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1 Introduction

Recently the problem of computing the four-point functions of 1/2-BPS operators in pla-
nar NV = 4 SYM at strong coupling has received new attention, due to the appearance
of a surprisingly simple formula for the correlators of arbitrary weights in Mellin space,
conjectured by the authors of [1, 2], generalizing the equal-weights formula from [3]. This
conjecture, based on symmetry and physical assumptions, matched all the examples known
then in the literature [4-10], including the infinite family studied in [10]. However, the fact
that all these examples are in one way or another degenerate has led to the need for further
testing. The first step in this direction was to prove that one of the assumptions on which
the work in [1, 2] was based, namely that the four-derivative Lagrangian in the effective su-
pergravity action vanishes in general, holds. This statement, which was already observed in
all the concrete examples [4-10], was recently proved in [11]. The next test was to check the
conjecture on less degenerate cases, which was recently initiated in [12] by computing the
(2345) and (3456) correlators. These functions consist of all-different weight operators and
are far from the extremality condition. It was shown that these correlators perfectly match
the Mellin formula. Apart from that, the algorithm of computing supergravity correlators
from the compactified string action was significantly simplified, opening the possibility for
calculating more complicated cases.

The knowledge of more complicated four-point functions could be used to further test
the Mellin conjecture [1, 2], but also to probe the non-planar spectrum of N'=4 SYM by
computing 1/N corrections around the supergravity correlator [13—16].

In this work we combine the simplifications, obtained in [12], with the harmonic poly-
nomial formalism [17, 18]. The latter formalism provides a further significant simplification
of the computational algorithm, allowing us to find the four-point functions of CPOs for
practically any given weights. We discuss the explicit computation of all the correlation



functions with weights up to 8 as well as (7101217) and (17212325). This is a ma-
jor improvement over the previously available set of correlators. We furthermore check
whether these correlators match the Mellin conjecture. We make all the results available
in a database attached to this publication.

This paper, which follows the notation from [12], is organized as follows: in section 2
we recall how to compute four-point correlation functions from the type-IIB supergravity
effective action. In section 3 we discuss how one can use the harmonic polynomial formalism
to simplify the computation of the a, p and ¢ tensors. In section 4 we discuss how we use this
to compute new correlation functions. In particular, we discuss that all these new examples
match the Mellin conjecture from [1, 2]. In section 5 we conclude. In the appendix we
discuss a way to obtain coordinate-space four-point functions from their Mellin-space form.

2 Four-point functions from type I1IB supergravity

The central objects of our study are the four-point correlation functions in planar N = 4
SYM theory in the strong coupling limit!

<k1k2k3k4> = <@k1 (xh tl) T @k4 (1'4, t4)>7 (2'1)

where the z; are the space-time coordinates and the t’s are six-dimensional null vectors
introduced to keep track of the R-symmetry. Here, the operators Oy, are 1 /2-BPS operators
of conformal weight k, transforming in the representation of SO(6) specified by the Dynkin
labels [0, k,0], and are in general mixtures of single- and double-trace operators [19]:?

Oc =T (o(0)) = 30 M oo (600) T (o)), (22)

2N
k1,k2>2
k1+ko=k

where ¢(t) :== ¢;t’, the ¢; are the scalar operators of N' = 4 SYM, the r; are normalization
constants and the Ay i, 1, are fixed real numbers.

According to the AdS/CFT correspondence [20-22] these operators are dual to the
Kaluza-Klein modes of compactified type-IIB supergravity on AdSs xS® . When computing
the four-point function of such operators, the boundary values of the Kaluza-Klein modes
act as sources with the generating functional being given by the on-shell value of the string
partition function exp(—Syp). This approach warrants knowledge of the supergravity
action up to fourth order in the fields, which was obtained in [23-25]. In these works
explicit expressions were obtained for the coupling constants in the effective action in
terms of so-called a, p and ¢ tensors which are effectively Clebsch-Gordan coefficients for
the representations of SO(6). Nevertheless, since the action, which splits into a contact
and an exchange part, is still very complicated and finding the a, p and ¢ tensors requires
additional work executing the algorithm to compute four-point functions from this action
is far from trivial.

