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ABSTRACT: The symmetries and dynamics of simple chiral SU(N) gauge theories, with
matter Weyl fermions in a two-index symmetric tensor and N + 4 anti-fundamental rep-
resentations, are examined, by taking advantage of the recent developments involving the
ideas of generalized symmetries, gauging of discrete center 1-form symmetries and mixed 't
Hooft anomalies. This class of models are particularly interesting because the conventional
't Hooft anomaly matching constraints allow a chirally symmetric confining vacuum, with
no condensates breaking the U(1) x SU(N + 4) flavor symmetry, and with certain set of
massless baryonlike composite fermions saturating all the associated anomaly triangles.
Our calculations show that in such a vacuum the UV-IR matching of some 0-form—1-
form mixed 't Hooft anomalies fails. This implies, for the theories with even N at least,
that a chirally symmetric confining vacuum contemplated earlier in the literature actu-
ally cannot be realized dynamically. In contrast, a Higgs phase characterized by some
gauge-noninvariant bifermion condensates passes our improved scrutiny.
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1 Introduction

In spite of the bulk of knowledge accumulated after almost half-century of studies of vec-
torlike gauge theories such as SU(3) quantum chromodynamics (QCD), partially based
on ever more sophisticated but basically straightforward approximate calculations (lattice
simulations), as well as some beautiful theoretical developments in models with N' =1 or
N = 2 supersymmetries [1]-[5], [6-8], surprisingly little is known today about strongly-
coupled ordinary (nonsupersymmetric) chiral gauge theories. Perhaps it is not senseless to
make some more efforts to try to understand this class of theories, which Nature might be
making use of, in a way as yet unknown to us.

Such a consideration has led two of us recently to give a systematic look into possible
phases of a large class of chiral gauge theories [9, 10], the first with M. Shifman. To be
concrete, we limited ourselves to SU(N) gauge theories with a set of Weyl fermions in a
reducible complex representation of SU(N). The gauge interactions in these models become
strongly coupled in the infrared. There are no gauge-invariant bifermion condensates, no
mass terms or potentials (of renormalizable type) can be added to deform the theories,
including the 6 term, and the vacuum is unique.

The questions we addressed ourselves to are: (i) Do these systems confine, or experi-
ence a dynamical Higgs phenomenon (dynamical gauge symmetry breaking)? (ii) Do some
of them flow into an IR fixed-point CFT? (iii) Does the chiral flavor symmetry remain
unbroken, or if spontaneously broken, in which pattern? (iv) If there are more than one
apparently possible dynamical scenarios, which one is actually realized in the infrared?
(v) Does the system generate hierarchically disparate mass scales, such as the ones pro-
posed in the “tumbling” scenarios [11]7 and so on. The general conclusion is that the
consideration based on the 't Hooft anomaly matching conditions [12] and on some other
consistency conditions do restrict the list of possible dynamical scenarios, but are not
sufficiently stringent [9]-[22]. A more powerful theoretical reasoning is clearly wanted.

Recently the concept of generalized symmetries [23, 24] has been applied to Yang-
Mills theories and QCD like theories, to yield new, stronger, version (involving O-form
and 1-form symmetries together) of 't Hooft anomaly matching constraints [25]-[36]. The
generalized symmetries do not act on local field operators, as in conventional symmetry
operations, but only on extended objects, such as closed line or surface operators.! The
generalized symmetries are all Abelian [23, 24]. This last fact was crucial in the recent
extension of these new techniques with color SU(N) center Zy to theories with fermions
in the fundamental representation. The presence of such fermions in the system would
normally simply break the center Zy symmetry and would prevent us from applying these
new techniques. A color-flavor locking by using appropriate discrete subgroups of global
U(1) symmetries associated with fermion fields, actually allows us to extend the use of

SU(N) center Zy symmetries in those theories.?

'A familiar example of a 1-form symmetry is the Zy center symmetry in SU(N) Yang-Mills theory,
acting on closed Wilson loops or on Polyakov loops in Eulidean formulation. As is well-known, a vanishing
(nonvanishing) VEV of the Polyakov loop can be used as a criterion for detecting confinement (Higgs) phase
of the theory.

2A careful exposition of these ideas can be found e.g., in [32].



A key ingredient of these developments is the idea of “gauging a discrete symmetry”,
i.e., identifying the field configurations related by the 1-form (or a higher-form) symmetries,
and eliminating the consequent redundancies, effectively modifying the path-integral sum-
mation rule over gauge fields [38, 39]. Since these generalized symmetries are symmetries
of the models considered, even though they act differently from the conventional ones, it is
up to us to decide to “gauge” these symmetries. Anomalies we encounter in doing so, are
indeed obstructions of gauging a symmetry, i.e., a 't Hooft anomaly by definition. And as
in the usual application of the 't Hooft anomalies such as the “anomaly matching” between
UV and IR theories, a similar constraint arises in considering the generalized symmetries
together with a conventional (“O-form”) symmetry, which has come to be called in recent
literature as a “mixed 't Hooft anomaly”. Another term of “global inconsistency” was also
used to describe a related phenomenon.

In this paper we take a few, simplest chiral gauge theories as exercise grounds, and
ask whether these new theoretical tools can be usefully applied to them, and whether they
provide us with new insights into the infrared dynamics and global symmetry realizations
of these models.?

For clarity of presentation, we focus the whole discussion here on a single class of
models (11 models [9, 10]). In section 2 we review the symmetry and earlier results on
the possible phases of these theories. In section 3 the symmetry group of the systems is
discussed more carefully, by taking into account its global aspects. Section 4 and section 5
contain the derivation of the anomalies in odd N and even N theories, respectively. In
section 6 we discuss the UV-IR matching constraints of certain 0-form and 1-form mixed
anomalies, and their consequences on the IR dynamics in even N theories. In section 7
the mixed anomalies are reproduced without using the Stora-Zumino descent procedure
adopted in section 6. Summary of our analysis and Discussion are in section 8. We shall
come back to more general classes of chiral theories in a separate work.

2 The model and the possible phases
The model we consider in this work is an SU(N) gauge theory with Weyl fermions
Hl B (i,j=1,2,...,N, B=1,2...,N+4), (2.1)

in the direct-sum representation

(e (v +4)L] (2.2)

of SU(N). This model was studied in [15, 16], [9, 10].* This is the simplest of the class of
chiral gauge theories known as Bars-Yankielowicz models [13]. The first coefficient of the
beta function is

bo=11N — (N +2) — (N +4) =9N — 6. (2.3)

3In a recent work we discussed mixed anomalies for a class of chiral gauge theories for which a sub-group
of the center of the gauge group does not act on fermions [36].
1A recent application of this class of chiral gauge theories is found in [37].



The fermion kinetic term is given by

N+4

Dy + Rs(a))MPLqp + Z B (0 + R (a))MPLnB : (2.4)
B=1

with an obvious notation. In order to emphasize that this is the chiral gauge theory, we

explicitly write the chiral projector P, = 1_% in the fermion kinetic terms. The symmetry
group is
SU(N)e x SU(N +4) x U(1)yy (2.5)

where U(1)y, is the anomaly-free combination of U(1), and U(1),,
UML)y : ¥ — el Hhay, n — e {NF2ay, aclR. (2.6)

The group (2.5) is actually not the true symmetry group of our system, but its covering
group. It captures correctly the local aspects, e.g., how the group behaves around the iden-
tity element, and thus is sufficient for the consideration of the conventional, perturbative
triangle anomalies associated with it, reviewed below in this section.

Its global structures however contain some redundancies, which must be modded out
appropriately in order to eliminate the double counting. They furthermore depend crucially
on whether N is odd or even. These questions will be studied more carefully in section 3,
as they turn out to be central to the main theme of this work: the determination of the
mixed anomalies and the associated, generalized 't Hooft anomaly matching conditions.

