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1 Introduction

The exact computation of partition functions on various curved spaces via localization for

supersymmetric Yang-Mills theories starting from [1] (see [2] for a nice review) provides

extremely powerful ways to examine different types of dualities derived from the superstring
theory. Among them, the Alday-Gaiotto-Tachikawa (AGT) relation [3, 4], which states
that the Nekrasov partition function of a 4d N' = 2 gauge theory with gauge group SU(N)

can be encoded in terms of some conformal block in 2d CFT with Wy symmetry, is in

particular intriguing for us. It can be even uplift to gauge theories with eight supercharges

in 5d [5] and 6d [6-8], where the corresponding 2d CFT is respectively g-deformed and



elliptically deformed. Thanks to the string duality [9] between topological string theory
and 5d A/ = 1 gauge theory, we can reformulate the 5d version of the AGT relation in the
language of topological vertices [10-12] on the toric Calabi-Yau geometry when we restrict
our attention to 5d gauge theories constructed from (p,q) 5-brane webs introduced in [13].
In this context, one finds [14] a beautiful algebraic structure of the (refined) topological
vertex, which is often called the Ding-Tohara-Miki (DIM) algebra [15, 16] or the quantum
toroidal algebra of gl;, and the dual g-deformed W-algebra can be obtained as a truncation
of this algebra due to the finite number of D5 branes in the system. One can also perform
a fiber-base duality [17] to the brane web to find a dual ¢g-deformed W) -algebra associated
to the gauge theory, where M is the number of NS5 branes in the construction. This
W-algebra is nothing but the quiver W-algebra discovered in [18].

The ADHM construction [19], which lies behind the localization calculation [20-22] on
Q-background, can be extended to SO and Sp type gauge groups [23, 24]. We expect the
AGT relation holds for any gauge group, and indeed it has been examined for ABCDFEFG-
type (i.e. all Lie algebraic) gauge groups at one instanton level in [25] in 4d that this is true.
The examination in 5d is even more difficult to perform and more non-trivial. One thus
may want to rely on the topological vertex formalism and the associated algebraic structure
to check and understand the underlying principle of this duality. The topological vertex
formalism for SO and Sp type gauge groups (with orientifold inserted in the brane web) is
proposed in [26], and it has been applied to realize the G-type gauge group via Higgsing
an SO(7) gauge group [27] and various kinds of matter contents beyond the fundamental
representation [28, 29]. On the other hand, one can consider instead the fiber-base dual
setup, where we can still use A-type gauge groups but with more general quiver structures.
The advantage to consider this setup is that we have a closed-form expression for the
Nekrasov partition function at each node and the quiver structure tells us how to sew these
factors together with bifundamental contributions. Simply-laced quivers, i.e. ADFE-type
quivers (including m—type ones), make perfect sense in this context and the topological
vertex formalism for D-type quivers has been considered in [30]. Quiver structure beyond
AD E-classification has not gathered much attention so far (see the discussion for B-type
quivers in 3d in [31] and general quivers in the context of little strings in [32]), but the
partition function for a general quiver gauge theory (with A-type gauge group) can be
written down based on the correspondence with quiver W-algebras [33].

In this article, we initiate a program to complete the brane web construction for all
Lie-algebraic and affine quivers. The guiding principle is to use the DIM algebra, which is
expected to be there from the AGT relation for A-type gauge groups, to glue appropriate
vertex operators together in the preferred direction (or equivalently the D5 brane direc-
tion) of the brane web, so that the partition function and the qg-characters, introduced by
Nekrasov [34], derived from a Ward identity approach (proposed in [35] and [36]) are cor-
rectly reproduced. The answer given in this article is more or less “phenomenological”, and
schematically let us denote the vertex operator that corresponds to the refined topological
vertex as

1 =1
exp (Z nbnanz”> exp (Z ncnanz_”> ,
n=1

n=1



where ay, satisfying [an, am] = ndn4mo is the free boson oscillator, then new vertices we
need to introduce in this article for non-simply-laced quivers take the form

exp (i lb dpa_ z”) exp (i lc dla z_”>
n=1 n o " n=1 n e 7
for some appropriate factor d,, which obeys the same contraction rule with itself as the
usual refined topological vertex. We also found a similar idea to introduce such a new
“twisted” vertex applies to the construction of D-type quivers, and by establishing the
Awata-Feigin-Shiraishi (AFS) property for this new vertex, we see that this new vertex can
be interpreted as a merged object of a topological vertex and the effect of the orientifold
ON™. The realization of E-type quivers in the language of brane construction has long
been a challenge (cf. see a recent progress [37] for how to obtain the affine Eél) quiver for
3d theories from a D6-D8 system), and it remains to be difficult with all the new vertices
introduced in the way described above. We propose a novel construction in this article,
based on the observation that topological vertices (including the newly introduced vertices)
in the web diagram correspond to the simple roots of the quiver Lie algebra. We adopt

the realization of the Fg root system with 8 unit vectors, in which there is a simple root

1
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and correspondingly we introduce the “square-root” vertex built from the vertex operator,
=1 11 _
exp <2 z:l nbna_nz"> exp (2 Z - Cnanz ") ,
n—=

n=1

constructed with coefficients —

for the web construction of E-type quivers (including affine E-type quivers).

This article is organized as follows: we first review the topological vertex formalism for
A-type quiver gauge theories in section 2, and the generalized topological vertex formalism
to include orientifolds for D-type quivers in section 3. We review on the (instanton)
partition function obtained in [33] in section 4 and rewrite it in a form that is more
convenient for construction with a web of vertex operators. The web construction for non-
simply-laced quivers will then be given in section 5. In sections 6, 7 and 8, we make use
of the observed correspondence between web construction and simple-root system in the
quiver Lie algebra to generalize our work to E-type and affine quivers. At the end, we
conclude this article by writing down the AFS properties for the new vertices introduced
in this article as potential mathematical definitions of them in the DIM algebra.

Notations. Let us list some repeatedly used notations in this article. For a partition A =
{M\k € Z>o | Ak > M1}, which is also graphically represented as a Young diagram, we
often want to assign a complex parameter v;, which will be referred to as the exponentiated
Coulomb moduli (or Coulomb moduli for short) in this article, to it, and then an important
characteristic set of complex numbers defined by

d; (k—1
X = {vig] VR, (1.2)



where g1 2 are {2-background parameters and d; is a positive integer weight number associ-
ated to the node A belongs to in the quiver diagram,® will frequently appear in the context
of instanton counting. Adding and removing boxes from the Young diagram play a key
role in the computation in this article, and for a box s added to the j-th column of X, we
denote A+ s = {\; + d; ;172 and use a short-hand notation for the characteristic number
set of A + s,
di(k=1) (A+
Xips = {oigy "V gf M (1.3)
A shift of the Coulomb moduli sometimes appears in the calculation, and we denote the
characteristic number set after a shift of v; by ¢ as

di (k— o
a; = {quiay "V (1.4)
When X\ = (), we simply use
di(k—1) 00
Xz’@ = {vig) ( )}kzl' (1.5)

A similar notation not to be confused with X; is the coordinate system for boxes in the
Young diagram: xs = viq{_lqg_l is the coordinate for the box s = (j, k) in A, which is the
g-deformation of the content logwv + €1(j — 1) + e2(k — 1) for a box (j, k) € A.

An important rational function,

(1—q12)(1 — q22)
(1-2)1 - qugez)

S(z) = (1.6)
with the property S(z71) = S(qflqglz), appears a lot in the context of DIM algebra, as
it controls the commutation relations of the algebra. With the S-function, one can define
the following Y-function,

1—x:/2
I(z):=(1—-v/z) H S(xz/z) = HIGA(X) Xe/ (1.7)

zEA Myermy 1= xvas ' /2
where A()) is the set of boxes that are allowed to be added to the Young diagram A\ to
obtain another Young diagram, and R(\) is the set of boxes that can be removed from A

to form a Young diagram, as a building block of the Nekrasov factor. Remark that these
A(X) and R(A) are also denoted as the outer and inner boundaries 9+ \, e.g., in [38].

For later convenience, we also define g3 := q; 1q2_ e 2.
For a vertex operator of the form,
21 1
V = exp <z:1 nbna_nz"> exp (Z:l ncnanz_”> , (1.8)
n= n=

'Note that the label i here is for the node in the quiver diagram, and the setup here corresponds to
having a U(1) gauge group in the i-th node. More generally, we can have several Young diagrams, A\(¥),
)\(2>, ..., in one node, and consider the characteristic sets Xi(l), Xi@), ..., with respect to Coulomb moduli,
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we use its m-th power V™ to denote

V™ .= exp (m Z nbnanzn> exp (m Z ncnanz_n) ) (19)

n=1 n=1

which reduces to

VvV v (1.10)
~———

m

when m is a positive integer. We often consider (vertex) operators acting on the tensor
product of several vector spaces, and denote the operator V' acting only on the i-th vector
space interchangeably as V; or V().

2 Review on A-type quiver gauge theories

In this article, we focus on 5d N = 1 supersymmetric gauge theories with SU-type gauge
groups and g-type quiver structure. The construction of A-type quiver gauge theories is
well studied in the literature, and the (p, ¢) 5-brane web construction [13] from string theory
is one of the most convenient realization of this class of theories. It is dual to M-theory
compactified on toric Calabi-Yau, and the instanton partition function can be calculated
as the partition function of topological string on the same toric Calabi-Yau. The partition
function of topological string on toric Calabi-Yau can be computed in a Feynman-diagram-
like way with the topological vertex [10-12]. In this section, we give a brief review on the
AFS rewriting [14] of this topological vertex formalism, and generalize it to a web of vertex
operators encoded in the so-called Ding-Iohara-Miki (DIM) algebra in later sections.

A gauge theory of A-type quiver is specified by a web diagram of 5-branes (see table 1
for the brane configuration), where a (p, ¢) 5-brane is drawn as a line, whose angle 6 with
the 5-axis is tanf = ¢/p (the convention here is that D5-brane is denoted as a (1,0) 5-
brane and NS5-brane corresponds to a (0,1) 5-brane). When a D5-brane intersects with
a (g,1) 5-brane and a (¢ + 1,1) 5-brane at some vertex, we assign to the vertex a refined
topological vertex ®@ or ®*(@ according to the rule that if the D5-brane is stretching to
the left (negative direcition of 5-axis), we assign ®*(@ to the vertex, and if the D5-brane
is stretching to the right (positive direcition of 5-axis), we assign ®(@ to it (see figure 1).
Each vertex contains two parameters, v and wu, which respectively describes the position
of the D5 and (g, 1) 5-brane attached to the vertex.? The full partition function is given
by the vacuum expectation value of the product of all these vertices. For example, the
partition function of 5d N/ = 1 pure SU(2) gauge theory at Chern-Simons level x = 0,
whose web diagram is shown in figure 2, can be written down as

o~ o~

0 0
DO, vg] - &N [—u* fug, vg]
Z = ’ ’ 2.1
SU@) <I>(*1)[—u/vl,vl] . d*(0) [u*, v1] (2.1)
0 0

~ ~

2We will in particular refer v’s as the Coulomb moduli in this article.
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D5 e e B A B
NS5 — = —=|—=]—]e|—| e| e | e
T-brane | — | = | = | = | — | ® | @ | — | — | —

Table 1. Configuration of branes in the brane web construction. Bar represents the direction
branes stretch along, and dot means the point-like direction for branes. General 5-branes lie as a
line in the 56 plane, and the web diagram encodes all these information on the 5-6 plane.