We follow the notation from [12].
2See section 7 of [12] for a more elaborate discussion using the notation used in this paper.



Recently in [12] significant simplifications of this algorithm were obtained: the first
simplification makes it possible to bypass having to write the full Lagrangian down, which
becomes unpleasant very fast because of the growing number of descendants coupled to
scalars in the cubic terms. Instead, the streamlined procedure allows one to obtain the
four-point function for a given set of weights straight away. For example, the contribution
to the non-normalized correlator, coming from the exchange terms, can be written as the
following sum of the s, t and u channels:

<k1 k2 k3 k4 > Exchange

LD, alslsdy I o Ty ol I 0, k44
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LI, plalslirk
A A Vi kakoks

Here the exchange Witten diagrams, S, V and T are multiplied by the corresponding
combination of quadratic couplings ¢ and cubic couplings S,7T,®, A,C and G that were
derived in [23-25]. The exchange Witten diagrams can be expressed in terms of exchange
integrals. A simple method to compute them was developed in [26] and further general-
izations appeared in [6] and [8]. The appearing sums run over the possible set of exchange
fields in the relevant channel restricted by the SU(4) selection rule.

Finding the contact part also forms no difficulty once all the quartic couplings are
computed, as was discussed in [12]. Therefore the main remaining difficulty in computing
the correlator sits in finding the a, p and ¢ tensors that form the building blocks of the
couplings. Their explicit expressions depend on the chosen weights and their computation
becomes complicated quite quickly. In [12] we discussed how one can simplify the proce-
dure outlined in [6] somewhat by carefully analyzing the sums over the symmetric group
necessary in doing the tensor contractions.



3 Harmonic polynomial formalism

However, the computation of the a, p and ¢ tensors simplifies incredibly in the harmonic
polynomial formalism, developed in [17, 18] and applied to compute some supergravity
correlators in [9, 10]. It turns out that, after an appropriate normalization, the a, p and ¢

(

. . a,b . .
tensors can be expressed as harmonic polynomials Yy, )(J, 7) in the new variables o and 7

_ t13to4 _ t14t23

= and T= ,
t12t34 t12t34

where tij = ti . tj, (31)

which carry the non-trivial dependence on the null vectors ¢;. These functions are gener-
alized eigenfunctions of the SO(6) Casimir operator L?, satisfying

L (155050 (0,7) ) = ~2Cumtath V50 (0 7). (3.2)
with Ch,, being the corresponding eigenvalue. Moreover, one can solve this equation [18]
and find that the Yé;i{b) can be expressed explicitly in terms of Jacobi polynomials Py(la’b):

2(n+Dl(a+b+n+1)! (a,b)
(a4 Db+ 1)ma+b+2n+2)1 "™

y (@b) (o,7) =

nm

(o,7), (3.3)

where (...),, is the usual Pochhammer symbol and

P ) PV () — P () P ()

PY (y 5) = 5 , 3.4
(v,9) —- (3.4)
which can be related to the original ¢ and 7 variables via
1 _ 1 _
o=2(+1@F+1) and 7= (1-y)(1-7). (3.5)

It was discussed in [10], that the product of C' tensors appearing in the product of scalar

a1250345, vector tiostsss and tensor piaspsss harmonics for arbitrary weights with fixed
3 (avb)

exchange leg k5 are proportional to these Yy, :

I ~Ia ~T I3 ~Ig ~I b

1250315 ~ (CLLCLECH o vh1om ) (CRCHC o ramo) = TBaY w0,
Iy I I3 I, ,b

tastass ~ (CLCECh arrom N CECHCh ippamn)) = TBY NN e (36)
Iy ~Io AT I3 ~Ig ~I _ (a,b)

