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1 Introduction

Cosmological models with two real scalar fields produce natural generalizations of single
scalar field cosmology, which may be favored in fundamental theories of gravity [1-4]. Pairs
of real scalar fields arise naturally in supergravity and string theory. Indeed, the generic
supersymmetric compactification of such theories produces complex moduli, each of which
can be viewed as a pair of real scalars.

Scalar multifield models were considered in cosmology from various points of view
(see, for example, [5-11]), including numerically [12-14] and to some extent phenomeno-
logically [15]. However, current insight into their dynamics (which, as outlined in [16-18],
is quite interesting from the perspective of the geometric theory of dynamical systems [19])
is far more limited than for one-field models. In particular, numerous questions regarding
the behavior of such models have not been studied systematically.

In this paper, we address one fundamental problem regarding such models, namely the
question of symmetries and conserved quantities. A general two-field cosmological model
based on a simply connected and spatially-flat FLRW space-time with scale factor a(t)
is parameterized by a scalar manifold (X,G) (a complete and connected two-dimensional
Riemannian manifold which plays the role of target space for the non-linear sigma model
describing the two scalar fields !, ¢©?) and a scalar potential V (a smooth real-valued func-
tion defined on ¥, which describes the self-interacting potential of the scalars). Here ¥ is the
internal manifold of the two scalar fields, which we allow to have non-trivial topology (such
as non-contractible cycles) while G is the scalar manifold metric, whose components locally
determine the kinetic terms of the two scalar fields. The scalar kinetic terms are specified
globally by the pair (X,G). Such models admit a description (known traditionally as the
“minisuperspace formulation”) as a Lagrangian system for the three degrees of freedom a,
©!, % subject to a constraint (namely the zero energy shell condition), which implements
the Friedmann equation. The minisuperspace formulation allows one to study symmetries
of such models using the Noether approach. We followed this method in reference [20] —
where we restricted to scalar manifolds which are rotationally invariant and we considered
only a special class of time-independent symmetries satisfying a certain separation of vari-
ables Ansatz. In the present paper, we still assume that the scalar manifold metric G is rota-
tionally invariant,! but study the problem without making any other assumptions. This al-
lows us to give a complete description of all time-independent Noether symmetries for mod-
els with rotationally-invariant scalar manifold metric and to classify Noether-symmetric

Tt is in fact possible to remove this assumption as well, as we will show in a separate paper by developing
a more general theory.



models of this type. In particular, we find many new Noether symmetries that were never
considered before, the vast majority of which do not satisfy the separation of variables
Ansatz used in reference [20]. Most of these symmetries, which we describe explicitly, are
not invariant under the U(1) group of rotations which preserves the scalar manifold metric.

Using the minisuperspace description, we first show that any time-independent Noether
symmetry of a general two-field cosmological model is a direct sum of a wvisible symmetry
with a Hessian symmetry. The first of these are obvious symmetries, corresponding to
those continuous isometries of the scalar manifold which preserve the scalar potential V;
such symmetries do not involve the cosmological scale factor a. On the other hand, Hessian
symmetries are hidden, in the sense that they are not immediately obvious; they involve a
as well as an auxiliary real-valued smooth function A (called the generating function of the
corresponding Hessian symmetry), which is defined on the scalar manifold . For Hessian
symmetries, the Noether condition dictates that A must satisfy a system of two linear
partial differential equations, namely the so-called Hesse equation (a second order PDE
for A which depends only on the scalar manifold metric) and the A-V' equation (a relation
which involves the scalar manifold metric and the first order partial derivatives of A and
V). The Hesse equation relates the Hessian tensor of A to the symmetric tensor AG and a
solution of this equation will be called a Hesse function. The two-field cosmological model
is called weakly Hessian if its scalar manifold admits non-trivial Hesse functions. The model
is called Hessian if it admits a Hessian symmetry, i.e. if it is weakly Hessian and its scalar
potential V' satisfies the A-V equation for some non-trivial Hesse function A of the scalar
manifold. A Hessian model can also admit visible symmetries, provided that its scalar
potential is sufficiently special. We show that the conservation law associated to a Hessian
symmetry allows one to compute the e-fold number along cosmological trajectories without
performing an integral, thereby providing a useful tool for extracting phenomenologically
relevant information in Hessian two-field models.

When G is rotationally invariant,? we show that the model is weakly Hessian iff
is diffeomorphic to a disk, a punctured disk or an annulus and G is a metric of constant
Gaussian curvature K = —%. In particular, weakly-Hessian two-field cosmological models
coincide with those elementary two-field a-attractor models (in the sense of reference [22])
for which a = % (here and in the following we use the convention K = —%), being spe-
cial examples of the much wider class of two-field generalized a-attractors introduced and
studied in [21-24].3 We show that such weakly-Hessian models are Hessian iff their scalar
potential has a specific form which we determine explicitly in all cases, thereby classifying
all Hessian two-field models with rotationally invariant scalar manifold metric. When the
scalar manifold is a disk endowed with its complete metric of Gaussian curvature —3/8, we
find that Hessian models fall naturally into three classes (which we call “timelike”, “space-

ZNotice that the Hesse symmetry generating function A is not assumed to be rotationally symmetric,
even though we assume that the scalar manifold metric is.

3Generalized two-field a-attractors extend ordinary two-field a-attractor models [25-32] (whose target
space is the hyperbolic disk) to models whose target space is allowed to be an arbitrary complete hyperbolic
surface. As explained in [21-24], such models can be approached through uniformization theory, which
relates them to the framework of modular inflation developed and studied in [33-37].



like” and “lightlike”), distinguished by the orbit type of their Hesse generating function
under the natural action of the group of orientation-preserving isometries of the hyperbolic
disk. In this case, the space of Hesse functions is three-dimensional and can be identified
with the Minkowski space R2. Thus Hesse functions are naturally parameterized by a
Minkowski 3-vector B, whose timelike, spacelike or lightlike character determines the type
of the model. For each of the three types, we give the explicit general form of the scalar
potential which is compatible with a Hessian symmetry, as well as the explicit form of
the corresponding Hesse generator. When the scalar manifold is a punctured disk or an
annulus endowed with a metric of Gaussian curvature —3/8, we find that the space of
Hesse functions is one-dimensional and determine it, also giving the explicit form of the
scalar potential for which the two-field model is Hessian. In each case mentioned above,
we also describe the special situation when the Hessian model admits visible symmetries.
These results allow for a complete description of time-independent Noether symmetries in
two-field cosmological models with rotationally invariant scalar manifold metric. As we will
show in a separate paper, a deeper mathematical approach allows one to prove that these
are in fact the only Hessian models, hence the results derived herein provide a complete
classification of Hessian cosmological two-field models.

The paper is organized as follows. Section 2 briefly recalls the minisuperspace de-
scription of two-field cosmological models. Section 3 gives a geometric characterization of
time-independent Noether symmetries in such models, showing that any such symmetry
can be written as a direct sum between a visible and a Hessian symmetry. In particular,
we prove that the generating function A of a Hessian symmetry satisfies the Hesse and
A-V equations, showing how the latter can be used to determine V' in terms of A through
the method of characteristics. We also discuss the integral of motion of a Hessian symme-
try, showing that it can be used to extract an algebraic (as opposed to integral) formula
in terms of the scalars ¢* for the number of e-folds along cosmological trajectories. Sec-
tion 4 gives the classification of weakly-Hessian models with rotationally-invariant scalar
manifold metric, summarizing the results proved in appendix C. This shows that the only
scalar manifolds which are allowed in such models are the disk, punctured disk and an-
nuli of constant Gaussian curvature K = —%. It follows that weakly-Hessian models with
rotationally-invariant scalar manifold metric are elementary two-field a-attractors in the
sense of reference [22], for the specific value oo = %. We next proceed to determine the gen-
eral form of the scalar potential of the corresponding Hessian models in each of the three
cases. The hyperbolic disk is discussed in section 5. In this case, the results of appendix C
imply that the space of Hesse functions is three dimensional and admits a basis formed by
the classical Weierstrass coordinates. This allows us to identify the space of Hesse functions
with the Minkowski 3-space R12, on which the group of orientation-preserving isometries
of the hyperbolic disk acts through proper and orthochronous Lorentz transformations (as
recalled in appendix B). This provides a natural classification of Hesse functions into func-
tions of timelike, spacelike and lightlike type. For each of these three cases, we use the
method of characteristics for the A-V equation and representation-theoretic arguments to
extract the explicit general expression for those scalar potentials V' for which the model
admits the Hessian symmetry generated by a given Hesse function A. We also describe the



special cases when a Hessian model admits visible symmetries. In section 6, we determine
explicitly the scalar potential of Hessian two-field cosmological models whose scalar mani-
fold is a punctured disk of Gaussian curvature —% and explain when such models also admit
visible symmetries. In section 7, we perform the same analysis for models whose target is
a hyperbolic annulus of Gaussian curvature —% Finally, section 8 gives our conclusions
and some directions for further research. In the appendices, we review or derive various

technical results used in the main text.

Notations and conventions. Throughout this paper, all manifols considered are as-
sumed to be connected, paracompact, Hausdorff and smooth. The scalar manifold of a
two-field cosmological model is assumed to be complete, as required by conservation of
energy; for simplicity, we also assume it to be oriented. By a hyperbolic metric we always
mean a metric which is complete and of unit negative Gaussian curvature. The notation
D indicates the Euclidean disk of unit radius, while D ©p \ {0} indicates the punctured
Euclidean disk. Finally, A(R) (where R > 1) indicates the Euclidean annulus of inner
radius 1/R and outer radius R. The notations D and D* indicate the surfaces D and
D when endowed with their unique hyperbolic metric, while A(R) indicates the annulus
A(R), when the latter is endowed with its unique hyperbolic metric of modulus p = 2 log R.
The isometry group of an oriented Riemannian 2-manifold (X, G) is denoted by Iso(X, G),
while its subgroup of orientation-preserving isometries is denoted by Iso4 (X, G). We refer
the reader to the appendices and to references [21, 22| for a summary of some relevant
information about elementary hyperbolic surfaces.

2 The minisuperspace Lagrangian of two-field cosmological models

In this section, we recall briefly the definition of two-field cosmological models and their
constrained Lagrangian description in the minisuperspace approach.

2.1 Two-field cosmological models

We consider cosmological models with two real scalar fields whose underlying space-time
is a simply-connected and spatially flat FLRW universe. Our models are parameterized
by a connected, oriented and complete Riemannian 2-manifold (X,G) (called the scalar
manifold), together with a scalar potential given by a smooth real-valued function V' defined
on X. This data combines into a scalar triple (X,G, V). The condition that > be connected
and oriented is purely technical and it could be relaxed. The condition that the metric G
is complete insures conservation of energy in such models.

The models are obtained from the following action,* which describes the coupling of
Einstein gravity defined on R* with the non-linear sigma model of target space (3,G) and
scalar potential V:

Slg-el = Swglonel= [ b v[dety [ 1 G0u Vgoj—v«o)]. (2.1)

4We work in units where the reduced Planck mass M equals one. The rescaling G = MG and V =
M?V gives S = M2S, where S[g, ¢ = [pa d'z /[ det g| [%R(g) — 1Try0*(G) — V(cp)] is the action more

commonly found in the literature.



Here R(g) is the scalar curvature of the space-time metric g (which has ‘mostly plus’
signature), while ¢ is a smooth map from R* to X, whose components in local coordinates
on ¥ (denoted ' with i = 1,2) are the two real scalar fields of the model. The cosmological
model defined by the scalar triple (X,G, V) is obtained from (2.1) by fixing ¢g to be the
background metric of a simply-connected FLRW universe with flat spatial section:

dsg = —dt? + a*(t)di? (where 2% =1t, #= (2',22,2%) and a(t) >0 W) (2.2)
and taking ¢ to depend only on the cosmological time ¢:
@ =o(t). (2.3)

Let H %< % denote the Hubble parameter, where a def- %.

2.2 The minisuperspace Lagrangian

Substituting (2.2) and (2.3) in (2.1) and ignoring the integration over the spatial variables
T gives the minisuperspace action:

oo 3(a* +ad) 1 i i

Sla, ] = / dt a® [(QQ) + igij(@@z@] =Vi(p)| » (2.4)

—0o0
where ¢ def- i—f. Notice that .S depends explicitly on the scale factor a of the FLRW metric.
The functional (2.4) can be viewed as the classical action of a mechanical system with three
degrees of freedom. Indeed, integration by parts in the @ term of (2.4) allows us to write:

Slavel = [ dtLa(e).ae), (1), (1), (2.5)

where L := Lisgv)is the minisuperspace Lagrangian:

. .\ def. . 1 eieq
Lavtp. ) ~30d? + 30500861 - V()] (26)

In this formulation, the triplet (a, ') provides local coordinates on the configuration space:

N R yxx (2.7)

of this mechanical system. The Euler-Lagrange equations of (2.6) take the form:

.1 o
3H? +2H + §Qij(so)¢%b] —Vip) = (2.8)

0
(Ve+3H)$ +G7(9)(0iV)(p) = 0.

Here V! e @+ F;kgbj ¢F, where I’;k are the Christoffel symbols of the scalar manifold

metric G, 9;V def. g;/i and we used the relation:
2ai + a2

— =3H?+2H .



To recover the cosmological equations of motion, one must subject the Lagrangian (2.6) to

the zero energy constraint E; = g—ga + g (le- ¢! — L = 0, which takes the following explicit
form:

1 i g
3009 +V(p) = 3H?, (2.9)

thus coinciding with the time-time component of the equations of motion derived from (2.1).
This is often called the Friedmann constraint. On solutions of the Euler-Lagrange equa-
tions (2.8), this constraint gives a relation between the integration constants, thus reducing
the number of independent constants by one (see, for instance, reference [38]). However,
one can also use the Friedmann constraint from the outset to solve algebraically for the

Hubble parameter H:
1

V6

To recapitulate, the system formed by the Euler-Lagrange equations (2.8) together with the

H [Gij(@)# +2V ()] . (2.10)

Friedmann constraint (2.9) is equivalent with the cosmological equations of the two-field
model obtained from (2.1).

3 Noether symmetries for general two-field models

In this section, we consider time-independent infinitesimal Noether symmetries of the min-
isuperspace Lagrangian (2.6). By analyzing the Noether symmetry condition, we show
that the corresponding Noether generator decomposes as a direct sum between a visible
and a hidden symmetry, the latter type of symmetry being determined by a Hesse function
A. For Hessian symmetries, we explain how the A-V equation allows one to extract the
general form of the scalar potential using the method of characteristics. We also discuss the
natural action of the isometry group of the scalar manifold on the linear space of all Hesse
functions and on the linear space of all scalar potentials which satisfy the A-V equation.
Finally, we consider the conservation law associated to a Hessian symmetry, showing that it
allows one to determine the number of e-folds along cosmological trajectories algebraically
in ¢, instead of through an integral.

3.1 Noether generators and integrals of motion

Recall that the configuration space N' = R~ x X of the minisuperspace model is a product
of the target space ¥ (which is locally parameterized by ¢! and ¢?) with the range Rsq
of the scale factor a. Geometrically, the Lagrangian (2.6) is a smooth real-valued function
defined on the tangent bundle T/, which identifies naturally with the first jet bundle of
curves of N (see [39]). This tangent bundle decomposes as:

TN =TN & TpN,

where T, (a)N is the pullback of the tangent bundle of the half-line R+ through the first pro-
jection and T(@)N is the pullback of the tangent bundle of ¥ through the second projection.
Hence any vector field X defined on N decomposes uniquely as:

X =X+ X



where X, is a vector field defined on the half-line and X, is a vector field defined on .
In local coordinates on the configuration space N, we have:

9
Oa’
The first jet prolongation X of X is a vector field defined on TN which is given in local

3}

R (3.1)

X(a) :Xa(aﬂ@) X(cp) :Xi(a’ QO)

coordinates by the formula (see [39]):

X =X+ X%a, gp,d,gb)% + X(a, gp,d,gb)aii ,
where:
Aa.0,a,0) S (9N)(a,0) + (2N (. 9)a + (9N (@, )"
for any smooth function A, where we use the notations 0 def. %, Oy def- %, 05 def- 82#- . The

vector field X is a variational symmetry of the Lagrangian (2.6) provided that it satisfies
the Noether condition:

Lx(L)=0, (3.2)
where Ly denotes the Lie derivative with respect to the prolongation X. In local coordi-
nates on Y, this condition takes the form:

P(a,p,a,¢) =0, (3.3)

where the polynomial P is given by:

..y def oL 0L - OL .. 0L
P =X+ X ——+ X'+ X'
(CL, P, a, QD) 8(1 + 8SOZ + 8& + 8(,02

(3.4)

Given a variational symmetry X of L, the associated integral of motion has the following
local expression (see [39]):

Jx = X0,L+ X0, L = —6aaX" + Gij(p)a® X'¢7 . (3.5)
3.2 The characteristic system

In this subsection, we show that the Noether symmetry condition (3.2) for the minisu-
perspace Lagrangian (2.6) amounts to the requirement that X has the form X(a,p) =
X(a) (a, (p) + X((p) (a, (p) = X%, + X’Laz, with:

Xlae) = 2o, X = |Yig) - — Gigaa@)|a,  (36)
/a =

where A is a smooth real-valued function defined on ¥ and Y = Y9; is a smooth vector
field defined on ¥, which satisfy the characteristic system:

(0105 — Th0) A = gg,-jA

GY0,VO;A = %VA
VZYJ + VjY; =0 (3.7)
YO,V =0.



