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ABSTRACT: We study a host of spacetimes where the Weyl curvature may be expressed
algebraically in terms of an Abelian field strength. These include Type D spacetimes
in four and higher dimensions which obey a simple quadratic relation between the field
strength and the Weyl tensor, following the Weyl spinor double copy relation. However,
we diverge from the usual double copy paradigm by taking the gauge fields to be in the
curved spacetime as opposed to an auxiliary flat space.

We show how for Gibbons-Hawking spacetimes with more than two centres a gen-
eralisation of the Weyl doubling formula is needed by including a derivative-dependent
expression which is linear in the Abelian field strength. We also find a type of twisted
doubling formula in a case of a manifold with Spin(7) holonomy in eight dimensions.

For Einstein Maxwell theories where there is an independent gauge field defined on
spacetime, we investigate how the gauge fields determine the Weyl spacetime curvature via
a doubling formula. We first show that this occurs for the Reissner-Nordstrom metric in
any dimension, and that this generalises to the electrically-charged Born-Infeld solutions.
Finally, we consider brane systems in supergravity, showing that a similar doubling formula
applies. This Weyl formula is based on the field strength of the p-form potential that
minimally couples to the brane and the brane world volume Killing vectors.
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1 Introduction

The “double copy” and its inverse the “single copy” have received considerable attention in
the past few years, as they provide an intriguing link between gauge theories and gravity.
The double copy refers to moving from gauge theory to gravity while the single copy is the
inverse map (there is also a “zeroth copy” to a scalar theory). This relationship, as a map
between perturbative scattering amplitudes in gauge theory and gravity, was first studied
in [1-3]. A tree-level proof has been given [3-11], where it has a stringy origin [12], and
support for its existence at loop level found in [2, 13-43].

Subsequently the double/single copy was applied to some exact classical solutions. The
Schwarzschild solution was shown to single copy to an electric charge [44], the Taub-NUT



solution to a magnetic monopole [45] and the Eguchi-Hanson solution mapped to a self-
dual gauge field [46], for example. More general topologically non-trivial solutions have
been double copied in the work of [47]. Other work examining symmetries of the linearised
double copy is [48-56]. More recent work has developed a wide variety of analysis applied
to the double copy [57]-[93].

In [60] four-dimensional type D spacetimes were investigated, using a double copy
formula for the Weyl curvature spinor in terms of a Maxwell spinor. Duality symmetries of
gauge theories and their relationship to solution-generating maps in gravity have also been
studied recently from the point of view of the double copy [75, 77]. The earlier work of [94]
had used a self-dual Maxwell field, defined in terms of a Killing vector on the spacetime,
in order to study how the Weyl tensor transformed under si(2, R), and noted in particular
that if the Weyl tensor was given by a suitable function quadratic in the Maxwell field, then
the sl(2, R)-transformed metric also had a Weyl tensor satisfying this property. In [77] we,
with Peinador Veiga, studied various metrics for which this is the case, showing how they
transform under duality. This work, and that of [60], suggested that it would be interest
to study cases where the Weyl tensor is given in terms of an Abelian gauge field, by what
we will call “Weyl doubling”.

In this paper we would thus like to explore classes of gravity and gravity-gauge field
systems where the Weyl curvature of a spacetime is given as a quadratic function of an
Abelian field strength which is also defined on the spacetime. Crucially we differ from the
normal double copy scheme as our gauge field will be taken to be in the curved space time
rather than some auxiliary flat background. We will investigate two such classes — the
first where the gauge field is defined using intrinsic geometric properties of the spacetime,
and the second where it is an additional field in the theory.

This paper is organised as follows. In section 2 we introduce the definition of purely
algebraic Weyl doubling. We then show that the spacetimes obeying Weyl doubling satisfy
the conditions for type D in four and higher dimensions. The independent scalar curvature
invariants are then functions of the invariants constructed from the field strength, and the
Weyl-NP scalars are in turn functions of the Maxwell-NP scalars. We give a number of
examples.

In section 3 we then study gravitational instantons where the curvature satisfies a
self-duality condition. For the Gibbons-Hawking metrics, the anti-self-dual two form field
strength derived from the Killing vector is expanded in the triplet of anti-self-dual two
forms and we show that these coefficients determine the Weyl tensor of the metric via two
terms — the first being a direct tensor doubling formula as in section 2, and the second
involving derivatives of the Abelian field strength. Based on this we give a derivative
correction to the Weyl doubling formula. In higher dimensions, we find a manifold with
Spin(7) holonomy that obeys a doubling construction using a type of twisted Maxwell field.

We next consider examples where there is an independent gauge field defined on the
spacetime and investigate if the gauge fields in these gravity-gauge systems obey a doubling
formula for the Weyl tensor. In section 4 we first give an example for the case of the
Reissner-Nordstrom metric in any dimension, showing that the Weyl tensor is given by a
doubling formula based on the external electromagnetic field strength. This formula applies



to both the extremal and the non-extremal Reissner-Nordstrom solutions. We show that
this generalises to the charged Born-Infeld solution in any dimension. In section 5 we then
consider brane systems in supergravity. Here we show that the components of the Weyl
tensor are given by a simple doubling formula based on the field strength of the p-form
that minimally couples to the brane world volume and the brane Killing vectors. We finish
with a discussion of the results and future work in section 6.

2  Weyl doubling

2.1 Spacetime classification

The central object of study will be the “doubling” formula, where a tensor, C[F] with
the algebraic symmetries of the Weyl tensor in D dimensions can be constructed from an
n-form F' = dA (with the gauge field A an n — 1 form) as follows:
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where a dot product means to contract all non-visible indices between the two terms, for
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example for an n-form, Fy,, - F,o = Fj,... ,\nFm/\3"')‘". The symbol “|s” above applies to
the expression on the right-hand side of the equation, and it means to anti-symmetrise in
the indices p, v and in p, o, with unit weight.

We wish to study cases where the spacetime Weyl tensor C,,,,x[g] is proportional to

this expression
1
Cuvpr l9] = P Cuvpr [F] (2.2)
for some function o. In a later example we will exhibit a derivative corrected expression
where the right-hand side of (2.2) contains further terms determined by derivatives of F.
The field strength F' is closed and required to be divergence-free. (Note that the field is
defined on the spacetime with metric g, thus the divergence equation is non-trivial.)

