 Poisson gauge transformations

In this section we prove the statement formulated in the introduction regarding the closure
condition (1.4) of the Poisson gauge transformations (1.7). First we observe that the (1.7)
can be written in a more convenient form as,

6fAf1 = {f(iL‘), (I)a}@zo ) (3.1)

where,

D, :=py — Aulz). (3.2)

Indeed, the expression {f(¥),Pa}p,—A,(z)—=0 means that first we calculate the Poisson
bracket {f(z),pq} according to (1.5) and then substitute all p with A, so,

{f (@), pa}o=0 = 75(A) D f (x).
The main property of the transformation (3.1) if formulated by the following proposition.
Proposition 3.3. The Poisson gauge transformations (3.1) close the algebra (1.4).
Proof. We start with some preliminary definitions,
0fF(A):=F(A+6;A) - F(A). (3.4)

In particular,
59 ({Am f}) = {5gAaa f} 5 (3.5)
and if F'(A) is a smooth function in A, then,

OpF(A) = (4F) 674, (3.6)

where as before we use the notation, 0% = 0/0A,. The composition of two gauge transfor-
mations can be written,

67 (0y40) = ~{g(@), 6 AaYao + (Oh{g(x), @a}) _ 854, (3.7)
= —{9(@). { (), Pa}o=o}o=0 + ({g(x), Da}) ,_ {F (@), Po}oo,

since,

O ({9(), ®a}oo) = (9p{9(), Da}), _ - (38)



And thus we find,
55 (85Aa) = 3 (67 Aa) = (3.9)
—{9(2), {f(2), ®a}ootamo + (Oh{g(@), ®a}) _ {F(2) Br}amo
+{ (@), {9(@), Patao}omo — (9p{f(2). ®a}) _ {9(x), Bs}amo.

Using the relation (A.3) from the appendix in the right hand side of (3.9) we represent it as,

—{9(2), {f (@), Pa}}o=o + {f(2),{9(x), Pa}}o=0 . (3.10)

Finally applying now the Jacobi identity we end up with,
0 (0g4a) = 09 (674a) = {{/(2),9(2)}, Pate=o = 1,6} Aa- (3.11)
The latter means that the gauge variations (3.1) close the Lie algebra (1.4). O

3.1 Field redefinition

The form of the Poisson gauge transformation (3.1) relies on the precise symplectic embed-
ding 7! (z, p) of given Poisson structure (1.2). However, as it was discussed in section 2.1
the symplectic embedding of (1.2) is not unique. Different embeddings are related by the
invertible change of p-variables, ¢ : p — p, with ¢(p)|a=o = p. Having the Poisson gauge
transformation (3.1) which satisfy the relation (1.4), one may construct another gauge
transformation corresponding to the new symplectic embedding 7 (z, ),

OrAa = 7(A) 0if +{f, Aa}, (3.12)

which will close the same gauge algebra (1.4).

From the physical perspective one may expect that the invertible field redefinitions
defined by, ¢ : A — A, and f = f, will leave our construction invariant. We define the new
gauge transformations & ¢ by setting,

0p:=¢odrop™t, (3.13)
or in the other words,

SpAq, = 5an(A)‘A(A) = 9% Aq(A) 5fAk‘A (3.14)

(4)
Taking into account (2.3) we see that it is exactly the expression (3.12), meaning that the
arbitrariness in our construction corresponds to the invertible field redefinition.
Since the field redefinition is invertible the gauge orbits are mapped onto the gauge
orbits and the Seiberg-Witten condition,
A(A+6;A) = A(A) +0,A(A), (3.15)
is trivially satisfied up to the linear order in f. Moreover,
[gf,gg} = Sf o Sg — Sg o Sf =¢o(dfody—dg00dy)0 ot = S{f,g} , (3.16)

meaning that the gauge algebra remains the same, as expected. In [36] it was shown
that the Seiberg-Witten maps correspond to L.-quasi-isomorphisms which describe the
arbitrariness in the definition of the related Lo, algebra in the Lo,-bootstrap approach [10].