P125P345 ~ <Ckick30[2,a+b+2m,2]><Ck§0kic[2,a+b+2m,2]> = TBmeZLzm’

where the t-dependent prefactor T is given by

k1+kotkg—ky

T = t]f%tlf3t(1l4t34 ’ (3.7)
and ks satisfies
ks=a+b+2m, ks=a+b+2m+1 or ky=a+b+2m+2 (3.8)

for some nonnegative integer m respectively. The proportionality coefficients I3 were worked
out in [10]: given a set of weights ki, ko, k3, k4 ordered such that

_k1+k4—k2—]{73 b_k2+k4_k1_k3
= 5 , = 5

(3.9)

a



are nonnegative®> and an intermediate weight ks satisfying (3.8) they take the follow-

ing form:
B — aos1laslagsslassy!
“ alblls! ’
B, = (kt') + 1)(01251 - %)!(04512 — %)!(a453 _ %)!(a534 o %)| (3 10)
e a'b‘k5' ) .
B — 9. azs1!as12!ogs3lasss!
P alblks! (ks + 1)1
where aj23 = klﬂgﬂ This now allows for a straightforward evaluation of aisosasss,

t195t345 and piospsas for any weights as all the complicated tensor structure is captured
by Jacobi polynomials. To obtain the corresponding tensors in the ¢ and u channel, e.g.
a135a245 and ai45a935, one simply reshuffles the ¢;.

4 Results

Computation. The aforementioned simplifications, obtained in [12], in combination with
the harmonic polynomial formalism reviewed in the previous section allow one to compute
any supergravity four-point function of the CPOs in (2.1) of given weights in very little
time. We implement the entire algorithm in Mathematica and compute all the non-trivial
connected four-point functions (kjkoksks) with 2 < k1 < ko < k3 < kg < 8 (94 in total
and including 64 previously unknown correlators), which can be found in the database
attached to this publication. Additionally, we compute two very high-weight cases, namely
(7101217) and (17212325). The computation of these latter correlation functions takes
1 minute and 40 minutes, respectively, on a standard computer.

Verification. We have checked all of these four-point functions except for the high-
weight case (17212325) for consistency with the structure predicted by superconformal
symmetry, see e.g. [27], using the method described in [12]. In order to find this structure
one should extract the free part of the correlator: in principle the free part can be computed
straightforwardly by performing Wick contractions between extended CPOs. However, in
our implementation we find the free part from requiring consistency with superconformal
symmetry: after reducing the D-functions the difference between the four-point function
and the prediction from superconformal symmetry splits naturally into four parts as

Fy (%,0,7) + By (£,0,7)logu + F3 (%,0,7)logv + Fy (&, 0,7) Di111, (4.1)
where u, v are the usual conformal cross-ratios

2 .2 2 .2
PEDYY Ti4T
1234 1423 (42)

at323, w1323
and the F; are rational functions of the x;. The undetermined free part is contained
completely in F; and its vanishing can be used to determine the free part. The vanishing
of F3 34 is independent of the free part and provides a non-trivial check that the computed
correlator is indeed consistent with superconformal symmetry.

3This might require a shuffle {k1, k2, k3, ka} — {ks, ka, k1, k2}, which is certainly possible in all cases.



Mellin representation. We can go one step further by checking whether the correlator
matches the conjectured formula from [1, 2]. In order to do this we first reorder the full
correlator (kjkoksks) such that the weights satisfy k1 > ko > k3 > ks (which we will
distinguish by writing G, k,ksk, instead) and then, following [1, 2], write the correlator as

Grhakk (T2 ) = Ak kokaka (Z,F) Gy kokaha (1,0, 0, 7)., (4.3)

where the overall prefactor Ag, k,ksk, depends on the weights as in (4.9) of [2]. One can
decompose Gy, koksky 85

f
gk1k2k3k4 - gkiesgkg,m + RH, (4'4)
where
R=7+(0—-0—7)v+ (-1 —or +1)u+ (0? — 0 — o7)uv + ov? + oru?. (4.5)

The conjecture from [1, 2] is a simple formula for the dynamical function A in Mellin space
up to an overall weight-dependent normalization, which was later determined in [16].