In index-free notation, the general Noether generator reads:

where:

X=Xr+Y,

_ A
Va

Let us begin by computing the polynomial (3.4):

1 o 1 .
P = 3d°X® |—H? + §gijgbngj — V:| + a’ X! [2829Jkg0]g0k -0,V

—6a’HX® + a3gijgiji .

Using H = % and expanding in powers of @ and ¢ gives:

4
3a — wgradgA .

P = P,(a,¢) + Poo(a, p)a® + Poi(a, p)ap’ + Pij(a, )"

where:

Py

Py =

Py = Pj;
F,

—3X* - 6a0,X*
—6a0; X* + a?’gij@an

3 1
§azgin“ + (135 (le]

—3a’VX®* - a®>X'0,V .

Explicitly, the a3-term of P;; reads:

N |

Using (3.10), the Noether symmetry condition (3.3) amounts to the system:

(coeff. of a?) :

(coeff. of ap

(potential term) :

(VZ‘XJ' + VJ'Xi)

T\ .

)

)
(coeff. of <pi<,bj) :

)

+V,X;)

1
5 (81X] + ani — QFijk)

1
3 [(@cgij)Xk + Gri0; X5 + gkjaiXk] :

X% +200,X=0

—60; X% + a2g¢j8an =0
SQin“ +a (Vin + VjX,‘) =0

VX% +aX'0,V =0.

(3.10)

(3.11)

The first equation in (3.11) implies that the first relation in (3.6) holds for some smooth

function A(y). Using this into the second equation of (3.11) gives:

; OiA

Integrating (3.12) with respect to a gives the second relation in (3.6):

Xi(a’a ()0) -

4
a3

G0;A(p) + Y (),

(3.12)

(3.13)



where Y is a vector field defined on ¥. Substituting (3.6) into the third equation of (3.11)
gives:
1
ul/2
Since the terms multiplying powers of a in this relation are themselves independent of a,
taking the limits a — 0 and a — oo shows that (3.14) is equivalent with the first and third
equations of the characteristic system (3.7). Finally, substituting (3.6) into the fourth

[3Gi;A — 4(Vi0;A + V,;0;A)] + a(V;Y; + V,;Y;) = 0. (3.14)

equation of (3.11) gives:

1

73 [BVA —4GY0;A0V] + aY'0;V = 0. (3.15)
a

Again taking the limits a — 0 and a — oo shows that (3.15) is equivalent with the second
and fourth equations of (3.7). This completes the proof that the characteristic system (3.7)
is equivalent with the Noether symmetry condition (3.2).

The integral of motion (3.5) of the Noether symmetry (3.6) described by a solution
(A,Y) of the characteristic system takes the form:

Jx = —6aaX + Gij(p)a’X'¢ = —6a/ah(p) +a*Gij(¢)Y' (0)¢ —4a*A,

Tx = 45 [P + @050V () (3.16)

3.3 Natural subsystems of the characteristic system. Hessian and visible sym-
metries

Notice that those equations of the system (3.7) which contain A decouple from those equa-
tions which contain Y. Hence the characteristic system naturally splits into two subsystems
of partial differential equations, namely: the A-system:

ViojA = 2G;A
QU&V@A::%VA (3.17)
and the Y -system:

VZ‘Y]‘-FVJ‘Y; =0
Yo,V = 0. (3.18)

A vector field of the form (3.6) for which Y = 0 and A is a smooth solution of the A-system
will be called an infinitesimal Hessian symmetry of (3,G, V). A scalar triple which admits
Hessian symmetries will be called a Hessian triple; in this case, the corresponding two-field
cosmological model will be called a Hessian model. On the other hand, a vector field of
the form (3.6) for which A = 0 and the vector field Y is a non-trivial smooth solution of
the Y-system will be called an infinitesimal wvisible symmetry of (3,G,V’). A scalar triple
which admits visible symmetries is called a visibly symmetric triple and the corresponding
two-field cosmological model will be called a wvisibly-symmetric model.



The result proved in the previous subsection implies that any time-independent in-
finitesimal Noether symmetry of the minisuperspace system decomposes as a direct sum of
a visible symmetry with a Hessian symmetry. Notice that infinitesimal visible symmetries
coincide with those Killing vector fields of (X, G) which generate isometries preserving the
scalar potential V; they are the ‘obvious’ symmetries of the two-field cosmological model
defined by the scalar triple (X,G, V). Unlike visible symmetries, Hessian symmetries are
not geometrically obvious and can be viewed as ‘hidden symmetries’ of the model. Also
notice that the first and third equations in (3.7) do not depend on V. For a given scalar
manifold (¥,G), these equations can be solved for A and Y. Fixing solutions (A,Y) of
these two equations, the second and fourth equations of the characteristic system can then
be used to determine the scalar potential in terms of A and Y.

3.4 Rescaling the scalar manifold metric. The Hesse and A-V equations

It is convenient to consider the rescaled scalar manifold metric:

def. 9 3 1 8
B9 =360 520 =30, (3.19)
where:
gt 3 (3.20)
8
Since the Levi-Civita connection of G is invariant under such a rescaling, the A-system
becomes:
VdA = GA
(dV,dA)g = 2VA, (3.21)

while the Y-system preserves its form when expressed with respect to the rescaled metric G.
The first equation in (3.21):
VdA = GA, (3.22)

(whose left hand side equals the Hessian tensor of A computed with respect to the scalar
manifold metric G) will be called the Hesse equation of the rescaled scalar manifold (X, G)
and its smooth solutions A will be called Hesse functions of (X, G). Let S(X, G) denote the
linear space of such functions. A Riemannian manifold (3, G) is called Hesse® if it admits
non-trivial Hesse functions, i.e. if S(3,G) # 0. The second equation in (3.21):

(dV,dA)g = 2VA (3.23)

will be called the A-V equation of the rescaled scalar triple (X, G, V). Let V(G, A) denote
the linear space of smooth functions V satisfying this equation.
The Hesse equation (3.22) is invariant under the natural action:

A= Aoyt Yy €lso(E,G)

5This should not be confused with the notion of Hessian manifold, which is a different concept!

~10 -



of the isometry group Iso(X,G) = Iso(X,G) of the scalar manifold. In particular, such
transformations preserve the space S(3, G) of Hesse functions of (X, G). Similarly, equa-
tion (3.23) is invariant under the natural action of the isometry group of the scalar manifold
on the pair (V,A):

(A V)= Aoy L, Voy™), Vi € Iso(Z,G).

Hence an isometry of (X, G) takes the general solution of (3.23) into the general solution
of the same equation, but with A replaced by A o)~!:

VG, Aoy ) =V(G N oy, Y elso(Z,G), VAeS(E,G). (3.24)

Remark 3.1. Equation (3.23) is invariant under rescalings A — C'A, where C' is any non-
zero constant. This implies that the general solution of this equation is unchanged if one
rescales A by C:

V(G,CA) =V(G,A), YC eR\{0}.

In particular, the general solution of the A-V equation (3.23) depends only on the ray of
A in the real projective space PS(X, G).

3.5 The scalar potential of a Hessian symmetry

Given a Hesse function A € S(3,G), consider the A-V-equation (3.23) with G = %G as
defined in (3.19):
(dV,dA)g = 26%VA, (3.25)

where (dV,dA)g = (gradgV, gradgA)g = GY9;VO;A.
One can solve (3.25) through the method of characteristics (see appendix A). For this,
let v be a G-gradient flow curve of A with gradient flow parameter q:

D _ (gradgh)(7(a)). (3.26)
q
Then (3.26) and (3.25) imply:
d
Ly 3(0) = ~{aradgV.gradghg| = —(aV.dN)g| = —28A((@)V (1)
q (@) 7(9)
which gives:
7252143 Adg
’y .

V(7(9)) = V(r(e))e
It is convenient to use the restriction A = Ao~y (i.e. A(q) = A(v(q))) of A to v as a parameter

(3.27)

on the gradient flow curve (notice that A decreases with ¢). We have:

dA d
o = () (L) = “lleradg ) @) = @A) )
which gives: N
dg = —m . (3.28)

- 11 -



Hence (3.27) becomes:

L2 (AO@) 4,
A(v(g0)) Tlanl

V(v(q) =V(v())e 7 : (3.29)

This relation allows us to find the general solution of (3.25), provided that we can determine
the gradient flow of A. To deal with the initial conditions, one can choose a section of the
gradient flow, i.e. a (possibly disconnected) submanifold Q := Qj of ¥ with the property
that each gradient flow curve v of A meets Q in exactly one point. For any p € X, let v be
the gradient flow curve which passes through p and meets Q at the point py (namely, we
have v(q) = p and (qo) = po. Then relation (3.29) gives:

26 fi (po) TIANIZ
V(p) =V(po)e

The correspondence p — pp defines a smooth function F' = Fg : Q@ — ¥ which allows us
to write the previous equation as:

2 fA s
V(p) =w(p)e , (3.30)

where w def. V o F is a real-valued smooth function defined on Q.

Remark 3.2. Given any non-zero constant C, the gradient flow of A coincides with that of
CA, up to a constant rescaling ¢ — ¢q/C of the gradient flow parameter.

3.6 The integral of motion of a Hessian symmetry
For a Hessian symmetry (Y = 0) with generator A, the integral of motion (3.16) gives:

a(t32A (p() = C — ‘%(t —ty), where C=a¥?Aq (3.31)

and we defined:

agp dif a(t()) Ao d;f' A((p(to)) .

The conserved quantity Jp is independent of ¢ along every solution of the Euler-Lagrange
equations (but depends on the initial conditions of the solution). Differentiating (3.31)
with respect to time at t = ty gives:

_%:% a(t)3/2A(<p(t))”titO— aé/ﬂ HoAo+(dy(1y) M) (20) | 4 (3.32)

where Hy < 1 (to) is determined by the Friedmann constraint (assuming that H(t) > 0):

1/2

Ho = — [|l¢oll& + 2V (¢0)]

1
V6
Here:

o S plto) and @o E p(to) .
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Relation (3.32) allows one to determine J, from the initial conditions of the cosmological
trajectory, while (3.31) determines the t-dependence of the cosmological scale factor along
the trajectory:

a(t) = (3.33)

C — 21 (t —to) 2/3—(1
- Alp(t)

o+ (2HoAo + (dpgA)(90) (t — 1) |
INCIG) :

a(t)
a(to)
trajectory o(t), where tg is a reference cosmological time:

M+@%M+MWW%DW%ﬂ'

In turn, this determines the e-fold function Ny, (t) = log [ ] along any given scalar field

2
Nio(t) = 3 log

NE0) (3.34)

In particular, a scalar field trajectory which is inflationary for the cosmological time interval

[to, t] will produce a desired number N of e-folds during that time interval provided that
its initial and final points ¢(tp), ¢(t) € 3 satisfy the condition:

3N

A~ o = (3 Hodo + (A D)) ) ¢~ 1), (3.35)

Remark 3.3. The e-fold function is also determined as follows by the Friedmann constraint:

t 1 t ) 1/2
Nio(t) = | H(r)ar === [ [lIg(m)IIE +2v(p(r)] dr. (3.36)
to \/6 to
This non-local relation involves integration of a complicated quantity depending on both
o(7) and (1) for 7 € [0,t], unlike the much simpler formula (3.34) (which involves no

integrations).

Differentiating (3.34) with respect to ¢ gives:

2 S HoMo+ (dgoA) (¢ dy M) ((t
H(t) _ g 5o 0+( ©®o )(SOO) _( @X)( )(i‘;( )) ‘ (3.37)
Ao+ <§’H0Ao+(d¢oA)(gbo)> (t—to) v
The case ¢g = 0. When ¢y = 0, relation (3.35) reduces to:
3H0 AO 3N (t)
[1 + 5 (t to):| WO ezt (3.38)

where Hy = %‘/01/2 > 0 with 1} def. V(¢o) and we defined A, (t) def- A(p(t)). On the other

hand, relation (3.37) reduces to the following condition when ¢y = 0:

2H, Ay(t)
H(t) = -7 3.39
( ) 2+ 3H0(t — to) A@(t) ( )
Hence positivity of H requires:
Ay 2Hy . AL() 2/3
—* .e. 2+ 3Ho(t -t . 3.40
N, ST syt ¢ A, © 2+ 3Hot—to)] (3.40)
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Let:

s(t) 3, - [2 + 3(t — to)Ho| AK(t) :
12

(3.41)
Then condition (3.40) amounts to:
s(t) > Ho . (3.42)

Recall that the inflationary time periods of the cosmological trajectory are defined by the
condition that a is a convex and strictly increasing function of ¢, i.e. a(¢) > 0 and d(t) > 0.

2/3
M@) (3.43)

be convex and strictly increasing. Let us assume that A(t) > 0 along the trajectory (hence
Ao > 0). Since (3.42) implies a(t) > 0, the requirement for inflation amounts to a(t) > 0,

le.:

Using (3.38), this amounts to requiring that the function:

oft) = atto) ([1+ S ult ~ 1)

Ay(t)  s(t)[5s(t) — 18H]
Ay(t) ~ 3[2+3Ho(t — to)]*
Conditions (3.42) and (3.44) can be used to determine the upper limit ¢ of an inflationary

(3.44)

time interval [tg,tf] for which ¢g = 0.

4 Weakly-Hessian models with rotationally-invariant scalar manifolds

In this section, we give the characteristic system for models with rotationally-invariant
scalar manifold metrics and the classification of weakly-Hessian two-field models. The
proof of this classification is given in appendix C. As shown in that appendix, the scalar
manifold of any weakly-Hessian model is a disk, a punctured disk or an annulus, endowed
with its complete metric of Gaussian curvature K = —3/8. We also list the general solutions
of the Hesse equation in each of the three cases, solutions which are derived in the same
appendix. In the next sections, we will consider each case in turn, extracting the explicit
form of the scalar potential for which the corresponding weakly-Hessian models admit a
Hessian symmetry.

4.1 The characteristic system

Consider the case when Y is diffeomorphic with the unit disk D or with the punctured unit
disk D, endowed with a metric G which is rotationally-invariant:

dsg = dr? + f(r)d6>. (4.1)

Here r and # are normal polar coordinates for G and f is a smooth and everywhere-positive
real-valued function (which extends to the origin in the case ¥ ~ D). For application to
cosmological models, we must require that the scalar metric G is complete (otherwise
the dynamics of the cosmological model would violate conservation of energy). The non-
vanishing Christoffel symbols are:

f/

roo_ 0 _ 16 _
00__57 PTO_FBT_

f
2f’
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while the Gaussian curvature of G takes the form:

o SRS e

where we use the notation ' = %. For such models, the Noether generator (3.6) takes the

form: A A A
X=—""0,+ |V = —0,A| 0, + |V — ———— A 4.
ﬁa +[ a3/2a ]8 +[ a3/2f(7“)89 ]69 (4.3)

Note that one can have both purely visible symmetries, i.e. with A = 0 and Y # 0, and
purely hidden symmetries, i.e. with A # 0 and Y = 0. Let us write down the Y- and
A-systems for the case of a rotationally-invariant metric G.

The Y-system. The Y-system (3.18) takes the form:

9.Y" =0
Y™ + f0,Y? =0
!
0 J yr _
OpY" + 2fY 0 (4.4)

Y70,V +Y%9V =0,

where the first three equations form the condition that Y be a Killing vector.
Let K(3,G) denote the R-vector space consisting of all Killing vector fields of (X, G).
Since the metric G is rotationally-invariant, the Killing equation has the obvious solution:

Y =0y

and hence (X, G) contains the one-dimensional subspace Rdy. For a generic rotationally
invariant metric, we have K(X, G) = Rdy, though in some cases® the space of Killing vectors
may be higher-dimensional. In the generic case, the last equation in (4.4) amounts to the
condition that V' is SO(2)-invariant, i.e.:

V =V(r) (indep. of ).