4 Covariant derivative

We start with the introduction of the matter fields ¢ and the definition of the non-
commutative U(1) gauge transformations (5}\7 €4 which should close the same gauge al-
gebra (1.3) as the corresponding gauge fields A,. In case pf the associative star products
there are three possibilities to define such a gauge transformation. It can be taken to be
left or right star multiplication, 5}\70@& = if x1 or 5}\701/1 = i) x f, or even as the star
commutator, 65)’ Y = —i[¢), f]x. Only the third possibility is compatible with the semi-
classical limit which is the subject of this research. That is why we define the Poisson
gauge transformation of the matter field as,

o = {4, [} (4.1)

The Jacobi identity implies that such a determined gauge transformations close the same
algebra as (1.4), i.e.,

[0f, 0]t = Ogp. 0¥ (4.2)

We note that in the commutative limit the Poisson gauge variation of the mater field
vanishes, lim,_0drY = 0, meaning that in this limit the matter field v is ‘electrically
neutral’ and does not interact with the gauge field A,. The interaction between the gauge
field and such a defined matter field is caused by the non-commutativity. At the moment
we do not see a clear physical meaning of such an interaction. The field v appears in
our construction more like an auxiliary object needed for the consistent definition of the
covariant derivative, which in turn is a central object of this work. As we will see in the
next section, the commutator of the covariant derivatives will produce the gauge covariant
field strength for the gauge field. Also this object is essential for the derivation of the
corresponding Bianchi identity and the equations of motion.

Our aim now is to construct the covariant derivative D, (1)), the object satisfying two
main requirements.

o It should transform covariantly under the Poisson gauge transformation 6 defined
in (3.1) and (4.1), i.e.,

67 (Da(¥)) ={Da(¥), f} . (4.3)

This property will be essential for the construction of the gauge covariant Lagrangian
and the gauge invariant action for the Poisson gauge theory.

e In the commutative limit it should reproduce the standard partial derivative,
lim Dy () = 9t (4.4)
a—0

since the interaction between the matter field and the gauge field disappears when
a— 0.

The answer is given by the following proposition.

~10 -



Proposition 4.5. The operator,

Da(v) = phy(A) {¥, i} oo , (4.6)

satisfies the above two conditions if the matriz, pi(A) = p'(x,p)e—0, and p.(z,p) obeys
the equation,

{f (@), pa(e,p)} + po(2,p) O { (@), m} =0, Vf(x). (4.7)

Proof. Let us calculate,

5 (P (A) {0, ®i}omo) = (4.8)
OpL(A) L f, ®p Yoo {1, @i oo + ph(A) {2, [}, ®i}oo+
P (A) (54, @i} a—o {f, Poto—o — pL(A) {1, {f, ®i}o—0}o—0 -

Observe that,

%P (A) {f, ®p}a=0 = { /. pl(p) — Pl(A)}a=0, (4.9)
and by (A.3) from the appendix,
{0 {f, ®iYozoto=o = (¥, {f, @i} oo — (Fp{f, ®i})a=o {¢), B }o=0- (4.10)
So the right hand side of (4.8) becomes,
{f, 0L (P)}o=0{1b, ®i}o—o + {ph(A), fIo—0 {¥, Pi}a—o+ (4.11)

(A {{, [}, ®iYo—o + pl(A) (O, ®i})o—o {f, s }o—o+
P (A) (5L f, @i} a0 {1, By lo—o — pi(A) {0, {f, ®i} }o—o -

Using the Jacobi identity we rewrite it as,
{2 P0) Yoo + P(A) (9 {F. o)) a0 {, Pi}o—o+ (4.12)
{pi(A), fYo=o{¥, Pita=o + ph(A) [(53{% Pi})o=0 {f, Poto=o + {{p, i}, f}ézo} :

Taking into account that by (A.3),

(Op{p, @i} a=0 {1, ®o}o=o + {{0, @i}, fYa=o = {{p, Pi}a=0, f1o=0, (4.13)
the second line in (4.12) becomes,
{pi(A) {, ®i}o—o, fLo—o = {Dalp), [} (4.14)
Therefore the relation (4.3) holds true if the first line of (4.12) vanishes, i.e.,
{f (@), pi(w,p)} + piy(z,p) O { f (), &4} =0,  Vf(x). (4.15)

Since {Ay(x), f(x)} does not depend on p one arrives at (4.7). The statement regarding
the commutative limit, o — 0, follows from the fact that in this limit, {¢, ®;} — 9;%, and
ph(@,p) = & O
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In local coordinates the equation (4.7) on the function p’ (x,p) can be written as,

W 0y o+ ph Oy + O Byply = 0, (4.16)

where ©7°(z) is a given Poisson structure and VZ (x,p) represents its symplectic embedding
constructed in the section 2. For the arbitrary non-commutativity parameter ©%(z) a
solution of the equation (4.16) can be found in form of the perturbative series,

Palt,p) = P = 0, — 5 00" pit (4.17)
n=0

o’

E (200,000 — 8,0 0,6) pype + O(0?) .