Using the free part extracted in the verification process we can easily find an expres-
sion for RH. We can furthermore find # in terms of D functions by solving a set of linear
equations obtained from the decomposition into different tensor components. This expres-
sion can directly be Mellin-transformed and compared to the conjectured formulae and we
find agreement for all checked correlation functions: these are all the 91 (of which 61 new)
correlation functions with weights up to and including 8 except for the three with lowest
weight k1 > 7,% as well as (7101217). In particular, we find agreement with the derived
normalization function from [16], which in our notation becomes

24k koksky

ki,ko, ks, kg) =
f( 1, 2,y R3, 4) (k47k3+k27k1>| <k4+k371€2*k1)| <|k4—k3—k2+k1|)' (L . 2)|
D) ! 3 ! 3 ! !

with L as in [2]:

Ky if k1 + kg < ko + ks
L(k17k27k37k4) = (47)
W otherwise

Database. With this publication® we include a database of all the non-trivial correlators
(k1...kq) with 2 < ky < k2 < k3 < kg < 8. Moreover we include the results for the high
weight cases (7101217) and (172123 25). For each correlation function there is a subfolder
with the name kq_ko_k3_k4 containing up to five plain txt files:

e Fullcorrelatork;_ko_ks_k4.txt contains the full correlator as we compute it directly
from the action, in the notation from [12],

e Freepartk) _ko_ks_ks.txt contains the free part as we extract it from consistency
with superconformal symmetry (also in the notation from [12]),

4This exception is due to computational limits
5The database can be found in the arXiv submission of this paper.



e Hky_ko_ks_k4.txt contains a coordinate-space expression for the dynamical function
H in the notation of [1, 2] as it follows from our direct computation,®

e HfromMellink _ko_k3_k4.txt contains a much shorter coordinate-space expression
for H in the notation of [1, 2] and has been derived from its Mellin-space form (the
construction of which we discuss in the appendix) and checked against the result of
our direct computation,

e RZconjk;_ko_ks_k4.txt contains two entries: if this four-point function coincides with
the Mellin conjecture the first entry is yes and if not it would read no. The second
entry is the value for the overall scaling function f(ki, k2, k3, k4).

5 Conclusion

In this work we have demonstrated that the simplified algorithm obtained in [12] together
with the harmonic polynomial formalism allows one to compute any four-point function of
CPOs of reasonable weights very fast. For example, now the computation of the (71012 17)
correlator takes only a minute. Attached to this publication we provide a database of all
the correlators with weights up to and including 8. As an application of this new simplified
algorithm we confirm for most of these correlation functions that they match the Mellin
formula from [1, 2], thereby further corroborating this hypothesis. These new correlators
go far beyond the previously known set of four-point functions.

One could use the discussed simplifications to derive a closed formula for the coordinate
space correlation function from the supergravity action, which could in turn be used to
prove the Mellin conjecture in full generality. The main remaining obstruction sits in
the fact that the correlation function cannot at present be written as a closed formula in
terms of D-functions: the representations appearing in the tensor product decomposition,
parametrizing both the couplings and the exchanged fields, depend on the external weights
in an intricate way and the exchange Witten diagrams are found algorithmically.
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A Deriving coordinate-space expressions from Mellin space

Given a coordinate-space expression for the dynamical function H of a correlation function

Z ey kokska (U, V) Dty kg + Z Dk koksks (U, V), (A1)

5This expression has not been simplified and is therefore much longer than what is predicted from the

Mellin-space conjecture.



where the sums are finite and run over the k; and a and b are rational functions of v and
v and we suppress their polynomial dependence on ¢ and 7, it is straightforward to find
the corresponding Mellin-space expression: as discussed in [2] we can consistently send the
functions b to zero and use that

dsdt s_51+8y t_Ag+Ag <—8+A1—|—A2> <—8+A3—|—A4>
2 2 I T

DA1...A4(U/,U) =2 ?EUQ V2 5 5
2 2
XF(S‘i‘t—QAz—AzL)F(s—l—t—2A1—A3)7

to find the Mellin transform M [H] of H, defined as

dsdt s_Fk3tkg t _ min(ky+kg,ko+k3)
H = ——u§7T+LU§7f

N 2 2 M [H] (Svt)rk1k2k3k47 (Ag)

with L defined in (4.7) and

—s+ ki +k —s+ks+k —t+k1+k
= (24 ) (k) (s

XF(—t+k2+k3>r(5+t+4—k2—k4>r(s+t+4—k1—k3).

