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ABSTRACT: We compute the four-derivative corrections to the geometry, extremality
bound, and thermodynamic quantities of AdS-Reissner-Nordstrom black holes for general
dimensions and horizon geometries. We confirm the universal relationship between the
extremality shift at fixed charge and the shift of the microcanonical entropy, and discuss
the consequences of this relation for the Weak Gravity Conjecture in AdS. The thermo-
dynamic corrections are calculated using two different methods: first by explicitly solving
the higher-derivative equations of motion and second, by evaluating the higher-derivative
Euclidean on-shell action on the leading-order solution. In both cases we find agreement,
up to the addition of a Casimir energy in odd dimensions. We derive the bounds on the
four-derivative Wilson coefficients implied by the conjectured positivity of the leading cor-
rections to the microcanonical entropy of thermodynamically stable black holes. These
include the requirement that the coefficient of Riemann-squared is positive, meaning that
the positivity of the entropy shift is related to the condition that ¢ — a is positive in the
dual CFT. We discuss implications for the deviation of n/s from its universal value and a
potential lower bound.
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1 Introduction

The aim of the swampland program [1] is to understand what subset of the infinite space of
possible effective field theories can arise at low energies from theories of quantum gravity.
This requires finding simple criteria for classifying these theories; those that admit UV
completions including quantum gravity are in the landscape, and those that do not are
in the swampland. Such criteria are far more useful if they are detectable in the infrared
without any knowledge of the particulars of the UV completion. In practice, one fruitful
source of such IR intuition is the physics of black holes, which are believed to conform to
general relativity and the laws of black hole thermodynamics in the semiclassical regime.

So far a number of criteria have been proposed (see e.g. [2] for a review of the program).
One that has attracted considerable interest is the Weak Gravity Conjecture (WGC),
which roughly states that there are states whose mass is smaller than their charge [3] —
hence, they are states for which “gravity is the weakest force.” Such states are labelled
“superextremal,” and may be provided by fundamental particles or non-perturbative states
such as black holes. The original motivation was to provide a mechanism for black holes
to decay. These black holes are believed to obey an “extremality bound” on its mass to
charge ratio,

g >1, (1.1)

which arises from requiring that the solution does not contain a naked singularity. It was
believed that if a theory of gravity did not have a superextremal particle in its spectrum,
then simple conservation of charge would prevent it from decaying to lighter components
without violating cosmic censorship. This, in turn, would be problematic because it would
lead to an infinite number of stable states or remnants.

Another mechanism for the decay of nearly extremal black holes in flat space was
pointed out in [4]. Generically, the low-energy limit of a theory of quantum gravity should
include higher-derivative corrections that encode the UV physics in a highly suppressed
way. Such corrections can change the allowed charge to mass ratio of Reissner-Nordstrom
black holes so that they can decay to smaller black holes. In particular, the classical
extremality bound would be corrected into a form that schematically may look like

g>1_$2(201+8@+...), (1.2)

shifted slightly by the Wilson coefficients ¢; of the higher-derivative operators. It then
becomes possible for the nearly extremal black holes to decay as long as this combina-
tion of coefficients is positive. The statement that black holes can always decay through
these higher-derivative corrections is sometimes called the “Black Hole Weak Gravity Con-
jecture.” This idea has inspired a large amount of work [5-11] on bounding the EFT
coeflicients, thereby proving the conjecture. While no existing proof is completely general,
the work so far covers a large number of possibilities and assumptions.

One intriguing proof of the WGC in flat space relates the extremality shift to the
shift in the Wald entropy [7]. The authors first show that, near extremality, the shift



to the extremality bound at fixed charge and temperature is proportional to the shift
in entropy at fixed charge and mass. They then present an argument that the higher-
derivative corrections should increase the entropy, thereby proving the Black Hole WGC.
The argument for the entropy shift positivity is not expected to be fully general; it applies
to higher-derivative corrections that arise from integrating out massive particles at tree-
level. Nonetheless, it is curious that the entropy shift is proportional to the extremality
shift. This fact was given a simple thermodynamic proof in [12], where no assumptions
were made about the particulars of the background.

So far, however, these ideas have not fully made their way to Anti-de Sitter space.
From the WGC point of view, it is easy to see why: the relationship between mass and
charge of an extremal black holes in AdS is already non-linear at the two-derivative level."
Therefore it is not at all clear what is gained by studying the higher-derivative corrections
to the extremal mass-to-charge ratio.? Furthermore, massive particles emitted from a black
hole cannot fly off to infinity in AdS as they can in flat space, so if the WGC allows for
the instability of black holes in AdS, it must be through a completely different mechanism.
(See the Discussion for more commentary on this possibility).

Regardless, the entropy-extremality relationship is expected to hold in AdS as it does
in flat space (and indeed, an example in AdS; was given in [12]). Therefore, this paper
addresses two main issues in Anti-de Sitter space. First, we check the purported relationship
between the entropy shift and the extremality shift, and indeed we find that it holds for
the AdS-Reissner-Nordstrom backgrounds. Second, we examine the conjecture that the
entropy shift is positive when the leading-order solution is a minimum of the action. By
computing the entropy shift explicitly, we see that its positivity for stable black holes
implies that the coefficient of Riemann-squared is universally positive. This has interesting
consequences for the structure of 1/s, as we comment on in section 6.

This paper is organized as follows. In section 2 we introduce the theory we will examine,
and find the solutions to the equations of motion at first order in the EFT coefficients. In
section 3 we use the solution to compute the shift to extremality, considering the result
both at fixed charge and fixed mass. We then compute the shift to the Wald entropy, and
we find that the conjectured relationship of [7, 12] between the shift to mass and shift to
entropy is valid for AdS-Reissner-Nordstrom black holes. Furthermore, we notice that both
the mass shift and entropy shift are also proportional to the charge shift, which allows us
to extend the relationship to?

(AM) g r—g=—To (AS)g 1 = —P0 (AQ) s =0 - (1.3)

We present a simple thermodynamic derivation of these relationships in appendix B.
In section 4, we reproduce these results from a thermodynamic point of view. It has
recently been shown [17] that the first-order corrections to the solutions are not needed

!By “extremal,” we mean that the temperature is zero. This is not the same as the BPS limit in AdS.

2Other aspects of the WGC have been discussed in AdS. See e.g. [13-16].

3This form of the entropy-extremality relation is valid away from extremality, but a slightly modified
form is required for black holes which are very close to extremality. The subtleties involved in this limit
are discussed in detail at appendix C.



to compute the first order corrections to thermodynamic quantities. In this section, we
verify that this is the case for AdS-Reissner-Nordstréom backgrounds by computing the four-
derivative corrections to the renormalized on-shell action. From this we may compute the
free energy and other thermodynamic quantities. We find that the results of this calculation
match the results from section 3 in even dimensions, while in odd dimensions the free energy
and associated thermodynamic quantities are renormalization scheme dependent, and agree
with the geometric calculation in a physically motivated zero Casimir scheme.

In section 5, we first review the argument given in [7] for the positivity of the entropy
shift, and comment on a potential issue with applying it to AdS. The positivity of the
entropy shift requires that the black hole solutions are local minima of the path integral,
so we compute the specific heat and electrical permittivity to determine the regions of
parameter space where the black holes will be stable. Finally, we determine the constraints
placed on the EFT coeflicients by assuming that the entropy shift is positive for all stable
black holes. We compare this to the results obtained by requiring that the entropy shift
is positive for only extremal black holes, which is equivalent to the condition that the
extremality shift at fixed charge and temperature is positive. The constraints include
the requirement that the coefficient of Riemann-squared is positive. As this coefficient
is proportional to the difference ¢ — a between the central charges of the dual CFT, we
conclude that the positivity of the entropy shift will be violated in theories where c—a < 0.

We summarize our results in the section 6, where we comment on the implications
of our results for the behavior of n/s, as well as the nature of the WGC in AdS. We
relegate to appendix A the specific form of the entropy shifts and bounds on the EFT
coefficients for AdSs through AdS;. In appendix B, we present a general proof of the
entropy-extremality relation of [12], and in appendix C we comment on some subtleties
involving the extremal limit.

Note added: after completing this work, we noticed that the revised version of [12]
obtains the same form of the entropy-extremality relation that we argue for in this paper.

2 Corrections to the geometry

We consider Einstein-Maxwell theory in the presence of a negative cosmological constant in
a (d+ 1)-dimensional AdS spacetime of size [. The first non-trivial terms in the derivative
expansion of the effective action arise at the four-derivative level, and by appropriate field
redefinitions we may choose a complete basis of dimension-independent operators:

1/dd+1x\/fg[d(d_1)+R_1F2

I=—
167 12 4

(2.1)
+ l2€(61RabcdRade + CgRabchabFCd + 63(F2)2 + C4F4):| .

Note that additional CP-odd terms can arise in specific dimensions, but will not contribute
to the static, stationary spherically symmetric black holes that we are considering here.
This basis parallels that of [18], which used the same set of dimensionless Wilson coeffi-
cients, but focused on the (4 + 1)-dimensional case. Depending on the origin of the AdS



length scale [, one may expect these coefficients to be parametrically small, of the form
c; ~ (Al)72, where A denotes the scale at which the EFT breaks down. In particular, this
will be the case in order for the action (2.1) to be under perturbative control. We have also
introduced the small bookkeeping parameter €, which will allow us to keep track of which
terms are first order in the ¢; coefficients.

2.1 The zeroth order solution

At the two-derivative level, this action admits a family of AdS-Reissner-Nordstrom black
holes parametrized by uncorrected mass m and charge g,

2 2
ds” = = f(r)df* + g(r) ' dr? 420Gy . f(r) = g(r) = k=~ + o + 7
1 ¢ 2(d —2) 1 g¢q
A — [ = e [0)) = _— b = — . 2.2
( Tt )dt, c TR ¢ i (2:2)

Here rj, is the outer horizon radius, and the parameter k = 0,+1 specifies the horizon
geometry, with £ = 1 corresponding to the unit sphere. The constant ® is chosen so that
the A; component of the gauge field vanishes on the horizon, and represents the potential
difference between the asymptotic boundary and the horizon.