Let us first consider the case n = 2 where we have a normal Abelian two form field
strength. (The cases with n > 2 will be relevant when we discuss supergravity brane
solutions.) One can identify two cases where the divergence equation follows automatically.
The first is where

Fu, =20, K, (2.3)

for a Killing vector K,,, and the second is where there is a self-duality condition
F,uzz = gbuV'DUchr (24)

for some covariantly constant four form ¢ on the manifold. (The Killing vector-defined
field strength may also satisfy a self-duality condition of course, or have this imposed.) We
will study examples of both situations below.

In the first case, where we construct F' from the Killing vector K, we note that K*F),,
is closed. This follows from application of Cartan’s formula for the Lie derivative:

LrF =igdF + digF (2.5)



which means for closed F' and K Killing then dix F' = 0. Locally we can solve this condition
to write K#F),,, an exact form so that

K"F,, = 0,0. (2.6)
A solution to this (up to the addition of an arbitrary constant) is
o=K'K,. (2.7)

In four dimensions, an analysis of the action of duality transformations [77, 94] shows
that this is the same o as in equation (2.2). See also [95, 96] where this was seen earlier
using the spinor formalism in Type D spacetimes and more recently [97, 98] for related
work in higher dimensions.

The formula (2.2) naturally implies some conditions on the spacetime. Write the

eigenvector equation for F' as
F."ky, = M\iky (2.8)

for eigenvector k, and eigenvalue A;. Note that the eigenvectors are necessarily null.
Since F' is antisymmetric, its eigenvalues form into pairs with opposite signs (and one zero
eigenvalue if D is odd). Then (2.2) implies that

Crvpok’ k7 = Mk, (2.9)

with
A e 1§(D —o (P~ DD~ DN + Fop P (2.10)

This implies that the eigenvector k,, is a principal null direction of the Weyl tensor. Equa-

tion (2.2) also implies that
ki C

yvlpokxk” = 0. (2.11)
and similarly for a second eigenvector [, with a different eigenvalue. Thus generically there
are two principal null directions satisfying (2.11) which implies that the spacetime satisfies
the conditions for falling within the type D class in the appropriate higher-dimensional
classification [99] (see also the overview [100]). A special case occurs when the eigenvectors
are not independent and so there is only one principal null direction. This occurs when F
obeys a self-duality relation in which case the two eigenvectors are identical. The spacetime

is then said to fall into the type II class.

2.2 Invariants

Equation (2.2) implies that scalar invariants constructed from the Weyl tensor (and its
dual where there is a suitable four-form on the manifold) are functions of the traces

(F™) = FM  F2, . Fin, (2.12)

We will use a similar notation for traces of products of Weyl tensors (or their duals), for
example

(C3) = CH ) CPT (5 CP . (2.13)



In the four-dimensional case, then,

)= (22—,

g

(cC) = % ((F(FF) + 2F°F7))

(@)= (- G+ 2 - S (2.14)
(@) = 5 (FEE) - EEF) + (= SR 4260 ) (FF) + 5 () )

and so on. We define Fj, = %EWPUFW, and (FS)*W = %eWWFpaFaBFﬂ" in the above.
For four-dimensional vacuum spacetimes, the invariants (2.14) form an independent basis
(under algebraic relationships) for the set of scalar invariants [101]. In addition, traces of
higher powers of I’ are related to those of lower powers by the recursion relation

() = S(FP2)(F?) — ((F)? = 2(F") ) (P2 (215)

Using this, one can express any (F™) in terms of (F?) and (F?), and hence all scalar
curvature invariants in the vacuum case are functions of these two traces. There are
analogous results in D > 4.

If one block-diagonalises F' as

0z 00
|20 00 (2.16)
000y

0 0-y0

then (F?) = —2(22 + y?) and (F*) = 2(2* + y*) and the invariants are functions of these
combinations. If 2 and y are proportional then (F?) is the only independent function.

Similar arguments to those above apply to express the Weyl-NP scalars in terms of
the independent Maxwell-NP scalars, depending on the dimension. We now give some
examples to illustrate the above.

2.2.1 Taub-NUT
The Taub-NUT metric can be written in the form [102]

ds®> = —f(r)(dt — 2ncos0de)* + f(r)"dr? + (r* + n?)dQ3 (2.17)

with
r2 — 2mr —n?

f(r>: 2+ n2

From the Killing vector K* = (1,0,0,0) define the Maxwell field F,, = 20|, K,]. Then we
have the Weyl doubling formula [77]

(2.18)

i !

nvpm = 0'7"’_ CuupW[F+] ) (219)



with ot = —mtin —. ™+ The eigenvalues of F'T are 7 (1,1, ~1, —1) with corresponding
+

r+in T4
eigenvectors
mi = L (- 2ncos6,0,-i,0) z“—i(xloo)
sin 04/2(r2 + n? ) VAT
1 1
k= (—anose,O,i,O), n“:—<—x,1,0,0), 2.20
sin 0/2(r? + n? v ( )
with A = (r2 4+ n?)/(n? + 2mr — r?). These form a null tetrad, with [,n* = —1, m,m* = 1

and the remaining inner products zero.

As FT has repeated eigenvalues, the only independent trace is

2
(FHEH) = 4 % (2.21)
+
leading to
2
(CHet) = 24% . (2.22)
+

All other scalar invariants are functions of this expression and its conjugate.

The formula (2.19) implies corresponding relationships amongst the NP scalars. In
this case, for example, the Maxwell-NP scalars are ¢g = F /j;l“m” =0,¢0=F /j;m”n” =0
and

1 B m
¢1 = 5ij(z#n” + mim") = T—{ (2.23)

Correspondingly, the only non-vanishing Weyl-NP scalar is

Uy = Oyl m"mfn™ = ——35 = 7. (2.24)

This simple form of the Weyl doubling formula can also be seen directly from the spinor
formulation (cf. [60]).

