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tion of the ordinary bosonic string along a null direction. We generalize the Polyakov action
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space-time turns out to be 25. We find that Newton’s law of gravitation follows from the
requirement of quantum Weyl invariance in the absence of torsion. Presence of the 1-form
requires torsion to be non vanishing. Torsion has interesting consequences, in particular
it yields a mass term and an advection term in the generalized Newton’s law. U(1) mass
invariance of the theory is an important ingredient in deriving the beta functions.
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1 Introduction and summary

Einstein’s realization that gravity stems from geometrization of the Lorentz symmetry is
among the greatest achievements in the history of physics. In general relativity, the equiva-
lence principle is guaranteed by endowing spacetime with a (pseudo-)Riemannian structure
that ensures the local Lorentz invariance. This profound connection between geometry and
gravity is not unique to the laws of special relativity however, as an analogous connection
exists also for the Galilean invariance. A covariant treatment of Galilean symmetry was first
presented by Cartan [1-3] leading to the discovery of the Newton-Cartan (NC) geometry
as the underlying structure of classical Newtonian gravity. Subsequent work [4-7] clarified
the algebra of spacetime transformations and its representation theory that underlies the



NC geometry. In particular it was shown in [8] that the NC geometry follows from gaug-
ing the Bargmann algebra,! the U(1) central extension of the algebra of Galilean boosts,
translations and rotations. Finally, the structure of the Newton-Carton geometry has been
extended to include torsion [11, 12], and referred to as the “torsional Newton-Cartan”
(TNC) geometry.? A crucial element in this geometry is the presence of the U(1) gauge
symmetry that corresponds to the aforementioned central charge and physically related to
the conservation of mass. Non-relativistic gravity has recently been studied in the context
of non-relativistic effective actions [13], non-relativistic holography [11], post-Newtonian
expansions of general relativity [14], and more recently in the context of string theory [15].

In this paper we ask the question whether the TNC geometry can be UV completed in
a consistent theory of quantum gravity and take a few first steps in answering this question
in the context of bosonic string theory.> One of the triumphs of the ordinary (relativistic)
string theory has been the derivation of Einstein’s equations in the weak gravity limit by
demanding Weyl invariance of the world-sheet sigma model [16]. In our case of string
propagating on a manifold with local Galilean invariance, we similarly expect that the
demand of quantum Weyl invariance on the world-sheet yields the Newton’s law. This is
what we mean precisely by the consistency of the TNC geometry with quantum gravity.

Various proposals to realize the Galilean symmetries in string theory exist in the litera-
ture. The Newton-Cartan geometry has only recently been embedded in string theory at the
classical level, that is at the tree level of the world-sheet non-linear sigma model [15, 17, 18].
Nonrelativistic string theory on a TNC background with R x S? topology has been studied
in [19-22]. A parallel and separate line of work [23-26] which started by the original paper
of Gomis and Ooguri [27] realized the Galilean symmetry in the context of closed string
theory in a particular contraction limit and continued by the very recent papers [28, 29|
that ask the same question we ask here but in the context of the Gomis-Ooguri theory.*

We will follow the route taken by the papers [15, 18] where a Polyakov type action for
a string propagating in the TNC geometry was constructed. Taking this Polyakov action
as our starting point, we extend it to include bosonic target space matter,® i.e. the Kalb-
Ramond field BW and dilaton ¢, as well as an extra Kalb-Ramond 1-form N,, and we
determine both the target space and worldsheet symmetries of this action at the classical
level. We then go beyond the tree level and construct the worldsheet perturbation theory
in powers of the string length [s, assuming that the target TNC space is weakly curved.
We then obtain the target space equations of motion from quantum Weyl invariance of the
non-linear sigma model proposed in [15] and its generalizations including the Kalb-Ramond
and the dilaton fields.

Tt is also possible to follow a different approach and gauge the global symmetries rather than the
algebra [9, 10].

2See [12] for a discussion on necessity of including torsion in this theory.

3Eventually one may need superstrings to tame tachyonic instabilities but we expect this be a natural
extension of the calculations we present here.

“In spite of the various connections between the Gomis-Ooguri approach [27] and the TNC approach [17],
explained for instance in [15], one should view these two approaches separately. In some sense the former
is “top-down” a and the latter “bottom-up” approach to strings in Galilean invariant backgrounds.

®See also [30] for a discussion on the coupling of matter to non-relativistic gravity.



Here we summarise our main results, i.e. the equations of motion that follow from
the requirement of world-sheet Weyl invariance. Such equations are given in terms of
the Galilean invariant TNC background fields {7,,, hpn, 0™, @}, the dilaton ¢, the Kalb-
Ramond three form field strength H = dB, the Kalb-Ramond two form field strength
h = dX, and the acceleration and electric fields {am, e} defined via the twistlessness
constraints dr = a A7 and dX = ¢ A 7. In particular we find the equations of motion of the
TNC target space as
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where the covariant derivative D and Riemann tensor R,,, are defined with respect to the
standard TNC connection

1 _ _ _
I’;Z; = —@m(?ﬂs + Ehmt (8Th5t + 8Shrt — &ghrs) . (11)

We follow the background field method to derive these equations. We start by splitting
the embedding coordinates fields X™ in a classical part XJ* and a quantum part [;Y™ and
use a covariant expansion of the TNC background fields to rewrite the action in the form
of a perturbative series in quantum fluctuations parametrized by the string length I5. A
crucial step in this expansion is the construction of a set of normal coordinates Y™ via a
solution to the TNC geodesic equation [23]

. . . N .
XE4TL, XmX" = NXt : (1.2)

with N = 7, X™, and boundary conditions X#(0) = X{* and X#(1) = X" + [;Y™. The
normal coordinate Y is defined as the tangent vector at the origin X#(0) = I,Y™. A new
connection I' naturally arises

- 1 _
F;rg = F;r; —+ @ma[r’fs] —+ §anhmnh7~s .

Connection I turns out to be invariant under all TNC symmetries unlike the standard
connection I' which is non-invariant under the TNC U(1) mass symmetry for non-vanishing
torsion dr # 0. For the covariant expansion to exist a solution to the geodesic equation
must be constructed. We find this to be possible only when the twistlessness constraint
dr = a N\ T is satisfied.



Our paper is organized as follows. We begin, in section 2, by reviewing the Polyakov-
type action we used for the closed bosonic string moving in a TNC background and then
generalize it to include the Neveu-Schwarz background matter, i.e. the dilaton and the
Kalb-Ramond fields. We then discuss how the target space and worldsheet symmetries
are realized at the classical level. Section 3 constitutes the core of our paper where we
introduce the covariant background field expansion. This expansion coincides with the
derivative expansion in the target space. We truncate this series at the second order
both in the target-space derivatives and in the quantum fluctuations. Using this quantum
effective action at the quadratic level, we then compute the one loop contribution to the
Weyl anomaly and obtain the equations of motion for the TNC geometry arising from the
vanishing of the beta functions. Finally in section 4 we present a discussion of the results
and provide an outlook. Several appendices where we give details of our (quite lengthy)
calculations form a substantial part of this paper.

Notes addded. We became aware of a paper of Gomis, Oh and Yan [28] on the quantum
Weyl symmetry of the non-linear sigma model for the non-critical string theory in the final
stage of our work.

v2. The second version of the paper contains substantial improvements over the first one.
In particular here we use the aforementioned geodesic equation to define the covariant
expansion, which is consistent with the U(1) mass symmetry.

2 The string action and its symmetries

2.1 The Polyakov action without matter

The geometric data of the TNC geometry in the absence of matter fields is encoded in a
pair of vielbeins® (75, e%) and a U(1) connection my collectively referred as the TNC metric
complex. The vielbeins e define a degenerate spatial metric through Ay, = efne%éij and

,el’) with
R = e}"e?éij.
These spatial metrics together with the temporal coframes, 7, and v™, are subject to a

)
n

m

it is possible to use the inverse of the square matrix (7,,, €} ), denoted as (—v

V"7, = —1 and 7€} = 0, to define an independent spatial inverse metric

completeness relation 9§, = —v™7, + A" hyp,.

Quite conveniently, the TNC geometry with this geometric data can be derived from
a higher dimensional relativistic spacetime with an isometry in the extra null direction
— which we will denote as the u-direction — via the procedure of null reduction [31].
In particular we consider the TNC manifold to be d+1-dimensional and the relativistic
one will be d+2-dimensional. The metric of such relativistic spacetimes can always be
written as

gundzMdz™N = 27 (du — m) + hyppda™dz™, (2.1)

with 9, the corresponding null Killing vector. We label indices of the d+2 dimensional
space as M = {u,m}. We also define 7 = 7,,dx™, m = msdz® with 2™ the coordinates of

SWe will use letters {m,n, ...} to denote curved TNC indices and {3, j,...} to denote flat TNC indices.



the (d41)-TNC manifold. It is now possible to derive the world-sheet action for a string
moving in the TNC geometry [15, 18] starting from the ordinary Polyakov action in the
relativistic target space (2.1):

LZ_V_IY aﬁ

Al2 Y (haﬁ — TrMs — mrTs) - _IY'YQBTaaﬁXuy (2'2)
s

27l2

where v is the determinant of the worldsheet metric 7,3, and where hog = RysOn0 X "0gX*
and T, = T0a X™ are the pullbacks of h,s and 7, respectively.”