Typically, we will consider lower case letters (m, g, ...) to be parameters in the theory,
while upper case letters (M, Q,S,T,...) will denote physical quantities that may or may
not receive corrections. We will add a subscript zero (e.g. Mp) to denote the uncorrected
contribution to quantities that do receive order ¢; corrections. The shifts, which are equal
to the corrected quantities minus the uncorrected ones, will be denoted by the e deriva-
tive. However, we will sometimes use A when it is convenient, with subscripts indicating
quantities held fixed, for example, we have

(AM)r = lim (M(T, ) = Mo(T)) = lim <a(;‘j>T. (2.3)

Finally, in sections 4 and 5 we will use dimensionless quantities (v,{) for convenience.
These are defined by v = (r1,)p/l and Q = (1 — &) Qext-

2.2 The first order solution

We now turn to the first order solution in terms of the Wilson coefficients ¢;. We follow the
procedure outlined in ref. [19], but work in an AdS;1; background. While general (d + 1)-
dimensional results may be worked out analytically, we took a shortcut of working with
explicit dimensions four through eight and then fitting the coefficients to extract results
for arbitrary dimension. Since the four-derivative terms are built from tensors with eight
indices and hence four metric contractions, the resulting expressions will scale at most as
d*. The coefficients are hence fully determined by working in five different dimensions.
Following [19], we start with the effective stress tensor, where corrections come from
two sources. The first is from substituting in the corrected Maxwell field to the zeroth order
electromagnetic stress tensor, and the second is from the explicit four-derivative corrections



to the stress tensor evaluated on the zeroth order solution. The result of computing both
of these contributions to the time-time component of the stress tensor is

(d—1)(d—2)¢* N d(d—1)

' = —
4 p2d—2 2
(d—2)(8d3 — 24d? + 15d + 3) ¢*1>  (d — 1)(d — 2)(4d?® — 9d + 3) mq?I?
+a Qrdd—4 - 3d—2
4d(d —1)(d — 2)212¢*>  d(d —1)(d —2)(d — 3) I?m?
tk r2d - r2d
(d—2)(2d —3)(2d*> —5d +1)¢*> 2d(d —3)
+ 7"2d_2 + l2
(d—1)3(d—2)¢*? (d—1)%(3d* — 8d + 4) ¢*mi?
e FAd—4 B 73d—2
2d(d —1)%(d —2) ¢*1*>  2(d—1)3(d - 2) ¢*
+k 7’2d + 7“2d_2
(d—1)%(d — 2)%¢"12
+ (2¢3 4+ c4) < 5 Ad 1 . (2.4)

The shift to the geometry may be obtained from the corrections to the stress tensor [19],

1

A9 = =1y

/ drri AT, (2.5)

and after integrating the O(¢;) terms in (2.4), we find

Agr) o [~ = DEE =AU 41544 3)¢'2 | (d = 2)(4d ~ 9d + 3) mg?
8(d — 1)(3d — 4)ri=6 2(d — 1)r3d—4
B k4(d —2)212¢? N (d—2)(d — 3) I?m?
r2d—2 r2d—2
_ (2d-3)(2d* —5d+1)¢° N 2(d — 3)r?
(d — 1)r2d—14 (d—1)12
ol - (d—1)%(d—2)¢*? N (3d* — 8d + 4) ¢*ml?
? (3d — 4)rid=6 2301
2(d-1)(d—2)¢** 2(d—1)? q2>

—k
r2d—2 r2d—1

(d—1)(d - 2>2q4z2)

+ (e + o) < T (6d—8)rit

The time component of the metric can then be obtained using the relation [19]

flr) =@ +(r)g(r), (2.7)
where v(r) is defined by*

y(r)=— @ i % /drr (T, —1T,7). (2.8)

4We note that the definition of  implies that it is positive provided that the null energy condition holds.



For our particular case we find:

- 2 272
- <C1 (d 2)(5;1_ 1)5d+ D\ d(d 2)> ngl_Q, (2.9)

Finally, we have

(d—2)(d—1) q gml?
Ftr = f (1 _802)Nj+402(d_ 1)(d_2)r2d71 (2 10)
c1 (2d? —=5d+1) e ¢ ‘
A T g —12) —4(2 -1 —2)L
(5525 - S —aea e @-n) @-255].
which we note is independent of the geometry parameter k, as was the case in [20].
2.3 Asymptotic conditions and conserved quantities
The first order solution can be summarized as
ds® = — (1+~(r)) g(r)alt2 + g(r)*ler + TQin_Lk , (2.11)
where
ko 7(12 r A
gr) =k - G5+ 2zt @ T A (2.12)

The corrected metric functions, Ag and v(r), are given in (2.6) and (2.8), respectively. In
addition, the full electric field is given in (2.10). For a given zeroth order AdS radius I,
this solution is specified by two parameters, m and ¢, which correspond to the mass and
charge of the uncorrected black hole. At the same time, the corrected solution includes a
number of integration constants, two of which we have implicitly set to zero in the integral
expressions for Ag and v(r). The constant related to Ag can be absorbed by a shift in m,
and a third constant from the corrected Maxwell equation can be absorbed by a shift in g.
The constant related to v(r) can be absorbed at the linearized level by a rescaling of the
time coordinate, and hence can be thought of as a redshift factor.

In order to make the correspondence between the parameters of the solution, m and
g, and the physical mass and charge of the black hole more precise, consider the part of
Ag that is leading in 7. We can see that there is a term that goes like cl’l"—Q2 that dominates
over all other terms in the correction. Therefore, for large values of r, the solution takes

the form
m 2(d —3)\ r?
d—2)(d—1 q
Ft'r’: ()2()(1_862)7,d_1+ . (213)

Our first observation is that the AdS radius gets modified because the Riemann-squared
term is non-vanishing on the original uncorrected background. This suggests that we define
an effective AdS radius

I = N2, M= (1 + c12((dd__13))> : (2.14)



This shift by A is unavoidable when turning on the ¢; Wilson coefficient. However, in
principle we still have a choice of whether we hold [ or l.g fixed when turning on the
four-derivative corrections.

In what follows, we always choose to keep [ fixed. Then, since the effective AdS
radius is shifted, the asymptotic form of the metric is necessarily modified as well. From a
holographic point of view, this leads to a modification of the boundary metric

ds? ~ r? di? d02 ds?® ~ r? d? d02 2.15
ST~ 2 + d—1,k — ST ~r 2 + d-1,k | - ( : )
eff

This is generally undesirable, as we would like to compare thermodynamic quantities in a
framework where we hold the boundary metric fixed while turning on the Wilson coeffi-
cients. One way to avoid this shift in the boundary metric is to introduce a ‘redshift’ factor

t=1t/\, (2.16)
to compensate for the shift in l.g. In terms of the time ¢, the solution now takes the form

ds® = —f(r)dt* + g(r)"'dr® + r2dQ_y .,

] (@21 a/>
Fyp =N Fy =\ (1= 8e) g 4 (2.17)
where
= m/)\2 r2

Fr) = A2+ y(n)g(r) = b/ = 5 + 55+

m 7’2

g(r):k_rd_2+l7_|_..._ (2.18)
eff

We now turn to the charge and mass of the solution measured with respect to the
redshifted ¢ time. For the charge ), we take the conserved Noether charge

1
S F, 2.19
@ 167 /Zd_l ¥ ( )
where F is the effective electric field
Fuv = Fpy + 12 (—4c2 Ry pe FP7 — 8c3Fy (F?) — 8caF,y FP F,) . (2.20)
The result is
1+862 d— (d—2)(d— 1) Wd—1
Q= 1A, = q, (2.21)
167 " oo 2 167

where wy_1 is the volume of the unit S%!. The 1 /167 factor arises from the prefactor in
the action (2.1) where we have set Newton’s constant G = 1.

Unlike in the asymptotically Minkowski case, some care needs to be taken in obtaining
the mass of the black hole. With an eye towards holography, we choose to define the mass



from the boundary stress tensor [21]. The standard approach to holographic renormaliza-
tion involves the addition of appropriate local boundary counterterms so as to render the
action finite. This was performed in [20] for R?-corrected bulk actions, and since only the
c1Rapea R term in (2.1) leads to an additional divergence, we can directly use the result
of [20]. The result is

Wd—1 (d—1)m
(\/1 = 1 4 — _—

where we have taken into account the scaling of the mass by the redshift factor A. Substi-

(2.22)

tuting in A from (2.14) then gives

M= %(d — 1)1+ p)m, (2.23)
where
(d — 3)(4d — 5)
a—1

Note that we are taking the mass here to exclude the Casimir energy that is normally

p=c (2.24)

part of the boundary stress tensor. This will be important when comparing with the ther-
modynamic quantities extracted from the regulated on-shell action in section 4. Work-
ing in the setup of holographic renormalization ensures that the mass M and charge
Q defined in (2.23) and (2.21), respectively, yield a consistent framework for black hole
thermodynamics.

3 Mass, charge, and entropy from the geometry shift

Given the first-order solution, we now consider shifts to the mass, AM, and entropy, AS,
of the black hole induced by the four-derivative corrections. In these computations it is
important to keep in mind what is being held fixed as we turn on the Wilson coefficients c¢;.
The main parameters we consider here are the mass M and charge ), which are related to
the two parameters, m and ¢, of the solution by (2.23) and (2.21), respectively. In addition
we consider the thermodynamic quantities 7' (temperature) and S (entropy), although
they are not all independent. Note that we always consider the AdS radius [ to be fixed,
although interesting results have been obtained by mapping it to thermodynamic pressure.
Singly-charged, non-rotating black holes may be described by any two of mass M,
charge ) and the horizon radius 7. Of course, any number of other parameters may be
used as well, such as the temperature T" or an extremality parameter, such as was used in [7].
If we further impose the extremality condition 7" = 0 on the solution, then only a single
parameter is needed. Clearly this is only true for non-rotating black holes with a single
gauge field, as more general solutions may have additional charges or angular momenta.
Here we mainly focus on the effect of higher-derivative corrections on extremal or near
extremal black holes. In particular, we consider the extremality shift A(M/Q) and the
entropy shift AS. However, it is important to keep in mind what is being held fixed when
we turn on the higher-derivative corrections, as the results will depend on this choice. For
example, we will see below that the shift to M/Q depends on whether the mass, charge or
horizon radius is held fixed when comparing the corrected with uncorrected quantities.



3.1 Mass, charge, and extremality

Recall that, in our first-order solution, the geometry is essentially given by the radial
function

m q2 2

r
rro__ _

where Ag denotes the contributions of the higher-derivative corrections to the geometry,

and € is a small parameter we use to keep track of where O(¢;) corrections come in. Using

the fact that both g(r,) and ¢'(r,) vanish at extremality, we may express the extremal

mass and charge as a function of the horizon radius,

d—17r?
Mcxt = 2V(d — 1)7‘2_2 ((k + d—27ljg> (1 + €p) + EAg + ﬁﬁ Agl) s
(3.2)

2
2 2 Q(d_Q) d ’I“h Th
exthV (d—l)(d—Q)Th <k+d_2l2+€Ag+d_2€Ag/> s
where M and @ are the asymptotic quantities defined in (2.23) and (2.21), and we have
defined V' = wy_1/167. Though we have expressed M and @ as functions of rp, these
expressions are valid regardless of which of the three quantities is being held fixed. For
example, if we work at fixed charge, then @ gets no O(e) corrections, in which case M and

rp, will both receive corrections.

3.1.1 Extremality at leading order

Before discussing the extremality and entropy shifts, we consider the leading order relations
between My, Qo and (rp,)p for extremal black holes. We will suppress the 0 subscripts in
this subsection, but we mean the uncorrected quantities. Setting e = 0 in (3.2) immediately
gives the relations
d—1r}
Mgy = 2V(d — 1)rd2 (k+ 2200 )
d—212
(3.3)

Q2 = 2V2(d— 1)(d — 2)rp ) pe 4Tk
ext h d—212

In principle, we can eliminate 7 from these equations to obtain the relation between mass
and charge for extremal AdS black holes. However, for general dimension d, there is no
simple expression that directly encodes this relation. Nevertheless, we can consider the
limit of small and large black holes.

For small black holes (r), < [), we take k =1 (i.e. a spherical horizon) and find

Myt ~ Qext ~ 7"2_2 ) (34)

so one recovers the simple M ~ @ scaling that appears in flat space. (Note that asymp-
totically Minkowski black holes necessarily have spherical horizons.) For large black holes
(rp, > 1), on the other hand, the scaling is very different from that of flat space,

d d—1 4
Mext ~ 1y, Qext ~ s = Mext ~ (Qext)d71 . (35)

In fact, this is precisely the scaling behavior expected based on the relationship between
minimal scaling dimension and charge for boundary operators with large global charges [22].