2.1 Chirally symmetric phase

It was noted earlier [9, 15, 16] that the standard 't Hooft anomaly matching conditions
associated with the continuous symmetry group U(1)y, x SU(N + 4) allowed a chirally
symmetric, confining vacuum in the model. Let us indeed assume that no condensates
form, the system confines, and the flavor symmetry is unbroken. The candidate massless
composite fermions (“baryons”) are:

antisymmetric in A <+ B. All the SU(N +4) x U(1),, anomaly triangles are saturated by
BAB] as can be seen by inspection of table 1.5

2.2 Color-flavor locked Higgs phase

As the theory is very strongly coupled in the infrared (see (2.3)), it is also natural to
consider the possibility that a bifermion condensate

(WplitgBy = ¢ A8 £0,  j,B=1,2,...N, ¢~O(1) (2.8)

"There are discrete unbroken symmetries Zy and Z, which will be defined later (3.5), (3.6) which
are already contained in the covering space (2.5). The discrete anomalies Zy SU(N)?, Z, SU(N + 4)?,
Z.,SU(N)? and Z,, SU(N + 4)? are also matched as a direct consequence.



fields SU(N). SUN +4) | U(1)yy,
uv | (1] NOHD () | N+4
A (N +4)-[] N[ —(N +2)
IR | BIAB] %Q(NH%) () H —-N

Table 1. Chirally symmetric phase of the (1,0) model. The multiplicity, charges and the repre-
sentation are shown for each set of fermions. (-) stands for a singlet representation.

fields | SUN)g | SU(M); Uty | (Zo)r

uv | @ LT MR ] Nt 1
A [IJEBE} N2.() | =(N+4)| -1

A2 4] N[ N4 ~1

IR | BB H NND ()| —(N+4) | -1
BBl | g ] N[ SNed

Table 2. Color-flavor locked phase in the ¥n model, discussed in section 2.2. A; or Bj stand for
1,2,...,N, Ay or By the rest of the flavor indices, N +1,..., N + 4. The fermion parity ¢ — —1,
n — —n is defined below, eq. (3.19).

forms. A is the renormailization-invariant scale dynamically generated by the gauge inter-
actions. The color gauge symmetry is completely (dynamically) broken, leaving however
color-flavor diagonal SU(N).s symmetry

SU(N)t x SU(4) x U(1), (2.9)

where U(1) is a combination of U(1)y, and the elements of SU(NN + 4) generated by

—21y
( ¥, ) . (2.10)

As (2.9) is a subgroup of the original full symmetry group (2.5) it can be quite easily
verified, by making the decomposition of the fields in the direct sum of representations
in the subgroup, that a subset of the same baryons BB saturate all of the triangles
associated with the reduced symmetry group. See table 2.

(N+4)(N+3)
The low-energy degrees of freedom are “——5—>

N24+7N
d 2

massless baryons in the first, sym-
metric phase of section 2.1, an massless baryons together with 8N + 1 Nambu-

Goldstone (NG) bosons, in the second. They represent physically distinct phases.® The

5The complementarity does not work here, as noted in [9], even though the (composite) Higgs scalars
1m are in the fundamental representation of color.



general consensus so far has been that it was not known which of the phases, section 2.1,
section 2.2, or some other phase, was realized in this model. We shall see below that our
analysis based on the mixed anomalies and generalized 't Hooft anomaly matching con-
straints strongly favors the dynamical Higgs phase, with bifermion condensate (2.8). The
chirally symmetric phase of section 2.1 will be found to be inconsistent.

3 Symmetry of the system

In this section we examine the symmetry of the system more carefully, taking into account
the global aspects of the color and flavor symmetry groups. This is indispensable for the
study of the generalized, mixed 't Hooft anomalies, as will be seen below.

The classical symmetry group of our system is given by

Gclass = Gc X Gf
U(1)y x U(N +4),

= SU(N). x 7o

(3.1)

The color group is G. = SU(NV),, and its center acts non-trivially on the matter fields:

4rin _ 27in

Iy Y —e N 1, n—e N7, ne{l,...,N}. (3.2)
The flavor group is Gy = %N(NH)". The division by Zy is understood by the fact

that the numerator overlaps with the center of the gauge group, so this has to be factored
out in order to avoid double counting. Another, equivalent way of writing the flavor part
of the classical symmetry group is

~ U(1)y x U(1), x SU(N +4)

Gi = : 3.3
¢ 7w % Zoves (3-3)

Quantum mechanically one must consider the effects of the anomalies which reduce
the flavor group down to its anomaly-free subgroup. This reduction of the symmetry is
compactly summarized by the ’t Hooft instanton effective vertex

N+4

Lo ~ e*Sinsth+2 H 77B , (34)
B=1

(where the color, spin and spacetime indices are suppressed) as is well known. This vertex
explicitly breaks the independent U(1) rotations for ¢ and 1. Three different sub-groups
left unbroken can be easily seen from (3.4). First there is the discrete sub-group of U(1):

(Znso)y: ¥ — ez, kefl,...,N+2}, (3.5)

which leaves 7 invariant. Then there is the discrete sub-group of U(1),:

27ip

(ZN+4)77: n—eN+in, p€{1’7N+4} (36)



U(l)y

Figure 1. The torus U(1), x U(1), for N = 3. The edges are identified as the arrows show,
the corners represent the identity of the group. The unbroken subgroup U(1), (red line) passing
through all the points of the lattice (Zs5), x (Z7),. The dots indicate the elements of the center of
the gauge group Zs.

which leaves 1) invariant. Finally there is a continuous anomaly-free combination of U(1),,
and U(1),:
U)yy: ¢ — ei(N+4)°‘w, n— e_i(N+2)o‘17. a€eR. (3.7)

The question that arises now is which is the correct anomaly-free sub-group of U(1), xU(1),.

Clearly all the three listed above are part of the anomaly-free sub-group, but one must find

the minimal description, in order to avoid the double-counting. It is actually sufficient to

consider only U(1)y, with one of the two discrete group. For example by combining the

generator of (Zyy2)y with & = 1 with the element of U(1)y, with a = —W one

can obtain the generator of (Zyy4),. But still U(1)y, x (Zn42)y contains redundancies.
From this point on, we must distinguish the two cases, N odd or N even.

3.1 0Odd N theories

For odd N, the U(1)y,, transformation parameter «, eq. (3.7), exhibits 27 periodicity. If we
consider the torus U(1)y xU(1),, U(1)y, is a circle that winds N 44 times in the 1/ direction
and —(N 4+ 2) times in the 7 direction before coming back to the origin. See figure 1 for
the case N = 3 where the torus is described as a square with the edges identified, the
four corners all correspond to the identity of the group. Both (Zn42)y and (Zyia)y are
sub-groups of the anomaly-free U(1),,,. For example by taking o = NQ—L% in (3.7) n
is left invariant and we recover exactly the generator of (Zy42),. The anomaly-free flavor
group for odd N is thus:
U(1) gy x SU(N + 4)
LN X LN 44 '

Gy = (3.8)

The division by Zy is due to the fact that the numerator, U(1)y, x SU(NN +4), overlaps
with the center of the gauge group Zy C SU(N). To see this, we ask whether a U(1)y,
transformation eq. (3.7) can act as the minimal element of Zy C SU(N):

2mi

b e Ny,  npoeny. (3.9)



The solution is

_ T 1
a= = (3.10)

as can be easily verified.
The division by Zn44 can be understood in a similar manner: we consider U(1),, with

2 N +3
= - A1
TTNT4 2 (3.11)
this element acts on fields as
Y, pe N, (3.12)

which is the center of SU(N + 4) flavor symmetry.
The charges of the fields for odd N theory are the same as given in table 1.

3.1.1 A remark

The choice of the generator of Zy, (3.9) is a little arbitrary. If one required instead

27i

ey,  pose Fy, (3.13)

to be reproduced by U(1)y, the solution would be

2r N +1

= ——. 3.14
N 3 (3.14)
Similarly for Zn 44,
2mi
Y=, ey, (3.15)
can be reproduced by a U(1),, rotation with
2 N+5
= . 1

“TNFa 2 (3.16)

The charges appearing in (4.9) below would have to be modified accordingly as

N-1 N+l = N+3 N+5
2 2 2 2

(3.17)
The conclusion of section 4 below however remains unmodified.

3.2 Even N theories

For even N, the U(1)y, transformation parameter «, with the charge convention of (3.7),
exhibits instead 7 periodicity. It is convenient thus to redefine the U(1),,, charges as

s N+2
17; B

v — ei%ﬁw, n—e n. (3.18)

With this assignment, the parameter 3 is 27 periodic. U(1)y, is thus “half” as long as the
one for the odd N case; this is compensated by the fact that now the unbroken sub-group
has two disconnected components. See figure 2 for the cases N =2 and N = 4.



