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1 Introduction and summary

1.1 Background

The ten-dimensional type II superstring theories contain a rich variety of extended objects
such as the D-branes and the NS5-brane. The tension of a Dp-brane is proportional to g;
(gs: string coupling constant) and that of the NS5-brane is proportional to g; 2.

It is conjectured that string theories are related by discrete non-perturbative dualities.
When we compactify M /string-theory to lower dimensions, the U-duality group is enlarged
and can relate objects that were not related in higher dimensions. That is to say, it
can occur that, by a duality transformation, an extended object is mapped to a “non-
geometric” one, being the latter an object that is not a solution of the higher-dimensional



supergravity theories. This is a consequence of the geometric formulation of supergravity
theories: the transition functions that are needed to “glue” the patches of the manifold on
which the theory is defined do not contain the U-duality group transformations. Moreover,
if we compactify the theory, the tension of the dualized extended object can change and
be proportional to ¢¢ with o < —3. These objects are known as the exotic branes [1-7],
and in this paper we are going to revisit various aspects of them.

Conceptually, exotic branes should not be considered that exotic: because they are
obtained by duality transformations, their role is as important as the standard branes.
Usually, the charges of these solutions are determined by the non-trivial monodromy that
appears when we go around them. For example, let us consider type II supergravity on a
T? with an NS5 brane extended along the external directions. The resulting background
obtained after performing two T-dualizations is the so-called 53-brane background. This
background exhibits a non-trivial monodromy when going around the brane, which is
not captured by the symmetries of the supergravity theories. The flux! induced by this
background, the so-called @Q-flux, is the field strength of an antisymmetric object ™",
which is related by T-duality to the Kalb-Ramond B-field. That is to say, the 53 background
is the source of the Q-flux, as it is magnetically coupled to the potential 3™".

Just like the Dp-brane is electrically coupled to the Ramond-Ramond (R-R) (p +
1)-form potential, in general, exotic branes are electrically coupled to mixed-symmetry
potentials. In a series of works [8-17], it has been shown that there exists a one-to-
one correspondence between exotic branes and some mixed-symmetry potentials that are
defined in ten dimensions. A classification of mixed-symmetry potentials (and thus of exotic
branes) has been done by considering different arguments. Firstly, the F1; conjecture [18—
21] (see [22—24] for recent studies) allows one to predict the spectra and degeneracy of all
possible mixed-symmetry potentials of any multiplet at any dimension. This prediction is
based on the analysis of roots and weights of the U-duality group at any dimension [25—
30]. Lately, the so-called wrapping rules were formulated [11, 17, 31-33]. This set of rules
allows one to construct a set of mixed-symmetry potentials, depending on the type of T-
and S-duality transformations that one performs. This approach is in full agreement with
the predictions given by the F;; decomposition method.

Despite the study of the mixed-symmetry potentials allows to elucidate the spectra of
exotic branes for any dimensions, we still lack a method to generate these backgrounds.
Because the geometric isometries of supergravity are not enough to cover generic U-duality
transformations, we would require a theory in which dualities are true symmetries. For
example, we can consider extended field theories, such as Double Field Theory (DFT) [34—
51] and Exceptional Field Theory (EFT) [18, 52-65], which are manifestly T-duality- and
U-duality-symmetric theories, respectively.

In the formulations of DFT and EFT, some additional coordinates have been added
in order to realize a manifest duality symmetry. In this case, the usual spacetime co-
ordinates and the dual coordinates, known as the winding coordinates, are on the same

!"'We will consider fluxes as some field strengths with indices in the internal directions that have a non-
trivial background value. Global treatments are omitted.



footing. Because dualities are isometries of these theories, we should be able to realize the
exotic branes that are obtained upon a chain of dualities as solutions within this theory.
To consistently formulate DFT/EFT, we demand a constraint on the dependence of the
fields on the full set of coordinates. The so-called section condition (SC) imposes some
restrictions among the physical and the winding coordinates, in such a way that when
fields depend on all the physical coordinates, the usual supergravity theory is recovered.
Nevertheless, there exist other solutions to the SC which imply that the fields can depend
on the winding coordinates. In particular, it is known that solutions of the SC that allow
the fields to depend on the winding coordinates reproduce the Romans massive type ITA
supergravity [66] (see a derivation from DFT [67] and a modified EFT called XFT [68]) or
the type IIB generalized supergravity equations (GSE) [69, 70] (see a derivation from (a
modified) DFT [71, 72] and EFT [73)]).

Because DFT/EFT are duality-symmetric theories, they should be the appropriate sce-
narios to describe the set of exotic branes that can be obtained by duality transformations
(see [74] for a recent study on exotic branes in EFT).

The choice of a solution of the SC in which fields can depend on winding coordinates
implies the existence of isometry directions along some physical coordinates. Then, we can
think of these theories as effective lower-dimensional theories such that, when uplifted to
ten/eleven-dimensional supergravities, they exhibit the isometry directions. Such isometry
directions are determined by a set of Killing vectors, which become crucial in the description
of these massive or deformed supergravities [75, 76]. The first formulations of these theories
were prior to the DFT/EFT formulations. The case of the GSE [69, 70] and its derivation
from DFT [71, 72] or EFT [73] is one of the most recent examples that have been worked
out in the literature.

As mentioned above, because of their isometry directions, these deformed supergravi-
ties can be understood as effective lower-dimensional theories with massive deformations.
Such deformations can be studied systematically: using the embedding tensor formal-
ism [77, 78] and constructing the tensor hierarchy of a theory, one can scan all the possible
deformations of a particular lower-dimensional supergravity. Then, a dictionary between
the fluxes associated to these deformed supergravities and the embedding tensor is esti-
mated.

It is the purpose of this paper to establish a systematic way of studying the exotic
branes and their expected-to-be one-to-one related objects. Based on the above arguments,
we guess that the distinct formulations of exotic branes, mixed-symmetry potentials and
the massive supergravities are closely related. We would like to fill the gaps among these
three approaches and establish precise mechanisms to show their equivalence.

In this paper, we firstly generate the full web of exotic branes by applying U-duality
transformations to standard branes. We only consider a subgroup of the U-duality group,
which consists of the T- and S-duality transformations. As we could expect from the
finiteness of the U-duality group for d > 3, we have obtained a finite set of exotic states,
which have been classified into different orbits.

After fully determining the web of branes, we find a systematic way to generate the
exotic-brane backgrounds as solutions of duality-symmetric theories, namely DFT or EFT.



Being a U-duality-symmetric theory, EFT is the appropriate framework where to describe
these backgrounds. Starting from a fully geometric brane background, we should be able
to perform T- and S-duality transformations to generate the dualized backgrounds. To do
so, we need to understand how duality transformations act on both the fields that enter
the EFT and on the winding coordinates. That is to say, firstly, we rewrite the usual 7T-
and S-duality rules in terms of the supergravity fields that appear in the M-theory and
type IIB parameterizations of EFT. Secondly, we apply the duality transformations on the
generalized coordinates. Because we start from geometric solutions that correspond to the
standard branes, the sections (i.e. solutions of the SC) for the obtained solution are T™- and
S-duality-related to the geometric section.

The dictionary between the supergravity fields and the dual (or the non-geometric)
fields in DFT/EFT allows us to calculate the non-geometric fluxes. We find a relation
between the non-geometric fluxes and the mixed-symmetry potentials obtained from the
F11 decomposition and the wrapping rules.

Finally, we find a mechanism to systematically obtain ten/eleven-dimensional deformed
supergravities that exhibit some isometry directions. The number of isometry directions
depends on the specific solution of the SC, which will pick the non-physical coordinates
that the fields can depend on. In general, we would like to engineer a systematic way
to generate deformed supergravities that contain each of the exotic domain-wall branes
as a solution. For instance, a relation between the domain-wall solutions and deformed
supergravities has been suggested in [14].

1.2 Main results

In this subsection we summarize the results that we have obtained.

In section 3, by brute force application of the S- and T-duality transformations, we
have generated the full web of supersymmetric branes for each p-brane multiplet at any
dimension d > 3. In this classification, we have distinguished the defect, domain-wall
and space-filling brane types (which have codimension 2, 1, and 0, respectively) from the
standard branes. In (3.13), (3.14), and (3.15), we have shown the spectrum of all the M-
theory branes, type ITA branes, and type IIB branes. In figures 1-20, we have generated
the web of type II branes and shown the T-duality and S-duality chains of transformations
that relate them. At any dimension d > 3, we have obtained the spectra of exotic branes
for any p-brane multiplet together with their degeneracies, which are given in appendix C.

In section 4, by utilizing the manifest O(d,d) T-duality symmetry of DFT, we have
obtained some known domain-wall solutions, the D8 solution and the 53 solution (also
known as the R-brane solution). In order to obtain the backgrounds of the full web of
branes, T-duality is not enough. That is to say, to generate the whole T-duality orbits of
figures 1-20 which only contain domain-wall and space-filling branes, we additionally need
S-duality transformations. By S-dualizing some elements of the orbits containing standard
and defect branes, we generate the orbits spanned by domain-wall and space-filling branes.

Then, in section 5, by making use of S- and T-duality transformations, we have ob-
tained the full web of branes as solutions of EFT. We have shown that to obtain the



exotic branes as EFT solutions, we have to systematically apply S- and T-duality trans-
formations on both the EFT generalized metric and the set of coordinates defined in EFT.
Unlike the well-known defect-brane solutions, the obtained solutions include the explicit
linear winding-coordinate dependence, while satisfying the SC.

In terms of the dual fields in EFT, we have calculated all the non-geometric fluxes for
each exotic brane in the web. Similar to the fact that the defect branes can be regarded
as the magnetic sources of the globally non-geometric fluxes, the domain-wall branes are
identified as the magnetic sources of the locally non-geometric R-fluxes. We have proposed
suitable definitions of the R-fluxes in the Fgg) EFT that transform covariantly under U-
duality transformations. Then, we have shown that the domain-wall-brane solutions in
EFT contain constant R-fluxes.

We have clarified the relation between the non-geometric fluxes associated to each
brane and the mixed-symmetry potentials predicted in the literature. In particular, we have
shown that the non-geometric fluxes in EFT are dual to the field strengths of the mixed-
symmetry potentials. To do so, we have to extend the electric-magnetic duality transfor-
mation of the mixed-symmetry potentials that was conjectured in DFT [79] to the EFT
formulation, for both the M-theory/IIB parameterizations. The electric-magnetic duality
transformation in EFT involves the dual spacetime metric, as it occurs in the DFT case.

Finally, in section 6, we have discussed various deformed supergravity theories, which
generalize the Romans massive IIA supergravity. As mentioned earlier, these theories can
enjoy one or more isometry directions, each of them characterized by a Killing vector. For
a given exotic brane, we have provided a prescription to identify the lower-dimensional
deformed supergravity theory that realizes that background. While standard and defect
branes do not exhibit any dependence on winding coordinates, this is not the case for
the domain-walls and the space-filling branes. The winding-coordinate dependence of the
domain-wall solutions are transmuted into the R-fluxes (or the gaugings), which character-
ize the deformations of the supergravities, and the domain-wall solutions in the deformed
supergravities are independent of the winding coordinates. That is to say, the dependence
on the winding coordinate is encoded in the deformation parameter of the correspond-
ing supergravities. We have reproduced several known domain-wall solutions in certain
deformed supergravities, which include known solutions in [76].

In summary, in this paper, we have explicitly established one-to-one mappings among
several topics,

exotic mixed-symmetry deformed
— < (R-fluxes] « .
Edomain—wall branesj [ potentials supergravities

Nevertheless, several question remain unclear. Let us elaborate on them.

1.3 Future directions

Let us comment on several open questions that have not been addressed in this paper.
In this work, we have concentrated on the branes which are connected through Weyl
reflections (which is a part of U-duality transformations). For the disconnected “missing



states,” we have only translated their Dynkin labels to the mass formula and classified them
into several families of missing sates connected under Weyl reflections. At the present stage,
the physical properties of the missing states are totally unclear. In the literature [30, 80—
82], the missing states are discussed as certain bound states of the “elementary” branes
(i.e. branes connected to the standard branes via Weyl reflections). Indeed, among the
familiar triplet of seven branes in type IIB theory [76, 83-85], only two of them correspond
to “elementary” branes, D7 and 73. The remaining one is disconnected to these two and
will be a member of the missing states, 72 . The supergravity solution for the missing seven
brane is discussed in [85]. A more detailed study of the supergravity solution and its U-
duality rotations will be an interesting future direction. It will also be important to study
the supersymmetry of the exotic backgrounds. In section 5.9 we have only obtained the
projection rule via U-duality rotations. More detailed studies, such as the explicit finding
of the Killing spinor equations, will be important. Other than single-brane solutions, by
applying our U-duality rules in EFT, we can also rotate an arbitrary solution, such as a
Dp-Dgq solution, and obtain various multiple-brane solutions that may include exotic branes.

It is also interesting to investigate the physical meaning of the huge number of the
exotic space-filling branes. In the case of the D9-brane and the 94-brane in type IIB
theory, their existence was closely related to type I or heterotic theory. It is interesting to
study the (possibly non-covariant or lower-dimensional) theories that are associated with
other exotic space-filling branes.

According to the Fq1 program, the existence of many mixed-symmetry potentials has
been conjectured, which transform under certain representations of the U-duality group.
However, it has not been discussed much about how to describe the mixed-symmetry
potentials in the context of EFT. Only the mixed-symmetry potential Cj, ...;, ; in M-theory
Or Dy, ..m7,n in type 1I theory can appear in Eggy EFT, but other potentials do not enter
the generalized metric.

From this paper’s perspective, the generalized metric of EFT contains the dual fields,
such as (3, 7, and 2, whereas the Hodge duals (which are taken with respect to a com-
bination of the “dual” metrics that parameterize the generalized metric) of their winding
derivatives give the dual field strengths. Then, the mixed-symmetry potentials are defined
as the potentials for the dual field strengths. In fact, the mixed-symmetry potentials can
appear in a more direct manner. In EFT, there exists an external 1-form Ql{} that trans-
forms in the particle multiplet, and a 2-form %{fu that transforms in the string multiplet,
and a 3-form Qﬁfjﬁp that transforms in the membrane multiplet, and so on. As we have
explicitly shown in this paper, these p-brane multiplets include all of the exotic branes
and these (p + 1)-form fields should be composed of the mixed-symmetry potentials. The
explicit parameterizations of these (p+ 1)-form fields will be important. More importantly,
there must be constraints for the derivative of the (p + 1)-form fields and the derivative
of the generalized metric, corresponding to the electric-magnetic duality between the field
strength of the mixed-symmetry potentials and the R-fluxes. Such duality will correspond
to the exotic duality [86] recently discussed in DFT, and it is important to identify the
duality relation in EFT.



As a different direction, it would be interesting to determine the worldvolume ac-
tions for exotic branes and show that the Wess-Zumino term indeed contains the mixed-
symmetry potential (see [8] for a related work).

Let us comment on the R-fluxes. Despite in this work we have given some heuristic
definitions of the locally non-geometric R-fluxes, we should provide more systematic def-
initions similar to [87-89]. Here, we have concentrated on the R-fluxes associated with
the “elementary” domain-walls, but since the mixed-symmetry potentials for the missing
states are also proposed, by performing the electric-magnetic duality, we may also obtain
the R-fluxes associated with the missing states. Only after introducing such R-fluxes, we
can obtain a U-duality multiplet of fluxes.

It is also interesting to study the fluxes associated with the space-filling branes. In
terms of the mixed-symmetry potentials in type II theory, mixed-symmetry potentials
with a set of ten antisymmetric indices, such as F197—p,2 have been proposed. Naively,
by introducing their field strengths and performing the electric-magnetic duality, one may
obtain the corresponding fluxes. However, proper definitions of the field strengths are not
clear at present. Some hints may be found by studying the EFT solutions of the space-filling
branes in more detail.

In this paper, we have made clear how to obtain the action or the equations of motion
of various deformed supergravities from EFT. According to the SC in EFT, the deformed
supergravities are effectively defined in lower-dimensional spacetime, as some of the wind-
ing coordinates are used to provide the constant fluxes or deformation parameters. It would
be interesting to establish a systematic relation between the exotic branes or, equivalently,
their associated lower-dimensional deformed supergravities and the gaugings in the lan-
guage of the embedding tensor. Some work in this direction has been recently done for
spacetime-filling branes in [90]. In this paper, among all of the domain-wall branes con-
tained in the U-duality multiplets, we have only considered the “elementary” domain-walls.
In that case, the SC is not violated. On the other hand, in [91], gaugings that break the
SC have been found. In particular, non-geometric fluxes that are in different orbits from
the standard fluxes are introduced. It would be relevant to find a connection between these
fluxes and the missing states in the U-duality multiplets.

1.4 Plan of the paper

The paper is organized as follows. In section 2 we briefly review the notation for exotic
branes. In section 3, we review the relation between exotic branes and the weights of the
U-duality group. We then construct the full web of “elementary” exotic branes and give
the duality transformations that relate them. In section 4, we review how to obtain some
of the known domain-wall backgrounds as solutions of DFT. In section 5, we explain how
to obtain all the “elementary” exotic branes as solutions of EFT. The definitions of the
non-geometric R-fluxes are also provided. In section 6, we review some deformed/massive
supergravity theories and show that they can be obtained upon solving the SC of DFT/EFT
in such a way that winding coordinates are allowed.

We also provide several appendices. Appendix A provides the notation used along
this work. In appendix B, we review parameterizations of the generalized metric in En(n)



EFT (n < 7). Appendix C shows the various spectra of p-brane multiplets for diverse
dimensions. Finally, appendix D shows the relation between the exotic branes that we
have obtained and the mixed-symmetries potentials that are coupled to.

Addendum. Upon publication of version 1 of this work, we learned that some aspects
of section 3 were also constructed by another group [92].

2 A brief review of duality rules and exotic branes

In this section, we provide a brief review of exotic branes in type II string theories and
M-theory toroidally compactified to d-dimensions.

2.1 Type II branes
In type II string theory, by denoting the radius of the torus along the z’-direction as R;, the

mass of a fundamental string (denoted as F1) wrapped along the z’-direction is given by

_ (I, = Vo). (2.1)

X (27TR¢) = 12

F1() = 573
@~ o2
By using the familiar T- and S-duality transformation rules,
T-duality :  R; — I2/R;, gs — gsls/Ri ls = s, 22
S-duality : gs — 1/gs, Iy — g%, '

we can see how the mass (2.1) is transformed under duality transformations. For example,
if we perform a T-duality along the z’-direction, the mass (2.1) becomes

Mp) = — (2.3)

which is interpreted as a mass of the pp-wave or the Kaluza-Klein (KK) momentum (de-
noted as P). If we instead perform an S-duality, the mass (2.1) becomes

MDl(i) = gslg = 9s 271_@ X (27TRZ)7 (24)

which is interpreted as a mass of the D1-brane wrapped along the x’-direction. By re-
peating duality transformations, we obtain masses of various branes. It is then useful to
employ the notation of [5] (see also [93, 94]), which allows us to characterize various branes

by their masses. If an object wrapped along 2™, ..., x™-directions has a mass,
2
M — 1 Rnl : b Rnb le ’ C Rmcg o Rp1 : C Rpcs ’ ? (25)
g5 ls 13 ls? 15
we denote the brane as
b%CSr--sz)(nl e nb’ mp--- mc2, BN pl .. .pcs) R (26)
or simply call it a l)£LcS""’C2)—b1rzmn(a.2 With this notation, for example, the usual Dp-brane

and the NS5-brane are denoted as the pi-brane and the 59-brane.

2We denote b res—1¢2) by b1 2)  whereas b\ and b are respectively denoted as b, and by, .



2.2 M-theory branes

We can uplift the mass of type ITA branes to the mass of M-theory branes by using the
usual relation connecting 11D and 10D,

Ry = gsls, lp = g;/g ls, (2'7)

where R, represents the radius of the M-theory circle. After the uplift, M-theory branes
generally have masses of the form

R\ [(Ri, - Ri_\? Ry, -+ Ry, \*
M= l].(Rzl ; sz>< J = JQ) (kllcsch> X (28)
P P p P

We then denote the brane as

A (TREET TN TRETS PRI TRy N (2.9)

where n =1+b+2c2 4+ 3c3+ -+ + scs represents the power of the Planck length in the
denominator. In the literature, n is omitted, but here we keep it since it is a good measure
of the exoticism, similar to the power of g, in type II theory.