3.1.2 Mass shift at fixed charge

Now we consider the effect of four-derivative corrections. If we hold the charge fixed, then
the shift to extremality is entirely due to the change in the mass. This may computed
from the expression (3.2) for the mass by taking a derivative with respect to €, which
parametrizes the higher-derivative corrections, leading to

oM 2 1 , d—173
il —V(d-1 2A Ad +20(k+S—2th
(&)Q’T:O Vid=1r, ( i A A A S ey

where we have taken into account the fact that when the charge is fixed, we must allow

(3.6)

the horizon radius rj to vary with e. To compute the shift 9rp/Je, we use the fact that
we are holding @ fixed. Then we use the expression for Qext in (3.2) and demand that
(0Q/0¢€)p_y = 0 to obtain an equation for Orj/de. This procedure leads to the rather

simple result
8M) d—2 < d -1 T}QL
— =V(d-1)r Ag+2p | k+—=-2 . (3.7)

Note that the dependence on Ag’ has vanished. From the geometric point of view, this
non-trivial cancellation is crucial for the extremality-entropy relation to hold.

3.1.3 Charge shift at fixed mass

If we instead hold the mass fixed, the entire shift in the extremality is due to the shift in
charge. Following the same procedure as in the fixed charge case, but this time demanding
OMext/0e = 0, we find the relation:

0Q? _ 2 2d—4 d—1rj

Here we also find a cancellation of all Ag’ terms. Moreover, this shift is proportional to
the mass shift at fixed charge

0Q* B it [dM
<86>M’T:0 = —2V(d - 2)Th <d€> 010 . (39)

This relationship more clear when we write this as the shift of Q rather than Q?. Using
AQ? = 2QAQ, we find

oQ g [(OM
Q () =-V(d-2)r <) . (3.10)
e M,T=0 h e Q,T=0
Finally, we use ® = Q/(d — 2)Vr9=2 to write:
(%) =-+(3) . (3.11)
d¢ /) qr=0 9¢ ) mr=o

~10 -



So we see that the mass shift is related to the charge shift times the potential. In ap-
pendix B, we derive this statement for a general thermodynamic system and show that it
holds for any extensive charge and its conjugate.

One physical consequence of this fact is that the entropy-extremality relationship (with
a different proportionality factor) will hold regardless of whether the mass or charge is held
fixed. As far as we know, this has not been noticed before in the literature.

3.1.4 Summary of extremality shifts

The shifts to extremality may be obtained from these mass and charge shifts. For com-
pleteness, we also present calculation at fixed horizon radius, as this extremality shift has
previously been considered in the literature as well [18, 20],

IR CY —
Q /=0 Q@ /o g 2(/{4—;”’%) 7

2
M M k+937% 1
(Q) =<Q) 1+pd7;2fj+Agﬁ ; (3.12)
MI=0 0 kt+ s 2 k+ﬁfh)
2 2
() (0 (1 20l ) i
N =\ p 2 2 )
@) a0~ \@ )y 2 (b 838 (i+ 42

where the corrections are encoded in p and Ag given in (2.24) and (2.6), respectively (and
Ag’ as well for the fixed rj, case). For these final results, we have set € = 1. However, the
expressions are only valid to first order in the Wilson coefficients ¢;. Here the uncorrected
charge to mass ratio may be obtained from (3.3), and takes the form

,r.2
M 20d—1) k+ 9% 513
<Q>o B d—2 k,_'_dri ( )
d—2 12

Note that, in (3.12), the horizon radius 7, may be taken to be the uncorrected radius, and
can be obtained from either M or @ using the leading order expressions (3.3). In (3.13),
the leading order expression for rp should be used. Finally, note that Ag depends on the
parameters m and g as well as the radius ». The m and ¢ parameters are directly obtained
from M and @ using (2.23) and (2.21), and again the leading order horizon radius can be
used in Ag.

3.2 Wald entropy

We now compare the shift in mass at fixed charge and temperature to the shift in entropy
at fixed mass and charge. The entropy for black holes in higher-derivative theories is given
by the Wald entropy [23]:

oL
S = —27T/ — €€ - (3.14)
s O Rpwps "
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For spherically symmetric backgrounds, the integral over the horizon X gives a factor of
the area A. The two-derivative contribution to the entropy is simply S = A/4, while the

four-derivative terms yield

0AL A
S = —27TAW€W,6#V = —Zl2(401Rmr + 2coFy Fiy) - (3.15)
pvpo 94
The total entropy is the sum of these terms,
A 2 2
S = 1 (1 — € (4c1l’Rirtr + 202" Fir Fyy) ) | (3.16)
Th

where we once again introduced e to parametrize the expansion. Here the horizon area is
given by A = wd_lrff*l, where 7, is the corrected horizon radius. On the other hand, the
Ry and Fy,.Fy terms need only be computed on the zeroth-order background,

1 (2d-3)(Q/V)? (d—2)M)V

Rrr:* - 5
rtr =2 T @ 1) 2rd (3.17)
V)2 ‘
FtrFtr = (522/d2) .

It does not matter whether we use the corrected or uncorrected quantities here because
they already show up in a term that is order e. Note also that, while the expression for the
Wald entropy (3.16) is given in terms of M, @ and 7, of the fully corrected solution, only
two of these quantities are independent.

We now examine the entropy shift for a given solution at fixed mass M and charge Q.
For the moment, we work at arbitrary M and @), and not necessarily at extremality. The

general expression for the entropy shift is then

(?) = 2((d—1) (1?> - (4c1l2Rtrtr+202l2FtrFtr)>, (3.18)
€/ Qm T 0€ J oM

where the first term was obtained by

104 _

204 1o
A de

(=1, -5 (3.19)

Here, it is important to note that the horizon radius rj, receives a correction when working
at fixed M and Q. If, on the other hand, we were to keep the horizon radius fixed (as is
done in [18]), we would find only the second (interaction) term in (3.18), and the entropy
shift would be independent of c3 and c¢y4.

To compute Orp, /e, we start with the horizon condition g(r) = 0 where g(r) is given
by (3.1) with m and ¢ rewritten in terms of M and (. Taking a derivative and solving for
Orp, /e then gives

10r,  pM+V(d- ri—2Ag
Th Oe (d - 2)<M - (Mext)()) ’

(3.20)

where (Mext)o is the leading order extremal mass given in (3.3). As we can see, this
expression diverges if the leading order solution is extremal. This is in fact not a surprise, as
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leading order extremality implies a double root at the horizon. The higher order corrections
will lift this double root and hence cannot be parametrized as a linear shift in €. The correct
shift will be proportional to /€; however, this will not affect the bounds implied on the
EFT coefficients. For a discussion of the entropy shift of very-near extremal black holes,
see appendix C.

In order to avoid the divergence, we can instead consider a leading order solution taken
slightly away from extremality. As long as we are sufficiently close to extremality, the first
term in (3.18) will dominate the entropy shift. Noting further that, at extremality, the
numerator of (3.20) becomes proportional to the mass shift (3.7) at fixed charge, we can
rewrite (3.18) as

<665>Q,M - f((d - 2><zdw_—1<Mext>o> <86M )Q,T_o

d—1
+ ﬁp + 4Cll2Rt7~tr + 202l2FtrFtr> . (3.21)

The deviation away from extremality can be written in terms of the leading order
temperature,

(d — 2)(M — (Mext)o)

4Ty = |9'((rh)o)|e=0 = Vid—1)(rp)"!
Th)o

(3.22)

The total shift to the entropy is then given by

oS 1 [OM Afd-1
el - (2= — | =——=p+4c1®Ripir + 26512 Fy Fyy | 3.23
<8€>Q7M T0(8e >Q’T0 4<d_2p+ C1U" Mgy + 2C207 Py t> ( )

Finally, as Ty — 0 we reproduce the relation [7, 12]

<W> N <8S> . (3.24)
9¢ ) or—o O¢ ) o m

Note that this relation was obtained using only the general feature that the corrected
geometry may be written in terms of a shift Ag to the radial function g(r). In particular,
we never had to use the explicit form of Ag given in (2.6).

3.3 Explicit results for the entropy shifts

In order to compare with the next section, we include some explicit results for the mass
shifts. In section 5, we will see what constraints may be placed on the EFT coefficients by
imposing that entropy shift is positive. We’ll use the mass shift here, to remove the factor
of Ty. The entropy shift is positive when the mass shift at constant charge is negative. It
is easy to see that the shifts here are positive when all the coefficients are positive.

For AdS,, we find:

THAS = (401(12 +3r2)2 + 269 (1% + 3r2) (12 + 18r2) + 8(2c3 + ) (1% + 37«,3)2) .

(3.25)

5rp,12
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For AdSs, we get:

THAS = — <c1(3114 + 128122 + 1381
161 (3.26)

+e224(1% + 2r2) (12 + 6r2) + (2¢5 + 1) T2(1% + 2r,§)2) .
AdSﬁ:

27
BAS = oo (clrh(369l4 + 1263122 + 11241

4 codry, (312 4 5r7) (2712 + 10077) + (23 + c4)967, (312 + 57«%)2) .
(3.27)

AdSy:

2

DAS = 0 (c1 (1384142 + 42361277 + 3345r9)

+ o 40(20% + 3r2) (1612 + 45r2) + (2c3 + c4) 800(21% + 3r,§)2) .
(3.28)

4 Thermodynamics from the on-shell Euclidean action

The ultimate goal of this paper is to determine the leading higher-derivative corrections
to relations between certain global properties of black hole solutions. These relations are
of a thermodynamic nature, and arise by taking various derivatives of the free-energy
corresponding to the appropriate ensemble. As is well-known [24], the classical free-energy
of a black hole can be calculated using the saddle-point approximation of the Euclidean
path integral with appropriate boundary conditions. In the Gibbs or grand canonical
ensemble, the appropriate quantity is the Gibbs free-energy, which may be calculated from
the on-shell Euclidean action

BG(T.®) = IE‘[QEV (T, 2), AE(Ta ®)], (4.1)

where 3 = T~!, and gfy (T, ®) and AE (T, ®) are Euclideanized solutions to the classi-
cal equations of motion with temperature 7" and potential ®. Similarly in the canonical
ensemble the corresponding quantity is the Helmholtz free-energy, given by

where gfy (T, Q) and AE (T, Q) are Euclideanized solutions with temperature 7" and electric
charge ). In both expressions, I is the renormalized Euclidean on-shell action.

The Euclidean action with cosmological constant is IR divergent when evaluated on a
solution. However, it may be given a satisfactory finite definition by first regularizing the
integral with a radial cutoff R. To render the variation principle well-defined on a spacetime
with boundary we must add an appropriate set of Gibbons-Hawking-York (GHY) [25, 26]
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(in the case of the canonical ensemble, also Hawking-Ross [27]) terms in addition to a set of
boundary counterterms. The complete on-shell action then consists of three contributions

Iy = Iyax + Igny + ot (4.3)

If the counterterms are chosen correctly, they will cancel the divergence of the bulk and
Gibbons-Hawking-York terms, rendering the results finite as R — oco. In AdS there is
a systematic approach to generating such counterterms via the method of holographic
renormalization [21, 28, 29]; since the logic of this approach is well-described in detail
elsewhere (see e.g. [30]) we will not review it further, but simply make use of known results.
Explicit expressions for the needed GHY and counterterms (including the four-derivative
corrections used in this paper) valid in AdSy, d = 4,5,6 can be found in [20, 31].

