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ABSTRACT: We present the first complete calculation for the quark and gluon N-jettiness
(Twv) beam functions at next-to-next-to-next-to-leading order (N3LO) in perturbative QCD.
Our calculation is based on an expansion of the differential Higgs boson and Drell-Yan
production cross sections about their collinear limit. This method allows us to employ
cutting edge techniques for the computation of cross sections to extract the universal
building blocks in question. The class of functions appearing in the matching coefficents
for all channels includes iterated integrals with non-rational kernels, thus going beyond the
one of harmonic polylogarithms. Our results are a key step in extending the Ty subtraction
methods to N3LO, and to resum 7Ty distributions at N3LL’ accuracy both for quark as well
as for gluon initiated processes.
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1 Introduction

Experimental measurements at the LHC have provided remarkably precise measurements
for a multitude of observables, most notably weak gauge boson production, an important
benchmark for the Standard Model which has been measured at percent level accuracy [1-
4]. Strong constraints on physics beyond the Standard Model are also provided by precision
measurements of Higgs boson production and diboson processes [5-9]. To make full use of
these results, it is crucial to confront them with equally-precise theory predictions, which
in particular requires to include higher-order corrections in QCD.

So far, only inclusive Drell-Yan and Higgs production have been calculated at next-to-
next-to-next-to-leading order (N3LO) in QCD [10-17], while significant progress is being
made to reach the same precision for differential distributions [18, 19]. A key challenge
for such calculations is the cancellation of infrared divergences between real and virtual
corrections, and hence a necessary prerequisite is a profound understanding of the infrared
singular structure at three loops.

N-jettiness (7x) is an infrared-sensitive N-jet resolution observable and thus provides
a way to study the singular structure of QCD [20, 21]. Its simplest manifestation 7Tp, also
referred to as beam thrust, is defined as

2qa - ki 2qp - ki
%:Zmin{ GaFi 20 k}, (1.1)

Qa ’ Qb

where the sum runs over all momenta k; in the hadronic final state, g, 5 are the momenta of
the incoming partons projected onto the Born kinematics, and the measures @), ; distinguish
different definitions of 7p [22, 23]. A key feature of Ty is that its singular structure as



Tn — 0 is fully captured by a factorization theorem, as shown in refs. [20, 21] using soft-
collinear effective theory (SCET) [24-28]. In the simplest case, namely the production of
a color-singlet final state h, the appropriate factorization theorem reads

UOZHab e /dt dty Ba(ta, Ta; i) Bo(t, Ty, 1)

sl e

Here, Q? and Y are the invariant mass and rapidity of h, respectively, and we normalize by

dQZde%

the Born partonic cross section og. In eq. (1.2), the full process dependence is given in terms
of the hard function H,,, which encodes virtual corrections to the underlying hard process
ab — h. The beam functions B, encode radiation collinear to the incoming partons. The
soft function S, encodes soft radiation and only depends on the color channel ¢ € {gg, ¢q},
but is independent of quark flavors. Both beam and soft functions are universal and
process independent. Since they are defined as gauge-invariant matrix elements in SCET,
calculating them at higher orders also provides a well-defined means of separately studying
the collinear and soft limits of QCD themselves. The beam functions B, not only appear
in the factorization theorem for all Ty, but also arise in the factorization theorem for the
generalized threshold inclusive color-singlet production in hadronic collisions [29], and are
thus of particular interest on their own.

Since eq. (1.2) fully captures the singular limit of QCD, it can be employed as a
subtraction scheme for higher-order calculations [30, 31], in analogy to the gr subtraction
method based on a similar factorization for the transverse-momentum distribution [32].
For both methods, extensions to N3LO have been recently proposed [18, 33]. The O(75/Q)
corrections to eq. (1.2) have also been studied in the context of Ty subtractions [34-39].!
These calculations are also interesting on their own as they provide insights into the infrared
structure of QCD beyond leading power. 7 subtractions are also the basis of combining
NNLO calculations with a parton shower in GENEVA [41, 42].