In terms of M-theory, the transformation rule (2.2) can be nicely summarized as [1, 95]

3 3 3 2
Ui in: R P_ R —-—-—L_ R P_ ] —r 2.10
ik — R, Ry j R.R; k= RiR, P (R;R;Ry,)\/3 (2.10)
It is noted that the inverse of the Newton constant in d-dimensions,
Ry - R,
ldET (n=11-4d), (2.11)

is invariant under the Uj ; for arbitrary choices of three directions {i,7,k} in the torus
™.

2.3 Brane tension

The bgfs’“"cz)—brane in type II/M-theory can extend along the external spacetime up to b
number of spatial dimensions, although the indices in the second slots (i.e. j1,...,J¢,) Or
later should be internal ones. Namely, we can consider an external p-brane,

Type II bgler--yCQ)(’u/l...#pnl...nb_p’ ml...m027... 7£1“'€CS)) (2 12)
M_theory : bglcé”"'?cQ)(lul N 'up Zl .. 'ib—pa ]1 .. .jc2’ SERN kl e k'cs) ,

where p; represents the external directions. Corresponding to the masses (2.5) and (2.8),
the tensions of the p-brane in type II/M-theory are given by

1 Ry, -+ Ry, Ry -+ R, 2 Ry, -+ Ry, \°
TypeIl: T, = e (27rls)P< [ >< I ) < — ) ;

1 R; ---R; Rj, - R \? Ry, - Ri, \°
M-theory : T, = (s Nl ) (R e ) (2.13)
lp (27lp) lp lp Iy




This formula becomes necessary in the next section, when we associate various tensions
appearing in the p-brane multiplets to branes in type II/M-theory.

As we review in section 3.1, T- and S-duality in type II theory, or the duality transfor-
mation Uj; ; , in M-theory can be regarded as the Weyl reflection associated with the simple
roots of the E,,(,) group, which is the U-duality group of the string/M-theory. In the next
section, we provide a full list of branes obtained by the U-duality transformations.

3 Full duality web for d > 3

In this section, we provide the full duality web for string/M-theory compactified to d-
dimensions with d > 3.

3.1 Duality rotations as Weyl reflections

Before showing the duality web, here we explain that the chain of T- and S-duality can be
regarded as Weyl reflections by closely following the discussion of [1, 5].

3.1.1 Setup
Let us rewrite the brane tension (2.13) as
0
T, = (271)pr =3 (R, "'Rz‘b_p)(Rj "'RjCQ)Q"'(Rkl ...chs)s

evo xo+vtx; (ezo = l?” eti = Ri) , (3.1)

which has the mass dimension
f(3U0+U1+...+vn)El+p, (3.2)

and reduces to the mass (2.8) when p = 0. We also define a vector v = vt e, (1 =0,1,...,n)
by using a basis e, of (n + 1)-dimensional vector space endowed with an inner product,

en ey =N, (M) = diag(—1,1,...,1). (3.3)

Then, a particular U-duality transformation Uy 23 of (2.10) can be realized as a reflection,

V-
v — v—2 n

Qi an =ey— (e1 +ex+e3). (3.4)
Qp * Qi

A general U-duality transformation (2.10) can be realized by combining U 23 and par-
ticular U-duality transformations P;: R; <> Ri11 (1 =1,...,n — 1),3 and P; can be also
realized as a reflection,

vy
v — v—2 !

ai.aiai, Q; = € — €441 (i:1,...,n—1>. (3.5)

Mn

3In type II theory, by denoting a chain of T-dualities along the z™1,..., z™"-direction by Tm;...m,, ,
a chain of dualities 17 S Tinn S Tnm S Tr, , corresponds to a permutation R, <> R, keeping gs and [
invariant. Therefore, an exchange R,, <+ R, in 11D can be also realized as a combination of U; ;.
Furthermore, the 11D uplift of T}, ST;, corresponds to a permutation R,, <> Rm. Therefore, the U-

duality (2.10) contains all possible permutations R; <+ R; in 11D.
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Since the inner products a;; = «; - a;; among the vectors «; (i = 1,...,n) take the form

2 -1 0
-1 2 -1 0
-1 2 -1 -1 Qn
(a;j) = -1 0 - , (3.6)
e 1 Q1 Qg Qa3 Oy Qp—1
-1 2 0
o o0 -10 .- 0 2

we can regard «; as the simple roots of the E,,(,,) U-duality group and transformations (2.10)
as the Weyl reflections. Corresponding to the invariance of the d-dimensional Newton
constant (or lg = Ry --- Ry /1)), a vector

d=e +---+e,—3e (6-0=n-9), (3.7)

is invariant under the reflections associated with the simple roots «; . This shows that, for
an arbitrary vector v = v# ¢, , a quantity 300+l 4. 40l (= p) is invariant under the
Weyl reflections.

Now, we introduce the fundamental weights A\ associated with the simple roots (sat-
isfying \' - a; = 5;) as follows:

/\1561—60, )\2561+62—2eo, )\35@1+62+63—360, ey

Nl =e 4+ 4epm1—3ey, \N"=—ep. (3.8)

Since the vector ¢ is orthogonal to all of the simple roots, there is an ambiguity in the
choice of X5 A" ~ X! + ¢t § (¢': constant). We can determine the constants ¢! by requiring
o = ajj M, but the d-direction is irrelevant for our purpose, and we can mod out the
direction from the (n41)-dimensional space spanned by e,, . With the above choice, we have

oy = (Lij )\j (’L 7'5 n — 1) s Ap—1 = a(n_l)j )\j -0~ a(n_l)j )\j . (3.9)

3.1.2 p-brane multiplet

According to the relation (3.1) between the tension and the vector, the tension associated
with a fundamental weight \! is 7; = Rl/lg . This is the tension of a string in the external
d-dimensional spacetime. More concretely, this string can be interpreted as an M2-brane
wrapped along the internal z'-direction. By acting Ey(n) U-duality transformations, we
obtain the U-duality multiplet, known as the string multiplet, that is associated with the
fundamental weight \!.

The tension associated with A2 is T3 = R1Ry/ lg, which corresponds to the tension of a
3-brane in the external d-dimensional spacetime. In terms of M-theory states, it is an Mb5-
brane wrapped along the internal 2! and z?-directions. Performing E,(n) transformations,
we obtain the 3-brane multiplet. Note that in order to consider the 3-brane multiplet, the
dimension d needs to satisfy d > 4.

Similarly, the tension associated with \® is 77 = R1RoR3/ lg and it makes a certain

5-brane multiplet. If there is an “M8-brane” that has a tension s , the tension can

1
Ip(27ly)
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P Dynkin label Tension M-theory brane
01 [0,0,0,0,...,0,1,0] To=1/R, P
111,0,0,0,...,0,0,0] Ti=Ry/13 M2

2 1[0,0,0,0,...,0,0,1] To=1/13 M2
311[0,1,0,0,...,0,0,0] | T3 = RiRy/I§ M5

4 1[1,0,0,0,...,0,0,1] Ta=Ri/1§ M5

5| [1,1,0,0,...,0,0,0] | 75 = R{Ry/l) KKM
510,0,0,0,...,0,0,2] Ts =1/15 M5
511[0,0,1,0,...,0,0,0] | 75 = RiR2R3/1) ?

Table 1. Dynkin labels of the p-brane multiplets, and the tension associated with the highest
weight vector and the associated M-theory brane.

be interpreted as the tension of an M8-brane wrapped along the internal z', 22, and x3-
directions. However, the existence of such object is not clearly understood. The tensions
associated with A’ (i = 4,...,n — 2) do not have a clear interpretation either.

The tension associated with A"~ 1 = § —e,, ~ —e, is Tp = 1/R,, . This can be regarded
as the mass of the pp-wave, and the corresponding multiplet is called the particle multiplet.

Finally, the tension associated with A" is Ty = [, 3 which is nothing but the tension
of the M2-brane. The corresponding multiplet is known as the membrane multiplet. This
completes the fundamental representations of the £, ,) U-duality group.

We can also consider the 4-brane multiplet by considering a tension of the Mb5-brane
wrapped along the x!-direction, 7, = Ry/ lg . This corresponds to a weight A = e¢; —2¢g =
A1 + Ap . Thus, the 4-brane multiplet is the representation labelled by the Dynkin label
[1,0,...,0,1]. Similarly, associated with the tension of the M5-brane T5(Ms) = 1/lg that
corresponds to AM3) = 2\, the representation for the 5-brane multiplet is labelled by
the Dynkin label [0,0,...,0,2]. There is another 5-brane multiplet associated with the
KKM with the Taub-NUT direction given by the z'-direction and wrapping along the
x?-direction. The tension is given by TEEKKM) = R2Ry/ lg and it corresponds to A(KKM) —
A1+ A2. Namely, the second 5-brane multiplet has the Dynkin label [1,1,0,...,0]. Higher
p-brane multiplets can also be constructed similarly. We can summarize this subsection
with table 1.

3.1.3 Example: string multiplet in Ejgg)

As an example, let us consider a string multiplet in M-theory compactified on 7%, where
the U-duality group is gy . We start from the highest weight vector [1,0,0,0,0,0] that
corresponds to a 23-brane wrapped along the z'-direction. In order to indicate that the
23-brane behaves as a string in the external five-dimensional spacetime, we denote it as
23(-1)-brane, where the dot “ - ” corresponds to one external dimension. As described
in table 2, by subtracting the simple roots, we can obtain the weight diagram for the
27-dimensional string multiplet.

— 12 —



[1¢O70707 07 0] 23(1>

lm

[~1,1,0,0,0,0] 2

| e

[0,-1,1,0,0,0] 25(-3)

lag

[0,0,-1,1,0,0,1] 25(-4)

[0,0,0,—1,1,1] 23(-5) [0,0,0,1,0,—1] 54(-1234)
as \TS A(/
[0,0,0,0,—1,1] 23(-6) [0,0,1,—1,1,—1] 54(-1235)
\i a/ \‘f
[0,0,1,0,—1,—1] 5(-1236) [0,1,-1,0,1,0] 55(-1245)
\ai a/ \(?
[0,1,-1,1,-1,0] 54(-1246) [1,-1,0,0,1,0] 54(-1345)
[0,1,0,—1,0,0] 56(-1256) [1,-1,0,1,—1,0] 55(-1346) —1,0,0,0,1,0] 5(-2345)
(e a/ \iq /
[1,-1,1,-1,0,0] 56(-1356) [~1,0,0,1,-1,0] 56(-2346)

(€% 1 Qy

\
/
\

[1,0,—1,0,0,1] 5s(-1456) [-1,0,1,—1,0,0] 54(-2356)

6

R
/
i

[1,0,0,0,0,—1] 65(-23456,1) [-1,1,-1,0,0,1] 56(-2456)

[e% Qv

/
i
/

—1,1,0,0,0,—1] 64(-13456,2 0,-1,0,0,0,1] 5¢(-3456
9

/
i

[0,—1,1,0,0,—1] 63(-12456,3)

lag

[0,0,—1,1,0,0] 6}(-12356,4)

lm

0,0,0,—1,1,0] 65(-12346,5
9

| o

[0,0,0,0,—1,0] 64(-12345,6)

Table 2. The weight diagram for the string multiplet in Eg ) case.
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d\p 1 2 3 4 5 6 7 8
9 2 1 1 2 2+1 2C3 |2C3|2C4
8 3 2 3 6 6+2C8®3 6 C12|6 C 15
7 10 5 5 10 20 C 24 204+5C40@15 |20C 70
6 16 10 16 40 C 45 80 C 144 |80 + 16 C 320 & 126
5 27 27 72 C T8 216 C 351 (432 C 1728
4 56 126 C 133 576 C 912 |2016 C 8645
3 240 C 248|2160 C 3875(17280 C 147250

Table 3. Dimensions of the p-brane multiplet and numbers of branes in the same Weyl orbit as the
highest weight state. Only the 5-brane multiplet consists of two irreducible representations. This
table was originally obtained in [30] from a discussion based on the E1;.

Here, let us briefly explain how to make the identification between the Dynkin labels
and the brane charges. When we subtract a simple root a,, = ¢y — (€1 +e2+e3), the brane
tension is multiplied by R;R2R3/ lg. At the same time, the Dynkin label is reduced by
[an1, - .., any| corresponding to oy, = a,; A . Similarly, when we subtract oy, = e, —eg41 =
ar; \' (k # n — 1), the brane tension is multiplied by Ry/Ri.1 and the Dynkin label is
reduced by [ak1,...,ak,]. On the other hand, when we subtract a,—1 = e,—1 — e, =
A(n—1); M — §, the brane tension is multiplied by R,_1/R, . In this case, the Dynkin label
is reduced by [a(,—1)1, - -5 @(n—1)n] and the information about §, which corresponds to the
inverse of the d-dimensional Newton constant [y, is lost. Accordingly, when we try to
reproduce the tension from the Dynkin label, we should introduce l; appropriately. For

example, the Dynkin label [0,—1,1,0,0,—1] corresponds to
—Xt+A3—X < Rs. (3.10)

In order to make the mass dimension the same as that of the string tension, we multiply
it by I5 and obtain
R1RyR4R5 R R?

Ti =15 x Rz = 9 ;
p

(3.11)

By using the convention (2.13), this is interpreted as the tension of the 65(-12456, 3)-brane.
From a similar consideration, we can find the identifications between the Dynkin labels
and branes shown in table 2.

From table 2, we can summarize the detailed number of degeneracy as

23 (6),  5g (15), 65 (6). (3.12)

which is consistent with table 8. It is noted that, in this case, all of the states correspond
to weight vectors with the same length, and the 27 states are connected via the Weyl
reflections, or the U-duality transformations (2.10).

3.2 Web of supersymmetric branes

Utilizing the duality transformation rule (2.10), we can generate a chain of exotic branes
in M-theory. Indeed, by brute force applications of duality (2.10) to the tensions of the
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standard branes, we obtain tables 7-15, which show the explicit brane charges and the
degeneracies in each multiplet. By summing up the degeneracies of all branes, we obtain
the size of the Weyl orbit in each p-brane multiplet in d-dimensions, as summarized in
table 3. In M-theory compactified to d-dimensions with d > 3, all of the branes appearing
in the Weyl orbit are summarized as follows (potentials that couple to the following branes
are listed in [30]):

: 1,0 , 1,3 1,7 2.4) (3.1 1,0,4
P, 23, 56, 69197 5‘1527 8(12 )a 2(1)5, 555 )7 Ogs ): 3&8 )v 6§3 >a 5(18 >v

2;,3)’ 1511,1,6)7 4;11,2.3)7 251,0), 1&,4,3)7 4214,570)’ 351.2@7 2;20,2,5)’

1527,571)7 3237,3,1)’ 2&4;,0&1)7 2&17,1,3,3)’ 1:(;(1),470)7 35;%,2,0)7 2:(5:),3,2,2), 2&‘?),(),5,1)7 2580,07,0), (313)
1:(52,1,0) 7 2:(5‘?5,3,2,1) 7 2:(5:15,0,3,4,()) 7 2:(;(3;,4,0,1) ’ 2§é,l,i3,()) 7 2:(5;;1,4,2,0) ’ 2:(3;,33,11()) 7 253)7(),6,0,()) 7
25112,61&1,()) ’ 2533,3,0,()) ’ 22{;,4,1,0,0) 7 25123,(),(),0) ’ 2{(;?&(),(),0) )

In the literature, 23, 5, 63), and 8512’0) are respectively called M2, M5, KKM, and M9-brane
while the others do not have familiar common names. We consider a bgfs’“"CQ)—brane as a
kind of (b+ c2 + - - - + ¢5)-brane, and the codimension is given by 10 — (b4 c2 + - - - + ¢s).
If the codimension of a brane is equal to 2, 1, or 0, we call it a defect brane, a domain-wall
brane, or a space-filling brane, respectively. These are also called the non-standard branes
while branes with codimension 3 or greater are called the standard branes. For clarification,
in (3.13), we have colored the defect branes, the domain-wall branes, and the space-filling

branes in purple, blue, and darkcyan, respectively.

As we can see from table 3, in each dimension d, there is a symmetry between the
dimensions of the p-brane multiplet and (d — 4 — p) for p < d — 4. The representation for
p = d — 3 is always the adjoint representation of the F,,(,) group.

In the previous subsection, we have shown the Dynkin labels only for p-brane multiplets
with p < 5. In d > 7, we also have the p-brane multiplet with p = 6,7,8. For the 6-brane
multiplet, the highest weight corresponds to a 63-brane with the Taub-NUT direction
given by the z!-direction. The tension is Tg = R? /lg and it corresponds to 21 + Ay,
whose Dynkin label is [2,0,0,1] in d = 7 and [2,0, 1] in d = 8. For the 7-brane multiplet,
the highest weight corresponds to a 8%12’0)
by the z'-direction and wrapped along the z-direction. The tension is 77 = R‘?Rg / Z}JQ,
corresponding to 2A; + A2 and [2,1,0] in d = 8.