The A-system. The A-system (3.17) takes the form:
3

2A — 2
A = A
f‘/
0,00\ = 3500 = 0
' 3
RA+ FOA = TfA (4.5)
DVON+ 20V = SVA

I 4

where the first three equations are equivalent with the Hesse condition (3.22).

For example, we have dim K(Z,G) = 3 when (Z,G) is the Poincaré disk. In that case, the first three
equations of (4.4) give: Y = ¢; sin0+¢2 cos 6, y? = B coth(Br) (1 cos §—¢z sin 0)+¢E3, where é1,2,3 = const.
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Remark 4.1. In reference [20], we studied two-field rotationally invariant models with the
separation of variables Ansatze: X%=A;(a)R1(r)01(0) and X’ = A%(a)R'(r)O*(), assum-
ing that each of the functions A;, Ry, ©1, A', R' and ©' is non-constant. Comparing
with (3.6), one finds that these assumptions imply Y = 0 as well as:

Av=os A'=—gp, Bi(i0) = A, R(nO'(0)=4670A,  (46)

in agreement” with [20]. Substituting A = R;(r)©1(6) in the first equation of (4.5) gives:

3

Ry(r) = Cycosh(Br) + Cysinh(pr) , B2 = 3’ (4.7)

Which agrees with [20, eq. (3.19)]. Similarly, the second equation of (4.5) gives 0,R; =
5 f Rl, where we used the assumption that ©; is not constant. Substituting 0,R; = Vil 57 Ry
into the third equation of (4.5) gives:

8f01(0) + (2f% —3f*)©1(0) = 0, (4.8)
which coincides with [20, eq. (3.37)].

4.2 Classification of weakly-Hessian models with rotationally-invariant scalar
manifold metric

The system formed by the first three equations in (4.5) is studied in detail in appendix C;

here we summarize the results of that analysis. As before, let 5 = def- \/g . For a rotationally-
invariant Riemannian 2-manifold (3,G), it is shown in appendix C that the first three
equations of the system (4.5) admit solutions iff the metric G has Gaussian curvature equal
to —f32, i.e. iff the rescaled metric G = 8?G has Gaussian curvature —1. In particular, the
rescaled scalar manifold (3, G) is a Hesse manifold in the sense of subsection 3.4 iff it is
a hyperbolic surface. Since (3, G) is rotationally-invariant, a well-known result (which is
summarized in appendix D) implies that (X, G) must be elementary hyperbolic, i.e. that
it is isometric with the Poincaré disk D, with the hyperbolic punctured disk D* or with
a hyperbolic annulus A(R) of modulus p = 2log R (where R > 1). We refer the reader
to appendix D and to reference [22] for the description of elementary hyperbolic surfaces.
We will use the notations ]D)g, D% and Ag(R) for the disk, punctured disk and annulus
endowed with the metric G = 7z G of Gaussian curvature equal to —32. Then the following
statements hold (see appendix C):

1. If (3,G) = Dg, then we have:

£r) = 512 sinh?(3r) (4.9)
and: .
dsf = dr? + 7 sinh?(fr) d6? (4.10)

"Note that the overall constant in A*R'©¢ is distributed differently between the factors A* and R'©°
in (4.6) when compared to reference [20].
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with 7 > 0. In this case, the general solution of the Hesse equation of (X, G) is given
by:
A(r,0) = By cosh(fr) + o sinh(Br) cos(6 — 6p) , (4.11)

where By (denoted B in appendix C) and 0y are arbitrary real constants, while o > 0
is a non-negative constant (denoted % in appendix C).®

In particular, the space of Hesse functions on the hyperbolic disk is three-dimensional.
Let (p,0) be Euclidean polar coordinates on the disk, related to the normal polar
coordinates (r,#) of the metric G through (cf. (C.31)):

2 1 1
p=tanh(pr/2) € [0,1) <= r= 3 arctanh(p) = 3 log 1+7p € [0, +00). (4.12)
—p
Then (4.10) becomes:
ds? = L(df + p?do?) = $(dx2 + dy?) (4.13)
B p?)? B2 (1 - p?)? ’ ‘

where x = pcosf and y = psin 6, while (4.11) takes the form:

Bo(1 4 p?) + 20pcos(6 — )

Ap,0) = . 4.14
(0.) L (414
Notice the relations:
1+p . Br ePr—1
pr = 2arctanh(p) = log T, ie. p=tanh (2> =1 (4.15)
the second of which implies:
1+ p? 2
cosh(Br) = 13’2 . sinh(Br) = - _pp2 . (4.16)
2. If (£,G) = D, then we have:
)= e (4.17)
(2mB)? '
and: .
2 _ 3.2 —28r 192
dsg =dr” + on )26 "do”, (4.18)
with 7 € R. In this case, the general solution of the Hesse equation (3.22) is given
by:
A(r) = Ce P, (4.19)

where C' (denoted B in appendix C) is an arbitrary constant.” In particular, the
space of Hesse functions on the hyperbolic punctured disk is one-dimensional. Let

8The result of [20], namely A(r,0) = (C1sin@ + Ca cos 0) sinh(fBr), is obtained from (4.11) for By = 0
and Cy1 = osinfy, C2 = o cos .

9The Noether condition is solved locally by A(r,8) = (C~'19 + Co)e™?" [20]. Requiring A to be globally
defined on the scalar manifold implies that one must set Cy = 0, in agreement with (4.19).
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(p,0) be Euclidean polar coordinates on the punctured disk, related to the normal
polar coordinates (r,#) of the metric G through (cf. egs. (C.38)):

. 1 1
p= e 2" ¢ (0,1) <= 1r=—log <| ng|> € (—00,00). (4.20)
I5} 2T
Then (4.18) becomes:
1
dst = ——————(dp? + p?dh?) = 5 (dz? + dy?), 4.21
5= Bltog T = Erleg o V) (420
while (4.19) takes the form:
2nC
Alp) = —. 4.22
) = T (422)
3. If (£,G) = Ag(R), then we have:
22 9
flr)= GnA)? cosh”(fr) (4.23)
and:
2 — dr? e h?(8r) d6? 4.24
dsg = T+(27TB)2COS (Br) , (4.24)

where 7 € R and ¢ > 0 is given in (D.10). In this case, the general solution of the
Hesse equation is:
A(r) = Csinh(pr), (4.25)

where C' (denoted By in appendix C) is an arbitrary constant.' In particular, the
space of Hesse functions on any hyperbolic annulus is one-dimensional. Let (p, ) be
Euclidean polar coordinates on the annulus, related to the normal polar coordinates
(r,0) of the metric G through (cf. eqgs. (C.43)):

1

cos (%] log p[) (426)

Y 1 1
p=ce ﬁarCCOS[COsh(BT)] = ’7,,| — B arccosh

Then (4.24) becomes:

2 dp?4p2de? 2 da? 4 dy?
dsé:<2ﬁl7(;gR> [pc:s (glggglp%)]?:<2517;gR> [pc0:<;rll§ggy§)}2v (4.27)

while (4.25) takes the following form:

A(p) = C'tan (Z log p> . (4.28)

OFor  hyperbolic  annuli, the Hesse equation is solved locally by  A(r,0) =
[C’l cosh(Cro) + Cs sinh(CR0)] cosh(Br) + Cssinh(Br) with Cr = STog- When 9pA # 0, one is
left with the term cosh(8r) (see [20]). Requiring that the solution is globally defined on the scalar manifold
forces the choice C; = Cy = 0 in the local solutions of loc. cit.
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5 Hessian models for the hyperbolic disk

In this section, we show that the space S(ID) of Hesse functions on the hyperbolic disk
identifies naturally with the 3-dimensional Minkowski space RY2? such that the natural
action of the orientation-preserving isometry group of D on such functions identifies with
the fundamental action of the group of proper and orthochronous Lorentz transformations
in 3 dimensions. The identification follows from the fact that the general Hesse function on
the hyperbolic disk is a linear combination of the components of the classical Weierstrass
map and hence the classical Weierstrass coordinates of ID form a basis for the space of Hesse
functions. This leads to a description of Hesse functions on the hyperbolic disk in terms
of three-dimensional Minkowski geometry and allows for a natural classification of such
functions into functions of timelike, spacelike and lightlike type. We also discuss the level
sets and critical points of such functions, showing that they behave quite differently in each
of the three cases. For each type, we show that the gradient flow of a Hesse function can be
described explicitly in certain classical coordinate systems on the hyperbolic disk. Finally,
we combine these results and the method of characteristics to extract the explicit form of the
most general scalar potential which solves the A-V equation, thus classifying all Hessian
two-field cosmological models whose rescaled scalar manifold is a hyperbolic disk. We
find that such scalar potentials admit a natural description in terms of three-dimensional
Minkowski geometry. The results of this section are summarized in subsection 5.6, which
the reader may consult first. Throughout this section, G denotes the Poincaré metric (which
has Gaussian curvature equal to —1), while G denotes the physically-relevant metric (which
has Gaussian curvature equal to —3% = —3/8).

5.1 The space of Hesse functions

We start by studying the space of Hesse functions on the hyperbolic disk D = (D, G).
The Weierstrass basis. The general Hesse function (4.11) of D can be written as:

By(14p?)+2B1z+2Boy

A= By cosh(Br)+ By sinh(fr) cos 0+ Bg sinh(fr) sin § = 2 ,
—p

(5.1)
where (see equation (C.33)):
B 5 cos 0y, B> - 5 sin 0o . (5.2)

Here x = pcos@ and y = psinf are Euclidean Cartesian coordinates on the disk (with
p = \/x% + y2) while (r,0) are normal polar coordinates for the physically-relevant metric
g = 5%6?; for the relation between p and r, see (C.31). Relation (5.1) shows that the
functions:

—odef. 1+ p?
==

—1 def.
=coshBr, ='=

2
=sinh(f8r)cosf, =2 def. =sinh(Sr)sin 6

1— p?
(5.3)
form a basis of the linear space S(D) of smooth solutions to the Hesse equation. The

T
1— p?

fundamental solutions (5.3) coincide with the classical “Weierstrass coordinates” of D, i.e.
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Figure 1. The Weierstrass map = : D — S coincides with the projection of D from the point
(—1,0,0) of three-dimensional Minkowski space, when the Poincaré disk is placed in the plane
X% = 0. Notice that the conformal boundary of ID is mapped to the circle at infinity of S*. When
u € D approaches the conformal boundary, the 3-vector Z(u) (shown in red) becomes lightlike.

with the components of the Weierstrass map Z: D — R3 (see appendix B) which realizes
the hyperbolic disk as the future sheet:

S IX = (X0, X1, X2) | X0 = I+ (X2 + (X2)?)

of the unit hyperboloid in the 3-dimensional Minkowski space R12 = (R, (, )) (see figure 1).

Here:

(X, x) < x0x° _ x1x" - x2x? VX, X' €R? (5.4)

is the Minkowski pairing of signature (1,2), whose coefficients we denote by 1,,:

(77/11/);1,1120,...2 = diag(la -1, _1)

and which we use to raise and lower indices.
The Weierstrass coordinates of any point v € D satisfy:

(Eo(u))2 - (El(u))2 — (52(u))2 =1 and Z%u) >0
and we have:

E(u) ==*(w)E,, B=B'E,,

where Ey € (1,0,0), E1 < (0,1,0) and B> <" (0,0,1).

The 3-vector parameterization. The general Hesse function (5.1) reads:
Ap(u) = B,E(w) =n, B'E" (u)= (B,E() = B’E(u) — B'E! (u) — B’Z2(u),  (5.5)
def.

where we defined B* =" n*” B, and we combined the constants BY = By, B! = —Bj and
B? = —B, into the 3-vector:

B (B°, B!, B%) = B"E, € R®.
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Notice the relation Z,(u) = (E(u), E,). Since the Weierstrass coordinates form a basis of
the space of Hesse functions, the linear map A : R® = S(D) defined through:

AB) Y Ay, VBeR3 (5.6)
is an isomorphism of vector spaces from R3 to the space S(D).

Action of orientation-preserving isometries. Since the Hesse equation is invariant
under isometries of the scalar manifold, the group PSU(1,1) ~ Isoy (D) of orientation-
preserving isometries of I acts linearly on the space S(D) of Hesse functions through the
representation H defined through:

def.

HU)(A) = Aoy;t, YU € PSU(L,1)

le.:

HU)(A)(w) =AYyt (u), YU € PSU(L,1), YueD.

Here ¢y € Isoy (D) is the orientation-preserving isometry of D) corresponding to an element
U of PSU(1,1) (see appendix B). The equivariance property (B.19) of the Weierstrass map
gives:

Eu(u () = (Ado(U)(E(w)), B,) = (E(u), Ado(U™)(Ey)) -

while equation (5.5) implies:

Ap(Wy-1(u) = (B, Ado(U™")(E(w))) = (Ado(U)(B), Z(w)) = Mg, (1)) (1) -

This gives:
H(U)(AB) = Mg,y » YU € PSU(1,1), VBER’, (5.7)

ile.:

H(U)o A =AoAdy(U), VU € PSU(1,1),

showing that the linear isomorphism (5.6) is an equivalence of representations between H
and Adp. As recalled in appendix B, the representation Adg (which is equivalent with
the adjoint representation of PSU(1,1)) preserves the Minkowski pairing (5.4). In fact,
this representation defines an isomorphism of groups Adg : PSU(1,1) — SO,(1,2), where
SO,(1,2) denotes the connected component of the identity of the Lorentz group, i.e. the
group of proper and orthochronous Lorentz transformations in three dimensions.

Definition 5.1. The Hesse function Ap on the hyperbolic disk is called spacelike, timelike
or lightlike if its parameter 3-vector B € R3 is spacelike, timelike or lightlike, respectively.
Similarly, Ap is called future (resp. past) timelike or lightlike if it is timelike or lightlike
and B° > 0 (respectively BY < 0).

5.2 Degenerate and non-degenerate Hesse functions

Definition 5.2. A non-trivial Hesse function Apg is called non-degenerate if B® # 0 and
degenerate if B = 0.

Notice that a degenerate Hesse function is necessarily spacelike.
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Rescaling non-degenerate Hesse functions. Recall from (5.2) that o = \/Bi+B3.
When B # 0, we define:

\V/B? + B3 B! B?
Az%z%, bldg’ﬁ:—Acost%, b2d§f'ﬁ:—Asin90 (5.8)

and b < (b',b?), so that B = B%(1,b!,b%) = B(1,b) and b? + b3 = A2. This allows us to

write non-degenerate Hesse functions as:
Ap =B")\; (when B’ +#0),

with
def. 14 p? — 20'x — 2%y 1+ p? + 2Apcos(f — b) def.

A 1— p2 1— p2 = An -
In normal polar coordinates (r,6) for the metric G we have:
AA g, = cosh(fr) + Asinh(Br) cos(f — 6p) . (5.9)

Notice that a non-degenerate Hesse function is:
o timelike, iff |A| < 1.
o spacelike, iff |A| > 1.
o lightlike, iff |A| =1, i.e. if A = 41 (future lightlike) or A = —1 (past lightlike).

When o # 0, we have sign(By) = sign(A). The shape of non-degenerate Hesse functions on
D is illustrated in figures 2, 3 and 4 for the case B =1 (i.e. A = ¢ > 0) with 6y = —7/2,
which gives B = (1,0, A) and:
1+p* —2A
Ap=Aga=—"2—72
—p

Rescaling degenerate Hesse functions. Non-trivial but degenerate (i.e. with B® = 0)
Hesse functions have the form:

AO,Bl,32 = U/J,go s
where Bl = —o cosy, B? = —osinfy with o = \/B} + B5 > 0 and:

def. 2z cosby + 2ysinfy  2p

Hoo 1—p2 S cos(f — 6p) = sinh(Br) cos(f — ) . (5.10)
See ﬁgure 5 for a contour plOt of the function:
2y
Roo1 = =T1_ 2 11

Remark 5.3. When o # 0, we have A # 0 and B = X- In this case, we can write
Ap = XAa 9, and we have:

. Aag(u) . B
G =7 = g (u) = lim Ap(u) = opg(u).

Hence a non-degenerate Hesse function with o # 0 point-wisely approximates the degen-
erate Hesse function with the same 6y in the limits A — +oo.
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(a) B = (1,0,0). (b) B = (1,0,0.3). (c) B = (1,0,0.8).

Figure 2. Contour plot of A := Ay a for the non-degenerate timelike case (A < 1), where the
gradient flow of A is indicated by purple arrows. The values of A decrease from lightest brown to
darkest green. The critical point of A is shown in blue. In this case, the level sets are hyperbolic
circles centered at the critical point. From left to right, the figure shows the cases A =0,0.3,0.8.