We consider a closed string without winding, i.e. X™(0?, 0! + 27) = X™ (0, 01), and
with non zero momentum P along X"

27
pP= / do' P? (2.3)
0
with the momentum current
Yoy et
Pg = oL — _w. (2_4)
00 X 2712

Following [15] it is possible to rewrite (2.2) in a dual formulation where the conservation
of the momentum current (2.4) is implemented off-shell through the classically equivalent

Lagrangian
V=P hes 1
L=— - (\/— aBry _ By )A , 2.5
472 2712 YT e Call) 6 (2:5)
B
where A, is a Lagrange multiplier that enforces conservation of P = 6273§ " off-shell and

we defined the combination

hag = hap — Tampg — maT3. (2.6)

The significance of this combination will become clear when we discuss the symmetries of
the theory below. Our convention for the Levi-Civita symbol is €' = —¢p; = 1.

This procedure introduces a novel degree of freedom, a scalar field n on the world
sheet. To see that (2.5) and (2.2) are equivalent one uses the equation of motion for n
which gives A, = Onx for some world sheet scalar x and identifies the latter with the
u-direction y = X* recovering the original Lagrangian (2.2). Following [15] we introduce
the worldsheet zweibein e? and its inverse ef = eo‘ﬁe%eba, satisfying ege%nab = Ya8 and

eg‘ebﬁ Na» = 7P, to rewrite the constraints as

B (eg + e(lx) (t3+0sm) =0,

2.7
P (eg — 6(11) (8 —0m) =0. @7)

A final field redefinition

1 1
Aa:ma+§(A+—A,)eg+§(A++A,)e; (2.8)

"We use the first few greek and latin indices {a, ...} and {a,b,...} to denote the curved and flat
worldsheet indices respectively.



yields the Lagrangian

1
L= I 2¢*¥madm + enabege’ghag —erpe’ (0gn +718) —eA_(Ogn —7138)|, (2.9)

where e§ = e £ ef. This is the Polyakov-type Lagrangian for a string moving in a TNC

geometry proposed in [15]. We further use the constraints to rewrite (2.9) in a way more

convenient for quantization®

e

= 75 |2  hag + Ae? (9pn + 75) + A—el (9 — 75)| . (2.10)
S

We will examine the quantum path integral defined by this Lagrangian in the rest of the

paper, but we will first extend it to include Neveu-Schwarz matter, i.e. the Kalb-Ramond

field and dilaton and then discuss the symmetries of this generalized action both on the

worldsheet and in the target space.

2.2 The Polyakov action with matter

It is straightforward to generalize the action (2.10) to include standard Neveu-Schwarz
matter, i.e. a Kalb-Ramond field Bj;ny and a dilaton ¢. Let us first consider the B-field.
Once again, to derive the corresponding Lagrangian we can start from its null lifted version.
We then obtain the following action by rearranging the terms that follow from the null
reduction of the relativistic d+2 dimensional bosonic Polyakov action with the B-field:

1

L= i (ﬁvaﬂﬁa5+eaﬁgaﬁ> - 12 <F7a57 — PR )85X“ (2.11)

where we defined

Na = Bua = _BaU7 (212)
Baﬁ = Baﬁ . (213)

Following the same procedure as in [15] described in section 2 we compute the momentum
along X*“

Pe=— l2 (V=3ms — e (2.14)
and implement its conservation off-shell via

L=— 4l2<\/7’yaﬁh 5+ e¢’B, ) (F'y T — €PR, —eﬁaan>A5 (2.15)

272

Making, once again, the field redefinition

1 1
Aa:ma+§(A+—A_)eg+§(A++A_)e;, (2.16)

80ne should think of implementing these constraints inside the Polyakov path integral to ensure equiv-
alence of the quantum path integrals based on the lagrangians (2.9) and (2.10).



integration over the worldsheet fields A+ now impose the constraints

*? (e +el) (15 +Ng + gn) =0,

2.17
€= (¢4 — 1) (7 — 83 — am) = 0. 210

we can cast (2.15) in the Polyakov form

= i [eﬁie‘i (hag + Bag) + Ape” (85m + g + 75) + A_e (9gn +Rs — 75)|, (2.18)
where just as in (2.10) the constraints (2.17) have been used. Lagrangian (2.18) is still
invariant under (2.35) and the contribution of the B-field to the anomaly can in principle
be computed in a similar manner as performed for (2.10).

When the world-sheet is non-flat, in addition to the B-field, it is also possible to include
a dilaton contribution of the form
1
167

where R is the worldsheet Ricci scalar. The Polyakov path integral then involves a sum

Ly V=1R¢, (2.19)

over world-sheet topologies that is organized in powers of exp(¢) as usual.

2.3 Symmetries of the Polyakov action

We will now discuss both the target space and world-sheet symmetries of the world-sheet
action (2.18) and (2.19).

2.3.1 Space-time symmetries

The fields in the TNC metric complex, without matter, transform under diffeomorphisms
¢, local Galilean boosts A?, local rotations A and local U(1) gauge transformation ¢ and
the Lagrangian (2.5) is invariant under these transformations [15]. These transformations
are easily generalized in the presence of matter. All in all, the transformations of all the
objects that enter the calculations read

0Ty = LeTs,
et = Leel + Nrg + )\ijeg,
Sv* = Mg,
oc; = Leel,

. (2.20)
(5m5 = £5m5 + )\iezs + 850,

5an = £§an + QN[man]U,
My = LRy,
56 = £eb.

In particular, the combination A,,, defined in (2.6) and (2.13) is invariant under local
Galilean boosts and transforms under local U(1) mass transformations as

S0 hmn = —27(;,0p)0 (2.21)



Now, it is straightforward to check that the actions based on (2.18) and (2.19) are
invariant under diffeomorphisms, local Gallilean boosts, local rotations and local U(1)
transformations. When starting with the explicitly Galilean boost invariant form (2.18)
it is crucial to use the constraints (2.17) to show invariance under local U(1) mass trans-
formations. However, the classical equations of motion will not be invariant under this
U(1) symmetry, see (B.12). To fix this we will ask that the Lagrange multipliers transform
under the symmetry as

Ay = —eS 040, IA_ = e20,0. (2.22)

Taking this into account, both the action and the equations of motion can be shown to be
U(1) mass invariant off-shell. In what follows, in addition to A, and B, defined in (2.6)
and (2.13), it will prove useful to introduce the following combinations

0" =0 — W™ my (2.23)
1
= —v°mg + §h7’3m7«ms , (2.24)

that are invariant under local Galilean boost and rotations as one can easily check us-
ing (2.20). They do transform under a local U(1) mass transformation:

5,0 = —h"™ 00 (2.25)
5, = —0"0po . (2.26)

Even though they do not appear in the action at the classical level, we have introduced ©™
as the local Galilean boost and rotations invariant version of v™ the inverse of 7,,, and the
target space scalar ® which will play the role of the Newton’s gravitational potential below.
They will become important when we discuss quantum corrections in the theory. We note
that O™, T, hpmn and ™ are subject to the completeness relation 87 = —0"Ts + A" hyps.
Finally, we note that because of the non-trivial U(1) mass transformation of B, in (2.20),
i.e. 3, B = R A do, the field strength, H = dB will transform under mass U(1) as

60Hmnp = bmnapo' + []npama + hpmana7 (227)

with
Bin = OmNn — Oy (2.28)

being the field strength of R. Notice in particular that setting H,,,, = 0 would not be a
U(1) mass invariant condition unless b, = 0.
2.3.2 U(1)p one-form symmetry
In the presence of the Kalb-Ramond field there is also a U(1) one-form symmetry. It is
well-known that the transformation

IABunN = O AN — ONAu, (2.29)

where 0y is the partial derivative in the target space, is a symmetry of the d+2 dimensional
world-sheet action with the relativistic target space.



After null reduction the resulting TNC geometry with Kalb-Ramond matter has a
U(1) one-form symmetry of the form:

SABmn = OmAy — Oy, (2.30)
SAR, = Oy, . (2.31)

We see that in the TNC geometry N acquires a new local U(1) symmetry, whereas B
transforms under a local one-form symmetry. It is now straightforward to check that the
action (2.18) is invariant under (2.30) upon use of the constraint equations (2.17). Invari-
ance of (2.18) under (2.31) however requires a non-trivial transformation of the worldsheet
field n:

oan = —Ay, (2.32)

which is a trivial shift in the quantum path integral where 7 is path integrated. Therefore,
we conclude that the action, at least at the tree-level, is invariant under both the local
one-form symmetry A,, and the new local U(1) symmetry A,. The fact that n is charged
under the U(1) that comes from the B-field, i.e. eq. (2.32), is expected as one can think of
n as the direction dual to u, [15]. In this sense the gauge fields m and X can be considered
as dual to each other.