-brane with the special isometry direction given

We can also consider the type II branes by using the 11D /10D relation (2.7), and the
type IIA branes associated with all of the “elementary” M-branes are obtained in table 4.
It may be more convenient to summarize a list of the type IIA branes as follows, where
defect branes, domain-wall branes, and space-filling branes are colored in the same way as
the M-theory branes:
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M-branes

P_———>P

\

01

1,7 5 47
01 03

0{1:®)

2(7Y — 20
&i 2{"?
1&4,3)

2,(74,3)

oD p—— )
\% 1(51,3,3)
1531,4,2)

1251 s 1 (15:D)
&_ 1232,4,1)
1(2:5:0)

(4,4,0) 5 (3,4,0)
130 1s

4,3,0
1; »3,0)

(1,0,0,7,0) 5 5(7,0)
230 24

(1,0,0,6,0)
27

(7,1,0) 5 ,(6,1,0)
133 17

(7.0.0)
18

(4,1,3,0) (3,1,3,0)

236 > 27
(4,0,3,0)

\i) 2g
(4,1,2,0)

29

(1,6,0,1,0) __s_ ,(6,0,1,0)
242 28

&i 2(1:5:0:1.0)

(1,6,0,0,0)
211

IIA branes

M-branes

23 > 1o

\

21
s ——> s,
\k_ 7(31‘o>
85}1,0)
32D s g0
% 3512,3)
2;2,4)
3é2’4)

1&11,1,6) - 1;)1,6)
%}_ 1511,0,6)

1 (19)

4150 5 4(5.0)
‘% 4£(_)1,4,0)
3(1:5.0)

3331 > 5(23.1)
&_ 3(3:2.1)
3(3:3.0)

2(3:3:1)

(5,2,0) 5 4(4,2,0)
330 36

‘% 3$5,1,0)

25}5,2,0)

(2,3,2,1 1,3,2,1

233 ) — 2((3 )

\k 2;2,2,2,1)

(2,3,1,1)
28

(2,3,2,0)
29

(1,1,4,2,0) (1,4,2,0)
236 > 2

‘Q_ 5(1.0,4,2,0)
7

(1,1,3,2,0)

28

(1,1,4,1,0)

29
(2,3,3,0,0) _s 5(1,3,3,0,0)
242 28

2,2,3,0,0
&: 22 )

(2,3,2,0,0)
210

ITA branes

M-branes
56 > 41

\

52

\» 1§

2

R —
& 54(11,0,3)
421,0,4)
4211,2,3) - 4g2,3)
&_ 45;1’1'3)
A2
3(1:2:3)
3229 5 5(1.29)
% 3(52,1,3)
3532,2,2)
2(2:23)

(4,0,4) 5 5(3,0,4)
237 25

(4,0,3)
27

2(1,3,22) 5 ,(3.2,2)
30 5

% 2551,2,2,2)

2(71.3,1,2)
22(31,3,2,1)

(1,0,3,4,0) 5 5(3,4,0)
233 25

1,0,2,4,0
N

(1,0,3,3,0)
28

2(L33:1,0) s 5(3,3,1,0)

1,2,3,1,0
N

(1,3,2,1,0)

29

(1,3,3,0,0)

210
(3,4,1,0,0) _s 5(2,4,1,0,0)
245 29

3,3,1,0,0
N

(3,4,0,0,0)
211

IIA branes

M-branes IIA branes

65— 6,

\—) 5%

63

sy ———> s}
&i 5507
4511,3)
5\5)1,3)

63— (2D
3,0
e
3,1)
54
2 ——= oo
7,0
A
7,0
2{70)
2(L025) > 5(2.5)
\i) 5(1,0,1,5)
5
1,0,2,4
210:2.0
2(217,1,3,3) . 2511,3,3)

\k 2;1,0,3,3)

(1,1,2,3)
26

(1,1,3,2)
27

(2,0,5,1) _5 5(1,0,5,1)
230 25
(2,0,4,1)
\% 27
(2,0,5,0)
2g
(3,4,0,1) _5 5(2,4,0,1)
236 27

% 25(;3,3,0,1)

(3,4,0,0)
210

21(3%,0,6,0,0) — 2g1,0,6,0,0)

25()2,0,5,0,0)

(5,3,0,0,0) _5 5(4,3,0,0,0)
248 210

(5,2,0,0,0)
211

(8,0,0,0,0) _5 5(7,0,0,0,0)
251 211

Table 4. A map between branes in M-theory and type IIA theory.
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01, P, 01, 21, 41, 61, 81, 52, 55, 5%, 53, 5%, 65, 43, 23, of, 78, {1
3(1 4) 1:())1,6) 6(2 ,1) 4(23) 2(2 5) 0(1 6) 1(1,0,6) 54’ 4(1 3) 3(2 3) 2513,3) 7 1514,3) ’

5(41,0,3) 7 44(11&,3) 3(1 ,2,3) 2(1 ,3,3) 8(1 0) 6(3 0) (070) , 2(7 0) 2 2(2 4) 7 2‘(54,2) 7 2‘(56,0) 7

1é1’1’5),1él’3’3) 1%1,5,1)’28,0,1,‘))72(1,0,3,3) 2(1,0,0.1) 5(1.3) 5(5,1) 4(104)  4(1,2,2)

9 5 9 5 ) 5 I 5 9 5 9 5 9

451,4.0), SSQ,L:;)7 3é2,3,1)’ 2&3,0,4) 253,2,2)7 2&3,4,0)’ 1((54,3), 1((51,4,2), 1((32,4,1)7 153374’0)’

3(2 4) 3(1 ,2,3) 3é2ﬁ2,2) 7 3é3’2’]) 3(4 ,2,0) 2é1ﬁ0,2,4) 2&1,1.2,3) ’ 2&1,2,2,2) 7 2&1,3,271) , 2é1ﬁ4,2,0) ’
1(77,0) 7 1(72,5,0) : 1;4,3,0) 7 1;6,1,0) ’ 3(71,5,0> 3;3 3,0) 3(75,1,0) ’ 2(71,0,0,6.0) ’ 2(71.0,2,4,0) , 2%1,0,4,2,0) 7

2(71,0,6,070), 2<74,3)’ 2<7272,3)7 2(74,0,3)7 2(71,1,3,2)7 2(71,3,12), 2;2,0,4,1)’ 2(72,2,2,1)7 2(72,4,0,1)

)

2(73,1,3,0) 2(3,3,1,0)7 12(37,0,0)’ o(7:0) 2(2,0,5,0)7 22(34,0,3.0), 2;&0,1,0)’ 2&3,3,1), 2;1.3,2,1)

) 7 8 » <8
2;2,3,1,1)’ 25;5,3.0,1)7 23(;1‘,0,3,3,0)’ 2&1,1,3,2,0)’ 2;1,2,:3,1,0)’ 2;1,3,3,0.0) 255.2‘,0) 2(()2,3,2,0) o(4:1,2.,0)

)

b
2(1,1.,4,1,0) 2&1,3,2,170), 2&1,5,0,11})7 2'5)21),5,0,0)7 2{(}2,2,3,0,0)’ 2(2,4,1,0,0) 2(3,4,0,0) 2&10,3,3,0,0)

)

2(2 ,3,2,0,0) 2%3.3,1,0,0) 2(4,3,0,0,0) 7 2(1,6,0.0,0) 7 2(1(’1,4,0,0,0) 2(5 2,0,0,0) 2(7 0,0,0,0) ) (314)

» <10 11

Here, 19, p1, 52, and 53 respectively represent the standard F1, Dp, NS5, and KKM, while
pg_p are known as the higher KK branes denoted as Dp7_,, [7]. In addition, 7:(,)1’0) is known
as the KK8A-brane in [76]. As one can clearly see, in dimensions d > 3, there exist the
type IIA branes with tensions proportional to g& with —11 < a <0.

In order to obtain all of the “elementary” type IIB branes, we act a T-duality to each
of the type ITA branes. Since a T-duality does not change the power of g, the type IIB
branes also have tensions proportional to g% with —11 < a < 0. A list of all of the
“elementary” type IIB branes is as follows:

lo, P, 11, 31, 51, 71, 91, Ba, B3, 53, 53, 5a, Ts, 52, 35, 15, 6§41 alt®  olt5)

7:(32,0)7 5532,2)7 3:(32,4)7 127 04(1176), 1(1,0,6) 527 4511,3), 3512,3)7 24(13,3)7 1514,3)’ 5511,(]73)7 45(11,13)7

3511,2,53)’ 2&1,34,3)’ 94’ 7512,0)’ 5(4 ,0) %(6 ,0) 2;1,5), 2&3,3)7 2;5,1)7 1;1,0,6)’ 1;1,2,4), 1&1,4,2)7 1;1,6,0)7
2;1,0,0,6), 2;140,2,4)7 Qélﬁo,zx,z)’ Qél,(),oﬁo)’ 5§7 5(5242)7 5é4,[))7 421,1,3), 455143,1)7 3(52,074), 3‘5)2,272)’

3((52,‘1.,0) ’ 25_)3,14,3) ’ 25_)3,3,1) ’ 1((34,3) 7 1((31,4,2) 7 1é2,4,1) 7 1é3,4,0) 7 322,./1) ’ 3((i1,2,3) ’ 3((32‘2,2) ’ 3533.2,1) 7 3((5.1.,2,0) 7
2((51,(112.4) , 2%14,1,2,3) 7 2((3172,2.2) 7 2((51.3,24,1) ’ 2%1,4,2,()) ’ 1§1’6’0) ’ 1$3,4,0) ’ 1gs,z,o) 7 1(77,0,0) 7 3;6,[)) 7 3(724,4.0) ,
3<74,2,0) 7 3(76,0,0) ’ 2(71,0,1‘5,0) ’ 2(71.0,3,3.0) 7 2(71,0,5,1,0) ’ 2<71‘3,3) ’ 2(73.1,3) , 2(71,0,4,2) ’ 2(71‘2,2,2) ’ 2(71,4,0.2) 7
2(72,14,3,1) ’ 2%3,1,1) : 2(73.,0.4,0) : 2;3.2.210) ’ 2(73,4,0,0) ’ 1g,o,o) ’ 2(81.016.0) ’ 2;34,0,4,(1) 7 2;5,0,2,0) : 2;7.0,04)) ’

3,3,1 1,3,2,1 2,3,1,1 3,3,0,1 1,0,3,3,0 1,1,3,2,0 1,2,3,1,0 1,3,3,0,0 1,4,2,0
PO, gBED GBI, pBION  H(H030D HAAIL0 G230 YAII00 P2,

25}3,212,0) ’ 2&5,0,2,0) 7 2(1,0,5,1,0) 2(1,2‘,3,1,0) 7 2&1,4,1,1,0) ’ 2&2,1,4,0,0) 7 2{(}2,3,210,0) ’ 2&2,5,0,01,0) , 25;(3),4,0,0) ’
(1,3,3,0,0) (2,3,2,0,0) (3,3,1,0,0) (4,3,0,0,0) (7,0,0,0) (2,5,0,0,0) (4,3,0,0,0) (6,1,0,0,0)
21() ’ 210 21[) 210 ’ 211 ’ 211 ’ 211 ’ 211 . (315)

We can also summarize the T-duality web between the type IIA branes (upper) and
the type IIB branes (lower) as in figures 1-20:
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Figure 1. T-duality chain of F(undamental)-branes.
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@ jolo @ JolG;
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110y 31 51(2) T1(3) 91(a)

Figure 2. T-duality chain of D(irichlet)-branes.

52 51 53 5’ 53
[05 (1]
@ OO @/ @ @
@é@ @@@ 01010) @é
ST I
5a(1) 55 52(3 ‘)2(4) 92(5)

Figure 3. T-duality chain of S(olitonic)-branes.

Ug 1‘(1,6) 25 2:(2:)) 3§1,4) 4§ 1}2.3) 5‘(172) Gi 6((2.1) 7:(1,0)
i) (o] fo] [ic] lioa) [ic) (1] (1] [o1] fio] fio)
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[o1] [Wg] lioa] [‘71] [‘71‘] [o1] [“772] [io] [iag]
1) 5o 33 35 S %3(2) 55y 65" T(1)

Figure 4. T-duality chain of the E(xotic)-branes.

(41.6) 16 1(1,0.6)
il o3 fos)
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K 6 (1,0,6)
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Figure 5. T-duality chain of the E(5)-branes.
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Figure 6. T-duality chain of the E(43)-branes.
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Figure 7. T-duality chain of the E(9-branes.
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Figure 8. T-duality chain of the E(%:%-branes.
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Figure 9. T-duality chain of the E®%)-branes.
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Figure 10. T-duality chain of the E(%%)_branes.
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Figure 11. T-duality chain of the E(7?)-branes.
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Figure 12. T-duality chain of the E(7")-branes.
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Figure 13. T-duality chain of the E(7:®)-branes.
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Figure 14. T-duality chain of the E("*)-branes.
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Figure 15. T-duality chain of the E(&7)-branes.
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Figure 16. T-duality chain of the E(®9 branes.
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Figure 17. T-duality chain of the E®®)-branes.
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Figure 18. T-duality chain of the E(%®)-branes.
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Figure 19. T-duality chain of the E(1%3)_branes.
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Figure 20. T-duality chain of the EA57)-branes.
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Here, for the S-duality non-singlets in the type IIB side, we have appended the sub-

(71.000) 4, figure 20 represents the 2§71’0’0’0)-brane,

2%7’07070)

script with round brackets. For example, 2

and also denotes that its S-dual partner is the -brane. The characters in the squared
brackets are not important here, and will be explained in section 5.9. Each (solid or dashed)
line corresponds to a T-duality and the circled numbers have the following meaning. For
example, the 53-brane in figure 3 has three types of direction along which we can perform
T-duality; (i) directions along which the mass does not depend on the radii, which we call
(0, (ii) directions, denoted as @, along which the mass linearly depends on the radii, (iii)
three directions denoted as @ along which the mass quadratically depends on the radii. If
we perform a T-duality along the (© direction, we obtain the 53-brane, while if we perform
a T-duality along the @ direction, we obtain the 53-brane, and along the @ direction,
we obtain the 53-brane. Namely, the circled number can be understood as the power of
the radius dependence along which the T-duality is performed. The meaning between the
solid or dashed line, which is not important here, is that each line connected to even/odd
number in the type IIB side is a solid/dashed line.

3.3 Web of the missing states

In the previous subsection, we have only considered the branes that are connected to the
standard branes via T- and S-duality transformations, i.e. the Weyl reflections (2.10). How-
ever, as we can clearly see from table 3, if we consider the non-standard branes (i.e. colored
branes with codimension 2 or less), these are not enough to make up the whole U-duality
multiplet. We need to introduce additional states, which we call missing states for obvious
reason.

The existence of the missing states was originally noted in [1], and they were later
discussed for example in [30, 80, 81]. Properties of such missing states are not clearly
understood, and they may not be supersymmetric states as conjectured in [30]. Here,
we only compute the tensions of these states by simply extrapolating the correspondence
between tensions and Dynkin labels discussed in the previous sections to arbitrary weight
vectors (see [29] for a similar work in the context of Fy1).

3.3.1 Example: 4-brane multiplet in Fy4)

Let us start with a simple example, a 4-brane multiplet in M-theory compactified on T*.
In this case, table 3 shows that the number of supersymmetric branes is 20, although the
dimension of the 4-brane multiplet is 24. Thus, there are four missing states. In order to
identify the missing states, let us consider the weight diagram for the 4-brane multiplet
given in table 5.

Since the mass dimension of the tension 7y is five, the four degenerate Dynkin labels

[0,0,0,0] correspond to
_ RiRyR3Ry
- T '

Ta=1y (3.16)

By using the convention (2.13), this should be understood as a tension of the 8g(- - - - 1234)-
brane, where the four dots - - - represent that the 8-brane is extended along certain four
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Be( 1) [1,0,0,1]

%} ay
56(-++-2) [-1,1,0,1] [1,0,1,-1] 64(----23,1)
56(----3) [0,—1,1,1] [-1,1,1,-1] 63(----13,2) [1,1,—1,0] 65(----24,1)
as :\ j/ ) j/ N
56 4) [0,0,-1,2] 65( 12,3) [0,—1,2,-1] [-1,2,-1,0] 65(----14,2) [2,-1,0,0] 6§(----34,1)
oy a3 ‘ ‘ 3} aq
i v v v
Ro(++ -+ 1234) [0,0,0,0] 8g(- -+ - 1234) [0,0,0, ,0,0,0] 8 34) [0,0,0,0] 8(----1234)
“missing states”
ay a3 l l g (€3]
A, Y
5% (----4,123) [0,0,1,-2] 65(----12,4) [0,1,-2,1] [1,-2,1,0] 65(----14,3) [~2,1,0,0] 63(----34,2)
5%,(----3,124) [0,1,—1,~1] [1,—1,-1,1] 64(----13,4) [-1,-1,1,0] 63(----24,3)
53, (----2,134) [1,-1,0,-1] [=1,0,—1,1] 65(----23,4)
58y(- - 1,234) [-1,0,0,—1]

Table 5. The weight diagram for the 4-brane multiplet in M-theory compactified on T4.

external spatial directions. This kind of 8-brane was predicted in [1] and called M8-brane
in [3], although its properties are unclear so far. We can just extrapolate their tensions.
From the tension, we can find that these states are singlets under the Weyl reflections.

3.3.2 List of missing states

Generalizing the above procedure, we can compute the tensions of missing states in all of
the multiplets. In order to obtain a list of the weights for the exceptional groups Eg ),
E7(7y, and Eggy, it will be useful to use a computer program such as SimpLie [96]. By
transforming the Dynkin labels into the tensions, we obtain tables 16-22. The states
contained in a single column have the weights with the same length, and we have checked
that they are indeed in a single U-duality orbit of (2.10).

In terms of M-theory, the following states are contained in tables 16-22:

89 9 712 9 912 3415 ;615 ) 7(1 2) 118 ) (1 ®) 318 ) (1 5 5<128’3) ) 15‘1’5) 72é21Y6) 738}4) ,4S'2) 72(211’0’7> 33511&’5) )
6,2 5,3 6,1 1,3,4 1,4,2 2,1,5 1,7,0 8,0 1,6,1 2,4,2 2,5,0 3,2,3 1,0,5,2
1%4 ) 7254 ) 73%4 ) 7224 ) 73;4 ) 7254 ) 71%7 ) 72;7 ) 72%7 ) 72%7 ) 73(27 ) 72&7 ) 72&7 ) ’

(3,5,0) 5(4,3,1) 5(5,1,2) 5(1,1,6,0) 5(1,2,4,1) 5(6,2,0) 5(7,0,1) 5(1,4,3,0) 5(1,5,1,1) (2,2,4,0)
230 ’ 230 ’ 230 ) 230 ) 230 ) 233 ’ 233 ’ 233 ’ 233 ’ 233 ’

(1,7,0,0) 5(25,10) 5(3:320) 51,0610 (5210 544,00 512500 571,00 51,5200 5(260,0,0)
236 ’ 236 ) 236 ’ 236 ’ 239 ’ 239 ’ 239 ’ 242 ’ 242 ’ 245 .
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One can also make a list of type Il branes appearing in tables 16-22 and draw a duality
web along these states.

As we can see from tables 16-22, the missing states in the p-brane multiplet have
degeneracies which depend on p. For example, the 8g-brane in the p-brane multiplet
(1 < p < 6) has degeneracy (8 — p), although for p = 6 the degeneracy becomes 1. The
p-dependence is non-trivial, but the degeneracy is independent of d for all missing states.
The missing states in higher d can be obtained from the missing states in lower d just by
truncating the states that are disallowed by dimensionality.

3.4 Web of mixed-symmetry potentials

The standard branes in type II theory couple to certain potentials in type II supergrav-
ity. For example, the F1 and the pp-wave (electrically) couple to the B-field By and the
graviphoton A", and Dp-branes couple to the R-R potentials Cp1. Following a series
of works [8-17], we call F1 and the pp-wave the F(undamental)-branes. There are also
the S(olitonic)-branes, which consist of 59-brane (NS5-brane), 53-brane (KK monopole),
53-brane, 53-brane, and 53-brane. This chain of 5-branes is recently studied well and the
55-branes are known to couple to a set of mixed-symmetry potentials Dg,p p, , which rep-
resents a mixed-symmetry potential Dy, ...;mg ., p;--p, Where multiple indices separated by
comma are totally antisymmetrized. For n = 0 (NS5-brane), the 6-form potential Dg is
nothing but the magnetic dual of the B-field. For n = 1 (KK monopole), the potential D7
is the magnetic dual of the graviphoton, known as the dual graviton. The worldvolume
action of the KK monopole including the Wess-Zumino term has been obtained in [97].
For n = 2, the potential Dg 2 is rather non-standard but it is known to be the magnetic
dual of the so-called S-field. Its coupling to the 53-brane has been determined in [98, 99]
(see also [100, 101]). The M-theory uplift, the action for the 53,-brane was also studied
in [102]. Generalizations to n = 3 and 4 in the manifestly T-duality covariant approach
have been achieved in [103].

The S-dual of the 53-brane is 53-brane is a member of the E(zotic)-branes. The E-
brane (p + n)énj*p —n) couples to the mixed-symmetry potential Egip7—pr, . In general,
there is a conjectural relation between supersymmetric branes and the mixed-symmetry
potentials:

bT(fS""’C?)—brane & potential Ei4picottes,..co14cscs - (3.17)

In the convention of [13], depending on the power of the string coupling n, the potentials
are denoted as F (n=3), F' (n=4), G (n=5), H (n=6), ... . In this paper, since the
integer n runs up to 11, we call them E™ (ie. E® = F, E®) = G, E® = H, and so on)
and denote the corresponding brane the E(™-brane. In fact, as we can see from table 6, for
example, there are three families of E(*)-branes, and we distinguish them by introducing
additional integers as E®46) E®3) and E®0 . The general rule for the second integer

is very simple; an exotic brane bgff ) is 2 member of the E(27¢)_brane and an exotic
brane bg%sjr'i"CQ) is a member of the E(2ntlicntentt) hrape.