2.2.2 Plebanski-Demianski

The general vacuum type D solution with vanishing cosmological constant [103], as given
in [60], is

1

ds?= —— 2.25
(1—pgq)? (2.25)
: P(p) Q(q)
2i(du+ q*dv)dp — 2(du — p*dv)d du+q*dv)? — du—p*dv)?| ,
x | 2i(du+q dv)dp —2(du—p v)q+p2+q2(u+q v) p2+q2(u pdv)
with
P(p) = ~(1 —p*) +2np — ep® + 2mp®
Q(q) =v(1 — ¢*) — 2mq + e¢® — 2ng*, (2.26)



where the parameters m, n,~, ¢ are related to the mass, NUT charge, angular momentum
and acceleration (cf. [104]). The self-dual part of the Maxwell two form is given by

F”':—gz:jﬁl<idu+—ZM)d n —du+—2m)d>, 9.97
2 1 iq)? (du + q”dv)dp + ( p-dv)dq (2.27)
with the anti-self dual part given by the complex conjugate. One has the Weyl doubling
formula 1

C;Vpﬂ' = O'T C,u,l/mr [F+] ) (228)

with ot = (m — in)(1 — pg)*/(4i(p + iq). Then

oy (i) —pg?\* [ m i) pg)?)
= () e=(trE) e

These are not independent as the eigenvalues of F't are repeated — they are +(m —in)(1—

pq)?/2(p + iq)? twice, and hence

24(m —in)%(1 — pq)®
(p +iq)"

(Ctot) =~ (2.30)
is the only independent curvature invariant involving C*. Invariants involving C' and C*
can be written in terms of this and its conjugate.

2.2.3 Eguchi-Hanson

The Eguchi-Hanson metric is a vacuum solution with self-dual Weyl curvature. It is given
by

%2:2MMv—m&ﬂY+wﬂvj}yﬁﬁdu—Xde, (2.31)

with coordinates (u, v, X,Y") and constant A. The single-copy (self-dual) Maxwell tensor is

2
fu:Ow_f;yp(mv+xyj@uAdv—dXAde—mmuuA¢X+2m&nAdy).@3m
This is the single copy tensor discussed in [60], rather than the “mixed” version of [46].
With the Killing vector K* = (u, —v, —X,Y’) this is given by F),, = (26[HK1,])+. The Weyl

curvature is then given by
1

C;wpa = O‘T C;wpo‘[F} ’ (233)
with 0% = — Ay and F the Maxwell field (2.32).
As in the case above, the eigenvalues of F' are repeated — here they are +m /(uv—XY)?
twice. Thus the only independent trace of F™ is

4N?
2y
(F)—(W_Xm4 (2.34)
and hence the only independent curvature invariant is
24\?
2y
() = o=y (2.:35)



2.2.4 Singly rotating Myers-Perry

As an example in D > 4, consider the singly-rotating Myers-Perry metric in the form [105]

2 W) . :
ds® = ) (dt + RV (1 + y)d)
I o fY) - o (da? (@) o
M [ I )(g(y)dw +g(y)dy ) + f(y) <g(m) +f(x)dqb )] . (2.36)
with
fO=1-¢ g(©)=0-H(1-ve). (2.37)

From the Killing vector K* = /0t form the Maxwell field strength F,,, = 20;,K,). Then
one can check that the Weyl tensor is given by the doubling formula

1
C,prﬂ' = ; C,uz/mr[F] y (238)

with 0 = (y — 1)/(z — y). This satisfies (2.6). One can ask how K, might be related
to the standard single-copy gauge potential that arises from the Kerr-Schild form of the
metric. In the notation of [97], section (E.3), the single-copy potential for the Myers-Perry
metrics is Hl,, and it differs from the contravariant vector K, obtained from the Killing
vector 0/07 by a gauge transformation with parameter 7. Thus the two potentials give the
same single-copy Maxwell tensor in Kerr-Schild coordinates. When one transforms to the
coordinates used in (2.36) above, one obtains that metric, but with the function g(¢£) having
no term linear in &, i.e., with g(¢) = 1 — €2 + v¢€3 [106]. The coefficient of the linear term
is purely kinematical [103] and does not affect the vanishing of the Ricci tensor. However,
it does appear in the Weyl tensor, and its presence thus affects whether there is a Weyl
doubling formula or not. For the function g[¢) = 1 — Avé — &2 4+ v€3 it can be checked that
only for A =1 is there a Weyl doubling formula, which is (2.38).
From (2.1) with D = 5, the (C?) and (C?) invariants are given by the formulae

)= (T =),

(@)= (- )+ S - ). (2.39)

The recursion relation (2.15) also applies in five dimensions so that the only independent
traces are again (F?) and (F*). Here they are

2(—1+ L2(1 4 2z))(x — y)?

(F?) = 11 g)? : (2.40)
7 2(1 — 2L%x + L1 + 22 + 222)) (z — y)°
= RA(=1+y)° '

The Maxwell field strength here has four distinct eigenvalues — two different pairs with
opposite signs, and one zero.



Turning to the Weyl-NP scalars, the classification of spacetimes in general dimensions
via properties of the Weyl tensor has been discussed by Coley, Milson, Pravda and Prav-
dova (CMPP) in [107, 108] (see also [109, 110]). More recently, the relationship between
these classifications has been discussed and compared to a spinor-based analysis in [111],
who show that in five dimensions the CMPP and spinor approaches are equivalent. The
classification of Maxwell fields is also described there.

We first define a null pentad of five vectors n*, I, m!, (i = 1,2, 3), with

n”l# = —1, mfmju == 5ij (2.41)

and all other inner products zero. A convenient set is defined in the appendix A. Now
expand a five-dimensional Maxwell field as

FMV = Foln[HlV] + Fom[umy}i + Flil[umy]i + Ejmi[umu]j . (2.42)

There is an analogous expansion for the Weyl tensor. In this type D case the terms with
non-zero weights vanish using our pentad choice and we have [107, 108]

C/Wpﬂ- = 400101n{ul,,npl7r} + C’oujn{ul,,mimfr} + 8COi1jn{Hmf,lpmfr} + Cijkln{umf/lpmir} ,
(2.43)
with the notation 77, r = %(T[W} (o] + Tiprju)) for a tensor Ty pr.

The Weyl doubling relationship (2.2) implies that the Weyl coefficients, such as those
in (2.43), are given in terms of the analogous Maxwell coefficients, which are given in
five dimensions by (2.42). We also saw a simple four-dimensional example of this for the
Taub-NUT metric in subsection 2.2.1 above. In five dimensions we find, for example,

1

1/3 1. - .
COlOl = ; (16F021 — gFOiFli — 8FZ]F'L]> . (244)

For the Myers-Perry metric (2.36) we find the non-zero Maxwell-NP scalars

L w-y) [Cly -y
Fm‘2Rv1+wv/ ity

Lz —y) [(1+x)(x—y)
R(1—y) (1-y)
(2.45)

I3 =I5 =

and the non-zero independent Weyl-NP scalars

Lz —y)*(Q +2)(~1+ L*x)
RY(1 —y)* '

, Co131 = —Co113 = —

(g = 3P0+ 42) (o=

AR (1 —y)

(2.46)
(The Cjjk; are not independent quantities in five dimensions (cf. also [111] eq. (5.30)). One
can then check that for the Myers-Perry metric (2.44) is satisfied using (2.45) and (2.46)
and the vanishing of F()i and FM.