In passing, we note that for X = 0 the action (2.18) enjoys an additional symmetry for

By, given by
§Bmn = 29Q(X) O Tn) » (2.33)

with Q an arbitrary spacetime function satisfying 0,0%Q(X) = 0. To show that (2.33) is
a symmetry it is necessary to use the constraint equations (2.17).

2.3.3 Local worldsheet symmetries

The actions (2.10) and (2.18) are clearly invariant under the worldsheet diffeomorphisms.
These symmetries allow us to cast the worldsheet metric in a diagonal form v = e~2rn®
where the conformal factor p determines the Ricci curvature of the worldsheet R (locally) as

V=R = —2d%p. (2.34)

We will refer to this choice of gauge as the conformal gauge. The reparametrization gauge-
fixed Polyakov Lagrangians (2.10) and (2.18) further exhibit a residual Lorentz/Weyl gauge
invariance of the form (as can be checked straightforwardly)

ei — fiei, >\i — fi)\i7 (2.35)

for any worldsheet function fi. For f, = f_ the transformation is a local Weyl trans-
formation and for f, = —f_ it constitutes a local Lorentz transformation. Once we have
used diffeomorphism invariance to go to conformal gauge it is possible to use local Weyl
invariance to fix the mode p and completely fix the worldsheet metric v*2.



The main purpose of our paper is to discuss the fate of these residual gauge invariances
at the quantum level. Here it suffices to note that, in the case without matter, the condition
for invariance of the Polyakov action S(e, A\, X) under the gauge transformations (2.35) at
the classical level takes the form

5}1 =elmS+CT AL + 07 A =0, (2.36)
where the energy momentum one form® 75 and constraint functions C* are defined as
e 2mi2 65
YT e del
_ 27r§£6§+; [265ncbhvﬁi)\+ (66— 0¢) (Dyn+7) — A_ (65+06) (Dyn—7-)| . (2.37)
Ot = _2mly 85 — _leﬂ (Ogn+T75). (2.38)

e oAt 2T

The condition (2.36) is nothing but a constrained traceless condition for the energy
momentum tensor, and from (2.37) and (2.38) it is clear that this conditions holds for the
Polyakov action (2.10). The rest of our work will concern the computation of (2.36) at the
quantum level, in particular, at the one-loop level in the perturbative expansion in /2.

3 Quantum weyl invariance of string in the TNC geometry

3.1 Background field quantization

The quantum partition function that follows from the action (2.10) is defined by the
Polyakov path integral.!’ As for the bosonic strings [16], it will be very helpful to in-
troduce the background field formalism to organize the perturbative I expansion to study
the quantum properties of the worldsheet sigma model. To this end, we expand the world-
sheet fields {X™, Ay, n} around a classical configuration ¥ = { X7, A}, 70} as

XM= X"+ 1,Y™,
P )‘(:)I: + lSAi, (3.1)
77 = 7]0 + lS—E[7
where ¥ = {Y™ Ay, H} below will collectively denote the quantum fields. Using this

expansion, the one loop effective action I'[¥¢] for the background fields can be expressed [32]
as a path integral over the quantum fields as

T0](0) _ / D ¢iSI¥o.1(0) (3.2)

9Even though it is possible to define an energy momentum tensor from 75 via Tep = ncdeiTE it is more
natural to define the traceless condition in terms of the energy momentum one form.

101¢ is crucial to include the contribution from the Faddeev-Popov ghosts that come from the gauge fixing
but we will not explicitly show them here. The gauge fixing procedure is discussed in appendix E.

~10 -



where S[¥o, ¥](0) is the O (1) term that arises from substituting (3.1) in (2.10). In (3.2)
the zweibeins are completely fixed by the Faddeev-Popov procedure, see appendix E, using
the reparametrization invariance and Weyl symmetry. This, in particular, fixes the function
p. If the symmetry (2.35) is to be consistent at the one loop level then any change of p
should leave the effective action invariant, this means that the Weyl invariance (2.36) at

the one loop level becomes!!

5,T (W0 (0) =0, dyp =1 (3.3)
3.2 Covariant background expansion

The goal of this section is to express S[¥o, ¥](0) as an action over TNC covariant fields,
for this we first note that Y™ does not transform as a vector under general coordinate
transformations. To get covariant expressions we first need to rewrite Y™ covariantly.
This is achieved [32] by considering a geodesic connecting X§* and X§* + Y™ to rewrite
Y™ as

- l

ym=ym_— 5 T +GR) Y'Y +0 (1), (3.4)
where Y™ is the tangent vector along the geodesic, ()¢ indicates the corresponding expres-
sion is evaluated at Xg, It is the TNC connection characterising the non-covariant part
of Y™ and GT is a tensor symmetric in its lower indices and the solution to the tensor

equation'?
.Gt =T1,GE ot —li_z Foy h®t (3.5)
(r mn) s (mnYr) 2 (mnt'r)s 3 .
with
F=dr, (3.6)

characterising the spacetime torsion. The derivation of (3.4) and (3.5) from the geodesic
equation of a particle evolving in a TNC background is shown in appendix A. We reproduce
below the connection for a generic TNC geometry [12, 33]

1 - _ _
F?:é = —@marTs + ihmt (&hst + Oshpt — 8th7«s) . (37)

It is compatible with the metrics 7, and A™" and exhibits a torsion component 77 . =

QF[TS] = —Q@ma[ﬂs} = —0"™F,.s. While it is of course possible to proceed in the computation

t
mn>

by using the connection I the solution to the geodesic equation (3.4) suggests that a

more natural connection to consider will be the one given by

1
—0 Fpn + G (3.8)

mn —

1We are assuming that a path integral measure invariant under the target spacetime symmetries exists.
127 solution to (3.5) exists as long as the torsion is taken to be twistless, namely as long as
Fpnh™h™ = 0.

- 11 -



This new connection is symmetric and U(1) mass invariant. Although it is not compat-
ible with 7,,, and h™", the action of the new covariant derivative on these two tensors is
quite simple:

o 1 o
DrmTn = g Fmn, D™ = a0, (3.9)

Where D denotes a covariant derivative with respect to the symmetric U(1) mass invariant
connection I'; the symbol D will be reserved for the covariant derivative with respect to
the standard TNC connection I'.

From (3.1) and (3.4) it follows that

D X™ = XU + 1,V Y™ — 1, (1"“;’;)0 Y9, X5 — 12 (f;?;)o VaYTY®
l2

— S5

2

O o (3.10)
[atr:;; - 2rgrgh Y'Y 0, X5+ 0 (i)

where %a = 8QX6‘]_O),LY’” =0, Y™+ (F?;)O 0, X(Y? is the pullback of the TNC spacetime

covariant derivative D,, onto the worldsheet. To compute S[¥g, ¥](0) we will also need the
quantum expansion of the non-linear couplings A (X), Brn(X), Ry (X) and 7,,,(X). This
can be achieved by noting that any vector V,,,(X) and tensor W,,,(X) can be expanded as

| o

W%nzoum%+w&W%maa"+§(a@W%ﬂ_rgawnggnya .
3.11

1 o

Vin = (Vi) + (0 Vin)o 1Y + 5 (aTasvm _ risatvm)o 2YyTy®,

where we have made use of (3.4). It is also straightforward to show that the pullback of
any vector Vp,(X) and tensor Wi, (X) can be written in the TNC covariant form

1% o o o o o o
lg‘ﬁ = Wy VoY " V3Y"™ + DWyn VoY Y505 X5 + DWin V3V Y 50, X
5 (3.12)

1 o o o B
+5 (DTDSWmn + R W, + Rgmwmt) Y'Y 0, X 0s X0 + O (1)

STrm

12 ls

S

Vo VaVaY™ + DV, Y 0, X7

(3.13)
o o 1 /. o o
+ [Dmvnymvayn +3 (DrDst + R;mvt) Y’“YSE)QX{)”} INGYAR

where R’;Tm = (‘ngfm — 8mf$5 + quwl“%s — anwI‘}f; is the Riemann tensor defined in the
usual way from the connection (3.8) and where to avoid cluttering we have dropped the

zero index on the background tensor fields. Making use of (3.12) and (3.13) we can rewrite
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the Polyakov action (2.10) in the TNC covariant way, see apendix C for its derivation,

So=— / dzie [E,,mv ymyeyn _R,ef <v5H+vﬂ(Tm ))—Lei (%ﬁ—%(TmY"‘))}

d’ce 1 —_
_/ Am Y (For 4By ) €7 05 X3 A,YT(FmT—hW)eﬁaﬁX(gn]

47
/ d2oe
4

where H = H4R,,Y™, H = dB,F = dr, = d®, AN = X2 —2\0e” 2a% = \0ef 100
and where the coefficients {A, A, B, B,C,C} are given by