The first set of indices in the mixed-symmetry potential Eﬁ,’?ﬁ...mmﬂﬁ.“ﬂs,u_

sponds to the worldvolume directions of the brane, and the directions after the first comma

corre-
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a = Bim | F1/P (F-brane)
A/B 1o, P
a=-1 Cpi1 | p1-brane (D-brane)
1A 01, 21, 41, 61, 81
1B 11,31, 51, 71, 9
a=-2 Dg4n,n | 55 -brane (S-brane)
A/B 52»55,55,53,53
a= -3 Egtn,7—p,n | (p+ n)(n T=P=") prane (E-brane)
1A 61, 43, 25, of, 700 50 g T ILE) g2 D) (28 (20
1B 75, 53, 33, 15, 60D, all® ol 5), 7% 0), 50 2), 3 B
a=—4 EéJr)n 6t mtn,mtn.n | (1— m)fln’m 6)—brane (E<4 6)—brane)
6 (1,6) (1,0,6)
A/B 1§, 0{09, 1
a=—4 Eé‘:_)" R —— (5 — m)‘(ln’m’s)—brane (E(4;3>—brane)
3 L4(03) 4(23) H5(B3) ((&3) (1,0,3) L(1,1,3) ,(1,2,3) ,(1,3,3)
A/B 53, all®, 323 o33 (B3 50 , 4% , 3% , 2
a=—4 E;é)q q 9 — q)iq’o)-brane (E(4;0)-brane)
(T,0) 4(B,0) 4(3,0) (7,0
o = : (64 ) ; (/4114 ) ’ (24 )
2,0 (4,0 (6,0
1B 04, 729, 500 5
a=—5 Eéi)n 6tm.p.m.n (2 — m)én’min’pim'(prmip) brane (E(®:%)_brane)
6 5(2:4) ,(42) ,(6,00 ((I,1,5) {(1,3,3) (1,5, 1) ,(1,0,1,5) ,(1,0,3,3) ,(1,0,5,T)
1A 28, 2% o) (6,00 1y { , 1 , 18 , 20 , 20 , 20 _
1B 2&1,5) , 2ée.,e,) , 225,1) , 1551,0,6) , 1&1,2,4) 7 121,4,2) ) 1;1,6,0) ’ Qél 00.6) , 2(1 0.3, DN (51‘0,4,2) : 2‘(51,0‘6,0)
a=—5 53)4+n n (5 — n)("’q_"’4_q+") brane (E(5 4. brane)
iA 5’(1,3) (z 0 (104) (122) (140) (212) (221) (304) (322) (%40)
5
1IB 5;1) , 5(2 ,2) , 5(4 ,0) , 4(] 'l 3) , 4(1 3 1) , 3(2 0 4) , 3(2 2 2) , 3(2 4 ,0) , 2(3,1,3) 2(3 3 1)
a=—6 Eée.; dtn.n | lén 43 n)-brane (E(6 4)-brane)
(4,3) {(@,42) [(2.41) [(3.4,0)
A/B IS .1 , 1§
a=—6 Egg)ern PR (3 — n)én’m’2’47m)—brane (E(7;2)—brane)
A/B Séz EON 3(1 2.3) 3((52,2,2) ’ 3533,2,1) i 3((;4,2.0) ) 2%1.0,2,4) i 2é1,1,2.3) i 2é1,2,2,2) ’ 2(61,3,2,1) ) 2551.4,2,0)
a= -7 EE(;'; 7.0 | lgp’7_p’o)—brane (E(7;7)—brane)
1A 170 @50 330 (610
(1,6,0) (3,4,0) (5,2,0) (7,0,0)
1IB 1y , 1% , 1% S
a=—-7 E%)6+n 6in.q.n.n (3 — n)gn’O’q_"’6+n_q’0)—brane (E(76) _brane)
A 3;1,5,0) ) 3(73,3,0) 3O SL00.6.0) HL0A0) 2(71,0,4,2,0) ] 2’(71‘0,6,0‘0)
1IB 3gG.O) , 3(72.4.0) , 3(74.2,0) , 3(76,0.0) , 2’(71.0.1,5.0) , 2’(71,0,3,3,0) , 2’(7'1.0,5.'1.0)
a=-7 E;’é)7 P 2,(7n’p_n’4_p+n’3_n)-brane (E(7;4)-brane)
A 2;4,3) , 2;2,2,:;) i 2(74,0‘3) i 2(71,1,3,2) s 2g2,0‘4,1) , 2;2,2,2‘1) i 2(72‘4,0,1) i 2(7:5,1,3,0) o EELO)
1B 2(71,3.3)’ 2(3,1,3)’ 2;1,0,4,2)’ 2(71,2,2.2)’ 2(71.4.,0,2)Y 2(72,1.3.1)’ 2;2.3,1.1)’ 2(73,0,4,0)’ 2(73.2,2,0)Y 2(73,4.0,0)
a= -8 Eés.; 7 | 1;7’0’0)—brane (E(Sﬂ)-brane)
A/B 1;7,0,0)
a=-8 E | 20770 prane (E®i0) brane)
A 2;7,0) ) 2;2,0,5,0) i 2;4,0,3,0) i 2;6,0,1,0)
00,600 SB.050  5G.0.20  5(7,0,0,0)
1IB 2§ , 2§ , 24 , 2§
a=-s8 | B, 6tn.3tmtnminn 2{m 337 prane (B(3)-brane)
N FCERN (1,3,2,1)1 QAT B30 GL088.0) S350 50523100 50,3,5,0,0)
8 8 8 8 8
a=-9 E50)7 7.54n.p 2§"’pin’57p+n’2in'o) brane (E(9'5)—brane)
5.2,0)  5(2,3,2 0) @,1,2,0) S(LL,4,1,0) 5(1,3,2,1,0) 5(1,5,0,1,0) 5(2,0,5,0,0) 5(2,2,3,0,0) ,(2,4,1,0,0)
1A 29 ;29 29 b 29 L 2% 5 2 » 29 T
B 2(1 1Z0) Qés ZZ0) 2(0 0.Z0) 2&1‘0,0,1‘0) ’ 251,2,5,1,0) 2(1 ITT0) 2(2 T3,0.0) 2&2,\5,2,0,0) i 2(2 5,0,0,0)
10 34— o 0
a=—10 Eio ; 7.7.34n.n 2§TOL 7:0.0) prane (E(lo 3)—brane)
(3,4,0,0)  5(1,3,3,0,0) 5(2,3,2,0,0) 5(3,3,1,0,0) 5(4,3,0,0,0)
A/B 210 ’ 210 ’ 210 2 210 2 210
a=—11 E%I;J 7.7.q | ‘ 254‘77(1’0’0‘0) brane (E(uﬂ)—brane)
A 2%,6,‘),0,0) , QﬁA"O'O’O) , 2(; 70,007 251,4),0,0,0)
(7,0,0,0) (2,5,0,0,0) (4 3 0,0,0) (6,1,0,0,0)
B 211 L] 211 2 211 2 211

Table 6. Exotic branes with the tension proportional to g¢ (o < —3) and the corresponding

mixed-symmetry potentials in type II string theories.

Here, n and m are non-negative integers

while p (¢) runs over non-negative even/odd (odd/even) numbers in type ITA/IIB theory.
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correspond to the isometry directions, namely the internal toroidal directions. As it is sug-
gested from the relation (3.17), in order to relate the supersymmetric branes to the mixed-
symmetry potentials, a set of indices delimited by commas has to be a subset of the set
of indices sitting to the left. For example, Eg,,p1234,34 couples to the exotic 5%(/11/,012, 34)-
brane while there is no supersymmetric brane which couples to Eg,,1234,45. By considering
this argument, there is a one-to-one correspondence between supersymmetric branes and
mixed-symmetry potentials. The explicit counting of the number of mixed-symmetry po-
tentials in each dimension is summarized in appendix D.

4 Exotic-brane solutions in DFT

In this section, we explain how to construct the supergravity solutions for the variety of
exotic branes discussed in the previous section. If we consider only the standard branes or
the defect branes, we can (at least locally) write down the solutions satisfying the standard
supergravity equations of motion. However, as we discuss in this section, for domain-wall
branes or space-filling branes, we need to employ the manifestly duality-covariant formu-
lations of supergravity, such as the DFT or EFT. This section is devoted to descriptions
of exotic-brane solutions in DFT while the descriptions in EFT are discussed in section 5.

Solutions of the domain-wall branes or the space-filling branes can be obtained from
the standard-brane solutions or the defect-brane solutions by performing duality transfor-
mations. Since the standard branes or the defect branes are contained only in the T-duality
webs given in figures 1-5, in DFT, we can at most construct brane solutions contained in
figures 1-5. For branes contained in figures 6-20, we need to perform S-duality as well,
and we need EFT. In this section, we consider only two examples, the D8-brane solution
and the 53-brane solution, and consider other solutions in section 5.

4.1 D7-brane solution
Let us begin with the standard D7(1234567)-brane solution,

02 = (s i), =, A = (-5 A T)0), ()

where 7(2%, 2°) = 71 + i 79 is given by

, P ‘
(28, 2%) = % In(re/z) =0 |:27T +1 ln(?)} (z=2%+i2" = re“g)
[O‘ : constant representing the number of D7-branes, 7.(> 0) : cut-off parameter] .
(4.2)
Here, we have introduced a shorthand notation,
P
d$(2)m1~~~mp = —(dmo)2 + d:v?nl‘,,mp , dxfnl,,,mp = Z(dxmk)2 . (4.3)
k=1

We now consider a domain-wall solution, the D8 solution. Since the D7 solution has
codimension two, we need to implement the standard smearing procedure, which changes
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the function 7(28, 2%) keeping the expression (4.1) intact. The resulting functions after
the smearing are

mn=mad, 9 = ho +m |2°], (4.4)

where hgp and m are constants. In the case of the Dp-brane solution with p < 6 that
depends on the transverse (9 — p) coordinates, the standard smearing procedure produces
an additional isometry direction, and by performing a T-duality in the isometry direction,
we can obtain the D(p + 1)-brane solution. However, in the case of p = 7, the smeared
solution still depends on the two coordinates z® and z” and we cannot perform the usual 7-
duality to obtain the D8-brane solution. This is a new feature of the domain-wall solution.

4.2 A quick review of DFT

In order to perform a formal T-duality, we utilize the DFT on a 20-dimensional doubled
spacetime with the generalized coordinates (™) = (2™, &,,).* In DFT, all of the bosonic
fields are packaged into the generalized metric Hasn(z), the T-duality-invariant dilaton
d(x), and the O(10,10) spinor |A). In the framework of DFT, we can consider formal T-
dualities even in the absence of isometries. Indeed, without assuming the existence of any
isometries, the equations of motion are transformed covariantly under a T-duality along
the z’-direction,

Hun — (A Hpo A9y, d—d, |A) — A (i — 1Y) |A4),

1—e; i
M 5 (ATHM g2 (AM ) = < @ ), (4.5)
€; 1-— €;
i
where we have defined a matrix e; = diag(0,...,0,1,0,...,0).
The relation between the DFT fields and the usual supergravity fields is as follows.
The generalized metric and the dilaton can be parameterized as’

(9= B9~ B)mn —Bmp g™
gnp Bpn gmn

(Hun) = < ) , e 2 — V=g e 2% (4.6)

On the other hand, the O(10, 10) spinor |A) is defined on the Clifford vacuum |0) (satisfying
Ym |0) = 0) as

\A)EzﬁAml...mpq/ 1M ) | (4.7)
p

Here, the gamma matrices (yar) = (Ym, 7"™) are defined by

_ (0 oy
v, N} = nun (nmn) = (577? 0 ) ; (4.8)

4For our purpose, it is not necessary to double the time direction, but just for notational simplicity, we
double all of the directions.
5In our convention, the sign of the B-field is opposite to the conventional DFT.
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and 4™ = Al "] Note that the O(10,10) metric ny,y and its inverse n™ N are
used to raise or lower the indices M, N, .... The coefficients of the O(10, 10) spinor Ap,;...;m,
are identified as the (curved) components of the R-R potential in type II supergravity, and
they are related to another definition of the R-R potential Cyp,...m, as A = e P2 C (A, C':
polyform). In type ITA/IIB theory, only the R-R odd/even-form potentials are included,
and thus |A) is defined to satisfy

YA = F|4)  (IIA/IIB). (4.9)

Here, y'! is defined as y!!' = (—1)"7, where Ny = 4™ vy, counts the number of gamma
matrices. The field strength is defined as

F)=91A)  (2=+"0um). (4.10)

Unlike the standard supergravity fields, the DFT fields can depend on the generalized
coordinates ™ but the consistency condition, namely the SC,

nMN oy ® oy =0, (4.11)

requires that the DFT fields cannot depend on more than ten coordinates out of twenty. If
we keep the dependence on the standard coordinates ™ , for example, the field strength (4.10)
is reduced to the usual one,

1
‘F> = Z m le"'mp+1 'le et ’0> ’ le"'mp+1 = (p + 1) 8[m1Am2-“mp+1] '
p

(4.12)
In this paper, we consider different choices of coordinates where supergravity fields depend

on some of the winding coordinates Z, .

4.3 DS8-brane solution

By using the above setup, let us construct the D8-brane solution in DFT. We start from the
smeared D7 solution (4.1), and perform the formal T-duality (4.5) along the x®-direction.
We then obtain

—-1/2

2 _ 2 2 —2& _ _5/2
ds® =T, (dxol.ﬁg + T dxg) , e =T,

c A =(n =i )0) . (413)

8

Since the formal T-duality changes the coordinates z® <> Zg, the 7 here has the linear

winding-coordinate dependence; 71 = mZg. In fact, this is precisely the D8 solution in
DFT [67] (which corresponds to the familiar D8 solution [75]). The field strength becomes

|[F) = §lA) = (m+ dory ' 7*)0), (4.14)

which means that the background has the constant 0-form and the dual 10-form field
strengths
Fo=m, Fo = x10F10 - (4.15)

The relation to the Romans massive ITA supergravity [66] is discussed in section 6.
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4.4 Sg—brane solution

There is another known domain-wall solution in DFT, the 53-brane solution, also known
as the R-brane solution [104-106].
Let us start with the background of the (smeared) exotic 53(12345, 67)-brane [76],

—2¢ |7”2
Qdmm—i-mdxsg, e = —,

|7| P
||

ds? = dady..5 +
(4.16)

Bgz—idl‘ A dz” Dg = —

- lde® Ao ande®,
7] p)

where 71 = m 2% and 7 = hg + m|2°|. Here, Dy is the potential of the dual field strength
H; = dDg + --- (where the ellipses denote non-linear terms depending on type ITA or
IIB) satisfying H; = e 2% x;9H3. Again by performing a formal T-duality along the x®-
direction, we obtain the background of the 53(12345,678)-brane,

ds? = dad, 5+ de67+72 Lda24+mdad, e 2® = |72, By =——L dafada”, (4.17)

ImI?

where 71 = mig and 72 = hg + m|2z°|. The DFT fields associated with these fields
(gmn, Bmn, ®) satisfy the equations of motion of DFT as it is expected, as the formal
T-duality always maps a solution to a solution.

In fact, in order to describe the 53 or the 53 backgrounds, it is more convenient to
introduce the dual supergravity fields (gmn, ™", gg) suggested in [107, 108]. They are
defined through

(Hun) = ((g —Bg ' B)mn —Bmyp gpn> _ ( Gmn —Gmp B )
9" Bpn g B Gpn (571 = BGB)™
e—2d _ \/jg e 20 _ \/fg e_%,
and can be regarded as redefinitions of the supergravity fields. More explicitly, we obtain®

7 det
gmn = Emp Enq gpq7 an = E™P E™M qu ) 672(16 = 76 (gmn) 672’1)

det(Enn) " (4.19)

(4.18)

Emn = Gmn + an’ Emn — (E—l) _ gmn an )

From the relation, we can determine the dual parameterization for the 53 background
as [104]7

ds? d:BOl 5+ Ty da:67 + 7 d:ngg , e_Q‘Z’ =Ty, B67 =ma® , (4.20)

and the 53 background as

ds® = dx%l,,,5 + 72_1 dx%m + 79 dasg , e 20 = 722 ) 567 =mTs. (4.21)

5Let us note that this map can be singular in certain backgrounds, for example, when E,., is not
invertible.

"Here, we have dropped an unimportant minus sign in front of m by a redefinition of m . Similarly, in
the following computation, such minus sign can appear during a course of duality transformations, but we
will always absorb the sign into m for simplicity.
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In the dual description, the winding-coordinate dependence in the 53 background is
contained only in the g-field. Moreover, its dependence is only linear similar to the D8
background. In fact, as we show in the next section, in all of the “elementary” domain-wall
solutions, the winding-coordinate dependence appears only in a certain gauge field linearly.

Non-geometric fluxes and mixed-symmetry potentials. In the dual parameteriza-
tion, we can define the so-called non-geometric @Q-flux [109-112] as

QY = QP da™ = dpre. (4.22)

The non-geometricity of the 53-brane (or the Q-brane) background was pointed out in [93],
and as shown in [104, 113], the 52(12345,67) background has a constant Q-flux,

Qs =m. (4.23)

Here and hereafter, in order to avoid confusion, we may add bars on integers, like 6 and 7,
indicating that these integers are associated with certain spacetime directions.

The low-energy effective Lagrangian for the non-geometric Q-flux was obtained in [108]
as

S o1
£~ V/Ge (R aladP - 5 10P). (424)
where [Q[* = §™" Gpg, rs @mP? Qn"* , and we have used Gy, .p,, g0 = Gpirs = * Gpurn Ogbiit?

and dg1gn = 5[[’"1 e 62"}] and R is the Ricci scalar associated with gy, . The equation of

motion for the S-field takes the form

(6720 /=G5 Gpgrs Qu™) =0, (4.25)

and this suggests to introduce the dual field strength as [101]
Qo2 = e 20 Gy s F10QP ® da” A da® . (4.26)

Here, the subscript “9,2” represents that the field strength is the mixed-symmetry tensor
with 9 antisymmetric indices and 2 antisymmetric indices, and the Hodge star opera-
tor %19 is associated with the dual metric g,,,. By introducing the associated poten-
tial Qg2 = dDgpo, we can find a connection between the non-geometric Q-flux and the
mixed-symmetry potential Dgo introduced in a series of works [8-17] (see [12, 79] for a
similar Hodge duality between @-flux and the mixed-symmetry potential Dg2). In the
52(12345,67) background, we obtain

Qo g7 =d(—m7y ' da® A+ AdaT), Dgisziser o7 = —mTs - (4.27)

As discussed in [104], by T-dualizing the Q-brane background, we can obtain the
background of the R-brane, which is nothing but the 53-brane. By defining the non-
geometric R-flux,

R™ = 39lm gl (4.28)
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we can show that the 53 background contains a constant R-flux,
R = 3918307 = | (4.29)

The R-flux is sometimes called the locally non-geometric fluz. In [114], the effective La-
grangian for the R-flux was derived from the DFT Lagrangian as (see also [115-119])

L~/—Ge 2 (R +4]dg|* - % \R|2> : (4.30)

where |R|? = 3 Gmyimams, ninang B™M2™ R™M12M - This again suggests to define the dual
field strength as

2¢ gmlmzmg,nlnzng ;10Rn1n2n3 . (431)

By defining the corresponding potential R193 = dDg 3, we obtain

RIO7 mimams — e

—1 —1
Ry =d(-m7y " da® Ao Ada®), Dy13315678,678 = —M Ty (4.32)

in the 53(12345,678) background. A similar duality relation between the mixed-symmetry
potential Dg 3 and the R-flux was recently discussed in [79]. As it has been discussed there,
D973 is the T-dual of D&Q s

T,
Dal...a&ble — Dal-"asy, b1boy (y g {al, e ,CLg} s {bl, bg} S {al, . ,ag}) . (433)

By observing the explicit form of the Dgo in the 53 background and the Dg3 in the 53
background, our result is consistent with the above T-duality rule.

According to the above relation between @)- and R-fluxes and the mixed-symmetry
potentials, we can summarize the famous T-duality chain [110] as follows:

52 53 53 53

T, Ty Ty
Hoo | &5 | fr | €5 | Qe | & | moe |0 @y
D6 D6z,z D6yz,yz DG:):yz,:vyz

Let us make an additional comment on the 53(12345, 678) solution (4.21). It does not
have a symmetry between the {25 27} and x8-directions although there is no particular
difference between these three internal directions {9, z7, 2%}, However, this is just a
matter of a gauge choice, and there is no asymmetry at the level of the field strength
RB6T — 3é[gﬂ6ﬂ since the indices are totally antisymmetrized. In the next section, we
encounter many locally non-geometric backgrounds, for which proper definitions of the
locally non-geometric R-fluxes are not known. In such cases, we provide heuristic definitions
of the R-fluxes by considering the symmetry of exotic branes and providing an appropriate
antisymmetrization, like R™"? = 3 9lmgn#l

5 All exotic-brane solutions in EFT

In this section, we give a prescription to construct all of the elementary exotic-brane so-
lutions in EFT. After introducing duality transformations in sections 5.1 and 5.2, in sec-
tions 5.3 to 5.6 we construct all the domain-wall solutions contained in (3.13), (3.14),
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and (3.15) as well as their associated R-fluxes and mixed-symmetry potentials. In sec-
tion 5.7, we uplift these domain-wall solutions to M-theory and obtain various domain-wall
solutions in M-theory. In section 5.8, we show the validity of our method to construct any
exotic-brane background and give some space-filling branes solutions as examples. Finally,
in section 5.9 we discuss the projection conditions for Killing spinors.