(+1,1) w0 (¢, 1)u

(1,0)y

OD*[y.
@ u, v] [, ]

(1,0),
(¢, 1)u (@+1,1)—w

Figure 1. ®@ [y, v] and ®@*[u,v].

30 P*(=1)

o1 o*(0)

Figure 2. The web diagram of 5d A = 1 pure SU(2) gauge theory and the assignment of topological
vertices.

where we used a “two-dimensional” notation to represent in the horizontal direction the
multiplication of topological vertices in the preferred direction and other products in the
vertical direction, with the convention that 0 denotes the bra vacuum state and @ cor-
responds to the ket vacuum state.

To be more precise about the meaning of the multiplication of topological vertices and
the vacuum state, let us recall that there attaches a Fock-space degree of freedom to each
leg of the topological vertex (refer to [39] and the formulation of the refined topological
vertex itself given in [12]), one can insert a complete basis of the Fock space in the pre-
ferred direction of each horizontal internal line and project a topological vertex to a vertex
operator that connects the remaining two Fock spaces associated to the topological vertex.
A convenient basis |v, A\) of the Fock space in the preferred direction, where v labels the
position of the corresponding D5 brane and X is a Young diagram label of the states in the
Fock space, was found in [14] to be the Macdonald basis and can be identified with the
basis of the (1,0), representation of the so-called Ding-Iohara-Miki (DIM) algebra [15, 16].
More concretely, the vertices ® and ®* are in fact respectively found in [14] to intertwine
among three representations labeled by (p, ) of the Ding-Iohara-Miki algebra,® which are

#Note that the convention of labels (p, ¢) for representations of DIM is different from those in mathemat-
ical contexts such as [14]. We chose it to match with the convention in physical contexts and the direction
of the corresponding brane in our web diagram.



all isomorphic to Fock spaces,

Plu, 0]+ (p,1)u® (1,000 = (p+ 1, 1), (2.2)
P [u, 0]+ (p+1,1)—up — (p,1)u @ (1,0),. (2.3)
The label of the corresponding representation to each leg matches the axio-dilaton charge

in the brane web, and in terms of the DIM algebra, it parameterizes two central charges
in the algebra as

(pya) = (g /g, 3) = (72,79, (24)
The vertex operators acting on the Fock space in the non-preferred direction are
given by
M, v] v, \) = @g\") [u,v] = tp(A u,v) : Dy(v) H n(xz) 5 (2.5)
TEA

with t, (A, u,v) = (—uv)‘)‘| Hme,\(’Y/Xx)"H, and

(0, | @*u, 0] = &3 [u, 0] = th (A, u,0) : Bh(v) [T 0% 5, (2.6)
TEN

with 5 (X, u,v) = (yu)~ P [Loca(Xz/7)", where x, = vqflqg*l is the coordinate for the
box x = (i,7) in A, and the vertex operators are written in terms of free boson oscillators

an, satisfying

[an, am] = ndp4m.0, (2.7)
as
0 n 0 —-n
v 1 1 w
Pylv] :=exp | — Y — —a_, | exp — —ay |, (2.8)
;nl—qln " nzlnl—qznn
(o.9] (0.9}
1 A"" 1 A"
Oy[v] == exp — —a_p |exp|— ) — —ay, |, (2.9)
1 1
n(z) = exp (— > i1 qg)zna—n> exp (— > (- Qf")Z”an> , (2.10)
n=1 n=1

o0 oo

£(2) = exp (; %Q’f(l - qS)Z”V"a—n> exp <Z %(1 - qf”)Z"W"%) - (211)
With the above explicit expression of vertices, we can insert the identity operator 1 =
Y xax|v, A) (v, A| in internal lines in the preferred direction and project the vertices at two
ends of the internal lines to vertex operators to reduce the calculation to the evaluation of
VEVs of vertex operators. ay here denotes the inversion of the normalization factor of the
basis in the (1, 0),-representation of DIM,

1

AT N, A

— 7 ()(—0) M [ xer (2.12)
TEA



where ZV¢()\) is given by the inverse of the Nekrasov factor,
270 = Nl (Lar, ), (2.13)
where

Ny (Q = v1/ve;q1,q2) = H (422' /3 G2) o X H (91922"/%3 42) 0

(rarjerixx, (BT /T 62)os (@22 /25 42) o

(J:,w’)eXP XXg

= [0 = xaqqo/v2) [[(L = v1/x0) [] Sxa/xy), (214)

TEX yev TENYEY

with A7 and A5 the characteristic set attached to the Young diagrams A and v. Note that
the Nekrasov factor is normalized to Nyy(Q;q1,q2) = 1. We then take the vacuum expec-
tation value of the vertex operators obtained from projection using the contraction rules,

1

@, [ug, va]@a[ur, vi] =G (v1,v2) Zpga(vi, va; A, p|1)h @ fug, va] @ ug, v] ¢, (2.15)
1

O [ug, 2] @3 [ur, v1] = G (v1, 0205 ) Zoga(vi, vags s A, 1) 2 @ Jug, vo] 3 [u, v1] ¢, (2.16)
1

D [ug, vo] @3 [ur, v1] = G(v1,v27 ) Zppa(vr, vay 5 A, pl1) 1 @y fug, va] @3 [ur,vi] 1, (2.17)
1

(I)Z[UQ,UQ]CI))\[ul, 1)1] = g(vl,vgfyfl)bed(vl,vgfyfl; )\,,u\l) : (I)Z[UQ,UQ](I))\[ul,Ul] - (2.18)

where the prefactor G is given by the ¢g-double gamma function as

1 v1/v)" Y1 —n_—m -
G(v1,v2) = exp (Za—;;ig(i)—q;”)): 11 <1—v;q1 9 ) , (219

n
n>0 n,m>0

and the U(1)xU(1) bifundamental contribution is also given by the Nekrasov factor as

ZP (01, v95 A, 1) = Ny (v1/v2, 1, q2). (2.20)

Let us complete our evaluation of the partition function of the pure SU(2) gauge the-
ory, (2.1),

T o
(0) *(—1) *
*Oluvs] B[ foa, )
ZSU(Q) = X, AN —1)\2 A2 *(0 *
)\12,;2 1 ’ (I)E\l )[_7“/’017 'Ul] Q)\(l )[7111 ,'Ul]
0 0

~ ~

(_’le)_lAl'(—’YW)_l)\z‘ Hze)\l Xz Hye,\2 Xy
Naa (1,01, 62)Nayn, (1,01, g2)

= G (v1,02)G (v, 0205 1) Y

A1,A2

(o3 / (u*y)) 22 (u/ (w*y) )M T en, (7 x0)2
Ny, (v1/v2,q1,G2) Ny x, (v143/v2, G1, G2)

=G ' (v1,v2)G 7 (v1, 025 ") Z <

A1,A2

Uy >)\1|+>\2| 1
u*vy Naa (1,01,92)Nagr, (1,41, 42)

1
X .
Niixo (V1/v2, 01, 92) Nayx (V1G3/v2, ¢1, G2)

(2.21)



(a) (b) (c)

Figure 3. Examples of simplified webs: (a) SU(2) gauge theory, (b) Az quiver U(1) gauge theory,
(c) SU(2) gauge theory with four flavors.

2{3)—2

(a) (b) (¢)

Figure 4. Quiver structure in simplified webs: (a) SU(2) gauge theory, (b) As quiver U(1) gauge
theory, (c) SU(2) gauge theory with four flavors. When the gauge group is U(1), we omit the
number in the correspondong node for the gauge group information.

In the above computation, G-factors correspond to the 1-loop part of the full Nekrasov
partition function of the gauge theory, and the remaining gives the instanton corrections.

In the purpose of this article, we only focus on the information of the quiver structure
of the gauge theory, and it is thus not necessary to distinguish the Fock spaces used to
construct representations of the DIM algebra with different values of central charges. It
is convenient to introduce a simplified web diagram which only distinguishes the Fock
spaces from the representation space of the DIM algebras in the preferred direction. We
represent each representation space in the preferred direction with a horizontal line again,
and all Fock spaces in non-preferred directions with vertical lines. Several simple examples
are presented in figure 3. It is easy to see that adding vertical lines (Fock spaces) in
the simplified diagram lifts up the rank of linear quiver in the current construction, and
adding horizontal lines inside the chamber between two vertical lines raises the rank of
gauge group. Since we focus on the quiver structure of gauge theories in this article, we
set all gauge groups to be U(1) for simplicity in the remaining part of this article, but we
note that it is always straightforward to raise the rank of gauge groups by adding more D5
branes (horizontal lines) or using the generalized vertex introduced in [40] instead of the
topological vertex used here.

The qqg-characters form an infinite family of physical observables (for example they
are argued in [41, 42] to be realized as Wilson lines/surfaces in 5d/6d theories), and they
are deeply related to the integrability of the underlying gauge theory. See also [43] for a
realization in topological string theory. They span the quiver W-algebra [18], where the
qq-character corresponding to the fundamental representation reduces to the generating
current of the algebra, and in the Nekrasov-Shatashvili limit gives rise to the T-operator of
the corresponding quantum integrable system. We review how to derive the qq-character,



Figure 6. The vertex assignment for the Do quiver theory.

which is an important quantity to check, in the web diagram (or simplified diagram) by
using the Ward identity in DIM algebra following [36, 40] in appendix A. We will argue
later that this prescription gives the correct expressions of the qg-characters in the web
diagram proposed in this article for ABCDEFG-type quiver.

3 D-type quiver construction with orientifold

Now we go to the next simplest example, D-type quiver gauge theories. It was reported
in [30] that the topological vertex formalism can also be applied to the brane webs proposed
in [44] constructed with an ON™ orientifold plane for D-type quiver theories [45, 46]. The
web diagram of the simplest case, Dy ~ A1 X Aj quiver, for example is given in figure 5.
The orientifold ON™ in the diagram is assigned with the reflection state defined by

1Q,0)) =) ax|v,A) ® v, ) (3.1)
A

with the rule

12,971)).

(3.2)

The explicit assignment of vertices is presented in figure 6 for Do quiver theory and can be
easily generalized to higher rank D-type quiver algebras.

We also introduce simplified webs for these constructions with orientifold as shown
in figure 7, where the “reflection” of D5-brane is represented by a bended brane in the
preferred direction.

~10 -
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Figure 7. Examples for simpler brane diagrams for Dy, D3 and Dy quiver theories.

e M8 18

Figure 8. Quiver structures in simpler brane diagrams for Do, D3 and D4 quiver theories.

From the explicit computation of the Dy quiver partition function,

o 0
(1) [y, vy : (D) [y*, vy]
Zp, =Y ax, : D [ vy o1, 01771 o1y, Ag)
<I>(”1_1)[—u/111,v1] . ”1)1,)\2>
0 0

~ ~

K1 R1
A1 \AQ Toer, X5 Ilyen, Xy -1
— E qj G~ (v1,v2)G(v1, v2
= T2 Ny (L a1, 42) Nagag (101, 42) ( )91 )

x Zyfa(v1,v2; A2, M 1) T Zypa(vr, va; Az, A1)

Z X1 xeAl X' Z A2 y€>\2 Xy® (3.3)

N (1591, 62) Nayao (1591, 62)
where q1 = upuivoy™ Tt Juy k1 = —ng — 0, qo = —u%v"l_"T_I and ko = n} —ny, we
can see the decoupling of two D5 branes in the brane web, which explicitly realizes the
Ay x Ay quiver.
The fundamental qq-character of the Dy quiver can be obtained by considering the
insertion,

s x3
(3.4)
- s + - ot
\ \ \ \
and after some computation, it is found to take the form*
i (z) = Yi(z _1)—1—L Ya(zqz ') + ! (3.5)
X(1,1) = 10243 Yi(2) 2(2q3 Ya(2) ) .

from which we also see the manifestation of the decoupling of two gauge nodes. This
factorization property together with the map between qq-character and representation

“Refer to (A.11) and (A.12) for definitions of Y and x.