]\
T (0 € ) 0 1 (A1) 0
(o

Crsmn +e Crsmn) YTYsaaXSnaﬁXg‘F (A)\aBrsm‘i'E/\aBrsm) YrysaaX(T]n} )
(3.14)

Asmn = 2bsﬁmn )

A n = Hsmna
1o o — o _
Crsmn = §D7"Dshmn + Rt(rs)(mhn)t ’
= 1 3.15
rsmn — iDrHsmnv ( )
1o
Brsm = §DrFsm ;
_ 1o
Brsm = _§Drbsm

We note that (3.14) is manifestly invariant under the U(1)g zero and one form trans-
formations as it is written exclusively in terms of h and H instead of N and B. Ideally
one would like to do the same for the U(1) mass symmetry, i.e. express the action in terms
of the field strength of m, however this would give us an action which is manifestly U(1)
mass invariant, but not manifestly Galileian invariant. Although the action will be kept
in its explicit Galilean invariant form, as written in (3.14), it can be shown that it is still
invariant under the U(1) mass symmetry after making use of the classical equations of
motion (B.12) as well as the transformation rules for the quantum Lagrange multipliers,
derived from (2.22):

SAL = Fed (braﬁayr + f)rbsayraaxg) . (3.16)
The preservation of this symmetry at the quantum level is then expected to be non-trivial.

3.3 Weyl invariance at one loop

From (3.14) we observe that I'[¥](0) is a free theory with a background dependent normal-
ization for the kinetic and mass terms. Nevertheless, since we are looking at contributions
up to O (DQ) in target spacetime derivatives we can treat (3.2) perturbatively as long as
we can renormalize the O (DO) appropriately. One can move these background dependent
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norms to terms higher order in spacetime derivatives through the following coordinate
transformation

L Yo )

Y™ = —0™ (1Y) + e (6V€hpsY ") = — 0" ——= + €'Y = emy!,

V29

o (3.17)

H=—"—, Ai=V20A,,
oT + +

with ® defined in (2.24), Y/ = {Y° Y} and the normalizations are judiciously chosen
such that the normalization of the first term in (3.14) becomes canonical, i.e. it yields
the first two terms in the zeroth order action below. To see this one needs to use the
identity h,,,0" = 2®7,, and in particular we can identify the spacetime inverse vielbeins

e = {?/%,e;”} satisfying hmne'e” = nry. We remark that (3.17) is simply a field a

redefinition and not an expansion around flat space. This field redefinition looks singular

when ® = 0, but one should keep in mind that ® = 0 is not a U(1) invariant condition.
The effective action Sy is now expressed in terms of flat indices and can be expanded as

So = S + s 4+ S (3.18)

with S([)a] denoting the O (D%) in target spacetime derivatives. In particular the O (DO)
action is given by the free action with constraints

2
So' =~ / o [’Vaﬁ N170aY ' 95Y 7 — N (95H + 05Y°) — A_eff (95H ~ 3/3YO)} '

47
(3.19)

Assuming a diffeomorphism invariant measure the path integration over the fields

{y™ A, H} can be changed to an integration over {Y° Y* A H}. After this change of
]

coordinates, the following propagators for S([)O can be constructed

(Y (0)Y ' (0"))o = Az (" +6383) In (|Aa?)

(V! (o)A (0o = 8222
(U - U’)i
(H(0)Ax(0"))o = @fﬁ)i , (3.20)
(Aa(@)Aa(0))o = —22
(0 —0)x

(Ay(0)A_(0"))o = —4mA26(0 — o),

where ()¢ denotes the correlation function computed with respect to the action S([)O] and
Ay = i/2. At first and second order in covariant derivatives we can perform the further
decomposition

S([)l] =S+,

o i (3.21)
Sy =82+ 82,
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where we make a distinction between the contributions coming directly from coefficients
{A, A, C,C, B, B} and the contributions coming from the non-compatibility of the vielbeins

{fﬁm em
V28

S components

} by considering the former in & and the latter in S. In detail we find for the

d2 r _
S = / (A Y e (B + ) €205 X5" = ALY} (Fyny — ) 105507 (3.22)

d20€ [ af aB 1 s my 1 J n
- pp _(7 Asmn + € Asmn) ere] Y 0,Y agXO]

d?ce [1
_ - B _ B m _nv/ I J
/ |2 (A)\ Fon — 2 bmn> €7 e Y 0,Y ] ,

d?oe |
Sy = —/ 7 <'Ya/BCrsmn + EaﬁCrsmn) e;e?]YIYJaaX(TlnaﬁXg] (323)

47

d2oe _
- / = [(AX*By g + SABrgm) €7e5Y Y70, X7

and for the S components

8 Poe [ A PH. - A PH ] -

Sl B _/ 4Ze e —; = aanan In® + (2hrs€7}Dm€f7) Ylaayjaann] ’
| (3.24)

- d?ce (/- - e s rog N

2= -(h”D’”efD ef) YY" 0uXg"0 Xo} (3.25)

4
Poe [[ANF, A% :
_/ ir < 5 T 3 Sr>e§Dmef’YIYJaaXﬂ ’

Loe | . :
- / ¢ (Asrn'yanLAsmeaB) eﬁpmegyfyjaaxgnaﬁxg}

where we have explicitly broken the covariance by using @QYI = 0,V + ! JaYJ with
wl’ ., the spin connection,'® and where the covariant derivative ﬁmeﬁ is taken only with
respect to the curved spacetime indices. The effective action (3.2) can be now be treated
perturbatively and its corresponding Weyl variation, (3.3), can be computed as

_ i
6,7 [Wo)(0) = b (ST + 5[21>0 + 50, <S[”S[1]>O

(3.26)
—id, (SM) (S —id, log(ZoZrp) + O (D).

where Zpp is the partition function for the Fadeev-Popov ghosts arising from the gauge
fixing procedure, see appendix E, and where Zj denotes the partition function with respect
to the action S([)O}. By dimensional considerations we expect dylog(ZoZrp) = cr’R with
cr a proportionality constant.'® The coefficient ¢ is independent of the background fields
and depends only on the dimensionality of the TNC spacetime. Therefore, as in the case
of the ordinary string, the requirement c¢p = 0 fixes the dimensionality of the background

13The spin connection is not gauge invariant and consequently it will not contribute to the beta functions.
14 At one loop level this is the only contribution to the anomaly proportional to R.
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geometry. This is the requirement of invariance under conformal reparametrizations, hence
the quantum consistency of the theory in the absence of extra dynamical fields. We find
that the requirement ¢y = 0 fixes the critical dimension of the d + 1 dimensional TNC

geometry to be
de+1=25. (3.27)

The details of this calculation are presented in appendix F. This result is somewhat ex-
pected, as quantum consistency of the ordinary bosonic string sets d + 2 = 26 and we
obtain the TNC geometry by reduction of this 26 dimensional background on a null direc-
tion. Nevertheless, it is still a non-trivial result, as we cannot find a simple argument as to
why quantization and null reduction should commute. Taking the dimension to be critical,
we expect the right hand side of (3.26) to take the form

5y [Wo](0) = / d%i [ﬁmnaﬁa X"05X° + Bre€®P 00 X 05X 528)
FBmAN O X + B XN 05 XTI + BAINY

where {3, Brs, Brs, Bm, Bm} will correspond to the beta functions. We will exemplify the
computation of the beta functions by taking the background solution to be 9, X" = 0 so
that we can easily compute the scalar beta function 8. Under this assumption and making
use of (3.26), (3.19), and (3.21) we find

—6,T [Wo] (0) = 6y / dzie [; <A)\5an - m%mn)] A™n (3.29)

d?cd?0’ie?
o / 64 [(FTSFW = Brsbiw) 77+ Frohre®” )\+>\_’YO‘BAZSBW )

where for simplicity we have defined
Al (o) = eTe’}(YI(J)aaYJ(U))O , (3.30)
Amtw(a, o) = 67}636%6%<YI(0')8QYJ(O‘)YK(O'/)aﬁYL(O'/»Q . (3.31)

The propagators in (3.30) can be computed by making use of the zeroth order ac-
tion (3.19), and in particular the following identities follow from it

Sy / 2o JoA (o) = —= / d?oedy (R8T
(3.32)
5¢/d20d20'J%€wAmtw(a, o) = (—271'2')/d2ae¢Jfﬁwhrthm’yag,

where {J2, ,,stw} are arbitrary tensors. By using (3.32) and (3.29) we finally find 5 to be
B = Z (h?‘shtw - FrsFtw) h'r’thsw . (333)

Our analysis depends on the existence of a solution G%, to the geodesic equation (3.5).
It is easy to show that such solution exists as long as the torsion is twistless, namely that
it satisfies the constraint

Fr.sh""h*" =0, (3.34)
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with corresponding solution to the geodesic equation given by
1_
G, = thnFm@ThSt. (3.35)

For the rest of this work we will use (3.35) and assume (3.34) holds for the TNC
background. This requirement together with the Weyl invariance condition S = 0 implies
that, just as F, the field strength b is forced to be twistless. This condition can be made
explicit by expressing F' and b in terms of the decomposition [14]

Frs = ay75 — 1ras,

(3.36)

brs = ¢,Ts — Tres,

with a, = 0'F}, the acceleration and ¢, = 0'hy, an electric field, and where both vectors

t = ¢0' = 0. For simplicity and from now on we will assume (3.36) holds

satisfy a0
for the computation of the remaining beta functions. It is important to note we should
think of (3.34) not as an equation of motion arising from Weyl invariance but rather as a
constraint to ensure both general covariance and U(1) mass invariance at the quantum level.

