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1 Introduction

The textbook T-duality symmetry of string theory that applies in backgrounds with Abelian
isometries is a cornerstone of the duality web that ultimately leads to M-theory [1, 2|. Less
standard is the application of T-duality to backgrounds whose isometry group is non-
Abelian [3]. While its status as a precise duality in either o’ and g5 expansions is not
fully resolved, at the very least non-Abelian T-duality (NATD) is a useful tool as a solu-
tion generating symmetry of Type II supergravity (for a review see [4]). More exotic still
are applications of T-duality to backgrounds which have no isometries at all. Poisson-Lie
(PL) T-duality, introduced by Klimcik and Severa [5, 6], provides situations where such
a non-isometric duality can be realised. This is made possible when the target spaces



have a certain Poisson-Lie symmetry property giving rise to an unexpectedly rich alge-
braic structure encoded by a Drinfeld double, d [7].! Despite this lack of isometry, the
corresponding non-linear sigma models can actually exhibit classical (and quantum) inte-
grability [8]. Close connections between integrability and Poisson-Lie duality have come
under renewed focus with holographic motivation following the development of the inte-
grable 1 [8] and related A [9] deformations applied to the AdSs x S® superstring in [10]
and [11] respectively.

Poisson-Lie geometries (i.e. those for which PL T-duality can be realised) can at first
sight seem convoluted, especially when presented in terms of the regular geometric data
consisting of the metric and Kalb-Ramond two-form. However, when viewed using gener-
alised geometry the situation is radically improved; the PL property of the target space
is encapsulated [12] by a generalised parallelisation [13, 14]. This consists of a set of gen-
eralised frame fields that span the generalised tangent bundle, TM & T*M, and which
furnish the Drinfeld double algebra under the generalised Lie derivative. Moreover there
is a natural candidate for the extended target space that appears in both the world-sheet
doubled sigma-model [15, 16] and in the Double Field Theory approach [12, 17], namely
the group D = expd.?

The U-duality symmetry of M-theory can also be viewed as a generalisation of
T-duality, arising when one combines the perturbative T-duality symmetry with non-
perturbative S-dualities. Until recently, there has been no hint of whether U-duality admits
non-Abelian or generalised versions. A proposal for the algebraic structure that would un-
derlie such dualities has been introduced in [20, 21] and called the Exceptional Drinfeld
Algebra (EDA).

Roughly an EDA is an algebra 9, defined by a bracket, [e, o] : 9,, ® 0,, — 0,,, which
is need not be antisymmetric but obeys the Leibniz identity, and which admits a Lie
subalgebra g, of dimensions n or n—1. Moreover g can be considered a maximally isotropic
subalgebra in a sense we shall make more precise later. For the case of n < 4, that
shall be our concern here, the data of an EDA can be interpreted as consisting of a Lie-
algebra g together with a three-algebra g that are restricted to obey a cocycle compatibility
condition. A key point of [20, 21] was that the EDA can be realised by a generalised Leibniz
parallelisation for the exceptional tangent bundle TG & A?T*G thus echoing the set up of
Poisson-Lie T-duality and allowing this framework to be used to generate solutions using
the ideas of generalised Scherk-Schwarz reductions. Some features of the geometry, and
the membrane interpretation, were then given in [22], while a classification of all possible
EDAs for the case of n = 3 was made in [23].

In this paper, we shall explore the geometry associated to this new M-theoretic alge-
braic structure in a number of explicit examples. These examples reveal intriguing con-

!The Drinfeld double d is an even-dimensional Lie algebra that can be decomposed into two sub-algebras
0 = g+ g that are maximally isotropic with respect to an ad-invariant inner product of split signature. The
Jacobi identity of 0 enforces a cocycle compatibility condition between g and g.

2The discussion here is adapted to the case where the physical target space M is a group manifold
M=G= D/G~ with G = exp g and G = exp g. However, when M can be constructed as a double coset,
M= H\D/é, similar ideas apply both from the world-sheet [18] and target space [19] perspectives.



nections to several topics. We study geometries which encode the structure constants of
three-algebras, which naturally show up amongst the structure constants of the Exceptional
Drinfeld Algebra. Here we can also connect with a class of C'SO gaugings of 7-dimensional
maximal supergravity. Hence, we get for free out of our construction some simple new up-
lifts for these gaugings. These uplifts could be regarded as “non-Abelian U-duals”, in some
sense, of spheres with flux. We will also describe the embedding of Poisson-Lie T-duality
into this set-up in some detail, revealing a construction whereby the Exceptional Drinfeld
Algebra involves augmenting the Drinfeld double with a spinor representation.

Our presentation will make frequent usage of some technical results within Exceptional
Field Theory which, to allow for completeness but avoid distraction, have been included
as appendix material here. (For a detailed review, see [24].)

2 The SL(5) Exceptional Drinfeld Algebra

2.1 The algebra

We begin by specifying the Exceptional Drinfeld Algebra in the case of the group Eyy4) =
SL(5). We introduce five-dimensional fundamental SL(5) indices A,B = 1...,5. The
generators of the Exceptional Drinfeld Algebra live in the ten-dimensional antisymmetric
representation, and we can label these with a pair of antisymmetric five-dimensional indices,
Tas = —Tp4. The brackets of the generators are

1
[TaB, Tep) = §FAB,CD5}—TS}' , (2.1)

(where the factor of 1/2 is inserted to avoid overcounting) and these need not be antisym-
metric. We do require the Leibniz identity

(Ts, [Teer, Top']] = [[Tssr, Teer), Too'] + [Teer, [Tes, Too']] (2.2)
which in terms of the structure constants leads to
1 ! / 1 / ! 1 ! !
§FBB/,$£/AA Feerpp — §FCC’,£$’AA Fpp pprtt = §1L713’z3/,cc*5‘g Feerpp™ . (2.3)

If the bracket is antisymmetric, this reduces to the usual Jacobi identity.

More generally, the constraint (2.3) is the same as the quadratic constraint of gauged
supergravity. This link — or equivalently the fact that we are restricting to Leibniz algebras
which can arise from a generalised parallelisation of SL(5) exceptional geometry — also
motivates the assumption that the structure constants can be decomposed into irreducible

representations as

- 1 1 1
Fapcp® = 4FAB[C[€59% . Fapc® = Zagc®+ 55[13453]c - 67,435? - §5€478]c7 (2.4)
where 745 = —T84, S = Spa and ZapcP = Z[ABC}D, Zagc€ = 0. This means that the

only SL(5) irreducible representations appearing in the structure constants of our Leibniz
algebra are those specified by the linear constraint of gauged maximal supergravity in
seven-dimensions [25].



Now we impose the further conditions that make this SL(5) Leibniz algebra into an
Exceptional Drinfeld Algebra. We require that there is a Lie subalgebra g C 04 which is
isotropic in the sense that®

eABCPET 15 @ Tep = 0, (2.5)

and we further require this isotropic to be mazimal in the sense that appending any extra
generator to g will violate (2.5). This means that it will have either dimension 4 or 3, and so
can be interpreted (borrowing terminology from Exceptional Field Theory) as the physical
subalgebra in either an M-theory or type IIB background, respectively. To articulate this
condition in a more invariant fashion we can say that alongside 0,, we must specify a “pure
spinor” A in an appropriate representation? of E, (n) which acts linearly on the 9, vector
space schematically as A ¢ T. We then demand that the kernel of this action, g = ker(A)
be a Lie subalgebra. There are different choices for A that will result in a subalgebra g
of dimension n, which we call an M-theory section, and dimension n — 1 which we shall
call a IIB-theory section. This pure spinor approach is essentially the same as that used
to define solutions to the so-called section condition of Exceptional Field Theory [27, 28].

For the case of SL(5), in the IIB-theory section the pure spinor A is in the 10 and the
purity condition is that AMBACP] = 0. The linear action is defined by

1
AeT = AACTCB — gACDTCD(SAB.

As an example consider A% = —A%* = 1 with the other components zero. Evidently this
is pure and it is such that it defines

ker(A) = span{Ti2, T13, Tos} . (2.6)

In the M-theory section the pure spinor A is in the 5, the purity constraint is automatic
and no further conditions are placed on A. The action on generators is

A o :— A[.ATBC] . (27)
Consider taking A4 = 645, in which case
ker(A) = span{Tysla =1...4}. (2.8)

We will continue now in this M-theory section, and decompose indices as A = (a,5), where
a = 1,...,4 such that the physical subalgebra is generated by the generators t, = Tgs,
with Lie algebra structure constants fu;°.

In terms of the irreducible representations, the Exceptional Drinfeld Algebra is wholly
defined in terms of the Lie algebra structure constants f.;¢ along with Sgp, 745 and 7,5,

3Note that a systematic construction of generalised frames corresponding to a given set of generalised
fluxes was set out in [26] in which a similar condition plays a necessary role: it really just ensures that the
section condition of Exceptional Field Theory is satisfied.

“In DFT this would actually be a spinor representation, in ExFT it is not generically spinorial but will
obey a purity constraint projecting out certain representations in the tensor product of A with itself.



with: 5
Ss5=0,  Zan” =0, Zas" = 3Tars  Zane = ~Tialy
2 4 2
Sas = —37as — gfabba Zabs” = —fan® — gfsfafb]dd-
To write down the algebra explicitly, we combine S, and 7,5 into a “dual” structure

(2.9)

constant with three upper antisymmetric indices given by

~ 1
fabcd — ZEathE(Sde + 2Tde) ) (210)

If we further define the “dual” generators t* = %e“deTcd, then the Exceptional Drinfeld
Algebra can then be written as

[tm tb} = fabctc 5
. - ~ 1 .
{ta, tbC} _ 2fad[btc]d - bedatd . 7£atbc7
. 3 (2.11)
(7, ta] = 3 fiae V’éj fde 4 foed 4 4 g, 507ed)
[{ab’ fcd} — 2fab[ce£d]e ’
in which we introduced the combination £, = 75 — faq®. With £, = 0 this presentation

closely resembles the structure of a Drinfeld double. However crucially this bracket has a
symmetric part that vanishes if and only if

2 c
0080 + 0 fad =0, 7 =0. (2.12)

In addition to the Jacobi identity on g, the Leibniz closure conditions (2.3) enforce
that the dual structure constants obey the fundamental identity of a three-algebra

fabgcfdefg - Bfg[decff]abg —0. (213)

There are also a set of compatibility equations between f®¢; and f,;¢ which include in
particular a condition

_ _ 9
6ff[a[cfd8]fb] + fabffcdef + ngde[a'Sb] —0. (214)

When £, = 0 this last condition states that the dual structure constants, viewed as a map
f g — A3g define a A3g* valued one-cochain.
2.2 The generalised geometry realisation

A geometric realisation of this algebra can be achieved using as data the left-invariant
forms [* and dual vector fields v, obeying t,,1° = 62, of a group manifold G, together with

a trivector \®¢ and a scalar a that are required to obey differential conditions:
1
di =3 Foc" NI, Lyyvp = — fap“ve, (2.15)
= 1
d}\abc _ fabcdld + 3f€d[a)\bc]dle + gAabCSdld, (216)



1 1
gsa = g(Tag, — fa?). (2.17)

L, Ina=
Below, we will often write the trivector A% in its dualised form

A = by, N, = %ebcdawd. (2.18)
These data can be naturally understood in terms of a generalised frame field using SL(5)
exceptional generalised geometry or SL(5) exceptional field theory [29-33]. We provide
the necessary background material in appendix A, and will only summarise the key details
here. A generalised frame is a section of the generalised tangent bundle TM & A*T* M,
where M denotes a four-dimensional manifold, and so we can write E45 = (e4s,w(2)48)
in terms of vector field e4p and a two-form w9 45. Under the generalised Lie derivative
(for more see appendix A.1) which acts as

LgsEep = (Leygecp, Le jsW(2)eD — Leepdw(2)48) » (2.19)

the frames are constructed such that they obey
1
LEg,sEcp = —iFAB,CDg}-ESJ-', (2.20)

where in general the quantities Fg5, ept” give non-constant “generalised fluxes” defined
as in appendix A. We are interested in the case where a set of frames can be found with
constant fluxes, in which case their generalised Lie derivatives (2.20) furnish a geometric
realisation of a Leibniz algebra.