Currently, the quark and gluon 7y beam functions are known at NNLO [43-46], and
significant progress has been made towards the calculation at N3LO for the quark case [47-
49]. The soft functions required for 7y 12 are known at NNLO [50-58]. The factorization
for Ty>1 also requires the so-called jet function, which is also known at N3LO [59-65]. In
this paper, we calculate the Ty beam functions for all partonic channels at N3LO, thereby
providing a critical ingredient to extending 7y subtraction to three loops both for quark
as well as for gluon initiated processes.

Our computation is based on a method of expanding cross sections around the kine-
matic limit in which all final state radiation becomes collinear to one of the scattering
hadrons [66]. This method allows one to efficiently connect technology for the compu-
tation of scattering cross sections to universal building blocks of perturbative QFT. In
particular, we perform a collinear expansion of the Drell-Yan and gluon fusion Higgs boson

'For measurements with fiducial cuts applied to h, eq. (1.2) also receives enhanced O(~/70/Q) correc-
tions [40].



production cross section at N3LO. Subsequently, we employ the framework of reverse uni-
tarity [67-71], integration-by-part (IBP) identities [72, 73] and the method of differential
equations [74-78] to obtain the collinear limit of the cross sections differential in the ra-
pidity and transverse momentum of the colorless final states. Using the connection of this
limit to the desired beam functions we extract the desired perturbative matching kernels
as discussed in ref. [66].

This paper is structured as follows. In section 2, we discuss our setup for calculating
the beam functions based on the collinear expansion of ref. [66]. In section 3, we briefly
present our results, before concluding in section 4. Our results are also provided in the
form of supplementary material with this submission.

2 Beam functions from the collinear limit of cross sections

Since the 7Ty beam function is independent of IV, we calculate it from the simplest case 7g
by considering the production of a colorless hard probe h and an additional hadronic state
X in a proton-proton collision,

P(P)+P(PR)  —  h(—pn) + X(-k), (2.1)
where the incoming protons are aligned along the directions
nt =(1,0,0,1), nt =(1,0,0,—-1) (2.2)

and carry the momenta P; and P, with the center of mass energy S = (P; + P;)%. The
hard probe h carries the momentum pj, and the total momentum of the hadronic final
state is denoted as k. We parameterize these momenta in terms of

9 1. n-pp n-k n-k k2

2
=g}, Y= o Py = Ty, S -
@ Ph 2 n-pp ! -1 2 n-po (n-k)(n-k)

where Q? and Y are the invariant mass and rapidity of the hard probe h, respectively.
Eq. (2.1) receives contributions from the partonic process

i(p1) +ji(p2) —  h(=pn) + Xa(—p3,- -, —Pny2), (2.4)

where ¢ and j are the flavors of the incoming partons which carry the momenta p;
and po, and X, is a hadronic final state consisting of n partons with the momenta

{=p3,...,—Pnt2}, and n = 0 at tree level. The cross section for the partonic process
in eq. (2.4), differential in the variables defined in eq. (2.3), is then defined as
dﬁza 1 MJ / d®pyp 2
= . 2.5
dQ2dw,dwedz  op 28 Z dwldwgdx Mijosni x| (25)

Here, we normalize by the partonic Born cross section og, d®}, 1, is the phase space measure
of the h + X,, state, and |M;j_ny Xn|2 is the squared matrix element for the process in
eq. (2.4), summed over the colors and helicities of all particles, with A;; accounting for



the color and helicity average of the incoming particles. Explicit expressions for N;; and
d®,1, can be found in ref. [66].

The partonic cross section in eq. (2.5) is closely related to the beam function we are
interested in. For perturbative values of Ty, one can match the beam functions onto the
PDFs as [20, 43]

1 g / A2
Bi(t, 2, 1) :Z/ gzij(t,z',ﬂ) fj<z,ﬂ) x [1+o< QtCDH. (2.6)
j z

Here, Z;; is a perturbative matching kernel, and ¢t = TyQ,, see eq. (1.2). As shown by us

in ref. [66], Z;; is precisely given by the strict n-collinear limit of eq. (2.5), where all loop
and real momenta are treated as being collinear to n-direction, and we refer to ref. [66] for
details on how to calculate this limit:

1 00
Tij(t,z,€) = / dm/ dwydwy 6[z — (1 — w1)](t — Q*wo)
0 0
di;

X li — 2.7
strict 1gicoll. dQdeldwgdx ( )
Here, we have regulated both UV and IR divergences by working in d = 4 — 2¢ dimensions.