For some specific choices of non-commutativity, one may also discuss the convergence of
such series and exhibit a closed expressions.

4.1 Lie-Poisson structures and generalizations

First we observe that for the linear Poisson bi-vectors (2.5) there is no explicit coordinate
dependance of the functions 7¢(p) and pi(p). These functions depend only on p-variables
Pa- The equation (4.16) becomes,

7 8o+ pl 9l =0, (4.18)

where le (p) is given by (2.6). In what follows we will discuss the solution of the eq. (4.18)
for two particular examples of Lie-Poisson structures.

4.1.1 su(2)-like Poisson structure

Let us consider now the particular case of su(2)-like Lie-Poisson structure (2.9). The
perturbative calculations indicate the ansatz,

[l =0 (a2p2) 5 +a’T (a2p2) P'pa+al (a2p2) ca*p | (4.19)

with the initial condition, (0) = 1, to match (4.4). Using this ansatz in the equation (4.18)
the latter becomes,
a20'+ox+ 6y +alr+¢—ox]0Yp.t (4.20)
Q [(1 +a2p2x> T+20 (x+a2p2xl>} §p' 4+ a [(1 +a2pzx) C—i—a} cal+
o* [2¢ =20 Peapr + 0 [2¢ (x + a?p? ) — 7] plelt it

at[27 =20 —7X]P' P pa=0.

- 12 —



Thus the equation (4.18) results in the system of seven equations on coefficient functions
o(a?p?), 7(a’p?) and ¢(ap?):

200 +ox+(=0, (4.21)

T+(—0ox=0, (4.22)

(1+a2p*x) 7420 (x+a?p?x') =0, (4.23)
(1+a?px)C+0 =0, (4.24)

2¢ —2¢x =0, (4.25)

2¢(x+a?p?x) =7 =0 (4.26)

27 —20x —7=0. (4.27)

However they are not all independent. The eq. (4.23) is just a consequence of (4.24)
and (4.26). The eq. (4.22) is satisfied due (4.24), (4.26) and the equation on the function
X (2.14). The eq. holds true as a consequence of (4.24), (4.25) and (2.14). The eq. (4.27)
is satisfied due (4.24), (4.25), (4.26) and (2.14).

In fact we end up with only three independent equations on o(A), 7(A) and ((A):
(4.24), (4.25) and (4.26). Let us first discuss the initial conditions. Taking into account
the initial condition, ¢(0) = 1, one finds from (4.24) that, ((0) = —1. Taking into account
that x(0) = —1/3, the equation (4.22) then gives the initial condition for the function 7
namely, 7(0) = 2/3. The solution of the equation (4.25) with this initial condition reads,

sin? v/t
C(t)=— - (4.28)
The equation (4.24) gives,
in 2/t
o(t) = S2VE (4.29)
2Vt
And from the equation (4.26) one finds,
in 2
() = L (SR (4.30)
2Vt

We conclude that the ansatz (4.19) with the functions o, 7 and ¢ defined in (4.29), (4.30)
and (4.28) correspondingly solve the equation (4.18).
An explicit form of the matrix, p’(A4) = p(z,p)p=4, reads,

[pJi(A) = 0L+ aea™ Ay ¢ (a2 A7) — o? (5 A — ATA,) 7(a? A7), (4.31)
And thus we have obtained an explicit all orders expression for the gauge covariant deriva-

tive defined in (4.6). It satisfies the gauge covariance condition (4.3) and reproduces in the
commutative limit the standard partial derivative (4.4).
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4.1.2 k-Minkowski

For the x-Minkowski Poisson structure (2.15) the matrix [%]{ (p) is given by (2.16). Fol-
lowing the same strategy as in the previous particular example we write the anzats which

follows from the perturbative calculations,

[onl(p) = 6, €(2) + a’ pan(z) (4.32)

where, z = a - p, and £(0) = 1 to guarantee the correct commutative limit. Substituting
this anzats in (4.18) one finds,

(p—2)& =€) 8ha + (dn+E¢)la" + ((0—2)n —2n+ ¢ n)a’ ! po =0,  (4.33)

where, ¢(z) = V1 + 22 + z, according to (2.16). Consequently one arrives at the system of
three equations on the coefficient functions £ and #:

(p—2)¢ =¢, (4.34)
on+E¢ =0,
(p—2)n —2n+¢'n=0.