- 11 -



theory we established for A-type quiver in appendix A give the map between D-type qqg-
characters and the representation theory of D-type Lie groups. We have to further check
the prefactor of S-functions in the expression of qg-characters for the consistency of the
brane construction, and we give a non-trivial examination for adjoint representation of Dy
quiver in appendix A.1l.

We further propose an alternative construction with the following newly intro-
duced vertex®

(v, N ®*M[u, v] = i);(n)[u, v] = tp(Nu,v/7) Hf (Xz) o (3.6)
TEN

®j(v) := exp ( Z
20

£(z) == exp (

We graphically represent it as

(3.9)

It plays a similar role to the reflection state, while the proposal in [30] works only for U(1)
gauge group in the node built with the reflection state or if one wants to left up the rank
of the gauge group, one will have to use the generalized vertex introduced in [40]. On the
other hand, we can raise the rank of the gauge group in the ordinary way by simply adding
more D5 branes by using ®*(™)[u, v] instead. For example the Dy quiver gauge theory with
U(1) ® SU(2) gauge group can be built as

(3.10)

Superconformal quiver theories. We define the notion of superconformal gauge the-
ories for general quiver gauge theories (even without Lagrangian description) through the
asymptotic behavior of qq-characters, xz(z) as z — 0o, 0. As it is easier to explain the
criteria in the 4d limit, let us put z = ef®¢ and consider the asymptotic behavior ¢ ~ oo in
the R — 0 limit. The function Y'(2) associated to an SU(NN) gauge node behaves as

Y (ef©) ~¢N, (~oo, R—0. (3.11)

SRefer to section 9 to see that the prefactor tn (A, u,v) is a natural and appropriate choice here.
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By requiring that all terms in the qg-characters (normalized or not) of a superconformal
quiver theory to behave as (" around ¢ ~ oo for certain integer n, we can see for example

from the expression of the (unnormalized) fundamental qg-character of A, quiver,

2 (2) = Yi(zq5") N Ya(zq5 ' p2) N Ya(zq5 'papes) | Pr(2)

(50:0:-0) Pi(z) Yi(2) Ya(2p112) Yi(zpaz - pn—1)n)’
(3.12)

where the hat symbol “here stands for a different normalization for the qq-character, P;(z)

and P,(z) are respectively polynomials of z* with degree N #1 and Ny,., and they reduce
to polynomials of ¢ of degree Ny and Ny, in the limit R — 0, that the superconformal
quiver theory in the current case is solved with respect to n = 0 to

Nyy=Ny=Ny=---=N, =Ny = N, (3.13)

which is a well-known superconformal quiver gauge theory from the S-function analysis of
the following quiver diagram,

(3.14)
and for n = 1 we have another example solution,
(3.15)

When N =1 in the above quiver diagram, this corresponds to the famous 5d version of
T,_1 theory. We note that the corresponding brane web of a superconformal quiver gauge
theory appeared so far always has a realization with its all external legs always either in
the vertical direction or in the horizontal direction.®

When we apply the same argument to the Dy ~ A; x A; quiver, since two gauge
nodes are decoupled, the superconformal quiver theory is simply a theory with Ny = 2N
matters attached to each SU(N) gauge node. Let us depict the brane web with orientifold
for N =1 in the following.

(3.16)

SFor example, such a web diagram can be obtained after some Hanany-Witten transition performed to
the usual web diagram for T,_1 theory (see [47] for this kind of discussion and how to deal with the jumps
in the web diagram after Hanany-Witten transition).
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Again we have all external legs either in the horizontal direction or in the vertical direc-
tion in the above diagram. This fact allows one to speculate the direction of each leg of
new vertices such as ®* that we introduce in this article via vertex operators (3.6). For
higher rank D-type quivers, the terms that appear in the (unnormalized) fundamental
qq-character associated to the following substructure in the quiver diagram,

1

3

(3.17)
2
where we labeled three nodes by 1, 2, and 3, are given by
Yi(2q5 tps1)Ya(2q5 Ya(2q5*
00 01(2) = -+ 1(205 p31)Ya(295 " prs2) | Ya(25 ™ piso)
Y3(z) Yi(zps1)

Ya(zp32) Y1 (zp31)Ya(2p32)

Without additional matter multiplets attached to node 1 or 2, the superconformal quiver
theory condition (xo,0,...,0,1 ~ ¢°) requires

N3 = 2N; = 2N, = 2N. (3.19)

Some examples of superconformal quiver theories can be found as

2N @ (3.20)

and

(3.21)
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whose corresponding brane webs (for N = 1) are respectively given by

(3.22)

and

(3.23)

We will apply the same analysis to BC F G-type quivers later.
We note that we can similarly introduce the following twisted vertex as a dual to (3.6),

) [u, o] o, A) = " [u, 0] = (%, uv/7) s By(v) [ 0x) - (3.24)
TEA
with
= 1 g3 v 1 ggv™"
By(v) = . .y 3.25
o0 o (3L Yo (320080 ) 29
_ - 1 n ny.n, — - 1 -n\.—n,n
7(z) := exp (—qu(l —qy)2"q5 a_n> exp <— E(l —q ")z q3an> , (3.26)
n=1 n=1

which is essentially the (inverse of the) usual topological vertex with a shift of Coulomb-
moduli v, to realize the substructure

(3.27)
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in the quiver diagram. We will denote it as

(3.28)

in the web diagram in this article.

4 Partition function of fractional quivers

Now we turn to the construction of fractional quivers, focusing on quivers corresponding
to non-simply-laced Lie algebras and their affine versions, with webs of vertex operators.
To do so, let us first give a review on the instanton partition function of these theories.

In [33], gauge theories associated to quivers of all Lie algebras of type ABCDEFG
(together with their affine and hyperbolic versions) are constructed. To write down the
partition function of theory of this class, we assign an integer d; = (a, ;) (cf. Cartan
matrix ¢;; = (o), o) = (a4, ;) /(e a;)) to each node of the quiver.

The vector multiplet contribution from the i-th node with Coulomb modulus v; is

given by
212, d] = IV H (CIiliqzx/x/;QQ)OO (4.1)
i i, i) = 1[Vi| = - ; .
e (q2x/2";42) o0
where X; = {viqfi(k_l)qg‘ *1%2,, the vector multiplet character
1 _ ql—dl x/

vV, =4 T 4.2
et oy o (42)

($,.Z’/)€XZ‘><XZ'
and the index

I [Z xk] =[] - =Y. (4.3)
k

k

The bifundamental contribution associated to the link e : ¢ — j with bifundamental mass
e is given by

. _1 —rd;j;
dj/dij =1 (M61QIT ”qzw/x’;q2>
o0

f

ZPE X Xy diy dys ) = T[Hey 5l = ] I :

(z,2)eX;xX; T=0 (Me 4, q'@r/T QQZ)OO
(4.4)

where d;; = ged(d;, d;) is the greatest common divisor of d; and d;, and
_d, d;
(1—q, ™)1 — gy @'

He:i—)j = —He 1 1 Z ; (45)

@7
1=¢")1—a2) Garerixx,
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When all d; = d; = d;; = 1,7 the quiver is simply-laced and the partition function reduces
to that of an ADE quiver well-known from the localization calculation [48].

In this article, we focus on the case with d; = d;;, which includes two important classes
of theories: i) dj = 1 and ii) d; = d;. In this specific case, the bifundamental contribution
is simplified to

(netqx/'s q2)

Z0 1%, X didgipe = ] = . (4.6)
(2,2 )EX; X X; (Me qllqw/x’;qz)m

For each box s = (j, k) in the (j-th row and k-th column of the) Young diagram ()

which labels X;, we assign a coordinate to it, ngi) = viqili(j _1)q§_1, where v; again is the

Coulomb modulus associated to the i-th node. We further define

d/d;—1
d ; ,
V) = 11 a—wigt®/2) [T Sai™/2), (4.7)
k=0 seX)
with
1—q%2)(1 = qq2
Sa(z) = (1= gr2) dQ2 ) (4.8)
(1 —=2)(1 - qfqz)
In the special case we consider, d;; = d;, note that since
di/dj—1
kd;
Sa(z)= [[ Sq,(di”2), (4.9)
k=0
we have
d/d;—1
V') =TI Molar™ =), (4.10)
k=0

where we introduce a new notation Y, (z) := y/(‘ffi)(z).

The recursive relation for ZPt . can be computed to

ei—j
22| Xivs, Xj, di, dj; pie] = H 1—pg gy /o = PN (@) L gdigyy (4.11)
20X Xy diydspe] gy 1= et/ x; (Xs He 017a2)
Pl Moo dyit], Py A=l @, (49)
o i - : S e)s .
Z0% X Xy disdyspe) ok 1 — plgfigert fus T

where Jjggi)(z) is defined as

RGeS || _1zzfat (4.13)

—d. )
ven, L= a2/

"To be more precise, as long as we have d; = do for some integer do and all ¥i, we recover the partition
function for simply-laced quivers with ¢1 replaced by q‘lio.
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which is related to yﬁﬁjl‘)(z) through

di/djfl
V@ = | T (ea /o | V8 2). (4.14)
k=0

The equality for Y-functions in (4.11), (4.12), (4.14), can be derived from the recursive
relations,

yX+s( 2) () /) _ 1—Q2ngi)/ 1— qfx/z
- Sd(Xs /Z) - (dZ)
y;\gl() 1- Q1q2Xs /Z 1-— Xs /Z
o(d
1—a5/z 1—qfgy as/z _ o 1- z/zs 1 —z/(qlqy  as) _ y/r(yi)Jrs(Z)
T giez 1-q oz 1-2/lda) 1-2/('a) Y

(4.15)

and the initial condition,

d/d;—1

. 1—z/2
V) = I a-wd®/2=]] 1d/ (4.16)
Z k=0 pexo 11Tz
d/di—1

Y0 = ] 1%'2/5”/: I @ =z/di*)). (4.17)

gy ot
x’eX? & Z/.CC k=0

Solving the recursive relation in a similar way by using the expressions of yﬁg‘? (2)

and )Nigé?(z) in terms of S-functions, we obtain the following alternative expression for the

instanton part of Z};ﬁ S

be X,X,d,d, d/d—l B .
ebzf—>J[ i ] iy O /~Le H H 1 _Xx 1 kd]qzﬂe_l/vj)H(l —— I/X )
Z“H][v v ,diy djs fre] 2 ko e
_ ) d;
< TT Saee X ™). (4.18)
TENYEV

where X; and X are respectively the characteristic sets associated to Young diagram A and
v. The above alternative expression will be a key rewriting formula in the construction

with web of vertex operators presented in the following section.