The renormalized matching kernel is then given by [43, 44, 66]

I i / L4 z 5 ro
Zij(t, z, ) :Z dt' Zp(t —t', e, ) 7ij. € Za,(py€) Lip (', 2" €) . (2.8)
k 4
Here, ZA% implements the standard UV renormalization by renormalizing the bare cou-
pling constant af in the MS scheme, and the convolution with the PDF counterterm L
cancels infrared divergences. Explicit expressions for these ingredients are collected in
appendix A.3. The remaining poles in € are canceled by the convolution with the beam
function counter term Zpg, which in the formulation of the beam function within SCET
arises as an additional UV counter term in effective theory.

3 Results

In this section we report on our results for the matching kernels through N®*LO. Our
computation is based on the collinear expansion of the cross sections for the production of
a Higgs boson via gluon fusion and for the production of off-shell photon (Drell-Yan) in
hadron collisions. We compute the Higgs boson production cross section in the heavy top
quark effective theory where the degrees of freedom of the top quark were integrated out
and the Higgs boson couples directly to gluons [79-87].

We begin by computing all required matrix elements with at least one final state parton
to obtain N3LO cross sections. All partonic cross sections corresponding to matrix elements
with exactly one parton in the final state were obtained in full kinematics for the purpose
of refs. [17, 88-90] and are in part based on refs. [91-93]. In order to obtain the strict
collinear limit we simply expand the existing results and select the required components.



To compute partonic cross sections with more than one final state parton we generate
the necessary Feynman diagrams using QGRAF [94] and perform spinor and color algebra
in a private code. Subsequently, we perform the strict collinear expansion of this matrix
elements as outlined in ref. [66]. We make use of the framework of reverse unitarity [67-71]
in order to integrate over loop and phase space momenta. We apply integration-by-part
(IBP) identities [72, 73] in order to re-express our expanded cross section in terms of
collinear master integrals depending on the variables introduced in eq. (2.3). We then
compute the required master integrals using the method of differential equations [74-78].
In order to fix all boundary conditions for the differential equations we expand the collinear
master integrals further around the soft limit and integrate over phase space (see ref. [66]
for more details). The result of this procedure is then easily matched to the soft integrals
that were obtained for the purpose of refs. [10, 15, 95-97].

This yields all required ingredients for the bare partonic cross section expanded in the
strict collinear limit of eq. (2.5). This part of the computation is the same as for the results
of ref. [98]. Next, we perform the Fourier transform over ¢ and make use of eq. (2.7) to
obtain the matching kernel through N3LO in QCD perturbation theory. We will elaborate
on the details of the computation of the matching kernels in ref. [99]. Finally, we subtract
poles in € as given in eq. (2.8) to obtain the renormalized matching kernel Z;;(t, z, i)
through N3LO in QCD perturbation theory. This is carried out in Fourier (y) space, where
the convolution in ¢ becomes a simple product, and the Fourier-transformed counter term
Zp can be easily predicted from the known renormalization group equation (RGE) of the
beam function. We collect the required formulas in appendix A.2. It straightforward to
Fourier transform back to t space after the UV renormalization, and we will provide results
in both spaces.

We express the perturbative matching kernels in terms of harmonic polyloga-
rithms [100] and Goncharov polylogarithms [101] as well as a set of iterated integrals.
We define the iterated integrals recursively via

J(a1(2),a2(2),...,an(2)) = /OZ dz ai(z) J(az(z), ..., an(z)), (3.1)

with the prescription to regularize logarithmic singularities as
1 *dx
JlZ) = il | ) 3.2
(3)= [ % =touta (32)

We refer to the arguments of the iterated integrals as letters. The explicit end point of
the iterated integration used for our iterated integrals is always the variable Zz =1— 2. In
order to express our matching kernels we require the following set of letters (or alphabet):

PO L 1 53
1= 221+ Az '

It is possible to rationalise the square root in A by introducing the variable transformation

z — (y + 1)?/y as noted in ref. [49] and to rewrite the iterated integrals in terms of
Goncharov polylogarithms using well known techniques, see for example refs. [102-105].