Once the free-energy is calculated, the remaining thermodynamic quantities can be
determined straightforwardly by using the definitions of the free-energies and the first-law
of black hole thermodynamics

F=FE-TS, G=E-TS-®Q, dF =TdS+®dQ. (4.4)

The expressions calculated using these Euclidean methods should agree with the Lorentzian
or geometric calculations in the previous section. Note, however, that there is a bit of a
subtlety with the notion of black hole mass here, as the thermodynamic relations are for the
energy E of the system. In holographic renormalization, there is always an ambiguity in
the addition of finite counterterms that shift the value of the on-shell action. The standard
approach is to fix the ambiguity by demanding that even-dimensional global AdS has zero
vacuum energy while odd-dimensional global AdS has non-zero vacuum energy that is
interpreted as a Casimir energy in the dual field theory. In this case the thermodynamic
energy is the sum of the black hole mass and the Casimir energy

E=M+E,, (4.5)

and the mass M of the black hole is only obtained after subtracting out the Casimir energy
contribution, as we did in section 2.

The purpose of introducing this alternative approach is not just to give a cross-check
on the results of the previous section, but also to verify a recent general claim by Reall
and Santos [17]. In this paper, the O(e) corrections we are considering can be calculated
by first evaluating the free-energy or on-shell action at the same order. Naively, this would
require evaluating three contributions

0
IE[gfw AE] = I(E2) [g;(ﬁ/)Ev AE?)E] te < nv

e e=0

+ dgl) [g/gr‘,;)E, AEE)E] +0 (62) , (4.6)

Ig)[g(z)E+6g£z;V)E,AL2)E+6AL4)E]>

where (2) and (4) denote two and four derivative terms in the action and their corresponding
perturbative contributions to the solution. The central claim in [17] is that the first term
at O(e) is actually zero, and that therefore we do not need to explicitly calculate the O(e)
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corrections to the equations of motion. For black hole solutions of the type considered
in this paper, we can evaluate the leading corrections without much difficulty, but for
more general situations with less symmetry this may not be possible. In such a case the
Euclidean method is more powerful, as has recently been demonstrated with calculation of
corrections involving angular momentum [32] or dilaton couplings [33].

Although the result of [17] was demonstrated in the grand canonical ensemble, it is
straightforward to see that it implies an identical claim about the leading corrections in
the canonical ensemble. While the quantities of interest can be extracted from either, the
explicit expressions encountered in the latter are usually far simpler and therefore more
convenient. Recall that we can change ensemble by a Legendre transform of the free-energy

F(T,Q) = G(T,3(Q)) + 2(Q)Q, Q= — (8G>T (4.7)

0P
where the right-hand-side is defined in terms of the implicit inverse function ®(Q). At
fixed T and @, the potential ® receives corrections from the higher-derivative interactions,
and so, expanding the right-hand-side to O(e), we have

F(T,Q) = GO(T, o )(Q))+e<§€G(2)(T,<I>( Q) + ed™ >
+eGU(T,83(Q)) + 2P(Q)Q + @ (Q)Q + O (e (4.8)

Recognizing that

= _(I)(4) (Q)Q7
>=3(2)(Q)
(4.9)

0
(5rc®r22Q) + (@)

€

_ oG (2)
=0 <Q><a¢ )

we see that the leading correction to the Helmholtz free energy is simply given by

F(T,Q) = FON(T,Q) + YT, P (Q)) + O (¢*) . (4.10)

In terms of the on-shell Euclidean action, using the result of Reall and Santos, this is then
equivalent to

O(1,Q) = 31 (47 (1.Q). APF(1,Q)) (4.11)

where here Ig‘) denotes the contribution of the four-derivative terms to the renormalized
on-shell action. Note that this includes potential four-derivative Gibbons-Hawking-York
terms, but as this argument makes clear, will not include any additional Hawking-Ross
terms. This expression is the analogue of the Reall-Santos result, but in the canonical
ensemble. It says that the leading correction to the Helmholtz free-energy is given by
evaluating the four-derivative part of the renormalized on-shell action on a solution to the
two-derivative equations of motion with temperature T and charge Q.

Below we will give a brief review of the well-known thermodynamic relations at two-
derivative order, and then using the above result we will calculate the leading corrections
and verify explicitly that they agree with the results of the previous section.
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4.1 Two-derivative thermodynamics

As described above, the regularized on-shell action has a bulk as well as various boundary
contributions. At two-derivative order and in d-dimensions these have the explicit form

2 1 d(d—1) 1
Toun = 16w /ddﬂx‘@(ﬂ TR ZFQ)’
2 1
@ _ 1 [ d—1 !
ICT_SW/dx\/ﬁ< z +2(d_2)7z : (4.12)

where hy, and R, are the metric and Ricci tensor of the induced geometry on the boundary
at r = R. Note that in Ig% we have included the minimal set of counterterms necessary
to cancel the IR divergence in d = 3 and d = 4. For d > 4, additional counterterms
beginning at quadratic order in the boundary Riemann tensor are necessary to cancel
further divergences.

The regularized bulk action has a well-defined variational principle provided that § A4, =
0 at » = R. This amounts to holding ® fixed, and thus it corresponds to boundary
conditions compatible with the grand canonical ensemble. For many applications, we will
want to hold the charge fixed. From a thermodynamic point of view, we want to use
the extensive quantity () instead of the intensive ®, so we must compute the Helmholtz
free energy instead of the Gibbs free energy. Holding @) fixed requires different boundary
conditions, and in particular the further addition of a Hawking-Ross boundary term [27]

1
I = Tor d*wv/hn, F* Ay, (4.13)

where n,, is the normal vector on the boundary and A, is the pull-back of the gauge
potential. To summarize, the total two-derivative on-shell action

I = K T I 1 (1

evaluated on the Euclideanized solution to the two-derivative equations of motion

2 2 1.2, 2102 m q° r?
dsg = f(r)dr® +g(r) " dr® +r°dQq_;, f(r)=g(r)=1- rd—2 + Ar2d—4 + 12’
(1 q 2(d — 2) 1 ¢
Ag :Z<_C7“d2+q>> dT, c= m, (I):Eldle/dfz’ (4'15)

is equal to BF® (T, Q), where F® ig the two-derivative contribution to the Helmholtz
free-energy. In the above we have introduced the dimensionless variable v = (r3)0/l, where
(rn)o is the location of the outer-horizon of the two-derivative solution with temperature T
and charge (). Note also that here, and for the remainder of this section, we will consider
only spherical k£ = 1 black holes. Since v satisfies f(v) = 0, we can solve for the parameter

m as
q2 Vd

_ o d-2
mEv ot it

(4.16)
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In the Euclidean approach to calculating the leading corrections to the thermodynamics,
it will prove natural to continue to use v and ¢ to parametrize the space of black hole
solutions, even when the four-derivative corrections are included. This means that it is
also natural to write all thermodynamic quantities in these variables, which requires the
use of standard thermodynamic derivative identities to rewrite derivatives. Recall that
the parameter ¢ and the physical charge () are not the same, but are related by an overall
constant given in (2.21). Therefore holding @ fixed is the same as holding ¢ fixed. Explicitly,
the two-derivative free-energy calculated in this way in AdSy is given by

Fi(qv) = ==+ 1+ 1o, (4.17)

and in AdSs by

2 2
(2) N e S SN S iy 3ml
Fd:4(q,V)——§7Tl v +§7Tl v +W+§ (418)
Once the free-energy is calculated, the entropy and energy are given by
oF
S=—|— , E=F+4+TS. (4.19)
orT 0

In terms of our natural variables, we can re-express the entropy as

wwn-() [(2)]”

where the temperature is given by

(d —2)g?1 —dpyt—d N (d—1)v2+d—2

T —
(g,v) A7 47l

(4.21)

Note that this expression is exact, meaning it does not receive corrections when we include
the four-derivative interactions. It is therefore useful to introduce the function

2 2 )2
) = - 2O D

(4.22)

such that taking the limit ¢> — ¢2,(v) is equivalent to taking the extremal limit 7" — 0.

If we extract the energy £ = F'+ T'S from the expressions (4.17) and (4.18), we find
that it agrees with the mass, (2.23), for AdS4 but not AdSs. This is not surprising as
the thermodynamic energy E and mass M of the black hole in AdSs differ by a Casimir
energy contribution that is independent of ¢ and v. We can, of course remove the Casimir
energy by the addition of finite boundary counterterms, or equivalently by a change in
holographic renormalization scheme. The expression (4.18) is calculated in a minimal
subtraction scheme, in which the possible finite counterterms are zero and the Casimir
energy is present.

Physically, it is useful work in a scheme in which the energy E coincides with the mass
M of the black hole, without a Casimir contribution. In such a zero Casimir scheme, the
energy of pure AdSs is defined to be zero. Calculating the free-energy from the on-shell
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action of pure AdSs with generically parametrized four-derivative counterterms we find that
this scheme requires the following modification from the minimal subtraction counterterms

2 2 1 4 13 2
18— 13+ - /d 2vh <—96 R2. (4.23)
The free energy calculated with this modified on-shell action agrees exactly with the expec-
tation using (2.23). Note that the entropy, since it is given by a derivative of the free-energy,
is independent of the choice of scheme. The zero Casimir scheme is a physically motivated
choice, but certainly not unique.

4.2 Four-derivative corrections to thermodynamics

To evaluate the four-derivative corrections we make use of the result (4.11). As in the
two-derivative contribution, the on-shell action is properly defined by a regularization and
renormalization procedure. For the operators in (2.1) with Wilson coefficients cg, c3 and
c4 the required Iéi)lk contribution is actually finite, while for the term in (2.1) proportional
to c1, we must again regularize and renormalize by adding infinite boundary countert-
erms. The required explicit expressions, as well as the complete set of four-derivative GHY
terms, can be found in [20, 31]. The calculation is otherwise identical to the two-derivative
contribution described above, and in AdS4 we find

20144 — 512,202 4 2 (12 (901202 — 702 — 601
Fy)s(%’/):cl(—(ozy SV +q)_3y>+c2q (22 (201 7¢%) — 600*v*)

201515 l 801715

4 4
€34 C4q

— - —. 4.24

50505 100505 ( )

The complete free-energy, up to O(e?) contributions, is then given by
_ (2 (4) 2
Fa—s(q,v) = FiZ5(q,v) + eFy25(q,v) + O(€). (4.25)

From this explicit expression we can then calculate the entropy

4dmere (4l41/4 (1 — 3u2) —31%0%¢% + q4) Teaqle (12l2y2 (1/2 — 1) + 7q2)
412 (3v2 — 1) v + 3v2¢? 42 (302 — 1) v+ 3022
16mesqte 8meaqte
A2 (32 — 1)t 43022 42 (312 — 1) v 4 302¢2

Syq = wl?? —

+ O(é%), (4.26)

and mass (which coincides with the thermal energy)

My = L1 40y 4 L agel Z 407 (90 +2))
2 8lv 4005 (3v2 — 1) v7 4 30131°¢>
c2q%e (80l41/4 (—91/4 + 612 + 1) — 81212 (391/2 + 7) 7>+ 7q4)
+ 4003v° (41202 (3v? — 1) 4 3¢?)
2c3q*e (q2 — 4127 (91/2 + 2)) caqe (q2 — 4172 (91/2 + 2))
513v° (41202 (3v?2 — 1) 4+ 3¢%) 51315 (41212 (312 — 1) + 3¢?)