10 10 10

05

05

0.0

0.0

-0.5 -0.5

(a) B = (1,0,1.01). (b) B = (1,0,1.1). (¢) B =(1,0,2).

Figure 3. Contour plot of A := Ay a for the non-degenerate spacelike case, where the gradient
flow of A is indicated by purple arrows. The values of A decrease from lightest brown to darkest
green. In this case, A has no critical point but vanishes along the curve shown in red. In this case,
the level sets are hypercycles with axis given by the vanishing locus of A. From left to right, the
figure shows the cases A = 1.01,1.1, 2.

Remark 5.4. It is easy to see that a Hesse function is separated in the coordinates (r, @)
or (p,0) iff it is either degenerate or non-degenerate with A = 0. Hence Ap separates in
these coordinates only for A = 0 or in the limits A — +oo.

5.3 Critical points of Hesse functions

Definition 5.5. A non-trivial Hesse function A on the hyperbolic disk is called critical if
it has at least one critical point, and non-critical if it has no critical points.

Proposition 5.6. A non-trivial Hesse function Ag on the hyperbolic disk is critical iff it
is timelike (and hence non-degenerate). In this case, Ap has exactly one critical point on
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-1.0 -0.5 0.0 0.5 1.0

Figure 4. Contour plot of Aq g1 (non-degenerate lightlike case with A = 1), where the gradient
flow of A is indicated by purple arrows. The values of A decrease from lightest brown to darkest
green. The point where A tends to zero on the conformal boundary of the hyperbolic disk is shown
in magenta. In this case, the level sets are horocycles centered at this ideal point.

(a) B = (0,0,1).

Figure 5. Contour plot of the degenerate spacelike Hesse function Ag g 1, where the gradient flow
of A is indicated by purple arrows. The values of A decrease from lightest brown to darkest green.
The vanishing locus of A is the horizontal segment shown in red. The level sets are hypercycles

with axis given by the vanishing locus.
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D, namely:

0 ifA=0 6.2
Ue = . )
VSRRt f 0 < Al < 1

and the critical value of A is given by:

def. 1+ A?
Ao = Alu,) = Byp—————.
(we) = Bo =7z

Moreover, u. is an absolute minimum when By > 0 (i.e. when Ap is future-timelike) and

(5.13)

an absolute mazimum when By < 0 (i.e. when Ap is past-timelike).

Proof. 1t is easy to see that a non-trivial degenerate Hesse function has no critical points
inD. If A=Ap = BO/\AﬁO is a non-degenerate Hesse function, then a counterclockwise
rotation of the coordinates by an angle 6y allows us to assume, without loss of generality,
that g = 0. Hence it suffices to study the critical points of the function:

1+ 2%+ 9% +2Az

The condition (d\)(z,y) = 0 amounts to the system:

Al +22 =) +22 =0
y(Az+1) = 0. (5.14)

Multiplying the first equation by y and the second equation by x and subtracting the two
gives:
Ay(l _1’2 _y2) = 07

which implies Ay = 0 since 1 — 22 — y2 > 0 for all points u = x + iy € D. Using this, the
second equation of (5.14) reduces to y = 0, while the first equation becomes:

Az? 42 +A=0. (5.15)
Distinguish the cases:

1. A =0. Then A is timelike, equation (5.15) gives z = 0 and the only critical point of
Aisu.=0.

2. A # 0 (hence A is timelike or lightlike). Then (5.15) has real solutions iff |A| < 1,
in which case the two solutions are x4 = %m. The case A = 1 leads to
x4y = x_ = 1, which is forbidden since the points (x,y) = (1,0),(0,1) do not lie
in the interior of the unit disk. Hence critical points inside D can exist only if
|A| < 1, i.e. when A is timelike. In this case, we have |z4| < 1 < |z_|, so the point
(z,y) = (x_,0) lies outside D, while (x,y) = (x4, 0) lies inside D. We conclude that

— @71‘

A is critical iff it is timelike, in which case the only critical point is at u, = ¥**—2—
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Since A satisfies the Hesse equation Hessg(A) = %Ag , it follows that its Hessian at u,
is positive definite when By > 0 and negative definite when By < 0. Thus wu. is a local
minimum or maximum according to the sign of By. Substituting u. in the expression for
A gives (5.13).

The conclusion of the theorem now follows by performing a clockwise rotation of the
coordinates by 6y, in order to restore the #p-dependence in the position of the critical
point. [

5.4 Level sets of Hesse functions

Relation (5.1) shows that the A-level set {u € D| Ap(u) = A} of a non-trivial Hesse function
Ap has the equation:

(Bo+ M) (2 4+ y?) +2B1z +2Boyy+ By — A =0. (5.16)
We distinguish the cases:

1. A # —By. Then (5.16) takes the form:

A2 — (B, B)
2 2 )
x—x0)" + (y — = ——, 5.17
def. __B _ _ _Bs ; ; : 2
where xg = Boix and yg = Boix- This equation has solutions only for A* >
(B, B), in which case it describes a Euclidean circle of radius R & W cen-
tered at the point:
v B! +iB?
= 1 = —
ug = To + o B\
which is reduced to this point for A> = (B, B). The radius R tends to infinity for
A = — By, in which case the circle degenerates to a line.

2. A= —By. Then (5.16) takes the form:
Bix + Boy = —By.

Since Ap is non-trivial, existence of solutions to this equation requires B? + B2 > 0
i.e. ¢ > 0, in which case the equation describes a line in the u plane which passes
through the points u; = —g—? and ug = —ig—g of the one point compactification of

this plane. The relations B; = o cosfy and By = o sin 0y give:

1 i

U= ————, Uy = ——— )
Acosby’ Asin 6y

and bring the equation to the form:

By 1

pcos(@—@o):—g A

where the case By = 0 is included for A — Fo0.
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One can show that the Euclidean circles defined by equation (5.17) are contained
inside D iff B is lightlike and that they meet the Euclidean circle of radius one at one point
when B is timelike and at two points when B is spacelike. It follows that the level sets
of a timelike Hesse function are hyperbolic circles, while they are horocycles for a lightlike
Hesse function and hypercycles for a spacelike Hesse function. These facts also follow
more directly from the similar statements satisfied by the level sets of the three canonical
Hesse functions discussed in subsection 5.5, upon acting on those canonical forms with an
orientation-preserving isometry of D.

The vanishing locus of a Hesse function. Let:
def.
Z(A) = {ueD|A(u) =0}

denote the set of zeroes of the Hesse function A. The proof of the following statement
follows by inspection of equation (5.9).

Proposition 5.7. A non-trivial Hesse function A = Apg on the hyperbolic disk has zeroes
iff it is spacelike, lightlike or degenerate. In this case, the vanishing locus of A is a curve
given by the following quadratic equation in Euclidean Cartesian coordinates on D:

Bo(1+ 2 +9%) + 2By + 2Boy = 0. (5.18)
Moreover:

o When A is non-degenerate (By # 0), equation (5.18) is equivalent with:

(x4+01)2+ (y+b)? =02 +b3—1(>0), (5.19)
where by = % and by = %. When A is non-degenerate spacelike (b3 + b3 > 1),

the vanishing locus is a hypercycle which coincides with the intersection of D with a
Euclidean circle of radius \/b% + b% centered at the point ug = —by — iby, which lies
outside of D. When A is non-degenerate lightlike (b3 + b3 = 1), the vanishing locus
degenerates to the single point uy, which lies on the conformal boundary of D (the
unit BEuclidean circle). In this case, the function A tends to zero at this point of the
conformal boundary.

o When A is degenerate (By = 0) and hence spacelike, the vanishing locus coincides
with the intersection of D with the line obtained by rotating the y axis counterclockwise
by an angle equal to 0.

5.5 The scalar potential determined by a Hesse function

In this subsection, we solve the A-V equation (3.25) for a general Hesse function A €
S(D). We shall do so by combining representation-theoretic arguments with the method
of characteristics. First, we notice that acting with an appropriate element U of the
group PSU(1,1) (and possibly rescaling by a constant) allows us to bring any non-trivial
Hesse function A to one of three specific canonical forms, depending on whether A is
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timelike, spacelike or lightlike. We next determine the scalar potential V' by solving the
A-V equation for each of these three canonical choices of A. Finally, we act with the inverse
of U in order to recover the form of V' for a general Hesse function of timelike, spacelike
or lightlike type. Equivalently, we write the scalar potentials for the three canonical cases
in manifestly Lorentz-invariant form, which allows us to extend them to general Hesse
functions of lightlike, spacelike and timelike type.

Reduction to canonical cases. Let Vg be the general solution of equation (3.25), where
A = Ap is a non-trivial Hesse function of D. Relations (3.24) and (5.7) imply:

Vi (u) = Vg wym (Yu(w), ¥BeR® YU € PSU(L,1) YueD. (5.20)

Moreover, the discussion of subsection 3.5 shows that the general solution of the A-V equa-
tion (3.25) is unchanged when one rescales A by a non-zero constant. These observations
imply the following:

e If B is timelike or lightlike, there exists a proper orthochronous Lorentz transforma-
tion which brings B to either of the following two forms:

e B'=(C,0,0) with C = sign(B°)+/(B, B) (when B is timelike)
e B'=(C,0,C) with C = B® (when B is lightlike).

e If B is spacelike, there exists a proper orthochronous Lorentz transformation (namely
a spatial rotation) which brings B to the form B’ = (0,0, C), where C' = \/|(B, B)|.

Moreover, Remark 3.1 of subsection 3.4 shows that we can rescale A by 1/C without
changing V. This allows us to further reduce to one of the thee canonical cases B =
Bean € {(1,0,0),(1,0,1),(0,0,1)}. In each of the three cases, we have B’ = CBe,, and:

Ve = VB... = Vo

as well as:
Vi(u) = Ve (Yu(w)),
where B’ = Ady(U)(B) and Ady(U) € SOy(1,2) (with U € PSU(1,1)) is the corresponding
Lorentz transformation.
In conclusion, we can reduce the problem of determining V' to the three canonical cases
B = Bcan € {(1,0,0),(0,0,1),(1,0,1)}, depending on whether B is timelike, spacelike or
lightlike. We next study each case in turn.

5.5.1 The case of timelike A
In this case, there exists a proper and orthochronous Lorentz transformation Adg(U) which
brings B = (B, B, B?) to the form B’ "2 Ady(U)(B) = (C,0,0) = CBean with C' =

e/ (B, B) (where € def. sign(By)) and Bean = Fo = (1,0,0). We can take U = U(t,a,0) €
PSU(1,1), with ¢t > 0 and a determined by the relations:'!

|BY| B! _ B?
t = arccosh | ————| , cos(a) = —e———, sin(a) = e——. 5.21
(B, B) (a) \/B? + B3 (a) \/B% + Bj (5-21)

"The parameter a (see appendix B) should not be confused with the scale factor a(t).
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Figure 6. Contour plot of the canonical timelike Hesse function Aj g o. The values of the function
decrease from lightest brown to darkest green. The critical point is shown as a blue dot. The
gradient vector field is shown in purple. This coincides with figure 2a, which we recall here for
convenience of the reader.

The canonical timelike Hesse function. For B = B, = (1,0,0), we have A =0
and the corresponding Hesse function:
1+ p? 2

— - =0 = =
ABcan (U) - Al,O,O(u) - = (u) 1 _ ,02 1 _ 102

—1 (5.22)

has a single critical point located at u. = 0, which is an absolute minimum with Ay g (uc) =
1; moreover, Aj o tends to oo at the conformal boundary of . For each A € [1,4+00), the

level set A1 9o = A is the Euclidean circle centered at the origin of radius Ry = ,/i—jri,
which varies from Ry = 0 to Ry = 1 as A increases from 1 to +oo. The level sets are
hyperbolic circles, since they are all contained inside D.

The scalar potential in the canonical timelike case. The gradient flow equations of
A10,0 with respect to the metric G have the following form in polar Euclidean coordinates
(p,0): . w
P 2

—— =_p%p, — =0, 5.23

w7 4 (5.23)
with the solution § = const and p = 6*52‘1, where ¢ € (0,+00) and we chose the integration
constant such that p — 1 for ¢ — 0. Hence the gradient flow curves of Aq o are straight
line segments flowing from the conformal boundary to the origin of D as ¢ varies from 0 to
+oo (see figure 6). Let 79 denote the gradient flow line of polar angle 6.

For A = Ay 0,0, relation (3.28) becomes:

dg 1 B 1
dA ||dA1,0,0]13 BN -1)°

Along the gradient flow curve g, we have:

14 p? V=1
A= +p2<=>p
1—p A+1
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and: \ L
MNdX 1
AN D g (A2 —1) +C(0),
/(»y>!\dA1,o,o\!é g5 o8 (X' = 1) +C(0)

where v(\) = pcos @ +ipsin @ and where C(0) is a constant of integration which can depend
on # in a 27-periodic manner. Relation (3.29) gives:

2

Vo (0) = (0) (A () = 1) = () =

where w(6) def £25°C(0) i positive 2m-periodic smooth function of 6.

(5.24)

Accidental visible symmetries in the canonical timelike case. It is clear that V7 g
is invariant under a continuous subgroup of Iso (D) ~ PSU(1, 1) iff w is independent of 6, in
which case V] g ¢ is stabilized by the U(1) subgroup R corresponding to rotations of the disk
around its origin (see appendix B). The image of this subgroup in the adjoint representation
Ady coincides with the SO(2) group of spatial rotations which stabilizes the timelike 3-
vector Bean = (1,0,0) in the Lorentz group. Hence the Hessian two-field model defined by
V1,00 also admits visible symmetries iff w is independent of 6, in which case the space of
infinitesimal visible symmetries is one-dimensional and generated by the vector field Op.

The scalar potential when B = B’ = CBca,. Recalling the relations Vg = Vg,
for B’ = C'Bcan as well as Ap_,, = Ap//C (where C = e4/(B’, B'), relation (5.24) gives:

Ap(p)?
(B, B)

Vi (p,0) = w(8) [ - 1} (when B] = By =0). (5.25)

Lorentz-invariant form of the scalar potential. When B = B’ = CEj, the polar
f.

angle 6 on the hyperbolic disk parameterizes the unit spacelike vector np(u) et os 0E; +
sin #F5 obtained by normalizing the projection Zp(u) of Z(u) onto the spacelike plane
orthogonal to B (see figure 7), which in this case is spanned by the three-vectors £} and Es.

We have: _
(B,E(u))B

=5u) = Zw) ~ 5

and np(u) = %, where the Euclidean norm of Zp(u) is given by:

(B,E(w))?

=5l = V=Es0), Zpl) = |75 gy~ 1,

where we used the relation (2(u),Z(u)) = 1. Combining these formulas gives:
n(u) = (B,B)E(u) — (B,E(w))B _ (B,B)E(u) — BAp(u) .
V(B,B)(B,Z(u))? — (B,B)*  +/(B,B)Ap(u)’ — (B, B)?

(5.26)

Since this relation is manifestly Lorentz invariant, it is valid not only for B = B’, but also
for any lightlike vector B. In particular, w can be viewed as a function of the unit spacelike
vector np and relation (5.25) can be written in the manifestly Lorentz-invariant form:

Vi(u) = wing(w)) [?g,(‘g) - 1] . (5.27)
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Figure 7. The unit spacelike vector np(u) (shown in gray) determined by the unit timelike 3-vector
E(u) (shown in red) and a timelike 3-vector B (shown in blue); the projection ZEp(u) is shown in
orange. We also show the future sheet of the unit hyperboloid. As u varies in D, the vector ng(u)
describes a circle of unit radius (shown in gray) contained in the spacelike plane orthogonal to B;
one can think of the function w as being defined on this circle. The figure shows the case when B
is future-pointing with (B, B) = 1.