We can achieve such a realisation of our Exceptional Drinfeld Algebra. First, we
decompose our 10-dimensional generalised frame as

E,=E,, FE®=-¢%g (2.21)

N |

and specify that, in terms of pairs of vectors and two-forms, these are given by
E, = (v4,0), E® =%, al®Alb). (2.22)

The differential conditions (2.15), (2.16) and (2.17) ensure that the algebra of frames (2.20)
reproduces the Exceptional Drinfeld Algebra (2.11) subject to the imposition of some
algebraic constraints which take the form:

0= f[abd)\c] + 6)\[(121755] , 0= T[ab)‘c] . (2.23)
These constraints ensure that the structure constants of the EDA are invariant under an
adjoint action of G = expg [20, 21]. They are also what is needed to ensure that the
structure constants are indeed constant.

In what follows, it will be convenient to package the same data into a frame field Ea
in the 5 representation i.e. as sections of the bundle (R @ A3T*M) ® (det T*M)~3/10, Here



the weight factor is such that the frame has unit determinant when viewed as a five-by-five
matrix (see appendix A for more details). This matrix is given by

1 1 .
~ _1 220" 0
EM, =Nz ( o _;a_;> , (2.24)

where [ = det %, and A = a3l5 is a corrective weight whose interpretation in terms of the
determinant of the external 7-dimensional metric is explained in appendix A.

2.3 The geometry

In the E,,(,) Exceptional Generalised Geometry (EGG) / Exceptional Field Theory (ExFT)
approach to supergravity an artificial splitting is made into n internal directions (coordi-
nates of which we denote =) and D = 11 — n external directions (coordinates of which we
denote X). This splitting allows the field content® of the supergravity to be reassembled
into appropriate representations of the E, .

In the case at hand, n = 4, the degrees of freedom associated to the “internal” four-
dimensional metric, g;j, and three-form, Cjj;, parametrise the coset SL(5)/SO(5). This
coset can be described using a generalised frame or equivalently a SO(5)-invariant matrix
man called the generalised metric. The technical details of how to extract the conventional
geometric data from a generalised metric are presented in the appendix. In particular note
that we have one extra piece of geometric data, namely the scalar A = A(x) (or equivalently
«), which is related to the determinant of the external metric.

Here we will consider generalised metrics admitting a particular factorised form using
the generalised frame field (2.24), such that

man (X, ) = B4 p () By (2)mas(X) (2.25)

where m 45(X) denotes an SL(5)/SO(5) coset element depending only on the external co-
ordinates X. This factorised form of eq. (2.25) is known as a generalised Scherk-Schwarz
reduction ansatz. It is now well-established that, starting with EGG/ExFT, such an ansatz
gives rise to lower-dimensional maximal gauged supergravities [34, 35| (this idea was pi-
oneered in the half-maximal case in DFT in [36-38]). The structure constants of the
Exceptional Drinfeld Algebra are interpreted as the embedding tensor which specifies the
gauging of this theory, and the matrix m 45 contains the scalars of the gauged supergravity.

One can regard two separate generalised frames E* and E'A producing the same
Exceptional Drinfeld Algebra, up to some SL(5) transformation acting on the indices A,
but possibly depending on different choices of the physical coordinates, as being generalised
U-dual in the sense that they will both reduce to the same 7-dimensional theory.

A key point here is that to complete the geometries given by the EDA frame fields as
fully-fledged solutions of 11-dimensional supergravity one needs to determine the external
sector by solving the equations of the resulting lower dimensional gauged supergravity.

5More precisely the bosonic field content is packaged into representations of E,(n) while the fermions
(which play no role in the discussion here) form representations of the maximal compact subgroup.



Conversely, given a solution of the gauged supergravity whose embedding tensor matches
the form of an EDA| then the ansatz (2.25) provides an uplift. Our immediate aim however
is not to construct full supergravity solutions, instead we wish simply to gain some intuition
for the sort of geometries that arise when the generalised frame fields of the EDA are used
to construct the internal metric. To this end let us simply set m45(X) = 045 and set to
zero off-diagonal components of fields i.e. those with mixed four-dimensional and seven-
dimensional indices. Using the dictionary reproduced in full in appendix A.3, we can, as
in [22], work out the geometry giving rise to the Exceptional Drinfeld Algebra

& 1 a
ds?, = o314+ A0)/3 (ds$ + m((sab + Xadp)l® @ zb>
= a?B3(1 4+ A\A)Bds? + ds (2.26)
1 «
Cizy= —=——Npeal® NIEATY,
B 7 761+ Acae
where we use J,p to contract Lie algebra indices.
3 Three-algebra geometries
We will start by exploring geometries with
fabczo’ fabcd?é()’ (31)

which we shall refer to as three-algebra geometries. The analogue of such cases in terms
of non-Abelian T-duality would be the geometries that one obtains after dualising from a
geometry with a group manifold symmetry, f.;¢ # 0, f“bc = 0.

The corresponding Exceptional Drinfeld Algebra is most transparently expressed in
terms of the undualised generators

[Tas, Tys] = 0,
1
[Ta57 Tbc] = §(Sa[b + QTa[b)Tc}E) = _[Tb07 Ta5] ) (32)
[Taby T ] = —TapLea + (Sc} [b + 2Tc][b)Ta} [d-
When 7,, = 0, this is the Lie algebra CSO(p,q,r + 1), p+ g+ r = 4, as is clear from
diagonalising S,p such that Sz ~ diag(+1,---+1,—1,...,—1,0,...,0). When 74, # 0 we
———

p q r+1
have a genuine Leibniz algebra. The conditions for closure are

Sa[chd] =0, TlabTed) = 0, (33)

which are also what are required for the final equation of (2.23) to hold. The only solutions
can be organised according to the rank of Sy, assuming the latter has been diagonalised:®

e S, has rank 4 or 3, then 7, = 0,

51f S, is not diagonal then the constraints on 7,5 will be different, as will the form of the algebra, but
this will be related by a similarity transform.



e S, has rank 2, say S11 # 0, Soo # 0, then we can have 115 # 0,
e Sy has rank 1, say S11 # 0, then we can have 119, 713, 714 # 0,

e S, has rank 0, then we can have either 79, 713, 714 # 0 or 712,713, 723 # 0 (or other
choices related by relabellings of the indices).

In order to realise this algebra using a generalised frame, we introduce 4-dimensional
coordinates ¢ and take

1% =9;, Abe — fabe pd o — constant, (3.4)
(where 2% = §%z°). To extract the geometry, we note that
1 ~ 1
)\a = EEbcdabedexe = Z(Sab - 2Tab)xba (35)

which we can use in the general formulae (2.26).

If we choose the coordinates z? to be periodic, then this corresponds to a U-fold, as to
make the space globally well-defined we have to patch via a shift of the trivector. This is
a non-geometric U-duality transformation, and we can then further view the flux f“bcd as
an M-theory non-geometrc Q-flux [39]. This is the generalisation of the interpretation of
non-Abelian T-dual geometries as T-folds [40].

We note that the paper [20] considered an example where f234, F234, f134 0 F134, are
all non-zero, in which case Sy has rank two (but is not diagonal in this basis), while for 7,
only 719 # 0. For f234 = 234, — () this allowed other isotropic subalgebras corresponding
to the embedding of the non-Abelian T-dual of the Bianchi VI algebra.

3.1 Non-Abelian T-duality revisited and C'SO(3,0,2)
As a first example, let’s consider C'SO(3,0,2), for which we set

Sap = 4diag(1,1,1,0), T4 =0. (3.6)

We will show now how this set up actually provides an embedding for the non-Abelian
T-dual (NATD) of the three-sphere S? with respect to an SU(2)y isometry sub-group. In
the M-theory section the four-dimensional geometry with coordinates (z?,z%), i = 1,2, 3,
is given by
dSZ = (1 + (5mn$mxn)_2/3 ((5@' + xixj)dzvidxj + (d$4)2) ,
1 Eijk4Ik

_ ot Gkt j 4
Ci) = 51 1+6mnxm:z:”dx Adz? A dx”™.

(3.7)

With 2 taken to be periodic and identified with the M-theory circle, we can reduce to give
a ITA configuration for which the 3-dimensional internal part is:
1
1+ dppx™a™
B2 21,%
"1+ o™
e® = (14 6ppa™a™) =42,

ds? (63 + wiw;) do'da?

dzt A dax? |

This is indeed the aforementioned NATD geometry.



This prompts the obvious question: how does the geometry prior to T-dualisation (i.e.
that of the S with round metric) manifest itself within the EDA setting? To address this
we will need to consider the EDA in the IIB-theory section.”

To see this, let’s look at the Exceptional Drinfeld Algebra more closely. Let’s relabel
our indices such that now a = 1,2,3. Then the only non-zero components of the three-
algebra structure constants in this case are

Fit, = —e, (3.9)

where €, = ebdg, .
Adapted to this we assemble the generators of the EDA as t, = Tys, t4 = ts5, 1¢ =
%eabchc and s, = T,4 such that the algebra is given by

[ta,ts] =0, [(9,8°] = —€P 8¢, [te, "] = —€%,te, (3.10)
0 = [ta, ta] = [ta, 5] = [ts, 1], (3.11)
[ta,sp] = +0apta [Sa,80] =0, [5q,1°] = —2€,"s.,  (3.12)

The original M-theory section physical subalgebra is U(1)* generated by t4,t4. In IIA,
we have a U(1)3 generated by t,. In this presentation we now see an additional SU(2)
subalgebra generated by t** = %e“bCTbc. This non-Abelian algebra is indeed a maximal
isotropic in the IIB-theory section specified by the pure spinor with non-zero components
A45 — _ A54 - 1.

Working now in this IIB-theory section it is easy to establish a set of generalised frame
fields that realise this EDA. As detailed in the appendix, here the relevant generalised
tangent bundle is E = TM & T*M & T*M & A3T*M and we use the notation A =
(a, (1), @(1), a(3)) to denote its sections (the generalised vectors). Using the type IIB
generalised Lie derivative (A.10), this algebra can be realised using the following generalised

frame:
E® = %e“bchc = (v%,0,0,0),
Eq = Eas = (0,14,0,0), (3.13)
Eaa = (0,0,14,0),
Ey5 = (0,0,0,vol),

where [, are the left-invariant one-forms on SU(2), v® the dual vector fields, and vol is the
corresponding volume form.

Here we see that there is a natural block diagonal decomposition of the generalised
frame field. Let us consider the top left block i.e. the projections of E* and E, to the O(3,3)
generalised tangent bundle T'M @ T*M. These are exactly of the form of the generalised
frames for Poisson-Lie duality [12] in the case that the Drinfeld double is semi-Abelian
of the form given in eq. (3.10). This is precisely what is required to realise non-Abelian

"This is natural; non-Abelian T-duality will change the chirality from IIB to ITA if three isometry
generators are dualised as is the case for SU(2).