5 Web construction for BCFG quivers and half-blood vertex

We are now ready to construct the web of vertex operators that realizes non-simply-laced
quivers of BCFG-type.
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Let us define the following vertex operators,

[e's] nd;
Z(d; 1 l_q ! ny . n n
£%(2) := exp (—Zm_lndi(l — 43)2" (v} /%) a—n>
n=1 -4

1 .
X exp (Z - (1—q; ndiy, "’yi"an> , (5.1)
n=1
o0 o0 —nd; n,,—n
- (d; 1 (5 /7)"j 11— g™ 'y;
& loj) = exp (anj_—ndf“—n exp _an_ql—nd- —an |, (5.2)

n=1 a4 n=1

where v; := ¢ —di/ 2 . / is the refinement parameter associated to the i-th node. We further
define a new Vertex with the above two vertex operators,
= x(d; = x(d; =(d; (d)
O] = 0 W] [T €% ™) -, (5.3)
seX)

which depends on the information of two adjacent nodes, and therefore we would like to call
it a half-blood vertex. One can easily check that it satisfies the following contraction rules,

(di)r, (2 @*(di)r, (1)
= x(d; 2)1 7 x(d; 1
(I)X]@) [Uj ](I)Xju) [Uj ] (5.4)
bf (1o 20, 72
_ ! Zeuilty ot 3y 2L g, 001,00
1 1 - ”
g )(]() v() )ZEE—U[XJ() X() 2 d],dj71] N K

(1)

between two “D5-branes” with Coulomb moduli v; and v](?) belonging to the same node

4, where G(%) is the same G function with ¢; replaced by qu , L.e.

Gl (v, v9) = exp (Z . EZ%/UQ)n )> , (5.5)

ot (L—aq 71— gy

bf -1

- ] ) Z [X’HX Yi d’ud ’1] = x(d;

(I)*(db)[v]q)(dl)[vl] _ g(dj)(vi,v")/z ) en—j J [ J : *(d;)
x; Wil%x, J Z% [, ﬂ] di,dji]

eni—j

q)(d) [v;] := Dpluvi] H n(xz) : (5.7)

i d;
r€ thﬁql’

The above contraction relations all reduce to the familiar ones of the usual topological
vertex when d; = d; = 1. We remark that we did not include the prefactor, i.e. t}(\, u,v)
in ®*[u,v], in the above definition of half-blood vertex, as the quiver structure can be
analyzed from the bifundamental contributions in the instanton partition function. We
will include and fix this prefactor later when we discuss the AFS property of the half-blood
vertex in section 9.
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Let us graphically represent the half-blood vertex as
X ok dz
550, 55
then, for example, the web construction for BCs quiver is given by

() (i)}(fiz)

(5.9)

do =2

) ()

We represented the representation spaces of DIqui 0 (for d; > 1) with thick lines and
1

those of DIMy, 4, with normal lines. The quiver structure in the above web diagram can

be read (from the computation of the partition function) as

(5.10)

where the green node is used to represent a node corresponding to a short root. We
remark again that <I)()?22) is nothing but the usual refined topological vertex ®, simply with
q1 replaced by q‘liQ.

We can replace the vertices with generalized vertices as in [40] to increase the rank of
gauge groups in the theory, but one nice feature of the half-blood vertex is that it is defined
so that gluing several half-blood vertices together raises the rank of the gauge group: the

following web diagram,

Il
—
=

dy (5.11)

o) OO
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realizes the quiver,

By replacing do — 3, the quiver structure is lifted to Gs.
Adding more branes on the left side, we obtain higher-rank C-type quivers,

*(d
4_<) (I)X(z V
de =1
. (5.13)
di =2
(d1) L
o
— @O0

to which the corresponding quiver diagram can be read from the web diagram as

- (5.14)

o
and adding branes on the right side gives rise to higher-rank B-type quivers,
dy =2
(I)*(d2)
o =1 ) Py, D)
e (5.15)
do =2
d
o ()—i j

whose quiver structure is given by

;( % :% (5.16)
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Extending the web in two directions leads to F quiver in a similar way:

(5.17)

with the quiver structure,

# (5.18)

Superconformal quiver theories. The qg-characters in several simple examples of
BCFG-type quivers are carried out in appendix A.2 via the Ward identity formalism.
Now we use the result presented there to analyze the condition for superconformal quiver
theories with non-simply-laced quivers. We again have the following asymptotic behavior
for the Y-function associated to the i-th gauge node,

Y@ () ~ ¢V, ¢ ~oo, R—0. (5.19)

By solving the superconformal conditions for X](31002) and X]&)Cf), whose expressions (with-
out matter contributions) can be found in (A.39) and (A.41), with the field contents of the

theory labeled as
N7/

we obtain the superconformal conditions,

2Ny = N2 + Ny, (5.21)
2Ny = 2Ny + Ny (5.22)
These equations can be rephrased as
Z Ciij = Nf,ia (523)
J

with Ny; denoting the number of flavors attached to the i-th node. We note that this
condition essentially comes from the i-Weyl reflection relating a pair of terms in the qqg-
character, and thus it does note depend on which qg-character we consider to extract out
the superconformal condition.
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Figure 9. The web diagram for BCy quiver with Ny =0, No = 2N; = N} = 2.

Focus on two special solutions to the superconformal condition for BC5, one with
N}:O, Ny = N1y = No, (5.24)
and another with
Ny=0, Ny=2N;= NJ’C, (5.25)

we see that we cannot draw a consistent web diagram with the external legs of the middle
brane in the unpreferred direction parallel to each other, which seems to contradict with the
observation we had for A-type and D-type quivers that all external legs of a superconformal
quiver theory can be put in either the preferred direction or the orthogonal direction.
This suggests that there either exists certain kind of Hanany-Witten-like transiotion we
do not understand for non-simply-laced quivers or there is a better (and more physical)
construction for these quivers.

We remark, however, based on the AFS property formulated in section 9 for the half-
blood vertex (9.18), we can draw a web diagram (with directions) shown in figure 9 for
the solution (5.25), where by neglecting the leftmost Fock space all the external branes are
either in the horizontal or in the vertical directions, as in the brane webs for A-type and
D-type superconformal quiver theories.

The superconformal condition for B3 quiver, with its field contents labeled as

can be read from the expression of the qq-character

2N = Nf + No, (527)
2Ny = 2N; + N3, (528)
which is again equivalent to
> N = Ny (5.30)
J
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We again have the solution
Ny =0, N2:N3:N}:2N1, (5.31)

for which we can draw a similar diagram as figure 9 with all external thick lines either in
the horizontal or in the vertical directions. This class of solutions can always be found for
general B-type quivers.

The superconformal condition for G5, whose field contents are again labeled by

Ny G ——n) N’ (5.32)

O\ M) f

is given by
2N = Ny + Ny, (5.33)
2Ny = 3Ny + Ny. (5.34)

We again have two special solutions,
N}zO, N1 = 2Ny, Ny = 3Ny, (5.35)
and
Ny=0, Ny=2N;= 2N}‘7 (5.36)
indicating different directions of the middle brane (in the unpreferred direction) of these

two superconformal quiver theories.

6 FE-type quivers and “square-root” vertices

E-type quivers are more tricky to deal with at the level of the brane web. In the case of
quivers corresponding to classical Lie algebras, one can see an implicit relation between
the web diagram and the set of simple roots. It is most clear for A-type quivers: for the
A, quiver, we have n + 1 Fock spaces in unpreferred directions to express n gauge nodes,
and each gauge node is sandwiched by two topological vertices, ® and ®*. This resembles
the construction of n simple roots with n + 1 independent unit vectors e;,

ap =e; —€i+1, St.o;-o0; =2, a1 =—1. (6.1)

In the case of D, quiver, n — 1 of n simple roots are expressed in the same way, i.e.
a; = e; —e;qpq for ¢ = 1,...n — 1, while the last simple root is given by the sum of two
unit vectors,

O = €p + ent1. (6.2)

The different form of the last simple root «a, exactly corresponds to the realization of a
gauge node by gluing two topological vertices of type ® with a reflection state, or one
P-vertex and one ®*-vertex, which essentially behaves like a ®-vertex.
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This correspondence can be found also in BC-type quivers, but in a more complicated
(and subtle) way. In the case of C-type quiver, as the positive-mode part of the half-
blood vertex @*X(jdi)[vj] can be factorized into d;/d; vertex operators, which appear in the

topological vertex defined in DIM 4;
q17,92

>~ 4 di/d;j—1 x4 y .
exp (Z n(l_ql—ndi)z_n,y;:ﬂan> — H exp (Z ﬁq;n J(l_ql—n J)Z—n,yznan> ’ (63)
n=1

k=0 n=1
[e’e] —nd; n,,—n di/dj_l [e’e) n,—n
11— ql na; ’yl ’Uj ) 1 —nkd.; '72 Uj
exp | — Z — e —ay, | = H exp | — Z —q  ———an |, (6.4)
< n:1n1_q1njl_q2 k=0 n:ln 1—(]2

a simple root of a different form, o, = d;/dje,, will be induced in the root system.® We
note that we need to neglect the rightmost Fock space in the web construction using half-
blood vertices described in the previous section to establish the correspondence with simple
roots in the above discussion, and this neglect can only be done to B-type quivers. For
B-type quivers, the half-blood vertex can only be viewed as one single topological vertex
defined in DIM 4; 4, and thus we have a simple root of the form, ay = —e; (be neglecting
the leftmost Fock space in the web construction given in the previous section). We note
that this neglect indeed agrees with the discussion on the web diagram of superconformal
quiver theories shown in figure 9.

The splitting of one half-blood vertex into d;/d; usual vertices reminds us the folding
trick to construct non-simply-laced simple Lie algebras from simply-laced ones. However,
the folding in the current case is slightly different from the traditional one since we are
considering the (¢1, g2)-deformed algebra: as discussed in [49], we have to shift the variables
in the vertices (each by qu) when folding them into a single vertex. The factor ¢, nhd;
in (6.3) and (6.4) is a manifestation of this shift.

We now turn to the construction of Eg quiver from an analogy to the realization of
its simple roots and obtain the whole E-series by removing some D5 branes from the web

diagram. One beautiful realization of the simple-root system in 8 unit vectors is given by

a) =e; — e, ay = ey —e3, a3 =e3 — ey, (6.5)

a4 =eq — es, a5 = e5 — ¢g, ag = eg + er, (6.6)
T T VA S T S B e 0

Q7 = —je1— 5€2 — €3~ S€4 — 5€5 — 5€6 — 5 €7 — s, ag =es —eq, (6.

where the label of the simple roots can be read from the following Dynkin diagram,

8

@OOO%OQ
T2 3 4 5 6 7

8We in fact absorbed di/d; — 1 vertex operators into the usual topological vertex ® of the node with
d = d; here.
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The web construction can be found as

where the long line (connecting 8 vertices)

is a short representation of the following computation,
[v, A) v, A) v, A) v, A)
200 0a (6.8)
(v, Al (v Al (v, Al (v Al

and we introduced two types of new vertices as the “square-root” of ® and ®*:

—abey), AR, = 820 [] 72 (e (6.9)
TEN
— ol AR = [e0w.  (610)

TEN

We notice again that we omitted the prefactor that corresponds to ¢, (X, u,v) in ®[u,v] in
the expression of new vertices here. As ® vertex behaves in a similar way to ®* as a vertex
operator in the unpreferred direction, the construction of the 7-th node, i.e. the long line,
indeed resembles the expression of the simple root as.