+ O(?). (4.27)
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Taking the extremal limit we find the following expression for the mass shift

derl (32 +1)° 2651(302 + 1)(1802 + 1)

AMy_3)gr=0 = —
(AMg=3)q,r=0 = =
16030 (302 +1)7  8el (302 +1)°
- - , (4.28)
oV ov

which agrees exactly with (3.25). Strictly, the two expressions are parameterized in terms
of different variables (v the uncorrected horizon vs. rp the corrected horizon), but these
differ by O(e), and so when we take ¢ — 0 the two functions are the same.

Similarly we can calculate the shift in the microcanonical entropy, which will be impor-
tant in the subsequent section for analyzing conjectured bounds on the Wilson coefficients.
The actual expression is given in (5.10), and can be calculated straightforwardly using
standard thermodynamic derivative identities

os

a0 (5) - (%), g;] . (420

ov
The calculation for AdSs is similar, but in this case we have to be cautious about the
Casimir energy. We calculate the free-energy in the physically motivated zero Casimir
scheme. To do so, we again fix the finite counterterms by evaluating the four-derivative
on-shell action on pure AdSs. Requiring the Casimir energy to vanish requires the following
modification from the minimal subtraction counterterm action

1 3
16— Igp + o / d'avh <—5cll ) R2. (4.30)

48

Using this we calculate the four-derivative contribution to the renormalized free-energy

@ 1 (_ 43¢ 24 (50% 4 8) ¢

— 32 (130" + 41° + 18) )

d=4 Zo56" T\ T B8 144
3mep (81'v%¢* — 3¢")  9mezg* Imeaq? (4.31)
320818 161808 320818 ° ’
We also obtain the entropy
1 55 5 meie (815 (2607 +41) w10 + 61* (502 + 16) v1¢? — 43¢%)
Sg—yq = —m°1°V° +
2 413v3 (414 (2v2 — 1) vt + 5¢2)
6m2coe (4l4u4q2 — 3q4) 36m2c3qte
I7 (809 —4v7) + 583v3¢% 17 (809 — 47) + 5131342
I8rcuq’e S+0(&), (4.32)

1T (809 — A7) + 5313q

3T (4l4 (1/2 + 1) v+ q2)
320212
me (384112 (V2 + 1) (260 4 2312 + 6) 12 — 3218 (270" + 3202 + 18) 18¢?)
2561808 (414 (202 — 1) v* + 5¢?)

+ 1
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me (—41% (68412 + 253) viq! + 129¢°)
2561818 (41* (202 — 1) v* + 5¢?)
37r02q e (323 (1002 + 3) 8 — 41* (5402 +19) v*¢% + 9¢%)
321808 (41* (2v2 — 1) vt + 5¢?)
9meaqte (3q — 4144 (18V + 7))
161808 (41* (212 — 1) v* + 542
9Imeaqte (3q — 444 (18V +7
321808 (414 (202 — 1) vt + 5¢?

)
3) +0 (). (4.33)

The extremal mass shift is given by

(AMg—4)0,r=0 = — %ml (1380 + 12812 + 31) — gmg (202 +1) (6v° +1)
9
— 9mes (207 + 1)2 — 57 (20 + 1)2 , (4.34)

which agrees exactly with the result (3.26). Likewise we can calculate the correction to the
microcanonical entropy using (4.29), the explicit expression is given in (A.2).

5 Constraints from positivity of the entropy shift

Having derived the general entropy shift at fixed mass, we may now determine what con-
straints on the EFT coefficients are implied by the assumption that it is positive. Recall
that the argument of [7] for the positivity of the entropy shift assumes the existence of
a number of quantum fields ¢ with mass mgy, heavy enough so that they can be safely
integrated out. In particular, such fields are assumed to couple to the graviton and pho-
ton in such a way that, after being integrated out, they generate at tree-level the higher-
dimension operators we are considering (with the corresponding operator coefficients scaling
as ¢; ~ 1/mg). This assumption is essential to the proof; it may be that the entropy shift
is universally positive (see [32] for a number of examples), but proving such a statement for
non-tree-level completions would require a different argument from the one laid out here.
We revisit the logic of [7] in the context of flat space, before discussing how it may be
extended to AdS asymptotics, and denote the Euclidean on-shell action of the theory that
includes the heavy scalars ¢ by Iuvlg, A, ¢]. First, note that when the scalars are set to zero
and are non-dynamical, the action reduces to that of the pure Einstein-Maxwell theory,

IUV[g7A7 0] = 1(2) [97 A] . (51)

This is a statement relating the value of the functionals Iy and I (the two-derivative
action) when we pick particular configurations for the fields. These fields may or may not be
solutions to the equations of motion. Next, consider the corrected action, I = I?) + 14,
and note that it obeys

Iclg+ Ag, A+ AA] ~ Iyv[g, A, ¢]. (5.2)

Here we have in mind that the fields are valid solutions of the respective theories, i.e. [g, A, ¢]
is a solution of the UV theory and [g + Ag, A + AA] is a solution to the four-derivative
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corrected theory. The UV theory and that with an infinite series of higher-derivative
corrections should have exactly the same partition function; therefore, this expression is an
equality up to quantum corrections and corrections that are O(e?). Finally, let us choose
[g, A, ¢] to be solutions of the UV theory with charge @ and temperature 7', and [go, Ao]
to be field configurations in the pure Einstein-Maxwell theory with the same charge and
temperature as those of the UV theory. One then finds the following inequality,

Iclg + Ag, A+ AAlrg ~ Tuvlg, A, dlr.q < Tuvigo, Ao, 0.0 = IP[go, Aolro.  (5.3)

Since [g, A, ¢] is a solution of the UV theory, it extremizes the action. To ensure the
inequality that appears in (5.3), one must further require that this solution is a minimum
of the action. The inequality then follows because [go, Ag,0] is not a solution to the
equations of motion, for the same charge and temperature. Finally, as long as one works in
the same ensemble, the boundary terms will be the same for both actions and thus don’t
affect the argument.

In general, different theories will have different relationships between mass, charge, and
temperature. We are interested in the entropy shift at fixed mass and charge. Therefore
we must compare the two action functionals at different temperatures. For simplicity, we
use Ty /T5 for the temperature that corresponds to mass M and charge @ for the theory
with/without higher-derivative corrections, respectively. Then we have:

Fo(Q,Ty) < F2(Q, Ty),
Fo(Q,Ty) < F2(Q,T2) + (Ty — T2)0r F(Q, T3),
Fo(Q,Ty) < Fo(Q,Ts) — (Ty — T3) S,

(5.4)
M — S4T4 <M — SQTQ — (T4 — TQ)SQ,
—=S54Ty < =145,
AS >0,

at fixed M and @ (and in the zero Casimir energy scheme).

Now that we have outlined the argument in flat space, we can ask whether it can be
immediately extended to AdS. One subtle point in the derivation outlined above is that the
free-energy is only finite after the subtraction of the free-energy of a reference background.
In the flat space context, the contributions of such terms to the two actions are identical
because the asymptotic charges are the same. Thus, this issue does not affect the validity
of the argument.

In AdS, the story is a little different— the free-energy is computed using holographic
renormalization. Different counterterms are required to render the two-derivative action
I® and the corrected action I finite. Moreover, Iy may also require a different set
of counterterms involving contributions from the scalar, and unlike the bulk contribution,
there is no reason to expect that their on-shell values are less than their off-shell values.
This is a potential hole in the positivity argument in AdS. Apart from this issue, the rest
of the argument can be immediately applied to AdS.
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5.1 Thermodynamic stability

As we’ve seen, the above proof requires that the uncorrected backgrounds are minima of the
action. Thermodynamically, this amounts to the condition that the black holes are stable
under thermal and electrical fluctuations. This translates to the following requirements on
the free-energies,

82F) (82G> <82F>
Z) <o, ) <0, er=(2=] >o0. (5.5)
<8T2 o ar? ), Q2 )

These conditions may be rewritten in terms of the specific heat and permittivity of the
black hole, which can be used to determine, respectively, the thermal stability and electrical
stability of the black hole [34, 35]. We’ll ignore the specific heat at constant ® now, as we
are interested in the stability in the canonical ensemble, and consider

S 9Q
_ > =[(=) >o0. )
co-r () 20 (%) = o)

Positivity of the specific heat is equivalent to the statement that larger black holes should
heat up and radiate more, while smaller ones should become colder and radiate less. When
the quantity ep is negative the black hole is unstable to electrical fluctuations, meaning
that when more charge is placed into it, its chemical potential decreases. We expect that it
should instead increase, to make it more difficult to move a charge from outside to inside
the black hole — thus making it harder to move away from equilibrium [35]. We may
compute these quantities using the results of the previous section. For AdS,, we find

_ 2P+ 3% (2 - €6 (- 2E+3r2-26+8)
T2 —6E + 362 + 302(4 — 6¢ + 3€2)’ T (2 — 66 + 362 + 3v2(4 — 6 + 362))
(5.7)

Cq

where we recall that v = r,/l and @ = (1 — {)Qext- These results have been obtained
previously e.g. in [36]. We find that both of these coefficients are positive when either

1 1— 32
v<vi=g £<¢ \/1+3y2, (5.8)

v>vUt=— 0<é<l, (5.9)

holds, or when

is satisfied.

Thus, for small black holes stability requires that the extremality parameter be less
than some function of the radius, £ < &£*. In particular, extremal black holes, for which £ —
0, are stable while neutral black holes, which correspond to £ — 1, are not. The implication
of (5.9) is that above a certain radius (r;, > [/v/3) all black holes are thermodynamically
stable. This behavior is visible from figure 1, where we have plotted the allowed parameter
space based on the Cg and er conditions separately. This raises an interesting point in
making contact with the flat space limit: if we require both parameters to be positive, there
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Positive Cq in AdS4 Positive €7 in AdSs
T v T —

Figure 1. Blue represents the regions of parameter space where each quantity is positive.

are no stable black holes at v = 0. Note that in [7] only Cg was considered. However,
in applications involving AdS/CFT, we believe that both the specific heat and electrical
permittivity should be taken into account.

Here we have only considered the leading-order stability. The higher-derivative correc-
tions will shift the point where the specific heat crosses from positive to negative. However,
in proving the extremality-entropy relation, we are only interested in the extremal limit,
which is not affected by this consideration. In principal we could compute the order € shifts
to the stability conditions to obtain small corrections to the entropy bounds.