3 The Gibbons-Hawking metrics

We will now consider the extension of the Eguchi-Hanson case where there is a self-duality
condition on the fields. Here we will find a generalisation of the Weyl doubling formula (2.2),



where the additional terms are also given in terms of the derivative field strength F. The
Gibbons-Hawking metric is given by
1

d2
STV

(dm4 + Aidxi)2 + Vdz'dz; (3.1)

where the fields V, A® are functions of the spatial coordinates z*,7 = 1, 2,3, and are related
by
VV =V xA. (3.2)

This equation implies V' is harmonic. It may thus be solved by a superposition of harmonic
functions with arbitrary centres. The two centre solution can be shown to be equivalent
to the Eguchi-Hanson solution, after a coordinate transformation. From the Killing vector
K" =(0,0,0,1) we can form the anti-self-dual field strength

F,, =20,K,, 3.3
J [t v]

satisfying F};, = TeuwpeFP° = —F,, with o = 1/V via (2.6). We find in this case that
a simple Weyl doubling formula of the form of equation (2.2) does not hold. To explore
this further, note that as the Weyl curvature is anti-self-dual, it has only five independent
components, which may be taken to be the components of the symmetric traceless matrix
3 x 3 matrix Cjsj4. One can express this using the following three anti-self-dual two forms.
First note that the vierbein one-forms are given by

et = \/1? (dac4 + Aidat) (3.4)
el =VVidz'.
Then the two forms are given by
»i=etel 4 %eijkejek. (3.5)
We now solve the following equation for Qi
dxl 4+ €RQUsF = 0. (3.6)
This implies that O is given by the anti-self-dual part of the spin connection, w*, and thus

Ny 1
Qf = W — §eljkw3k . (3.7)

The curvature can then be constructed directly from the curvature of Qf and is given by
A N L iikaiak _ A
C' = d) —|—§ej WO =CvY (3.8)

where we have introduced % encoding the Weyl tensor. We now use Cartan’s first struc-
ture equation to calculate the connection one forms for the vierbeins as follows

Wi =y =32 (—;BiVeA‘ + G[iAj]ej> , Wil =y 3/2 (;ZﬁVei - 8[iAj]e4> . (39

~10 -



Then, expanding both the Maxwell field strength and the curvature in terms of the two
forms X! we find the following doubling formula
F =X, (3.10)
éi = (VOéiOéj — @-aj)T Zj s

where the superscript T means to take the traceless part of the expression within the

brackets and .

In terms of the Weyl tensor we have the relation (f'ij = —2Cj4;4, with the other components

of the Weyl tensor related to these by the anti-self-duality condition. Equation (3.10)
may be viewed a generalised form of Weyl doubling, where the quadratic, algebraic terms
involving the gauge field are supplemented by terms depending on the derivatives of the
gauge field. Thus we see that the general class of gravitational instantons in four dimensions
satisfies a generalised Weyl doubling formula.

An explicitly covariant version of this formula can be found as follows. There is the
identity

C@ma::—2V(K¢K“CLMM—%B}K“C§MW——QQWC;WUK*K“)Mﬂ@d (3.12)
where the notation [uv|[po| means to antisymmetrise the expression within the preceding
brackets in u,v and separately in p,o. The above relation follows from the fact that
C* = —C and K? = —0 = % To see this, define the three expressions on the right-
hand side of (3.12), including the antisymmetrisations, as Cf, + Cr + Cy4. Then, taking
the (left) dual of each by contracting with $e®’*, one finds that (Cp, + Cr + Cy)* =
(=C=CL)+ (Cr) +(CL = Cg) =-C=C".

Equation (3.12) is equivalent to

T
(%M:WMNM%+MNM%), (3.13)

where the notation (...)7 means to subtract all traces. This can be re-expressed as the

doubling formula

Chwg:&%hwwwﬂ+Vf?VAK%Ewy—VMK;Ewy—VAK}EW)—K@Vﬁ%ﬁiﬂ“m
(3.14)
where the notation (...)T means to subtract all traces.

As the two-centred solution for the Gibbons-Hawking (GH) metric (3.1) is equivalent
to the Eguchi-Hanson (EH) metric (2.31) via a coordinate transformation one may wonder
why there is a simple doubling formula for the EH metric described earlier, but not for the
more general multi-centred GH metrics. This special case can be understood by noting that
for spherical polar coordinates the map from the EH metric to the two-centred GH metric
(see [112] for example) interchanges the periodic “time” coordinate and the azimuthal
angle ¢. Mapping to the two-centred GH case, the Killing vector which gives a simple

- 11 -



Weyl doubling formula via the anti-self-dual part of the Maxwell field 29),K,) is then
K* = 8%‘ If one constructs the Maxwell field via the Killing vector K* = % then one
obtains the formulee in the analysis above for this particular potential. In the generic multi-
centre case there is only the latter Killing vector, leading to the above analysis. (In the
multi-centre case where the centres are all at different sites along the z-axis, the additional
Killing vector is present of course — here we find evidence from a numerical analysis that

the simpler Weyl doubling formula continues to hold.)