U(1)y U1y

Figure 2. The torus U(1)y x U(1), (for N = 2 on the left and N = 4 on the right) and its
unbroken subgroup U(1)y, X (Zs2)r (red line for U(1)y, x {1} and blue line for U(1)y, x {—1})
passing through all the points of the lattice (Zny2)y X (Zn44)y. The dots indicate the elements
of the group (Zy), diamonds indicate the elements of (Zs2)r. (Z2)r is defined below, eq. (3.19).

Let us consider the fermion parity defined by

which is equivalent to a 27 space rotation. It is clear that (Zy)r is not violated by the 't
Hooft vertex, so let us check if this is not a part of U(1),. If it were included, there would
be 3 such that

i

N+4 L N42
ez P=et

Multiplying these equations, we get e/® = 1, which is a contradiction.”
It can be checked that any discrete transformation keeping 't Hooft vertex invariant
27i
can be made of U(1)yy X (Z2)r. For example, (Zn42)y generated by ¢ — eN+21) can also
be given by (8 = Nz—jr_Q, —1) € U(1)yy X (Zg)p. Similarly for (Zn2)y-
For even N, we thus find that the symmetry group is
. U<1)1/”7 X SU(N+4) X (ZQ)F

Gy = 3.21
£ ZN X ZN+4 ( )

The division by Zy in eq. (3.21) is because the center of the color SU(N) is shared by
elements in U(1)y, X (Z2)r. Indeed, the gauge transformation with eN €Zy C SU(N),

4ri

P — e N Y, n—)e_%n, (3.22)

can be written equally well as the following (Z2)r x U(1)yy, transformation:

«N4+4 27 N 2w :N+4 27 s N+2 27 «N 2w s N+2 27
¢_>(_1)el 2 Nyp=e '2Ne 2 N1, n—>(—1)e_1 2 Np=¢e2Ne 2 N7,
(3.23)

Note that the odd elements of Zy belong to the disconnected component of U(1)y, x (Z2)r
while the even elements belong to the identity component.

"Here we observe a crucial difference with the case of an odd N theory. There, the requirement elVtda —

e INFDa — 1 Jeads to €% =1, i.e., a = 0, 7, showing that (Zs)r C U(1)yy,.



fields | SU(N). | SUN +4) | UL)yy | (Z2)F
v | L] ) Ne
n [ ] [] — N2 -1

BAB () H -4 ~1

Table 3. The charges of various fields with respect to the unbroken symmetry groups for even
N. BAPB are the possible massless composite fermion fields discussed in section 2.1. The (Zy)p

—im

“charge” in the table corresponds to the transformation ¢ — e'™1), n — e='™n.

27i

The division by Zpy+4 is understood in a similar manner. The center element eN+4 €
SU(N +4) of the flavor group can be identified as the element of U(1)yy, x (Z2)F as follows:

s N+4 27 cN+2 27 . 21

bod= ()& Ty =y, g (e TR = (324)

Again, the odd elements of Zy 4 belong to the disconnected component of U(1)y, X (Z2)r
while the even elements belong to the identity component.

The anomaly-free symmetries and charges for various fields even N are summarized in
table 3.

3.3 Symmetry in the Higgs phase

In the Higgs phase the group (2.9) is actually a covering space of the true symmetry group
which is given for any N by

SU(N)et x SU4)s x UL X (Zo)p
ZN X Z4 ’

(3.25)

where U(1)’ has charges given in table 2. The fermion parity (Zs)p is left unbroken by the
condensate but is not contained in U(1)" so it must be kept in the numerator. The center
of SU(N),t overlaps completely with U(1)" so it must be factorized (in fact we may write
it as U(N)ct). The center of SU(4)s also overlaps with U(1)" x (Zz2)r which explains the
division by Z.4.

4 Mixed anomalies: odd IN case

In this section we probe the system with a finer tool, i.e., by gauging possible 1-form
center symmetries and studying possible mixed 't Hooft anomalies, to see if a stronger
constraint emerges. In order to detect the 't Hooft anomalies, one needs to introduce the
background gauge fields for the global symmetry Gy, and check the violation of associated
gauge invariance. Correspondingly to the symmetry of the system, eq. (3.8), we thus
introduce

o A: U(1)y, 1-form gauge field,

o As: SU(N +4) 1-form gauge field,



° B((;2): Zpy 2-form gauge field,
° Bf(2): Zpn 14 2-form gauge field.

The field A = A, dxz* gauges the nonanomalous U(1),,, symmetry discussed in the previous
subsection and the field Ay = Ay, da* gauges the SU(N + 4) symmetry.

We recall that in order to gauge a Z,, discrete center symmetry of an SU(n) theory, one
introduces a pair of U(1) gauge fields (B(Q), B(l)), 2-form and 1-form fields respectively,
satisfying the constraint [24, 25]

nB® =d4BW, (4.1)
where BM) satisfies )

— W _z. 4.
QFEfB (4.2)

Existence of the pair of gauge fields (B(2), B(l)) satisfying relation (4.1) presumes one to
have put the system in a topologically nontrivial spacetime M. In such a setting

i (
(=B e g (4.3)
corresponds to a nontrivial cocycle of PSU(n) = Stzji(:) bundle: an elements of wy(M) €

H?(M,Z,) known as the second Stiefel-Whitney class. The constraint (4.1) satisfies the
invariance under the U(1) 1-form gauge transformation,

B? - B® 1dx, BW - BW 4px. (4.4)

The idea is to couple these gauge fields appropriately to the standard gauge and matter
fields, and to impose the invariance under the 1-form gauge transformation, eq. (4.4),
effectively yielding a PSU(n) gauge theory.

This procedure will be applied below both to the color SU(N) and flavor SU(N + 4)
center symmetries. Actually, the whole analysis of this work could be performed, consid-
ering only the gauging of one of the 1-form symmetries, i.e., Zy or Zpy44. In other words,
one may set Bf(2) = Bf(l) =0, or Bé2) = Bgl) = 0, throughout. We are free to choose which
one of the 1-form global symmetries, or both, to gauge. In principle, the implication of
our analysis may depend on such a choice. It turns out, however, that none of the main
conclusions of this work (see Summary in section 8) changes by keeping only one set of the
two-form center gauge fields, (Bf(2), Bf(l)), or (B(EQ), Bél)), but this was not a priori known.

The SU(N) dynamical gauge field a is embedded into a U(N) gauge field,

5:a+iB9, (4.5)

and one requires invariance under U(N) gauge transformations. Similarly, we introduce
U(N + 4) gauge connection by

o N
Apﬂ%+N+4& , (4.6)

~10 -



and require U(N + 4) gauge invariance instead of the SU(NN + 4) gauge invariance. The
pairs of the 1-form—2-form U(1) gauge fields are constrained as

NB® =dB®,  (N+4)BP? =aB". (4.7)
The 1-form gauge transformations are defined by

B® - B® +dx., BM =B 4N,

C C

( (
BY — BP +dx, B - B+ (N + 4 (4.8)

Ac and A¢ are U(1) gauge fields. Under the Zy and Zyy4 1-form transformations, U(N)
and U(N + 4) transform as

A= a+ X, A — Ar+ X (4.9)

At the same time, U(1)y,, gauge field is required to transform as

N—1. N
A A+ = he+ ;3Af. (4.10)

The transformation law for A field is determined by the considerations made around
egs. (3.10) and (3.11).
In order to have the invariance of the system under the 1-form gauge transformations

the matter fermions must also be appropriately coupled to the 2-form gauge fields. Naively,
the minimal coupling procedure gives the fermion kinetic term,

Wyt (a +Rs(a) + (N + 4)A) uPLw
+ " (a + Ry=(@) + Ap — (N + 2)A)# Piy. (4.11)

However, this is not invariant under (4.9)—(4.10). Indeed, the above combinations of gauge
fields vary as

~ N+3 N+3
— N +1 N+1
O[Ri+ (@) + A = (N + 2)A] = ———NAe = —5—(N + 4)X;. (4.12)
We therefore require the correct fermion kinetic term with the background gauge fields to be
— ~ N+3 N+3
T (04 Rs(@ + (v + 4 - Vg NI gy
“w
— N +1 N+1
+ (8 + Rp« (@) + Ap — (N +2)A + T+B§1) + ;Bf“)) Pn.  (4.13)
o