The solution of the first one with the initial condition, £(0) = 1, reads,
E)=V1+22+2. (4.35)

Then from the second equation one finds,

V1+22+42
VIt2 o

The third of the equations (4.34) just becomes an identity.

n(z) = (4.36)

4.1.3 Change of coordinates

Under the change of coordinates, v : © — &, described in section 2.3 the solution of the
equation (4.7) transforms like,

v pfz(xap) - ﬁZ('ivp) = pfl(xvp”w:a‘(i) . (437)

For Lie-Poisson structures it does not change, since p!,(p) does not depend on coordinates .

5 Field strength

Let us first discuss the commutator relation of the covariant derivatives D, (v) introduced

in the previous section.

Proposition 5.1. The commutator relation for the covariant derivatives defined in the

proposition 4.5 reads,

[Da, Dy] = {Fap, - } + (]:ad A% — Foa Ao + Kot — ICbae) D. (5.2)
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where,

Fan = pi(A) p(A) {91, @5} amo (53)
= pi(A) )(A) (F(A) D A; = 75(A) A +{Ai, A3} )

Avte() = (7)) (o () — 036 () (57)', (5.4)

Kap®(4) = ph(A) 77" (A >(mpb<z,p>)q>:0 (r); - (5:5)

Proof. The proof is straightforward, we start writing,

[Da, Do) (¥) = (PQ(A) {p}(A), ®i}o—o — ph(A) {ph(A), ‘I%}@:o) {,®;}o—0+  (5.6)
P(A) pL(A) ({{), ®j}o—0, Pito—o — {{t, Pi}o—o, Pj}o—) -

We use the formula (A.4) from the appendix in the second line of the right hand side of
the above expression to rewrite it as,

(PL(A) {03(A), i} oo — p(A) {PA(A), Bitaco ) {2, D ot (5.7)
Pu(A) PL(A) ({1, @5}, DiYamo — {1, @i}, @5} o)
— ph(A) p}(A) [(F5 4 5}) ,_, {®ms @iomo — (950, i}), {Pms @5ho0)] -

Employing the Jacobi identity in the second line and the equation (4.7) in the third line
of (5.7) one represents it as,

(L(A) {03(4), ®:}o0 — p(A) {PA(A), Bitaco) (¥, D)oot (5.8)
pi(A) pl(A){{®i, ®5}, ¥ o—o+
(PLAY (), VYoo — AL(ANPLP), U amo ) {Pi ®j}a0

Applying one more time the eq. (A.4) in the second line of (5.8) we reorganize it as,

(L(A4) {03(A), ®i}oo — ph(A) {PA(A), Di}amo) {2, D)oot (5.9)
{0k (4) p(A) {Di, @5 }omo, ¥ oo — Ph(A) p}(A) (95, @5}) {1 b }amot
(P(A{AP) = PL(A) ¥ Yoo — P(AH{PA(P) = PA(A), ¥}o=0) {Pis D5 }amo

We use the equation (4.7) in the second term of the second line and also (4.9) in the last
line rewriting (5.9) as,

pu(A) ({pi(A), Qoo — { A, ﬁg(p)}ézo) {1, @} o—0 (5.10)
— ph(A) <{Pj(f4) ®ito—o — {Ai pl(p )}<I>:0> (¥, @5 o=0+

{0k (A) ph(A) {i, @5} a0, ¥} oot

(E(A) O P (A Doy ¥ Ym0 — ph(A) I PA (AP ¥} { B, D }amo
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Let us calculate separately,

{P)(A), Di}o—o — {Ai, () }o—0 = (5.11)
OR)(A) (A, pito=o = {Ais pmta=o = {Am, Ai}) + (Omp(2,0)) ,_, 2" (4) =
5o (A) (@, DiYamo + (Dmph(2,2)) ,_ V" (A)-