Studying the letters of our alphabet and the singularities appearing in our matching
kernels we see that they contain logarithmic singularities at the boundaries of the physical
interval z € [0, 1]. In order to provide a representation of our perturbative matching kernels
that is suitable for numeric evaluation we perform a generalised power series expansion
around two different points z = 0 and z = 1 up to 50 terms in the expansion. Both
power series are formally convergent within the entire unit interval but converge of course
faster if the respective expansion parameter is smaller. We provide both power series
for all matching kernels as well as the analytic solution in the supplementary material
of this article.

We have calculated the matching kernel in Fourier (y) space, where its renormalization
becomes simpler. As it is more commonly used in momentum (t) space, we provide results
in both spaces. The corresponding kernels are expanded in powers of «ag/m,

Tij(y, 2, 1) = i (as)nf(") W zm),  Lig(tz,p) = i(ij)nﬁf) (tz,p).  (3.4)

T

The coefficients fz(]n ) and IZ(Jn ) can be further expanded as

N(n) ~
Iij (yazvﬂ) ZI
2n—1
T (2, ) = 811 (2) + ZI““” Lon(t,1?), (3.5)

where the logarithm L, and the distribution £, are defined as

1 t
L,= ln(iyuQe’YE) , Lo (t, 1?) = [ In™ 2] , (3.6)
t [
where the [---]; denotes the standard plus distribution. Note that there is no one-to-one

correspondence between the fg’m)( ) and I(g m)( ), as the Fourier transform induces a
nontrivial mixing. For explicit relations for the Fourier transform, see e.g. ref. [106].

The logarithmic terms in eq. (3.5) encode the scale dependence of the beam function,
and thus their structure is fully determined by its renormalization group equation (see
appendix A.1) in terms of its anomalous dimensions and lower-order ingredients. The

genuinely new three-loop results calculated by us are the nonlogarithmic boundary terms
IP(2) and IJ)(2).

We performed several checks on our results. Firstly, we verified that all poles in e
cancel after applying UV renormalization and IR subtraction as given in eq. (2.8), where
the beam function counterterm was predicted from its RGE as shown in appendix A.2.
To check that our results obey the beam function RGE, we verified all logarithmic terms
in eq. (3.5) against those predicted in ref. [33] by solving the beam function RGE. We
also checked that our results for I;;(z) agree with the eikonal limit lim,_,; Ii(;’)(z) that was
predicted in ref. [33] using a consistency relation with the threshold soft function [29], and

that our results agree with the generalized large-n. approximation n. ~ ny > 1 obtained
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Figure 1. The N3LO boundary term Il(;’ ) as a function of z in all channels contributing to the
quark beam function (left) and the gluon beam function (right). The different channels are rescaled
as indicated in the figures.

in ref. [49]. Furthermore, we checked that the first four terms in the soft expansion of the
Higgs boson production cross section reproduce correctly the collinear limit of the threshold
expansion of the partonic cross section obtained for the purpose of refs. [19, 90]. The
inclusive cross section at N3LO for Drell-Yan and Higgs boson production was obtained
in refs. [10, 11, 14, 17, 96]. We confirm that we can reproduce the first term of the
threshold expansion of all partonic initial states contributing to the collinear limit of the
partonic cross sections using the collinear partonic coefficient functions obtained here after
integration over phase space.

To illustrate our results, figure 1 shows the beam function boundary terms I;;(z)
relevant for the quark beam function (left) and gluon beam function (right) as a function
of z. For the purpose of this plot, we replace the occurring distributions as 6(1 — z) — 0
and £,(1 —z) = In"(1 — 2)/(1 — z). Since the different channels give rise to very different
shapes and magnitudes, they are rescaled as indicated for illustration purposes only.

To study the impact of our calculation on the beam function itself, we consider the
cumulative beam function

teut 1dzl teut , z
Bitanzn) = [ aeBsn =Y [ 5 [Tazesnn(Sa). )
j 4

0

where we distinguish both quantities only by their arguments. As indicated, this always
involves the sum over all flavors j contribution the desired beam function of flavor i. We
use the MMHT2014nnlo68cl PDF set from ref. [107] with as(mz) = 0.118, and evaluate
eq. (3.7) through an implementation of our results in SCET1ib [108].