With the long line standing for the 7-th node in the quiver diagram, the quiver structure
can be read from the web diagram (by computing the instanton partition function) as

\ A

(6.11)

For example, it is easy to see that the D5 brane corresponding to the first node and the
long line completely decouple from each other (factors from the contraction in the left-
most Fock space and those from the second left Fock space cancel with each other as in the
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computation for Dy quiver, refer to (3.3)). We first remark that at the 7-th node simply
piling up the long lines as

(6.12)

raises the rank of the gauge group of the 7-th node, and therefore one is allowed to raise
or lower the rank of gauge group at each node freely. The partition function obtained
from this construction is consistent with that written down in terms of the Eg (¢-)Cartan
matrix [18]. Another remark is that the summation computation given in (6.8) can be
achieved by combining several pieces of trivalent vertices, whose definitions and graphical
representations are given by

{ - o0 v, A) @ (v, Al @ (v, Al (6.13)
} - 2o v, A) @ v, A) @ (v, Al (6.14)

These trivalent vertices are natural generalizations of the identity operator 1 =
Y oaax|v,A) (v, A and the reflection state |Q,)) = >, ax|v,A\) ® |va, A), and they are
the basic building blocks for such generalizations with more legs. We give the prescription
to deal with these trivalent vertices in appendix D when deriving the qq-characters via the
Ward identity approach. We leave the concrete computation of qqg-characters of E-type
quivers to future works.

7 DE-type quiver construction with trivalent vertex

As we have already introduced the trivalent vertex ), ay|v,A) ® (v,A| ® (v, A| in the
previous section to realize F-type quiver gauge theories, it can in fact be used to realize an
alternative (brute-force) way for D and E-type quivers. An S-dual version of this realization
has already been proposed in [50] to perform instanton counting for D and E-type gauge
groups. The brane web diagram of Dy quiver gauge theory, for example, built with this
trivalent vertex is given by

RS
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and one can read off the information of the quiver from the diagram as

We remark on a disadvantage of this construction: to raise the rank of the gauge group
in the central node makes the web diagram extremely complicated. Even in the unrefined
limit, where ®* is simplified to ®~!, the web diagram for an SU(2) gauge group in the
problem node looks like

[ (7.3)

and it is more complex and almost not tractable in the refined case. We can bypass this
problem by introducing generalized trivalent vertices as how generalized topological vertices
are defined in [40]. Essentially it was also the generalized trivalent vertex associated with
the SU(2) gauge group that helped in [50] build the D, E-type quiver gauge theories with
SU(2) gauge groups, which can be S-dualized to (A; quiver) gauge theories with D, E-type
gauge groups. In the current context, this brute-force construction does not seem to be
very interesting to us.

8 Affine quivers
There is almost no difficulty to proceed to affine quivers (including the twisted ones),’
with all the new vertices we introduced in this article. For example, the untwisted affine

)

D-type quivers, DS has already appeared as an example of superconformal quiver theories

before. The untwisted affine E-type quivers, Eé,l%g, are the only tricky ones to construct.
Let us describe in this section how to build Eél), Eél) and Eél) quivers in the language
of web diagram by only using the topological vertices introduced in this article and their
“square-roots”.

90ne may expect a Langlands duality exhibited in the construction of non-simply-laced and affine quivers
when we swap two Q-background parameters ¢; ¢ €2, which converts the parameter b = —¢1 /2 as b <+ b™ .
Actually the W-algebra shows an isomorphism W (g) ~ W,-1(%g) under the swap [51]. However, for the
g-deformed W-algebras, corresponding to our 5d gauge theory setup, such an isomorphism does not hold
for non-simply-laced algebras g # “g [52], and thus the Langlands duality is not expected to be present in
our vertex formalism. The 4d limit of the topological vertex has been investigated in [53], and from this
point of view the 4d limit of the half-blood vertex might be an interesting and relevant direction to look
into in the future.
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The Dynkin diagram for Eél) reads

8
(8.1)
O AN (O ) O
NN NG AN A N/
1 2 3 4 5 6 7
The construction for the Egl) quiver, which is actually simpler, is given by
(8.2)

where the horizontal line (corresponding to the 7-th node) at the bottom only intersects
with the Fock space on the most left and that on the most right. The quiver structure is
again contained in the web diagram as

T | )

(8.3)

Note that the effective Coulomb modulus of the 7-th node is shifted by ~ in this construc-
tion. The realization of the 7-th node is designed so that piling up the same structure
raises the rank of the gauge group there. This will be true for all constructions presented
in this section.
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The Dynkin diagram for Eél) is given by

9

N
1 2

.
00000000

and can be constructed as

i) | | | | | &

T | | | | |

We note that the top line only intersects the second left Fock space and the most right

one, and two bottom lines, as in the case of Eél), intersect only with the Fock spaces at the

(8.5)

most left and right. The quiver structure, which is more non-trivial compared to previous
examples in this article, in this web diagram, is given as

| | | | | |

) |
(8.6)

The effective Coulomb moduli of both the 6-th node and the 7-th node are shifted by ~.
We remark that there is no space left in this approach to add more gauge nodes to the

quiver diagram of Eél).
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The Dynkin diagram for Eél) reads

7
6 (8.7)
OO =0

1 2 3

We can realize it with the following web diagram

.

—
—d
0 —

.8)
where we further introduced the “square-root” of ® and ®* as
1
ol @Al N = aZ ] [T (xa), (8.9)
TEA
- — ~1
— (i)*[%][v]’ <U,)\| 0] [2}[’(}] = @@2[1}] H§2(XI) (810)
TEN
The quiver structure can be read from the web diagram as
\\_/\\
(8.11)
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Superconformal quiver theories of E-type. It is not difficult to find solutions to
superconformal E-type quivers via the condition

ZCUNJ = Nf,i' (812)
J

For example we have superconformal theories associated with the Eg quiver given by

1

(8.13)

and

(8.14)

1 (o (3 4 (39 1
NN NG NG A N/
These examples in principle can respectively be realized in terms of a brane web from the

(1)

. 1
web construction of Fg

and Eél) quivers, by moving one NS5 brane of the extra gauge
node(s) to the infinity, i.e. ungauging extra nodes. However, in the construction of affine
FE-type described above, we cannot move, for instance, any NS5 brane attached to the 7-th
node without ungauging the 5-th node in Eél) (refer to the Dynkin diagram for the label
of nodes). We remark that the fact we cannot add fundamental matter multiplets into our
construction might be related to that we start from the expression of simple roots in FEg.
It may help if we start from the following quiver,

9
8 (8.15)

O—O0-O0-00-C-10
1 2 3 4 5 6 7

but we leave this kind of exploration to a future work.

9 AFS property of new vertices

In this section, we explore potential (more mathematical) definitions for those new topo-
logical vertices we introduced in this article to realize quivers beyond A-type. Let us first
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recall how the usual refined topological vertex can be formulated in the algebraic language,
i.e. as an intertwiner mapping two representations into one in the DIM algebra. We will
refer to this formulation as Awata-Feigin-Shiraishi (AFS) property of the topological ver-
tex, and we intend to mimic it for all the other vertices. The AFS properties for & and
®* read

() @ 9 ) A9 ()25, 7] = 27 [, 7ol ™ (9(2), (9.1)
O, 70" © p{l™)Alg(2)) = ply ™ (9(2) 8L [u, 7, (9:2)

where g = 2%, 9*. The coproduct structure is given by

A(at(2)) =27 (2) © 1+ 07 (3]} 2) © 7t (3 2),
A(r™(2)) =2~ (¢ >®w+<“/2 )+1®27(2),
1/ s (9.3)
A<¢+<z>>=w+% )®¢+<A 2),
AW () = v~ 5 @ v~ w;{? )

where 4(1) = 4 ® 1 and 42y = 1 ® 4. Diagrammatically, the AFS property can be repre-
sented as

zt(2)

}» xt(z) + }» v (2) = (9.4)
x"(2)

(9.5)

n
T
T

{ + x+(’yz){ = { (9.6)

v (2)
x™(2)
ww{ + x—<z>{ = { 6.7
x~(2)

We remark that what essentially happens when we confirm the validness of the AFS prop-
erty is that operators acting from both sides of the topological vertex in the unpreferred
direction give the same result, but these functions are respectively expanded around z ~ 0
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and z ~ 00, so their difference will be given by the summation of a J-function times a
residue over all the other poles of the function.
F@)onoe = f()ono = Y 8(x/a) Res '~ f(a'). (9.8)

z'—a
a: pole

Let us start from ®* vertex. For simplicity, we focus on the explicit calculation of
acting x1(2) in the unpreferred direction. We have

1Bl = = [T e/ )™ ()51
= S B 99)
B30 ln2) = 1 [T S/ 1) 85l
&)
- 2”7%(127) (2) B[, o] -, (9.10)
and thus by formulating ®* as a map,'”
P u, 0]+ (p, 1)y = (p+ 1, 1) @ (1,0}, (9.11)

we find the AF'S property for it given by

rt(2)

_ - —2(27) (9.12)
g3 () :n(2)EH(2) -
We note that
(E () ¢ = exp (— S q@f)an) , (913)
n=1

only has positive modes (as 1" (z)). It is natural that ®* reflects z™ in the unpreferred
direction to x~ in the preferred direction, which is also expected from the construction
with a reflection state.

Similarly, we can write down the AFS property for the ® vertex as

g3 (2)

?YP
%#J(z%) - % = %Mz%) (9.14)
zt(2)

10The axio-dilaton charge (or the center of DIM) is not preserved under this map due to the effective

existence of an orientifold plane.
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by thinking of ® as a map,

3P [u, 0] 1 (P+1,1) 0y @ (1,0)y = (9, 1. (9.15)

For the half-blood vertex &5 (with ged(d;, d;) = d;),

(9.16)
we can write down a similar relation,
(d) g 12 d /d 1ok
Iy et (e 22 Gy 5/7%)
Jr 7;/()(1] qu 'Yz
(9.17)
by considering @j(di) as a map,
= (p)x(d; , d;
SOy ) (difdy - (p+1), 1) = (p, 1)) @ (1,0)4, (9.18)

where p might be fractional, (p, q)(di) is a (p, q) representation of the algebra DIqui . and
1

(31’2“) (di/d;—1)d;

v = (—uw;)%/ g : (9.19)
67 () = M<ml>§<”%w (9.20)
@;(di)(z) = cﬁj (d ’)(z) under the representation (p,1)(%). (9.21)
The prefactor fg-p )*(di)(u, vj) in the full expression of the half-blood topological vertex
B3 [vy] = £, vy) - 25 W] [T £7 () (9.22)
SEAU)

is found to take the form

~(p)*(d; —
P9 (w,05) = (uy) ™ T /3P, (9.23)
zeX@)

to satisfy the AFS property proposed here. We note that the AFS property of é;(di)

certainly reduces to that of ®* defined in DIM 4, when we take d; = d;.
ql »q2

The AFS property for a “square-root” vertex can be worked out in the same spirit.
Let us first consider the vertex ®[1/2 [u, v], which can be formulated as a map,

SAP) 0] : (p, )0 @ (1,0) = (p+ =, 1)

3 Dot (9.24)
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Then the AFS property can be found as

Vi) + v = (929)

where the prefactor ¢l31®) (u,v) in

1 1
OB [y, 0] = 121 (u, 0)02 [v] T] 0% () (9.26)
TEN
is fixed to
1
s )\ n
B2 O u,0) = (—a?0) M T v/ x>+, (9.27)
TEN

and the operator )(z) is a diagonal operator in the basis |v, A) defined in (A.5). The vertex
3*13] can be thought of as a map,

1
Il (4 5.0, 1 (1) ® (1,0), (9.28)
and the AFS property for it is given by
1
3 _, 1 \2
cat(2)at(2) 112 (2) (w (722)> “
" (9.29)
o V) 2at(y2) =
cat(2)zt(2)
1
with the prefactor t;u [u, v],
o1 B
£ s v) = ()M T (/) (9:30)
TEA

The AFS properties formulated here for the square-root vertices are obviously not as elegant
as the other vertices and it seems that the DIM algebra is not designed for them.
We can write down the AFS property in parallel for

_ 1
2Py ] 0 (p, 1)y ® (1,0), — <p + =, 1> oo (9.31)
2 u(—v)2y~1
and
5[21(p) . 1
W o] pt 5,1 s~ (0 Du® (1,0), (9.32)
u(—v)2y 73
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are respectively given by

cat(2)zt(2) 77%(73)
- = Vi) (e) (9-33)
rat(2)a(2) ()€ (29) :
and
()2 (2) HO
Y (2q3) - = 1'7(2’(]3)3)(2:(]3)_% (9.34)
xt(2)xt(2)
with the prefactors respectively fixed as
f;[%][u, v] = tL%](A, u,v/qs3), (9.35)
and
3] _ 5]
ty” (A u,v) =tp > [u/gs, v]. (9.36)

We will list the AFS properties for some vertices associated to acting x~(’s) in the
unpreferred direction in appendix E.