2 2 2
(A4)

However, finding an expression of the form (A.1) by inverse-Mellin transforming M [H] is
not a straightforward task, but it can be done. To see how one can do this we only need
to consider a single summand in the Mellin representation of a correlator: so let us for

simplicity assume
1

(S — So)(t — to)(ﬂ — ﬂo) ’
with @ = k1 +ko+ ks + ks —4—s—1t and sg, to, g non-negative integers. In order to inverse

M [H] ~ (A.5)

Mellin-transform such an expression we will consider part of the integrand in (A.3), namely

D'k kokska
—. (A.6
(= w0t~ to)(@ — 7o) !
If we manage to rewrite this expression as a linear combination of the I'y p,psps, €ach
summand in that sum gives rise to an integral of the form (A.2) after an appropriate

identification of the A; with the p;. Therefore, the problem of finding a coordinate-space
expression is reduced to finding a linear combination of I',, ,p,p, such that

Tkykoksk
(3 _ So)(tl—Qt;)?ﬂ _ 710) = Z CP1P2PSP4FP1P2PSP4> (A7)
where the ¢ are numbers and the sum is finite over the p;. The representation on the
right-hand side of (A.7) is usually not unique, which reflects the fact that the D functions
are not independent.



The first step towards an expression as in the right-hand side of (A.7) is to rewrite
its left-hand side as a pure product of gamma functions and linear factors. This can
be done by applying the basic property zI'(z) = I'(x + 1) repeatedly to some of the
gamma functions in the numerator, such that finally factors in the numerator cancel the
denominator. For example

F(_s2+5) _ —s2+3 —82+1F(—82+1) _ _1_8+3F —s+1
(s —1) (s —1) 2 2 2 '

(A.8)

This yields the intermediate form

—s+s8  —SH+sy—t+ti —t+t, —d+a —d+y
I Ty ey g

C D(z1)...D(xg), (A.9)

with C' some constant and z1 2 a linear factor in s, x3 4 a linear factor in ¢ and x5 a linear
factor in %. Note that it could happen that each of the three sets of prefactors in s, ¢ and
u might be empty. Suppose first for simplicity that there is only one factor %“1 Let us
consider the linear equation
6
% = Z )\z$z (A.lO)
i=1
for the six unknowns A;. Working out the arguments xz; one sees that there are four
independent equations (one for s, ¢t and @ and one for the constant part), such that we are
guaranteed a solution. With this solution we can now rewrite

6 6
%F(m) . T(xg) = z; NaiD(x1) ... Dwg) = z; AT(z1) ... D(a; +1)...T(xg)

Z Z (A11)
and see that we have succeeded in our goal: by repeating the procedure described above
recursively for the list of factors in (A.9) we can find a linear combination of products
of gamma functions that are equal to (A.6), such that we have found a representation as
in (A.7). Exchanging sum and integral we find that each summand is of the form (A.2) such
that after matching the coefficients we find an expression for the inverse Mellin-transform
in terms of D functions.

We have applied this algorithm to all the correlation functions in our database and
included the result in the database. All cases have been checked explicitly with our
coordinate-space results. In some cases it is possible that a more minimal representa-
tion exists, but due to the automatized nature of our application this is unavoidable. It is
noteworthy that in exchanging the sum and integral during this procedure we do not run
into any domain issues that exist for the full correlator as described in [2] that give rise to
the free part upon inverse Mellin-transforming. After all, all we are doing is rewriting the
integrand using a global property of the gamma function.
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