In figure 2, we compare the u-quark beam function (left) and gluon beam function
(right) at LO (gray, dot-dashed), NLO (green, dotted), NNLO (blue, dashed) and N3LO
(red, solid) as a function of z. We fix teyy = (10 GeV)? and p = 100 GeV and rescale
the beam functions by z. Note that the LO result corresponds to the PDF itself, and thus
illustrates the different shape of the beam function compared to the PDF. While we observe
a notable effect of the N3LO corrections, the beam functions show good convergence overall.

To judge the impact of the new three-loop boundary term Ii(f) on resummed pre-
dictions, it is more useful to show the beam function Bj;(tcut, 2, it) at its canonical scale
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Figure 2. The cumulative u-quark (left) and the gluon (right) beam functions as a function of z
for fixed tcyy = (10 GeV)? and = 100 GeV. We show the result at LO (which corresponds to the
PDF), NLO, NNLO and N3LO.
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Figure 3. The relative difference of cumulative u-quark beam function (left) and the cumulative
gluon beam function (right) to the corresponding PDF, as a function. We fix p = v/Tcus = 30 GeV,
such that the shown beam function corresponds to the boundary term in a resummed prediction.
The different colors show the results at NLO, NNLO and N3LO, respectively.

p = \/teut, where all distributions £,, in eq. (3.5) vanish and only the boundary term 11(33 )
contributes. In figure 3, we show the cumulative beam functions at the canonical scale with
p = Vteut = 30 GeV, showing the relative difference of the u-quark beam function (left)
and the gluon beam function (right) at NLO (green, dotted), NNLO (blue, dashed) and
N3LO (red, solid) to the corresponding PDF itself. We observe that the shape of the beam
functions differ significantly from the shape of the PDF for large z, but tend to converge
towards the PDF for small z < 107!, As before, we see good convergence at N3LO, but
still a notable effect of the N3LO corrections itself.

Finally, in figure 4 we show the K-factor of the N3LO beam function, which we define
as the ratio of the N>LO beam to the NNLO beam function. As before, we choose the
canonical scales p = \/tcut = 30 GeV as relevant for a resummed calculation, We show the
K factor for u quarks (red, solid), d quarks (blue, dashed) and gluons (green, dotted). In
all cases, we see corrections of ~ 1 — 2% with a sizable dependence on z.

For completeness, we also show the high-energy limit z — 0 of the kernels Ig’)(z) in
appendix B. This limit is for example interesting because the small-7; region is known to
grow at small z in deep inelastic scattering [109, 110].
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Figure 4. The K-factor of the N3LO beam function, i.e. the ratio of the N3LO contribution
to the NNLO beam function.We fix u = /ftcys = 30 GeV, such that the shown beam function
corresponds to the boundary term in a resummed prediction. The different colors show the results
for an u-quark, d-quark and gluon, respectively.

4 Conclusions

We have calculated the perturbative matching kernel relating N-jettiness beam functions
with lightcone PDFs in all partonic channels for the first time at N3LO in QCD. Our
calculation is based on a method recently developed by us to expand hadronic collinear
cross sections [66], demonstrating its usefulness for the calculation of universal ingredients
arising in the collinear limit of QCD.

We provide our results in the form of supplementary material with this submission,
where we include the renormalized N-jettiness beam function in both momentum (t) and
Fourier (y) space. For the t space result, we also provide its expansions around z = 0 and
z = 1 through 50 orders in the expansion.

In contrast to the TMD beam functions, which are based on the same collinear limit
and at N3LO can be entirely expressed in terms of harmonic polylogarithms up to weight
598, 111], the Tx beam functions have a much richer structure of the appearing functions
and are expressed in terms of Goncharov polylogarithm, as well as iterated integrals with
letters that involve square roots. It will be interesting to better understand the source of
this difference.