4 An eight-dimensional example with Spin(7) holonomy

The discussion above used features of the Gibbons-Hawking metrics which arise from
the underlying self duality relation (3.2) which expresses the anti-self-duality of the field
strength of the four vector gauge field (V, A*). In higher dimensions, manifolds of special
holonomy are examples where there are more novel duality conditions satisfied by the cur-
vature, and two forms on the manifold can similarly be restricted to have duality properties
determined by the canonical four-form defined by the special holonomy group (a pioneering
paper on this is [113]; see [114] for a review relevant to string theory). However, in general
the formula (2.1) does not preserve duality properties. This means that if a two-form F
transforms in a certain representation of the holonomy group then this does not imply that
C[F] will as well (in each pair of indices). Furthermore, projecting C[F] onto appropriate
representations does not in general preserve the algebraic symmetries needed to relate it
to a Weyl tensor. While these conditions may appear quite restrictive, we have found an
example of an eight-dimensional manifold with Spin(7) holonomy for which Weyl doubling
does work. We will use the conventions of [115] in what follows.
Begin with the metric [116]

d52 = V_3/2 (dl‘s + Ald$l)2 + Vl/2d$ldl’l 3 (41)

where here the indices i, 7,... run from 1 to 7, and a,b,... and u,v,... run from 1 to 8.
The fields (4;,V) are functions of the spatial coordinates % only. The spin(7) four-form
Papeq has the following non-zero orthonormal frame components

[1256] = [1278] = [3456] = [3478] = [1357] = [2468] = [1234] = [5678] =1, (4.2)
[1368] = [2457] = [1458] = [1467] = [2358] = [2367] = —1,

where [abed] means @upeq. The four-form satisfies ¢? = 4¢ + 12 and the projectors of a two
form onto the “self-dual” 7 and “anti self-dual” 21 representations of Spin(7) are given by

Pr = % (1 + ;gf)) ; Py = Z (1 - ééf?) : (4.3)
Define the acht-beins
e = (e, e®),
el = V1A gyt ,
e® = V3 (da® + Aydat) . (4.4)
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Then the four form 1
o= ﬂ(ﬁabcdeaebeced (4.5)
is closed provided that the fields (A;, V') satisfy the constraints (Fj; := 0;4; — 0;A; and
Vi=0;V)
Vii®jkim) — 2FijPrimis = 0. (4.6)
These 21 equations can be solved in terms of 7 independent quantities. For example, choos-

ing the independent variables to be (Fs7, Fus, Fag, Fa7, F56, F57, Fg7) the other expressions
are given by

Fi9 = Fx6, Fi3 = Fs7, F14 = —For, Fis = —F37, Fig = Fyr, Fip = —Fag, Foz = —Fer,
Foy = —Fyy, Fos = Fyy, Fog = F37, Foy = —Fys, Fyy = Frg, F35 = —Fug, Fys = Fus,  (4.7)
Vi=—2Fy5, Vo = 2Fy6, V3 = 2Fy7, Vg = —2F37, Vs = 2Fg7, Vg = —2F57, V7 = 2F56.

It can be checked that ¢ is also covariantly constant when these conditions are met. In
fact, taking various linear combinations of the constraints (4.6) one finds that 9;0;V = 0
for all 4, j so that V is linear in the coordinates 2’ and the correction term is trivial. This
also means that all the electric V; and magnetic F;; components of the gravitational field
are constants. Now consider the construction of the Maxwell field. From the Killing vector
K# = §"8 we can again form the gauge field strength

Foy = 20,K,) . (4.8)

This field is anti self-dual i.e. in the 21 representation, as P;F = 0. Define the anti self-dual
two forms
Y9 = Pyet Aeb. (4.9)

These satisfy the orthonormality conditions

S capy = AP) "oy DS abpe = (P, (4.10)
We can expand the gauge field two form in the basis of these as
1
Fuy = 50 = (4.11)
with g, = 21X, F,,, which can be written as
1 3
Qij = =5 PsiikVe, s = —ora Vi (4.12)

The metric is Ricci-flat and it can be checked that the Weyl tensor C),,,, satisfies
(P7rC)ywpe = 0, with Pr acting either on the first or second pair of indices of the Weyl
tensor. The tangent space components of the Weyl tensor can be expressed purely in
terms of the constants V;. Let us then consider if these can be given as a doubling formula
based on a two form such as (4.11) above. We will generalise this expression slightly and
consider the “twisted” two form with components

3a

Vi (4.13)

b
Qij = =53 PsigkVe,  Cis =
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for some constants a, b. This two form will be anti self-dual if @ = b. The natural expression
to consider for a doubling formula is one based on (2.1) in eight dimensions, Cypeq[er] with o
given by (4.13). In four dimensions the formula (2.1) preserves duality - if F},, is self-dual or
anti self-dual then C,,, 0 [F] is also (in both pairs of indices). But this is not true in higher
dimensions and in this eight-dimensional case, in order to seek to match the Weyl tensor
this expression must be projected onto the 21 on the left and right pairs of indices. Upon
doing this we find that it is not possible to both preserve the duality conditions and the
symmetry and trace properties of a Weyl-type tensor unless a and b satisfy the condition
23a% — 42ab + 27b* = 0. We will write a solution of this as a = vb with v a particular
complex number. In this case we find that there is a doubling formula for the Weyl tensor

Cabed = A ngcd[a] ) (4.14)

where the superscript 21 on C indicates that both pairs of indices are to be projected
into the 21 representation. The proportionality constant is A = —23V3/2/(32b%(y + 1)).
The field « here is not anti self-dual as we have noted, but it can be checked that its anti
self-dual part is proportional to the Maxwell tensor (4.11), and that the corresponding
field strength F),, satisfies the Maxwell field equations.

5 Reissner-Nordstrom and Born-Infeld

In the sections above, we studied examples where the gauge field arises from intrinsic prop-
erties of the spacetime. We now turn to study situations where there is an independent
gauge field defined on the spacetime, in order to see if there is a doubling relationship
whereby the gauge fields in the gravity-gauge system give formuls for the full spacetime
curvature — determining the Ricci tensor via the Einstein equations as usual but in ad-
dition fixing the Weyl tensor via a doubling formula. We will call this “self-doubling” for
simplicity.

5.1 Reissner-Nordstrom
As a first case, consider the Reissner-Nordstrom theory in D dimensions, with metric

ds? = —f(r)dt* + f(r)dr® +r?dQ3,_,, (5.1)
with

2M Q?
flr) =1~ ;D=3 T (b3

(5.2)

dQ% _, the metric on the (D — 2)-dimensional sphere, and M and @) the mass and charge
respectively.