10 Conclusion and discussion

In this article, we propose a web construction of all ABCDEFG-type and affine quiver
gauge theories. It is based on a web of vertex operators defined in different Fock spaces
glued together by the (p,q) = (1,0) representations of the DIM algebra in the preferred
direction. Unlike the construction for A-type and D-type quivers, which is nothing but the
topological vertex formalism on the (p,g)-brane web (further with orientifolds for D-type
cases), we do not have a clear physical meaning for that for non-simply-laced quivers and
FE-type ones. The results presented in this article might be a very preliminary form of the
final answer, and our aim here is to reproduce the instanton partition functions of these
quiver gauge theories on a full 2-background from the web construction. We always put
a (p,q) = (1,0) representation space of the DIM algebra in the preferred direction due
to that we can utilize its nice property to reproduce the expressions of qg-characters via
the Ward identity approach in the web diagram. In the unpreferred direction, in addition
to the vertex operators corresponding to the well-known refined topological vertices, we
introduced several new vertices, which can be divided into two classes. The first class
contains vertices obtained by twisting of the usual topological vertices. They have the same

— 37 —



contraction rule with themselves as the usual topological vertex before twisting, but can
give an abundant structure when contracted with other vertices. The second class, roughly
speaking, is obtained by taking fractional power of the first classes, and the “square-root”
vertices seem to play a role in the construction of E-type quivers and their affine extensions.

As the topological vertex formalism can be extended to 6d N/ = (1,0) gauge theories
on Cglm x T? [54, 55], we can define the corresponding 6d versions of our new vertices
to formulate 6d non-simply-laced quiver gauge theories. However, we do not know yet the
relation with the classification of 6d N = (1,0) theories via the geometric picture of the
F-theory [56].

The fiber-base duality is always a topic that cannot be avoided when we consider
quivers structure or gauge groups beyond the A-type Lie algebra. We have proposed the
AFS properties for new vertices introduced in this article, which can be used in principle to
construct a fiber-base dual version of them to analyze the duality in full details. However,
our AFS properties are formulated inside the DIM algebra, both in the preferred and
unpreferred directions. From our experience to generalize the topological vertex formalism
to 6d and to 5d theories on C2/Z, x S' [57-59], the underlying algebra seems to get
modified whenever we go to a different theory (and is determined by the Nekrasov factor).
This suggests that a potential modification of our construction might be necessary in the
future study.

An additional guide line that has not been considered in this article for our construction
is the integrability of the underlying gauge theories. The correspondence between gauge
theories in the Nekrasov-Shatashivili (NS) limit and quantum integrable spin chain was first
proposed in [38, 60, 61], and it was also worked out for non-simply-laced quivers in [49].
In the full Q-background, there is a universal R-matrix associated to the DIM algebra [62],
which is a ¢g-deformed version [63] of the celebrated Maulik-Okounkov’s R-amtrix [64] found
through a geometric approach to 4d N' = 2 gauge theories. The relation between these
two integrable models are unclear at the moment, but it is natural to expect the quantum
integrablity of non-simply laced quivers in the NS limit to be uplifted to an integrability
described by an R-matrix embedded in some quantum algebra. Note that such an algebraic
structure of the topological vertex formalism for A-type quivers can be very powerful to
prove statements such as the fiber-base duality in a rigorous way [65].
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A qg-character derived from Ward identity

The qg-character is an operator-valued quantity introduced by Nekrasov [34] as a quan-
tized object which accounts for the integrability structure of the gauge theory with eight
supercharges.

It only depends on the quiver structure of the gauge theory, and its formula (for 5d
theories) is given by (a 5d version of Nekrasov’s integral formula in [34])

1 0i(1—q5") e
Z H 7[ <27TZ(1 _ q1)(1 — q2)> jl;[lyz(zq;g Vz,])f Tw,y,a(z),

a ieVert(I) w,v,a
(A1)

where

Tw,”,a(z) = H Ti},u,a('z) H Tju,u,a(Z% (AQ)
ecEdge(I) 1eVert(I)

At (e) As(e)

TS, o Hyse (zq5 'zt o)) Hyt (0 (210" ) S (G 161 pie), (A3)

ai (4) (4) w;
i de, Pi(z¢;”) i) ) (i) — i
Tional?) = [I =g T s@ /o) T swaa/o?), (a9)
=1 O Yi(zas 0y ) Vi(2 9y, )l;ék j=1
and the integral contour picks up the poles in 1 factors of S(z)’s. z;; = zv;; are

independent parameters in the qqg-character.  is the highest weight of the representation
of the quiver Lie algebra that characterizes the qg-character. P;(z) in the above formula
is some fractional function which contains the information of matter contents and Chern-
Simons levels of the gauge theory. The information of the gauge group is encoded in the
expression of ), in the case of U(1) gauge theory,

(Vi Al Vi(2) [vis A) = Pa(2), (A.5)

and for SU(N), it is given by N products of U(1) Y-functions. In the (1,0) representation
(used in the preferred direction of the web diagram) of the DIM algebra, one can formulate
Yi(z) as a diagonal operator in the basis |v;, \).

The qqg-charcter can be derived from the web diagram following the prescription:

e First we consider an insertion of operators in DIM algebra in the preferred direction,
whose action on ® gives the residue of the highest weight term in the qg-character.

e Using the Ward identity'! (i.e. the action of the operator considered in the first step
stays the same either we consider it on ® or ®*) to convert the residue obtained from
the previous step to the residue of some other term in the qq-character.

1 The reason we call it a Ward identity is that it resembles the conformal Ward identity for 2-pt functions
in 2d CFT, and the DIM algebra might indeed be a symmetry of the underlying gauge theory/topological
string theory.
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e Consider new insertions of operators in the web diagram with which all the poles of
the form y, of the new term obtained from the second step are covered so that we
can rewrite the sum of these residues of this new term into a contour integral around
the pole at z; ;, the origin and the infinity.

e Repeat from the second step to pick up all poles of all possible terms until we get a
closed form of the qq-character in a contour integral form.

Let us describe the computation of the fundamental qq-character in pure U(1) gauge
theory (A; quiver) with Chern-Simons level x as an example, and then use the above
prescription to derive the spin-1 (3-dim) qqg-character of the same theory in a brief manner.
Let us consider the following insertion in the preferred direction of the web diagram,

O [y, v)] r> (A.6)

O [u*, o]
where 3 = >, x;z_k (see appendix B for the meaning and how to evaluate this op-
erator). The trivial identity equating the action of zJ on ®™ [y, v] and the action on
®()[u*, v] is translated to

X Xy 1
A SR S B e

N,\,\ L;q1,92) werity £ Xa F

" 1 1
= uv’yzl]'/\NHye)\ Xy Z Res
A

aw(15q1,g2) oA Z = Xz #=Xa Ya(2)’

and the Chern-Simons level kK = n* — n. We can

where the gauge coupling q = —mn;n -

rewrite the above equation in the form of contour integral,

o yexXy [Tyexxy ]{d < W>:o AT
2 a2 T ) = D

where the contour C) is around all finite poles in Yy\(zgz ') and 1/Py(z), ie. {x. | = €
A(MN)UR(A)}. One can then convert the contour integral to be a simple formula that allows
us to evaluate the expectation value of the qq-character as

rk—1
ey j([ dx< Ly (gt ¢ B2 ) A8
Z Noa(1591,2) Jom0,00 z—x \(as7) (z—2)W(2) )’ (4.8)

where the expectation value with respect to the instanton partition function Zyq) =

I1 .
ZA qW Nxszeih 22) is given by

[T,exxy
N ey ,
() EA q NM(l;quQ)( Ao, A), (A.9)

and one can extract out the operator-valued expression of the qg-character in terms of the
Y-operator as

x1(z) = y(zqgl) + qvqu’“ly(z)fl. (A.10)

40 —



One can redefine the ) operator, which will be denoted as Y instead (and change the
normalization of the qg-character), to schematically write the above qq-character as

x1(z) =Y (2) + Y(qulqgl)_l, (A.11)
where!?2
Y(z) = z_%(”_l)q_%v_%y%y(zqgl), (A.12)

The qg-character of the spin-1 representation of the A; quiver starts with the term
Y (21)Y (22) corresponding to the highest weight in the representation. One can complete
the contour integral with the contour surrounding all its poles by considering the following
two insertions (for simplicity of notation, we omit the subscript - in z< inserted from
now on),

‘ 17 (21)V (2205 ") ‘ (A.13)

and

|2 (22) V(2145 ") | (A.14)

The Ward identity for the first insertion reveals a new term
Y(ZQ)
Y(zg ")

in the qg-character, where we used the blue color in the above equation to show that

x2(21,22) D S(z2/21) (A.15)

the residues for poles in Y'(z3) have not been included in the analysis so far. The S-
function appears in the computation when we move x~ to the right of the Y-operator. To
further complete the contour integral for this term, we need to consider the insertion of
27 (22)Y " Y(21) in the preferred direction,

| Y (z1)2 (22) | (A.16)

which will give rise to a new term,
1
Y (217 a5 )Y (2207 a5 )

Similarly, the Ward identity with respect to the insertion of 2™ (29)Y(21¢5 ') induces another

x2(21,22) D (A.17)

term corresponding to the Cartan part
Y(z1)

1 1o (A.18)
Y(ZQCh 1Q2 1)

x2(21,22) D S(21/22)

12The concrete form of this normalized Y-function depends on the Chern-Simons level and matter con-
tents. Its existence is more important than the concrete expression of it in our computation. Such a
normalized Y-function can also be defined for yg‘(i in (4.7) in the same way, and we will not declare its
existence before using it directly again.
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and the remaining residues to complete the contour integral are collected from the insertion

| Y (22)2™ (21) | (A.19)

The Ward identity for the above combination of operators z~(z1)Y~!(22) covers exactly

the remaining residues in the term (A.17) in Y(z14; '¢; 1) ™", and thus complete the contour
integral for the whole (normalized) qg-character given by

Y(22)
Y (2143)

Y(Zl) + 1

Xalz1 ) = V(@) (22) + S(z2/21) Y(z2q3) Y (2193)Y (2243)

+S(21/Zg) . (AQO)
An interesting observation may be made here that S-functions of the form S(z9/z1) will
be divergent in the limit zo — z1, yet the above qq-character ya(z1, 22) stays finite in the

same limit. For example we have

. _ 1+q +q@—601¢ + iz + @3 + @3
lim (S(z) + S(z71)) =
21 (5(2) (=7) (1—-qig2)?