Direct computation using (5.5) gives:

Ap(u)? - B?(1+22% — 2%+ p*) + B2(1 — 22% 4+ 2y% + p*) +4B3 p*> + 4Bo (1 + p*) (B1x + Bay) + 8B, Bozy
(B.B) (B, B)(1—p?)? '

(5.28)

Remark 5.8. Equation (5.20) shows that the general solution of (3.25) for a Hesse function
of timelike parameter B is obtained by acting on I with the PSU(1,1) transformation
U ="U(t, a,0), with a and t given in (5.21):

Va(u) = Ve (Yu(u)),

where B’ = Ady(U)(B). This amounts to replacing (p,) in expression (5.25) by polar
semi-geodesic coordinates (p, é) centered at the critical point u. of Ap. In these new
coordinates, the curves p = const (which coincide with the level sets of Ap) are hyperbolic
circles with center u., while the curves § = const (which coincide with the gradient flow
curves of Ap) are hyperbolic geodesics orthogonal to these hyperbolic circles and passing
through u,. (see figure 2). We have:

~ u2
Vi) = w(@la,) | 7200 1] (5.29)

where:

sign(Bo) (B1 — iB2) (v + i) + (1Bol = v/(B, B))
0(x,y) = arg

(1Bol = (B, B)) (w + iy) + sign(Bo) (B1 +iBy)

Accidental visible symmetries in the general timelike case. The potential (5.29)
is stabilized by a non-trivial continuous subgroup of PSU(1,1) =~ Iso;(D) (and hence
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the corresponding cosmological model also admits visible symmetries) iff the function w
is constant on the unit circle. In this case, the group of visible symmetries of the model
coincides with the stabilizer of V in Iso4 (D). This is an elliptic U(1) subgroup of PSU(1, 1)
which identifies with the stabilizer of the 3-vector B under the adjoint representation:

Stabpsuy(1,1)(VB) = Stabpgy(i,1)(B) =~ U(1)

and is conjugate to the canonical rotation subgroup R through the adjoint action of the
group element U = U(t, a,0):

Stabpsy(1,1)(Ve) = UT'RU .

5.5.2 The case of spacelike A

In this case, there exists U = U(t,a,% — a) € PSU(1,1) such that Ady(U)(B) = B’ =
CBcan, where Bean = (0,0,1) = Ey, C' = +/|(B, B)| and the parameters ¢, a are determined
by the relations:

BY B! B?
t =—arcsinh | ————| , sin(2a)= ——=, c0s(20)= ——or. 5.30
( \(B,B>|> 20) VB} + B3 20 VBi + B3 (530

The canonical spacelike Hesse function. We have:

Ao (1) = oo (1) = —Z2(u) = ——2Y_. (5.31)

This Hesse function has no critical point on D (see figure 8). It vanishes along the horizontal
segment (—1,1) defined by y = 0, being positive in the lower half plane (where it tends to
+oo for p — 1) and negative in the upper half plane (where it tends to —oo for p — 1).
For each A € R\ {0}, the level set Agp1 = A is the intersection with D of the circle with
center u = i and radius Ry = /1 + %, which is the hypercycle consisting of all points of
D located at signed hyperbolic distance dy = — arcsinh(\) from the axis (—1,1).

Fermi coordinates with axis (—1,1). To describe the gradient flow lines of (5.31),
it is convenient to pass to hypercyclic (a.k.a. Fermi) coordinates (1,0) with axis (—1,1).
These are semi-geodesic coordinates defined through:'?

A2
sign(y)adg' arccosh ([ 1+ ﬁ =arccosh /Z0(u)2—E! (u)2 =arccosh /1422 (u)?
\ —p

=1 =1
ngf' arcsinh 2 —arcsinh = (u) =arcsinh | ———r— (w)
WP VW= (w)? =2 (u)?

le.:

S

Z%(u) = coshocosh7, Z'(u) = coshosinh7, Z%(u)=sinho.

2The Fermi coordinate o should not be mistaken with o = \/B? + B3 defined in (5.2).

~32 -



10 05 0.0 05 10

(a) Ao,0,1 on the hyperbolic disk. (b) Ag,0,1 in Fermi coordinates.

Figure 8. Contour plot of the canonical spacelike Hesse function Ag o and of its gradient flow.
The values of the function decrease from lightest brown to darkest green. The figure to the left
is figure 5 recalled here for convenience of the reader. The vanishing locus of the function is the
horizontal segment shown in red. The gradient vector field is shown in purple. The figure to the
right shows only a portion of the (7, c)-plane.

In Fermi coordinates, the metric G = G/3? takes the form:
1
N

We have sign(o(u)) = sign(y) = sign(Z%(u)) and 7,0 € R. The curves o = const are

ds3 [do? + cosh?(o)dr?] .

hypercycles with axis given by the horizontal geodesic (—1, 1), while the curves 7 = const
are hyperbolic geodesics orthogonal to these hypercycles (and hence also orthogonal to the
z-axis). In these coordinates, the point u = 0 corresponds to (7,0) = (0,0) while the
conformal boundary of I corresponds to o2 4+ 72 — 00, being mapped to a circle at infinity
of the (7,0)-plane. The y-axis © = 0 corresponds to the line 7 = 0 while the z-axis y = 0
corresponds to the line ¢ = 0. The squeeze transformation T'(t) € PSU(1,1) acts by:

oco—o, T—T+t.

In particular, the hypercycles with axis (—1,1) are the orbits of the squeeze subgroup 7 of
PSU(1,1) under the action of the latter on D by fractional transformations. Since Agg1 =
—sinh(o), the level sets of the canonical spacelike Hesse function coincide with the curves
o = const, which are hypercycles located at signed hyperbolic distance ¢ from the z-axis.

The scalar potential in the canonical spacelike case. The gradient flow equations
of Ag,0,1 take the following form in hypercyclic coordinates:

do 9 dr
d—q—ﬂ cosh(o), d—q—O,
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with the solution 7 = const and o = 2 arctanh [tan (B q)} = arcsinh(tan(q)), where ¢ runs
in the interval (—m/2,7/2) and we chose ¢ = 0 to correspond to ¢ = 0, i.e. to the unique
point u, = tanh(7/2) € (—1,1) where the gradient flow curve corresponding to 7 intersects
the z-axis. We denote by ~, this gradient flow curve.

We have A = —sinh(o) and equation (3.28) becomes:

dg 1 L 1
dA HdAo,o,1|@ BZ(A2+1)°

Along the gradient flow curve -, which passes through the point u = = + iy = p(cos € +
isinf) € D, we have:

ANaAY 1
AN L og (A2 1) +C(r),
/7) l[dAooallg 262 8 )+

where v(A) = u and where C(7) is a constant of integration which can depend on 7 =

arcsinh <2””> Equation (3.29) gives:

VB, = w(7)cosh?(o) = w(r)(1 + Ap,,, (0)?), (5.32)

ie.
1—22%+2y2 4 p*
(1=p?2

where w € C®(R) is a positive smooth real-valued function defined through w(r) = e28°¢(7).

VBean(1) =0 (1) [14+Ap,,, (0)*]= w(T)

(5.33)

Accidental visible symmetries in the canonical spacelike case. It is clear that
VB.., 1s invariant under a continuous subgroup of isometries of D iff w is independent of 7, in
which case the stabilizer of Vg, coincides with the squeeze subgroup 7 of PSU(1,1). This
corresponds to the group of boosts Adg(T(t)) in the two-plane (X°, X1) of the Minkowski
space RM2 (see appendix B) which stabilize the 3-vector Bea, = (0,0,1). This subgroup is
isomorphic with (R, +). Hence the Hessian two-field model defined by Vg, also admits
visible symmetries iff w is independent of 7, in which case the group of visible symmetries
coincides with 7.

The scalar potential when B = B’ = CBcan. Recalling the relations Vg = Vg,
for B = C'Bcan as well as Ap_,, = Ap//C (where C = +/|(B’, B')|), equation (5.33) gives:

Ap(0)?

VB/(T,O') == (U(T) |:]. + W

] (when Bj = B} =0). (5.34)
Lorentz-invariant form of the scalar potential. When B = B, = (0,0,1), the
hyperbolic angle 7 parameterizes the unit timelike vector np(u) = (cosh 7)Ey + (sinh 7) B,
which lies in the direction of the projection Zp(u) = Z°(u)Ey + Z' (u)E1 of Z(u) onto the
Minkowski plane orthogonal to B (see figure 9).

We have: _
(B,Z(u))B

Ep(u) =EZ(u) + (B.B)

~ 34—



Figure 9. The unit timelike vector ng(u) (shown in gray) determined by the unit timelike vector
Z(u) and by the spacelike 3-vector B (shown in blue). The timelike 3-vector Z(u) is shown in red,
while Zp(u) is shown in orange. As w varies in D, the vector ng(u) describes the hyperbola (shown
in gray) obtained by intersecting the future sheet of the unit hyperboloid with the Minkowski plane
orthogonal to B; one can think of the function w as being defined on this hyperbola.

which gives:

(B,B)|
where we used the relation (2(u),Z(u)) = 1. Thus
np(w)=——22W  _ |BBIEW+BEW)E _ |(BB)IEW+AswE
VEs(w)Es(w)  VBB)+|(B.B)|(B,E(w))* (B.B)*+[(B,B)[Ap(u)?

(5.35)
Since this relation is manifestly Lorentz invariant, it is valid not only for B = B, but also
for any spacelike vector B. In particular, w can be viewed as a function of the unit timelike
vector np and relation (5.34) can be written in the manifestly Lorentz-invariant form:

U 2 u 2
V(1) = w(ng(u)) [1 + I?E(B))I] = —w(np(u)) [?E(B)) - 1] ;

(5.36)

where the quantity % — 1 has the form given in (5.28).

Remark 5.9. Equation (5.20) shows that the general solution of the A-V equation (3.25) for
a Hesse function of spacelike parameter B is obtained by acting on D with the PSU(1,1)
transformation U = U (t,a,7/2—a), with ¢t and a given in (5.30). This amounts to replacing
(7,0) in expression (5.32) by hypercyclic coordinates (7, &) with axis given by the vanishing
locus Zp of the spacelike Hesse function Ap (which is a hyperbolic geodesic). In the new
coordinates, the curves & = const (which coincide with the level sets of Ap) are hypercycles
with axis Zp while the curves 7 = const (which coincide with the gradient flow curves of
Ap) are hyperbolic geodesics orthogonal to these hypercycles (see figure 3). We have:

Ve(z,y) = w(7(z,y)) [1 + (5.37)
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with:

2V/|(B, B)|(B1y—Bax)
\/(B§+B§) [B? (14222 —2y2+p*)+ B3 (1—222+2y2+p*)+4 B2 p> +4Bo (1+p?) (B1z+B2y)+8B1 Bazy|
(5.38)

sinh 7 (z,y)=

Accidental visible symmetries in the general spacelike case. It is clear that the
potential (5.37) is stabilized by a non-trivial continuous subgroup of Iso, (D) ~ PSU(1,1)
(and hence the corresponding cosmological model also admits visible symmetries) iff the
function w is constant. In this case, the group of visible symmetries of the model coincides
with the stabilizer of V. This is a hyperbolic subgroup isomorphic with (R,+) which
identifies with the stabilizer of the spacelike 3-vector B under the adjoint representation:

Stabpsy(1,1)(Ve) = Stabpgu(,1)(B) ~ (R, +)
and is conjugate to the squeeze subgroup 7 of PSU(1,1):
Stabpsy(1,1)(Ve) =U'TU ,
where U = U(t,a,7/2 — a).

5.5.3 The case of lightlike A
In this case, there exists U = U(0,a,0) € PSU(1,1) such that Ady(U)(B) = (C,0,C),

where C' = B and a is determined by the relations:
1 32

sin(2a) = 50 cos(2a) = 50 (5.39)
Using (5.20), we can thus always reduce to the case B = B’ = (C,0,C), while a rescaling

of A allows us to further reduce to the case B = Bean = (1,0,1) = Ey + Es.
The canonical lightlike Hesse function. We have:

2
_ — —2y+1
A 0) = Ara ) = 2(w) - 220) = S22 (5.40)
This Hesse function has no critical points on D and is positive everywhere inside D (see
figures 10 and 4). It tends to +oo at all points of the conformal boundary of D except for
the point up = i, where it tends to zero. For any A € (0,400), the level set Ajg; = Ais a

horocycle with center ug = i.

Horocyclic coordinates centered at i. To describe the gradient flow of Aq 1, it is
convenient to pass to horocyclic coordinates (which we again denote by (7,0)) centered at
u = i. These are the hyperbolic polar geodesic coordinates defined through:

2
def. pr—=2y+1 —_ -
o = log (12> = log [Z"(u) — Z2(u)]
—p
def. 2z = (u)
= = 5.41
e TES =T T 40
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(a) A1 0,1 on the hyperbolic disk.

(b) A1,0,1 in horocyclic coordinates.

Figure 10. Contour plot of the canonical lightlike Hesse function Aj 1 and of its gradient flow.
The values of the function decrease from lightest brown to darkest green. In the figure on the left
(which coincides with figure 4), the single point on the conformal boundary of D where the function
tends to zero is shown as a red dot. The gradient vector field is shown in purple. The figure to the
right shows only a portion of the (7, c)-plane.

ie.:

1 1
20u) = §T2e” +cosho, E'(u) = 1e7, Z*(u) = 57'260 —sinho.

(1]

In particular, we have Ag_,, (u) = Z°(u) —Z2(u) = €. In horocyclic coordinates, the metric
G = G//3? takes the form:

1
P

In these coordinates, the curves o = const are the horocycles centered at u = i while the

dsg (do? 4 e*7dr?).

curves 7 = const are the geodesics normal to these horocycles, which have i as a limit point.
In coordinates (7, ), the disk D is mapped to the entire plane R?, the conformal boundary
of D corresponding to a circle at infinity. The origin of the disk corresponds to the origin
of the (7,0)-plane. The y-axis = 0 is mapped to the o-axis 7 = 0, while the Euclidean
circle of radius 1/2 centered at u = i (which is a horocycle of D) is mapped to the T-axis
o = 0. The interior of this horocycle is mapped to the half-plane o < 0, while its exterior
is mapped to the half-plane ¢ > 0; moreover, the limit « — i corresponds to ¢ — —oo and
T — Fo00, where 7 — 400 if w approaches i from the half-disk defined by Reu > 0 and
7 — —oo if w approaches i from the half-disk defined by Reu < 0. The horocycles with
center i correspond to the curves o = const, while the hyperbolic geodesics which asymptote

to i correspond to the curves 7 = const. The shear transformation P(x) € SU(1, 1) acts as:

oc—o, T—>TH+2K.
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In particular, the horocycles centered at i coincide with the orbits of the shear subgroup
P under the action by fractional transformations. Since A1 = €7, the level sets of A
correspond to the curves o = const, which are horocycles passing through the point i.

The scalar potential in the canonical lightlike case. In horocyclic coordinates, the
gradient flow equations of A take the form:

do = —p3%°, d—T:(),
dg dg

with the solution 7 = const and ¢ = —log [52q+ 1], where we chose the integration
constant such that ¢ runs between —1/3% and +oo, with ¢ — —1/3? corresponding to
0 — 400 and ¢ — 400 corresponding to ¢ — —oo. In the first limit, the gradient flow
approaches a point on the conformal boundary of D where Ajg; tends to plus infinity,
while in the second limit the gradient flow approaches the ideal point u =i (where Aq
tends to zero). The value ¢ = 0 corresponds to the horocycle defined by the equation
o = 0, which is the level set where Ay = 1.

We have A = e = ’)217_752“ and equation (3.28) becomes:

d 11
dx T [[dAroallE T BN

Along a gradient flow curve 7, of Ay which passes through the point ©u = x + iy =
p(cos@ +isinf) € D, we have:

A NAY 1
T = 25 10g(A) +¢(7),
/( [dA 10,13

7) B
where y(\) =wu and ¢(7) is a constant of integration which can depend on 7 = %.
Relation (3.29) gives:
VB (T,0) = w(7)e?7 = w(T)Ap,,, (0)?, (5.42)
ie.
: 2 2
VBeon (1) = (7)€ = w(T) (pz_(fpjl;(?; v W<p2 _223; +1) (pjl__Qypj)? , (5.43)

where the function w € C*°(R) is defined through w(r) = 27%¢(?).