~10 -



T-duality starting with the round metric on the $3.® The bottom right block, i.e. the
projections of Eu5 and Ey5 to T*M & A3T*M can be understood as defining a spinor
representation of the O(3,3) generalised frame field given by the top left block. We shall
discuss this feature in more detail when we return to the full Poisson-Lie duality context.

Relationship to Hohm-Samtleben frame. We would like now to relate the EDA
generalised frame described above to previous constructions of SL(5) generalised frames
realising the same C'SO(3, 0, 2) gaugings. A particular class of generalised frames realising
CSO(p,q,r) gaugings were constructed by Hohm and Samtleben in [35]. For ¢ = 0, this
frame depends on the coordinates 4%, where i = 1,...,p — 1, which are coordinates on an
SP=19 and we let u = 5ijy1yl. Then, the frame involves both a three-form and a trivector

By = (o, —tu,C3)) 5 E® = (0, au® A u®) + \™E, (3.14)

with a vielbein u’, = (1 — u)Y/26}, a function o = (1 — u)'/%, and (writing the dualised
forms) both a trivector and three-form, given by

Ao = (1 —u)" V26,45, 0), C' = ((1 —u) V2K (u),0). (3.15)

For p=3,q = 0,r =2, K(u) obeys the differential equation 2(1 —u)ud, K = (—2+u)K —1,
and the solution is K (u) = —1/u.
For CSO(3,0,2), the four-dimensional physical geometry encoded in this frame is
R? x S? equipped with
Yiyj

dsji = (dy*)* + (dy*)* + <5J +1 _u) dyldy?,

, (3.16)
Ci) = —e&y&(l — u)_l/2 <1 — u) dyt A dy3 A dy* .

Although the three-form looks rather complicated, the field strength is just Fi4y = Vol(S A
dy® A dy?.

Compactifying the coordinates 32, y*, this trivially reduces (on y?, say) to a ITA con-
figuration with S x S? internal space

Yilyj
1—u

ds3 = (dy*)* + (53'7' + ) dyldy?

1 (3.17)
By = —e@yﬁ(l — u)_1/2 (1 — u) dyt A dy?,

8What is used here is only an SU(2)r isometry group, so the considerations here do not directly impose
the bi-invariant metric on S%. This comes about because of the assumption made earlier in the generalised
Scherk-Schwarz ansatz that m g = dag. Choosing other constant m 4 will give non-Abelian T-duals and
their lifts of the S equipped with metric ds? = ¢?°l, ® I, and two-form B = b*®l, A l, with g% and bgs
constant.

9Generalised frames describing sphere reductions in general have been constructed [14] and can be
checked also to involve both a three-form and a trivector.
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Postulated generalised U-dual
Dual within EDA

M-theory ge- ‘ i M-theory ge- 3

ometry of HS ! ometry of EDA 1

frame (3.16) ‘ i frame (3.7) ;
reduce/uplift 3 NATD on S3 reduce/uplift

ITA geometry of ‘
HS frame (3.17) ‘

—Y

\\ ITA geometry of
1IB on 57 (3.19) ] EDA frame (3.8)

T on Hopf fibre

Figure 1. Duality chains involving the NATD of S and alternative C'SO(3,0,2) frames.

and a constant dilaton. This can be T-dualised on y3, in order to produce a solely metric
configuration:

Yilyj
1—u

.1 N\ ? o
ds§ = (dy3 + (1 —u)* Zegyjdzf) + <5J + ) dyldy? | (3.18)
Taking our sphere coordinates to be y' = sinfcos ¢, y?> = sin@sin ¢, where § € (0,7),
¢ € (0,27), then v = sin?0, 1 — u = cos? 0, and dy'y? — dy’y' = —sin?fd¢. As a result,
the geometry becomes

ds? = (dij® — cos 0dp)? + d3 . (3.19)

This is the three-sphere S described as a Hopf fibration.

All these backgrounds produce seven-dimensional gaugings which are equivalent up to
global SL(5) transformations acting on the generalised fluxes. The complete duality chain
between the Hohm-Samtleben frame (3.14) and our EDA frame (3.8) consists of: reduction
from M-theory to ITA, T-duality on the Hopf fibre to IIB, non-Abelian T-duality on S°
back to ITA, followed by uplift to M-theory. This can be interpreted as a “generalised
U-duality” however one that consists of a chain of ordinary plus non-Abelian T-dualities.
Part of this duality chain takes place entirely within the EDA setting, but that involving the
frame (3.14) uses a different construction of generalised frames. We depict the relationships
between these geometries and different SL(5) frames in figure 1.

Non-metric 3-algebras. A variant of the situation above is to consider the non-metric
3-algebras considered in [41-43] for which

fab4c — f*ab67 fabcd — fab44 — ]Fabc4 — 0, (320)

with f“bc the structure constants of a Lie algebra. In terms of the embedding tensor
components we have equivalently

Sia =S4 =T1c=0, Sap= _2€cd(af0db) s Tab = —€apef U, (3.21)
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which for 7, = 0 requires that f define a uni-modular algebra. In this case the EDA
is as in (3.10)~(3.12) after the replacement of €%, — —f%,, and the construction of the
IIB-theory section generalised frames goes through unchanged. This then provides an EDA
embedding of non-Abelian T-duality of uni-modular group manifolds G with respect to a
G, isometry.

For instance, with S,;, = diag(1, 1, —1,0), such that we describe C'SO(2, 1,2) gaugings,
we have that the non-metric three algebra is built from SL(2), and that the story above will
go through. Recall that we are using d,p to contract algebra indices (i.e. not the indefinite
Killing form) and hence the IIB NATD geometry above will be based on Hj rather than S3.

3.2 Euclidean 3-algebra and C'SO(4,0,1)

We now consider the case where S,;, is of maximal rank:
Sap = 4diag(1,1,1,1), 74 =0. (3.22)
The corresponding three-algebra structure constants are totally anti-symmetric
fabed — fabe_ged _ cabed (3.23)

This is well known as the unique solution of the fundamental identity for three-algebra

structure constants for Euclidean three-algebras.

The four-dimensional geometry in this case is, with 2 = (z!, 22, 23, 2%),

ds? = (1 + Gpnx™z™)"2/3(65 + wizj)datda?
1 1

= —eijklxldcz:i Ada? A dzk .

o (3.24)
(3) 31+ OmnT™a™

The field strength is:

1 4426 m o ) )
Gl + 3 mni : 5 €igkidz’ A dz? A dz® A dat,
(1 + dppa™am) (3.25)

= —(4 4 20mpz™x") (1 + 5mnxm:1:”)_7/6\/ol(4) .

Flay=-

If we assume our coordinates are non-compact, we can write x* = r3* with 2'274;; = 1
parametrising a three-sphere, hence

7,2

2 _ 2\1/3 2 2
ds4—(1+7“)/ dr +1+r2dQ3 , 526)
4 + 272 3 3 '
F(4) = —mr dT/\VOl(S )

Observe that the form of this geometry is very similar to that of the NATD geometry (3.7),
except now as seen in spherical coordinates we have an SO(4) rather than SO(3) isometry.
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Algebra and IIB isotropics. Relabelling such that a = 1,2,3 as before, we have
]'Eabc4 — Eabc7 fab4c — _Eabc ] (327)

The Exceptional Drinfeld Algebra is given explicitly by the following antisymmetric brack-
ets which indeed describe the algebra C'SO(4,0,1) (i.e. ISO(4)):

[taa tb] =0= [tay t4] ; (328)
[ta, 1°] = +€" 4t [ta, 1Y = =t [t4, 1] = =€ty [ts, 1] =0, (3.29)
[Eab’ 2?cd] _ _2€cd[afb]4 7 [Eab’ Ltc4] _ _26c[adt~b]d ’ [£a4’ t~b4] _ _eabcfc4 ’ (3‘30)

We now want to find all four- and three-dimensional subalgebras of this algebra, and check
which of these are isotropic in the sense of (2.5). For the Poincaré group in four-dimensions,
the classification of all subalgebras was done in [44]. From their results we can extract that
the only real isotropic subalgebras of ISO(4) (up to relabelling of the indices) turn out to be
the four-dimensional Abelian subalgebra generated by t,, along with the following three-
dimensional subalgebras: SU(2) generated by 4, and ISO(2) generated either by t,, ty, 1
with a # b # ¢ or by t,,t4 and ¢ with a # b # ¢. In terms of the undualised generators,
these correspond to {112,713, 23}, {Tus, Tvs, Tup} and {Tus, Tus, Tua} respectively. All of
these are IIB isotropics.

Now we encounter a puzzling feature; there are no geometric IIB uplifts of this
CS0O(4,0,1) gauging [45]. So it seems that despite the presence of a IIB isotropic we
are unable to geometrically furnish this EDA within type IIB exceptional generalised ge-
ometry. This does not preclude the possibility of there being non-geometric gaugings i.e.
ones which depend on both the IIB coordinates and their duals as mentioned in [45]. If
this is the case, this suggests the natural home for a “dual” version of this frame would be
in some “deformed” version of IIB. This may be analogous to, or perhaps coincide with,
the so-called generalised IIB theory [46, 47], which necessarily arises when carrying out
certain generalised T-dualities, and which can be realised in double or exceptional field
theory by introducing explicit dual coordinate dependence [48, 49], for instance see the
DFT implementation of such dualities in [50, 51]. Although this would be interesting to
develop further, we would prefer to first understand the possibility of generalised U-duality
transformations between the usual 10- and 11-dimensional theories, so we leave this for
future work.

Relationship to ITA on S3. Instead, let us investigate the relationship to the known
CS0(4,0,1) gauging arising from reduction of type ITA on S3, or 11-dimensional super-
gravity on R x §2 [52]. Again, the idea is that any alternative frame giving rise to the same
gaugings ought to provide a version of generalised U-duality.

Let us again focus on the general CSO(p, q,r) frame of [35], which we wrote down in
the previous subsection in (3.14) and (3.15). For the case p = 4, ¢ = 0, r = 1 we have
coordinates y* = (y%,y*) where i = 1,2,3, and we again define u = d;;5%y?. The function
K (u) appearing in the three-form (3.15) is now )

K= —F[1,1;1/2;1 —u] = —u=32(u!? + (1 — w)"/? arcsin(1 — u)'/?) (3.31)
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obeying
2(1 —uw)udy K = (=3 +2u)K — 1. (3.32)

This corresponds to the following four-dimensional geometry:

YiYj D
ds? = (dy®)* + (5@ + 1_ju> dy'dy’ 5.33)
3.33

1 ) )
Czy = ey (1 —w) ™2 (L + K (w)dy* A dy? A dy*,

The coordinates y¢ are now seen to parametrise the three-sphere S3, while the isometry
direction y* parametrises R (or S! if compact). Thanks to the equation (3.32) we can show
that the four-form flux is constant, and this background is:

dsi = (dy®)* +dQ3, 534
Fgy = 2Vol(S%) A dy?, 359
where dQ% is the metric on S2. If one reduces on y?, this gives IIA on S® with H-flux.