Taking 0, X" satisfying (B.12) and following a similar procedure as the one just out-

lined for the computation 3, the remaining beta functions are found to be

1. de 1 o

= |gD-o (G +3) et == De] ru, 337

_ 1. de o

Bm = — §D-e+za-e—e-D¢ Tim s (3.38)
. 1 N

/an = —Rpyn + ZHrs(mHn)twhrthsw - 2D(mDn)¢ - e?“hrs (AT)zm Hn)ts (339)
¢? (20T, Tn + honn ) — emen AT

( B) ) - Btvthmna

) 1 rs 1~ dc rs a 8
Brmn = §h Dy Hgpn + Zaﬁ“h Hspmn — (AS)IEm Dn]et + (AT) D’n]er + AmCn] (340)

r
[m
_Dt’Ut

Thmn - (@rhmn + hrpHpmn) br¢;

with a? = a,ash™, ¢ = ¢ eh"®, Rmn the Ricci tensor, - denoting an inner product with
respect to A", and where the time projector (AT)ﬁn and the space projector (As)fn are
defined as

(Ap),, = —0'Tm , (Ag)L = hPhyy, | (3.41)
satisfying the projector identities
(A7), + (As);, = o,
(Azss). (Arss)™ = (Agys), (3.42)
(A7), (As)y =0

The details of the derivation of (3.37)-(3.40) can be found in appendix D. The Weyl
invariance of the theory at one loop will follow from the vanishing of the beta functions.
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These constraints will be interpreted as the gravitational equations of motion for the TNC
background, such equations are discussed in the following section. Before finalizing this
section we comment on the U(1) mass covariance of the beta functions (3.37)-(3.40) by
noting that

605 = 0)
50’5771 = 01
85Bm =0, (3.43)

0o Brmn = 2 (ﬁt@t) T(mbn)aa
506mn =2 (Bt@t) 7_[m,én]o-?

where the transformation rules (2.21), (2.25), (2.26), and (2.27) have been used. From (3.43)
we can note that the vanishing of the beta functions is a U(1) mass invariant condition.

3.4 TNC equations of motion

The gravitational equations for the TNC background will arise from the condition (3.34),
and by setting (3.33), (3.37)—(3.40) to zero. The resulting equations can be categorized
into two twistless constraints:

Frs = a,7s — Tras, (3.44)
brs = erTs — Tres, (345)
two scalar equations:
D-a+a*=2+2(a- Do), (3.46)
D-e=2(e- Do), (3.47)

and two tensor equations:

H,s(mHpyh" 5 ¢? (29T T — umn ) — eme
rs(mtn)tw o mTn mn mtn rs t
Rmn) — 1 +2D(, Dy = 5 —erh" (A7), Hpts
+(A8)!y Dpyae+ 5 — a2 By (3.48)

1 r
§hrsDTHsmn_hrpHpmnDT¢ = (AS)t Dn} ¢ — (AT)[m Dn] €r —A[m )

[m
DtUt
2

1
- §arhT5Hsmn+ <ﬁtDt¢— ) Bnn - (3.49)

In (3.44)—(3.49) we have used the original TNC connection (3.7) and used D to denote
its corresponding covariant derivative. The Ricci tensor associated to the standard TNC
connection can be read off from the following relation

o 1 1 _
Ry = Rynn = =5 man = Dy + 5 (D - a+ a®) hinn + (A7), Dran) + (AT)(,, Dryar

[m

1
— 5 D0 Fn + a2 ®T, T (3.50)
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Notice that it is not symmetric in the presence of torsion and, as discussed earlier, the
TNC connection is not U(1) mass invariant when torsion is non-vanishing. Consequently
the U(1) mass invariance of equations (3.44)—(3.49) is harder to verify in this form, how-
ever from (3.43) we know they are indeed invariant. We can also note that unlike the
expressions (3.37)—(3.40), where the U(1) mass invariant connection has been used, equa-
tions (3.44)—(3.49) have no explicit dependence on the critical dimension d.. At this point
it is convenient to introduce the extrinsic curvature tensor K, as [34]

1o . T .
Lohmn = =5 [0'Dehnn + hnt D" + hnt D0 — 4003 Ty)| (3.51)

and use the TNC identity

Dyphirs = 27(:hgyy Dy 0P — 27,7, Dy ® (3.52)
to derive the following contractions of the extrinsic curvature

WKy = — Dyt

rtysw __ ~n ~m (353)
KrsKtwh h* = Dp, 0" Dy, 0™

We can then see that IC,sh"® shows up in the antisymmetric beta function (3.49). To further
show the role of I, in equations (3.44)—(3.49) it is instructive to look at the time-time
projection of equation (3.48) to write down Newton’s law in a general TNC spacetime. For
this it will be necessary to use the 00" projection of the TNC Bianchi identity (D.5)

0" D0t = W' (Dy® + 2a,P) , (3.54)

the scalar equation (3.46), and the extrinsic curvature contractions (3.53) to find that
Newton’s law takes the form

D?® 4+ 3(a-D®) +m% ® = pp + pm (3.55)

with D? = h"*D, D, and where the Newton’s potential mass m%, matter density pn, and

curvature density px are defined as

m3 =a®>+2®+4a- Do, (3.56)

pic = KrsKiwh ™ h*Y — 0" Dy, (Kpsh™) | (3.57)
1

pm = ] OO R RS H gy Hin — 20™ 0" Dy Dy . (3.58)

From (3.55) we can observe that the extrinsic curvature enters Newton’s law in the
form of a matter density distribution. In contrast we can note that the presence of torsion

modifies considerably the classical gravitational equation of motion by adding both a mass

5

term'® via its coupling with matter through (3.46), and an advection term via the coupling

5From (3.46) we note that whenever torsion vanishes the electric field ¢ also vanishes and cose-
quently m2 = 0.
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a - D®. Equation (3.55) is nothing but the temporal trace of the Ricci tensor, however it
is also instructive to compute its spatial trace Rg = R, h™" to find that

2 2
my _ (de—1)e 3.59
5 5 a?, (3.59)

R = iﬂg _ oD%+
with Hg = HysmHpwnh"th*@h™". In addition the electric Maxwell equation (3.47) reduces
to Gauss’ law only for a vanishing dilaton while the two-form Maxwell equation (3.49) is
not only sourced by ¢ and e but also by torsion via the coupling a,h" Hgpp.

Finally we mention a few properties of torsion and what role it plays in the equations
of motion. First of all we recall that the conditions Ffmn] = 0 and a,, = 0 are completely
equivalent as long as torsion is forced to be twistless. In the torsionless case (i.e. when
the acceleration vanishes) we notice that the electric field e is also forced to vanish. On
the other hand, a non vanishing electric field forces torsion and the Kalb-Ramond field
strength to be non-zero. The first property can be read off explicitly from (3.46), while the
second one is a consequence of the U(1) mass transformation (2.27). Hence in the absence
of torsion the mass and advection terms in Newton’s law vanish, yelding the more familiar
Poisson equation

D*® = p,. + pm - (3.60)

Lastly we notice that for vanishing torsion the TNC equations of motion assume the same
form as the usual equations derived from bosonic string theory.

4 Discussion and outlook

We studied the non-linear sigma model for a bosonic string moving in torsional Newton-
Cartan geometry at one-loop. Demanding Weyl invariance at this level yields the critical
dimension of space-time and the equations of motion of the TNC background. We found
d. = 25 for the critical dimension. The equations of motion for non vanishing torsion, three
form field strength H, electric field ¢, and dilaton ¢ are given in (3.44)—(3.49).

Our result for the critical dimension is not surprising as the classical TNC geometry
is obtained by reduction of an ordinary Riemannian background on a null direction, and
quantum Weyl invariance of a bosonic string on a Riemannian background requires d = 26.
However it is still non-trivial, as there is, a priori, no guarantee that the argument of null
reduction carries over to the quantum regime. As seen from the calculation in appendix F,
the number 25 arises from quite a non-trivial calculation that involves the TNC ghost
sector and the constraint equations. Our result, therefore is somewhat non-trivial and
implies that null reduction and quantization are commuting operations.