The two-index symmetric fermion 1) feels the gauge field strength

Rs(F(@)) + (N +4)dA — N(NQJFP’)BQ) _ W+ 4)2(N =3 @
= Rs(F(a) — B?) + (N +4) |dA — %BQ - N;“?’Bf(z)} . (4.14)
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Note that the combination F'(a)— B® is traceless, hence an expression such as Rg(F(a) —
B((:Q) ) defined for an SU(N) representation (in this particular case, a symmetric second-
rank tensor representation) is well defined. Similarly, the anti-fundamental fermion 7 feels
the gauge field strength

_ ~ N(N-1 N+4)(N+1
RF*(F(Q))-I-F(Af)—(N-I—Q)dA—i—(2)Béz)+(+)2(+)3f(2)
= R~ (F(@)— B?) + (F(Af) - BY) = (N +2) [dA—N;lB@—]\[;“%BF) . (4.15)

The low-energy “baryons” B8] introduced in eq. (2.7) for the chiral symmetric phase
are described by the kinetic term,

By (0+Ra(Ay) - NA) RB, (4.16)
o
yielding the 1-form gauge invariant form of the field tensor (see eqs. (4.9)—(4.10)),
e N -1 N+3
Ra(F(4;) — BP) =N [dA - =5 B - ;Bf(ﬂ . (4.17)

We are now ready to compute the anomalies following the standard Stora-Zumino
descent procedure [40, 41], as done also in [32]. A good recent review of this renowned
procedure can be found in [42]. The contribution from 1) to the 6D Abelian anomaly is

a N-1 N+3 (2 3
51,2 [TRs {(F(a)—BEQ)) + (N +4) [dA—QB£2) -3 )H ]
S 4 B
2472 tr [(F(a) B ) ]
(N + 2)(N +4) e Nol.m N4 g
+ 2 tr[(F(a)—BC )}A dA—TBc _TBf
3 _ 3
NN N gy N =lpe N3] (@19
2 2472 2 ¢ 9 f

When we write simply “tr” without an index the trace is taken in the fundamental repre-
sentation. The contribution from 7 is

1 ~ ~ N-1 N +3 3

2
- O [(r@ - 5]

_WHIINFD [(F@ - B®)?] A {dA - %B@) - N+33§”]

872 ¢

N ~

+ 5t | (F(An) - BY)Y
N(N +2) - (2))2 N—-1,0 N+3_,09
N(N +4)(N +2)3 N-1,5 N+3_@9]°
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By summing up these contributions, we obtain
N ~
(i - )]

2472
- M (A - 5] 4 Jaa - Ve - M)
Y
3 _ 3
™

Note that each factor in the square bracket in eqs. (4.18)—(4.20) is 1-form gauge invariant.

By picking up the boundary terms one finds the 5D Wess-Zumino-Witten (WZW)
action. For instance, in the limit the 1-form gauging is lifted (i.e., by setting Bf(l) :Bél) =0,
F(Ag) — F(Ay)), one recovers, by using the identities

tr(F?) =d {tr (AfdAf+§A§’> } , tr(FP)=d {tr (Af(dAf)2+§(Af)5+2A§dAf> } ,
(4.21)
the well-known 5D action. The variations of the latter lead, by anomaly-inflow, to the
famous 4D Abelian and nonAbelian anomaly expressions.
Note that the dependence on the color gauge field a disappeared from all terms. This
is as it should be, for IV odd, as we are studying the 't Hooft anomaly matching conditions
for nonanomalous, continuous flavor symmetries.®

As for the candidate massless “baryons” B the anomaly functional is given by

N+4—-4 ~ (213
(P - B
N(N—i—4—2) ~ 21 2 N -1 N+3 2
- [(F(An) - BP)?| A [dA— B — =B )]
3
(N 43)(N +4) N? 4 N-lpe N+3.0 (4.22)
2 2472 2 ¢ 2 Tt ‘

as can be seen easily from eq. (4.17).

We are now in the position to compare the anomalies in the UV and IR. Some-
what surprisingly, we find that the IR anomalies eq. (4.22) ezactly reproduce the same
SU(N +4) x U(1)y, 't Hooft anomalies of the UV theory eq. (4.20), independently of
whether or not the 2-form gauge fields (B§2), Bf(2)) are introduced!

Actually, this is a simple consequence of the fact that without the 1-form gauging,
these anomalies matched in the UV and IR (the earlier observation, see section 2.1). The
coefficients in various triangle diagrams involving SU(N +4) and U(1)y,, vertices, computed
by using the UV and IR fermion degrees of freedom, are equal. Upon gauging the 1-
form center symmetries, the external SU(N + 4) and U(1), gauge fields are replaced by
the center-1-form-gauge-invariant combinations, both in the UV and IR, as in eq. (4.14),
eq. (4.15), eq. (4.17), but clearly the UV-IR matching of various anomalies continue to hold.

8Vice versa, in an even N theory there are anomalies associated with a discrete Zs symmetry. The
anomaly functionals such as (5.18) do contain expressions depending on the color U(N). gauge fields a. See
the discussions below in section 5.3, section 6 and section 8.
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It turns out that the situation is different when the UV-IR anomaly matching involves a
discrete symmetry, as in even IV theories discussed below. See below.

5 Mixed anomalies: even IN case

We discuss now the even N theories. The calculation of the anomalies, 1-form gauging
and anomaly matching checks go through mostly as in the odd N case discussed above, by
taking into account appropriately the difference in the U(1),,, charges of the matter fields
and in the center symmetries themselves, as well as the presence of an independent discrete
(Z2)r symmetry. However the conclusion turns out to be qualitatively different.

5.1 Calculation of anomalies

To detect the anomalies of global symmetry Gf, eq. (3.21), we introduce the gauge fields
o A: U(1)yy, 1-form gauge field,

Agl): (Za)p 1-form gauge field,

Ag: SU(N +4) 1-form gauge field,
° B§2): Zpy 2-form gauge field,
° Bf(2): Zn+4 2-form gauge field.

(Z2)F is an ordinary (O-form) discrete symmetry, and we introduced accordingly a 1-form
gauge field

1
AW sAl = 5 dsAY (5.1)
The (Z2)F variation in the 4D action is described by,

(5Aé0) = 427, ie., v e™p=—1, noeTp=—n. (5.2)
In order to avoid misunderstandings, let us repeat that Agl) is a gauge field formally
introduced to describe an ordinary (0-form) (Zy)r symmetry. In this sense it is perfectly
analogous to the U(1)y, gauge field, A. (352), Bf(z)) are instead introduced to “gauge”
the 1-form center (Zy and Zy4) symmetries.” The procedure was reviewed briefly at the
beginning of section 4, in the case of odd N theories.

In order to completely dispel the risk of confusion, it might have been a good idea to put suffix such as
in (Zg)g)) , ZS&), or ZE\}L 4> to show explicitly which types of symmetry we are talking about. We refrained
ourselves from doing so in this work, however, in order to avoid cluttered formulae, and confiding in the
attentiveness of the reader. Another reason is that the symbol Zy, e.g., is used both to indicate the
particular symmetry type and to stand for the cyclic group Cy itself.
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For even N theories under consideration here, the construction is similar. We introduce
two pairs of gauge fields (BC(Q), B((;l)) and (Bf@), Bf(l)), satisfying the constraints!'?

NB® =dBM;  (N+4)B® =aB{". (5.3)
Under the gauged (1-form) center transformations, these fields transform as

B® - B® +d\.,, BWY = BY 4N, (5.4)

C

(
B BP +dx, B = BY 4 (N4, (5:5)

which respect the constraints (5.3). Now the whole system must be made invariant un-
der these transformations, and this requires the gauge fields A, Ag, A, color SU(N)
gauge field a, as well as the fermions, be all coupled appropriately to (Bé2)7 Bél)) and
(B®, BV) fields.
To achieve this we first embed the dynamical SU(N) gauge field a into a U(N) gauge
field @ as .
a=a+—BW, (5.6)

=

and the SU(N + 4) flavor gauge field as U(N + 4) gauge field A; as

i L pm
Ar= A+ ——B;". .
f £+ Nyt (5.7)
Under the center of SU(N), the symmetry-group element (e'®, (—1)", g¢) € U(1) x Zg x
SU(N + 4) is identified as (see eq. (3.23))

2w

(eia, (_1)n’ gf) ~ (ei(a—ﬁ)’ (_1)nei

=

7 gf> . (5.8)

This means that U(1),, gauge field A has charge —1, (Z2)r gauge field Ag) has charge %,
and U(N + 4) gauge field A; has charge 0 under the U(1) 1-form gauge transformation A
for BéQ).