We therefore have two constructions of C'SO(4,0,1) frames. The one based on the
Exceptional Drinfeld Algebra corresponds to the geometry (3.24). This generalised frame
consists of a trivial four-dimensional vielbein and a linear trivector. This geometry therefore
has an alternative description as R* (or 7% if compact) carrying M-theory Q-flux, Q. ~
fbed,. The second construction is based on the geometry (3.34), that is R x §3 (or S* x §3)
carrying flux of the four-form. Unlike the case of the C'SO(3,0, 2) gauging discussed above,
there does not appear to be any easy duality chain involving conventional dualities and
non-Abelian T-dualities (as in figure 1) that relates the two. Hence we believe them to be
related by a novel sort of generalised U-duality transformation.

3.3 A Leibniz geometry: 7,, # 0

For an example where the EDA is not an Lie algebra, take the non-zero components of 7,
to be

Tap = €apyn’, a=1,2,3. (3.35)

The geometry is easily seen to be
1 —2/3 1 o
ds? = <1 + K(nzazQ —(n- m)2)> ((dx4)2 + §;dz'da? + 4(6ijknlx]da:k)2) ,

1 1
B~ 97 + i(”%Q —(n-x)?)

(3.36)

ni:cjda:i Adzd A dx?,

where n’ = 6in®, i =1,2,3, n? = 5ijninj, 2= 5ijl’il'j, n-x= 5¢jni$j. This three-form is
pure gauge.

To explore the algebra, we define u, = eag,yfm, v =1 w, =ty and ¢ = t4. In this
basis the M-theory section isotropic that we are considering (specified by the pure spinor
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A4 = 64p5) is the subgroup generated by w, and ¢ with u, and v® the ‘dual’ generators.
The algebra is

[t 5] = 0 = [wa, wg] = [$,0] = [0, ], [0, 0] = vlonf, (3.37)
1 1
(W, vP] = —[vP, W] = 5(5§n”w7 —nPwa),  [Wa,ug] = ieamrﬂqb, (3.38)
1 1
[, V7] = —5(5gn7u,y —nPuy), [0, uq] = —5(6gn7u7 +nfuy).  (3.39)

Notice the non-skew (i.e. Leibniz) nature of the algebra is contained entirely in the [u,v]
and [v,u] relations, with [uq, v%] + [v5, uy] = —(5§n'yu7.

A second M-theory section isotropic sub-algebra is generated by u, and ¢, which is
again Abelian (this isotropic is that specified by the pure spinor A4 = d44). Although
this simply implements interchange of the 4 and 5 directions, there is no way that this new
isotropic can qualify as an EDA. To see this consider the fluxes (2.9) which imply

1 2
Zaﬁ44 = _gTa,Ba Zaﬁ55 = 57—04,8 . (340)

To interpret this new isotropic as an EDA we must be able to find a 7/, 3 such that

Zops = %ﬂw, Zops® = —é 08 (3.41)
and there is no such T&B. This can be traced to the fact that the [w,v] bracket is skew
whilst the [u,v] is not. The fact that we can find M-theory isotropics for which the EDA
conditions are not satisfied seems to point towards a possible relaxation of some of the
constraints of EDA.

The sub-algebra given by v* and ¢ does not correspond to an M-theory section isotropic

but that given by the v’ alone does correspond to a IIB-theory section isotropic.

4 Embedding Drinfeld doubles

4.1 Decomposing the Embedding Drinfeld Algebra

The embedding of Drinfeld doubles inside the exceptional Drinfeld algebra has been out-
lined already in [20]. Here we expand on the discussion in that paper by systematically
explaining how the Drinfeld double algebra is extended using a spinor representation, in-
cluding the explicit form of the generalised frames and constraints that are needed to realise
this in generalised geometry. Then, we describe explicitly how this works for the example
of the Bianchi IT - Bianchi V Drinfeld double, which in [21] was found to be a solution to a
coboundary ansatz in the EDA. This realises an explict example where both f,,¢ and f“bcd
are non-zero, and demonstrates as well one useful feature of the EDA approach which is
that it geometrises the dilaton of Poisson-Lie duality.

We can describe the embedding of Drinfeld doubles by restricting to four-dimensional
algebras containing a three-dimensional Lie subalgebra such that, setting a = 1,2, 3,

[Tus, Tos) = far“Tes, [Tz, Tas) = faa*Tus, (4.1)
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and by further restricting
~ab4c = fabc 7& 0, fabcd — f~abc4 —0= f~ab44, 745 =0. (4'2)

Geometrically, we assume that v, and [* obey the defining group manifold relations with
the three-dimensional structure constants f,;¢, while we take

)\ab4 _ 7_‘_ab )\abc

- 3

=0, vi=ad, =aolda?, (4.3)

where we now require that « be a function of the three-dimensional coordinates z¢ such
that L,, Ina = —f,4* which ensures starting with (2.16) that 7% obeys the condition
satisfied by the Poisson-Lie bivector:

dr® = — fab ¢ — 1¢ f  logbld (4.4)

Starting from (2.26), the above restrictions lead to the following NSNS sector geometry:

1 a
dsty = ds? + Trooe (ap + Aadp)® @ 1P,
1 1
By = —— agb A ¢ (4.5)
(@) = 5T e DAL,

e? = a1+ AN)7YV2,
Extracting G, and By, the coefficients of the left-invariant forms, it is quick to check that
(G = B) 1o = 5o 4 7 (46)

which is exactly the form required for a Poisson-Lie geometry [5]. (Again, we could extend
this beyond the case g, = 045 by taking a more general matrix m 45 in (2.25).)

We now turn to the decomposition of the exceptional Drinfeld algebra (2.11). We group
the generators as t4 = (tq, %), 1 = (t4,t%). In terms of O(3,3) representations, the set
t4 form a vector and the set £ form a Majorana-Weyl spinor. The isotropy condition (2.5)
is equivalent to:

nABtAtB‘g = 07 FAOéBtAtﬁ{g = 07 (47)

where n4p is the usual O(3,3) metric with components N =1y = 53, Ny = 1™ = 0, and
I'4 is an O(3,3) gamma matrix, see appendix B.3.

After decomposing the EDA brackets (2.9) using (4.1) and (4.2) (see the explicit details
in appendix B.3), and regrouping into SO(3, 3) covariant quantities, we find the algebra is

[ta,tp] = FapCtc,

N 1 N 1 .
[ta,1%] = ~Fap® (TP ) st" — S7at®,
4 2 (4.8)

N N 1/1 N )
[ta, tA] = —[tA,ta] + 1 <6FBCD(FAFBCD)Q5 - (FAFB)QQTB> tﬁ,

i, #°] =0,
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where the Drinfeld double structure constants Fag®, which obey Fapc = FugP ncp =
Fiapc), have the expected non-zero components

Fabc = fabc, Fabc = fab07 (49)

and we also have!®
Ta = _2fa44 + faccy T¢ = _facc . (410)

Observe that in the second line of (4.8) we have the natural action of the Drinfeld double
generators in the spinor representation. Then in the third line we have a novel action of
the spinor representation on the algebra generators t4, which makes this extension of the
Drinfeld double into a Leibniz algebra in general.
This is not always possible due to the closure condition, as already noted in this context
in [20], which requires
farf®y=0. (4.11)

This also follows from the general condition for a half-maximal gauging to admit an uplift
to the maximal theory [53], see appendix B.1.

Next, we can write down the corresponding generalised frames. Formally, we should
decompose the exceptional tangent bundle into ITA language. Letting M denote the three-
dimensional manifold, we introduce the doubled tangent bundle £ = T'M & T*M, whose
sections pair vectors and one-forms, plus a bundle S = R @ A?T* M, whose sections pair
functions and two-forms. The former bundle gives the O(3,3) vector representation while
the latter gives a four-dimensional spinor representation. These appear in the decomposi-
tion 10 = 6 & 4 of the antisymmetric representation of SL(5).

Given V = (v, (1)) € £ and S = (0(), 0(2)) € S the generalised Lie derivative inherited
from the exceptional geometry is:

Evvl = (LU’U,, LU)‘/(I) — Lv/d)\(l)) S (4.12)
LyS = (LUU(O), Lyog) + d)\(l)O'(O)) €S, (4.13)
LsV = (_LUU(O)7 —Lvda(g) - )\(1) A dO’(O)) €S, (4.14)

while LgS" = 0.

We now reorganise our SL(5) frame E4p into an O(d,d)-vector valued frame E4 =
(Eq, E%), where E* = %e“bchc, and a spinor-valued frame, E® = (EO,E“b), where E9 =
E45, Eab = %EabcEczl.

The vector-valued frame F 4 gives as sections of TM ¢ T*M
E, = (v4,0), E%= (7%u,1%), (4.15)

which is what we expect for the Drinfeld double [12], while the spinor frame gives as sections
of R® A*T*M
E° = a(1,0), E®=a@® A0, (4.16)

10This corresponds to the usual O(d,d) trombone defined using the generalised dilaton d via 74 =
EM 400 (—2d) + 0 EM 4, where EM 4 is the O(d, d) generalised vielbein (corresponding to (4.15)). For us,
—2d 2
e =a“detl.
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8In the IIB case, the only change we need to make is to take the spinors to have opposite
chirality, i.e. the spinor bundle now consists of odd p-forms, S = T*M@®A3T*M. Given S =
(0(1),0(3)) € S the corresponding generalised Lie derivatives are (inherited from (A.10)):

LvS = (Luo(r), Loo(z) = dAwy N o) €5, (4.17)
LsV = (—Lvdd(l), dO‘(l) A )\(1)) S S, (4.18)

and again L£gS’ = 0. The IIB spinor frame is then
E=a(1%,0), E®™ = a3xl®1 1 AP AL°. (4.19)

Although we can always construct the vector and spinor frames for a given Drinfeld double,
they will not always obey the Leibniz algebra (4.8). Indeed, we have to ensure that the
algebra generates constant structure constants, which leads to constraints:

Tr[abeJdd — O, fbcaﬂ_bc _|_ 2fb44ﬂ_ab — 0’ (420)

which also follow from the constraints (2.23) from the point of view of the Exceptional
Drinfeld Algebra. In addition, the closure condition (4.11) must hold.

In this way we have also recovered a result directly from an M-theory perspective
that the RR fields compatible with PL T-duality are essentially constant O(d,d) spinors
dressed by the spinor representation of the generalised frame field. This was seen from a
DFT perspective in [12, 17] and from a Courant algebroid approach [54].

4.2 Example: Bianchi IT and V

Bianchi IT 4 to U(1) in M-theory. This example of an Exceptional Drinfeld Algebra
was found in [21] by requiring the three-algebra structure constants to be determined
as a coboundary ansatz. This gives an M-theory solution where the physical subalgebra
is Bianchi IT + U(1). The Bianchi II algebra, or Heisenberg algebra, can be described
in a basis {t1,%2,t3} where the single non-vanishing structure constant is fo3' = 1. The
corresponding group data, including the trivial U(1) factor with generator ¢4, and o = 1, is:

19 = (do! — 23dx?, dx?, dx3, dzt), v, = (81,02 + x301,03,04) . (4.21)
A trivector obeying (2.16) is
o = (0,23, —2%,0), (4.22)

with f 124, — 134, — 1. From the above, this describes an embedding of a dual three-
dimensional subalgebra with structure constants f'?; = f133 = 1, corresponding to the
known Bianchi IT / Bianchi V Drinfeld double (see [55] for a classification of six dimensional

doubles).
The M-theory geometry is
1

2 _ 1 .37 2\2 312 212 212/ 7,312

ds; = AT @21 )) ((dw —2°dz®)* + (1 + (2°)?)(dz")* 4+ (1 + (z°)%)(dx?)
— 22223 da?da® + (d:v4)2) ,
1 1 212 312 1 4 312 72 3 4

Crzy = T (221 (O <2d((x ) + (2°)*) Adat Ada® + (2°) da® Adx® Adx” )

(4.23)
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where dC(3) = 0. Reducing on the U(1) direction gives a ITA geometry with

1

ds3 =
BT @2 + ()

(= aBda? + (14 (5%)%) ()2 + (1 + (22)?) (o)’

237273
— 2x“x dr“dx ), (4.24)

e = (14 (22 + (%)) 12,

which matches the known geometry of a Drinfeld double based on the groups Bianchi II and
Bianchi V. It is worth remarking that the physical dilaton that arises here was implicitly
constrained by the EDA. In conventional T-duality the Buscher procedure can be used to
ascertain the form of the dilaton (from the determinant produced by Gaussian elimiantion
of gauge fields). However there is no similar technique for PL duality, and determining
the form of the dilaton requires either some heavy work [56] or DFT techniques [17]. The
answer here was mandated by the EDA and is in agreement with these approaches.