After the use the relation (5.11) in the expression (5.10) the latter becomes,

{0k (A) p(A) {‘I’z’a@'}é 0: ¥ }o=0 (5.12)
+ py(A) (wa AL )) {@i, @5}o=0 {¢), P ta=o
— ph(A) (P (A) = 07 3 (A)) {Di, @5} oo {2, P }oo

+ P (A) 7 (A) mﬂi )%, @5} o—0 — ph(A) 1" (A) Ompl(A) {1, @5} a0

Finally using the definitions (5.3), (5.4) and (5.5) as well as the formula (4.6) we repre-
sent (5.12) as the right hand side of (5.2) and thus prove the proposition 5.1. O

Some comments are in order. First of all we remind that in case of Lie-Poisson struc-
tures which are the main example of the present work, the matrix p’ (p) does not depend
on coordinates. Therefore the tensor KCu,¢ defined in (5.5) vanishes and the commutator
relation becomes just,

[Da, Dy] = {Fap, - } + ( wd Mo — Fia Aade) D, (5.13)

For the canonical Poisson bracket with constant non-commutativity parameter ©% the
matrix, p’(A) = 6, is also constant according to (4.17). So, the tensor A% determined
in (5.4) vanishes and the relation (5.13) becomes the ‘usual’ one, [Dy, Dy] = {Fap, - }-

Second, in the commutative limit the Poisson bracket vanishes and
lim p;,(A) = lim ~;(A) =4,
so the quantity introduced in (5.3) reproduces the U(1) field strength when a — 0,
lim Fop = 04 Ap — O Aq - (5.14)
a—0

Moreover, this object enjoys another important property formulated by the following,

Proposition 5.15. The quantity (5.3) introduced in the proposition 5.1 transforms covari-
antly under the Poisson gauge transformation (3.1),

O¢Fab = {Faps [} - (5.16)

Proof. The proof of this proposition is analogous to the proposition 4.5. 0
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Because of the properties (5.14) and (5.16) we will call the quantity F,;, defined in (5.3)
as the Poisson field strength.

In the previous works [35, 37] we have derived the quasi-classical limit of the non-
commutative U(1) field strength as the quantity,

Fup = Py (A) 0.Aq + Ry (A) {A., Ag) (5.17)

which satisfies the same properties (5.14) and (5.16). In (5.17), Ppp? = 2~9fRap'?, and the
coefficient function R, should satisfy the equation,

P OY R + a OF 9 Ry + Ryp™ 0%7F + R4 05F = 0. (5.18)

Comparing (5.3) and (5.17) we see that,

1

Rap*(4) = 5 (p(A)pfl(A4) - pi(A)pl(4)) - (5.19)

Substituting (5.19) in the Lh.s. of (5.18) one finds,

1
5 [ & o+ ol 0 + 2 @ af | pil+ (5.20)

1
5 06 [ 9t + ph Ol + a M dupf] — (a 2 b).
Observing that in the square brackets we have the Lh.s. of the eq. (4.16) written in A
variables we conclude that if pS obeys the equation (4.7), the tensor Ry°Y(A) defined by
the relation (5.19) satisfies the equation (5.18).

It is easy to see that substituting the expression (4.32) for the matrix [p]

c

¢ corre-

sponding to the x-Minkowski Lie-Poisson structure (2.15) in (5.19) one obtains exactly the
formula for R%,°! from [35]. The calculation in case of the su(2)-like Poisson bi-vector (2.9)
is a bit less straightforward. We substitute [p;]¢ from (4.31) in (5.19) and then use the
formulas from the appendix of [16] to simplify it. Thus one recovers the expression for
RE, from [37]. And finally we note that if the Poisson structures ©%(z) and ©% (i) are
related by the invertible coordinate transformation, v : x — &, described in the section 2.3,
then the corresponding Poisson field strengths are also related by the same transformation,
Fup = Fablz=z(z)> as can be seen from (2.17), (2.18), (4.37) and (5.3).

From the practical reasons the eq. (4.7) on p§ is easier to solve than the eq. (5.18) on
Rap® because it has less components. However there is more fundamental significance of
the covariant derivative (4.6), since it is essential for the definition of the Bianchi identity,
the action principle and the equations of motion. It is therefore one may think of the
matrices p¢(A) and 74 (A) as a building blocs of the Poisson gauge theory.