Similarly, the division by Zx 44 means that we identify (see eq. (3.24))

21 s N+4+4 27 27i

(e, (=1)", gp) ~ (o750, (—1)mel 2 N, greni) (5.9)

and this determines the charges under A¢.
These considerations determine uniquely the way the 1-form gauge fields transform
under (5.4) and (5.5):

a—a+ A,
A—>A—)\C—)\f,
N +4
2
Avf —>Avf+)\f. (5.10)

AW A 4 gAc + X,

10See the discussion at the beginning of section 4 for the meaning of these constraints.
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The crucial ingredient in our analysis now is the nontrivial ’t Hooft fluxes carried by
the (Zy and Zny4) 2-form gauge fields BéQ) and Bf(2),

1 ni

B2 — i/ 5.11
27 /22 ¢ N’ mE AN, (5.11)
1 (2) mi

B” = , S/ , 5.12
2 /22 f N +4 m N+4 ( )

in a closed two-dimensionl space, ¥5. On topologically nontrivial four dimensional space-
time of Euclidean signature ¥o X Y9 one has then
1 n 1 2 m

1 [ gep_ " / gy ™M™ 5.13

871'2 24( c ) NQ? 871'2 24( f ) (N—|-4>2’ ( )
where n € Zy and m € Zpy.4, and an extra factor 2 with respect to (5.11) is due to the
two possible ways the two BéQ) fields are distributed on the two Xo’s (similarly for Bf(2)).

The fermion kinetic term with the background gauge field is obtained by the minimal

coupling procedure as

_ " N +4
Pyt (3 +Rs(a) + 7; A+ A2> Py
m
~ ~ N +2
+ M (5 + Rp«(a) + A — T+A - A2> ISH/R (5.14)
I

Here, Aj represents the coupling to the fermion parity (—1), so its coefficient is meaningful

1 With this assignment of charges, each

only modulo 2, and we fix the convention here.
covariant derivative turns out to be invariant under 1-form gauge transformations without
introducing extra terms. This is of course a direct reflection of the equivalence, (3.22)
and (3.23), or (5.8), (5.9), i.e., of the requirement that the Zy C SU(N) transformation is
canceled by U(1)y, x Zy (and similarly for the Zy,4 symmetry).

We compute the anomalies again by applying the Stora-Zumino descent procedure
starting with a 6D anomaly functional. The two-index symmetric fermion ¢ feels the

gauge field strength

Rs (@) + " 2dA +dds = Rs(F(@) - BP) + * 7 [aa+ B + B
+ [dAgl) - %B@ - N;‘LBQ] , (5.15)

where appropriate 2-form gauge fields have been introduced so that each term is now 1-form
gauge invariant. Similarly, the anti-fundamental fermion 7 feels the gauge field strength

~ ~ N+2
R+ (F(a)) + F(Af) - TdA —dAs

_ - N+2
= - [F@ - B®]| + [F(A) - 5] - T+ a4+ B2 + 5|
- [dAgl) - ng) - N;LLB?)] . (5.16)

H1f the Zso charges were assigned as (+1,+1), rather than (+1, —1), as in eq. (5.14), some coefficients in
eq. (5.20) would change, but the final results would not change.
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The low energy “baryons” gives

~ N
Ra(F(Ar)) — 5 dA—dAy

N+4 (2

_ N N
—Ra [F(Af) —B@} — [dA+B§2) +Bf(2)] - [dAgU -5 BP -5 (5.17)

2

Before proceeding to the calculation, let us make a brief pause. We have already noted
that in contrast to the odd N systems considered in section 4, the fermion kinetic terms
in an even N theory (5.14) are invariant under the center gauge transformations, eq. (5.4),
eq. (5.5), eq. (5.10), without explicit addition of terms involving B? and Bf(2) (cfr. see
eq. (4.12) for the odd N case). Thus the rewriting made above (5.15)—(5.17) might look
redundant at first sight: these expressions appear to be actually independent of BC2 and
Bf(Q). This, however, is not quite correct. If one were to proceed with calculation without
making each term 1-form gauge invariant, as done above, the resulting anomaly expressions
would not be invariant under the 1-form (Zy and Zyy4) center gauge transformations, so
that there would be no guarantee that the mixed anomalies have been correctly evaluated
in the reduced PSU(N) or PSU(N + 4) theories. We thus prefer to work with explicitly
1-form gauge invariant forms at each step of the calculation below.!?

Let us proceed to the 6D anomaly functionals due to these fermions: v gives, from

eq. (5.15),13

ﬁtr (RS(F(&) — B(2)) + % [dA—i—B( )—i—Bf(z)}
N )
- bl )
(N+1267TJ2V+4 “[ ]/\ [dA+Bg2> +B§2>}
+J\;(]\;£T; < 4)3 dA+B +Bf(2)}3
N2 (o) - 00 faa) - N - e
(Y D e - -2
L) D 25
* 2417r2 N(N2+ : [dAgl) - %B@ ¥B( )} (5.18)

2Tn the standard anomaly calculation in 4D & la Fujikawa (section 7), the introduction of these center
gauge fields are seen more straightforwardly as a modification of the theory.

13 Actually, BIEQ) (but not BE?1) drops out completely from the expression below (5.18), as can be seen
from the first line. This is correct, as ¢ is a singlet of SU(N + 4) and consequently eq. (5.15) does not
contain the SU(N + 4) gauge fields. This can be used as a check of the calculations below.

17 -



The contribution of 7 is (from eq. (5.16)):

2472

3
- [oa - o 2]}

(N +4) i o N ) N
=g o [(P@ = BO)| & 5 (P - 5]
(N +2)(N +4) e oo

- 1672 tr [(F(a) — BY) ]A [dAJrBC + B! }

N N+2 -

- 82 ; t[F(A) - B [dA+ BY +B§2)}

NN + (N +2) @ . p@]°
- S 24n2 [dA + B? + B; }
N

(@ - 8)* aal) - Spe - XX

82
_ S%tr[F(jf) _ Bf(2)]2 [dAgl) B ng) B ]\724_439]
_ ! <N+2
82 2
_ ! <N+2
82 2

3

i 2
>JWN+®PA+@”+$ﬂ F@”_ym_N+4@ﬂ

) N(N +4) [dA +B® + Bf<2)} |:dAg1) Npey  N+dp

2472 ( )

The sum of the UV anomalies is

N A (2)\3
N N +2 .
- oy UlF(A) — BPP? [dA+ B + B
NI (N +3)
16 - 2472

‘2t4ﬂ®—39fhé”—gﬂm_N+4@ﬂ

[dA +B® + Bf(2)}3

872 .

82

1 N(N+4)(N? +3N +4)
s 8

1 N(N +3)(N +4)

) (2) (2) N
8 4 [dA + B + By } [dAz B

I NN+D [, 00 Npo N+4 o]
24n2 2 [dA? 5 Be 5 Bi| - (5.20)

N -
— —tr[F(Af) — Bf(2)]2 |:dA§1) -
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In the IR, the “baryons” eq. (2.7) yield, from eq. (5.17), the 6D anomaly'*

- N
tr (RA(F(Af) - B%) - 5 [dA +B® + Bf@)}

3
_ [dAgl) _ %B(Q) _ MBf(Q)})

2472

¢ 2

_ N+4-4 iy n@h3
N3(N +4)(N +3) 2) 273
B 16 - 2472 [dAJrBC + By ]
N+2N T p@n2 2 4, g@
5 trlF(Ar) — B [dA+BC + B| ]
N +2 ~ (2)12 @ N i N+4 02
~ ooz UlF(dn) - B a4, —EB@—TBf
1 (N 2(N+4)(N+3) ) (2)12 W Noe N+4_0
—87r2<2) o A M L
1 N (N+4)(N+3) @ @] [qa - Npo  N+4p0)
-5y > [dA+BC + B} ] aAy) - B - == B
L (N+HN+3) [ ) Noe N+4 0]
T : day) - 2B — = =B . (5.21)

Note that the second-from-the-last term, corresponding to [Zs]? — U(1)y, anomaly, is
identical in the UV and in the IR, see eq. (5.20) and eq. (5.21).