Bianchi V in IIB. We now have to supply the embedding of the dual Bianchi V de-
scription, in type IIB. Now the dual structure constants are f23; = 1 while the physical
ones are f122 = f13% = 1. A choice of group data is

1° = (dz', eilda?z, eilda?‘g) , vg = (01, e*ilag, e*fla;;) . (4.25)

We have to pick a bivector that not only satisfies the usual Poisson-Lie condition (4.4) but
also the conditions (4.20) that ensure the IIB vector plus spinor frame embeds into the
Exceptional Drinfeld Algebra. With fu* = 0, this requires that 72 = 7!3 = 0. Then
from (4.4) we find that 723 must obey dr?® = (=1 +2723)I!, and the solution vanishing at
the origin is

1 .
= (1~ 2 (4.26)
The corresponding physical geometry with string frame metric is
2 <142 e ~2\2 ~3\2
7232 (4.27)
By = ————5=5d3? A di®
) 1+ (22820 "

ed) — (1 + (7_‘_23)2)—1/2 )

5 Discussion

The goal of this paper was to make geometrically concrete the algebraic structures intro-
duced in [20, 21]. These “exceptional Drinfeld geometries” provide generalised parallelis-
able spaces with a non-trivial relationship between the more complicated geometry and
the simpler generalised frame based on a group manifold and the trivector. We have now
developed an interesting first set of examples where the exceptional Drinfeld algebra can
be explicitly connected to geometries.
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A primary motivation for the introduction of the Exceptional Drinfeld Algebras was
to generalise the Drinfeld double algebras that appear in generalised T-duality. As a
confidence-building measure, we have described in detail how to embed O(3,3) Drinfeld
doubles and Poisson-Lie T-duality into the SL(5) Drinfeld algebras. We saw that not all
Drinfeld doubles can be embedded; that there are constraints that must be obeyed by their
structure constants and by the explicit choice of Poisson-Lie bivector; and furthermore that
the extension of the Drinfeld double requires introducing a “spinor” representative of the
Drinfeld double and defining a non-trivial Leibniz algebra in which this acts in turn on the
vector representation.

We also studied simple EDA examples where we only allowed the three-algebra struc-
ture constants to be non-zero, f“bcd. These can all be realised by a simple trivector ansatz,
linear in the coordinates. In some sense, these geometries are the analogues of what should
be obtained after non-Abelian T-duality, and indeed here we could reproduce the usual
non-Abelian T-dual pair involving an S3.

In addition, this class of geometries can be seen to produce CSO(p,q,r) gaugings
of seven-dimensional maximal supergravities (with » > 1, due to the fact that at least
one component of the symmetric gauging vanishes thanks to the definition of the EDA,
Ss5 = 0). Thus we have in effect a very simple construction of new uplifts for such gaugings.
We saw how in the C'SO(3,0,2) case, there was a duality chain relating our geometry to
the alternative uplift due to [35], involving Hopf T-duality, non-Abelian T-duality, and
M-theory uplifts. In the C'SO(4,0,1) case, there appears not to be such a chain using
existing notions of generalised T-dualities.

We therefore have in this example a novel four-dimensional geometry, which encodes
the Euclidean 3-algebra with fabcd = ¢%¢; and which we propose to identify as a gener-
alised U-dual of M-theory on R x S3. The form of this background is strikingly similar to
that of the usual non-Abelian T-dual of S3, suggesting that the various subtleties with the
construction (for instance, how do we determine the range of the coordinates? Should we
regard it as U-fold?) can be interpreted similarly as in this familiar case.

The structure of the Exceptional Drinfeld Algebra is based on the existence of isotropic
subalgebras. We had hoped to find examples in which multiple four-dimensional isotropics
would be present, which could then be used as the basis for M-theory to M-theory gener-
alised U-dualities within the EDA set-up. Unfortunately, in the cases we have looked at,
the conditions of the EDA appear to be very restrictive. Not only does one have to have
an isotropic subalgebra (and our experience shows that they are limited in number), the
whole EDA is further constrained exactly such that it admits a geometric realisation in
terms of just a trivector. The example of section 3.3 shows that even when there can be
multiple M-theory isotropics, not all of them can be compatible with an EDA. Equally we
saw in the C'SO(4,0,1) example that one can find dual 1IB isotropics that do not appear
to admit a geometric generalised frame description

Note that from the IIB perspective, we have not systematically reproduced the EDA
from the IIB side but starting with M-theory examples considered 1IB descriptions only
for those cases. One therefore needs to interpret the full set of EDA structure constants in
terms of a IIB construction and check whether all are geometrically realisable using a three-
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dimensional group manifold plus bivectors, or whether additional geometric ingredients are
needed. (Similarly one might also wonder whether any information is lost in going from
M-theory to IIA.)

Perhaps ultimately it may be fruitful to consider relaxing some of the axioms we used
to define the EDA. By comparison, the relaxation of the Drinfeld double (which we recall
has two isotropic sub-algebras) to having only one isotropic subalgebra is vital to describe
certain models with H-flux including the A-deformed WZW [57]. It is likely one can also
here find interesting algebras by either relaxing the group structure on g or the three-algebra
structure on dual generators.

Another limitation we may have been dealing with was simple our choice of dimension.
When one goes beyond SL(5) to higher-rank groups (one of us will soon report on the Eg(6)
case [58]), it is likely that the number of possible constructions and transformations will
be much greater. Other restrictions that we would hope to relax in the future would be
to consider cases corresponding to less SUSY and to generalise to coset spaces rather than
group manifolds.

There are also open questions related to the mathematical description of exponentiation
of an EDA, when not a Lie algebra, and the precise formulation of the extended geometry
in these cases. This would likely make contact with the approach of [59] in which the
physical space is identified with the quotient of an enlarged group manifold by a subgroup.

The algebraic structure of the exceptional Drinfeld algebra necessitated the introduc-
tion of a trivector in the generalised parallelisation. It would be interesting to compare
this with some other approaches in the literature. For instance, given that the idea of gen-
eralised U-duality relies on relating alternative frames giving rise to equivalent gaugings,
it would be interesting to compare to the approach of [26] which provides a systematic
method for constructing frames given a set of generalised fluxes. This might also provide
a method to carry out some of the generalisations mentioned above. Further, it would be
interesting to compare this construction with that of [60, 61] where the trivector is viewed
as a deformation of a pre-existing geometry.
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A SL(5) exceptional geometry

A.1 Generalised Lie derivative and generalised frames

Here we describe some of the technology of SL(5) exceptional generalised geometry / ex-
ceptional field theory [29-33]. We will use capital calligraphic indices M,N,---=1,...5
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to label quantities transforming in the 5, and use antisymmetric pairs of such indices to
label quantities transforming in the 10.

We start with the definition of the generalised Lie derivative, which captures the
bosonic local symmetries (diffeomorphisms and gauge transformations) of supergravity.
Let A € 10 be a generalised vector of weight A4 and A € 10 be a generalised vector of
weight Ay = —w = 1/5. The generalised Lie derivative of V' with respect to A is

1 1
LAAMN = 5A7’QaPQAJ‘4N + 20po APIMANIQ S+ A+ w)OpgAP2LAMN (A1)
Meanwhile a generalised tensor C' € 5 of weight A\¢ has generalised Lie derivative
1 1
LACM = 5APQachM — CPOpoAMEe + SO +1+ 3w)dpoATeCM . (A.2)

The actual coordinate dependence of all quantities in the theory is restricted by the formally
SL(5) covariant section condition

G[MN®8;C£] =0, (A.3)

which has independent “solutions” [62] that break SL(5) covariance and correspond to
underlying M-theory, type IIA or type IIB geometries.

M-theory generalised geometry. For the M-theory solution of the section condition,
we label the SL(5) indices as M = (4,5), with 4 = 1,...,4, and impose that 0;; = 0 acting
on all quantities in the theory. Then in terms of the underlying M-theory generalised
geometry we find that quantities in the 10 decompose as a pair consisting of a vector and
a two-form, which are sections of (perhaps weighted) generalised tangent bundles

A= (v,\2) € TM & N*T*M (A.4)

A= (a,ap) € (TM ® A*T*M) @ (det T*M)Pat)/2, (A.5)

and the generalised Lie derivative acts as:
£AA = (Lva, Lva(g) — Lad/\(z)) s (AG)

where the ordinary Lie derivative L, acts on the vector v and two-form « o) which are of
weight Mg + w.

Meanwhile, a generalised tensor C' in the fundamental corresponds to a scalar plus a
three-form:

C = (cioy, c(3) € (R® APT*M) @ (det T* M) /2 (A7)

and
LAC = (Lyc(o), Luc) + dA@2)c0)) (A.8)

in which the ordinary Lie derivative acts on the scalar ¢ and three-form c¢(3) which are
of weight Ao + 3w.
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Type IIB generalised geometry. The type IIB solution of the section condition splits
M = (i,a) with i = 1,2, 3 the spacetime index and o = 4,5 an SL(2) S-duality index. We
impose 0;o = 0o3 = 0 acting on all fields in the theory, and identify the natural derivatives
with respect to the spacetime coordinates as 9 = %eiﬂfﬁk. The positions of spacetime
indices therefore naturally come out reversed.

A generalised vector A of weight A4 can now be decomposed in terms of vectors, a
doublet of one-forms and a three-form:

A= (a,an),d&0y, @) € (TM T M ST M & AT M) ® (det T*M)P4t)/2 - (A.9)
and with A = (v, A1), 5\(1), A(3)) of weight Ay = 1/5, the generalised Lie derivative acts as
LAA = (Lya, LUOJ(l) — Lad)\(l), Lvd(l) — Ladj\(l), Lva(3) — d>‘(1) A 5((1) + dS\(l) A a(l)) , (A.10)

with the spacetime Lie derivative L, acting on the tensors here which are of spacetime
weight A4 + w.