=:¢(q1,q2). (A.21)

The full expression of the superficially divergent part in y2(z, z) can be evaluated to

2 (S 97y + 550
= ) s = OB oy (v oy (g L (a2)

where the derivative term comes from the expansion of Y-functions around 2z’ = z. Another
similar limit is 2o — 21q; 1q; ! where the problematic terms reduce to

Y(z)
Y(z’qg,)7

§(2/2) TEB) gty

Y (23) (A.23)

where we used S(zq3) = S(z71). The first term in the above appears to be divergent in
the limit 2’ — z, but in the contour integral we converted from to obtain the expression of
the qq-character evaluated on the basis |v, A), there is no such a divergence at all (unlike
the case in (A.21)). In contrast, in this limit, the contour integral we completed is over
a constant 1, and we do not need such a term in the qq-character.'® Therefore, the qg-
charatcer Yo(21,22) in this special limit 2o — 21¢; *gy ' is given by

Xa(z,2q3) = Y (2)Y (2q3) + S(g5 )

Y(z
( ; ! (A.24)

Y(23)  Y(203)Y(263)
The decoupling of the constant term can be interpreted as the subtraction of the singlet

1 =0 from the tensor product 2 ® 2 = 3 @ 1, which takes place only when z9/z; = ¢3. A
similar phenomenon is observed for g-characters (for example see [66]).

3More precisely, we can see that fcl do L S(z/z’)};((z;g;)) + fcg de—-5(z/2") f,g:gg’; = 0 by using
Y(z'q3)

§01+C2 x Y (zq3)

— §01+cz dz 1 =0 in the limit 2’ — 2.
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A.1 Consistency check: spinor and adjoint representations of Dy

The web diagram for the D4 quiver is given by

(A.25)
We label the nodes in the quiver diagram as follows for convenience.
3
1 2
(A.26)
4

The qqg-character of the spinor representation starts from the highest-weight term Y3(z),
which can be realized through the insertion

Va(z32) (A.27)

where we defined a new set of variables z;; = zu;; to shorten the notation involving
bifundamental masses f;; in the calculation. The term we obtain from the other side of
the equality in Ward identy of the above insertion reads

5 Ya(zp32)
Ya(zq; Mgy )

The reason why there is no ) in the above expression is that ® and ®* give exactly the

X(0,0,1,0)(2) (A.28)

same contribution in this calculation.

In this way, we find the normalized qg-character of the spinor representation to be

X(0,0,1,0)(2) = Y3(z) + Y2(Z_N132_)1 H(zum)YiEZ;ﬁA) n(zuﬁ)q
e Ya(2q1 q37) Yo(zmaaqy qy ) Yi(zpsiqp ¢ °)
Yi(zp31) Yo(zpz2qy fay )
Yi(zusaqy 'ay ") Yi(zpsiay 'ax ) Va(zusaqr "6 ")
V3(2q; 25 °) 1

2 = (A.29)
Y2(ZM3ZQ1 2Q2 2) Y:?(qu 3(]2 3)

where we used the relation p;; = uj_ilql_ 1q2_ ! for adjacent nodes i and j with the i-th node
on the left to the j-th. It is equivalent to the qg-character of the vector representation

14YWe note that the result will be the same to use the simplified web diagram shown in figure 7 to derive
the qg-character from the Ward identity approach.
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under the permutation 1 <+ 3, which is a manifestation of the triality symmetry in Dy. We
remark that only the Zs subgroup corresponding to exchanging the 3-rd and 4-th node in
the Dynkin diagram of the triality can be manifestly seen from the web diagram, but the
calculation to derive the qg-character is completely symmetric under the triality.

Now we turn to the derivation of the qg-character of the adjoint representation of D,.
It initiates from the highest-weight term Ys(z), and the Ward identity approach tells us

Yon00)(2) D T (2) = Ya(2) + Y1(Zu21)Y3(Z_/i23_)3/21(2M24) n 5/33(2#23)1/}52%4)
Ya(2qy g3 ) Yi(zp1q; g5 )

Y1(zpo1)Ya(zp24) n Y1 (zp21)Y3(2p23)

Vi(zposqy 'y ') Ya(zpoaqr'ar ")
Ya(2q7 'g5 1) Ya(zp124)

Vi(zporay 'ay ) Ys(zposay 'y )
Ya(2q; 'a5 1) Ya(2p123)

Yi(zp2107 'y ) Ya(zuoag; 'a5 ")

Ya(zq; a5 )i (2p21) Yi(zp21)Yi(zp01q7 '3 ")
Y3(zpo3qy gy ") Ya(zp2aq; 'y ) Ya(zq; 2q5%)
Vs(2p23)Ys(2po3qy "5 ') | Ya(zpoa)Ya(zpoagy ‘a5 ")

Ya(241 a5 ) Ya(2q7 %a5”)

Ya(zqy tgyt)?
Vi(zpoqy gy M) Ya(2pa3qy tay ) Ya(zpoaqy tay Y

+ (A.30)

We will obtain Cartan terms if we go further to consider the Ward identities for the blue
terms, and similar superficial divergences appear here as what we dealt with in (A.22)
and (A.24). Substituting the results we obtained there, we have

X01,00(2) =T (2) + 0837070)(2) + T (2), (A.31)
where
Yi(zp21) Y3 (2p123)
CD4 Z) = S(q1q2 —5 — +S(CI1(I2 5 _
o100 )Yl(zumCh 0% )Y3(2H23Q1 0,7
Yi(zpa4) (1-q1)(1—q2)
+5(q192) -+ [ c(q1,2) — 2
( Ya(zpaqy 2q5 2) ) 1—qige

Yo(2q; a5 )Y (247 %¢5 %) )) Yo(zqy 'y )
Vi(zpo1qy tay ) Ya(2pa3qy tgs ) Ya(zpoaar tay ) ) ) Ya(2q7 %05 2)
(A.32)

x 0, log <

and

Vi(zpo1ay a5 ) Vs(zposay 'a5 ) Va(zpoaqy 'a5 ")
Ya(zq1 g5 °)?
Ya(zqy 'q; ")
Yi(zp21qy gy M)Ya (zp21qy 25 %)

T (z) =
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Ya(zqytayt) N Yao(zqy'qyt)
Ya(zpo3qy tay Y3 (zu23qr 205 2)  Ya(zpoaqy 'as M) Ya(2peaqy 205 2)
Ya(zpo3qy tay ) Ya(zpoaqr 'ay ) Yi(zuongy 'y M) Ya(zpoaqy gy )

Ya(zar ap Wi(zpmar “ay)  Ya(zay 205 ) Ys(2pz3a; a3 %)
Yi(zpa1qy ' ay ) Ya(zpasay ey ) Yi(zpo1ay 'ay )

Yo(2q; 25 *)Ya(zp0a4i 205 %) V3(2p23q1 25 %) Ya (210441 205 %)
Vi(zpo1qi Mgy ") Vs(2p03q; "5 ")
Yi(zpoaqi 25 ) Ya(2posqy 205 %) Ya(zpoaar 25 °) Y1 (zpo1ay *a5°)

Ya(2q; °q;°) 1

+ —— —= —— + ———.  (A.33)
Vi(zpo1qy 25 2)Ya(2pa3qy 205 2) Ya(zpaaqy 2a5 2)  Yal(zqr%q5 )

It agrees with the known result presented in [67], including the highly non-trivial Car-

tan part.

A.2 Consistency check: fundamental representations of non-simply-laced
quivers

Let us check the computation of qq-characters in BCy quiver from the Ward identity of
DIM algebra to conclude this section.
We start from the insertion of 7 (z) in the 1-st node with dy = 1,

O—0

(A.34)
z™(2)
—O
This gives rise to the contribution
Y@ (2p,
B o YW(e) + (pe) (A.35)

YD (zqi gy ")

the term in blue is which we have not picked up its residue over its poles. To compensate
this calculation, we insert

Lot |
. (A.36)
Y

o _
24y g9
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where the insertion of Y () (2¢; 2¢5 1) is needed to convert Y;éclb)(qu_lq;l) to Y/éill)(zqflqgl).

This leads to a new term needed to be compensated from another insertion,

YW (zq %, ")

BCs ») Y(Q) (ZIU’E)

X ——— + —= . (A.37)
(L0) YD (2q; 1(12 1) Y@ (zpeqy 2‘121)
The last insertion
Y(Q) :; »
ZHeqy 4o
O—0
(A.38)
=2 —1
e (2q1 “ay
—O
completes the calculation, and we arrive at
Y@ (zp.) Y (z2q72%¢5 1Y) 1
BC2 _ v-(1) He 4 49
X =YY (2)+ ——— + — ———. (A.39)
(1.0) Y (zq; 1q2 D) V@) (zpeq; 2‘121) Y(zq, 3‘12 %)
Similarly, starting from
z(2)
O—0
v, (A.40)
Zpe qq g
yo
Zpe qq g
D)

we obtain the qq-character

YO (zutgr ey ")
YO (zpustq 35 %)

YO eu g )Y D (zpgtar%a; )
Y (2q; ;")
V@) (1ol 1
+ 1,2 E§Q1 2 )71 3 o T —3 2y’ (A.41)
Y(l)(zﬂe q1 42 )Y(l)(zﬂe q1 42 ) Y(Z)(Z‘h qs )

BCsy — Y(2)

X(O,l) (Z) + + S(Ql)

where we used,

S(fh) _
W =1, (A.42)

and S(q;") = S(g; ") = 0.
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Let us study the second example, Ga, whose web construction is given by

dy =3
o O———0)

(A.43)

*(d2)
)P
di =1 )Py,

We examine the fundamental qq-characters of it. The only equation changes from the
calculation for BCy is

Y)((ilz)( ) Y)\(1)(Z)Y)\u)(ql_lZ)Y)\u)(q1_2z). (A.44)
The result is
WOy YPGr) | YOG e DY)
(1,0) Y (zq7 g3 ") Y@ (2peqr a5 )
N VO (zpeqr eyt Y (2¢7°g5?) 1
Y (zq7% )Y D (2q7 ;%) YO (zpeqi °a5°) YD (2q7%5°)

+ S(q1)

and

K& = YO(s) + YW u e e )Y O (zp e g Y Y zp e e )

X, Y@ (z¢;%5 ")
S(ql)s(qz)Y(”(zu 4 'YW zuste 2 ")
YO (zuctertey?)

YO u g )Y P (2q%q0 )
Y (zpe g, )Y O (zps a5 %)

Y (zq ' )Y @ (2 %q; ")
Y (zpuz'q *26152)3’(1)(Zu*1QI3QE2)Y(1)(Zue?lq{4q{2)
2 YW (ep g g YW (zpstgr%a5 )

+S(q1)5(q7)

+

+5(q1)S5(a7) v )(zq’5q72)
1
YO (2725 Wzpste g )Y@ (2q gy ")
S B S S A
+S3(q; ) Y@ (2 g, —2 + 3(Q1) Y (zpetqr2q5°) Y (247 °¢5 %)
Y( (202 'qy q )

2 4 1
+S(QI)S(Q1)S(qu2)y(l)(zu 4 %)

YW (2q73;2)Y D (27 g, )Y ’(zq{5q{2)
Y@ (2¢; 195 2)Y @ (241 g5 %)
Y( Nzq gy t)
(S5 L)
Y (zpetqy q2 YD (zpetqr ey )
)Y( )(zpg tay q2 YW (zpstar ey ?)
Y (zpetqr %5 °) Y D (2q7 %65 %)

+

+5(q1)S(qi
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YW (zus e %)
Y (zpztq7°¢5°) Y D (zpe 41 05°)

Y@ (2q1%¢;%) + !
YO (zpe ' )Y D (zpe a7 %05 °) Y WD (zpe 'q1 %05 ) YO (2q7%5°)
(A.46)

+5(q1)5(q7)

+

The above results agree with the expressions for generators in W2 obtained in [68] (up to
some apparent typos).