This theory is self-doubling in the sense that the gauge field already present in the
theory provides the basis for the doubling. This can be seen as follows — the gauge field

Q

rD—-3

one form is

A= dt, (5.3)
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satisfying the field equations (Fy, = 29,4,

VFE,, =0,
R, — %gWR = %Tw, (5.4)
with the usual stress tensor
Ty = Fy- Fy = 30w F - F. (5.5)
We find the Weyl doubling formula
Crvpe = A1) Crupo | F) (5.6)

where on the right-hand side of this equation Cy, s [F] is given by the formula (2.1) and
the coefficient is

_ ’I“D_3
A(r) = 32((5_32))2 ((2D —5)— (D - 1)]‘%2) . (5.7)

This result has been checked up to D = 10 but there are no reasons why this would not
hold for all dimensions given the structure of the metric. Notice that one can take the
extremal limit Q — M directly in the equations above.

5.2 Born-Infeld

The discussion above may be generalised to the Born-Infeld theory in any dimension. The
Lagrangian is

L= JgR+ %(x/ﬁ—\/]det (g + AF))) (5.8)

with F},, the Maxwell field and A a constant. The solution with electric charge () in four
dimension is given by (e.g. [117])

2 2 -1
ds? = — (1 - mg(r)>dt2 + (1 - mé”) dr? + r(dr? + d03) |
r r
Q

with the other components of F' vanishing. The function m(r) is fixed by the metric

Py =—-Fy = (5.9)

equation of motion, and satisfies

() = g (VIR ). (510)

the solution of which is given by equation (5.15) below with D = 4. We also define the

tensor
2 0L

VG 0F,

G =

(5.11)
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which satisfies the (non-linear in F') field equations V*G,, = 0. For the solution F
in (5.9) this is given simply by Gy = —Gpy = 7% with other components vanishing. It is
straightforward to confirm that the Weyl tensor satisfies the equation

Crvpe = M (r)Crupo |Gl (5.12)
with op
Ay(r) = “302 (Gm(r) — 4rm/(r) + r2m”(r)> . (5.13)

This discussion is easily generalised to D dimensions. The metric is as in (5.9) with
dQ3 — dQ3, , with the function m(r) satisfying

1

= 5 (Vo2 + 2@z - 072). (5.14)

m/(r)

This is solved by

rD-1 r\//\QQQ + r2(D-2)

2 2 _
A m(r) = A m—{—D_l D1 (5.15)
NQ%(D —2) 1 D-3 1+ D-3 _)\2Q2
(D—1)(D—3)rD=3 *12'2(D—2)"" " 2(D—-2)" D2
for constant m. Note that m(r) — m in the limit » — 0.
One has the result
Cuvpo = A("")Cw/pa [G] (5.16)
with
2,’AD73
A =51 ((D=1)(D = 2m(r) = 2D = 2)rmd'(r) + r*m" (r)) (5.17)
and the field G in D dimensions given by
Gy = -Gy = 7“5%’ (5.18)

with other components vanishing. Notice that G, is a function of the Maxwell field F),,
via the relation (5.11). The result (5.16) leads to curvature singularities as r — 0 which
are not present in the field F,,

This Born-Infeld solution reduces to the Reissner-Nordstrom model in the section above
in the limit as A — 0, using the expansion

det (8", + AF¥,) =1 — %)\Q(FQ) - iv <(F4) - ;(F2)2> +o(\%), (5.19)

where the brackets in (F2), (F*) indicate matrix traces of powers of F'*,,. It can be checked
that the coefficient in (5.17) reduces in this limit to that in (5.7).
The formula (5.16) enables one to easily find invariants, for example

4(D - 3)

OMVPUO/,LUPU — (D — 1) 7,,2(D—1

(D= DD 2)m(r) ~2D 2 () +2°m" (1)) (5.20)
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Note that this diverges as 1/ r2(P=1) a5 1 — 0, although the non-zero Maxwell field strength
component Fy, = Q/+/m?P~% 4+ X2Q? does not. The divergence comes from the traces of
the field G, which appear when squaring (5.16). (A discussion of the four dimensional
Born-Infeld theory appeared recently [118] and the D = 4 version of (5.20) appeared there,
although their equivalent of m(r) satisfies a different equation.)

6 Brane solutions

It is natural to conjecture that BPS brane solutions in supergravity (we will follow the
conventions of [119] in this section) might satisfy Weyl doubling. The (p + 1)-forms that
minimally couple to the p-brane provide a potential from which one can construct a (p+2)-
form field strength. This field strength can then be used in the formula for the Weyl
curvature, as well as determining the Ricci curvature via the field equations and stress
tensor. We consider here the cases of p-branes where the scalar fields play no role.

6.1 String in five dimensions

A simple example is the string in five dimensions. The metric and two-form are given by
ds* = H™'(r)( — da? + da3) + H?(r)(dr® + r*(d6* + sin®0d¢?)) ,
B, = \/gew,H_l(r) , (6.1)

with H(r) =1+ k/r and indices p, v = 1,2. The three-form field strength F' = dB, obeys
VMEynp = 0 and the metric field equation

1 1
GMN:4<FM'FN_69MNF‘F>- (6.2)

For the p-forms F' discussed in the subsections below the equivalent equation is
Gun = ——(Fyr - Fy — L gunF-F (6.3)
MN = 2(p—1)! M N 2ngN . .

We will now define the two-forms (F),) yp = (KH)MFMNP (1 =1,2) where the Killing
vectors K, correspond to translations in the x# directions in the string world sheet. Note
that K = H!(r) = —K3. We then find that the following Weyl doubling formula may
be constructed from the three-form field strength F' and the two-form field strengths F),

Cunpg = —WC’MNPQ [F] — ﬂ;;(:) ( — CunpolFi] + C’MNPQ[F2]) , (6.4)

This can also be written as
Cun"@ = ~ S Oun IR+ 51 () Ta ™2, (6.5)
where ¥ (r) = 7«3%. We note that ¥ (r) is proportional to the inverse of the volume of the

transverse sphere. In this coordinate system all of the non-zero components of the Weyl
tensor take the form (up to sign) Cyyn™™. The only non-zero components of CprnT?[F]
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and the tensor Th;nT? are similarly when (P,Q) = (M, N) (or (N,M)). In this case
the ThnT€ are given by (0,1,—-1/2,-1,2) for (MN) = (12, u3, um, 3m, 45) respectively
(m = 4,5), and components related to these by the antisymmetry in M, N. Notice thus
that the tensor T vanishes when all its components are along the world-volume, and so
from (6.5) we see that on the world-volume there is a simple Weyl doubling formula, and
this is corrected off the world volume by a tensor that takes a simple form.