Our results have various phenomenological applications. Firstly, we provide a key
ingredient to extend the N-jettiness subtraction method [30, 31] to N3LO, which can be
used to obtain exact fully-differential cross sections at this order. They are also crucial
to extend the resummation of Ty to N3LL’' and N*LL accuracy, and for matching N3LO
calculations to parton showers based on 7 resummation [41, 42].

It will also be interesting to further study the collinear limit of QCD using the under-
lying method of collinear expansions. In particular, we expect this to shed light on the
universal structure of Ty factorization at subleading power [112-120], which has recently
attracted much attention in the literature due to its importance for 7y-subtractions [34—
40, 121].
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A Ingredients for the calculation of the beam function

In this appendix, we provide more details on the regularization and renormalization of the
beam function kernels. Details of the calculation of all required integrals will be presented
in ref. [99].

A.1 Renormalization group equations

In ¢ space, the beam function B;(t, z, 1) obeys the RGE [20, 43]
d .
Bt o) = [ (e — ¢ Bilt ). (A1)

where the anomalous dimension 7% has the all-order form

Vi(t, 1) = —2DGugplas ()] Lo(t, 1) + vplas ()] 6(2) (A.2)

Here, I'%,o,(cs) and 7} (cv) are the cusp and beam noncusp anomalous dimensions, which
both depend on the color representation ¢ = q or ¢ = g only, but are independent of the
quark flavor. The RGE for the matching kernel follows from egs. (2.6) and (A.1) and the
DGLAP equation

. fzzu—ZZ/ wZﬂf<ZZ,7u>- (A.3)

It is given by [43]

d L4z z
71’2 = ! 7I7, - /7 R
/’Ldlu ](t,Z,,u) Ek :/dt /Z o k<t t o ,LL>
X [%%(t’, 1) Orjd (1 — 2) — &(t') 2ij(2’,u)} . (A4)

A.2 Structure of the beam function counterterm

We define the Fourier transformation of a function f as

Foo) = [atepees), fe= [ i @)

The Fourier transform of the bare kernel Z;;(t, z, €) can be conveniently evaluated using

ae —1 0 t ae — .
2 /_OO dte tytlije = ¢®Ly=7B)T (—qe) L,= ln(ly;ﬂew) . (A.6)

~10 -



Here, L, is the canonical logarithm in Fourier space, and g is the Euler-Mascheroni
constant. In Fourier space, the renormalization of the bare matching kernel in eq. (2.8)
becomes multiplicative in y,

T,y(y, 2 m) = /,n( ) Zhtne Zos Tt 00, (AT)
and the counterterm Z}é follows from the RG eq. (A.2) in y space,

In B;(y, z, 1) = 7i5(y, p) = ans(y,u, €)

dlnp T dlnp

= 20 gples ()] Ly + 7?9 [avs ()] - (A.8)

Solving eq. (A.8), we can predict the all-order pole structure of Z% as (see also ref. [122])

. as(1)  qoy A o do/ .
B _ % 7 7
In Zz (ya Ky 6) - _/0 5(0{, 6) |:4Fcusp(a) /as ) ,8(0/, 6) + 2Fcusp( )Ly + VB(O‘) ) (Ag)
where [(as,€) = —2eas + [(as) is the QCD beta function in d = 4 — 2e dimensions.
Expanding eq. (A.9) systematically in «, we obtain the result through three loops as

InZP(y, p, €) =

l
?20‘1‘2 2T L y""YBo)}

O

+
s

s 2 3 Bl 1 . 1 ) .
+ <Z7r> { Zﬁzgo [50(2F0 y+’>’Bo) Ii] +4€(2FZ1Ly+7331)}

3 21’\1 ) )
(5% 2%&%@y+m@ Seurt - SoiTi)

. . . . 9
6@%0%%+ﬁd+%ﬂﬂ%+ﬁﬁ—§q

1 . .
+ 5o (2T5Ly + %92)} +0(ad). (A.10)

Here, the 7, are the coefficients of the corresponding anomalous dimensions at O[(a/4m)"].
Explicit expressions for all anomalous dimensions in the convention of eq. (A.10) are
collected in ref. [33]. The required three-loop results for I'cysp and S were calculated
in refs. [123-125] and refs. [126, 127], respectively. The beam noncusp anomalous dimen-
sion were originally determined in refs. [43, 44], see also refs. [64, 65].