Accidental visible symmetries in the canonical lightlike case. It is clear that
V1,01 is invariant under a continuous subgroup of PSU(1,1) iff w is independent of 7, in
which case the stabilizer of Vj o is the shear subgroup P. Notice that P identifies with
the stabilizer of Bean = (1,0,1) under the adjoint representation Adg of PSU(1,1). Hence
the Hessian two-field model with potential V71 also admits visible symmetries iff w is
independent of 7, in which case the group of visible symmetries coincides with the shear
subgroup P of PSU(1,1) ~ Iso4 (D).
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The scalar potential when B = B’ = CBcan. Recalling the relations Vg = Vg,
for B’ = C'Bcan as well as Ap,,, = Ap//C (where C' = BY), relation (5.42) gives:

(when Bj =0). (5.44)

Lorentz invariant form of the scalar potential. Let =p(u) denote the projection
of the timelike vector = onto the light cone of R12, taken parallel to the lightlike vector
B (hence the 3-vector Zp(u) lies in the intersection of the light cone with the Minkowski
plane spanned by Z(u) and B (see figure 11). We have Zp(u) = Z(u) — B, where o € R
is determined by the condition (Eg(u),=Zp(u)) = 0, which gives a = 2(?13(“)). Thus:

Consider the lightlike 3-vector:

np(w) def. Ep(u) _ 2(B,Z(u))=E(u) — B _ 2Ap(u)=(u) — B
(B,Z(u)) 2(B,=(u))? 2Ap(u)? ’

which satisfies (np, B) = 1 and hence lies inside the affine plane Iz C R"? defined by the
equation (X, B) = 1. We have Ap_,, (u) = (Becan, =(u)) = €7 and:

2 2
_ T“+1 T4 —1
‘:‘Bcan (u) = eU < 2 ?T7 2 > Y

which gives:

241 2 -1
M Bean () = < 5Ty ) :
This shows that the horocyclic coordinate T parameterizes the light-like vector np,, . We
have Ilp_,, = no + Iy, where the 3-vector ng = (1/2,0, —1/2) lies inside the light-cone and
Iy is the linear plane defined by the equation (X, Bean) = 0, i.e. X = X2, The vectors ¢; =
(0,1,0) and ez = (1,0, 1) form a basis of this linear plane. Thus npg_,, (u) = no+v(u), where:

2 2 2
v(u) = <T2,7', 7-2> =Ter + %62 eIy,
which shows that np_,, (u) describes the parabola obtained by intersecting the light cone
with the plane Il . The apex of this parabola is the 3-vector v, which corresponds to
T=0.
In particular, w can be viewed as a function of the unit timelike vector np and rela-
tion (5.44) can be written in the manifestly Lorentz-invariant form:

w)?2
Ve(u) = w(BOnB(u))ABB(g) : (5.45)
where: ,
Ap(u)? _ (Bo(14 p?) + 2Bz + 2Bay) | (5.46)

Bj By (1~ p?)?
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Figure 11. The lightlike vector ng(u) (shown in gray) determined by E(u) (shown in red) and by
a lightlike 3-vector B (shown in blue), where the 3-vector Zp(u) is shown in orange. As u varies
in D, the vector np(u) describes the parabola (shown in gray) obtained by intersecting the light
cone with the plane defined in Minkowski 3-space by the equation (X, B) = 1; one can think of the
function w as being defined on this parabola. The 3-vector ny corresponding to the apex of this
parabola is shown in green. The figure shows the case when B is future-lightlike.

Remark 5.10. Equation (5.20) shows that the general solution of (3.25) for a Hesse function
of lightlike parameter B is obtained by acting on D) with the PSU(1, 1) transformation U :=
U(0,a,0), where a is given in (5.39). This amounts to replacing (7, 0) in expression (5.42)
by horocyclic coordinates (7,5) centered at the point wug el y-1(1) of the conformal
boundary of D where the lightlike Hesse function A p tends to zero. In the new coordinates,
the curves & = const (which coincide with the level sets of Ap) are horocycles centered
at wug, while the curves 7 = const (which coincide with the gradient flow lines of Ap) are
hyperbolic geodesics having up as a limit point. This gives:

)2
Vis(z,y) = w(F(z, y))AB;éy) | (5.47)

where 7(x,y) =4 T(Yu(x + iy)) is given by:
7(z,y) 2By — Bra) (5.48)

" Bo(1+p?) + 2Bz + 2By’

Accidental visible symmetries in the general lightlike case. The potential (5.47)
is stabilized by a non-trivial continuous subgroup of PSU(1,1) ~ Iso; (D) (and hence the
corresponding cosmological model also admits visible symmetries) iff the function w is
constant on R. In this case, the stabilizer of V3 is a parabolic subgroup isomorphic with
(R, +) which coincides with the stabilizer of the 3-vector B under the adjoint representation:

Stabpgu(1,1)(VB) = Stabpsu,1)(B) =~ (R, +).

We have:
Stabpsy(,1y(B) = U~ 'PU,

where U = U(0, a,0).
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5.6 Summary

The results of the previous subsections are summarized by the following theorem, which
gives a complete classification of Hessian two-field models with scalar manifold Dg:

Theorem 5.11. The space of Hesse functions of the hyperbolic disk is 3-dimensional. A

1

basis of this space is given by the classical Weierstrass coordinates Z°, 2!, 22 and the general

Hesse function has the form:
Ap(u) = (B,E(u)) YueD, (5.49)

where = = (2°,21,22) : D — R3 is the Weierstrass map, B = (B, B*, B%) € R3 is an
arbitrary non-vanishing 3-vector parameter and (, ) is the Minkowski pairing of signature
(1,2) on R3. Moreover, the following statements hold for the weakly-Hessian two-field
cosmological model whose scalar manifold is the disk Dg = (D, G), where G is the complete

metric of constant negative curvature K = —%:

1. When B is timelike, the two-field model with scalar manifold Dg admits the Hessian
symmetry generated by (5.49) iff the scalar potential V' has the form:

u)2
Vi (u) = w(np(u)) [1(\2( B)) — 1] , (5.50)

where w € C®(S) is an arbitrary smooth function defined on the unit circle and
np(u) is the 3-vector given by:

(B, B)E(u)=(B,E(u))B (B, B)=(u) — BAp(u)
V(B,B)(B,E(w)?—(B,B)> \/(B, B)As(u)>—(B, B)?

which lies on the circle of unit radius located in the spacelike plane orthogonal to B in

np(u)= (5.51)

RY2 (see figure 7). Here, the function w is thought of as being defined on this circle.
The model also admits visible symmetries iff w is constant, in which case the group
of visible symmetries is an elliptic subgroup of PSU(1,1) conjugate to the canonical
rotation subgroup R ~ U(1); moreover, the group of visible symmetries coincides with
the stabilizer of B under the adjoint representation Ady of PSU(1,1).

2. When B is spacelike, the two-field model with scalar manifold Dg admits the Hessian
symmetry generated by (5.49) iff its scalar potential V' has the form:

U 2
Vi(u) = w(ng(w)) [((\g( B))| + 1} : (5.52)

where w € C*°(R) is an arbitrary smooth function defined on the real line and np(u)
s the unit timelike 3-vector given by:

(B, B)|E(u) + (B,E(u))B __|(B, B)|E(u) + Ap(u)B
V(B,B)*+|(B,B)|(B,E(w))> /(B,B)?+|(B, B)|Ap(u)?

np(u)= (5.53)

which lies on the hyperbola obtained by intersecting the unit hyperboloid with the
Minkowski plane orthogonal to B (see figure 9). Here, the function w is thought of

— 41 —



as being defined on this hyperbola. The explicit form of V in Euclidean Cartesian
coordinates is given in equations (5.37) and (5.38). The model also admits visible
symmetries iff w is constant, in which case the group of visible symmetries is a hyper-
bolic subgroup of PSU(1,1) conjugate to the canonical squeeze subgroup T ~ (R, +);
moreover, the group of visible symmetries coincides with the stabilizer of B under the
adjoint representation Ady of PSU(1,1).

3. When B 1is lightlike, the two-field model with scalar manifold Dg admits the Hessian
symmetry generated by (5.49) iff its scalar potential V' has the form:

(5.54)

where w € C*°(R) is an arbitrary smooth function defined on the real line and np(u)
is the lightlike 3-vector given by:

2(B,=E(u))=(u) — B _ 2Ap(u)E(u) — B
2(B,=(u))? 2Ap(u)? ’

np(u) = (5.55)
which lies on the parabola obtained by intersecting the light cone of R with the
affine plane defined by the equation (X, B) =1 (see figure 11). Here, the function w
is thought of as being defined on this parabola. The explicit form of V in Fuclidean
Cartesian coordinates is given in equations (5.47) and (5.48). The model also admits
visible symmetries iff w is constant, in which case the group of visible symmetries is a
parabolic subgroup of PSU(1, 1) conjugate to the canonical shear subgroup P ~ (R, +);
moreover the group of visible symmetries coincides with the stabilizer of B under the
adjoint representation Ady of PSU(1,1).

In each of the three cases, there exists an orientation-preserving isometry of the scalar
manifold which brings the Hesse generator and the scalar potential to the corresponding
canonical forms (see equations (5.22) and (5.42) for the timelike case, (5.31) and (5.33)
for the spacelike case, (5.40) and (5.42) for the lightlike case).

Notice that Vg depends only on the ray of the 3-vector B in the projective Minkowski
space PRY2. The explicit forms of the scalar potential in the three cases are as follows:

def.

e For timelike B (i.e., for (B, B) ‘= B2 — B} — B2 > 0):

P

BB PR (5.56)

Vi(z,y)=w(0(z,y))
where:
P=(B?+ B2)(14p")+2(B? — B?) (x> —y?)+4B2 p*+4 By (14-p*) (B12+Bay)+8 B1Byxy (5.57)
and:
o) — g sign(Bo) (B1 — iBy) (z + iy) + (1Bol — v/(B, B))
(1Bol = (B, B)) (x + iy) + sign(Bo) (B1 +iBy)

(5.58)
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e For spacelike B (i.e., for B3 — B? — B2 < 0):

- P

VB(LL’,y):W(T(CE,y)) ‘(B B)|(]. _p2)2 ) (559)

where P is given by (5.57) and:

2 B,B)|(Byy— B
7(x,y) = arcsinh (B, Z| ( 1?; 22) (5.60)
(Bi +B3)P
e For lightlike B (i.e., for B3 — B — B3 = 0):
i Bo(1 + p?) + 2Bz + 2Byy)*
VB($,y) = W(T(x7y)) ( B2(1 — p2)2 ) ) (561)
0
where:
2(Byy— B

Fa,y) = (Biy — Bya) (5.62)

N B(](l + p2) + 2B1x + 2Boy '
6 Hessian models for the hyperbolic punctured disk

In this case, all Hesse functions are rotationally-invariant. Taking C' =1 in (4.19), we find
that the gradient vector field of the Hesse function A = e~#" has the following components
in the rescaled normal polar coordinates (r,6):

(gradgA)" = —Be "
(glradgA)‘9 =0. (6.1)

_Q”eﬁr, the level sets of A are Euclidean circles centered at the origin of D*,

Since p = e
while the gradient flow curves are half lines passing through the origin (which corresponds
to r — +00); the gradient curves flow from the outer component of the conformal boundary
of D*, which is the Euclidean circle of radius 1 corresponding to » — —oo. The gradient

flow equations of A:
dr

dr _ o —gr 40 _
dq e, dq 0
give 6§ = const and:
1
=14 g — q:?<eﬁr—1) , (6.2)

where we chose the constant of integration such that r|;—9 = 0, i.e. such that p|s—0 =

e~2™; this amounts to using the Euclidean circle Cy of radius 00 def. e 27 (which has unit
hyperbolic circumference) as a section Q for the gradient flow. We have:

/qA('ﬂq’))dq’ = /q e Ir@dq = /q 4= Eog (14 82%) = L)
0 0 o 1+5% B2 3

Relation (3.27) gives:
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where we used equation (4.20) and we defined w(#) & V(r,8)|r=0 = V(p,0)|p=p,- Notice

that w (which can be viewed as a smooth function defined on the unit circle) can be
identified with the restriction of V' to the circle Cp, which plays the role of section for the
gradient flow of A.

The space of Killing vector fields of D* is generated by 0y, which is a visible symmetry
iff 99V = 0, which amounts to the condition that w be independent of . The following

statement summarizes these results:

Theorem 6.1. The space of Hesse functions of the hyperbolic punctured disk is one-
dimensional, being generated by:

27
[log p|
where (r,0) are polar semi-geodesic coordinates for the complete metric G of Gaussian

curvature —f3? = —3/8. For C # 0, this Hesse function generates a Hessian symmetry of
the two-field cosmological model with scalar manifold D7 iff the scalar potential has the form:

A=ePr= (6.4)

28r __ 47'('2

V(r,0) =w@)e " = W(G)W (6.5)

where w € C*(SY) is an arbitrary smooth function defined on the unit circle (viewed as a
2m-periodic smooth function of the polar angle 0). In this case, the corresponding Hessian
symmetry is generated by the vector field:
A 4 1 4
Ou + 5&)

Xy = — A= 5, 2
A= 750~ aperad (ﬁ a3/? [\ﬂ togpl 1 a3/2

When w is not constant, the space of Noether symmetries of such a model is one-
dimensional and coincides with the space of Hessian symmetries, being spanned by the
vector field Xx. When w s constant, the model also admits visible symmetries, whose
generators form a one-dimensional vector space spanned by Oy. In this special case, the
space of Noether symmetries is two-dimensional and admits a basis given by the vector
fields X and 0Op.

The radial profiles of A and V' are plotted in figure 12.

7 Hessian models for the hyperbolic annuli

In this case, all Hesse functions are rotationally-invariant. Using (4.25) with C'=1, we find
that the gradient vector field of A=sinh(/5r) has the following components in normal polar
coordinates (r,#) for the metric G of Gaussian curvature —32:

(gradgA)" = B cosh(pr)

(gradgA)? = 0. (7.1)
The gradient flow equations of A:
d de
d—g = —Bcosh(Br), i 0 (7.2)
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(a) Plot of A(p)/C. (b) Plot of V(p,0)/w(h).

Figure 12. Plot of the radial profiles of A/C and V for the hyperbolic punctured disk.
give § = 6y = const and:

tanh(8r/2) = —tan(3%q/2), (7.3)

where we chose the gradient flow parameter such that r|,—o = 0 (i.e. plg=o = 1) and we

dr 2 . tanh or ;
/Cosh(ﬂr)—ﬁarcan[an <2>]+cons.

In this case, the section Q for the gradient flow of A is the Euclidean circle C of radius

used the formula:

p =1 (which separates the two funnel regions of A(R)). Using (7.2), more precisely:
1 /

df =———d
4 3 cosh(Br’) "o

gives:

! Mg = [ si Mg = -+ Tan r’ r’:—io cosh(Br
| s0w@ar = [snargnar = -5 [ (@ = -5 g feosh(an)] - (7.4

0

Hence, relation (3.27) implies:
w(0)

V(r,0) = w(@)teOg[COSh(’B’")} =w(h) coshQ(ﬂr) =t
cos? (%\ log p\)

(7.5)

where we defined w(f) & V(r,0),—0 = V(p,0)|p,=1. Notice that w can be viewed as a

smooth function defined on the unit circle, which identifies with the restriction of V' to the
Euclidean circle C.

The space of Killing vector fields of A(R) is generated by 0dp. The latter is a visi-
ble symmetry iff 0pV = 0, which amounts to the condition that w be independent of 6.
Summarizing everything, we have:

Theorem 7.1. The space of Hesse functions of the hyperbolic annulus A(R) is one-
dimensional, being generated by the function:

A = sinh(fr) = tan (Z log p) , (7.6)
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(a) Plot of A(p)/C. (b) Plot of V(p,8)/w(6).

Figure 13. Plot of the radial profiles of A/C and V on the hyperbolic annulus of modulus
u=2log?2 (i.e. for R = 2). In this case p runs from 1/2 to 2.

where (r,0) are polar semi-geodesic coordinates for the complete metric G of Gaussian
curvature —3%> = —3/8. This function generates a Hessian symmetry of the two-field
cosmological model with scalar manifold Ag(R) iff the scalar potential has the form:

w(0)

V(r,0) = w(f) cosh?(Br) = ———————,
cos? <%| logp|)

(7.7)

where w € C*(SY) is an arbitrary smooth function defined on the unit circle (viewed as a
2m-periodic smooth function of the polar angle 0). In this case, the corresponding Hessian
symmetry is generated by the vector field:
A 4 sinh(Sr)
XA = %aa — mgradl\ = T&l — 45
s
:tan<ulog,o>a - 4824 P 5
va ¢ T ) a32"
When w is not constant, the space of Noether symmetries of such a model is one-

dimensional and coincides with the space of Hessian symmetries, being spanned by the
vector field Xn. When w is constant on S, the model also admits visible symmetries,

cosh(pr)

a3/ Or

whose generators form a one-dimensional linear space spanned by O0y. In this case, the
space of Noether symmetries is two-dimensional and admits a basis given by the vector

fields X and Op.

The radial profiles of A and V are plotted in figure 12 for the hyperbolic annulus of
modulus p = 2log?2 (i.e. R = 2).