5.2 An almost flat (Z2)Fr connection, generalized cocycle condition, and the
’t Hooft fluxes

Before proceeding to the actual determination of various mixed anomalies, let us recapit-
ulate some formal points involved in our analysis. The first is the meaning of the gauge
field for (Zs)F introduced above. The combination

2450 — B — BV = aAl” (5.22)

is the modification of the (Zs)r gauge field, 2A§1) = dAgO), such that it is invariant under
the 1-form gauge transformations, (5.4)—(5.10). By taking the derivatives of the both sides
of eq. (5.22) it might appear that one gets

2dA" - NB® — (N +4)B® =0 : (5.23)

this would erase all terms containing 2dAé1) — NB® — (N + 4)Bf(2) from the 6D ac-
tion, (5.18)—(5.21). This, of course, is not correct as A;O) is a 27 periodic (angular) field.
Indeed, the left hand side of eq. (5.22) is “an almost flat connection”: eq. (5.23) is correct

“Note that B actually drops out completely from this expression, as is clear from the first line. This
is as it should be, as the baryons are color SU(N) singlets: they are coupled neither to SU(N) gauge fields
nor to Zn gauge fields BC(Q). This can again be used as a check in the following calculations.
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locally, but cannot be set to zero identically, as it can give nontrivial contribution when
integrated over Xs.
Actually, by integrating the both sides of eq. (5.22) over a noncontractible cycle, one

gets
f{dm“ (24 — B — Bf(”)M — fdAgD — 21n, nez,
7{149):27;7”, mez, (5.24)
and
NB® +/ (N+4)B® =27k, kez, (5.25)
EQ E2

where Y5 is taken to be a nontrivial closed two-dimensional surface. Eq. (5.24) is a trade-
mark of a Zsy gauge field. Eq. (5.25) is consistent with mutually independent fluxes of Bég)
and Bf(Q), (5.11)—(5.13). In passing, we note that this is in line with the remark made in
section 4, that the whole analysis of this work could have been done possibly by keeping
only one of the 2-form gauge fields, BéQ) or Bf@) .

All this can be rephrased in terms of the generalized cocycle. In the case of standard
QCD with massless left-handed and right-handed quarks, the relevant symmetry involves
Zyn C SU(N). and Zy C U(1l)y. By compensating the failure of the cocycle condition
at a triple overlap region of spacetime manifold by a color Zy factor!® by a simultaneous
Zy C U(1)y transformation, one can formulate a consistent S%i(NN) “QCD” .16

In our case, the failure of the straightforward cocycle condition by color Zy center
factor can be compensated by a simultaneous Zy C U(1)y, X Zy phase transformation
of the fermions. See eq. (3.22) and eq. (3.23). Similarly for the Zy4 center.!” The
consistency for ¢ and n gauge transformations in a triple overlapping region thus reads

.om 2 .
(%) = it (520

and .
2 - 27i .. c N+2
(#0) " B s, o)

respectively. Finding ¢/2® by multiplying eq. (5.26) and eq. (5.27) and inserting it back,
one gets a consistency condition

emimigtmi) — 1 (5.28)

If (5.26) and (5.27) were to be interpreted in terms of 't Hooft’s twisted periodic
conditions, the exponents in these formulas, %’rnij, NQ—LmU, +7, Aayj would respectively

5Tn pure SU(NV) theory this would not be a problem, as the gauge fields do not feel the Zy transformation:
it corresponds to the well-known statement that the pure SU(N) theory (or a theory with matter fields in
adjoint representation) is really an %}\1]\7) gauge theory. Alternatively, one can introduce nontrivial 't Hooft
fluxes by introducing doubly periodic conditions with nontrivial Z twists.

!5 This has been worked out explicitly in [32], section 2.3.

"In fact, this is the content of the 1-form gauge invariance we impose. Eqgs. (5.4)—(5.10) can be regarded

as the local form of the conditions, (5.26)—(5.27) below.
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be the SU(N), SU(N + 4), (Z2)r and Uyy(1) fluxes through a closed two dimensional
surface, 3o. This requires some care, because of the discrete periodicity of the (Zs2)r gauge
field. In particular the presence of such a flux means that, if 35 is taken as a torus, there
should be a point-like singularity on it (2-dimensional surfaces, from the point of view
of the four dimensional spacetime), carrying a (Zs)r flux. Actually, it seems to us more
natural, in the presence of a (Zsy)r gauge field, to take as X5 not a torus with a singularity,
but a smooth Riemann surface of genus 2 (a double torus).

As already noted in section 4, these indices n;; (or m;;) correspond exactly to the

. . SU(N) SU(N+4)
second Stiefel-Whitney class of =7 ( Znia

dition (5.28) translates into the B and Bf(2) flux relation, eq. (5.25).

or ) connections. In other words, the con-

5.3 Anomaly matching without the gauging of the 1-form center symmetries

As another little preparation for our calculations, let us first check that our gauge fields and
their variations are properly normalized, by considering the anomalies in the ordinary case,
i.e., where the 1-form Zy and Z x4 symmetries are not gauged. In other words, we set

B® =M =B% =B =0, (5.29)

The first three terms (the triangles involving U(1)y, and SU(N +4)) of eq. (5.21) match
exactly those in the UV anomaly, eq. (5.20), whether or not (Bg) ,Bf@)) fields are present.
The second-from-the-last terms in eq. (5.20) and in eq. (5.21) describe the nontrivial
[(Z3)F)? — U(1)y, anomaly, which are identical in UV and IR, again, whether or not
the 1-form gauging of Zy and Zy4 is done.

To compute the (Zs2)p anomaly in the UV, one collects the terms

/ (...)dAlM, (5.30)
g

and integrate to get the boundary 5D effective WZW action
/ (..) A (5.31)
X5

The (Zs2)r transformations of the fermions are formally expressed as the transformation
of the (Zso)p “gauge field” Agl),

1
AY » AP + S d@AY), 0AY = 2om, (5.32)

yielding the anomaly-inflow in 4D

9 sA0 N 540
55{5V:—@ /Z tr[F(a))? 22 - tr[F(Ag))? 252
4

2
1N(N+4)(N2+3N+4)/ adl 5AY
3y

2
8 Y4

~ 5 3 = (5.33)
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The first line is the standard chiral anomaly expression associated with the field transfor-
mation
b= -y, no-n, AV =127 (5.34)

due to SU(N) and SU(N + 4) gauge fields. They are actually both trivial (no anomalies)
due to the integer instanton numbers:

1

oz [ P =z, 817r2/2 [ F(AN]2 = Z. (5.35)

Note that, crucially, their coefficients (2 and N) are both even integers. This confirms that
the field Agl) and its variation 51450) are correctly normalized.
Similarly in the IR one has

N +2 5AY
At =555 [ulr(ane 22

2 2

2 (0)
— # (J;[) (N+4)2(N+3) /[dA]2 %. (5.36)

Again, the first term is trivial, as N 4 2 is an even integer.
The second terms in eq. (5.33) and in eq. (5.36) describe the nontrivial (Zsa) p—[U(1)y,)?
anomaly, present both in the UV and in the IR.'® However, their difference is given by

(0)
_ N(N;" 4) / <817r2 [dA]2> : % (5.37)

Since the coeflicient w is any even integer the discrete (Za)r — [U(1)yy

matched modulo Zs in the IR and UV.
All in all, we reproduce the earlier results reported in section 2, that a chirally symmet-

]2 anomaly is

ric vacuum, with no condensates, with no NG bosons but with massless baryons eq. (2.7),
satisfy all the conventional 't Hooft anomaly matching constraints.