In [120] the Kerr-Schild formulation was investigated in the case where there is both a
metric and a Kalb-Ramond field, using doubled geometry. It was found that this involved
two null vectors with the metric and B field involving the symmetric and anti-symmetric
product of these vectors. It is natural then to expect that a single copy in this case
should involve two Maxwell gauge fields A and A. For the five-dimensional case under
consideration here, one can see that the B field in (6.1) is given by

Bun =2V3HAp Ay, (6.6)
with

AM = <H717070707O)7
Ay = (0,H71,0,0,0). (6.7)

This generates a formula for Fy;np in terms of Ay and Apy.

One avenue suggested by this work is to develop a Weyl doubling formula for DFT.
Along these lines, one may view an expression of the formula (6.5) as a Weyl “doubling” in
terms of the two Maxwell fields in the formalism of [120]. Inserting (6.6) into (6.5) would
then give an expression for the Weyl tensor in terms of an expression quartic in fields and
two derivatives. (Note that the expression (6.6) is in the usual double copy where the
vector fields in that formalism live in flat space.)

6.2 M2 brane

For the M2 brane in eleven dimensions, the metric and non-zero three-form potential
components are given by

ds* = H23(r)(—da? + da + da3) + HY3(r)(dr? + r2d02), (6.8)

Apvp = EquH_l(T) )
with H(r) = 1 + k/r% and indices p,v,... = 1,2,3, and m,n,... = 4,...,,11 (with
M,N,...=1,...,11). ris the radial coordinate in the eight-dimensional transverse space.

The four-form field strength F' = dA has non-zero components Fo34 = —6kH 2 /r" and
obeys VMFMNPQ =0 and (6.3) with p = 4.

Again we define the tensors (F,),,yp = (K#)QFQMNP where the Killing vectors K,
correspond to translations in the z# directions in the world-volume. The Weyl doubling
formula can then be constructed as follows:

(k + 4r%) rOH (r)?/3

C Fl—
s6r CvnpelF] 3k

Cunpg = <—CMNPQ [F1]+Cymnpg Fo)] +CMNPQ[F3]> .

(6.9)
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This simplifies along the world-volume as in the string case above, with the analogue

of (6.5) being
1

Cun"? = %CMNPQ [F] + So(r)Tun"?, (6.10)
where here Yo(r) = 2]“}1{ 3_7/3 and the object TynT% has non-zero components
(0,7,—1,-3,1) for (PQ) = (MN) = (uv,ud, um,4m,mn) respectively, with m,n =
5,...,11. Again we note that ¥o(r) is proportional to the inverse of the volume of the

transverse sphere.

Whilst a Kerr-Schild type formulation based on exceptional geometry (see [121] for a
review) is not yet available, we note that for SL(5) the 10 representation reduces to 446 in
four dimensions, representing a vector and two-form which are expected to be fundamental
to this. Thus one might expect that a single copy in this case might involve a Maxwell
gauge field Ays and two-form Apsn, with the Apryp field.

6.3 D3 brane

For the D3 brane in ten dimensions, the metric and non-zero four-form potential compo-
nents are given by

ds? = H V2 (1) (—da? + dad + da? + da?) + HY?(r) (dr? + r2d03), (6.11)

Apvpo = equoHil(r) )
with H(r) = 1+ k/r* and indices p,v... = 1,2,3,4, and m,n,... = 5...,,10 (and
M,N,...=1,...,10). r is the radial coordinate in the six-dimensional transverse space.

We will need the self-dual five-form field strength F = 1(dA + (dA)*). As above, we
define the tensors (Fy,),,npo = (K M)RFRMNPQ where the Killing vectors K, correspond
to translations in the z# directions in the world-volume. The Weyl doubling formula is

then found to be
4

r
CMNPQ = @CMNPQ[F] (6.12)

2r4H (1r)1/2
3k
This also shows that the Weyl tensor vanishes for components along the world-volume. To

( — Cunprg[Fi] + CunpelF2] + CunpglF3) + Cunpg [F4])

see this, one has the equivalent expression

CMNPQ = Eg(T’)TMNPQ, (613)

where ¥3(r) = kHT?m and the object ThynT'? has non-zero components (0,5, —1, —4, 2) for
(PQ) = (MN) = (uv, ub, um, 5m, mn) respectively, with m,n = 6,...,10. As in the cases
above, ¥3(r) is proportional to the inverse of the volume of the transverse sphere.

6.4 M5 brane

There is a similar story for the M5 brane in eleven dimensions. The metric and non-zero
4-form field strength components are given by
ds* = H=Y3(r)ynudatde? + H?3 (r)(dr? + 1r2dQ3),

F{$ho1 = 3ksin®(6) sin(¢) sin(¢1) (6.14)

~19 —



with F®) antisymmetrised, H(r) = 1 + k/r3, world-volume coordinates z* (u = 1,...6),
and transverse coordinates r and spherical polars (0, ¢, 11, 12).

The fivebrane magnetically couples to the three form C5 which means we will need
to use the magnetic dual field strength given by the seven-form, F = *F®). Then define
(Fu)nporsT = (K#)MFMNPQRST (p=1,2,...,6) with the Killing vectors K, correspond-
ing to translations in the z* directions in the world-volume. The Weyl doubling formula

is then
1 3
36CMNPQ = *%CMNPQ[F] + ﬁcMNPQ[F] (6.15)
e 1/3
- ﬂH(T) ( — CunpgF1] + Cunpg[Fo] + -+ + C’MNPQ[Fd) .

This is equivalent to

1
36 Oyt = _@CMNPQ[F] + 25(r)Tunte, (6.16)

where here Y5(r) = 18“:{75_8/3 and the object TynT® has non-zero components

(0,4,—1,-6,4) for (PQ) = (MN) = (pv,u7, um,7m, mn) respectively, with m,n =
8,9,10,11. We see again there is a simple doubling formula for the Weyl components
along the world-volume directions and that X5(r) is proportional to the inverse of the
volume of the transverse sphere.

In all of the cases above, for a brane with V-dimensional world-volume in D dimen-
sions, and T'= D — V transverse dimensions, the components of the tensor Th;n™ are
proportional to (0,7—1,—1,—V,2V/(T—2)) for (PQ) = (MN) = (uv, ur, pm, rm, mn) re-
spectively, in the notation used above. Given that the components along the world-volume
vanish, this follows from the tracelessness condition on the Weyl tensor. The powers or r
and H in the coefficients ¥ are equal to —71" and that appearing in the inverse of the vol-
ume of the transverse sphere respectively. Similarly, the powers of 7 and H in the doubling

T—2

formulze above have common expressions: r and the inverse of the power of H which

appears in the world-volume metric.