A generalised tensor C of weight A¢ in the fundamental is equivalent to a one-form
and a doublet of three-forms, all of spacetime weight Ao + 3w:

C = (cay, c(3), &) € (T*M @ A*T*M & A3T* M) @ (det T* M )Pe+32)/2 (A.11)

with
LAC = (LUC(l), LUC(3) - C(l) A\ d)\(l), Lvé(g) - C(l) A d;\(l)) . (A.12)

A.2 Generalised frames and their algebra

The physical fields describing the geometry live in the coset SL(5)/SO(5), which is
parametrised by a unit determinant (inverse) generalised vielbein EMN 4 =2FEM (EN .
The generalised vielbein EM 4 in the 5 and that EMN AB in the 10 have weight 0. In or-
der to construct the algebra of frame fields, we have to instead use a generalised vielbein
EMN 45 of weight —w = 1/5. This parametrises the coset RT x SL(5)/SO(5). TO describe
the R factor, we introduce a scalar A of weight 1/5:

1 11
LAA = 5APQapQA + 55a7>QA7’QA (A.13)

and define
EM, = AV2ZEM , EMN o= oM PNl = AEMN 44 (A.14)

Hence EM 4 is a set of 5 generalised tensors of weight Ag, = 1/10, so Ag, + 3w = —1/2.
Using these quantities, the algebra of generalised frames under the generalised Lie derivative

can be written
LpEYe = —Fase"EMp, (A.15)

hence

1
‘CEABEMNCD = *§FAB,CDngMN5f = 2FAB[C£ED]E, (A.16)

where
Fas,ep® = 4F 507 (A.17)
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The form of the generalised Lie derivative means that the generalised flux FpcP can be
decomposed in terms of irreducible representations of SL(5)

1 1
Fape” = Xanc” - G ABOE — 55[13476](3 (A.18)
with .
Xasc” = Zase” + 5001 Ss1c - (A.19)

Here 745 € 10 is the so-called trombone gauging [63], S4s € 15 and Zypc” € 40 obeys
ZapcP = Z ABC]Da Zapc® = 0. Explicit expressions in terms of the unweighted and
weighted vielbeins are:

TAB = A <6EMAEN38MN InA + aMN(EMAENB)) (A 20)
_epM N M N '
= 5E" 4B Oy In A + Opmn (B AE™Y )

Sas = AAEM 4 0nn BN ) = 4AEM 4 0 EN 1) (A.21)

ZABCD =A (3EM [AENBEpc]aMNED"]) - 2554‘8MNEM|BEN(Z]>
. ) (A.22)
=3 <EM [AENBEPC}aMNEDp — 55[?46|MN| (EMBENC])> + 55[1347'3(3] .

A.3 Dictionary to 11- and 10-dimensional geometries

The SL(5) generalised geometry splits the full 11- or 10-dimensional geometry into a
seven-dimensional “external” part and a four-dimensional “internal” part. The 11- or
10-dimensional Einstein frame metric is decomposed as:

ds? = g7Y5G , dX XY + gij(da’ + A dXP)(da? + AJdXY), (A.23)

where G, p,v = 0,...,6, corresponds to a seven-dimensional Einstein frame U-duality
invariant metric, and has weight 2/5 under generalised Lie derivatives. It is consistent to
then identify

A = (det G,,)Y14. (A.24)

The fields carrying both external and internal indices (such as the Kaluza-Klein vector
A,") appear in the SL(5) ExFT as n-dimensional p-forms in various representations of
SL(5). However, we will assume that these all vanish in our set-up. We therefore have
just to describe the internal metric and three-form, which together parametrise the afore-
mentioned coset SL(5)/SO(5).

M-theory parametrisation. Start with the M-theory solution of the section condition,
with physical coordinates 2° = 2%®. A conventional representation of the SL(5)/SO(5) coset
in terms of a (unit determinant) generalised vielbein, consistent with the diffeomorphism
and gauge transformations generated by the generalised Lie derivative, is

5 _1/4€am _ —1/4eancfn
FA L = gl/2 (9 . g L ) 7 (A.25)
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leading to a generalised metric man = EAMEB 6 45 in a five-dimensional representation

—-1/2 —g~ Y24 P
_ 1/10 g Imn g 9mp
mmN =4 _ _ , (A.26

(_g 1/29npcp gl/2 +g 1/2gququ> )

where the four-dimensional metric is written as gy, = €%ne’n0qp and the three-form C™ =

%em”qunpq, where €234 = 1 is the alternating symbol.

IIB parametrisation. The IIB solution of the section condition identifies the three-
dimensional coordinates as Z; = %eijkxjk . In this case, denote the (Einstein frame) space-
time metric by g/, the vielbein by e,’, and their determinants by g = det(g%), e = det(es*).
The alternating symbol in spacetime is €%, and has weight —1, and €;jk has weight +1.
Also let h®, denote a vielbein for the coset SL(2)/SO(2) parametrised by the axio-dilaton,
with Hop = h&ahaaédlg. Then the IIB geometric parametrisation takes

1/2, a
A 1/10 e’ 0 a _ ap(l Co

E pm=e (e_lmh%(]f 6—1/2haa> ) h¥a =e (0 @)
(A.27)
may = g/ 9'i +g*1/2HangCf 97" Hp, C] (A.28)

9_1/2?'[0470; g_l/QHaﬂ
with
o 1 ik ik o1 Co

Ci :ieijk(C'] ,B] ), ’Hag:e (CO Cg—i—e_Q(D . (A29)

B Embedding Drinfeld doubles in SL(5)

B.1 Half-maximal truncation

In order to describe an embedding of a Drinfeld double, we can truncate the Exceptional
Drinfeld Algebra. This means reducing from SL(5) to SO(3, 3), along the lines of [30, 45].
The 5 of SL(5) produces one of the four-dimensional Majorana-Weyl spinor representations
of (the double cover of) SO(3,3) plus a singlet. In terms of the five-dimensional indices,
we write M = (I,4) where I = 1,2,3,5 is the spinorial index. We break oy = (917, 014)
and impose d54 = 0. The bispinorial derivative dr; in fact transforms in the vector repre-
sentation 6 of SO(3,3).

We can compute the O(3,3) generalised Lie derivative acting on the 5 = 4 ¢ 1, us-
ing (A.2). The singlet component transforms as a scalar of weight Ac+ 1+ 3w under O(3, 3)
diffeomorphisms with parameter A’/

1 1
LACH = 51\”59”04 +50e+1+ 3w)dr AT Ot (B.1)
The spinor in the 4 transforms as:

1 1
L£ACT = JATR0,CT + S (A + 14 3w) 0k AN O — 070k ATE (B.2)
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defining an SO(3, 3) spinorial generalised Lie derivative [30]. Now, the generalised frame
field EM 4 has weight A, = 1/10. Hence E*4 gives SO(3,3) scalars of weight 1/2, and
E! 4 gives SO(3,3) spinors. After truncating out the RR sector (by projecting out all
components of the generalised vielbein carrying a single index M = 4 or A = 4), we are

left with:
EI, 0
EM, = ( 0 €_d> , (B.3)

where E!, is an SO(3,3)/SO(3) x SO(3) coset element in the Majorana-Weyl spinor
representation (and so has unit determinant), and e~2¢ denotes the SO(3,3) generalised
dilaton, which is a scalar of weight 1.

We can now compute the algebra (A.15) of generalised frames of the form (B.3) and
interpret these in O(3,3) terms. The non-zero components of Fypc? turn out to be:

1 1
~Tag — =SB, (B.4)

§ 1 1
Fapy’ = Mag,” + i‘sfasﬁ]w Fops® = —5Tap, Fasg’ = 2 4

2

where the irreducible fluxes have decomposed to give non-vanishing components:

TaB = EIQE‘Jﬁa[J(—Qd) + 81J(EIQEJB) , Sag = 4El(a|81JEJ|B) , (B.5)
- 1 1
é é § 4
Zoz,@'y = Mapy + 5(5[(1757] s Zoz,B4 = _gTaﬁ7 (BG)

with an SO(3,3) irreducible representation

5 1
Mas,° =3 (EI[QEJBEKV}aJKE% — 28JK(EJ[QEK,B)5§]) , (B.7)

obeying M,g,” = 0. We can more conveniently define

MP = %e“"smeeﬂ = %GUKL& JECEP (B.8)
which is symmetric.

The two irreducible symmetric representations S,z and M®P can be related to the
self-dual and anti-self-dual parts of the usual SO(3,3) generalised flux frjx [53] (using
gamma matrices or equivalently 't Hooft symbols), and a half-maximal theory uplifts to
the maximal theory if [53]

SasM* =0. (B.9)
B.2 Drinfeld doubles

So far this is a standard exercise in determining the particular fluxes of the half-maximal
theory. Now let’s specialise to Drinfeld doubles. We break up our indices further as
I =(i,5) and a = (a,5).
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Drinfeld double: ITA frame. To describe type IIA we take 0;5 # 0 and 9;; = 0. Our

data are the group manifold vector fields v,, one-forms [* and the Poisson-Lie bivector 7.

be

We also define A\, = %eabcw . Then a type IIA choice of spinorial frame and generalised

det 1)1/20? 0 _ 9§
El, = ( ¢ 2d — e72% det [ . B.10
((detl)‘l/Q)\a (det)"1/2] " € e (B-10)

dilaton is:

It can be checked that the following flux components are turned on:

Tab = €cdiaf ), Tas = =200® + fac®,

Sab = =2¢cd(af Uy Sas = —2fac’ (B.11)
i 1 - 1.
M® = §ecd(afcdb) , M® = ifacc-

(This requires using the constraints (4.20), and taking the “dilaton” ® to obey D, ® = faa.
This is not the physical dilaton but should be thought of as an extra function appearing in
the definition of the frame (B.10). To match with section 4, take a = e=?, and in (4.10)
we have 7, = 7,5 and 7% = %eabctbc.)

The SL(5) frame in the 10 consists of a part in 6 and a part in the 4 of SO(3,3).
The part in the 6 is obtained from the antisymmetrisation of the spinorial frame, EM 4 =
2E1[QEJ,3]. The part in the 4 is just the spinor frame weighted by e~?. Let’s denote
this by £/, = e ?E!,. Translating these into differential form language leads to the
expressions (4.15) and (4.16).

Drinfeld double: IIB frame. To describe type IIB we take: 0;5 = 0, 0;; # 0. The
natural partial derivatives are thus 0° = %eijkajk. Our data are now vector fields v%, one-
forms [, and Poisson-Lie bivector m,;, with all indices in the opposite positions. A type
IIB choice of spinorial frame and generalised dilaton is:

~1/27 i _ —1/27 iyb N
Bl = <(detl)o la (dz’glzl)l/glb A ) e = 2% et (B.12)
€

where \* = %e“bcwbc. It can be checked that the following flux components are turned on:
Tab = eabc(*2acé + ded) ) Ta5 = *fabb )
Sab = _2€cd(af6db) ’ Sas = _2facc7 (B13)
- 1 - ~ 1
Mab — §€Cd(afcdb) M = 5facc )
(Again this used the constraints (4.20).)

We can again translate the frame into differential form language, leading to the ex-
pressions (4.15) and (4.19) (with indices in the opposite placement).