5.1 Duality rotations in EFT

Type II string theory compactified on an (n — 1)-torus has the E, (ny U-duality symmetry,
which contains the O(n —1,n — 1) T-duality symmetry as a subgroup. The Enm) EFTis a
generalization of DFT that manifests the U-duality symmetry in supergravity [18, 52-65].
Similar to DFT, it is defined on an extended spacetime with the generalized coordinates

x! associated with the branes in the particle multiplet of the E,(n) group. In particular,

I

when we consider M-theory/T™, the set of coordinates x' is parameterized as

(5U<M)) = (2", Yirias Yir-is» Yirrvi, js Yir-vis, jrjojss Yirrwis, j1-jes yz1-~~18,31~~Js,k)7 (5.1)

where the indices 7, 7,k run over the internal toroidal directions i = d,...,11 and the
external spacetime has the usual coordinates z* (u = 0,--- ,d—1). Each of the generalized
coordinates corresponds to that of M-theory branes such as P, M2, M5, KKM etc., and the
total number is equal to the dimension of the particle multiplet of the E,,,) group. On
the other hand, when we consider type IIB theory/T™ !, we can parameterize the same
generalized coordinates as

I
(l‘(HB)) = (!va y,?w Ymimams y?nl---m5) Ymi-me,ns Y?nﬁl---mw (5 2)
yg’blmm%nlnz? yml"'m77”1"'n47 y%1~~m7,nln-n67 ym1~-~m7,n1'"n7,p ’
where m,n,p = d,...,10. In the type IIB parameterization, all of the coordinates are
associated with the type IIB branes, such as P, F1/D1, D3, NS5/D5 etc., and the index

a represents the SL(2) S-duality doublet. The winding-coordinates y%ﬁl...m7 = yfﬁlﬁ),m

correspond to the triplet of the 7-branes.

In EFT, the supergravity fields are contained in the generalized metric My and ad-
ditional fields which contain the external d-dimensional indices p. For simplicity, we here
concentrate on the generalized metric Mj;. Corresponding to the two parameterizations
of 2!, we can parameterize the generalized metric M in two ways; in terms of the bosonic
fields in 11D supergravity (M-theory parameterization) and the bosonic fields in type IIB
supergravity (type IIB parameterization). We refer to appendix B for a more detailed study
of these parameterizations. As determined in [120] for the cases E,,) EFT (n < 7), the
two parameterizations can be related by a linear map,

M(II}B) = (ST)IK M%’% SLJ7 x(IIIB) = (Sil)IJ xé\a)‘ (5.3)

Here, the ST is a constant matrix and under this transformation, the equations of motion
of EFT (prior to choosing a particular solution of the SC) are transformed covariantly. If
we rewrite the fields in 11D supergravity in terms of those in type IIA supergravity, by
comparing both sides in (5.3), we find the standard T-duality rules between type ITA and

- 32 —



type IIB supergravity [120]. Therefore, we can do T-duality transformations throughout
the linear map (5.3), as the matrix S’ ; contains the information of the T-duality direction.
On the other hand, the S-duality rule is rather trivial. In the type IIB parameterization,
all of the generalized coordinates and the supergravity fields are SL(2) tensors, and the

indices o and 3 are rotated by a matrix A% = (% §) as usual.

5.2 Dual parameterization in the whole bosonic sector

In the case of DFT, the conventional fields and the dual fields are related through the
expression (4.18). Here, we briefly explain how to generalize the relation (4.18) to EFT.

As we already explained, the generalized metric Mj; in EFT can be parameterized by
the bosonic fields in type IIB supergravity, which we call M(II}B) . We can also parameterize
the same generalized metric in terms of the dual fields in type IIB supergravity such as
(9, b, pmn, ymamp -++) [87, 120, 121]. This is called the non-geometric parameterization
since the dual fields are related to the non-geometric fluxes, and we call the generalized

metric M}I}B’ nomgeomettic) - Qimilar to (4.18), by comparing the two parameterizations as
IIB IIB, non-geometric
MYP = My romeeomeno, (5.4)

we can, in principle, determine the dual fields in terms of the conventional fields.

Since the generalized metric contains only the supergravity fields with internal
(toroidal) components, for the metric with external indices g,, and g.m , we need a more
elaborated recipe. For our purposes, it is enough to know the transformation rule for the
components g,,,. By truncating other external fields, the duality relation becomes [121]

1 1

(det g,E,m) =2 gEV = (det g,‘?m) -2 g,‘jy , (5.5)

where ¢, = 3 ? gmn and g5, = e—%%m are internal components of the Einstein-
frame metric that are contained in Mj;. We can compute the external components of the
>
Einstein-frame dual metric ggy and the string-frame metric is obtained as g, = e2 ¢ §5V .
Reorganization of the generalized coordinates. In order to simplify the T-duality

rule, we here consider the following redefinitions of the generalized coordinates in type II
theory. The winding coordinates for P and F1 (that appear also in DFT) are defined as

o ) = | @ ym) - (TA), 5.6
( ””)‘{(xm,y}n) (I1B), >0

in terms of the generalized coordinates in the M-theory/type IIB parameterizations. Here,
u denotes the M-theory direction. The winding coordinates for the D-branes yp, ..,
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p=20,...,7) and the solitonic branes 57 (n =0, 1,2) are denoted as
2

_ 2 1 11
(yq?llmp) = (_xM? —Yms> Ymimar Ymimaomss Ymq-mam, yml---m57 Ymi--meM,M) yml---m7) )
N e e——— —-— N —_— N —— N —
DO D1 D2 D3 D4 D5 D6 D7
(5.7)
(yml---m5> ym1---m6M,n7 yml---Tn7M,n1n2M) (IIA)a
—— ~—
52 51 52
(y1sn1---m5n1---nn,nl---nn) = 2 ’ 1 ’ (5.8)
(_ym1-~m5? yml"'m67n7 ym1~~-m7,n1n2) (IIB) .
—_—— Y —
52 53 52
The winding coordinates for the exotic pgfp -branes (p = 0,...,7) and the (1§, 0511’6))—branes

are called

( E ): ( 1
yml---m7,n1---n7,p = Ymi-mrM,n1--n7M,M) yml---m7,n1---n67 Ymy-mrM,ny--nsMs Ymy--mz,n1--ng»

03 18 23 33
2 22
Ymy-m7M,ninang, _yml---m7,n1n27 Ymy--mz,s; yM1---M7) . (5'9)
~ —
3 1
43 52 65 73

(ymr“m?Mmr"nG? ymr“m?Mmr"n?M,P) (ITA),

(Zmyoomy,nieongs Tmyemy,ny-ong,p) = ) (5.10)
s o~ (_ym1~--m7,n1~~~n67 yml'“m%nl"'”%p) (HB)'
13 0511’6)
The remaining eight coordinates in the Egg) exceptional space,
Ymq--meMm,n (n ¢ {ml T mG}) ) Ymy-moMm (IIA) ’ (511)
Yinyme.n (n & {mi---mg}), Yo oo (IIB), (5.12)

correspond to the eight missing states that are not connected to other branes under 7-
and S-dualities (see section 3.3). In the following discussion, we do not consider these
coordinates any more since these do not appear in our solutions.

In summary, when we consider type II theory, we use the following set of generalized
coordinates:

Iy __ mo D S S S
(aj ) - {ZE ) xTVh ym1~~-mp7 ym1-~~m57 ymynmsn,n? ym1~~-m5n1n2,n1n27

(5.13)

ye x T (missin, states)}
my-mz,ninr—pd Ymiemz,nienes Ymymz, ning, p g J

where p is an even/odd number in type ITA/IIB. On the other hand, when we consider
M-theory, we employ the original parameterization (5.1).

T-duality rule. With the above parameterization, the linear map (5.3) (a T-duality
along the y-direction) between the generalized coordinates can be summarized as follows:®

8 A sign flip may happen in the maps for winding coordinates associated with 53 <+ 53, 15 < 23, 33 < 43,
53 <+ 63, 1§ < 1§, and 1§ (ITA) < 0511’6) (IIB), since the linear map for the Eg(s) case is determined only
up to sign in [120]. However, even if a minus sign can appear, it does not affect the following computations
for obtaining exotic-brane solutions in EFT since the minus sign can be absorbed into a free parameter m .
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a a bod =, Y ~, D D
T & T, Tg < Ta, T7 2 Ty, Yay---ap A Yay-—apy

S S S S

Yay-aabybny,brby 7 Yay-casbybny,byby o Yay--asbybn,bybn 7 Yar-asbybuy,brbpy

E E ~ ~

Yai--apbybr_py, bi-br_p A Yay-—-apbi--br_py, b1---br_py ZLaby b5y, bybsy €7 Liby---bsy, b bsy »
xal"'GGy’al"'GG A xar--aay,ay--aey,y ) CCal"'ab‘?;h111"'&61!; ae A $a1--~a6y,a1---a6y,a6 ’ (514)

where a and b run over the internal directions other than y .
In the following, we utilize the dual parameterization of the generalized metric. The
dual fields in M-theory and type IIB theory can be summarized as

M-theory :  {Gy;, Q1i2is Qir=is Qir=is.il (5.15)
type IIB 1 {Gmn, @, 7, B, A™", AT GG i me | g mn (5] 6)

If we decompose the dual fields in M-theory as

~ _2 7 - é bt ~ M é ~
G =730 G4 e3P AT A GM = 390 AT
GMM — 039 | Qi — gmn Qmnp — e (5.17)
M [m1m2m3 m4m5]
QTS = 4 = 50 ) QT =BG

the linear map (5.3) reproduces the following T-duality transformation rules [120]:

ar _ GUGU By Yy

~ab _ .
g<aA) =9 G ) (A) — o’ 9iay = 9@7
ay ~by _ ~ay pby ~ay - —2(2)
gt = gor 1 029 9 A I e P =
g g g
a1-Gn_1Yy a1--a fy[al"'an72\y| ganfl]y
Vi) =t —(n—1) o ; (5.18)
L = e ey ey g g (g 1) T B g
gyy
B?j)---aw — garasy 4 577[a1...a4 ,ya5]y + 5n[a1a2a3|y\ ,ya4a5] _ 4275,}/[@[12 pasaa ,y%]y
_ E [a1a2 304 ,8“5]?! + 1077[@1.“(13‘“ 704\y|§a5]y _ 157[(11@ 5a3|y‘ 7a4|y‘ §a5]y
2 gyy gyy )

where nmima = qmima 3 gmame ymsmal I the following, for simplicity, we drop the
subscript (a) for the type ITA fields.

In summary, the T-duality transformation (5.14) and (5.18) maps a solution of EFT
to another solution of EFT. Although (5.18) is the result for the Eyz) EFT [120], if we
consider the Fgg)y EFT, there appears an additional dual field g7 . Its duality rule
has not been determined yet in the context of EFT, but in the following discussion, it is
enough to employ the T-duality rule’

T,
s 2y pUa6Y:Y 4 (jrrelevant non-linear terms), (5.19)

9Qur purpose is to study supergravity solutions of the exotic branes. In these brane solutions, only a
single potential has a non-vanishing value and we can ignore non-linear terms.
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T,
which is the dual of the transformation rule Dg VAN De,

+
7y
(irrelevant non-linear terms) [97].
S-duality rule. The S-duality transformation rules are as follows:
- . -
g =1/e204~25 - _ " r____ 7
gmn € +’Y gmn ) € 6_2‘;5 —|—’}/2 ’ PY e_2¢~5 +’y2 9
IB/mn _ _,ymn7 ,y/mn — ﬁmn7 ,y/ml---m4 — ,yml---m4 + 6B[m1m2 ,ym3m4] , (520)
’Ylmy--m(; — _ﬁml--.mg + 45,7[mlm2 ,ym3m4 /Bmsmd ,

ﬁ/ml---mg _ ,le---mg — 45 IB[mlmg 6m3m4 ,ym5m6] ]

The S-duality rule for g™ 7™ will be g1 ~™M7:" = gmiM7,7 4 (pon-linear terms). The

S-duality transformation also rotates the generalized coordinates as

~/ _ D D __ ~ D _ .S
T = ~Ym> Ym = Tm, Ymy-ms = ~Ymy-ms 1
s D /D _E /E _ D
yml---m5 - ym1---m5 ) ym1---m7 - yml---m7 ’ ym1---m7 - yml---m7 ’ (5 21)
1S _ . E IE .S ’
ym1~--m7,n1n2 - ym1--~m77n1n2 ’ ymr"mmmm - yml“'m77n1n2 ’

~/

/'E —{ij T _ . E
ym1---m7,n1~-~n6 my-Mmy,Nyne mi-myz,nine ym1~-~m7,n1~~-n6 ’

while keeping other coordinates invariant.

5.3 First two examples of domain-wall solutions in EFT

Before considering all of the “elementary” domain-wall solutions, let us begin with two
simple examples.

5.3.1 pz(,,l’7_p )_brane background

We start with the smeared exotic pg_p(l -+-p,p+ 1---7)-brane solution,

1/2
2 |7] 2 2 T 2
ds® = 77—1/2 (dl‘[)l---p + T2 dxgg) + 7|27_‘ dJI(p+1)".7 s
2 : . (5.22)
_2® T 2 T1
= — C 7= —
€ ( - ) ) (p+1)---7 72

where 71 = ma® | 5 = hg+m |27, dx%?ﬂ)---? =0, and C(741)...7 represents the R-R 0-form

Cy . By performing the T-duality along the 28-direction, we obtain the péu_p )(1 cep, D+

1---7,8)-brane solution

1/2 —-1/2

T T T
ds? = AT (dady , + raad) + Tty B dad,
T
. (5.23)
_og _ |7l C "N
¢ - 2=p > (p+1)-78 — T 7|2 :
T, 2
2

where 7 = m ¥ and 7o = hg +m|zY|.
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Dual parameterization for the 73-brane solution. For the 75 background, the non-
vanishing fields are the (g.u, gmn, ®, Co) . In this case, (5.4) and (5.5) are reduced to

—20 2 .
Grn = G s (map) =€* <e ;_O(OO) Ci0> =e? (}y 6_2‘;+72> :
(det g5,) 72 gF, = (det 35,) 72 35, (5.24)
and we obtain the dual parameterization for the 73-brane solution,
ds? = 721/2 (d2gy..7 + 72 d$§9) , e 2 = 752, y=ma®. (5.25)

Dual parameterization for other p-brane solutions. We can similarly obtain the
dual parameterizations for other p-brane solutions in (5.22) and (5.23). However, in general,
a direct comparison of the generalized metrics is very complicated.

For simplicity, we instead use the T-duality rules (5.14) and (5.18). Then, we can
easily obtain the dual parameterization of the pgfp background. The p31’7_p ) background
is also obtained by further performing a T-duality along the z®-direction. The results are

as follows:
pg—l’(l...p,p+1...7): (5.26)
ds* = 721/2 (d$(%1..-p + 72 dazgg) + 72_1/2 dx%p+1)~.‘77 e 20 = 7_23%17 AP =g,
pg" P (L pp+1---7,8):
ds® = 721/2 (d3y.., + T2 dag) + 751/2 dx%p+1)~~-7 + 753/2 dag, (5.27)
R

In the pélj_p ) solution, similar to the 53 solution (4.21), the winding-coordinate dependence

is appearing only in the ~-field linearly.

Non-geometric flux and mixed-symmetry potentials. As discussed in [101], back-
grounds of the exotic pg_p -branes are the magnetic sources of the non-geometric P-fluxes.
The non-geometric P-fluxes were introduced in [122-124] and in particular, a P-flux P,,P?
is S-dual of the Q-flux. They are roughly defined as (see [121] for more details)

P = P M dg™ = Ay (5.28)
and in the pgfp(l ~+p,p+1---7) background, it takes the form

PP — iy (5.29)

According to [101, 121], the effective Lagrangian for the P-fluxes has the form

1 7 _
Lr—3y/=ge ™ S P[P (A/IB), (5.30)
p=even/odd
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where |Pl77p|2 = 9% Gmymr_p,naomg_y, Pp TP BT The equations of motion
suggest the dual field strength of the form [101]

Porp=e” gm mr—peqregrop ¥10PL T @ deT A Ada T (5.31)

and its potential may be defined as Py7_, = dFEg7_,. These mixed-symmetry potentials
were discussed in [11] and the Hodge duality similar to (5.31) was discussed in [12, 79]. In
the pg_p(l «+-p,p+1---7) solution, we obtain

—1
Et931567, p11..7 = —M Ty - (5.32)

Similarly, in the pél 7P )(1 ---p,p+1---7,8) background, the derivative of the ~-field
gives a locally non-geometric flux introduced in [79],

le...m77p,m = 5m,ym1"‘m7fp . (533)

(1,7— P)(

In the p; --p,p+1---7,8) solution, we obtain a constant flux,

RPFT8,8 = GBApFT8 _ (5.34)

The dual field strengths may be defined as
Rio8—p1 = 6_4(5 §m1-~~m8—p,n1~--n8—p Grs ¥10RTTER T @ da™ A - Ada" P @ da”, (5'35)

which should be derived from DFT/EFT but here we introduced them heuristically. If we
also introduce the potential as Ri9g—p 1 = dFgg_p 1, we obtain

Eg13315678,p-88 = —M T3 (5.36)

in the p(1 7= p)(l <o-p,p+1---7,8) background, suggesting the T-duality rule

T
Eal"'a87bl"'b7fp = Eq,--asy, b1-br—pY,y (y ¢{a,...,as}, {b1, ba} € {as,. .., aS}) )
(5.37)

which is consistent with the result of [16].

5.3.2 14(11’0’6)—brane background

(1,0,6)

As the second example, we consider the 1, -brane background. It can be obtained from

the smeared 1§(1,234567)-brane background.

|7[* _
ds® = - (dod; + rodasg) +ds.;, e 2P = e
|7[* 7
By = — da® A dat Dg = — —2d;1: A---ANdz'.
T 7|

(5.38)

By performing a formal T-duality along the 28-direction, we obtain the 11(11’0’6) (1,234567,,8)
background,
[ 7>

(dod; + rodag) +da3.g, e 2P = ;——2’, By = —+—da2’ Adat,  (5.39)
2 T T2

ds® =
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where 7 is 1 = mZg and ™ = hg +m |x9| . Since there are no R-R fields, we can easily
check that this is a solution of DFT.

The dual parameterization again can be obtained by comparing two parameterizations
of the generalized metric in EFT, but in order to obtain the dual parameterization for the

1§ solution, it is easier to S-dualize the 1§ solution (5.26). The dual parameterization for

the 1511’0’6) solution can be obtained by further performing a T-duality. The results are as
follows:
18(1,234567) :
. (5.40)
ds* = n (dx%l + 72 d:v%g) +ded.;, e =nt BET=mad,
(1,0,6)
1 1,234567,,8) :
(L 22:8) i (5.41)

d§® = 7 (dady + modag) + o tdal +dad , e =7, [FES=mab.