To compute the beta functions of the theory we used the TNC geodesic equation to
derive a system of normal coordinates Y™™ such that covariant results could be obtained.
For this local coordinates to exist we needed the twistlessness constraint 7 A dr = 0 which
also guarantees causality in this non-relativistic space-time [26]. Moreover we introduced
a new connection with the useful properties of being both symmetric and U(1) mass in-
variant. The latter property was especially useful when checking the invariance of the
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beta functions. In fact, the U(1) mass symmetry was used as a guiding principle to find
the correct set of equations, as the beta functions would otherwise be dependent on some
arbitrary coefficients, see (D.11). Intuitively these coefficients are related to a choice of
renormalization scheme and are uniquely fixed by requiring the U(1) mass symmetry to be
conserved at the quantum level.

It would be interesting to derive the beta functions without imposing the U(1) mass
invariance via the introduction of the coefficients in (D.11), however within our approach
this is the best we can do. Moreover notice that this approach is justified by the fact that
the equations of motion for Type I TNC can in principle be derived from a Double Field
Theory perspective, see [35, 36] for the embedding of TNC geometry into double geometry,
on which the U(1) symmetry is expected to be preserved explicitly. This means that one
should be able to derive the same (U(1) invariant) equations from the computation of
the Weyl anomaly; we are currently exploring the Double Field Theory approach [37]. In
other words, one of the basic assumptions in our approach was the existence of a set of
U(1) invariant beta functions and we found this to be true, so we expect our procedure to
be consistent. The other basic assumptions of our approach was the existence of a Path
Integral measure which is invariant under all the symmetries of our theory. While we were
not able to construct such a measure, a hint that it exists is given by the fact that the
equations of motions do in fact exist. It might also be possible to build such a measure
by using known results from Double Field Theory [35]; we will explore this possibility in
future work [37].

The resulting equations of motion (3.44)-(3.49) for the TNC target spacetime are
invariant under all TNC transformations as well as the corresponding 1-form and 2-form
symmetries of the Kalb-Ramond fields. In the absence of torsion they take the form of
the usual bosonic string equations of motion and yield the expected Newton’s law for the
gravitational potential ®. Once torsion is turned on Newton’s law is modified accordingly
with a mass term and an advection term for the gravitational potential ® being generated.

Our work can be improved and generalized in a number of ways. First, it is desirable
to obtain the O(I2?) contributions to the dilaton beta function. As mentioned above, this
requires two-loop calculations on the worldsheet which can be done in the case of the bosonic
string with relative ease but in our case there exist more than 20 contributions with different
structures and this computation becomes a formidable task. Yet, it is a straightforward
task and should be done in the near future. It is curious to compare our equations with
the ones obtained from other effective approaches, such as the action principle proposed
in [34], and the large ¢ expansion of general relativity equations in [14]. It is also very
interesting to ask whether one can obtain Weyl invariant sub-critical TNC backgrounds
with dimensionality less than 25 by searching for analogs of the linear-dilaton type geometry
in the ordinary bosonic string case. In that case the slope of the linear dilaton cancels the
O(19) contribution to the dilaton beta function hence lifting the condition d = 26 and
allowing for non-Lorentz invariant backgrounds with an arbitrary 2 < d < 26. Since we
already gave up Lorentz invariance in the target spacetime, it is natural to ask if one can
obtain subcritical TNC geometries with an analogous mechanism. To see if this is possible
one will need the O(I2) contributions to the dilaton beta function.
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A Geodesic equation and normal coordinates in TNC geometry

The action of a particle moving in a TNC background is given by [23]
M Ry &3
Spart == /d)\QTSxS . (Al)

The geodesic equation can be obtained by minimising such action, the corresponding equa-
tions of motion are found to be

(ﬁmnFsr - Tsarﬁmn) " thnTs] e oen
_ — xr T

1 - _

—0shmn — Omh
s''Ymn m'isn 2

2 2N N (A.2)

Nhgna@™ — TshppZ™a™

N

7 m
- hsnx )

where we have defined N = 7,i. Contracting (A.2) with h*" give us the geodesic equation
%it _ Wim;tnifr. (A.3)

We want to construct a solution of (A.3) such that z™(0) = X" and 2#(1) = X" +
I;Y™ where we can identify the vector £™(0) = I,Y™. The following expansion on I,

i 4 T, M =

satisfying the previously mentioned conditions can be constructed
)\2
2™ = X+ ALY+ gzgy;“ + 013, (A4)

substituting (A.4) in (A.3) it follows that

Y3 Y 4 0 Y Y Y — Shy B YTY YT

A5
v @A)

(V§ 4 Th, YY) =

where all the geometric background functions are evaluated at X*. Equation (A.5) has a
solution of the form

Y =T, Y™Y" -Gt Y"Y", (A.6)

with Gt a tensor satisfying

L PmnFrysh™ . (A.7)

S

T(rann) = TsG(mn5f«) )
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For (A.7) to have a solution it is necessary to impose F,sh"*h*" = 0, obtaining G, =
%ﬁmnash“, meaning that the quantum field Y™ can be written in terms of the covariant
vector Y as

gm —ym_Ls <rm + hmanhmn) Y'Y* +0(12) . (A.8)

B Tree level contributions from the Dilaton

In this appendix we will compute the tree level contributions to the beta functions. To this
end we will need the contribution to the energy-momentum tensor coming from (2.19) and
then compute its (classical) trace. Notice that the energy-momentum tensor will receive a
contribution from this term even when the worldsheet is flat. The result is given by
27 ;
(—a,> YPTH = —O¢ = 0, X" 0m¢ — 7 0o X" 05 X" 0mOn, (B.1)
where [, is the d’Alembertian on the worldsheet, [0, = 'yo‘ﬁf)a(‘?ﬁ. To rewrite this in a

useful way we need the equations of motion for the classical fields. These are found by

varying the Lagrangian (2.18):

0 == (phumn—20mhnp) Oa X5 X" + 2R 0o X™ — €7 (9 Binn —20m Bpr) 0a X ™05 X"

+2A)\aaaXm8[mTp] +Tp8aA)\"‘—22)\o‘8aXm8[mNp] —Npé)ail)\a ( )
0= €200 X" Tim+e% (Oan+0aX"Np,) (B.3)
0= €50, X" T —€5 (0an+0.X"Ny,) (B.4)
0= 0a2AY, (B.5)

where
ANV = e —aef, SAM = Ae 4 ael. (B.6)

We now multiply the first equation by %hp’” the second equation by e +8ﬂ and the third
one by el 0p to find
0o X" = (T0,,, + 0" 0nTn) 0a XM X "y*F — %h’“PHpmnaaXmaﬁxneaﬂ
+ 0" T X™ + WPAXN 00X Oy mp) — B'PEN 00 X0 Ry (B.7)
(T + ) OX™ = €% e” (07 + OmRy) D X" 95X" — Tyn (B.8)
(T — Rp) OX™ = €3 €” (807 — 0nRin) D X" 95X" + Ton (B.9)

where we have also used (B.5) to simplify (B.7). By adding and subtracting (B.8) and (B.9)
we find

T, X7 = €26 (D) + Opuey) 0a X 05X = = (Y7070 + €270,N, ) Do X 05X "
(B.10)
N, O, X™ = — (eo‘ﬁﬁan - yaﬁammn) 0aX ™03 X™ — Oy (B.11)
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Substituting (B.10) in (B.7) we finally have

1
~0,X" = (r:,myaﬁ — OO Ry — 2thHpmnea6> Do X0 X"
+ W PAX O X" Oy — W PEA O X)Xy (B.12)

Now that we have an expression for 0, X" in terms of 9, X" we can rewrite (B.1) as

A 12 1
WﬁTfﬂ” - % [_yaﬁmenqs—eaﬁ <1§TDT¢> O Ny, + QhTPDTqﬁHpmn) ] D X0 X"

lg T « m lg T e m
= G hP Dy By AN 0o X"+ S 1P Dy Ny X 00 X (B.13)

12 _ B
— ﬁ [B?SOO‘XSGEXSW'B+B?53aX635X860‘6+5$A>\“8(JX’”+B$LE>\“8QX’" :
from which one can easily read the dilaton contributions to the beta functions (3.44)—(3.49):

B, = —2D(Dpyd — 2GY, Dy
B = —bmn0" Dy — K Dy Hypn
BY = 1" Dy ¢ Fy
B, = —h"" Dyl

(B.14)

For completeness we mention that the time projection of (B.7) is given by
OaN" = [0 (Dyhon = 2Diuhny) 17 + (6 Hypr, + 200 €77 | 0, X503 X
+ A AN 0, X" — em XA 0, X" (B.15)
C Covariant expansion of one loop effective action

We will make use of (3.1), (3.10) and (3.11) to write down the covariant expansion of the
couplings appearing on the Polyakov action (2.10). Starting with the A — n coupling