8 Conclusions and further directions

We studied time-independent Noether symmetries in two-field cosmological models, show-
ing that any such symmetry decomposes as a direct sum of a visible and a Hessian symme-
try. While visible symmetries correspond to those isometries of the scalar manifold which
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preserve the scalar potential (and in this sense are “obvious” symmetries), Hessian sym-
metries are “hidden” in the sense that they are not apparent upon direct inspection. We
showed that any Hessian symmetry is determined by a generating function A. The latter is
a Hesse function of the scalar manifold (3, G = 2G), i.e. a real-valued function A defined
on ¥ and which obeys the Hesse equation of (X,G) (a certain second order linear PDE
for A which involves the rescaled scalar manifold metric G = %g). Moreover, the scalar
potential V' of a model which admits a Hessian symmetry must obey the A-V equation (a
certain first order PDE for V' which involves A and G).

When the scalar manifold metric G is rotationally invariant, we showed that the two-
field model admits a Hessian symmetry iff ¥ is a disk, a punctured disk or an annulus and
G is a complete metric of Gaussian curvature K = —%, i.e. iff the model is an elementary
two-field a-attractor in the sense of reference [22], for the particular value oo = 8/9 of the
a-parameter. In all cases, we determined the explicit general form of the scalar potential
V' which is compatible with a given Hessian symmetry. We also discussed the special cases
when such a model also admits a visible symmetry. Finally, we discussed the integral of
motion of a Hessian symmetry — showing that it allows one to simplify the computation
of the number of e-folds along cosmological trajectories.

The present paper opens up a few avenues for further research, some of which we plan to
address in future work. First, we will show in a separate paper (using a more general frame-
work) that the classification of Hessian models given in this paper is in fact valid without
assuming rotational invariance of the scalar manifold metric. One can also show that the ex-
istence of a Hessian symmetry enables an effective one-field model description (as far as one
is concerned with determining classical trajectories) for each fixed value of the correspond-
ing integral of motion,' a fact which has interesting implications for contact with observa-
tional data. Furthermore, the approach of the present paper can be extended to the study of
symmetries in n-field cosmological models, for which it leads to a rich mathematical theory.

Another direction for future studies concerns the possible embeddings of such models
into supergravity or string theories, where we expect them to arise as points of “enhanced
symmetry” in the moduli spaces of various compactifications. It is also worth noting that in
recent years there have been a number of investigations of novel behavior arising from non-
trivial angular motion in two-field models on the hyperbolic disk (see references [31, 40-46]).
Our results provide a vast arena for even deeper and more involved studies along those lines.
Indeed, having a Noether symmetry enables one to find exact (as opposed to numerical)
solutions of the cosmological equations of motion, in particular obtaining explicit expres-
sions for the Hubble parameter as a function of time; see [20] (as well as [47] and references
therein, in the context of extended theories of gravity). This would facilitate investigating
with analytical means a variety of new regimes of expansion. It would be especially inter-
esting to find new non-slow-roll inflationary regimes, which are perturbatively stable and
produce a nearly scale-invariant spectrum of fluctuations (as needed for consistency with
observations). Even for single-field models, such a regime was established only relatively re-

13 Although, of course, the fluctuations of both real scalar fields would be important, for example, for
addressing the issue of perturbative stability of a given trajectory.
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cently [48, 49]. For two-field models the problem is more challenging, but may also present
new opportunities. As already mentioned, the presence of a Noether symmetry in the class
of models, considered in the present paper, may prove to be of great help in that regard.

It would also be interesting to explore whether the present work can be useful for a
wider program (which was touched upon briefly in reference [16]) aimed at studying mul-
tifield cosmological models with methods from the geometric theory of dynamical systems
(see [19] for an introduction). As pointed out in [16], the dynamics of such models is quite
rich and in particular it is amenable to certain methods originating in asymptotic analysis.
It would be interesting to gain a deeper understanding of the simplifications which the
presence of a Hessian symmetry may afford in that context. We hope to report on these
and related problems in future work.
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A  Geometric formulation of the method of characteristics

In this appendix, we recall the geometric formulation of the method of characteristics for
solving a first order PDE of the form:

ixdf =g (A.1)

for an unknown smooth function f € C>°(X) defined on a manifold ¥, where X is a vector
field given on X, g € C*°(X) is a given function and ¢x denotes contraction with X. The
method relies on the observation that the identity Lx = dvx +¢xd allows us to write (A.1)
in the equivalent form:

Lxf=gy, (A.2)

where Lx is the Lie derivative with respect to X. This shows that f is determined by the
flow of X as follows. If v : [t1,t2] — X is a flow curve of X (i.e. dé—g) = X (v(t))), then (A.2)

gives:14

t2
F0(2) = F2(t) = [ g, (A3)
t1
which allows one to determine f if the flow of the vector field X is known.
As an example, notice that equation (3.25) can be written in the form (A.1) by setting
[ =logV, X = gradglogA = % and g = 232, in which case one can easily see

“Recall that (Lxf)(v(t) = X(N(1) = (dy o HEXGB) = (oo /) (L) = & PG

48 —



that (A.3) is equivalent with (3.27) upon taking into account that the flow parameter ¢
of the vector field gradglogA is related to the gradient flow parameter ¢ of A through
dt = —Adg.

B Orientation-preserving isometries of the hyperbolic disk

The group Iso4 (D) = Iso,(D) of orientation-preserving isometries of the Poicaré disk identi-
fies naturally with the group PSU(1,1) as well as with the connected component SO,(1,2)
of the Lorentz group in three dimensions. In this appendix, we recall these well-known
identifications in the conventions used in the present paper.

The group SU(1,1). Consider the matrix:

Jdgf, [1 0 ]7
0-1

which satisfies JT = J = J~!. Recall that SU(1,1) is the closed subgroup of SL(2,C)
defined through:

def.

SU(L,1) = {U € Mat(2,C) ] Ut =JU'J & detU =+1},

Let @ def- [1 ' Then SU(1,1) can be identified with SL(2,R) through the Cayley

il
isomorphism:

SU(1,1) > U — QUQ ! € SL(2,R). (B.1)

The complex parameterization of SU(1,1). We have:
SU(1,1) ={U(n,0) ’77,0 cC: ‘77‘2 — ‘0‘2 =1},

where:

def. |1 O
U(n,o) = [077] )

The following relations hold in this parameterization:

U(na U)_l = U(ﬁ’ *O-) ’ U(777 U)T = U(ﬁ’ U) ’ (U(nv U)_I)T = U(na *U)

The group of orientation-preserving isometries of . Consider the non-linear ac-
tion (i.e. morphism of groups ¢ : SU(1,1) — Diff(D)) given by fractional transformations:

_nu+o

= D B.2
volw) = ZEE (weD), (B2
where 9y & (U). This action is non-effective with kernel given by {—1I, Io}. It descends

def.

to an effective action of the group PSU(1,1) =" SU(1,1)/{—12, Iz}, which we denote by
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¢ : PSU(1,1) — Diff(D). Then the image of v coincides with the group Isoy (D) = Iso,(D)
of orientation-preserving isometries of the Poincaré disk:

$(PSU(1, 1)) = Isoy (D)

and the isomorphism of groups obtained by co-restricting ¢ to its image intertwines the
action of PSU(1,1) by fractional transformations and the tautological action of Iso4 (D) on
D. Thus Isoy (D) identifies with PSU(1, 1) and its tautological action identifies with the
fractional action of the latter.

Remark B.1. Notice the relation:

Oultor (u)] = w VueD. (B.3)

The angle-boost parameterization of SU(1,1). One can also parameterize the ele-
ments of SU(1, 1) by unconstrained quantities ¢t € R>g and a,b € R/(27Z) defined through:

n = cosh(t/2)e!*, o = sinh(t/2)e?,

so that:
h 9 ia inh 2 ib
Uty = | RO sl
sinh(t/2)e ' cosh(t/2)e ¢

Then ¢ is called the boost parameter of U, while a and b are called its angle parameters.
Notice the relations:

Ult,a,b)™ =U(t,—a,m +b), U(t,a,b) =U(t,—a,b), (U(t,a,b) Y =U(t,a,7m+b).

and
U(t,a,b) = R(a+b)T(t)R(a — ). (B.4)

Canonical subgroups. The map R:R/(47Z) ~ U(1) — SU(1,1) defined through:

€SU(L,1) (0 € R/(47Z))

is an injective morphism of groups whose image R (called the subgroup of rotations) is the
U(1) subgroup of SU(1,1) defined by ¢t = 0 (with a = §/2), which acts on D by rotations
around the origin:

R(0) e u = ue? .

This coincides with the elliptic subgroup of all transformations which fix the origin of D.
Since the map R is a deformation retract, we have m (SU(1,1)) ~ 71 (U(1)) ~ Z.
On the other hand, the map 7' : R — SU(1, 1) defined through:

def. cosh(t/2) sinh(t/2)

TO = Gnn(t/2) cosh(t/2)

(t € R) (B.5)
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is an injective morphism of groups from (R, +) to SU(1,1) whose image T is called the

squeeze subgroup. The squeeze subgroup is the hyperbolic subgroup consisting of all trans-

formations which fix the points © = +1 and u = —1 on the conformal boundary of D.
Finally, the map P : R — SU(1, 1) defined through:

def.

P(x) (B.6)

1+ik K
—K 1—-ik

is an injective morphism of groups from (R, +) to SU(1, 1) whose image P is called the shear
subgroup. The sheer subgroup coincides with the parabolic subgroup of SU(1, 1) consisting
of all transformations which fix the point u = i on the conformal boundary of D.

Remark B.2. An arbitrary parabolic element II € SU(1, 1) can be parameterized as:

def.
=Tk, v) = ike ¥ 1—ix

1+1ik — i/fei’/’]

where k € R and ¢ € R/(27Z). In this parameterization, we have P(k) = II(k,7/2).

Conjugacy classes of SU(1,1). Any elliptic element PSU(1, 1) conjugates in PSU(1, 1)
to a rotation, while any hyperbolic element is conjugate to a boost. Moreover, any parabolic
element conjugates to Py or — P, where:

P (0= |1 T2 T2
i/2 1-1i/2
More precisely, we have:
1. If E € SU(1,1) is elliptic, then E = VR()V ! with V = 11‘ > [_ ] where
1P | a

a € C and 0 € R. In this case, we have tr(E) = 2cos(%).

: : 1 . 1 e 3 ae 2
2. If H € SU(1,1) is hyperbolic, then H= VT (t)V~" with V= o | i 0 |,
Mt e’z ez
where o € C, t > 0 and 6 € R. In this case, we have tr(H) = 2 cosh(%).
3. If T = I(x,¢)) € SU(L,1) is parabolic, then II = +VPV-! with V =

e/2cosh(z)  e¥/?sinh(x)
2 2 = . i
U(‘T7 1/}/ ) 1/)/ ) [ 6_17/)/2 Slnh(ﬂf) e_lw/2 COSh(CU)
we have tr(IT) = £+2.

] , where x = log(2k). In this case,

The Lie algebra and adjoint representation of SU(1,1). The 3-dimensional real
Lie algebra of SU(1,1) is given by:

su(1,1) = {A € Mat(2,C) | AT = —JAJ & tr(A) =0},

with the Killing form:'®
(A, A = 4tr(AA"), (B.7)

15The isomorphism of groups (B.l) induces an isometry between the Lie algebras su(1,1) and sl(2,R),
where each Lie algebra is viewed as a quadratic space when endowed with its Killing form.
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which is non-degenerate and of signature (2,1). When endowed with this pairing, the Lie
algebra of SU(1,1) becomes a three-dimensional Minkowski space and the adjoint repre-
sentation Ad : SU(1,1) — Autr(su(1,1)):

Ad(U)(4) &

UAU', YU €SU(1,1), VAcsu(l,1). (B.8)
identifies with the group of proper and orthochronous Lorentz transformations of this space.
It is convenient to perform these identifications in two steps.

First, consider the linear isomorphism F; : Mat(2, C) = Mat(2, C) defined through:

Fy(4) " AT,

NG
which identifies su(1, 1) with the following linear subspace of Mat(2, C):

suy(1,1) < Fy(su(1,1)) = {Z € Mat(2,C) | 2" = Z & t2(JZ) = 0}
and transports the Killing form (B.7) to the opposite of the following bilinear form defined
on suy(1,1):
1
(2,2, < Sr(J2I2"). (B.9)
Next, notice that a matrix Z € Mat(2, C) satisfies the two conditions ZT = Z and tr(JZ) =
0 iff it can be written as:

def. X0 X'4ix?
o xt—ix?2  xO '

for some unique real 3-vector X def. (X% X' X?) € R3. This gives a linear isomorphism
Z :R3® 5 suy(1,1). The bilinear form (B.9) corresponds through this isomorphism to the
canonical Minkowski pairing of signature (1,2) on R3:

def.

(Z(X),Z(Y)); = (X,Y) = XYV - Xyt - X?v2. (B.10)

Hence Z allows us to identify (suy(1,1),(, )s) with the three-dimensional Minkowski
space R1Y2 = (R3,(, )). Combining the above shows that the composite map Z o Fj :
(su(1,1),(, )x) — RY2? is an isomorphism of quadratic spaces.

The linear isomorphism Fj : su(1,1) — suy(1,1) transports (B.8) into the equivalent
representation Ad s el FjoAd(U)oF;':SU(1,1) — Autg(suy(1, 1)), which acts through:

Ady(U)Z2)=UzJU YT =UZU".

Since Fj is an isometry and the adjoint representation preserves the Killing form (B.7), it
follows that Ad; preserves the bilinear form (B.9):

(Ad(U)(Z),Ad (U)(Z')g = (2,2));, ¥Z,Z' €suy(1,1), YU € SU(1,1).
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Now the linear isomorphism Z : R?® = su;(1,1) transports Ad; to an equivalent represen-
tation Ady & Z1 o Adj(U)o Z :SU(1,1) — Autg(R?), which acts though:
Z(Adg(U) (X)) = Ady(Z(X)) =UZ(X)U', VX eR®, YU e SU(1,1). (B.11)
Since Z is also an isometry, it follows that Ady preserves the Minkowski pairing (B.10):
(Ado(U)(X),Ado(U)(Y)) = (X,Y), VX,Y €R® VU €SU(1,1).

Hence the operators Ady(U) are three-dimensional Lorentz transformations. The fact that
(, ) is Adp-invariant amounts to the (, )-orthogonality condition:

Ado(U)Y = Ado(U) ™! iee. Adg(U)Y = Ado(U™Y), VU € SU(1,1), (B.12)

where AV € Endg(R?) denotes the adjoint of a linear operator A € Endg(R?) with respect
to the Minkowski pairing (B.10). Since PSU(1,1) is connected, the image of Ady coincides
with the connected component of the identity SO,(1,2), which is the group of proper and
orthochronous Lorentz transformations in three space-time dimensions. Since Adg(—12) =
idps, we have an induced morphism of groups:

Adp : PSU(1,1) — SO,(1,2), (B.13)
It is a classical fact that (B.13) is an isomorphism of groups.
Remark B.3. Notice the relation:
det Z(X) = (Z(X), Z(X)); = (X, X) = (X)2 = (X)2 — (X2)2

Explicit expressions for Adg(U). The explicit form of the morphism of groups Ady :
SU(1,1) = SO¢(1,1) can be determined using relation (B.11). In the complex parameter-
ization of SU(1,1), this gives:!®

nl* + o[> 2Re(o)  2Im(ijo)
Adg(U) = | 2Re(no) Re(n? + o?) Im(a? — n?) (B.14)
2Im(no) Im(n? + o?) Re(n? — o?)

while in the angle-boost parameterization one has:

cosh(t) cos(a—b)sinh(t) —sin(a —b) sinh(¢)
Ado(U) = | cos(a+b)sinh(t) cos(2a)cosh® (L) +cos(2b)sinh® () sin(2b)sinh?® (%) —sin(2a) cosh? (%)
sin(a+b)sinh(t) sin(2a)cosh? (%) +sin(2b)sinh?(%) cos(2a)cosh?(§) —cos(2b)sinh® (%)
(B.15)
In particular, we have:
(1 0 0 cosh(t) sinh(¢) 0
Ado(R(#)) = | 0 cos(f) —sin(6) | , Ado(T'(t)) = | sinh(¢t) cosh(t) 0| ,
0 sin(f) cos(0) 0 0 1
(262 4125 —2r2
Ado(P(k)) = 2k 1 —2r | . (B.16)
2k% 2k 1 — 2K7

Y5Notice that Im(fjo) = Im(co)Re(n) — Im(n)Re(o).
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Thus R(f) acts as a counterclockwise rotation by @ in the spacelike (X!, X?) plane which
fixes the time axis, while T'(t) acts as a boost transformation'” in the direction X! which
fixes the spacelike coordinate X2. Notice that R(f), T(t) and P(k) fix respectively the
three-vectors (1,0,0), (0,0,1) and (1,0, 1).