Non-geometric fluxes and mixed-symmetry potentials. We can again consider a
definition of a non-geometric flux [101, 121]

QU = Qe da™ = M (5.42)
In the 1§(1,234567) background, we obtain
Qs T =m. (5.43)

In this case, the effective Lagrangian becomes [101, 121]
1 - ~
L~ —ov/=ge Q0P (5.44)

where |QS$12 = GP9 Gy me, ny-mg @p™ ™8 Qg and the dual field strength is defined
as [101]

Q9,6 =e % gmr--ms,nr“ns §<10Q71nlmm6 ®dz™ A+ Ada™ . (5‘45)
This kind of Hodge duality has been also suggested in [12]. The mixed-symmetry potential
may be defined through Qg = dEéflg , and in the 1§(1,234567) background, we obtain
(4) _ —1
Eﬁ---?,i---? =—mT, . (5.46)

Similarly, in the 15;1’0’6) (1,234567,,8) background, a new locally non-geometric flux

may be defined as

R LI (5.47)

R§-~~8,8,§
If we define the dual field strength as

_ —6¢ ~ ~ ~ m1-M7, P,
R10,7,1,1 =¢€ ¢gm1-~~m7,n1~-'n7 9pr Gqs x10" P4

(5.48)
Rdx™ A+ Ada" @ da” @ da®,
and also define the potential through Rig711 = dEéjl%l’l , we obtain
(4) _ -1
E()...gj...g’g,g =-mT7, . (5.49)
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5.3.3 A short summary

Up to here, we have discussed the defect-brane solutions
D7 (4.1), 5% (4.20), pi P (5.26), 19 (5.40), (5.50)
and the domain-wall-brane solutions
D8 (4.13), 53 (4.21), p{""" (5.27), 199 (5.41), (5.51)

in DFT or EFT. The D7 and D8-branes are rather exceptional, but for other branes, the
results can be summarized as follows. The defect branes are the magnetic sources of the 1-
form fluxes {Q7'} = {Q?, Pffp, QY}, which are known as the globally non-geometric fluzes.
The electric potentials are 8-forms {Eg o} = {Dsg2, Eg7—p, Eéflg }, whose field strengths
are related to the magnetic fluxes, schematically written as

Eg =170 (... 5)%0Q7, (5.52)

where n represents the power of g5 in the tension of the exotic brane 7'~ g;™ and (§--- g)
denotes that all of the upper indices in Q‘f‘ are lowered with the dual metric gy, . On the
other hand, the domain-wall branes are the magnetic sources of the locally non-geometric
R-fluxes {R14}} = {R3 RS—P! R™!}. The electric potentials are 9-forms {Egqay} =

{Dg3, E98—p1, Eéfl%l,l} , whose field strengths are related to the magnetic fluxes as
By gay = X179 (g §) ko R (5.53)

This suggests that there is a one-to-one correspondence between domain-wall branes, the
9-form mixed-symmetry potentials, and the R-fluxes. Further, the set of indices { A} in the
R-fluxes can be found from the set of indices { A} in the mixed-symmetry potentials, which
are consistent with the general rule (3.17). In fact, this appears to be a general structure
as we see below.

In the following, we will firstly introduce a generalization of the locally non-geometric
R-fluxes, and then show that the domain-wall solutions in EFT have a constant R-flux.

5.4 Locally non-geometric fluxes

As we have already discussed, a domain-wall brane, say the b,(fs’”"@)—brane, is the

magnetic source of the non-geometric flux with a set of antisymmetrized indices,
Re2FHCsrsCam1¥CsiCs - which is a U-duality version of the familiar R-flux (see [87-89] for
definitions of locally non-geometric fluxes in M-theory compactified on up to the 7-torus).
In this subsection, we obtain a generalization of the locally non-geometric fluxes for the
case of Eg(g) EFT, both in terms of type II theories and M-theory.

Rather than the systematic analysis similar to [87-89], we here take a heuristic ap-
proach to define the locally non-geometric fluxes. Our starting point is the familiar R-flux,
Rmamams = 3 glmi gmams] - whose magnetic source is the 53-brane. Under S-duality trans-

formation, the 53-brane is mapped to the 53-brane, and at the same time, the R-flux is
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mapped to another flux, R™12M3 = 3 Ol[jmlfmemg] . By using the transformation rules given

in section 5.1, we can further perform the 7- and S-duality transformations, and obtain
the U-dual counterpart of the locally non-geometric R-fluxes. At certain points, we need to
prescribe appropriate antisymmetrizations such that the R-fluxes have the expected index
structure. By repeating the procedures, we can find appropriate definitions of the R-fluxes
that transform covariantly under the 7T- and S-duality transformations. For simplicity, we
only consider the linear dependence on the potentials and ignore non-linear terms of the
form 8 0.y, but it is enough to study backgrounds of exotic brane, where only a single

potential is non-vanishing.

5.4.1 Locally non-geometric fluxes in type ITA theory/T"

The obtained R-fluxes in type ITA theory and the corresponding domain-wall branes can
be summarized as follows:

R?Q) < 53-brane:

Rg;mzm?, = 35[m1 ﬁmﬂns] ,

R(73; > 1%1’6)—brane:

(5.54)

- (5.55)
R7n1""’7l7,n =" ,ym1mm7 _ 78][:)m1"'m65m7]n ,

3)
R(53; & 3;(,,1’4)—brane:

le...ms,n_én my--ms a[ml...m4 ms]n 8m1“'m5qAn (556)
= v _5 D /8 — U q>

3)
R(33; > 5;(,,1’2)—brane:

(5.57)

M1M2Mm3, N _ AN . M1 Mam;: [mima omgln M1M2M3q An
R = G ymamams 3 g gmaln _ g A,

(©)
R(13; > 7:(31’0)—brane:

- (5.58)
Ry =0 -5
RZ;S’l &~ 1511’0’6)—brane:

aes e my---Mm
R™ m7’n’p58n5m1 m7,p_7aé 1 6|7P5\m7]n_’_agn1 mhnqu7

(4)
R?4) < 53-brane:

(5.59)

(5.60)

RZZ;MQ"LS = aD,ymlQOg o Sal[jﬂ’nmz ,_ymg] ,

R?S <~ 44(11’3)—brane:
4!

my---Mmg,n N [mima_msmy]n Mm1-Myg N 11 1Maq AN
R = 3l —dp v+ 0 Ag s

@ 221 P
Ri’j & 3% brane: (5.62)

(5.61)

mi--*M5,N1N2 _ QNN my--my My M mi---msq, N1
RM™ 5,M1M2 :aDl Q,le ms —58][3 ,yms]nlng +8S 1 06”1712 +288 [ A?(’ILQ]’

@
R?jj’ > 24(;3’3)—brane:

Rz;<~'m6,n1n2n3 _ 6! [mq--my msmeninang _a]’gnlmma ,ynlngng _|_38;n1»-.m67 [n1 /B’ng’ng.] (563)

T4217P
+3aén1...m6q, [nanA»gS] ,
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R(Zf)l > 1&4’3)—brane:

Ra;"'m"”l”“zagl“'”“fyml”'m—78][3m1"'m6’ym7]”1"'"4+%3§mmm7’[nm2 Branal

R?5) < 2%-brane:

R = 9p BT 46098 e,

R?; “ 2;2’4)—brane: (5.66)

Rg;mmg,nlnz = 6gln26m1...m6 +28;n1...m5, [n1 ,yng] +6aém1m5 rymg]nlng _Qagl"'mSQy[nlA;LQ] ,

R?g)l > 2;4’2)—brane:

(5.64)

(5.65)

Rg;wmg,nlmml = agl-~~n4ﬁm1~--m6 _|_46£’11'”m5, [n1 ,Yngngml] _|_6aém1...m5 ,Ymﬁ]nlmn‘; (567)

M1 meq, [ninans gny)
—40p Ayt

R?g? <~ 2&6’0)—brane:

Rg;.”m6)n1.“n6 - 881.“”657,“...7”6 +68;n1~~m6, [n1 ,ynzmns] _68];711-~-m6q,[n1.~n5A25] ,
RZgj’l “ 1;1’1’5)—brane:
RMma,mang,p — 831”25m1~~m771’ — 2a;n1--4m7,p[nl an] — 78£m1---m6|,p,y|m7]n1n2 (569)

(5)

*28@11'“7”77[”1 ﬂnﬂp 76?1“%177”1”2(1 A‘Z’

Rzg)l’l > 1&1’3’3)-brane:

(5.68)

Rrma e nap g s gmu-me,p _46;rn~~m7,p[n1 7n2n3n4] . 76£m1‘-.m5\,:0,y\m7]n1~~-n4 (570)

(5)

mi---mz, [n1n2n3 onglp ML M7, N1 N4 AD
—40g ’ gl —0g ’ Ags

RZ‘;)?J > 1;1’5’1)—brane:

Rm1"-m7,n1~~n6717 = agl~~-n667rL1~~m77p — Ga;nl---m7,p[n1 7n2n6] - 7aém1~~-ma|,p,y|m7]n1mn6 (571)

(5)
_68;:nl~~~m7,[n1mn5 6n6]p _a];nl...mmnl...neq AZ’
Rzg)l > 1((34’3)—brane: (5.72)
Rg;".m%nlmn‘l — 5"7!2‘ aéml.“m5/8m6m7]nl”'n4 +4agn~..m7, [n1 ,yngn3n4] _4agn~~-m7, [ninang ,yn4] ,
RN o 1849%2) prane:
(6) 6
R?é;"'m%nl'“nsm — 78£m1"'m6|7pﬁ|m7]n1~~~n5 _agl“'ns 5m1-~~m7,p _5m1~~~m7,n1~~n5q AP (5 73)
= q .
O s 2!5:!),1’ Pt PR ynanans] 4 Gmaemrynans b
R(7£’2 — 1((32’4’1)—brane:
Rg;"'m%nr“nemlpz = 6?1"'m77plp2ﬁn1“'"6 _ 28?1--%6, [pl‘/Bml"‘""% |p2]
4 G T I NG P12y 9 G T, NG, [p1 A§2]
+68£n1~~-m7,:n1p2[n1 na--ne| _ 6! 8m1'“m7»1’1p2[”1"2"37"4"5"6] ,

3131 7F
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Rzég’?’ R 1é3’4’0)—brane:

R N, p1paps — 38;n1~”m7, [P1p2|/8n1~-n7, Ip3] +38~n1~~n7,7m~~m77 [Plﬁpws]

(6) | (5.75)

_ a]’;mwmwmmps ATy L 8;”1"'77177171172?3[”1”2 ,7/713"'"7]
215!

— agl~'-n7,m1---m77n1'“n7 ,yplpzm ,

R(77§ > 1;7’0)—brane:

R?;; ML g g 157712"-1717] +7am1---m77[n1-"n6,yn7] ,

RZ}?’Q <~ 1(72’5’0)—brane:

R(rr;;~~-m7,n1---n7,1)1p2 = —Qaglmn% [p1|ﬁm1...m7) |p2] + 7ag1~~~n7,p1p2[m1 ﬂmz”'ﬂ’w] (577)
47 gmrme,nne ,yn7]171:02 4 29mamr,naeng, [p1 ,sz] ,

RZ%A <~ 1(74’3’0)—brane:

R(n;;...m7,nl...n7,p1~--p4 = _4817511"%77 [P1P2P3|Bm1-~m7) lpa] 4 78;1”'”7”’1"'1"4[7"1 ﬁmZ"'m7] (5'78)
+75m1...m77 [n1--ne ,yn7]p1--'p4 +4(‘§m1"'m77n1"'n7; [P17P2P3P4] ,

Rz%g’ﬁ <~ 1(76’1’0)—brane:

R(rr;;~~-m7,n1---n7,1)1"-176 _ _Gagl...n77[p1~~«p5|6m1...m77‘p6] +7ag1-"n77P1~4~P6[m1 Bmz.-»mﬂ (5.79)
+75m1...m77 [n1--ne ,yn7]p1"'p5 +65m1--~m77n1~-n7, [P17P2"'P6] ,

RUTT & 12(37’0’0)—brane:

(®) (5.80)

REYSL;"'m7a"1"'"77P1'“P7 =7dmn [pl“'pﬁlﬁml'“m’ﬁ [p7] + 7ymame,maeng, [m/@pz“'m] )

Here, the vector field A" = ™" /g™ is the graviphoton, which is T-dual of the S-field;
A H ™Y . We have attached the subscript (n) to the R-flux that is associated with the

. Cgy.nyC
exotic brane b&S’ e2)

In the type IIA case, there is another famous domain-wall brane, the D8-brane. As
we have already discussed, it is the magnetic source of the R-R 0-form flux Fy = M Ay, .
Only in this example, the conventional supergravity field contains the winding-coordinate
dependence.

N1 5ee s MG, N1 yee s, P1seeos Pk

By the construction, indices of the obtained R-flux R(n) satisfy

{ml,...,mi}3{711,...,71]'}:){pl,...,pk}. (5.81)

Then, for example, a combination 2 A"l Bm2] ig equal to —A™™™2 B" gince

3 A mmz gnl — (5.82)
which follows from {mi, me} DO {n}.  Similarly, Rz"bll)"'mpvnlmnp,“’ is equal to
R?Zl)mm” e - The above expressions for the R-fluxes are correct only up to such

identities, and in order to obtain the precise definitions of the R-fluxes, other approaches
such as [87-89] will be necessary. In such approaches, the constraints (5.81) may be relaxed.
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5.4.2 Locally non-geometric fluxes in type IIB theory/T"

In type IIB theory, the R-fluxes and the corresponding domain-wall branes are as follows:

R:(B) < 53-brane:

Rz;mzm'g = 35[m1 ﬂmzm;;] ’

R&! & 2%1’5)—brane:

®3)
R{j e = gy 4 GO e greln 4 g med A7
R?S “ 4%1’3)—brane:
Ryt T = g 4 IR gmaln g g
R(Q:’S — 6&1’1)—brane:
R™ ™ = Gz 429 gmaln 4 g maa A
R&;’l ~ 1511’0’6)—brane:

mi--myz,N,p _ mi--m my--me,n
R™ 75 ’P:anﬁml m7,p_78£ 1 6\1P5|m7]n+8s 1 7 qA;g7

(4)
R?4) ¢ 53-brane:

Rm1m2m3 = 33][37”1 ,szmz] _ algnlmzﬂm

(5.83)

(5.84)

(5.85)

(5.86)

(5.87)

(5.88)

(5.89)

(5.90)

4) )
R?j& — 44(11’3)—brane:
Rz;.“m%n = 7481[3m17m2m3m4]n +46][Dm1m2m3 ,Ym4]n +a;n1<..m4qA:IL ,
R(Sjj — 3512’3)—brane:
RZ; 5,M1N2 Eﬁ 1[) 1m2 3,ym4m5]n1n2 _6D 1 5,7711712 _|_as 1 oﬁnlng +2as 1 50| 1A22],
R?jj “ 2513’3)—brane:

Rm1-~~m6,n1n2n3 = 8gmzn3,ym1---me +68][3m1"'m5 ,yms]n1nzn3 _|_3a;n1“‘m67 [n1 ﬁn2n3]

(4)
39y men b gl

RZ;S - 1514’3)—brane:

7 mae 4!
mi-my,ning 1t g[Mmams  meme)ngoong _ gmacemr nyeen o
ity SO T = Ot A o O

R?S > 2@1’5)—brane:

RO = O Gy 6y g e g

R?g; <~ 2;3’3)—brane:

le"'m67n1n2n3 = ag1n2n36m1--~m6 +38;n1"'m(57[n1 ,ynzng] _’_68£m1"'m5 ,Yme]nlnzng

(5)

+38]7£:n1.--m6q; [n1n2A’(I;3] ,

R?g? ~ 2%5’1)—brane:

Rm1~~~ms,n1~'ns 5681---n5/8m144-m6 +58§"L1--~M6,[n1 7n2---n5] _|_66ém1---m5 ,yma]nlmng)

(5)

oo me s gl
q )
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aml“'m% [nima Bn3n4]

(5.91)

(5.92)

(5.93)

(5.94)

(5.95)



RZSJ > lgl’oﬁ)—brane:

Rg;...m7,n,pEagﬁm1mm7,p_78£m1--~m6\;;07\m7]n+ag®1mm77nqA;g,

R(g:;”l ~ 1%1’2’4)—brane:

le“'m’?ynannSap = 831”2”36'"7«1'”7”7717 _38;’711'”7717,;0[”1 ,ynzn:s] _ 7agm1“'m6|,iﬂ

(5)

Jninang

’Y|m7
3TNz gnalp 4 gmrmanansd 4o,

R&?’l R 1é1’4’2)—brane:

R ns, P — ag1~~n5ﬁm1'--m7>lﬂ — 58?1"'m77p[”1 ,ynzwns] _ 78%7”1'”mG"p,y\mﬂ”l'””S

(5)

mi--mz,[ni-n 5 MMy, Ny N5
+58E1 7, [n1 4Bno]p+aE1 7M1 oqu,

R(E;’l > 1é1’6’0)—brane:

mi-mz,n1-N7, D _ qni--n my---mz,p[ny my---mz,[ni-ng
RV — gt gmamg.p g gt P A2 n7]_|_78E Al /3”7]p7

(5)
R & 1é4’3)—brane:

(6)
R MmN — L [mi-ms aomeme]ng---ng _QImT f g
+ i aml‘“m% [n1n2 _nzngl _ QMM nng
R(7é”;"1 &~ 1é1’4’2)—brane:

RMAMT NN, P 7aém1"'m6|7pﬂ\m7]n1~~n5 _ 3;11"%5 g ma.p §ma M, nsq AP
= q

(6)

_|_58g11'“m77p["1 ,yn2~~n5] _ i' 312”1“'m7,p[n1"2"3
312!

ngans|

v )

R&?’Q ~ 1é2’4’1)—brane:

Rm1-<~m7,n1~--n6,plp2 5873711---?7177?11025711---716 725?1”'”61 [Pl‘ﬂml”'m% [p2]

(6)

+5M1>--m7,n1---neﬂp1pz +25m1~~m7,n1---n6q, [mA;Zz]

|
_8]’311'--777,7,1711727711"-1'7,5_’_ 6! aml"'m7vplp2[”1"2,yn3--'n6] _agly--m7,n1--~n7,yp1p2

2141 °F

RZé§’3 ~ 1é3’4’0)—brane:

R RN, PIP2PS = g g [Plpzlﬁm---nn Ips] 4 g gna-—n7,mi-mz,[py ﬂpzpz]

(6)

_ 76?1"'77177171172?3["1 ,YTL2---TL7] + 78;1“'7177 [my-meg 7m7]p1p2p3

RZ%;’I > 1(71’6’0)—brane:

RITATIITIT D — graeng gmasemr,p 78;1”'n7’p[m1 ﬁm?“mﬂ

(7

+75m1-~m7,[n1-~n6 ,Yn7]p+ém1~--m7,n1---n7,p,y

)

RZ};’?’ ~ 1(73’4’0)—brane:

le mr, Ny N7, P1P2P3 ES@EI 7,[P1P2\ﬂm1 mz, |ps] _78E1 7,P1P2P3| 1Bmz mz]

(7)
+ 7 Hma-mrs[na-ne 7”7]?1;02173 + ggmi-mrsni-ny, [py ,szps] ,
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(5.96)

(5.97)

(5.98)

(5.99)

(5.100)

(5.101)

(5.102)

Y

(5.103)

(5.104)

(5.105)



RZ};’S “ 1(75’2’0)—brane:

Rz;~-~m7,n1~~~n7,p1-~-ps =591 [Pl"'P4|5mf~~m77 Ips] _ 78;“”'”7’“”"’5[”””1 ﬁmQ“'mﬂ (5.106)

_~_7a~m1---m77["1"'n6 ,yn7]P1'-'P5 _|_55??11"-m7,n1-“n7-,[1)1,)}?2“'1’5]7
RZ};F > 1(77’0’0)—brane:
Rz;“'mwnl'“n%pl"'p7 E78;311--%77[Pl"':D6|ﬁm1~~~m7v\P7]+75m1~~m77n1...n77[plfym.“m]
RZé§’7 > 1é7’0’0)—brane:
S ) (5.108)
R M, LT, Pl P7E78711---”7,[Pl"'PGler--mn\pﬂ+78m1~--m7,n1--'n7,[:Dlﬂpzmm].

(8)

For an exotic brane that is self-dual under the S-duality, we can check that the associated

(5.107)

R-flux also behaves as a singlet. Under the S-duality, the scalar v is mapped to the R-R
0-form —CY, but since Cj is non-linear in terms of the dual fields, we have just truncated
Cp in the above expressions.