[gelOetordyan] = f e miw] rou. e

where we have defined AP = ([\Jre[j + A,ei) We can then look at the Eaﬁ coupling

d? _ - .
/ S 1 has(X) = / e VY VOV

2 A T = my s Qo yn
+/d e [2 (Dshmn) VoY ™Y XO} )
1o o — o _
+ / d*ce KQDTDShmn + Rt,,smhnt> Y'Y 50, X[ 0s X

+0(ls)
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where we can recall that H = dB, F = dr, h = d¥, AN° = /\Qeﬁ — A(}reé, and I\ =
)\gei + )\S]re’g . Moving into the vector couplings we have

/i?ehw%MXﬂZ/ﬁ%epﬂﬁ(ﬁﬂmﬂm%J%ﬂ”%Xﬁﬂ

1 .
+ /d206 [2 (Finn) )\(ie%YmVaY”}

(C.3)
o |2 (DyFun) YTV AL 00 X0
+ ge 5(7"5771) +€x0a A
+ O (lS) ’
2
dl;’e [EARL(X)] = / d2oe [2]\@ (vaaym + D,,Neraan”)}
1 °
+ / d*oe [ mn maymvayn]
5 () o
+ / &0 [1 (f?rhsm) Y’”Ysmaaaxgn]
2
+ 0 (),
where we have used (3.9) as well as the identity
R Ny =—D,DpRs + Dy DR, . (C.5)
We can finally move to the last coupling
d20'€ aB b « v my,s n
/lge BBas(X) = /d%ee s [(Hsmn)VaY Y OBXO]
1 /o
+ / Poec? [2 (DTHsmn) Yrysaaxg@aﬂxg} (C.6)
+ O (lS) ’
where we have used the identity
/ Pec™ | B VoY "VY"| = / Poee [(ansm) YV Y95 X0
(C.7)

1/ _
+5 (Rf,mnBts> Y'Y 0, X ™05 X" | |

Before combining (C.1), (C.2), (C.3), (C.4) and (C.6) to write down the action Sy we
will take a look at the transformation properties of H inherited from the Kalb-Ramond
U(1) transformation, namely if the transformation of the original fields are

5ANm - amAu(X) 5

C.
5A77 = _Au(X) ) ( 8)

the quantum field H will transform as

§H = —D,AY™ +0O(l,) . (C.9)
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It is then convenient to define a new field H as
H=H+R,Y™ (C.10)

such that 6 H = O (1), making it invariant under the Kalb-Ramond U(1) transformation at
the level of the action Sy. By making use of this field redefinition the action Sy is written as

So=- / % [PunVaY "y "= Ry (Vo H+V5 (1Y ™)) =M (Val =V (10Y™))]

d20'€ m r m
[ (R (B ) € 02X = R YT (B =) 057

47

/ d?oe
4

[\
_ / d’oe | ( A+ € Aymun ) Y VY "0 X5+ (AAﬂan—EAﬁbmn) ymy Y"]
(0

Cromn+ € Cromn ) Y'Y 00 X503 X5 + (AN Bpam+ 50" Bra) Y'Y *0,X7']

(C.11)
where the coefficients {4, A, C, C, B, B} are given by
Asmn = 2f)sﬁmn
Asmn Hgpn
1. _
CT = 2D D hmn + R (rs)(mhn)t
_ 1o
C’rsmn = §D7‘Hsmn <C12>
1o
Brsm = §DrFsm
_ 1.
Brsm = _§Drhsm

D Beta functions derivation

Making use of decomposition (3.21) and assuming we are working on the critical spacetime
dimension the Weyl variation of the effective action can be written as

5T [Wo](0) = 8,,(S1 + S1 + Sa + Sa)o + %%((5131 + 25151) + 8181)o + O (D3) (D.1)

where we have also made use of the Ward identity

/ BPoJi (Y (0)0aY (o)) = —% / P (Y ()Y (0))0u ], (D.2)
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with J7; an arbitrary spacetime tensor to move the disconnected part of the variation to

one order higher in derivatives. We will start by computing the S two point correlations

oy [ - 1 - d. 3\ -
5w<81+82>=—/ GACH IS S <2D-a+a2 <+>>hmn] VP 0a X505 X

47 4 4

2oy [1. - . d, +2 D, ot
- / O-d} ihTsDrHsmn - Dmen + < Z_ ) arhmHsmn + tvhmn]

47

X €O, XTI X

d*o [1 - de
—/ A Y < + 3) aZ] T AN, X

Ar |2 4 4
Lo [ 1. d. 3
—/ 4jrw —2D-e—<40+4>a-e]7'n2)\"‘8aX6L+...

2

(D.3)

where we have neglected terms that will not contribute to the final result, - denotes an

inner product with respect to Ah"® and where we have used that

8y / o Jr (Y (o) Y (o)) = / 203361,

(D.4)

with Jry an arbitrary tensor, this last identity follows from the renormalization of the

propagators (3.20). In deriving (D.3) we have introduced a total derivative'® [ d200,e%,
made use of the Ward identity (D.2), the background equation (B.12), the Bianchi identity

(bmﬁsn + bnﬁsm - f)sﬁmn + anGS) h'* =0,

and the TNC identities

ps (1o o = o o - 1/ 9\ T .- s
h (QDTDshmn - DTD(mhn)s) = 5 <D “a+t+a ) hmn + D(mhn)sarh )
S . 1 1,
Dphpsh™as = (AT)TL Dpar — §aman - 50, hmna
rs 2 _ o 1 1 o
W' Ry, st = = Bomn = S 0man — (A8)(m Dnyat

rsatm 7 Ay
h"0 Drhst = —Dt'U s

where (A7), and (Ag),, are the usual TNC temporal and spatial projectors

(D.5)

(D.10)

161f this total derivative is not included then the U(1) mass variation of the antisymmetric beta func-

tion will not be zero but rather a total derivative, leaving the effective action invariant but not the beta

function itself.
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To compute the four point functions arising from (S1S1)9 we will need the non-
vanishing four point function variations identities

S [ o' 311 (Y1 (002 @)Y (005 0") = (~2m) [ P diud" 5

(—4mi) / d*oipJ;;6"

Oy / d?od*c’ J1 (AL (0)Y!(a)A_(a")Y7 (o))

.t Sig
50 / Podo’ I (Y (0)e205Y (0)As ()Y K (o)) = co / oy 17 | 0 (D3
V28
(D.11)

with {Jrskxr,Jrs, Jrsx} arbitrary O (DZ) tensors, and ¢y an arbitrary constant.1” The
presence of ¢y might seem like a problem to the uniqueness of the resulting beta functions,
however by noting that the U(1) mass symmetry is non-compatible with the derivative
expansion'® we find that constants of the c¢q type will be completely fixed by asking for
U(1) mass invariance at second order in covariant derivatives. The ambiguity in defining
the O (D) can also be seen from the two point function Ward identity (D.2) as well as from
the four point function identity

/ Podo’ (v;; J)v(fjm) (V1(0)0,Y (0)Y K (6))05Y 2 (o)) = O (D?) (D.12)
with V% an arbitrary tensor. Making use of (D.11) it is found that
' d? 1 .
%51/; <SISI> = _/ 40—¢ |:4HrsmHtwnhrthsw +c1 (AT)fn Dyna, + C4erhrs (AT)fn Hpys
T
N 2 (207,71, +2hmn) — emetn - (eg N Cf)

)
- a2q>7—m7—n (Cl + 2>:| ’YaﬁaaXZ)ﬂaﬁXg

d? PR Hgpn 1
— / 4j:p |:—a 5 + <C3 - 2> arhrs (AT)fn Hgpt

+ o (A7) Dye, + amen} PP XTI XY

oy 2 2 a o n
—/ i [(esa® + cee®) ANY + (cra - ¢) BA?] 7,00.X() (D.13)

To derive (D.13) we made use of the Bianchi identity (D.5) as well as its contraction
with h™"

o — o - 1 1 -
h™M" R <Drhst — Dghyy — iarhst + 2a5hrt) =0, (D14)
the TNC identities
- o 1 1 5+
Dyhnsh™as = (AT); Dppar — saman — *CLthn,
o 0 2 o (D.15)
Dphpsh™es = (Ar)) Dpey, — Femin — 5 (e-a)hmn,

'"This identity can be derived through integration by parts and making use of propagators (3.20).
'8A U(1) mass transformation changes the O (D) of the actions S([)a].

~ 98 —



and where we have used the Ward identity (D.11) to introduce the O (D2) Z€eros

) B 2 2\ (T
/Ci: [(aman emen+ (a ; ) (hmn+2<I>Tan)> ,yaﬁ] O X0 X7 (D.16)

dQU « m n
+/47r [(amen)e ﬁi| OaXO 6/3X0 =0 (D3) s

d? -
/ 7 Jaman+0? (o + 207,7,)| 0a X0 X = O (D¥) . (D.17)
Following an analogous procedure we can compute the contributions from S, in par-
ticular we find that
< s i (& 4oy | (A7)!, Dyay
5¢<51+32+251(51+31)>_—/ = .