The hyperboloid model and the Weierstrass map. Consider the future sheet of the
unit hyperboloid (X, X) = 1:

ST X eR (X, X)=1 & X°>0} = {X e R*| X = /T + (X1)2 + (X2)2}.

Let z < x1 4 iX?2, so the condition (X, X) = 1 amounts to (X°)? = 1 + |Z|2. For any

X € ST, define:

dof. Z  X'+ix?
YTXOET T X0+

Then the condition (X%)2 = 1 + |Z|? amounts to:

eD. (B.17)

’|2_X0—1 o 1+]ul?
X0 +1 1= |uf?
This implies 1 — |u|? = XOLH’ whereby (B.17) gives:
2u
L =—D7.
1 —fuf?

Thus ST is diffeomorphic with D through the Weierstrass map = : D — S™, which is given
by:

(1]

1 2 9 21
() % < + |ul Reu mu > (B.15)

T—|ul*’ 1= |u*” 1 — |ul?
The components =Z°(u), Z'(u), Z2(u) (which are not independent but satisfy the relation
[Z%u)]? = 14 [EY(u)]? + [E2(u)]?) are the classical Weierstrass coordinates of u € D. The
Weierstrass map can be viewed as a projection of the disk D from the point x = (—1,0,0)
onto S*. Direct computation shows that the Weierstrass map has the equivariance prop-
erty:

EWu(u)) = Ado(U)(E(w)), YueD, YU € SU(1,1), (B.19)

where 9 is the fractional action (B.2) of SU(1,1) on D.

C Solution of the Hesse equation for rotationally-invariant surfaces

For a rotationally-invariant surface (X,G) with ¥ € {C,D}, the Hesse equation (3.22) is
equivalent with the first three equations of the system (4.5):
3
&Ang

f _
0,0 — 5500\ = 0 (C.1)

!
%A+§&A:gm.

'"The Lorentz factor of this boost is T = cosh(t) > 1 while its speed in units where the speed of light

equals one is v = /1 — 5 = tanh(t). We have T = ﬁ
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It is convenient to define det- 3 (see equation (3.20)). Recall that a rotationally-

invariant metric G on D has the form (4.1):
dsg = dr® + f(r)d6?,
where f: Rsg — Ryq is a smooth positive function.

C.1 Solving the Hesse equation

Proposition C.1. Assume that G is a rotationally-invariant metric on ¥ € {C, D} Then
the Hesse equation (3.22) for (3,G) (which is equivalent with the system (C.1)) admits
non-trivial solutions iff the Gaussian curvature K of G satisfies:

3
K=-p>=-=%.
g 8
In this case, the radial function f has the form:
f(r) = [A1 cosh(Br) + Ay sinh(8r)]? , (C.2)

where Ay and As are real constants which are not both zero. When f is given by (C.2),
the general solution of (C.1) is as follows:

1. If |A1| < |Asz|, the general solution is:
A(r,0) = Bjcosh(Br) + Bysinh(Br) +
+( cos <,8 AZ—A3(0 — 90)) [A1 cosh(pBr) + Ag sinh(Br)] (C.3)
where € R/(27Z), ¢ > 0 and Ay, As, Bl, By are constants subject to the condition:
A1B) = AyBs, (C.4)

which tmplies:
’Bl‘ > ’BQ‘ (C5)

In this case, the constants Bl and Eg can be written as:

o def. . A1B1 — A2Bo o def. . A1B1 — ABo
B = A ——+—~+B By = Ap——~— -~ +B C.6
1 1 A% — A% + 1 2 2 A% — A% + 2 ( )
where By and By are arbitrary constants.
2. If |A1| > |Asz|, the general solution is:
A(r,0) = B cosh(Br) + Bysinh(Br), (C.7)

where By and By are given by (C.6) and hence satisfy (C.4), which implies:

|Bil < |Byf (C.8)
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3. If Ay = €Ay with e € {—1,1}, then the general solution is:

A(r,0) = B[cosh(Br) + esinh(Br)] = { gzﬁ;r ZZ z ji , (C.9)
where B’ is an arbitrary constant.
Proof. The first equation in (4.5) gives:
A(r,0) = ©1(0) cosh(fr) + O2(0) sinh(Sr) (C.10)

where ©1, 02 € C*°(S!,R) are arbitrary real-valued smooth functions defined on the circle,
i.e. 2w-periodic smooth functions of 6.
The second equation in (4.5) can be written as:

Or log?j? 0

and hence gives:
(GpA)(r,0) = C(0)\/f(r)

for some smooth function C € C*°(S!,R). Using (C.10), this relation becomes:

v f(r) = A1(0) cosh(Br) + A2(0) sinh(pr) , (C.11)

where A4;(0) e (2‘((9)) for i = 1,2. Since cosh(fr) and sinh(fr) are functionally independent

on the interval (0, +00) (they have non-vanishing Wronskian determinant), condition (C.11)
requires that Al,Ag are independent of # and hence that they are constant. Indeed,
differentiating (C.11) with respect to r gives:

f'(r)
28/ f(r)

Relations (C.11), (C.12) can be viewed as a system of two linear equations for A;(#) and

= A;(0) sinh(Br) + A2(0) cosh(pr) . (C.12)

Az (0), whose discriminant equals:

cosh(fr) sinh(f5r)

W= det [sinh(ﬁr) cosh(fr)

] = cosh?(Br) — sinh?(fr) = 1.

Hence the unique solution of this system is:

'(r)
\/7

= f/(r) COS 7" \/ Sln 7’

Since the right hand side of these equations depends only on r while the left hand side

A1(0) = \/ f(r)cosh(pr) — sinh(Sr)

depends only on 8, we conclude that A; and As must be constant. Thus:

@1(9) = AlD(Q) + By, @2(9) = AQD(@) + By, (013)
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where Bi, By are constants and D € C*°(S!,R) is any fixed primitive of C(#). Moreover,
condition (C.11) becomes (C.2). Notice that A; and Ay cannot both vanish since f(r) is
strictly positive for all r > 0. Thus:

A2+ A2>0.

Using (C.2) in equation (4.2) shows that the Gaussian curvature is fixed to the value:

Kg=-3%= —g. (C.14)
Combining (C.10) and (C.13) gives:
A(r,0) = [A1D(0) + Bi] cosh(fr) + [A2D(0) + Bs]sinh(pr) . (C.15)

It remains to analyze the third equation in (4.5). Substituting (C.2) and (C.15) in
that equation gives:

[A} cosh(Br) + Ay sinh(Br)] [D"(0) + B*(A3 — A7)D(0) — B*(A1 By — A2B,)| = 0.

Since A3+ A3 # 0, this is equivalent with the following second order linear inhomogeneous
ODE with constant coefficients:

D"(0) + B*(A3 — AHD(0) = B*(A1 By — A3Bs). (C.16)

Differentiating this with respect to 6 shows that D’ satisfies the corresponding homogeneous
second order ODE:
D" (0) + B*(A3 — A2)D'(h) = 0. (C.17)

Since D(#) is periodic, the same is true of D’(f). Hence D’ must be constant or the
characteristic equation of (C.17) (viewed as a second order ODE for D’) must have non-
vanishing imaginary roots. We therefore distinguish the disjoint cases:

(a) The characteristic equation of (C.17) has non-zero imaginary roots, i.e. we have:
’Al‘ < ‘AQ’ . (C.18)

This implies Ay # 0 since A; and Ay are not both zero. In this case, setting D(f) =
E9) + % shows that (C.17) is equivalent with the homogeneous equation:
2 1

E"(0) + 8%(A3 - ADE®B) =0,
whose general solution is:
E(0) = ¢y cos <B AZ — A2 9) + (o sin (B A2 — A2 9> ({1, 2 = const) .

Hence the general solution of (C.16) takes the form:

. A1B1—AsBy

DO=""5— +<1cos</3 A%—A%H)Jrcgsin(ﬂ A%—A%H). (C.19)
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Let ¢ Y \/CZ+ 2 > 0 and 6 € [0, 27) be defined through:
¢ = Ceos <B 43 A%eo) . G = —Csin <ﬁ T A%eo) |

where we take 6 0 when ¢ =0. Then (C.19) takes the form:

_ AlBl — AQBQ

D(0) = A2 A2 + ( cos {ﬂ A2 — A3(0— 90)} .

Performing a shift & — 0 — 6y of the angular coordinate 8, we can assume without
loss of generality that 8y = 0, which we shall do from now on. Then (C.19) becomes:

. A1By — Ay By

D(9) = a2 T ¢ cos [B A2 — A2 9] , (C.20)
2~ A4

while (C.15) becomes (C.3), where By and By are given by (C.6) and hence are
subject to condition (C.4). This condition implies (C.5) upon using the relations
‘Aﬂ < ’AQ‘ 7é 0.

(b) D’ is constant and the characteristic equation of (C.17) has real roots. In this case,

we have:
|A1] > |Ag]. (C.21)
Since A; and Ay are not both zero, relation (C.21) implies A; # 0. (C.16) and (C.17)
become:
(A3 — AHD = A B — AsBy, (A2 - A?)D' =0. (C.22)

Distinguish the sub-cases:

(b.1) |A1| > |Az2|. Then the second equation in (C.22) gives D' = 0 (i.e. D is constant),
while the first equation gives:

D— A1By — A3 By
A3 A

In this case, relation (C.15) gives (C.7), where B; and By are defined
through (C.6) and hence satisfy (C.4), which implies:

|Bi] < | By (C.23)

upon using the relations |A2| < |A1] # 0. Notice that (C.7) can be obtained
by formally setting A1 = A2 = 0 in (C.3) (in which case (C.4) is automatically
satisfied) and replacing condition (C.5) with (C.8).

(b.2) |A1] = |A2|. Since A3 + A2 # 0, we must then have:

Ay =€A1 #0,
where € € {—1,1}. On the other hand, the first equation in (C.22) gives:

By =€B;. (C.24)
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In this case, D is an arbitrary constant and (C.15) gives (C.9), where:

Bdgf. A1D + By,

so B is an arbitrary constant. Notice that (C.9) can be obtained by formally
setting Ay = Ay = 0 in (C.3) (in which case (C.4) is automatically satisfied)
and replacing condition (C.5) with:

|Bi| = |Ba|. (C.25)

Both sub-cases (b.1) and (b.2) of case (b) can be recovered by formally setting
A; = Ay = 0 in (C.3) (in which case (C.4) is automatically satisfied) and replac-
ing condition (C.5) with:

|By| < |Bal. (C.26)

O]

Remark C.2. Notice that (C.16) can also be obtained by setting r = 0 in the second
equation of (4.5). Using the relations:
A(0,0) = A1D(0) + By, (0rA)(0,0) = B[A2D(0) + B]
£(0) = A7, f'(0) = 284, 4,
this gives:
Ai[D"(0) + B*(A3 — A})D(0) — B*(A1B1 — A3 By)] = 0.
C.2 Reduction to standard cases

Condition (C.14) shows that the rescaled metric G defined through:
G=G/B? ie. G=p%G
satisfies K¢ = —1 and hence it is a hyperbolic metric on ¥ € {C,D}. We have:
dsg = B%dsg = dr? + f(r) do?,

where:

r < ar (C.27)

is the hyperbolic normal radial coordinate (i.e. the normal radial coordinate on (X,G))
and:

def. r . 1
Py L 25 () e 500 = g hatin).
5 B
Since we require G (hence also G) to be complete, well-known results from the theory
of hyperbolic surfaces (see appendix D) imply that (X, G) is isometric with either of the

following:

e The hyperbolic disk D
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e The hyperbolic punctured disk D*

e A hyperbolic annulus A(R) of modulus p = 2log R, where R > 0.

Hence we can always reparameterize the radial coordinate r so as to bring dsZ to one of

the following four forms:

1. The hyperbolic disk:

dsZ = dr? + sinh?(r) d6? C.28
G

In this case, we have: fs(r) = sinh?(r) and:

I :
f(r)= ?sth(Br) ie. A1 =0& A2 =1/5. (C.29)
Since |A1| < |Az|, the general solution has the form (C.3):
A(r,0) = By cosh(Br) + gsinh(ﬁr) cos(0 — 6p) , (C.30)

where we noticed that condition (C.4) requires By = 0. Here B is an arbitrary
constant while ¢ > 0. One can also write A in Euclidean polar coordinates (p, §) on
D, which are related to the normal polar coordinates (r, ) of G through (cf. egs. (D.5)
and (C.27)):

1 1+p

2
p =tanh(pr/2) € [0,1) <= 1r = 3 arctanh(p) = 5 log =, €10,400). (C.31)
Substituting this in (C.30) gives:

Bo(1 + p*) + (2¢/B)p cos(8 — bo)
1— p?

A(p,0) = . (C.32)

Defining;:
B = écos 0y, By = ésin&o, (C.33)

this can also be written as follows in Euclidean Cartesian coordinates x = p cos# and

y = psinf on D:
Bg(l + p2) + 2B1x 4 2Byy

where p = /22 + 2.
. The hyperbolic punctured disk:
1
2 _ 1.2 —2r 192
dsg = dr* + (271')26 dé (C.35)
In this case, we have f3(r) = ﬁe‘h and:
flr)= ! e je A =—-A b (C.36)
~ (2np)? R ‘

— 60 —



Since A2 = —A;, the general solution (C.3) has the form (C.9) with e = —1:
A(r,0) = Be™?" (C.37)

where B is an arbitrary constant. One can also write A in Euclidean polar coordinates
(p,0), which are related to the normal polar coordinates (r,6) of G through (cf.
egs. (D.7) and (C.27)):

. 1 1
p= e 2" ¢ (0,1) <= 1r=—log [ o p| € (—00,00). (C.38)
I5) 27
Substituting this in (C.37) gives:
o B
A(p, ) = ——. C.39
)= Tlog (€59
. A hyperbolic annulus:
dsZ = dr? + e cosh?(r) d6? (C.40)
G (2m)2 ’ ’
. . . _ 2 2 .
where ¢ > 0 is given by (D.10). In this case, we have fz(r) = B2 cosh®(r) and:
f(T)_LCOShQ(BT‘) ie A —L&A =0 (C.41)
_(27'(‘ )2 .€. 1_271‘/8 2 =0. .
Since |A1| > |Az|, the general solution has the form (C.7):
A(r,0) = Bysinh(Br), (C.42)

where we noticed that relation (C.4) gives B) = 0. Here By is an arbitrary constant.
Relation (C.6) gives By = By. One can also write A in Euclidean polar coordinates
(p,0), which are related to the normal polar coordinates (r,6) of G through (cf.
egs. (D.9) and (C.27)):

— & arccos —t—— 1 1
p=ce " (COSh(ﬁT)> <= r=—arccosh | —— | € (—oo0,+0) (C.43)
p cos (1|logp|>
m
Substituting this in (C.42) gives:
A(r,0) = By tan <” log p) . (C.44)
W

D Elementary hyperbolic surfaces

A complete and connected hyperbolic surface (X, G) is called elementary if it coincides with

either of the hyperbolic disk D, the hyperbolic punctured disk D* or one of the hyperbolic
annuli A(R). Here R > 1 and A(R) denotes the hyperbolic annulus of modulus 1 = 2log R.
These three surfaces are defined as the following open subsets of the complex plane with

complex coordinate u:
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e DY (ueC|0<|u <1}

o DY D\ {0}
e AR)® {ueC|L<|u <R}, where R>1,
endowed with the following hyperbolic metrics:
4
2 2, 2302
ds3. = ———(dp? + p2de? D.1
b = Glog ) ) (B1)

)  \? dp?+ p2de?
Ui = 2lg R oz 1%
B [ocos (34|
where p def. |u| and § = arg(u) are polar coordinates in the complex plane.

Elementary hyperbolic surfaces admit special semi-geodesic coordinates (r, 6) in which
the hyperbolic metric takes the form:

ds? = dr? + f(r)d6?, (D.2)

where f is a smooth real-valued function which is strictly positive everywhere and satisfies
the condition:

O*VE
— = Vf. D.3
5z = VI (D3)
More precisely, one has (see [22]):
e hyperbolic disk D:
ds? = dr? + sinh?(r)d6?, (D.4)
where: "
r = 2arctanh(p) = log - Le (0, +00) . (D.5)
e hyperbolic punctured disk D*:
2 2, € o
dsh. = de? + s, (D.6)
where: |
r = log ('ng|> € (—o0,+00) . (D.7)
2m
e hyperbolic annulus A(R):
ds? = dr? + e cosh?(r)d#? (D.8)
. (2m)? ’ '
where:
1
r = sign(r) arccosh € (—o0, +0) (D.9)

Ccos (%| log p|)
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and the positive quantity £ is given by:

71-2

= logR~

(D.10)
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