5.4.3 Locally non-geometric fluxes in 1\/I—theory/T8

We can easily uplift the R-fluxes obtained in type ITA theory to M-theory. The results are
as follows:

RV & 8&12’0)-brane:
G ki 4
R = 9hi Al

RY & 5&15’3)-brane:
4! (5.110)

(5.109)

i1i4, ) — [i132 ()i324]] i1-+iak AT

R = 5191 0120 + 0" Ay,
R62 o 3%’4)—brane: 1

‘ 9.111
Rivie,ij2 = gidzQinis 4 g glinis Qielingz _ 9 gir-ick, UIA?;} ) | )
R 2%’3)—brane:

) 5.112
Ri1~~i7,j1“‘j4 _ l a[il'“i5Qi6’i7]j1“'j4 + 481'1---2'77 [71 Qj2j3j4] 4 48i1---i7l: [j1j2j3Ag4] ( )
= 52l ’
RS2 1&11’1’6)-brane: 5113
Ril-"is,jlj%k — ajleQil---ig,k + 88[i1---i7|,k Q|i8]j1j2 _ 8i1"'i87j1j2l Aéc ( ’ )
R 2&1’0)—brane: 5.114
Ritin,didr = 7 givedn, livqia-in] _ o gir--irk, Ul"'jﬁA{f] , o
RS o 1;1’4’3)—brane:
Riv-is jids, k = git-dsQia-is k. % i, kljij2 ()dajags) (5.115)
1 g glinirl kqlislii-js 4 ai1-~i8,j1'"j5lA;f 7

R 1%27’5’1)—brane:
Ri1~.~i8,j1~~j7,k1k2 = 78i1--~i8,k1k2[j1 Qj2~~~j7] — 9T [k1|Qi1"'i87 |Fe2] (5116)

+ 781'1,,,7;87 [jl“‘jGQj7]klk2 _ 282'1...7,'87‘7‘1...]‘7[, [k:lA;cQ] ,
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R884 & 1%4’0)-brane:
Riviss ids, kika = g gir--dss [Rikaks| Qin--is, [ka] (5.117)
4 8! gidss kikaliviz yis-is] | 4 git--is, ji--js, [k hzkska]
2141 ’
REST 1:(3;’1’0)—brane:

Rivis, Juds, kuekr = o7 gitedss [kkel Qiveds, k] 4 7 ginis, s, [k gha-kr]

(5.118)

Note that the A} is equal to the —y™ in type IIA theory while A is a complicated
non-linear expression that will be related to R-R 1-form C,,.

By using the identities such as (5.82), the fluxes R*!, R™*, and R™" appear to be
consistent with the locally non-geometric fluxes R»7*¥™ Rk and R of [89], respectively.
The flux R%? also may be related to R}, and R'.

5.5 Mixed-symmetry potentials in EFT

In the previous subsection, we have introduced various R-fluxes on a heuristic basis. Similar
to the R-fluxes in DFT, we here consider the introduction of the dual field strength to the

M1 May, ..., Pl Pag
R(n) .

define the dual field strength and its potential as

R-flux in type II theory, As we check in the next subsection, if we

(TL) — 2(1-n (;5 ~ ~ ~ mi-May,---;P1""Pag
R =¢ ) gm1---ma1,n1---na1 © 9p1Pags @1 Gas *10R(n)

® dg™t ey R & dr?tdes = dEén)

A1 5eeeyls

(5.119)

n)

a1....a, I the exotic domain-wall background always has

the mixed-symmetry potential Eé
the simple form E(%?.)g """"
transformations, the structure of the domain-wall background is not essentially changed and
(n)

9,a1,...,a

= —m7y " similar to (5.36). This implies that under duality

only the name of the mixed-symmetry potential F, . are changed. The transformation

rule (at the linearized level) is perfectly consistent with the rule [16, 17],

(n) bt (n)
By oy .y & BTy gy (5.120)
N N——’
P n—p

We thus expect that the dual potentials EM

9,a1,...,a
extensions of the familiar mixed-symmetry potentials, such as Dg 3 (i.e. the electric dual

. defined above are precisely the U-dual

potential for the usual R-flux), which electrically couples to the exotic domain-wall.
In terms of M-theory, we can similarly define the dual field strength and the mixed
potentials as

A ~ ~ 1w 5 eey K1 Kag
Rit,a1,.05 = Giyoviayjioday ** Ghyokag lydg, K11 R0 0 e (5.121)
- o, .
@da/t I @ - @da't e = dEg g, a, -
The mixed-symmetry potential again has the same form Fj..g .. ... = —m7y Lin the exotic

domain-wall background.
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In this manner, the locally non-geometric fluxes and the mixed-symmetry potentials
are in one-to-one correspondence, and moreover, they are associated with the domain-wall
branes.

Note that the conjectured electric-magnetic duality relation does not have a manifestly
duality symmetric form. It will be an important task to manifest the covariance similar to
the approach of [86].

5.6 Exotic-brane solutions in type II theory

Utilizing the technique of the duality rotations in EFT, we here provide a full list of the
type II domain-wall solutions in EFT. The structure of the solutions is quite similar to the
domain-wall solutions discussed above, and only a certain gauge field contains a winding-
coordinate dependence. Similar to the domain-wall solutions in DFT, we can check that

the non-vanishing component of the R-flux R?Tlli""as and the mixed-symmetry potential
Eg(;?a)h_”as always have the same form,
N (n) . 71
Rpy ™" =m, Bl . .=-mn. (5.122)

5.6.1 E®3)_branes

By considering S-dual of the 53-brane or the 4&1’3)—brane, we obtain the backgrounds of

a T-duality family, E®3)-branes. The explicit forms of the dual fields and the locally
non-geometric fluxes are as follows:

53(12345,678) :  { R}, B}

A5 = 7y dafy.5 + dafrs + 73 dad, € =752, (5.123)
N R(%s =075 =m  (IIA)
W = myp, RS =305 =m (UB)’

4" (1234,678,5): Ris ES}

ds? = rpdady. 4 + 72_1 da? + dagrg + 73 dzj e = 7-2_1 ’ (5.124)
5T — B R?fféﬁ = L o085 =y (11A)
ng —my?, R?gg,s —4 81[35|75|67S] —m  (IIB) )

309 (123,678,45) :  { R}, BSY, )

d3? =n dx(2)123 + 7’271 df’??15 + dx%?S + TZ2 dzng ) e_% =5 (5.125)
L (ITA)
P g, RIS _ oI55 _ oy (np)
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20V (12,678,345) :  { R}, B,

d5* = mydagyy + 75 ' dadys + dagrs + 75 dag, e =m, (5.126)
315678,345 3158 71315 '
T = MY3yss » R(4) 4?'21 Ip [ 67]345 =m (LIA)
315678,315 _ 345315678 ’
,y3 8 _ my3D45 , R(4) — 83457345678 =m (IIB)
4,3
184 (1,678,2345) : {R() ESD, )
ds? = T dx%l + 7‘{1 dl‘%345 + d$678 + 7-22 d$s2) ) = 22 (5.127)
5 =g 2345678,2345 __ 13345 3345678 .
72 8 _ my2Ds45 ’ R(4) _ 32345 2345678 _ ) (IIA)
5345678,2315 _ 23158 _67)2345 '
72T = s R 5|2, 6[ 6712335 — 1y (IIB)

5.6.2 E®®)_branes

Similarly, by performing the S-duality in the 2%1’ ) or the 2(3 3 solution, we obtain a T-
duality chain of the E(®%)-branes. The dual fields and the locally non-geometric fluxes are
as follows:

28(12,345678):  {R%), Eyy )

ds? =7, (dayp+ o dzg) +7y/” dx§45678 ; e = 2, (5.128)
BB =myP, R‘Z’ S =0,% "

2{"%) (12,45678,3) : {R(g), E%,1 }

ds? = 7}/? (dwd i+ o dad) +7'2_1/2 dx%"‘Tgl/Q diders, e =752, (5.129)
558 —my? | R:(s )83 o3 338

203 (12,5678,34) : {R?§ o }

ds? *723/ d.’E()lQ—i-TQ /Qd$§4+72/ dx%mg—i—TS/deg, 8_203:7'2_3/2, (5.130)
P R?B)-é,gz; P e

29 (12,678,345):  { R0 ES), )

ds? —72/ dadis+ 7 1/2 dx345+72/ dad-g 4 S/deg, 672(2):7'2_1, (5.131)
53...5‘; _ my345 ’ R?s)g ,345 834553--8 =m,

2049 (12,78,3456):  { R}, E(),

ds? = 7'5’/2 (d:z:gu +79 dxg) +71y 1/2 dad =g +7'21/2 dag, 020 = 7'2_1/2 , (5.132)
B8 Zmy R?é-)-é,?)---é P S g

20 (12,8,34567):  { R} ES);

ds? = =Ty 3/2 (dx%u + 1 da:g) +7y 1/2 dm§4567 + 7'21/2 dm% , 201 , (5.133)

3.8 _ D 3837 13..7 53..8
BT =mysyser R =0y BT =m,
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2%9(12,,345678):  { R3S, E{) ;)

(5)°
ds® = 7'23/2 (dxglg + 79 dx%) +7'2_ 1/2 dx§45678 ,

...8 3...8,3--
53 827”.@??45678’ R(5) 33 853 ® =m,
1,0,6 71,1 (5
18196) (1,345678,,2) : {R) BT )
—3/2

924 _1/2
e 2¢:Tz/

)

d§2 = 7'23/2 (d'CCOl + T2 d.’]:g) +7—2 da?2 +7—2/ dx345678 s 672(;5 = 7'2_1 y

2..8.2 2---8,2,2
5 8’2:my2 ) R(5) 28262 872:m7

1501 (1,45678,3,2):  {R(; E&,, )

ds? = / (d1301+72 dxg) +7, —3/2 4y 2—i—7'21/2 dx4215678+751/2 dx%, e 2¢ =T,

i...gg_ 2..-8,23,2 23 n2--82 __
B _my237 R(5) a B =m,

1529 (1,5678,34,2): [RGBy 50 )

ds? = 7'23/2 (da:%l + 79 d:cg) —}—T{S/Zd T3+ Ty 1/2 dx%mg +T;1/2 dx§4, e 20 —1 ,

BQ...gQ - Ré.).8,234,2 _ 823‘%?“‘8’
13,3 4,

15059 (1,678,345,2):  {R[;)" EX,,

~3/2

:m’

ds? —7'5’/2 (dx(2)1+7'2d:c3) + 7
2

B 2 = my2345 ) R(5)

18042 (1,78,3456,2) : {3(755))’1’ Eés%s,l

d~2—7'23/ (dm01+7'2dm9) Ty 2y +7‘2/ dodg+7y /Qd:n§456, e =ry,

dx +7—2/ d$678+7—2 /2d$§45,

‘5,2 2.5 p2---8,2
:8]3 B =m,

2..82 2...8,2---6,2 2---6 52---8,2
B = m923456 ) R(5) =057 =m,

150%9(1,8,34567,2):  { R B8,

()
d§2 _7'5/2 (dx%l + 7o d.’,Ug) + 3/2d 2+T21/2

2 —1/2 ; 2
dag+7y " daiyser

Q 7,2 2---7 n2---8,2
:aD B8

OO\

28,2 _ 2
B =M Yy34567 » R( 5)

189 (1,,345678,2) : { R B3

d32 = 7'2/ (dl'(n +7‘2 d.ﬁlfg) +7_2 3/ d.’EQ + T 2 /2 d$§45678 y e_2¢

2.83 _ 28,282 _ 2.8 5282 __
B =mypasers: L) =06 =m.

:m7

I
Sl

5.6.3 E(4%)_branes

We can repeat the duality transformations and obtain the following solutions,

167 (1,678,2345) . {R{ Ei), )

=2 212 2 2 319 —2 —2
ds® = 75 dzgy + daggys + T2 dagrs + 75 dag, ¢ = =T,

o S !
52"'72771?/;..-58» R(Z(.)’.).872m5: La@ 58567]2 S =m (IIA/IIB),

— 50 —

—-1/2

—24_ _1/2
e2¢:7-2/,

—26 __ 3/2
o 2¢:7_2/ :

(5.134)

(5.135)

. (5.136)

(5.137)

(5.138)

(5.139)

(5.140)

(5.141)

(5.142)



1§42(1,78,2345,6) :  { R}, EYYs,

9 24 9 2 —1 4.2 2 3 1.2 —24 —
ds® = 5 dogy + daggys + 79 dag + 7o darg + 75 dag e = P

1
)

52"'7=m?/§...68,6, 3?6)82 00 = 3[2 i 65|8]2 S=m (IIA/IIB),

134Y(1,8,2345,67) 1 {R(7 EYg,

: —1 -
ds? = 75 daf, + dodsys + 75t dady + o dag + 75 dag, e =1,

ﬁi..i _ my;...g,m, R?é-)-é,é...?,é? _ asé...é,é?ﬁi.ﬁ =m (IIA/IIB),

1849(1,,2345,678) : (RGBS, )

dS = 7'2 dwm + dx2345 + 7’2 dx%m + Tg dx?} ) 672¢ =172,

NI

3 B8 _ myg...&m, R?é-)-&z--é,?ﬁé _ 3852---8,[67|Bi...8,\§] =m (IIA/IIB).

(5.143)

(5.144)

(5.145)

Note that the 1((32’4’1)-brane is self-dual under the S-duality transformation. Apparently, the

4,1)

above 1%2’

is not invariant under the S-duality transformation, but since the R-flux is in-

variant under the S-duality, the apparent non-invariance is due to a particular gauge choice.

The R-flux, or the magnetic charge of the 1(2 41)

5.6.4 E(7 _branes

We can further obtain the following family of solutions:

1(77,0) (1,,2345678) : { R%, 9 7,7 }

ds? = 5/2 (dzgy + 2 dad) + 7'2/ dad345678 » e 2 = 7'2_5/2 ;

ﬁg...g _ myg...&z ’ R?%-)-S,Z-..S _ 782---8,[%3...8} —m,
15499(1,,345678,2) :  { R B, )

ds? = 7'2/ (dzf, + T2 dad) + 15 ;2 da3 + Tz/ dadasers - e = =757,
Q2RI _yp  RReRI-BE _ gB-8gRe81 .

1259 (1,, 45678,23) : { R7 i§ 27 57,7,2

1/2 1/2 1 2 —2¢ _ _—3/2
da3s + 7/ daisers e =T

d,§2 5/2 (del ) d$9 + T
8, i 823 _ 233~~37[3|5?~8:\51 =m

ol
ol
o

BT =mys.83, R*
1(73 49(1,,5678,234) :  {R(}® ESD 4}
—1/2

ds? = 7% (dady + modad) + 7 P dady + 7P dadys, e =r5t,

B =muys 834 R )82

1 ~ 7
1;430)(1”678,2345) : {R774, Eé,%m}

o}
ol
oI
OOI

234 _ 33}?} 81[34|l32--~8,\2] _

/\[\m

ds* = 5/2 (dagy + 72 dzg) + dagys + 72/ dagrs e = T2

el
ol
ol

...g,g...g7§...5 . 482 -8, 345|l32...87‘§] .
= - =

. 2
B = MY3..8345 » R(7) s
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-brane is invariant under the S-duality.

(5.146)

(5.147)

(5.148)

(5.149)
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17%9(1,,78,23456) :  { RS ESD .5 )

ds? = 5/2 (dx01 + T2 dxg) +7 s da3zus6 + 7'21/2 dm%B ) eiw =1, (5.151)

2...8.2 2.--8,2:-82:6 2836

6,1,0 0
19919(1,,8,234567) :  {R(° B}

ds? = r;/° (dafy + 2 dag) + 7y 2 dadyser + 1'% dad, e = 1), (5.152)
T T o
177991, ,2345678) :  { R B, .}

ool

ool

ds” =32 (dafy + 2 daf) + 75 Y2 dadyisers ] (5.153)
52"8’2 =MY.83.8: R??)g2 B8 g oy SBSlg2e S

5.6.5 E®7_branes
(7

Finally, by performing the S-duality in the 1, 0.0) background, we obtain

1{790(1,,,2345678) : {RG", E ES) 1

d5? = 75 (dagy + 72 deg) + dedzusers » 02 = 5!, (5.154)
B2 = m Fo345678 345678 » R(zé')'8’2"'8’2"' = 752838152812 — (ITA/IIB) .

5.7 Exotic-brane solutions in M-theory

By uplifting the defect-brane solutions in type II theories to M-theory, we obtain the
following defect-brane solutions:

53,(12345,67z) : {5}, Egs}

ds? = 7'21/3 (dx312345 + 79 dajgg) + 7'2_2/3 dm%h , (5.155)
9672 — mxS 518672 —m
28(12,34567z) : { S5, Egg }
ds? /3 (d:r012 + T dxgg) +7, 1/3 d$§4567z ) (5.156)
QS---7Z —mab, ST =

(1 7)(2 7Z, 1) : { Sl&l, E97871 }
ds? = (dx% + 7 dxgg) + 7'2_1 da? 4+ da2 ., (5.157)
Ql--~7z,1 _ mxS Sgl~-~7z,1 —m

where S;7170r = §;Q91Ip and S;7Isk = 9,018k The direction z represents one of
the internal ones that is not necessary to be the M-theory direction, which we denote M.
If we define the dual field strengths,

~ ninong
mi1moms,ninonsg *1151 = dE97m1T_rL2ﬁ’L3 )
ot ni-ne —
m1--Mmg,n1Ng *1151 = dEg,ml..‘mG ) (5158)

A ~ ny-n7,n __
M7, -y Gmn *1151 = dEg,m1~--m7,m s

Slo,ml'n_’Lng

S].O,Tﬁlm’fn@

Il
D D

SlO,ﬁ‘L1~~~7‘7‘L7,m
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we find that the non-vanishing component of the dual potentials again has the form

Egg = —mTy " (5.159)

) i )

Similarly, we can obtain all of the “elementary” domain-wall-brane solutions in M-
theory as follows:

8{19(1234567z,,8) :  {R"!, Ejgy1}

ds? = 72/3 (dxo 7y T T2 dxg) + Ty ~5/3 (dav8 + muys. d:L'Z)2 , (5.160)
A= GYJOF = mmys, RN = RS =m,
50%(12842,678,5) :  {R* Eyg4, }

—4/3 1/3

ds* = / (d$01234z + T2 d339) + T dagrg . (5.161)
47! 8[56978}5 —m

d:n5 +7y
567 585 _
Q = myss, R

324 (122,5678,34) : | e , Bio62 )

d§? = 7 (dagyp. + 2 dag) + 75 ' dady +dad g, (5.162)
R e S Yo

280 (12,782,3456) :  {R™ Eyg74}

23 d$§456 + 7'21/3 daZg, , (5.163)

R3-823-6 _ 5‘2‘ 8[3 782136

15019 (1,456782,3,2) :  {R®>! Eigg0, )

d§ = 7';/3 (dl‘ou —+ T deg) + Ty

3.8
Q%% = mysase , =m,

d§2 = 7'2/ (d$01 + T2 d.’]jg) T 5/3d + T 2
37

R2--~82,2 2 — 82392-”82,2

—2/3 1/3

dad +1,/% da? g, (5.164)

2 = mya3,

2070 (12,,3456782) :  {R"7, Ejor7 }
+

:’]’]’]J7

d§2 / (dx012 + T2 d.’IJQ) 1/3 dm345678z ) (5165)

Qg“'g_myg...gz,z, Rg..fgé 27 p3BalEQR sl —

1009 (1,678,3452,2) 1 { R, Eyogsi )

A5 = 753 (dady + mo dad) + 7y P dad + 73" dads + 75 P dadys, (5.166)
QQ 82,2 __ M Yasas RQ 82,23215 2 823452QQ~~82,Q —m
- Z 9 - - bl
1251(1,8,34567,22) :  { B2, Eipg7a )
ds? = 73 (dod; + rodad) + 75 ' da3, + da.; + T2 dad, (5.167)
QQ---SZ,Q = myo.7 RQ---%E,Q---?E,QE _ 282---?2,[2\92---82,\2] - m
- (2,2 - - )
(4,4,0) 8,8,4
1, (1,,2345,678z2) : {R*** Eip884 }
ds® = 727/ (dx%l + 79 dx%) + 721/3 dxg345 + 72_2/3 dxgmz , (5-168)
QQ 82,8 __ M Y8567 Riméz,?nézé?éz _ 46Q~~82,[672|Q§~~82,|8] —m
- 02,00z - - 9
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1019(1,,8,2345672) :  { BT, Bygssr )
~1/3 dx2 T + T

203 qu2, (5.169)
282082077 _ 0 53823 T2l g2-82.02) _ )

ds® = 7'2/ (dxm + 79 dxg) + 7y

5.823 _
Q = M Y2...82,34567z »

Again, by computing the dual mixed-symmetry potentials through (5.121), we obtain

Eggn . = —mTy . (5.170)

) ) )

5.8 Solutions for space-filling branes

We have completed the full list of the “elementary” domain-wall solutions. We can straight-
forwardly continue the duality rotations to obtain all of the space-filling branes given in
figures 1-20 or their M-theory extensions. Since there are too many space-filling branes in
EFT, we will just show several examples and leave the construction of the other branes as
future work.
Let us perform a formal T-duality along the z°-direction to the DS8-brane solu-
tion (4.13). We then obtain the D9-brane solution,
_1
ds* =7, 2 dad;..g, e 2 =73, |A) = (117 709 0), (5.171)
where 71 = mZg and 1o = hg + m|Zg|. The field strength becomes
|F) =M ap|A) = (mA? + 377,17 8)]0), (5.172)
and the background has the constant 1-form and 9-form field strengths
Fi=mdz®,  F|=xF. (5.173)
Similarly, we can obtain the solutions of the 53-brane as

2 da, + 75 tdady, e 2 =ny |7, By = ——— da® Ada”

d dx(]l 5+ ‘ |2
(5.174)

where 71 = mZg and 19 = hg + m |Zg|. This is also a solution of DFT.