+ ¢® (a-e) Ty

+(co—1) aQQ)Tan} 00 X' 0% Xy

_ arh™ (AT)fn Hopt
2

] PO, X0 XY

_/d20'1/1
47
e

d?ot) [a o @ n
_/ y [42)\ _ZA)\ ]Tnaaxo, (D.18)

where we have used the identities

_ o s s ) 1
(Brs — huphsgh?®) Dyl Does6™ = —=a?7,,@
2 (D.19)

m

_ . |
(6% — h'hys) €] Dpess = §ashm (A7)

We can note that the analogous S computation in the standard bosonic string will re-
sult in a vanishing result, however in our case this is no longer true as h"*hg # 6} as
well as due to the presence of a non-trivial coupling with the Lagrange multipliers. Com-
bining (D.3), (D.13), (D.18), and the classical dilaton contribution (B.14) results in the

beta functions

1. d 1 °
Bm = |:2D-CL+<4C+2+C5> 02+06e2_a'D¢:| Tm (D2O)
~ 1. d 1 °
,Bm:—|:2D'e—f—(40—}—2—07)@'6—6'D¢:|Tm, (D21)

. 1 1. d. 1 L T-
an = _Rmn + ZHrsmHtwnhrthsw + |:2D "at < + ) a2 - 62 —a- D¢:| hmn (D22)

4 2

1 0 5 7
+ [61 + 2] (A7), Dnag+caerh™ (A7)t Hyps + [COa et (c() —c— 2) aﬂ BT Th,

2 (20 + Ry — .
4 ¢ ( TmTn 5 mn) Emen —2D,,Dnb,
_ 1 . d o o D vt
ﬁmn = §hrsDr‘H3mn + anrhrsHsmn —Dpen+co (AT):n Dyper+amey, + thmn
+(e3—1) arh™ (A7) Hont — (0" 0o + 1P Hypn) Dyp. (D.23)
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The free coefficients in (D.20)—(D.23) can be fixed by asking for {3, Bm, Bmn, Bmn} to be

gauge invariant, this condition fixes the coefficients to ¢y = 3,¢9 = 0,¢1 = cog =2,c3 =

1
-1
1,c4 = —1,¢5 = 0,06 = —1,c7 = % resulting in the beta functions (3.37)-(3.40) presented
in the main text.

E Fadeev-Popov gauge fixing

The gauge symmetries of the theory are

bl = —wsel +¢9ef — 08"

(E1)
oMy = —wi A + 5"8u)\i

with wy parametrizing local worldsheet Weyl/Lorentz transformations and {# parametriz-
ing worldsheet diffeomorphisms. Following the Faddeev-Popov procedure we can first com-
pute the Faddeev-Popov determinant

App = / DaDaDb* Db* DeDd.y Dd_ [P ]

d*oe 3 ~
= - * (0% L« ﬁ _ ﬁ * o B  a ﬁ B ﬁ E2
Srr /27rl§ [bﬁ (C Oay — €30ac d+6+) + b3 (C One” — €% Dye d_e_) (E.2)

o (5 =€) +aa (62 —e?) |
where {c,dy,b*,b*} are Faddeev-Popov ghosts and anti-ghosts and {a,,d,} are bosonic

Lagrange multipliers enforcing the gauge condition é. The remaining BRST symmetry of
the theory is given by

sX™ =0, X™, sn = c*0a4m (E.3)
sei = aei — 99,7 — diei (E.4)
SAy = —di g + O N+ (E.5)
scP = @c? (E.6)
scl = 0, (E.7)
sby =ag, sag=0 (E.8)
sby =ag, sag=0 (E.9)

Integrating over {a,a,d+} imposes the constraints

ef =ég
byel =0 (E.10)
l_)f;e[j =0

and the action simplifies into

d’ce
2ml2

d*oe a B * x B a B g 1k Tx B
Spp = [c €1 0abg — bgef 0ac” + c“eZ0nb — bgeZ Oy ¢ ] = Lrp (E.11)

2712
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where we have omitted the hat on the vielbeins for simplicity. By considering the ac-
tion (E.2) (after gauge-fixing), it is now possible to define the ghost energy momentum one
form as in (2.37)

c 271'13 5SFP
Tyep = 70 del
= Lrpe, + [(68 + 07) (bf;(‘)_c* + Ol + bif)wc*)
+ (85 — 65) (B501¢T + Dbl ¢ + 030y c)]

(E.12)

where we anticipated going to conformal gauge, i.e. the vielbeins are constant.

It is important to note that the anti-ghosts {b*,b*} will not be neutral under local
Weyl transformations, meaning that we will need to supplement the theory with the trans-
formation

by — b, by — f4bh (E.13)
this implies the full condition for Weyl invariance is not (2.36) but rather
(€47 + CTAL + CTA- + 03B + 5587 ) =0, (E.14)

where 7§ = 77 + 75 is the total energy momentum one form and {B? BP} are the

equations of motion for the anti-ghosts defined as

2ra _ 2o o
ph— _2madSee - ps_ 2madSip (E.15)
e oby e obp

In conformal gauge the ghost action takes the dimensionally extended form
dr -
Spp = — / 2—" [b01¢ + bO_c] e~ 1r (E.16)
T

where we have defined {b = b* ;¢ =c~,b= Bi, ¢ = ¢} and we have rescaled the ghosts such
that the normalizaion of the action is —1/27. The non vanishing real space propagators

are given by

(o)t = 20
DeiA * (E.17)
(b(o)e(a’)) = ﬁ

where Ag =i/2. To find these propagators we used the identity
9?log (|Ac|?) = 4m §(Ao). (E.18)

F Critical dimension

The condition for local Weyl invariance for the system Zy + Zpp as described in (3.26) is
given by

~

(1)

(T) + TJep + CT AL + C~A_ + BPb + BPbj) = 0 (F.1)
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where we have defined Tg = leg and TQFP = efyrgFP and where we should do the substitu-

tion {X,\,n} — {Y,A, H} in the energy momentum one forms given by (2.37) and (E.12)
as well as in the constraints (2.38) and (E.15). To analyze (F.1) we can use the following
identity

/ d*ad,(T / o / o' p(o T (0)T (o)) . (F.2)

It is now our goal to compute the two point function of traces T. We can now note
that in conformal gauge the following holds

/ odo’ (TT") = / Pode’ ((TF+T=+CH A +C7A) (T 4T +C N +C70L)
/d2 020" ((Thep + T +0B™ 4087 ) (T 4+ T 5, + VB~ 4V B ) )

- / Pod®o’ |[(TTF )+2(TET )+ (T-T ) 4+ (Th T )
12T T e ) (T T )= (CFALCH A, ) =2 (CFAL O A )
~(CTACTAL) = (3BTVB )2 (bBTbBT) - (bBTYBT)|  (F3)

where we have denoted the dependence on o’ by priming the variable itself and where

TE = 2ePAy (03n £ 0:Y?)
TH = =20, 0_Y™O_Y™ — 2ePA_ (0_1 — O_Y")
T; = =200y Y™ 0L Y™ — 2eP Ay (01 + 04YY)
Tlep = —4eb0_c  T-,. = —4e’bd,c
top = 4e? (04bC+ 200_c+ 0_be) (F.4)
rp = 4€ (0_bc+200,c+ 01bc)
C* = —2¢° (6;17 + 8:FY0)
B™ =4ef04c
BT =4ef0_c.

To compute these correlators we will need the following real space propagators (that can
be read from (3.20)):

(' (0)¥? (o)) = 592 n (|20 P)

(VO (0) As (o)) = 20122
(U - UI):I:
(H (o) As (o)) = 2522 (F5)
(U g ):I:
-2
(A () As () = =22
(U g ):I:

(Ay (0)A_ (0')) = —AnAge%5(0 — o)
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where Ay = i/2. The contribution to the two point function from the constraints can then

~164z0- (Al) (Ao+)

()

s (3} ()
(5B
<

BTH BT = 16A20_
<b b > 6 28 <AO’+) AO’+)

Notice that the sum of these contributions is zero. From (F.6) then we see that (F.3)

be computed to be

<C+A+c’+A

<C+A+c “A~

<bB VB

)
) =0
<CAC A’>
")
B*)=0

reduces to

/ Lods (PT) - / Pods ({177} +2 (11 ) + (17177 1)
+ <T+FPTiFP> +2 <T+FPT - > * <T:FPTI:FP>}

To further compute this in a consistent way we will need the conservation equation for 7’ A‘f

0TS =0
O_T- =—-0,T" (F.8)
0. T) =—-0_T;

We can then note

(177 = A543 (34‘1 8.9 50— o)

(THT'=) =0

<T:T_—> _ D383 (;d +8) 9.9 50 — o) o
(ritite) = 2R g o — )
(Tl ) =0

o A3AZ (—104
(17150) = 2250, 60 - )

where Ag is another overall factor that does not change the final result. We can finally
see that the central charge vanishes when d = 24 and hence the critical dimension of TNC
spacetime is D = d + 1 = 25.
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