Uplift condition. The condition SagM a8 — () can be easily seen to imply that a Drinfeld
double uplifts to an Exceptional Drinfeld Algebra only if:

Fefa=0, (B.14)

which is indeed the condition found in [20] by checking closure.
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B.3 Spinors and gamma matrices

Let e® denote a vielbein basis of one-forms, and e, the inverse. We can represent an O(d, d)
spinor as a polyform, C' = Zp C(p) and the gamma matrices using the wedge and interior
products:

— \/iea/\’ r, = \/ilfea , (B15)

obeying the O(d,d) Clifford algebra {T',, T%} = 26%, {T',, Ty} =0, {T%,T*} = 0.
The Majorana-Weyl representations correspond to even and odd polyforms. For d = 3,
we can write these as:

1 1
Ceven = Cp + §C’abea A el , Coqa = geabC(C’Oe“ Aeb A et + 3C“bec) , (B.16)

or in index notation Cy = (Cy, Cyp), C* = (C°, C®). Acting with a single gamma matrix
maps between these representations. Acting with two gamma matrices on Ceyen We obtain
the antisymmetric combination ("4 B)aﬁ with non-zero components

(Fab)ocd — _45([1651()1] , (Fab)c 0 __ +45[a5b]

. (B.17)
(Ta")o" = 05, (Ta)ea®! = 2633155]) + 808l o).
Similarly, acting on Cyqq we obtain the components of (I'4p)“ s:
ab
(Fab) 45[(1(51)] s (F ) cd = +4(5[ 5d] s (B 18)
(T =<0k, (Ta")er = 2050107 — 887,567

For convenience, let us record here also the reduction of the EDA relations that can be
encoded in the algebra (4.8) using these gamma matrices. We have vector on vector brackets

[ta, to] = favtec, [t94, 8%4] = et
b4y _ (¢ byed | Fbe _ b4 (B.19)
[tmt ] - ( fac t + f th) - [t 7ta] Y
vector on spinor brackets
[tasta] = faa'ta, [t "] = (2faa®t = [ats + far't"),
a4 1 abe a4 4be ralb 7cld (B20)
[t 7t4]:§fl)c t ) [t 7t }:_Qf dt )
and the spinor on vector brackets
[ta,ta) = —faata, [t ta) = (3f[de[b5z]]tde + fPats — 3fag*ollteh), B2l
a4y _ 47ab be jad) _ _ fbc jad ( ’ )
[t47t ]—fb4t ) [t 7t ]_ f dt )

while the spinor on spinor brackets vanish.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

~ 99 —


https://creativecommons.org/licenses/by/4.0/

References

1]

2]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

C.M. Hull and P.K. Townsend, Unity of superstring dualities, Nucl. Phys. B 438 (1995) 109
[hep-th/9410167] [INSPIRE].

E. Witten, String theory dynamics in various dimensions, Nucl. Phys. B 443 (1995) 85
[hep-th/9503124] [INSPIRE].

X.C. de la Ossa and F. Quevedo, Duality symmetries from nonAbelian isometries in string
theory, Nucl. Phys. B 403 (1993) 377 [hep-th/9210021] [INSPIRE].

D.C. Thompson, An Introduction to Generalised Dualities and their Applications to
Holography and Integrability, PoS CORFU2018 (2019) 099 [arXiv:1904.11561] [INSPIRE].

C. Kliméik and P. Severa, Poisson-Lie T duality and loop groups of Drinfeld doubles, Phys.
Lett. B 372 (1996) 65 [hep-th/9512040] [INSPIRE].

C. Kliméik and P. Severa, Dual nonAbelian duality and the Drinfeld double, Phys. Lett. B
351 (1995) 455 [hep-th/9502122] [INSPIRE].

V.G. Drinfeld, Quantum groups, J. Sov. Math. 41 (1988) 898 [INSPIRE].

C. Klimcik, On integrability of the Yang-Baxter o-model, J. Math. Phys. 50 (2009) 043508
[arXiv:0802.3518] [INSPIRE].

K. Sfetsos, Integrable interpolations: From exact CFTs to non-Abelian T-duals, Nucl. Phys.
B 880 (2014) 225 [arXiv:1312.4560] [INSPIRE].

F. Delduc, M. Magro and B. Vicedo, An integrable deformation of the AdSs x S° superstring
action, Phys. Rev. Lett. 112 (2014) 051601 [arXiv:1309.5850] [INSPIRE].

T.J. Hollowood, J. Miramontes and D.M. Schmidtt, An Integrable Deformation of the
AdSs x S° Superstring, J. Phys. A 47 (2014) 495402 [arXiv:1409.1538] [INSPIRE].

F. Hassler, Poisson-Lie T-duality in Double Field Theory, Phys. Lett. B 807 (2020) 135455
[arXiv:1707.08624] [INSPIRE].

M. Grana, R. Minasian, M. Petrini and D. Waldram, T-duality, Generalized Geometry and
Non-Geometric Backgrounds, JHEP 04 (2009) 075 [arXiv:0807.4527] INSPIRE].

K. Lee, C. Strickland-Constable and D. Waldram, Spheres, generalised parallelisability and
consistent truncations, Fortsch. Phys. 65 (2017) 1700048 [arXiv:1401.3360] [INSPIRE].

C. Kliméik and P. Severa, NonAbelian momentum winding exchange, Phys. Lett. B 383
(1996) 281 [hep-th/9605212] INSPIRE].

C.M. Hull and R.A. Reid-Edwards, Non-geometric backgrounds, doubled geometry and
generalised T-duality, JHEP 09 (2009) 014 [arXiv:0902.4032] INSPIRE].

S. Demulder, F. Hassler and D.C. Thompson, Doubled aspects of generalised dualities and
integrable deformations, JHEP 02 (2019) 189 [arXiv:1810.11446] [InSPIRE].

C. Kliméik and P. Severa, Dressing cosets, Phys. Lett. B 381 (1996) 56 [hep-th/9602162]
[INSPIRE].

S. Demulder, F. Hassler, G. Piccinini and D.C. Thompson, Generalised Cosets, JHEP 09
(2020) 044 [arXiv:1912.11036] [INSPIRE].

[20] Y. Sakatani, U-duality extension of Drinfel’d double, PTEP 2020 (2020) 023B08

[arXiv:1911.06320] [INSPIRE].

— 30 —


https://doi.org/10.1016/0550-3213(94)00559-W
https://arxiv.org/abs/hep-th/9410167
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB438%2C109%22
https://doi.org/10.1016/0550-3213(95)00158-O
https://arxiv.org/abs/hep-th/9503124
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB443%2C85%22
https://doi.org/10.1016/0550-3213(93)90041-M
https://arxiv.org/abs/hep-th/9210021
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9210021
https://doi.org/10.22323/1.347.0099
https://arxiv.org/abs/1904.11561
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1904.11561
https://doi.org/10.1016/0370-2693(96)00025-1
https://doi.org/10.1016/0370-2693(96)00025-1
https://arxiv.org/abs/hep-th/9512040
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9512040
https://doi.org/10.1016/0370-2693(95)00451-P
https://doi.org/10.1016/0370-2693(95)00451-P
https://arxiv.org/abs/hep-th/9502122
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9502122
https://doi.org/10.1007/BF01247086
https://inspirehep.net/search?p=find+J%20%22J.Sov.Math.%2C41%2C898%22
https://doi.org/10.1063/1.3116242
https://arxiv.org/abs/0802.3518
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0802.3518
https://doi.org/10.1016/j.nuclphysb.2014.01.004
https://doi.org/10.1016/j.nuclphysb.2014.01.004
https://arxiv.org/abs/1312.4560
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1312.4560
https://doi.org/10.1103/PhysRevLett.112.051601
https://arxiv.org/abs/1309.5850
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1309.5850
https://doi.org/10.1088/1751-8113/47/49/495402
https://arxiv.org/abs/1409.1538
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1409.1538
https://doi.org/10.1016/j.physletb.2020.135455
https://arxiv.org/abs/1707.08624
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1707.08624
https://doi.org/10.1088/1126-6708/2009/04/075
https://arxiv.org/abs/0807.4527
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0807.4527
https://doi.org/10.1002/prop.201700048
https://arxiv.org/abs/1401.3360
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1401.3360
https://doi.org/10.1016/0370-2693(96)00755-1
https://doi.org/10.1016/0370-2693(96)00755-1
https://arxiv.org/abs/hep-th/9605212
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9605212
https://doi.org/10.1088/1126-6708/2009/09/014
https://arxiv.org/abs/0902.4032
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0902.4032
https://doi.org/10.1007/JHEP02(2019)189
https://arxiv.org/abs/1810.11446
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.11446
https://doi.org/10.1016/0370-2693(96)00669-7
https://arxiv.org/abs/hep-th/9602162
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9602162
https://doi.org/10.1007/JHEP09(2020)044
https://doi.org/10.1007/JHEP09(2020)044
https://arxiv.org/abs/1912.11036
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.11036
https://doi.org/10.1093/ptep/ptz172
https://arxiv.org/abs/1911.06320
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1911.06320

[21]

[22]

23]

[24]

[25]

[26]

[27]

[28]

E. Malek and D.C. Thompson, Poisson-Lie U-duality in Fxceptional Field Theory, JHEP 04
(2020) 058 [arXiv:1911.07833] [InSPIRE].

Y. Sakatani and S. Uehara, Non-Abelian U-duality for membranes, PTEP 2020 (2020)
073B01 [arXiv:2001.09983] [iNSPIRE].

L. Hlavaty, Classification of 6D Leibniz algebras, PTEP 2020 (2020) 071B01
[arXiv:2003.06164] [INSPIRE].

D.S. Berman and C.D.A. Blair, The Geometry, Branes and Applications of Ezxceptional Field
Theory, arXiv:2006.09777 [INSPIRE].

H. Samtleben and M. Weidner, The Maximal D = 7 supergravities, Nucl. Phys. B 725
(2005) 383 [hep-th/0506237] [INSPIRE].

G. Inverso, Generalised Scherk-Schwarz reductions from gauged supergravity, JHEP 12
(2017) 124 [arXiv:1708.02589] [INSPIRE].

D.S. Berman, M. Cederwall, A. Kleinschmidt and D.C. Thompson, The gauge structure of
generalised diffeomorphisms, JHEP 01 (2013) 064 [arXiv:1208.5884] INSPIRE].

M. Cederwall, (Brane) Charges for 1/2 BPS in Exceptional Geometry, presented at the
workshop Duality and Novel Geometry in M-theory, Asia Pacific Centre for Theoretical
Physics, Postech (2016).

D.S. Berman and M.J. Perry, Generalized Geometry and M-theory, JHEP 06 (2011) 074
[arXiv:1008.1763] [INSPIRE].

D.S. Berman, H. Godazgar, M. Godazgar and M.J. Perry, The Local symmetries of M-theory
and their formulation in generalised geometry, JHEP 01 (2012) 012 [arXiv:1110.3930]
[INSPIRE].

A. Coimbra, C. Strickland-Constable and D. Waldram, Eq(4) X R generalised geometry,
connections and M-theory, JHEP 02 (2014) 054 [arXiv:1112.3989] [INSPIRE].

A. Coimbra, C. Strickland-Constable and D. Waldram, Supergravity as Generalised
Geometry II: Eqq) x RT and M-theory, JHEP 03 (2014) 019 [arXiv:1212.1586] INSPIRE].

O. Hohm and H. Samtleben, Ezceptional Form of D = 11 Supergravity, Phys. Rev. Lett. 111
(2013) 231601 [arXiv:1308.1673] INSPIRE].

D.S. Berman, E.T. Musaev, D.C. Thompson and D.C. Thompson, Duality Invariant
M-theory: Gauged supergravities and Scherk-Schwarz reductions, JHEP 10 (2012) 174
[arXiv:1208.0020] INSPIRE].

O. Hohm and H. Samtleben, Consistent Kaluza-Klein Truncations via Ezxceptional Field
Theory, JHEP 01 (2015) 131 [arXiv:1410.8145] [NSPIRE].

G. Aldazabal, W. Baron, D. Marques and C. Nufiez, The effective action of Double Field
Theory, JHEP 11 (2011) 052 [Erratum ibid. 11 (2011) 109] [arXiv:1109.0290] [INSPIRE].