7 Discussion

We described Weyl doubling as the writing of the Weyl tensor (up to a scalar factor) in
terms of a quadratic expression in an Abelian field strength obeying Maxwell’s equations
in a curved background. The curved background distinguishes these results from the usual
double copy originating in scattering amplitudes and more recently classical solutions using
the Kerr-Schild form. This phenomenon of Weyl doubling was found in a variety of solutions
in different dimensions. The purely intrinsic case is where a Killing vector on the manifold
is used to define a potential from which the field strength is derived. The Weyl tensor
is given by the formula (2.1). We showed that the metrics for which the Weyl doubling
formula (2.1) applies fall into the Type D class in the general dimensional classification, so
that this is a necessary condition. It is also a sufficient condition in four dimensions [95, 96]
(see also [60]). But it does not appear to be a sufficient condition in higher dimensions
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— the five-dimensional Myers-Perry metrics [122] are Type D [123] and while we showed
that the singly-rotating solution has a Weyl doubling formula, the general solution with
two rotation parameters does not appear to satisfy such a formula. We also investigated
the BPS solution in six-dimensions studied in [124], which is Type D but does not appear
to satisfy a doubling formula.

A second way to generate a two-form gauge field strength is if the spacetime admits a
closed, covariantly constant four-form which may be used to define a self-dual (or anti-self-
dual) two form. These manifolds have special holonomy and the Maxwell field equations
then follow from the duality and closure conditions. In the four-dimensional case these are
manifolds with SU(2) holonomy. The Gibbons-Hawking metrics provide a broad class of
such metrics. We found that in this case the Weyl doubling formula has a correction term
which is linear in the gauge field strength — equation (3.10) or equivalently (3.14). This
generalisation of doubling could be studied further to see if it applies in other cases. It
may also suggest generalisations of the double copy construction. A reader might wonder
that such a doubling formula is inevitable given the symmetries of the Weyl tensor. The
Gibbons-Hawking case where there is a derivative correction provides a good counter ex-
ample that demonstrates the non-triviality of the algebraic relation in the algebraic Weyl
doubling formula.

In studying a generalisation to higher dimensions an issue arises in that a Weyl tensor
constructed from (2.1) using a self-dual two-form is not in general self-dual, unlike in
four dimensions. One might have expected that this might be resolved by using self-dual
projection operators, but this will not preserve the algebraic symmetries of the tensor in
general. Nevertheless we found an example in eight dimensions where a sort of twisted
doubling construction exists which expresses the Weyl tensor in terms of a spin(7) self-dual
two form. It would be interesting to explore if other examples exist.

A different mechanism for Weyl doubling is if the gauge field strength is an additional
field defined on the spacetime, rather than being expressed using the metric and/or Killing
vectors. The most natural example of this is the Reissner-Nordstrom metric in D dimen-
sions. This works in the general case as well as the BPS limit, although perhaps one might
have expected that such a construction, requiring the Weyl and Maxwell curvatures to be
related, would require the BPS constraint linking the charge and mass. We showed that
this discussion generalises to the charged Born-Infeld solution in D dimensions. A recent
paper [118] discussed how study of the Born-Infeld electrically charged solution might illu-
minate the investigation of stringy corrections of the double copy. It would be interesting
to see if the doubling approach may provide insights into this.

We then turned to study cases where the gauge field strength is a higher degree p-form,
and analysed the associated brane solutions. Here it was found that a simple quadratic
Weyl doubling formula holds using the p-form field strength and contractions of it with the
world volume Killing vectors. Evaluating this gives a particularly simple Weyl doubling
formula for the components of the Weyl tensor projected on to the world volume. There
is a variety of directions for further research, such as how does the inclusion of scalars,
Kaluza-Klein reductions and supersymmetry impact the doubling construction. We have
studied the Weyl tensor here but there will also be spinor analogues of our formule in each
dimension (cf. [111]).
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The central question that this paper implicitly poses is, what is the relation to the
usual double copy? Can the formulee for brane solutions be applied to the usual single and
double copy? Does the derivative corrected Gibbon-Hawking expression have a conven-
tional double copy interpretation in terms of Maxwell fields in flat space? It was shown
in [79] that doubled geometry clarifies the double copy construction for the point charge,
relating this to the JNW solution [125]. As we noted in section 6, the Kerr-Schild form in
double field theory involves more than one gauge field — for example, two Maxwell fields
in the case where there is a Kalb-Ramond field as well as the metric. For the string in five
dimensions the B field can indeed be simply constructed from two Maxwell gauge fields.
This might also provide insights into exceptional geometry where such a Kerr-Schild for-
mulation is not yet available. One approach following these ideas is to use a DFT or EFT
generalised Killing vector as the basis for generating gauge field strengths in the extended
space to express the DFT equations.

The phenomenon of Weyl doubling that we have explored here in numerous examples,
relating gravity and Abelian gauge theory, reveals a structure that it would be interesting
to develop further, and in particular to investigate its relationship to the double copy.
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A Myers-Perry pentad

The pentad used for the analysis of the Myers-Perry metric in subsection 2.2.4 is based on
the two null vectors I#* = LY} satisfying the equation I"1°C,,,irlu,) = 0 [126]

1 L?zy —y+ L?z +1—2L%
Li— (1‘2—1)(—1+L2y) < Ty Rat—Law
L2z —1 y?—1
Gl (w ol 1ay> | (A1)

We take I# = LY ,n# = L and choose the three unit norm vectors m}' (i =1,2,3) to be

= JA D@ =y +y) (=1 + L2y)2 [ (z=1)(=1+ Lz 100
1= (1+ L2)R%(z — 1) Ty —1)(=1+L2%) )’

my = [ — (z—y)° 0,0,0,~1,0 (A.2)
S R I e A VRV o R |

N (z —y)? LR(z —1)(y +1) -
mg_\/ (—1+x)(1—|-L2)(y2_1)R2< 7 —y ,0,0,0, 1)_
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These vectors satisfy the conditions in and beneath (2.41). This choice is convenient in

this case as the non-zero weight Weyl-NP (and Maxwell-NP) components vanish directly

using them.
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