5.1 Bianchi identity

Proposition 5.21. The field strength defined in (5.3) satisfies the deformed Bianchi
identity,
Do (Foe) = Faa Mo™ Fee — Tap® Fee + Tap® Feq + cyel.(abe) = 0. (5.22)

17 -



Proof. Again the proof is straightforward. Using the definitions (4.6) and (5.3) one
calculates,

D, (Fve) + cycl.(abc) = (5.23)
pi(A) [{pb< ), @Yoo pE(A) + p)(A) {PE(A), ®i}amo] {D;, Prtao+
Pu(A) py(A) pLA) {5, P tao, Pitg_q + cyel.(abe).

In the last term on the right we use the formula (A.5) from the appendix and rewrite it as,
p(A) p1(A) PE(A) {{®;, B }amo, Bitg_g -+ cyel. (abe) = (5.24)
Ph(A) P (A) pE(A) 1Dy, ik Bigg — ph(A) A (A) PE(A) (7405, Bk} ), {Pms Pidog
+ cycl.(abc) .

The Jacobi identity implies that the first term on the right in (5.24) vanishes,

P(A) pi(A) pE(A) {{D;, Br}, B} + cycl.(abe) = (5.25)
PL(A) pi(A) pE(A) ({25, ®r}, Bitgg + {{0i, @5}, @Yo + {{ Pk, @i}, Dj} o) = 0.
Renaming the contracted indices we represent the second term on the right of (5.24) as,
— Pi(A) p(A) pE(A) (9571 D5, Bi}) ,_ {®m, Bitg_g + cyel.(abe) = (5.26)
— Ph(A) P (A) pi(A) (03 {Prm, @i})q)zo {®. Bi}g_q + cyel.(abe).
Note that using the equation (4.7) one finds,
— Ph(A) A (A4) i(4) (O @ 2i}) = (5.27)
— pa(A) o1 (A) pL(A) (9 Asspin}) ,_ + P(A) A1 (A) L(A) (0){ Ao i} ), =
Pk(A) {Ai, p)(p) oo pL(A) — PE(A) ph(A) {As, pL(p) } o0
Taking into account (5.27) and the cyclic permutations we rewrite the r.h.s. of (5.26) as,
(0L (A) {4s, ph(p) Yoo PE(A) = pl(A) J(A) {Ai, pE (D)oo ) {5, DYoot (5:28)
cycl.(abe) .

Remind that the expression (5.28) represents the modification of the last term in the
r.hs. of (5.23). Substituting (5.28) back into (5.23) we obtain for the r.h.s.,

: ) ({p{,‘m) ;oo — {As, p}(p)}o=0) PE(A) {B), Br}yy + (5.29)
A) p(A) ({PE(A), @Yoo — {As pE(P) Yoo ) pE(A) {@;, Bi}g_ + cyel.(abe) .
Let us calculate separately,
{PL(A), Yoo — {As, pL(0) oo = (5.30)
O3 01 (A) (A piYo—0 — {Ai, P Yoo — {Ams Ai}) + Ompl(A) A1 (A) =
— O3 (A { P, Biomo + (dmpl(@,p)),_ W(A).-
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Using (5.30) in (5.29) the latter becomes

(pL(A) 023 pJ(A) pE(A)+ 5L (A) p(A) DR PE(A)) {Di, @ oo {D, i}y + (5.31)
(P (A) (Omph(.p) ), PEA)FPL(A) A(A) W (A) (sl (2.9)) ) {5 ity +
cycl.(abc) .

Renaming the contracted indices and using the cyclic permutations we may rewrite the
first line of (5.31) as,

pi(A) (97 p}(A) = 8 (A)) pE(A){ s, DYoo { @5, Bitg + cyel.(abe).  (5.32)

Finally using (5.32) as well as the definitions (5.3), (5.4) and (5.5) in (5.31) we rewrite the
latter as,
Faud Dy (A) Foo + T p%(A) Foe — Tp°(A) Fea + cycl.(abe) . (5.33)

The above expression is the right hand side of (5.23), which proves (5.22). O

6 Action principle and field equations

Having in hand the covariant derivative (4.6) and the Poisson field strength (5.3) now we
are in the position to construct the gauge covariant Lagrangian, 0;£ = {£, f}, and gauge
invariant action, 65 = 0. To do so, first one ought to introduce an appropriate integration
mesure p(x), which for any two Schwartz functions f and g should satisfy the condition,

/deu(x){f,g}:O, & a(u)e*@) =0. (6.1)

For the su(2)-like Poisson structure (2.9) the integration measure can be taken to be
a constant p(x) = 1. For x-Minkowski Lie-Poisson bi-vector (2.15) the measure is not
constant. An explicit expression for p(z) in this case was found in [35].