5.2 Constraints on the EFT coefficients

The entropy shift in AdSs for a black hole with an arbitrary size and charge takes the
following form,

a8 (1 +302) ) . , \
(&)QM —7(@ (4 — 66 +196% —166° +4¢" + 120°(6 — 1))
b6 — 102 (2 146 + 7€ + 32(12 — 14e +7¢7))  (510)

+8(2e3 + ea)(1 4+ 302) (€ — 1)4) ,

where the temperature is given by the expression

(1+37)(€ - 2)¢

T(Th,g) == Al

We can see from the £ dependence of the latter that in the & — 0 limit the shift to the
entropy blows up. If we examine the leading part in 1/&, we find that it is proportional to
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the mass shifts we have computed above. Thus, in the extremal limit we have

o5 e 232 2 2 212
<8€>£*)0 Y (401(1 + 3v%)° 4+ 2¢(1 + 3v7) (1 + 18v7) + 8(2¢3 + ¢4)(1 + 3v7) )

(5.11)

It is also interesting to note that in the chargeless limit £ — 1 the dependence of (5.10) on
¢, c3 and ¢4 drops out entirely, and we are left with an entropy shift of the simple form

98 l
(86)5 = (1+307) . (5.12)
R

Our results above show that large black holes are stable in the chargeless limit. Therefore,
under the assumption that the four-derivative corrections yield a positive entropy shift for
all possible stable black hole backgrounds, we find

c1>0. (5.13)

In figure 2, we have graphed the constraints on the coefficients that arise from de-
manding that the entropy shift is positive. We have included both the constraints from the
extremal entropy shift and from considering the shift of all stable black holes. Considering
only extremal black holes may be interesting because it is equivalent to the condition that
the extremality shift, A(M/Q), is negative. Thus we may look at the constraints implied
by positive entropy shift and by negative extremality shift independently. Note that we
have divided by ¢, which we have already proven to be positive. We may write out the all
the constraints obtained:

C1 2 07
e >0, (5.14)

1
c3 > —§C1(2+02)~
We have computed the corresponding bounds for AdSs through AdS;. The results
may be found in appendix A. We would, however, like to comment on AdSs, where the
positivity of the coefficient of the Riemann-squared term is of particular interest. The
stability analysis yields results that are qualitatively similar to (5.8) and (5.9), but with

1—212 1
L Y el o 1
e\l = (.15

Once again, we see that large black holes are stable for all values of the charge.

the following definitions

When we examine the entropy shift in the neutral limit, we find

ml? 9 4
7 (87 + 1641° + 5207) | (5.16)

whose overall sign is completely determined by that of ¢;. This means that there are stable
black holes where the sign of the entropy shift is the same as the sign of the coefficient of
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Extremal AdS4 Black Holes Stable AdS4 Black Holes
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Figure 2. Blue regions are allowed after imposing that the entropy shift is positive. (Left): allowed
region after imposing that extremal black holes have positive entropy shift (Right): allowed region
after imposing that all stable black holes have positive entropy shift,

szcd. Thus, a positive entropy shift for stable black holes implies that ¢; is positive. In
fact, a positive value of ¢; was the necessary ingredient in [4] for obtaining the violation of
the KSS bound.® It is also interesting to note that in d > 3, this sign constraint was shown
to follow from the assumption of a unitary tree-level UV completion [37]. The entropy
constraints given in this paper are then strictly stronger since they also apply in d = 3.

In closing, we stress that we are not claiming that the entropy shift should be univer-
sally positive; the proof outlined above only applies when the higher-derivative corrections
are generated by integrating out massive fields at tree-level (and relies on assuming that the
corresponding solutions minimize the effective action). However, it is interesting that the
conjecture that the entropy shift is universally positive appears to suggest that violations
of the KSS bound are required to occur. Our results extend and make more precise the
earlier claim by some of us [20] of a link between the WGC and the violation of the KSS
bound. We will come back to this point in section 6.

5.3 Flat space limit

As we have pointed out above, we can not compare the results we have given above to
the flat space limit. This is because if we impose both Cg > 0 and e > 0, we find that
there are no stable black holes in the flat space limit ¥ — 0 (as suggested by figure 1).
In AdS/CFT, we expect that both conditions are necessary to ensure thermodynamic
stability; nonetheless, we may remove the condition ey > 0 in order to compare with the
flat space limit. In this case, we find that stability requires

1 1— 302 1

e=1- e V=7 (5.17)

5We have checked the calculation with a different basis, choosing to use Gauss-Bonnet instead of Riemann

squared. As expected, we find that the coefficient of the Gauss-Bonnet term is positive.
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Figure 3. The blue regions are allowed in flat space and the orange in AdS— note that the AdS
regions are a subset of those from flat space.

for the AdS,4 black holes, and

o1 1— 22 .1 (5.18)
— _ — —_— Vv = — .
V2V 1+202 V2’

for the AdSs black holes. This allows for a more direct comparison between the two cases.
In figure 3, we contrast the bounds obtained in AdS and flat space. The bounds in AdS
are stronger, as they should be given that there is an extra parameter’s worth of stable
black holes. Note also that ¢; > 0 is implied by positivity in AdS, but not in flat space,
because in flat space there are no stable neutral black holes.

6 Discussion

In this paper, we have examined the relationship between the higher-derivative correc-
tions to entropy and extremality in Anti-de Sitter space. As we have seen, extremality
is considerably more complicated in AdS because the relationship between mass, charge,
and horizon radius at extremality is non-linear. Nonetheless, we have verified the rela-
tion [7, 12] between the entropy shift at fixed charge and mass and the extremality shift
at fixed charge and temperature. There is a sharp dependence on which quantities are
held fixed in AdS. This is in contrast to flat space, where the linear relationship between
mass, charge, and horizon radius removes this issue. We have also provided a more general
proof of this relation in appendix B, and extended the result to show that there is a third
proportional quantity, which is the extremality shift at fixed mass and temperature.

When viewed geometrically, these statements seem almost accidental. In section 4,
we performed the same calculation from a thermodynamic point of view by computing
the free energy from the renormalized on-shell action. From this point of view, issues
concerning “which quantity is held fixed” translate to “which ensemble is used.” In addition
to providing an additional check on the results from section 3, this provides a non-trivial
confirmation of the results of [17], which states that the shifted geometry is not needed to
compute the thermodynamic quantities.
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Assuming that the entropy shift is positive places constraints on the Wilson coefficients.
However, a crucial difference appears in AdS when compared to flat space. The stability
criterion depends on the horizon radius over the AdS length, and goes to zero at large
horizon radius. This means that there are stable neutral black holes that are asymptotically
AdS. For neutral black holes, the entropy shift is dominated by c¢1, which is the coefficient
of the Riemann squared term, so the positivity of the entropy shift implies the positivity
of this coefficient. In AdSs, this coefficient may be related to the central charges of the
dual field theory [28, 38, 39] by

(6.1)

T8
Thus, the positivity of the entropy shift appears to be violated in theories where ¢ —a < 0.
In [40], a number of superconformal field theories were examined, and all were found to
satisfy ¢ — a > 0. It is worth noting there are non-interacting theories where ¢ — a < 0; for
example, & = % for a free theory of only vector fields [41]. However, such theories do not
have weakly curved gravity duals.®

The question of whether holographic theories with gravity and gauge fields necessarily
correspond to ¢ — a non-negative is interesting for a number of reasons — both from a
fundamental point of view and for phenomenological applications.

In particular, recall that the range of the Wilson coefficients and the sign of ¢ — a
played an important role in the physics of the shear viscosity to entropy ratio n/s and how
it deviates from its universal 1/4m result [42, 43], as discussed extensively in the literature
(see [44] for a review of the status of the shear viscosity to entropy bound). Indeed, it is
interesting to compare our results to the higher-derivative corrections to n/s, which (for

the AdSs case of interest to us here) were shown [18] to be given by

2
g = ﬁ (1 —8c1 +4(c1 + cz)zg> , (6.2)
where 7 is a parameter of the solution defined in [18]; the factor ¢%/r§ goes from 0 (for
neutral black holes) to 2 (at extremality). Our bounds on ¢; imply that neutral black holes
will necessarily have a negative viscosity shift, violating the KSS bound. Models where this
is realized are known to exist — the first UV complete counter-example to the KSS bound
was given in [19]. For extremal black holes, the dependence on ¢; drops out and only the
sign of co matters, /s = ﬁ (14 8c2). For AdSs, the ¢y coefficient may have both positive
and negative values. However, imposing the null energy condition implies an additional
constraint on the range of ¢y, which in AdSs takes the form
13

Ecl+62>0. (6.3)

SIn fact, there are holographic theories with ¢ < a. These are the Tx theories, which arise as Ms branes
wrapping punctured Riemann surfaces. As these theories enjoy N' = 2 supersymmetry on the boundary,
their bulk duals necessarily include massless scalars in the graviton multiplet. Therefore our analysis does
not include this case, and it may be interesting to try to extend our work to include scalars in the massless
spectrum. We thank Eric Perlmutter for making us aware of this interesting example.
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This may be seen by first noticing that the definition of the parameter « in equation (2.8)
implies 7 > 0 as long as the null energy condition holds. Then the bound in (6.3) may be
derived from the specific form of v given in (2.9). This alone is sufficient to bound ¢z from
below, when ¢; is non-negative. Thus, one can see that utilizing such constraints it is at
least in principle possible to bound 71/s from below, in specific cases. To what extent this
can be done generically is still an open question.

It might be interesting to try to relate the extremality bounds to the transport coef-
ficients of the boundary theory in a more concrete way. As the corrections to 7/s depend
only on ¢ and ¢s in five dimensions, it is clear that the shift to extremality is not captured
by the physics that controls /s alone. One might wonder, however, if some other linear
combination of transport coefficients, such as the conductivity or susceptibility,” might be
related to the extremality shift. From a purely CFT point of view, this is certainly not
that strange; the philosophy of conformal hydrodynamics is that scaling symmetry ties to-
gether ultraviolet quantities (a, c) that characterize the CFT to the transport coefficients,
which characterize the IR, long-wavelength behavior of the theory. If we believe that EFT
coefficients in the bulk are related to these UV quantities (as is known in the case of ¢1),
then a correspondence between higher-derivatives and hydrodynamics is very natural. The
question is to what extent this can be used to efficiently constrain IR quantities. Finally,
we should note that extending our analysis to holographic theories that couple gravity to
scalars would be useful to make contact with the efforts to generate non-trivial temperature
dependence for n/s (see e.g. the discussion in [46, 47]), which is expected to play a key role
in understanding the dynamics of the strongly coupled quark gluon plasma.

Our results also have potential to make contact with the work on CFT's at large global
charge [48]. As we’ve seen above, the extremality curve for AdS-Reissner-Nordstrom black
holes is non-linear even at the two-derivative level. In an analysis of the minimum scaling
dimension for highly charged 3D CFTs states of a given charge, it was found [22] that
A ~ ¢3/2. This is in striking agreement with the extremality relationship m ~ ¢*/? that
holds for large black holes. The large charge OPE may be powerful because it offers an
expansion parameter, 1/¢, which may be used even for CFTs which are strongly coupled. In
principle, it should be possible to match our higher-derivative corrections to the extremality
bound with corrections to the minimum scaling dimension that are subleading in 1/¢g. This
might allow one to use the large charge OPE to compute the EFT coefficients of the bulk
dual of specific theories where the minimum scaling dimensions are known.

6.1 Weak gravity conjecture in AdS

One of the motivations for this work is to address to question of to what extent the WGC is
constraining in Anti-de Sitter space. It is not obvious that it should be. In flat space, one
looks for higher-derivative corrections to shift the extremality bound m(q) to have a slope
that is greater than one. In that case, a single nearly extremal black holes is (kinematically)
allowed to decay to two smaller black holes, which can fly apart off to infinity and decay
further if they wish.

"These have been considered in [45], which already in 2008 had an interesting comment about a possible
relation to the WGC.
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In AdS, the extremality bound m(q) has a slope that is greater than one at the two-
derivative level. Therefore one might expect that large black holes are already able to
decay without any new particles or higher-derivative corrections. This picture may be too
naive, however; the AdS radius introduces a long range potential that is proportional to
7;—22. This causes all massive states emitted from the black hole to fall back in, contrary to
the situation in flat space.

A different decay path is provide by the dynamical instability [49-52], whereby charged
black branes are unstable to formation of a scalar condensate. This occurs only if the theory
also has a scalar with charge ¢ and dimension A that satisfies

3
(qogMpil)? — 3 (6.4)

N

(myl)? <

Note that, even in the limit of large AdS-radius [, this does not approach the bound we have
for small black holes, which is m < ¢. Numerical work in [50] suggests that the endpoint
of the instability is a state where all the charge is carried by the scalar condensate. Similar
requirements appear for the superradiant instability of small black holes [53, 54]. For
a more thorough review, see [13]. In either case, it is curious that in AdS, a condition
similar to the flat space WGC allows for black holes to decay through an entirely different
mechanism.