6 UV-IR matching of various mixed anomalies in even NN theories

Now we come to the main issues of our analysis: studying the various mixed anomalies

involving the fermion parity (Zs2)r, in the presence of the 2-form gauge fields BéQ) and

Bf(Q), in an even N theory. Starting from the 6D action, eq. (5.18)—eq. (5.21), one collects
the terms of the form,

N N +4
SP — /6 L] [dAg” - 5B - == Bf‘?)] . (6.1)

Integrating, one gets the 5D boundary WZW action

S5D—/5[...]

8This is so for even N of the form, N = 4m + 2, m € Z.

2

AY _Lpo ;Bf(l)] . (6.2)
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This allows us to calculate various anomalies in 4D involving (Zs2)r, by anomaly inflow,
considering the variations

o)~ Lo = Lot o
=L flgoad, oap = o0
4

6.1 Mixed (Z2)r — [Zn]? anomaly
Collecting all terms of the form
N [y (6.5)

in the 5D WZW action, one finds at UV,

S8 —1 N2(B@)2. A1 (6.6)

)
8 ¥

The coefficient in front of the above expression (6.6) is the result of the sum from various
Y and 7 contributions in (5.18) and (5.19):

CN+2 (N+D)(N+4)? (N+4)N+1) +N(N+1)

N 8N 4 8
N+4_(N+4)(N+2)2+(N+2)(N+4)_N(N+4)_1 6.7)
N 4N 2 4 o '
The result (6.6) leads to the 4D mixed (Zz)r — [Zx]? anomaly in the UV,
1
ASW = +irz, 54V =4 §5A§°> ;o 6AY) = yor (6.8)

In other words, the partition function changes sign under the Zs transformation, ¢ — —1,
17 — —n, in appropriate background Béz) fields'?

1

—_ | N*B@)2_-7. 6.9
871-2 24 ( C ) ( )

On the other hand, in the infrared, assuming the chirally symmetric scenario, sec-
tion 2.1, the “massless baryons” (5.21) lead to no anomalies of this type:

0- N2(B@)2AlM =0, (6.10)

due to the cancellation

(N+4)(N+3) (N+4)(N+3)  (N+3)(N+4)
— < — 2 + 0 =0, (6.11)

among the 4th, 6th and 7th terms of (5.21). Actually the absence of the mixed Agl) ~BY
terms can be seen directly from the first line of (5.21). (See footnote 13.)

The conclusion is that the mixed (Z)r — [Zxn]? anomaly is present in the UV but
absent in the IR. They do not match.

9Equivalently, in the presence of appropriate fractional t Hooft fluxes.
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6.2 Mixed (Z2)F — [ZNn14]? anomaly
We now study the terms

(N + 4)2 /(Bf@))?Agl) (6.12)
in the 5D action. The 1 and 7 both give vanishing contribution to the coefficient:

N(N+1) N(N+1) N(N+1)

s 1 s Y%
N N(N+2)2 N(N+2) N(N-+4
MW Ay NINH2) NWNED (6.13)
N +4 4(N +4) 2 4
On the other hand, the massless baryons in the IR gives:
N N+4) N+2 N3N N(N

8 N—+4  8(N+4) LA

Therefore, the result here is opposite: the mixed (Zsg)r — [Zn14]? anomaly is absent in the
UV but present in the IR! However the conclusion is the same: they do not satisfy the 't
Hooft anomaly matching requirement.

6.3 Mixed (Z2)r — ZN — ZN+4 anomaly

Let us now consider the mixed anomalies of the type, (Zs2)p — Zn — Zin+4. We collect the
terms of the form

NUV+4%/B§U%QA9 (6.15)
in the 5D action. The result in the UV is that ¢ gives the coefficient

(N+4H(N+1) N+1 N(N +1)

2N +4)+ —— = 1
whereas 7 yields
N +2\? N +2 1
—(J) ~2+T+(2N+4)—N(N+4)§:2. (6.17)

Thus there are no mixed (Zs)r — Zy — ZN+4 anomaly in the UV.
In the IR, the baryons produces the terms of this type with the coefficient:

(N+3)(N+4)1 N(N+3) N+3
2 2 4 4

(2N +4)=0. (6.18)

(Again this result could have been read off from the first line of (5.21).) Therefore there are
no anomalies of this type in the IR either. Therefore no question of 't Hooft consistency
condition arises from the consideration of the mixed (Zs)r — Zn — Zn+4 anomalies.
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6.4 Mixed (Z2)r — ZNn — U(1)yy anomaly

In the UV, one collects the terms of the form,
N / B®dA AV (6.19)

in the 5D action. One finds the coefficient,

2 2 2 2
= _N—4, (6.20)

9 2
(M> (1) Y AN D <N+2> AN +4) + G NN +4)

which is an even integer. This means that no mixed (Z2)r — Zy — U(1)y, anomaly is
present in the UV. We know already that there are no terms mixing Agl) and Béz) in the
infrared: there are no mixed anomalies of this type in the infrared either.

6.5 Mixed (Z2)r — ZN+4 — U(1)yy anomaly

One must collect the terms of the form,
(N + 4)/B§2)dAA§” . (6.21)

One finds the coefficients, in the UV,

N +4 1 N(N +1
e 7N(N+1)——¥(N+4):0,
4 2 2
N+2\?2 N+2
n —9N (;) +T+N(N+4):N(N+2), (6.22)

the sum of which is an even integer: there are no anomaly of this type in the UV. In the
IR, the massless baryons give

2
- (5) g+ FEEINED vy, (6.23)

which is again an even integer. There are no anomaly of this type in the IR either.

6.6 Physics implications

Of all types of mixed anomalies involving the fermion parity (Zsy)p considered above, we
thus find that (Z2)r — [Zn]? and (Zo)p — [Zn14)? anomalies provide us with the most
interesting information. Namely the anomaly of the first type is present in the UV but
absent in the IR; the situation is opposite for the second type of anomaly: it is absent in
the UV but present in the IR. All other types of mixed anomalies as well as conventional
anomalies are found to match in the UV and IR, assuming the chirally symmetric vacuum
of section 2.1.

We are thus led to conclude that the chirally symmetric vacuum of section 2.1 cannot
be the correct vacuum of the ¢n theory with even N.
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No problem arises if the system is in the dynamical Higgs phase, discussed in sec-
tion 2.2. One might however wonder how the failure of the matching of these mixed
anomalies in the UV and IR might be accounted for by the bifermion condensate, (1n), in
view of the fact that the fermion parity (27 space rotation) does not act on it. The answer is
that the failure of the 't Hooft matching condition in this case means that the 1-form gaug-
ing of the [U(1)yy, % (Z2)r —SU(N)]-locked Zy, and the [U(1)y,, X (Z2)r —SU(N +4)]-locked
Z N +4, center symmetries is not allowed. The condensates (1n) indeed breaks spontaneously
both of the global 0-form U(1),,, and the global 1-form Zy color center (or the flavor Zy 4
center) symmetry, the infrared system being in a dynamically induced Higgs phase.

Still, a little more careful argument is necessary, before jumping to the conclusion that
everything is consistent in the Higgs phase. The reason is that the (¢¥n) condensates leaves
a nontrivial subgroup (3.25) unbroken, and that some massless fermions are present in
the IR so that the conventional perturbative anomaly matching works. This means that
the generalized anomaly matching requirement (in the presence of some combination of
the 2-form gauge fields (B(@, Bf(Q)) appropriate for the unbroken symmetry group (3.25))
might fail to be satisfied in the dynamical Higgs phase, too.

Actually, an attentive inspection of table 2 dispels the last worry. When the Dirac
pair of massive fermions (¢ and the symmetric part in ﬁzA) are excluded, the rest of the
massless fermions in the UV are identical to the set of the massless “baryons” in the IR,
in all their quantum numbers, charges, and multiplicities. This means whatever subset of
(B§2), Bf(Q) ) are retained, the UV-IR matching is automatically satisfied.