Let us discuss first the pure gauge sector without matter fields ¥. The gauge invariant
action in this case reads [37],

1
S, = /de(g;) Ly Ly=—7FaF". (6.2)

To derive the corresponding Euler-Lagrange equations we will need the following relation.

Proposition 6.3. Provided that the matrices 7} (A) and p,(A) are defined by the proposi-
tions 3.3 and 4.5 correspondingly, and the measure p(x) satisfies (6.1), then the following
relation holds true,

0 (1) ph(A) 7 (A)) + () { A, ph(A) } = — () Aa®(A) Fea (6.4)

+ [0 (o) A1), -

where the quantities Aq® and F,q were defined in the proposition 5.1.
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Proof. Using the equation (4.7) we represent the left hand side as,

10 (1(@) P (0) i ()

and use the definitions of A,°¢(A) and F.q to complete the proof. O

oo T T oL (A) { @), By} oo

Using the relation (6.4) one finds the Euler-Lagrange equations for (6.2),

10§ Da (F°) = o (o 08 ol + P 04 + ol 050" ) {01, @Yoo (6.5)

+F 10, (1o (p) o (0) 5 (p)) ], _ =0

Multiplying by (p‘l)z we end up with Poisson gauge equations,
D ac H ch de _ dbA ce —1\¢ aba‘ I k. i\ _
1 Do (F )+2~7: b Fae = pFT N Fae +(p7 ) FUOi (npappi) =0 (6.6)

These equations transform covariantly under the Poisson gauge transformation (3.1) and
reproduce the first pare of the Maxwell equations in the commutative limit o« — 0, if the
measure (x) is constant.

As it was already mentioned, for the su(2)-like Poisson structure (2.9) the integration
measure is constant u(z) = 1. Since, for any linear Poisson structures the matrix pl (p)
does not depend on coordinates, the last term on the left in (6.6) disappears. Moreover,
one may check that in this case,

Feb (ok 0%k + ol 040k + ph ORPY) {B1, ®pu}ao = 0. (6.7)
Therefore the equations of motion of the su(2)-like Poisson gauge theory become,
D (F&) =0, (6.8)

where the superscript € in D; and the subscript € in F2¢ just indicate that these objects
correspond to the su(2)-structure. For the x-Minkowski case the measure is not constant,
so the equations of motion will contain additional terms.

Now let us discuss the contribution from the matter fields. First of all let us observe
that due proposition 6.3 one has,

/dedJDa(w) - _/dN”D“W’W+/dewAa“l}“cdw (6.9)
* /dN‘” 10: (n(=) ol (p) %i(p))}@:() b

The latter means that the operator D, is not self-adjoint. Therefore to construct real gauge
invariant action for the Fermionic matter fields 1 we write,

i

Sint = /dN$ ,M(l') £int y ﬁint 9

[T Detp — (Dath) 19| = mipp,  (6.10)
where I'* are the gamma matrices. The corresponding Dirac equation reads,

inrD, = B oA g = 100 (1 ot) - i) v = 0. (6.11)
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To find the contribution of the matter fields to the Poisson Gauge equations one calculates,

5Sin . T e ) n c 7 TC
5,4,: = ippk {Y T 9} — % (956L = apk) [{0, DYoo T° % — T {4, Bi}ao]  (6.12)

Multiplying it by (p~'), we obtain the right hand side (the current) of the eq. (6.6),

Tt = i 0T )+ LA (D) T — ST D] (6.13)

In the commutative limit the interaction disappears, the field become electrically neutral

as it was already discussed in the section 4.