D. Geissbuhler, Double Field Theory and N = 4 Gauged Supergravity, JHEP 11 (2011) 116
[arXiv:1109.4280] [INSPIRE].

M. Grana and D. Marques, Gauged Double Field Theory, JHEP 04 (2012) 020
[arXiv:1201.2924] [INSPIRE].

C.D.A. Blair and E. Malek, Geometry and fluzes of SL(5) exceptional field theory, JHEP 03
(2015) 144 [arXiv:1412.0635] [INSPIRE].

~ 31—


https://doi.org/10.1007/JHEP04(2020)058
https://doi.org/10.1007/JHEP04(2020)058
https://arxiv.org/abs/1911.07833
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1911.07833
https://doi.org/10.1093/ptep/ptaa063
https://doi.org/10.1093/ptep/ptaa063
https://arxiv.org/abs/2001.09983
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2001.09983
https://doi.org/10.1093/ptep/ptaa082
https://arxiv.org/abs/2003.06164
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2003.06164
https://arxiv.org/abs/2006.09777
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.09777
https://doi.org/10.1016/j.nuclphysb.2005.07.028
https://doi.org/10.1016/j.nuclphysb.2005.07.028
https://arxiv.org/abs/hep-th/0506237
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0506237
https://doi.org/10.1007/JHEP12(2017)124
https://doi.org/10.1007/JHEP12(2017)124
https://arxiv.org/abs/1708.02589
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1708.02589
https://doi.org/10.1007/JHEP01(2013)064
https://arxiv.org/abs/1208.5884
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1208.5884
https://doi.org/10.1007/JHEP06(2011)074
https://arxiv.org/abs/1008.1763
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1008.1763
https://doi.org/10.1007/JHEP01(2012)012
https://arxiv.org/abs/1110.3930
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1110.3930
https://doi.org/10.1007/JHEP02(2014)054
https://arxiv.org/abs/1112.3989
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1112.3989
https://doi.org/10.1007/JHEP03(2014)019
https://arxiv.org/abs/1212.1586
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1212.1586
https://doi.org/10.1103/PhysRevLett.111.231601
https://doi.org/10.1103/PhysRevLett.111.231601
https://arxiv.org/abs/1308.1673
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1308.1673
https://doi.org/10.1007/JHEP10(2012)174
https://arxiv.org/abs/1208.0020
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1208.0020
https://doi.org/10.1007/JHEP01(2015)131
https://arxiv.org/abs/1410.8145
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1410.8145
https://doi.org/10.1007/JHEP11(2011)052
https://arxiv.org/abs/1109.0290
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1109.0290
https://doi.org/10.1007/JHEP11(2011)116
https://arxiv.org/abs/1109.4280
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1109.4280
https://doi.org/10.1007/JHEP04(2012)020
https://arxiv.org/abs/1201.2924
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1201.2924
https://doi.org/10.1007/JHEP03(2015)144
https://doi.org/10.1007/JHEP03(2015)144
https://arxiv.org/abs/1412.0635
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1412.0635

[40]
[41]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

M. Bugden, Non-abelian T-folds, JHEP 03 (2019) 189 [arXiv:1901.03782] [INSPIRE].

H. Awata, M. Li, D. Minic and T. Yoneya, On the quantization of Nambu brackets, JHEP 02
(2001) 013 [hep-th/9906248] [INSPIRE].

A. Gustavsson, Selfdual strings and loop space Nahm equations, JHEP 04 (2008) 083
[arXiv:0802.3456] [INSPIRE].

U. Gran, B.E.W. Nilsson and C. Petersson, On relating multiple M2 and D2-branes, JHEP
10 (2008) 067 [arXiv:0804.1784] [INSPIRE].

J. Patera, P. Winternitz and H. Zassenhaus, Continuous Subgroups of the Fundamental
Groups of Physics. 1. General Method and the Poincaré Group, J. Math. Phys. 16 (1975)
1597 [INSPIRE].

E. Malek and H. Samtleben, Dualising consistent IIA/ IIB truncations, JHEP 12 (2015) 029
[arXiv:1510.03433] [INSPIRE].

G. Arutyunov, S. Frolov, B. Hoare, R. Roiban and A.A. Tseytlin, Scale invariance of the
n-deformed AdSs x S° superstring, T-duality and modified type-II equations, Nucl. Phys. B
903 (2016) 262 [arXiv:1511.05795] [INSPIRE].

L. Wulff and A.A. Tseytlin, x-symmetry of superstring o-model and generalized 10d
supergravity equations, JHEP 06 (2016) 174 [arXiv:1605.04884] [INSPIRE].

Y. Sakatani, S. Uehara and K. Yoshida, Generalized gravity from modified DFT, JHEP 04
(2017) 123 [arXiv:1611.05856] [INSPIRE].

A. Baguet, M. Magro and H. Samtleben, Generalized IIB supergravity from exceptional field
theory, JHEP 03 (2017) 100 [arXiv:1612.07210] NSPIRE].

Y. Sakatani, Type II DFT solutions from Poisson-Lie T-duality/plurality, PTEP (2019)
073B04 [arXiv:1903.12175] [INSPIRE].

A. Catal-Ozer, Non-Abelian T-duality as a Transformation in Double Field Theory, JHEP
08 (2019) 115 [arXiv:1904.00362] [INSPIRE].

M. Cveti¢, H. Lii, C.N. Pope, A. Sadrzadeh and T.A. Tran, S? and S* reductions of type IIA
supergravity, Nucl. Phys. B 590 (2000) 233 [hep-th/0005137| [INSPIRE].

G. Dibitetto, J.J. Fernandez-Melgarejo, D. Marques and D. Roest, Duality orbits of
non-geometric fluzes, Fortsch. Phys. 60 (2012) 1123 [arXiv:1203.6562] [INnSPIRE].

P. Severa and F. Valach, Courant Algebroids, Poisson-Lie T-duality, and Type IT
Supergravities, Commun. Math. Phys. 375 (2020) 307 [arXiv:1810.07763] [INSPIRE].

L. Snobl and L. Hlavaty, Classification of siz-dimensional real Drinfeld doubles, Int. J. Mod.
Phys. A 17 (2002) 4043 [math/0202210] [INSPIRE].

B. Jurco and J. Vysoky, Poisson-Lie T-duality of string effective actions: A new approach to
the dilaton puzzle, J. Geom. Phys. 130 (2018) 1 [arXiv:1708.04079] InSPIRE].

C. Klimcik, n and A deformations as E -models, Nucl. Phys. B 900 (2015) 259
[arXiv:1508.05832] [INSPIRE].

E. Malek, Y. Sakatani and D.C. Thompson, The Eg) Exceptional Drinfeld Algebra,
forthcoming.

10.1007/JHEP01(2018)117JHEP 01 (2018) 117 [arXiv:1705.09304] [INSPIRE].

~32 -


https://doi.org/10.1007/JHEP03(2019)189
https://arxiv.org/abs/1901.03782
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1901.03782
https://doi.org/10.1088/1126-6708/2001/02/013
https://doi.org/10.1088/1126-6708/2001/02/013
https://arxiv.org/abs/hep-th/9906248
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9906248
https://doi.org/10.1088/1126-6708/2008/04/083
https://arxiv.org/abs/0802.3456
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0802.3456
https://doi.org/10.1088/1126-6708/2008/10/067
https://doi.org/10.1088/1126-6708/2008/10/067
https://arxiv.org/abs/0804.1784
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0804.1784
https://doi.org/10.1063/1.522729
https://doi.org/10.1063/1.522729
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C16%2C1597%22
https://doi.org/10.1007/JHEP12(2015)029
https://arxiv.org/abs/1510.03433
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1510.03433
https://doi.org/10.1016/j.nuclphysb.2015.12.012
https://doi.org/10.1016/j.nuclphysb.2015.12.012
https://arxiv.org/abs/1511.05795
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1511.05795
https://doi.org/10.1007/JHEP06(2016)174
https://arxiv.org/abs/1605.04884
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1605.04884
https://doi.org/10.1007/JHEP04(2017)123
https://doi.org/10.1007/JHEP04(2017)123
https://arxiv.org/abs/1611.05856
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1611.05856
https://doi.org/10.1007/JHEP03(2017)100
https://arxiv.org/abs/1612.07210
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1612.07210
https://doi.org/10.1093/ptep/ptz071
https://doi.org/10.1093/ptep/ptz071
https://arxiv.org/abs/1903.12175
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1903.12175
https://doi.org/10.1007/JHEP08(2019)115
https://doi.org/10.1007/JHEP08(2019)115
https://arxiv.org/abs/1904.00362
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1904.00362
https://doi.org/10.1016/S0550-3213(00)00466-1
https://arxiv.org/abs/hep-th/0005137
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0005137
https://doi.org/10.1002/prop.201200078
https://arxiv.org/abs/1203.6562
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1203.6562
https://doi.org/10.1007/s00220-020-03736-x
https://arxiv.org/abs/1810.07763
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.07763
https://doi.org/10.1142/S0217751X02010571
https://doi.org/10.1142/S0217751X02010571
https://arxiv.org/abs/math/0202210
https://inspirehep.net/search?p=find+EPRINT%2Bmath%2F0202210
https://doi.org/10.1016/j.geomphys.2018.03.019
https://arxiv.org/abs/1708.04079
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1708.04079
https://doi.org/10.1016/j.nuclphysb.2015.09.011
https://arxiv.org/abs/1508.05832
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1508.05832
https://doi.org/10.1007/JHEP01(2018)117
https://arxiv.org/abs/1705.09304
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1705.09304

[60] I. Bakhmatov, N.S. Deger, E.T. Musaev, E.O. Colgdin and M.M. Sheikh-Jabbari, Tri-vector
deformations in d = 11 supergravity, JHEP 08 (2019) 126 [arXiv:1906.09052] [INSPIRE].

[61] 1. Bakhmatov, K. Gubarev and E.T. Musaev, Non-abelian tri-vector deformations in d = 11
supergravity, JHEP 05 (2020) 113 [arXiv:2002.01915] [INSPIRE].

[62] C.D.A. Blair, E. Malek and J.-H. Park, M-theory and Type IIB from a Duality Manifest
Action, JHEP 01 (2014) 172 [arXiv:1311.5109] [INSPIRE].

[63] A. Le Diffon and H. Samtleben, Supergravities without an Action: Gauging the Trombone,
Nucl. Phys. B 811 (2009) 1 [arXiv:0809.5180] [INSPIRE].

— 33 —


https://doi.org/10.1007/JHEP08(2019)126
https://arxiv.org/abs/1906.09052
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1906.09052
https://doi.org/10.1007/JHEP05(2020)113
https://arxiv.org/abs/2002.01915
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.01915
https://doi.org/10.1007/JHEP01(2014)172
https://arxiv.org/abs/1311.5109
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1311.5109
https://doi.org/10.1016/j.nuclphysb.2008.11.010
https://arxiv.org/abs/0809.5180
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0809.5180

	Introduction
	The SL(5) Exceptional Drinfeld Algebra
	The algebra
	The generalised geometry realisation
	The geometry

	Three-algebra geometries
	Non-Abelian T-duality revisited and CSO(3,0,2)
	Euclidean 3-algebra and CSO(4,0,1)
	A Leibniz geometry: tau(ab) not equal 0

	Embedding Drinfeld doubles
	Decomposing the Embedding Drinfeld Algebra
	Example: Bianchi II and V

	Discussion
	SL(5) exceptional geometry
	Generalised Lie derivative and generalised frames
	Generalised frames and their algebra
	Dictionary to 11- and 10-dimensional geometries

	Embedding Drinfeld doubles in SL(5)
	Half-maximal truncation
	Drinfeld doubles
	Spinors and gamma matrices