A.3 g renormalization and IR counterterms

The bare strong coupling constant is renormalised as

b (em) |1y (fo B O
ozs—oz5<4ﬂ_e'y> 1+47r< €)+<47T> <€2 2€>

as\* (B3 TBiBo Be
+(M><_é+(w &)+“ )

(A.11)
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The mass factorisation counter term can be expressed in terms of the splitting functions
P;; [124, 125] as

+6? 3e
+ O(a?). (A.12)

1
(Pi(,j) ® P + 2P‘,€) ® p,g;> 260 P, 251131.(]9)) + P}f’] .

Here, we suppress the argument z of the splitting functions on the right hand side and
keep the summation over repeated flavor indices implicit. The convolution in eq. (A.12) is

defined as
reo= [ Lie(2) (A13)

B High-energy limit of the beam function kernels

Here, we present the high-energy limit z — 0 of the beam function IZ»(JS) (2):

113 C?%n C4Crn
Gy — 4 A Cang  CaCpnyg
lim 2 gy (2) 12001“ln (2) +1n (Z)< 72 72 72 >

229\  17C3n Cpny 13\  Crnj
1n? s ( G 229 ANf f_rY f
() [CA< 1 a6) T s TN T s 27

143¢,  25¢ 1013 1207 17G,
In%(z) | C3 L. 2y [t — 2552
+n(z)[ A( 16 24 96>+ A”f(432 24

745 3G\ 2317
+Ca <0an <864 N 4) ~ 216

11 G 5CFn}
2 —_—  — J—
+Crny (48 6) 27
15143¢,  407¢s  1433¢, 43393
1 o/ - -
+1n(z) [ A( 132 36 48 2502

25 377 22 5033
T CEE FP )

9 81 216 3888

¢ 251 9 311 25
+Cany (18 o8 ) T {588 T 36
1031 ¢ 11027
2 p— _ S
+Cany ( 21627 18 T 1296 ”

+0(In° 2), (B.1)
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5C2Cr  CuCpny;  C2n
(3) — 4 AvE YAV ETS Ff
limy 2 gy (2) 120(’?‘(’%11“()4rln (z)< 36 36 T )
3 20 (S2 89 2 (5 G
+1In°(2) [CACF (12 72)+C'AC’F (24 5
97 C%nf Can
FOACEN 316 = "5 T a6

2 20 (103G 76 83 736 8¢ 151
10 (z) [CACF ( 6 219 ) O\ T e

5CFn? 2275 2 3
— f+CACan(—C2>+C%(—C2+<3+>

36 864 3 1 "
—l—C’%nf <3§; — ?’fﬂ
+1n(2) [Cf’w <—C2 + 37@ — 5+ ?2)
HOaCFny <_108<2 -8+ 1362149>
+C2n <_£:C2 B 3%3 N 274777567>
+C2 O <2(1%%CQ N 10§C3 B 92;44 B 3537767) - 2516(*)27@

+0(In° 2), (B.2)

263 322) In(z)

hsz()( ) = CA< 5 " 213

z—0

787 263 266675 1169
+C§< —337@ C3+ G > + Can f< G )

324 432 T 144 23328 27~ 23328
G TG (G 1103 6049  2G,
_52 e 58 2R i B.
+CaCr < 18 6 12 1ms) TP (T1ees 27 ) (B.3)

i B)(5) = Ii Gy — 1 B — (3)
lim z ;7 (2) = hH(l)ZI - (z)—ll_r}(l)zqu,( z) =lim 21 - (2)

z2—0

26 322 G2 TG (3 1103
- Gl (9 - 243) tn(2) + Cr <_108 6 12 1728

305 2 337 257 263 258211
Ca) CACF< ¢ Gs 263G >

C & _220
TeEny <1458 27 324> 144 T 144 23328
(B.4)

Here, the color factors C4 and C'r are only used for compactness of the result and should
be replaced with their expressions in terms of n.. Note that the expressions for the high
energy limit z — 0 up to O(2%Y), as well as that for the threshold limit z — 1 up to
O((1 — 2)?), can be found in electronic form in the supplementary material.
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