7 Conclusions and discussion

Working in the framework of the symplectic embeddings we introduce the Poisson gauge
transformations (3.1) which close the algebra (1.4) obtained as the semi-classical limit of
the full non-commutative gauge algebra (1.3). The proposition 4.5 determines the gauge
covariant derivative of the matter field D,(¢)). The commutator relation for the covari-
ant derivatives (5.2) defines the Poisson field strength (5.3) which transforms covariantly
under the gauge transformations (3.1) and tends to the standard U(1) field strength in
the commutative limit. The corresponding Bianchi identity is set by the proposition 5.21.
The gauge invariant action, given by (6.2) for the pure gauge fields and by (6.10) for the
interaction part with the matter fields, is constructed in the section 6 from the gauge co-
variant objects Dg (1)) and Fup. From this action we derive the field equations (6.6) for the
gauge fields without interaction with the matter field, the Dirac equation for the matter
field (6.11), and the current term (6.13) describing the interaction between the gauge and
the matter fields in the equations of motion.

The symplectic embedding of given Poisson structure is not unique, the corresponding
arbitrariness is described in the section 2.1. So, for the same Poisson structure ©%(x)
one may obtain different Poisson gauge transformations and other subsequent structures.
However the corresponding gauge systems are related by the Seiberg-Witten map described
in the section 3.1. If two different Poisson structures ©%(z) and ©%(Z) are related by the
invertible coordinate transformation, v : * — Z, then the corresponding Poisson gauge
theories constructed following the proposed here scheme are related by the same coordinate
transformation.

For arbitrary given Poisson structure ©%(z) all the structures appearing in the pa-
per can be constructed up to arbitrary order in the deformation parameter «. For some
specific choices of the non-commutativity, like the rotationally invariant NC space (2.9),
r-Minkowski space (2.15) or the spaces obtained from these two by the coordinate trans-
formations we obtained explicit all-order in « expressions for all structures. It is inter-
esting to work out different explicit examples of NC spaces, like e.g. the angular twist
non-commutativity [38]. It would be also interesting to obtain an explicit solution of the

abye just like it was done in the

equation (4.7) for any Lie-Poisson structure, ©%(z) =

section 2.2 for the construction of the matrix 7/ (z, p).
In the abstract it is written that the model was designed to investigate the semi-classical

features of the complete non-commutative gauge theory. So, it would be interesting to un-

derstand what kind of physics may stay behind the Poisson gauge field equations obtained
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in the section 6. It would be interesting to investigate in particular the corresponding
energy-momenta dispersion relations.

The most non-trivial and at the same time interesting part of [12] is related to the
construction of the almost-Poisson gauge algebra. There are certain configurations in
string and M-theory like the non-geometric backgrounds [39-42] yielding not only non-
commutative but also non-associative deformations of space-time [43-45]. In this case the
corresponding algebra of brackets (1.2) does not satisfy the Jacobi identity. But even so it
is possible to construct the Lie algebra of gauge symmetries defined on such non-associative
spaces. The key difference with the Poisson gauge algebra (1.4) consists in the fact that the
commutator of two gauge transformations is again a gauge transformation, however with a
field-dependent gauge parameter. It is challenging to generalize the constructions obtained
in the present research to the case of almost-Poisson deformations and thus to construct
the semi-classical limit of non-associative gauge theory and non-associative gravity.
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A Useful formulae

Let us first calculate,
{f(z),{9(2),pa}}o=0 — {f(2),{9(2), Pa}o=0}to=0 = (A1)
{f (@), (z,p) Big(x)}ao=o — {f(2), va(x, A(z)) Dig(x) }a=o =
(9h{9(@)pa}) ,_, ({F (@), po}amo — {F(2), Ap(w) }ozo) =
(9p19(2).pa}),,_, {F (@) Br}acs.

Observe that by (1.2) and (1.5) the Poisson bracket of two functions f(x) and g(x) of
coordinates only does not depend on p-variables, so,

{f(@),9(x)}o=0 = {f(2),9(2)}. (A.2)
The combination of (A.1) and (A.2) implies,

{f(@),{9(@), ®a} oy — {F(@). {9(x), Pa}oo}oo = (9{(@), ®a}),_ {F(2), Patamo
One may also check that, 9
{F (@), @}, @aYoo — {{f(x), @) }amo, ®atao = (A4)
(0547 (@), 20)}),_ {Pa, DYoo
and,
{®e, @1}, @ }o—o — {{Pc, Pb) fo=0, Pa}o=0 = (A.5)
(5}3{@%, (I)b)})q,zo {®4, P }o=o -
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