We list several examples of the qg-characters for non-simply-laced quivers to conclude
this section, where we always label the gauge nodes from left to right in the construction
described in section 5.

Y@ (zp11) YW (2¢2q;, )Y P (2p113) V& (zp113)

Bs _ (1)
X =YW (z) + = —— L
(1.0.0) Y1) (zq; 1‘12 1) Y @) (zp12¢; 2‘12 1) Y (z¢; 3‘]2 2)
Y (2g7%¢, ") Y (zp12¢7%¢5 ")
YO (zp1307 %05 ") YW (2q7%6, 7)Y O (21307 % g5 )
Y(l) —4 -2 1
- (zq; _Q42 _)2 1 S (A.47)
Y )(Zﬂl2q1 a5 ) Y )(qu a5 ")
&= yW(z) 4 Y3 (zp19) n Y& (zpu13) Y3 (zp199, %¢; )
(L0.0) YO (zqr'ey") YO (zpingi ey ') YO (2p13qy %05 ")
(1) (=3 ,—2
+ Y (Z(h 42 ) 1 (A.48)

Y@ (2 °q5 ) YD (2q7 gy ")
B Representations of DIM algebra

The representations of the DIM algebra, as remarked in the beginning of this article, is
labeled by two numbers, p and ¢, which is induced from the following map of the central
charges in DIM,

(pa) = (g [y A4) = (v,79). (B.1)

In the correspondence with (p, ¢) 5-branes, we set both of them to be integers, but generally
we do not have to require so. To begin with, let us first write down the definition of the
DIM algebra,

(=), v (w)] = 0. (B.2)
) () = G N

VY () = SERLE S )9 (e) (B.3)
W) et (w) = g (3552w ot (w) 65(2) (B.4)
Ve w) = g (§32/0) o (w)ut(e) (B5)
(@) (w) = g (z/w)* 7 F (W) o¥(2) (B.6)
oy o]~ @)= @)

el =

x (8 (Gw/z) vt (F3w) =6 (7 w/z) v (373w)),  (B)
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where the structure constant g(z) is given by

(1-—q2)(1—g2z)(1—-gz)  S()

) = (g S

(B.8)

and in terms of mode expansion, ¥ (z) contains both positive and negative modes, while
¥*(2) only includes positive/negative modes,

zt(z) = Zxkiz_k, VE(2) = Z Vrerans (B.9)

keZ k€Z>¢

The representation corresponding to (p,q) = (n, 1) is given by the following map to vertex
operators,

2T (2) = uy" 2T (2), @ (2) = uT T (2), YE(z) = ATeE(2), A, (B.10)
where
e (2) = (DY) L 0T (2) = inley YAE(AY) (B.11)

and this class of representations give us the representation spaces to use in the unpreferred
directions (even beyond the usual topological vertex formalism).

(p,q) = (1,0) representation is a special one we use for the preferred direction. The
explicit expression reads

1
+ A =1b 8(2/xz) Res ——— |v, A , B.12
N =8 3 defx) Ry g+ (B.12)
7 (2) v, \) =171 Z 5(2/xxz) Res 2 Wy (2q5 ) v, A — ), (B.13)
z€R(N) X
U (2) o, A) = 7T TA(2) [0, ) (B.14)

where ¢¥(2) are respectively expansions with respect to zT of their matrix elements, and

Wa(zg5")
Uy(z2) = =5——-. (B.15)
Ia(2)
This representation preserves the inner product (v, u|v,A\) = axd,\ with respect to the
dual representation acting on bra states as

(0, A= (2) = 7' Wa(2) (v, A, (B.16)

(.Ml 2(2) = =™ 3 (0,A = w[0(2/xz) Res Wa(2g5"), (B.17)
z€R(N)

(N z7(2) = bt Z (v, A+ x| d(z/xz) Res ! . (B.18)

Z—= Xz Zy,\ (Z)

z€A(N)
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C Contraction rules

We list here all the constraction rules that are necessary in the computations for partition
functions and AF'S properties in this article:

n(z)Px[u,v] = y}\l(z) :n(2)Pafu,v] 5, (C.1)
— v 1
B, ofn(2) =~ s Bl () (C2)
E(2)®y[u,v] = Ya(y t2) : €(2)Palu, ] -, (C.3)
alu,JE(=) = =7 A=) s Bl vlE () (C4)
0 (2)Py[u,v] = ¢ (2)PA[u,v] 5, (C.5)
o N _
Bl o~ (e) = 775 s ol (2 (©6)
— Yy (2y1/2g71
0T (2)®[u, 0] = W Lot (2) @] ¢, (C.7)
Dy[u,v]pT(2) = : Pplu, )T (2) 5, (C.8)
n(z)®)[u,v] = Iz n(z)®3[u,v] :, (C.9)
@3 [u, v]n(z) = =y '2/oIa(zy ") @3 [u, v]n(2) (C.10)
— 1
g(z)q)i[u’ U] = y)\(Zqz;l) :§(z)<I>§\[u, U] 5 (C'll)
X = —QL s ® [u, v]€(2) :
B3lul(2) = ~ L5 i funlels) - (©12)
o ()P} [u,v] = : 9 (2)P}[u, ] :, (C.13)
e o o\ (2732 . _
X [u,v)p (2) = v 2 )j)\((;ylﬂ)) s DY [u, v]p™ (2) 1 (C.14)
* Iz —1/2 *
ot (2)®%[u, 0] = yigzz_mi Lo (2) % u, v ¢ (C.15)
O3 [u, v)pt(2) = : ®i[u,v]pT(2) ;. (C.16)
X = L 2)®%[u, v] :
U(Z)@A[Ua U] - y)\(Z’y) . 77( )(I))\[ ) ]’7 (C17)
d* U S 2) D% [u, v] :
Bluoln(2) =~ 5 @B (©18)
E(2) P4 [u,v] = Wa(2) : £(2) PR [u,v] 1, (C.19)
5[, vJ¢(=) = —ZEVa(aq) : ()8 ] -, (C-20)
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0 (2)®%[u,v] = : o (2)P}[u,] 1, (C.21)

T * — y z 5/2 T * —

éAWﬂWP(Z):Wgyigaﬁgi¢AWﬂWP(@3a (C.22)

T y z 71/2 Tk

e @53l = D ot B (€23

O} [u,v]pT(2) = : ®[u,v]pT(2) : . (C.24)
1(2)®x[u, v] = Ya(2g3) : 1(2)Pa[u, 0] -, (C.25)
Dy [u, v]n(z) = —%yx(z) Dy [u, vin(2) - (C.26)

1 1 _

£(2)Palu,v] = ) 1 &(2)Pa[u, ] ¢, (C.27)

T/ v 1 _

D)\ [u,v]é(z) = RN 1 E(2)Palu, v] 5, (C.28)
0 (2)®y[u,v] = 1 (2)Pa[u, ] 5, (C.29)
_ ~ oW (22 3
Balunle () = 7D Bl (C.30)

1 W (2 5/2 B
0T (2)®a[u,v] = :)W cot(2) @[, 0] ¢ (C.31)
Dy[u,v]pT(2) = : Pplu,v]pT(2) 5. (C.32)
(B = VA (23i/92) 0 (2) 5 (C.33)

— difd;—1
5 *(ai ; —kd; _— A _ ) = (d;
"W (z) = ( [T —a" 12’/%) Y (1) s ()5 s (0.34)

k=0 ’ !
—
€ (B = T f W ()E (C.35)
o Y)((dj)(zfyﬂ) ' X :
i J
— di/dj—1 -1 .
= x(d; . —kd.: _ = o (d;
k=0 Yy, (2)

D Converting formulae for trivalent vertex

When trivalent vertices are involved in the web construction, we need to know how to
convert an element 2% (z) acting from the left-hand side to them to the action from the
right-hand side.

The first class of operators we want to consider are |QM, @) := 3, ar(v) |v,\) ®
lvar, A) @ [vag, ) @ ... [va,, A), which can be constructed from trivalent vertices plus one
reflection operator. When n = 1, |Q(, &)) coincides with the reflection operator |2, a)).
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The converting formula it can be derived as

z)®1) Za,\ ) v, A) ® |va, A)

1
—Z Z d(z/xz)ax(v) Res T!v,)\+x>®\va,)\>

A zeA(M HXI 234 ()
a>\ +(v) 1
—Z Z 0(z/xz) ax(v) Res ————|v,\) @ |[vay, A — )
A zeR(N) ax(v) e Zyﬁlf)x(z)

= Z Z §(2/X2)7 tax(v) Zlig{s z_ly/(\l)(zqg’l) v, \) ® [va, X — )

A zER(N)

:Z Z §(za/xz)y tax(v) Res z ly)\ (zq5 1) v, \) @ Jva, A — )

2= Xa
A zER(N)

1@z (2a) Za,\ ) v, A) @ |va, A)

where we used

Wz (A -—aq)l—q)
zfiexsz Malz) ™ (A-gh) (D-1)
That is to say,
(7 (2) @ 1) Q) = ~(1® 27 (20)) |2, a)). (D.2)

Note that whenever a trivalent vertex or its generalization appears in the web con-
struction, all its legs are contracted with some vertex operators labeled respectively by a

Young diagram. Let us consider the case that all the legs of [Q() &) &)) are attached
to the vertices ®, and we define

Q) &) 7) Za)\ ) v, A) ® |vag, A ®®<I> [wi, vay]. (D.3)

The converting formula for it is given by

(@*(z) @ 1) 1M, o), &) (D.4)
=— (H —(uivai)l(zai/’y)"i“> (1®z (zaq)) ]Q(”),: Q("i)n(zai)fl 5 A)).
i=2

Another class of operators we need as the generalization of trivalent vertex take the
form I™ (&) := 37, ax(v) [v, \) ® (va, \| @ (vag, A| ®... (vay, A|. For n = 1, this operator
is merely a twisted identity operator, i.e. I (1)(1) =1, and we have in general

2 (2)IM (0) = IV (a)zT (za). (D.5)

To generalize this identity, we similarly define

1M ()| F) a)(v) v, ) ® (vaq, Al ®®<I>*(”i)[ui,vai], (D.6)
i=2
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and its converting formula reads
(2" (2) ® DIM (@), ) (D.7)

= (H uw”"i(zai)"i) I Mg (zay) ™t @)1 @ 2t (zan)).
=2

E AFS property with respect to =~

As we only listed the AFS properties associated to z7(z) acting from the unpreferred
direction, we list here those associated to z~ (z).
For ®*, we have

z™(2) AP E(2)E(2g3) -
— Yt(zqs) - —at(2q3) (E.1)
gz 'z (2)
For ®, we have
g5 o (2) () (=)
. ke 2
z~(2)
At last, for the half-blood vertex, we write down
L= (de) o, =l 172\ ypdi/di=1 o —kdj 9, oy
L0 2 (g "2 /02 - 1oy )H’f;? e /)
w—(z)di/dj J’» 21;/0‘11—1 If(qu—ldj%_) —
z™(2)
(E.3)
where
~ dl . g dz —
) = B ()P ()1 (E.4)
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