Another remarkable hint of the WGC comes from its connection to cosmic censorship.
In [55, 56], it is shown that a class of solutions of Einstein-Maxwell theory in AdS, that
appear to violate cosmic censorship [57] are removed if the theory is modified to include a
scalar whose charge is great enough to satisfy the weak gravity bound.®

It may be possible to study these solutions in the presence of higher-derivative correc-
tions. One might ask whether there is a choice of higher-derivative terms such that the
singular solutions are removed. It would be interesting to check if this occurs when the
higher-derivative terms are those that are obtained by integrating out a scalar of sufficient
charge. It would also be interesting to compare constraints obtained by requiring cosmic
censorship with constraints due to positivity of the entropy shift.

A more general proof of the WGC in AdS was given in [16]. In that paper, it was
shown that, under mild assumptions, entanglement entropy for the boundary dual of an
extremal black brane should go like the surface area of the entangling subregion, which
is in tension with the volume law scaling predicted by the Ryu-Takayanagi formula. The
contradiction is removed when one introduces a WGC-satisfying state. This violates one
of the assumptions that imply the area law for the entropy— that is, the assumption that
correlations decay exponentially with distance.

This form of the WGC in particularly interesting to us because it makes no reference
to whether or not the WGC-satisfying state is a particle, or a non-perturbative object like
a black hole. Therefore, the contradiction pointed out in that paper may be lifted if the
higher-derivative corrections allow for black holes with charge greater than mass. Heavy
black holes in AdS have masses far greater than their charge— therefore we expect that

8The bound they consider is the bound for superradiance of small black holes, which requires A < ¢l.
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the WGC-satisfying states might be provided by small black holes whose higher-derivative
corrections shift the extremality bound to allow slightly more charge.

Acknowledgments

It is a pleasure to thank Anthony Charles, Cliff Cheung, Simeon Hellerman, Finn Larsen,
Grant Remmen, and Gary Shiu for useful conversations and input on this project. This
work was supported in part by the U.S. Department of Energy under grant DE-SC0007859.
S.C. is supported in part by the National Science Foundation Grant PHY-1915038. CRTJ
was supported in part by a Leinweber Student Fellowship and in part by a Rackham
Predoctoral Fellowship from the University of Michigan.

A Entropy shifts from the on-shell action

In section 5, we computed the constraints on the coefficients in AdS4. Here we will present
the results of this calculation for AdSs through AdS; using the entropies computed in
section 3, which corresponds to working in the zero Casimir energy scheme. For com-
pleteness, we also present the Casimir energies for AdS; and AdS; that show up in the
thermodynamic energy of section 4 when using a minimal set of counterterms.

A.1 AdSs

In AdSs5 we find that the stability condition obtained by demanding positive specific heat
and permittivity is given by & < £* for v < v*, with

1— 202 1
I Y e e Al
€=y V= (A1)

and that all black holes with v > v* are stable for all values of the charge. The full entropy
shift is simpler to express as a function of charge ¢ than extremality parameter £&. We find

a8

<8€> - 25&% (01 (43¢" — 241 >4 (8 + 51%) + 32135 (18 + 4107 + 130))
M?Q

+ 24¢oq” (3q2 - 8l4l/4) + 72(2¢3 + 04)q4) . (A.2)

Note that holographic renormalization in AdSs with a Riemann-squared correction yields

_ w3 (3p 15
EC_167T (4l 4cll , (A.3)

a Casimir energy

where w3 = 272, This Casimir energy must be removed from the thermodynamic energy in
order to obtain the mass M of the black hole. Alternatively, it can be cancelled right from
the beginning by adding an appropriate finite counterterm to the action, in which case the
thermodynamic energy would then correspond directly to the mass. If the Casimir energy
is not removed, then the thermodynamic energy shift becomes a combination of mass shift
and Casimir energy shift since F, depends explicitly on the ¢; Wilson coeflicient.
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Figure 4. Allowed regions for AdSs EFT coefficients.

We find the following expression for the extremal limit,

08 &
<8> = fG—T <c1(31 + 12802 4 1380%)
6 M7Q

+ 24ea(1 4+ 20%) (1 + 602) + 72(2c3 + ca)(1 + 2,,2)2), (A.4)

while in the neutral limit we have

2
<gf> = 17T6—ZT01 (18 + 411% + 13v%) . (A.5)
MQ

Once again, the entropy shift is proportional to ¢; in this limit. It is interesting that we do
not find a positivity constraint on cg, as we did in AdS4. There is a lower bound on c¢3/c;
of about -0.5339. The general constraints obtained by the Reduce function of Mathematica
are extremely complicated and probably of little interest.

A.2 AdSe

In AdSg the stability condition obtained by demanding positive specific heat and permit-
tivity is of the same general structure as in AdSs, but with the following identifications:

/3 — 502 \/§
¢ 3+ 502 Y 5 (A.6)
The entropy shift is given by:

((ZS) B 26419% <61 (189¢" — 221°°1°(36 + 290%) + 26412012 (8 + 170° + TvY))
M,Q

+ 220> (153¢2 — 4415059 + 502)) + 288(2c5 + C4)q4) ,
(A7)
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Figure 5. Allowed regions for AdSg EFT coefficients.

and in the extremal limit takes the form:

a8 2uml3
( ) _ 7 (c1(369 + 126307 + 11240%) + 4c(3 + 50°) (27 + 1000°)
M.Q

De 99T
+96(2c3 + ca)(3 + 5u2)2) . (A.8)
Finally, in the neutral limit we find
oS 13
<> - a (8+ 172 + 1) (A.9)
9¢ ) vo T

Note that no Casimir energy subtraction is needed in AdSg. We again find that ¢; is
positive. The other bounds are displayed in figure 5. In AdSg and AdS7, the Reduce
function of Mathematica was not able to find the general constraints over all stable values
of £ and v. However, we believe that the strongest constraints will come from the boundaries
of the region of stable black holes. Specifically, we imposed positivity at the neutral & — 1
limit, the extremal & — 0 limit, the planar limit ¥ — oo limit, and at £ = £*. We believe
this method should give the same answer, and we have checked explicitly that it does in
the case for AdSs and AdSs.

A.3 AdS;
In AdS7 the stability window is determined by

[2— 3,2 2
*_ 1 * — Al
: 232 \/; (A-10)

oS 2
(ae) = W (Cl (556q4 — 14q2l8y8(160 + 1411/2)
M7Q
+561'%01(100 + 20717 + 8v%))
+80caq? (11¢% — TI%3(4 + 302)) + 800(2¢3 + C4)q4) . (A1)

and the entropy shift is:
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Figure 6. Allowed regions for AdS; EFT coefficients.

The Casimir energy that must be removed from the thermodynamic energy in AdS7 is
ws 5 4 35 4
=—|—=I"+—acl A2
©~ 16n < g8 TRt ) (4.12)

where ws = 3.

We find the following expression for the extremal limit,

85 2 2l4
<86> - ”22”4 - (q (1384 + 423612 + 33450%)
MQ

+ 4005(2 + 302)(16 + 450%) + 800(2¢3 + ¢1)(2 + 31/2)2) ,

(A.13)
while in the neutral limit we find
oS 2[2 2
(ae) = ”16T” c1 (100 4 207v% + 93v%) . (A.14)
M,Q

Once again, ¢ is positive. The other bounds are displayed in figure 6. Again, we used the
method of extremizing over the boundaries of the space of stable black holes.

B Another proof of the entropy-extremality relation

Recent work [7, 12] suggests a remarkable universal relationship between the corrections
to extremality and corrections to entropy. Here we will present a simple derivation of this
relation using standard thermodynamic identities, including a slight generalization of the
relation away from extremality. The statement itself is not specific to black holes, and is
in fact a relatively universal statement about infinitesimal deformations of thermodynamic
systems. As we explain in detail both here and in appendix C, the relation we obtain is
formally correct, but has a subtle physical interpretation.
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Consider a thermodynamic system, let F be the total thermal energy, T the tempera-
ture, S the entropy and X collectively label a set of extensive thermodynamic variables (for
black holes this could be the charge @ and spin J). Now consider a small deformation of
this system parametrized by a continuous parameter €. The key assumption we will make
about this deformation is that it preserves the third law of thermodynamics in the form

lim TS(T, X, ¢e) = 0, (B.1)
T—0

for all € on an open neighbourhood of € = 0. We begin with the first law of thermodynamics
in the form

aS
1:T<> . (B.2)
oF Xe
Making use of the triple product identity
oS OF Je
— — — =—1 B.
<8E>X,e <86>X,S <3S>X,E 7 (B3)
we have 5 e
<) _—T<> . (B.4)
Oe XS Oe X.E
Formally inverting S(T, X, €) gives T(S, X, €). We can use this to write
oF oF OF oT
— == — — . B.
<86>X,S (86>X,T+<3T>X,e<a€>x,s (B.5)

Combining these

oF oS oOF oT
(&)m =T (ae>X,E - (w)xﬁ (ae)x,s' (B6)

Next, we use (B.2) again
_(9E or
€/ X,E or X,e e X,S

oF 0
-— =-T
< Oe >X,T ( ,

n

o))

_ (85 _p(98Y (9B (or

N Oe X.E oF X oT X.e Oe X5

=-T <8S> —T <as> <8T> : (B.7)

Oe X.E oT X Oe X5

one final application of the triple product identity gives a generalized entropy-extremality
relation O 59 Y

() +T<> :T(> | (B.9)

Oe xXT Oe X.E Oe X7

Next we make use of the assumption that the deformation does not violate the third law
of thermodynamics. Taylor expanding (B.2) we have

lim [TS(T, X,e=0)+ €T <85>

+0 (%) ] = 0. (B.9)
e=0

— 35 —



By assumption this is true on an open neighbourhood of ¢ = 0 and so it must be true
order-by-order in the expansion. This gives

lim lim T <85> =0. (B.10)
T—0 e—0 Oe T.X

Using this together with (B.8) gives the entropy-extremality relation [12]

(5) sl 77 (&)
e X,Tle=0 e X,E

For the specific application to black hole thermodynamics we identify FE with the mass M of

lim
T—0

] —0. (B.11)
e=0

the black hole, X with the black hole parameters measured at infinity such as charge @) or
angular momentum J, and € with a Wilson coefficient of a four-derivative effective operator.