7 Calculating the mixed anomalies without Stora-Zumino

In the above we made use of the Stora-Zumino descent method to calculate the various
anomaly expressions. It has a great advantage of being systematic, yielding the Abelian,
nonAbelian and other, mixed types of anomalies all at once with the correct coefficients, and
showing certain aspects of symmetries. Nevertheless, it is basically a technical aspect of our
analysis: it is not indispensable. Indeed, one can stay in four-dimensional spacetime, and
calculate the anomalies of the chiral transformation, ¢» — —, n — —n, in the underlying
(UV) theory, in the standard fashion, e.g. by Fujikawa’s method [43, 44]. By taking into
account the 1-form gauge invariance requirement, eq. (5.4), eq. (5.5), eq. (5.10), however,
one finds (ir times)

N+4—(N+2) N 2
- F(a)— B® 1
L GO 7.
N 1) _ B@p
]2 ) tr[F(Af) Bf ] ) (72)
_1N(N+4)(N2+3N+4>/ [dA+B(2)+B(2)r (73)
87T2 8 I ¢ f ’ '
1 N(N+3)(N +4) @) | p® W Noe N+4 0
- L . /24 4+ B + BY| |aal) - TB® - 2B (r4)
1 N(N+7) M N oo N+4 09 2
2472 2 /24 [dA2 9 B, 5 By 5 (7.5)
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due to the external fields,
[SUN)?,  [SUN+4), [UM)y,?, U)pyZa, [Z2), (7.6)

dressed by the 2-form gauge fields (Béz), Bf(z)), respectively.?® A similar consideration can
be made for the calculation of anomaly in the IR. Collecting various terms of the same
types, one ends up with the results presented in section 6.

It might be of interest to recall a subtle aspect in the descent procedure, noted after
eq. (5.16). In a 4D calculation described here, it is manifest that we are modifying our the-

ory, in going from the original SU(N) x SU(N +4) gauge theory to S%(]iv) X SUZ(]JVV;@ theory.

8 Summary and discussion

To summarize, in this note we have examined the symmetries of a simple chiral gauge
theory, SU(N) 1 model, by use of the recently found extension of the 't Hooft anomaly
matching constraints, to include the mixed anomalies involving some higher-form symme-
tries (in our case, some 1-form center symmetries). A particular interest in this model lies
in the fact that the conventional 't Hooft anomaly matching constraints allow a chirally
symmetric confining vacuum, with no condensates breaking the U(1),,, x SU(NN +4) flavor
symmetries, and with a set of massless baryonlike composite fermions saturating all the
anomaly triangles. Another possible type of vacuum, compatible with the anomaly match-
ing conditions, is in a dynamical Higgs phase, with a bifermion condensates breaking color
completely, but leaving some residual flavor symmetry. The standard anomaly matching
constraints do not tell apart the two possible dynamical possibilities, which represent two
distinct phases of the theory.

The result of our investigation is that, a deeper level of consistency requirement, taking
into account also certain possible mixed (0-form—1-form) anomalies, allows us, for even N
theory at least, to exclude the first, chirally symmetric type of vacua. One is led inevitably
to the conclusion that the system is likely to be in a dynamical Higgs phase.

More concretely, among all possible mixed anomalies involving the (Zsy)r symmetry
of the system, which corresponds actually to 27 space rotation, the anomalies of the types
(Z2)r — [ZN)? and (Zs)p — [Zn414)? are present, and do not match in the UV and in the
IR, if the chirally symmetric vacuum is assumed.

Our extension of the idea of gauging 1-form center symmetries such as Zy C SU(N)
and of finding possible associated mixed anomalies, as compared to the existent litera-
ture [24]-[36], involves a few new concepts. Thus it may be useful to summarize them.
The first concerns the fact that the presence of fermions in the fundamental representation
of the color SU(N) (or of the flavor SU(N +4)) group, requires us to work with color-flavor
locked center symmetries, see eq. (3.23), eq. (3.24). This involves the centers of the SU(V)
or SU(N + 4) locked with some subgroups of the anomaly-free U(1)y,. A similar idea has
been studied and tested in several papers already, see [28, 29, 32].

20Fgs. (7.1)—(7.5) are obtained by taking (Zs2)r to be 1) — €™p; 7 — e ™5, in accordance with the
convention used in egs. (5.15)—(5.16). If the phase of n were to be chosen as +im, the coefficients in
egs. (7.4) and (7.5) will get modified, but the final result for (Z2)r anomaly remains unchanged.
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The second nontrivial conceptual extension here involves the discrete (Zsa)F symmetry
for even N theory. In this case the center symmetry of interest is the diagonal combination
of Zy C SU(N) and Zy C U(1)yy x (Zo)p. Similarly for Zyy4. This means that both
U(1)yy and (Zs) r gauge fields transform nontrivially under the (gauged) center symmetries,
see egs. (5.4)—(5.10).

From the formal point of view, therefore, the position of U(1),, and (Z3)r symmetries
(hence of the associated background gauge fields) is therefore similar. Even though these
are both O-form symmetries they carry charges under the gauged center Zpy or Zpyi4
symmetry. The anomalies involving U(1)y, and (Z2)r are both modified nontrivially by
the presence of the 2-form gauge fields, (B§2), Bf(2)).

There is an important difference, however. In the case of the continuous SU(N + 4) x
U(1)yy symmetries, the anomaly triangles were all matched in the UV and IR before the
introduction of (B§2), Bf(2)). For instance, the [U(1)y,]® anomaly takes the simple form in
the 6D action, C' (dA)3. The anomaly coefficients satisfy, in the chirally symmetric vacuum
of section 2.1, the matching condition,

Cuv =Cr . (8.1)
Now the introduction of the 2-form gauge fields (B£2), Bf(2)) modifies all the fields, e.g.,

N +4

2
—BY, (82

N
dA —dA+B® +B®,  aal) - a4l - 5B -
etc., but clearly the matching condition (8.1) for the conventional Uy,(1)® anomaly is
sufficient to guarantee automatically the matching of the anomaly

3
C (dA +B® 4 Bf@)) , (8.3)

in the modified theory. The same applies to all triangle anomalies involving the continuous
SU(N +4) x U(1)yy, symmetries.

It is a different story for the anomalies involving the discrete symmetry (Zz)r. Before
the introduction of (BéQ), Bf(Q)), (Z2)F was a nonanomalous symmetry of the system. But
this was so due to the integer instanton numbers, not because of an algebraic cancellation
between the contributions from different fermions, as for Uy, (1). Also, the (Z2)r anomaly
“matching” was not due to the equality of the coefficients as in (8.1), but only due to
an equality modulo Zo of the coefficients, and under the assumption of integer instanton
numbers

8% s F?c7. (8.4)
This means that the introduction of the 2-form gauge fields (which can introduce nontrivial
't Hooft fluxes, hence fractional instanton numbers) may make it anomalous, and as a
consequence may invalidate the discrete anomaly matching. Our calculation shows that it
indeed does.

The result found here is somewhat reminiscent of the fate of the time reversal (or CP)

symmetry in the infrared, in pure SU(N) YM theory with § = 7 [25]. Note that before
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introducing the Zy 1-form gauging, time reversal invariance at § = 7w holds because of the
integer instanton numbers, just as the fermion parity symmetry (Zs)r of our system. From
this prospect, what is found here, (Z)r — [Zx]? and (Zs2) r — [Zn+4)? mixed anomalies, are
very much analogous to the time reversal — 1-form Zy mixed anomaly discovered in the
pure YM at 6 = 7. Here the time reversal (CP symmetry) is replaced by 27 space rotation.

Note however that the way the failure of the 't Hooft anomaly matching is reflected in
the infrared physics is different here from the CP invariance for the pure YM at § = 7. In
the latter case, a double vacuum degeneracy and the spontaneous breaking of CP in the
infrared “take care” of the eventual inconsistency which would arise if we were to gauge
the 1-form Zpy center symmetry.

Here, the failure of the mixed-anomaly matching is “accounted for” in the infrared,
dynamically Higgsed phase, not by the spontaneous breaking of the fermion parity symme-
try, but by the breaking of the 1-form Zy and Z x4 symmetries. Note that in our system,
the 1-form symmetries are locked with U(1)y, symmetry, which is spontaneously broken
by the bifermion condensate (1n). It is true, as noted at the end of section 6, that some
subgroup of the original symmetry group with nontrivial global structure (3.25) survives
the bifermion condensates. But as noted also there, the eventual anomalies with respect
to the surviving symmetries match completely in the UV and in the IR, in the case of the
dynamical Higgs phase. The hypothesis of gauge noninvariant bifermion condensate (2.8)
is therefore consistent with our symmetry arguments. On the contrary, the chirally sym-
metric vacuum contemplated earlier in the literature is, at least for even NN, inconsistent:
it cannot be realized dynamically.
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