In section 3, we have pointed out that shift in charge at fixed mass is also proportional
to the entropy shift and mass shift. This statement can be derived similarly. By the triple

oF (X OF -
e ) r N0 )ppr\0x) (B.12)

This holds for any extensive quantity. Now we choose X; = @, and we may identify

OF
= . B.1
<8Xi>5,T ( 3)

oF 8@)
— ] =—0(=) . B.
( Je )Q,T ( Oe ET (B.14)

For black holes, this means that the shift in charge is related to the shift in mass. Neither
of them is related to the entropy except at extremality. The result of this is that the

product identity,

So we find

entropy shift at extremality may be related to the extremality shift at constant charge or
at constant mass,

lim <8E> = — lim ¢ (8Q> =—1lmT <8S> . (B.15)
T—0 \ O¢ QT T—0 Oe ET T—0 Oe Q.E
While the derivation in this appendix is formally valid, the consequences of the ex-
pansion in (B.9) are subtle and require some commentary. Throughout we have made the
implicit assumption that the various thermodynamic quantities are differentiable functions
of €, and moreover that T'S(T, X, €) is analytic on an open neighbourhood of € = 0, per-
mitting the use of the Taylor series. In general this is a valid assumption for 7' # 0, but
may fail to be valid at T'= 0. As a consequence, the limits in (B.10) fail to commute

lim lim T <8S) # lim lim T <65> , (B.16)
T—0 e—0 ¢ Jpx " 0 T=0 O¢ ) x
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making the physical interpretation of the relation problematic. The formally correct
entropy-extremality relation (B.11) and its corollaries (B.15), treats € as a free parameter
in the model that is taken to zero at the end of the calculation. In a physical application of
the low-energy EFT (2.1), which is derived by matching onto a UV completion, the param-
eter € takes a fixed finite value, and thermodynamic quantities at extremality are correctly
calculated by taking T — 0 before making a small € expansion. In such a situation, the
entropy-extremality relation is only approximately valid in the near-extremal regime T' ~ €.
A correct treatment at extremality for finite € is described in detail in appendix C.

C Entropy shifts of very-near extremal black holes

The entropy shift in (3.24), which we rewrite as
(AM)gr—o=—To(AS)g.m (To > 0), (C.1)

was derived at finite temperature, and as described in appendix B, is a valid approximation
in the near-extremal regime Ty ~ /€. For black holes with Ty < /€, which we will call
very-near extremal black holes, the shift in the horizon is not analytic in € and (C.1) is
no longer valid. The presence of a double root at extremality implies that the shift to
the horizon radius, and therefore to the entropy, is proportional to /€. Nonetheless, a
proportionality between the entropy shift and extremality shift still holds. This has been
stressed in [9, 33], where it was shown that, at extremality, the same combination of EFT
coefficients that appear in the extremality shift is required to be positive in order to ensure
that the entropy shift is real. In fact, near extremality the form of the entropy-extremality
relationship is nearly identical to the one of [12], up to an extra factor of 1/2. The correct
relation takes the form

(AM)grg=—5T(AS)qn  (Ty=0). (©2)

where now T is the temperature of the corrected black hole. In particular, while the leading
order temperature vanishes, the corrected solution is evaluated at fixed mass M and charge
@, and hence is no longer extremal.

In order to see the transition between (C.1) and (C.2), we may revisit the derivation
of the mass and entropy shifts of section 3. Since the entropy shift is calculated at fixed
mass and charge, it is convenient to rewrite the geometry shift in terms of M and Q. In

this case, the radial function takes the form

i 0r 42
g(r) =go(r) + Ag=k — ] + 120d=2) + P + €Ay, (C.3)

where here Ag takes into account the higher-derivative corrections to the geometry along
with the contribution of the p factor to the physical mass M in (2.23). Note that, to avoid
extra volume factors, we have defined

M= wdfl(d — I)M, Q _ Wd—1 (d — 2)<d — 1)
167 167w 2

Q. (C.4)
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The entropy shift at fixed (M, Q) can then be obtained from the horizon shift according

to (3.18)
wd_l(d — 1) _

(AS)QM = frg Ary 4 (C.5)
where rg is the leading order horizon location, and the ellipses denote the additional higher
order corrections to the Wald entropy. These additional terms will be unimportant in
either of the near extremal or very near extremal limits, where the shift to the horizon
radius dominates.

Our goal now is to rewrite the horizon shift Ary in terms of the mass shift and tem-
perature. For the mass shift, we always consider the shift of the extremal mass at fixed

charge, which can be taken from (3.7)

Wdfl(d - 1)Td—2
167 0

Note that the term in (3.7) proportional to p is absorbed into the shift Ag in this expression.

(AM)gr—o = €Ag. (C.6)

In any case, we see that in order to connect the entropy shift (C.5) to the mass shift (C.6),
we would like to have a relation between Ar, and Ag. The first step here is to use the fact
that the radial function g(r) vanishes at the horizon

0= g(rn) = go(ro + Arp) +eAg = go(ro) + Arpgy(ro) + %(Arh)zgg(ro) +---+eAg. (C.7)

Note that we have not expanded Ag(ry) = Ag(rg) + --- since we already consider it to
be a small quantity. Since r is the uncorrected horizon, go(r¢) always vanishes. However,
we need to keep the next two terms in the expansion since g(,(ro) will vanish for a leading
order extremal black hole [9]. The horizon shift can then be obtained by solving

Arpgh(ro) + 3(Ary) gl (ro) = —€eAg, (C.8)
or equivalently
! 1 2 1 167 —d+2
Arpgo(ro) + 5(ArR) g (ro) = T oaa(d=1)"0 (AM)g 1 - (C.9)

In principle, we can now insert the horizon shift from (C.9) into the expression (C.5)
to obtain a general relation between the entropy shift and the mass shift. However, as it
stands, this result would depend on the derivatives g((ro) and g( (7o) of the radial function.
To replace this with more physical quantities, we note that the temperature of the corrected
black hole can be obtained from g¢(r) according to

1 1 1
T = — / = — / A = —
9 (Th) 9 (ro + Arp) gy

(g(')(ro) + Arpgo(ro) + -+ + eAg') . (C.10)
Although this depends on Ag’, this term can be ignored as long as we are in the near (or
very near) extremal limit since either g((rg) or Arpg{(ro) will dominate. More precisely,
gh(ro) = O(€) unless it vanishes, and when it does, (C.8) along with gj(rg) = O(€%)
demonstrates that Argfj(ro) = O(v/€). As a result, we can take

T = o (gblro) + Aragh(ro)) - (1)
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In the general case, this provides only a single relation between the derivatives ¢'(rg) and
Arpg”(ro) and the temperature T'. However, we can also introduce the temperature of the
uncorrected black hole, Ty = g((ro)/4m, which can be allowed to vanish. We now solve for
the derivatives

go(ro) = 4nTy, Arpgl(ro) = 4m(T — Tp) . (C.12)

Inserting this into (C.9) gives us the desired relation between the horizon shift and

mass shift Jo1 T T
(AM) g = _”d1(4 — )rg* s ;L Ary, (C.13)
which yields
To + 7T
(AM)Q,T:O - 9 (AS)Q,M ) (C.14)

upon substitution of (C.5). Note that this relation is expected to break down away from
extremality where the various approximations taken above will no longer be valid.

The relation (C.14) encompasses both the near and very near extremal cases, (C.1)
and (C.2). When working somewhat away from extremality, we start with 7p > 0. In this
case, we have the scaling

Arp, ~ €, AS ~ €, AM ~ ¢, (C.15)

along with 7" = Ty + O(e). Taking this into account then directly yields (C.1). On the
other hand, if we start from extremality, Ty = 0, we have instead

Arp, ~ Ve, AS ~ /e, AM ~ e, (C.16)

and T' = O(/€), which leads to the extremal case (C.2). The transition between these two
cases occurs when AT ~ T, which more precisely defines the very near extremal limit.

C.1 Entropy shift for heterotic black holes

The above discussion can be applied to an interesting example. Recent work has considered
the leading o'-corrections to dyonic Reissner-Nordstrom black holes embedded in heterotic
string theory [58, 59]. Though the four-dimensional backgrounds considered in these papers
are asymptotically flat, we would like to briefly comment on them in connection with the
universal entropy-extremality relationship.

To connect with the above, we would like to consider the corrections to the geometry.
These are given [59] by the radial function

2
9(7'):1—7+277Q2+Ag(1")’ Ag(r):_a 4t

2r  40r2

2M | p’ 3M 11p?

b o [1 P ] . (Ca7)
where the constant p denotes the charge in the notation of [59]. With these variables, the
leading-order solution is extremal when M = p/+/2. Using this expression and (C.6), we
can compute the shift in the extremal mass at a given charge p,

1 1 3 22 1 o
AM -0 = — A =/ — 1——-+ > - ,
(@) = yrodtoo) = o' i (154 ) = =577

where we have computed Ag at extremality in the last equality. This agrees with [59].

(C.18)

-39 —



Next, we consider the entropy. In [59], this is shown to be

2
S:m«%{l+a’ [%—2&]}. (C.19)
h h

Just as we have found in the body of the paper, this entropy includes corrections from
the higher-derivative terms in the Lagrangian; these are the explicit o/ terms that appear
in the expression above. It also includes corrections from the horizon radius, which are
implicit in the r}% that appears in the first term. Thus, we may rewrite the entropy more
explicitly as

A M 3p?
S:mg{1+2rh+a’ [3—174}}. (C.20)
70 ro 8r0

The corrections are then given by

M 3p?
(AS)arp = 27r9Ary, + o' [7“0 - 8];(2)] . (C.21)

We need the temperature to complete the relation. Recall that

T = o (ghiro) + Argro) +--) (C.22)

The order of both of these corrections in o/ will depend on the order of Ar,. Thus, to
determine the entropy-extremality relationship we need to compute the correction to the
horizon radius, which may be obtained from the geometry shift via equation (C.8). This
procedure gives different results away from extremality and near extremality. Away from
extremality, we have

1
T~ To = —g0(ro), (C.23)
T
and the horizon shift is”
Ag
Ar = — : .24
" T (C24)

The corresponding entropy shift becomes

1, p? 3M 11p? M 3p?
AS)prp= o' T l1— 22 | =22 C.25
(AS)p = 0753 [ oo 20,2) 4T 7 T 82 (0.25)

If we then take this expression to extremality, we take the limit where Ty — 0. Since the
first term dominates in this limit, we may write the entropy shift as

1 o
80p/v2’

%t is not easy to compare this to (4.12) of [59] because they have numerically inverted the expression

To(AS)arp = (C.26)

to ensure that Ar is only a function of M and p. However, both results for Ar lead to the same entropy
shift at extremality.
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where we have made use of the extremal value of the mass. This gives the correct relation
away from extremality,

(AM)p1r=0 = —To(AS)mp - (C.27)

Now let us perform the same analysis in the very-near extremal limit. This is the limit
where Ty = 4mgy, — 0, so that for the temperature we have

1
T = EArhgg(ro) (C.28)

to leading order in . In this limit, we now extract a different result from (C.8),

Ag

Ary = —2—F—.
" 96 (o)

(C.29)

In this case, the first term of (C.21) still dominates the entropy corrections, but here this
is because it is O(v«/), rather than because the denominator diverges. Thus, very-near
extremality the entropy shift is

(AS)mp = 2mroAry,, (C.30)

and therefore in this limit we find

1
T (AS)mp = 570 A3 gi(ro) = —r0Ag = — . (C.31)
This gives the very-near extremal relation:
1
(AM)p =0 = _iT(AS)M,p' (C.32)

This agrees with the discussion of [59] and confirms their claim that this is the correct form
of the relationship in the extremal limit. It also confirms the scaling relations in (C.15)
and (C.16). In both cases, AM is order o/. However, in the very-near extremal limit we
see the non-analytic behavior discussed above, namely that 7' ~ v/ and AS ~ vVa'. It
is also important to note that in both cases, we took the extremal limit. However, the
relative size of Ty and o' dictates the correct order of limits to take. The derivation “away
from extremality” remains valid for Ty > v/o/. For very small temperatures — that is, for
T < Va! — the additional subtleties discussed in this section arise, and we need to use
the “very-near extremal” derivation. Nonetheless, in both cases there is a proportionality
between the mass shift and the temperature times the entropy shift.
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