As the last example, let us consider the 2&1’0’0’6)

-brane appearing in figure 8. By
performing a T-duality along the z%-direction in the 2¢(12, 345678) solution, we obtain the
2(10:06) (19 345678, 9) solution,

A2, e =1, B9 myd, (5.175)

ds? = 7'2/ dagys + 7'2/ da3yse7s + 7
where 15 = ho +m |Zg| .
We can easily construct the space-filling solutions, but their interpretation is not clear.
For example, the D9-brane background is expected to be a flat spacetime, but the above so-
lution contains non-trivial winding-coordinate dependence. Recently, a certain limit which
removes the winding-coordinate dependence was discussed in [106], where the harmonic
function becomes a constant. This may be useful to relate the above solutions to the con-
ventional space-filling solutions such as the D9 solution. It is also not clear how to define
the suitable fluxes in these backgrounds. In this paper, we will not address any further
issues about the backgrounds of the space-filling branes.
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5.9 Projection condition for Killing spinors

As it is well known, actions of the standard type II branes, such as the D-branes, are
invariant under the half of the spacetime supersymmetry, which is generated by the 32-
component Majorana-Weyl Killing spinors €1 and &5 satisfying

Mley=¢, THey=Fe (IA/IB). (5.176)

The supersymmetries preseved by a type II brane can be characterized by a certain pro-
jection operator O acting on the Killing spinors. Here, for convenience, we introduce the

Weyl basis
10 0 ™
= , "= 7 , (5.177)
0 -1 A0

and the 16-component Majorana-Weyl Killing spinors €; and €1, and define matrices

10 10 0 —2 10
1= , o1 = , 09 = , 03= , (5.178)
01 01 1 0 0-1

which act on € = (e1, €2)T. Further, we consider a probe type II brane in a flat target
spacetime. Then, the projection condition for each type II brane is expressed as follows
(see [125] for a textbook):

P(1): (1:|2701]1)e:0, F1(1): (liF'yOlog)e:O,
NS5(12345) : (L F7"**5 Ongs)e=0  [Onss =1 (ITA),  Oxss = o3 (1IB)],
o1 p= 1>2>576797

Dp(L---p): (LFA"POpy)e=0, Op,=1 (5.179)
09 1 p=3,4,7,8,

In our convention, under a T-duality transformation along the y-direction, the spinor &1
is invariant while g9 is transformed as e — I'Yeo. The S-duality rule has been studied
in [126, 127] and it mixes €; and € as

e = Se, SE\%(]I—iag). (5.180)

By using these rules, the projection conditions for many exotic branes were studied in [128]
(see also [7] for the conditions for the exotic defect-brane backgrounds in M-theory).

Here, we extend the analysis of [128] to all of the “elementary” exotic branes. We

will not show the detailed computation, but the result is very simple. The projection

condition for an exotic brane that electrically couples to the mixed-symmetry potential

Er(r?1)~~~ma1,--~,n1-~nas is given by
(1 ALy Ly T 0) e=0, (5.181)

where O is a 2 x 2 matrix attached to each brane in figures 1-20. Note that two O connected
with a dashed line in figures 1-20 are different while those connected with a solid line are
the same.
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We can easily uplift the type ITA results to M-theory. For a brane that electrically

couples to a mixed-symmetry potential F; ,j1-ja, » the projection rule becomes

1”'1'0417.”
(132 T [itiay .. .Fj1~.~jas) e=0 (e=¢e1+e2). (5.182)

The above discussion is about the supersymmetry preserved by probe-brane actions,
but the same projection condition (with a small modification by the background super-
gravity fields) also will apply to the Killing spinors in the EFT solutions for the exotic
branes. In this paper, we do not check the Killing spinor equations in our EFT solutions
explicitly, and leave the detailed analysis for future work.

6 Exotic brane solutions in deformed supergravities

In the previous sections, we have constructed various exotic-brane solutions in DFT/EFT.
Unlike the case of the standard branes or the defect branes, the obtained solutions explicitly
depend on the dual winding coordinates. In this section, we explain that the winding-
coordinate dependence in the domain-wall solutions can be removed, allowing us to go back
to the standard description. The price to pay is the appearing of massive deformations,
together with isometry directions in the supergravity theory.

For example, in the literature, the D8-brane background [75] is known as the solution of
the massive type IIA supergravity. In this example, the deformation parameter is nothing
but the R-R 0-form potential Fy. Once we include the winding-coordinate dependence of
the D8 solution (4.13) into the mass parameter Fp, the solution (4.13) without the R-R
potential

ds? = 751/2 (dady..s + 2 dzj), e 2 = 7'25/2 , (6.1)

becomes the solution of the massive ITA supergravity. Since the winding-coordinate de-
pendence has disappeared, we no longer need the DFT formulation.

A similar story can also be applied to other domain-wall solutions we have obtained.
In this section, we explain how the linear winding-coordinate dependence provides the
equations of motion of the deformed supergravities and discuss the domain-wall solutions
in such deformed supergravities. As particular examples, the known domain-wall solutions,
KK8A, KK9M and “Unknown (6,2,1)” solutions in [6, 76], are reproduced.

Despite in this section we provide several examples of deformed supergravities, we
leave for a future work the problem of systematically relate exotic branes and gaugings.

6.1 Generalized type II supergravity

In order to get a feeling of the deformed supergravity, it is instructive to review the deriva-
tion of GSE [69, 70] from DFT [71, 72] (see also [73] for a derivation from EFT).

6.1.1 Bosonic sector of type II DFT

The equations of motion of the type II DFT are given as

Run+Eun =0, R=0, PK|F) =0, (6.2)
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where Rjsn and R are the generalized Ricci tensor/scalar, and K contains the informa-
tion of Hpyn, and the energy-momentum tensor £y is defined in [44, 45] (see also for
other conventions). If we parameterize the generalized metric Hysn in terms of the con-
ventional fields (gmn, Bmn), and remove the dependence on the winding coordinates Z,,
the equations of motion of DFT reproduce those of the conventional supergravity.

On the other hand, in order to derive the GSE from DFT, we suppose that the back-
ground admits an isometry. In this case, we can choose a set of ten-dimensional coordinates
(z™) = (¢, %) such that all fields are independent of z*. Since the SC allows for one
more coordinate dependence, let us introduce a linear z.-dependence into the dilaton

d(x) = d<$z) + I &, ®(x) =) +I™Ey,, I™=cd™ (c:constant). (6.3)

Here, we have decomposed the dilaton field into two parts, and in the following, we inter-
pret the z’-dependent fields d(x?) and ®(z) as “physical” dilatons whereas the winding-
coordinate-dependent part I'"™ is a (non-dynamical) Killing vector. Regarding the R-R
field, since the field strength F' takes the form

F=ec%e BN E, (6.4)

from (6.3), we suppose that the R-R fields have the following winding-coordinate depen-
dence:
F(z) =e "¥mF(gh). (6.5)
Since I trivially satisfies the Killing properties
L1gmn =0, L1Bmn =0, L1®=0, LF =0, (6.6)

we are essentially considering a nine-dimensional background.
For the “nine-dimensional” supergravity fields (gmn, Bmn, P, F), the equations of mo-
tion of DFT take the following form:

1
Rmn_1Hmqunpq+2Dman¢+DmUn+DnUm = Tmn7
1
kaHkmn_8k¢Hkmn_Ukamn+DmIn_DnIm = ’Cmny
1
RA4D™0,® 4100 — [yl =4 (1™ Ly + U™ Uy +2U™ 0, ® = DnU™) = 0, (6.7)
dF — H3AF = 0,

where Uy, = By I, F = B2 F, and

Tmn

1 ~ ~ 1 “
29 E k1---kp— 2
€ |:(p - 1)‘ F(m ! P 1Fn)k1~--kp71 - 5 9Imn |Fp’ )
P (6.8)

g SN

1 - -
Kmn 62(1) Z m Fk1--~kp72 anl€1 kp—2 .
p P )

These are precisely the generalized type II supergravity equations of motion [69, 70]. When
the winding-coordinate dependence vanishes (i.e. I = 0), they have the same form as the
usual supergravity equations of motion.

— 57 —



In this manner, we can consider a slight modification of the supergravity equations of
motion by assuming the existence of an isometry in the doubled space. Since DFT is defined
well for arbitrary solutions of the SC, we can systematically determine the modifications
of, for example, the gauge transformation and the duality transformation rules (see [69, 72]
for the I-modified T-duality transformation rule).

6.1.2 Another viewpoint in terms of the Scherk-Schwarz reduction

As discussed in the addendum of [71], the ansatz for the dilaton (6.3) can be understood
as the Scherk-Schwarz ansatz in DFT [129-133] (see also [73] where the derivation of GSE
from a Scherk-Schwarz compactification of EFT was originally discussed). An ansatz

Hun(@,y) = U () Hir (@) Uln(y),  d(w,y) = d(@) + My) , (6.9)
generally introduces gaugings

fune =305 (U 9N (U Y p10U R, fu=0nU )Ny —2(U )N ponA,
(6.10)
which are constrained to satisfy the consistency constraints such as

Mypou =0, Moy =0, (6.11)

which are closely related to the SC. For the ansatz (6.3) and a constant twist matrix U,
we obtain a constant flux fy; which satisfies the consistency conditions. According to [73],
this corresponds to a nine-dimensional deformed supergravity generated by the gauging of
the trombone symmetry and a Cartan subgroup of SL(2) in type IIB [134, 135]. In this
sense, the introduction of the linear winding-coordinate dependence can be regarded as a
systematic way to introduce constant gaugings satisfying the consistency constraints.

6.2 5% solution in a deformed type II supergravity

Let us next consider the 53(12345,678) solution (4.21). In this case, the linear winding-
coordinate dependence is contained in the B-field 3" = m &g . For generality, we introduce
an arbitrary constant ¢ and decompose the §-field as

1 m ¢cn
B =misdo Ay =cOs A+ U™ A D, U™ =2 (mig—c) 6" 67 . (6.12)

We then regard the U™" as a part of a S-twist matrix,

- o —umn
Hun = U HU),,y, UYn= (0 50 ) (6.13)

in the sense of the Scherk-Schwarz ansatz (6.9) (see [136] for a recent study on this twist).
As we infer from their definition, the dual fields associated with the untwisted (or
physical) generalized metric Hn are

ds? = dad,. 5+ 75 L dad.g + o dad, e 2% = Ty, B = ¢, (6.14)
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or equivalently, in terms of the conventional fields [see (4.17)],

-
ds? = da?, 5 + 02_’_727_2 da, + 75t ded + o dad,
2 (6.15)

_ C
e2¢:C2+T227 Bgz—ﬁdxﬁ/\dx7
cc+ 75

Since the winding-coordinate dependence is absorbed into the twist matrix, the solution
no longer depends on the winding coordinates. In particular, when we choose ¢ = 0, the
solution is simplified as

ds? = dad;. 5+ 75 P dad.g + mdad, e 2 =12 (6.16)

where the asymmetry between {6, 7} and 8 disappears.
According to the gauged DFT [129-133], the twist matrix changes the NS-NS part of
the DFT Lagrangian as

LprT = ¥R o LaprT = e 2 (7% + Rf) , (6.17)
1 N N N 1 N N N
Ry = —3 fMNPHNQ Hprr 8Q'HMR BT fMNP fQRSHMQ HNr Hps

1 .
+t1 FMNE FORS pyvio e Hes (6.18)

where R is the generalized Ricci scalar for Hyw and fMNP ig a gauging defined as
funpe =305 (U )9N (U )R p 90U R (6.19)
In our present example (6.13), the non-vanishing component of the gauging is the R-flux,
f78 = RO — (6.20)

Then, the modification of the Lagrangian R becomes [136]

2
Ry = —3mHe" Hn™ O Fg — 7 detHyy (1,5 = 6,7.8). (6.21)

An important point is that, the consistency of the GDFT (6.11) requires that the untwisted
field and the dilaton should satisfy the condition

MNP 9p =0 = R™9,=0. (6.22)

This shows that, similar to the GSE, the R-flux-deformed supergravity requires the back-
grounds to admit three Killing vectors. In other words, we are essentially describing a
seven-dimensional supergravity.

In this manner, we have transformed the DFT solution (4.21) into a winding-
coordinate-independent solution (6.16) of the deformed supergravity. In principle, we can
repeat this procedure to all of the “elementary” domain-wall solutions in DFT/EFT and
obtain various (effectively lower-dimensional) supergravities that are deformed by the lo-
cally non-geometric fluxes. In the following, we will just consider several examples, without
calculating the action nor the equations of motion of the deformed supergravities explicitly.
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6.3 D8 solutions in the Romans massive type IIA supergravity

Before considering further new examples, let us briefly go back to the well-studied D8-
brane solution (4.13). In this case, the R-R 1-form potential A; includes a linear winding-
coordinate dependence,

Ai(z) = Ay (2) + m Zg da®, (6.23)

where A;(z?) does not include the 2% dependence that vanishes in the D8-brane solu-
tion (4.13). As it was studied in [67], in such case, the R-R 0-form field strength becomes
constant and the equations of motion of DFT reproduce those of the Romans massive ITA
supergravity [66]. The modifications of the gauge symmetry and T-duality transformation
rules can be reproduced from those of DFT by considering the ansatz (6.23). Once the
winding-coordinate dependence is absorbed into the mass parameter, or the deformation
of the supergravity, the D8-brane solution (4.13) without R-R fields

ds® = 72_1/2 (dx%l,,.g + 7 dmg) , e 2% = 75/2, (6.24)
becomes a solution of the Romans massive type ITA supergravity. Namely, the winding-
coordinate-dependent solution becomes a winding-coordinate-independent solution of the
modified supergravity.

As the R-R field depends on a winding coordinate, for the SC to be satisfied, one might
expect that it is necessary to require the existence of an isometry direction. However, in
this case, as it was shown in [67], by relaxing the strong constraint to the weak constraint,
we can formulate the massive ITA supergravity in ten dimensions, rather than 9. This
may be understood as follows. We expect that the locally non-geometric R-fluxes will
always play the role of the gaugings and the consistency conditions will require conditions
like R 0p, = 0. However, in the special case of the D8-brane, the corresponding R-
flux (i.e. the R-R 0-form field strength Fjy) does not have any index and we cannot write a
condition for the derivative. In terms of M-theory, a D8-brane is uplifted to the 8(:%)-brane
(also known as the KK9M- or the M9-brane) and the associated R-flux is R**. Therefore,
in this case, we may need to require a condition R** 9; = 0. This consideration is consistent
with the fact that the eleven-dimensional uplift of the massive IIA supergravity depend on
a certain Killing vector in the eleven dimensions [137].

6.4 KKS8A and M9 solutions

Let us consider the solution of the 7:(,)1’0)(1 ---7,,8)-brane (5.27), which is also known as
the KK8A-brane. At the same time, we consider its eleven-dimensional uplift, the solu-
tion of the 8512’0)(12345672, ,8)-brane (5.160). In this case, the linear winding-coordinate
dependence is included in v = m &g, or in terms of M-theory, A% = G3M/GMM = —m ygy; .
We thus consider the following twist for the generalized metric in EFT:

Mpy=(UTMU),,, U=e muu-okt (6.25)

where K;/ is a matrix representation of the GL(n) generator given in (B.2). Substituting
this ansatz into the EFT action or the equations of motion, we obtain a deformed type ITA

supergravity, which will effectively be nine-dimensional due to Rg)m Om =0.
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Since the winding-coordinate dependence has been absorbed into the twist matrix, we
obtain the following solution of the deformed type IIA supergravity,

8% = /% (dady.., + 7o dad) + 7 da,

2
S (6.26)
By translating the dual fields into the conventional fields (recall (5.23)), we obtain
2 2\ 1/2 2 2\ —1/2
ds* = (HTz> (da:gl.,,7 + T dx%) + oyt <C 7 ) da?,
2 72

. 22 ) (6.27)

e 2 = (P +72)73/? 75, Ch.g=— = 2 Cy = oLz 2

This is precisely the KK8A solution given in eq. (6.20) of [6]. By choosing ¢ = 0, we
obtain the KK8A solution originally obtained in [76], which is not a solution of any type II
supergravity, but instead of a deformed ten-dimensional supergravity (which is not Romans’
supergravity).

On the other hand, the 8&12’0) (12345672, , 8) solution becomes a solution of the deformed
eleven-dimensional supergravity,

482 = 73 (dag.., + 7o dad) + 75 % (da? + cda?) . (6.28)

By choosing ¢ = 0, the conventional metric becomes

ds? = 73/ (da. ;. + 7o dad) + 7, dad, (6.29)

which is the KK9M solution obtained in [76, 138].

Note that if we consider the 7-dual of the 7&1’0)(1 -++7,,8) solution along the x®-
direction, we obtain 73(1---7) solution, which is a solution of the undeformed type IIB
supergravity. On the other hand, if we consider the background of the (p, ¢)-7(1---7) brane
and perform the T-duality along the z®-direction, we obtain a solution corresponding to
the bound state of the 81(1---8)-brane and the 7&1’0)(1 -++7,,8)-brane. This is a solution
of a deformed type IIA supergravity. The eleven-dimensional uplift corresponds to the
bound state of the 8&12’0)(1 .-+ 8,,M)-brane and the 8512’0)(1 ---7M, , 8)-brane, and the corre-
sponding background will be a solution of the SL(2)-covariant eleven-dimensional massive

supergravity [76].

6.5 6:(,,1’1) solution in a deformed IIB supergravity

Finally, let us consider the 6:(31’1)(1 --+6,7,8) solution of (5.27). In this case, the winding-
coordinate dependence is contained in v’® = m g . The corresponding twist is

My = (UTMU),,, U=e ma—o9f (6.30)

where the matrix R, can be found in (B.13). In this case, the deformed supergravity will
effectively be eight dimensional since the 6:(31’1)-brane requires two isometry directions or

the R-flux contains two antisymmetric indices.
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By absorbing the winding-coordinates into the twist matrix and choosing ¢ = 0, the

solution (5.23) reduces to a purely gravitational solution,

ds? = 7'21/2 (dwgy..q + T2 dag) + 751/2 da? + T;3/2 dzg e P =1. (6.31)

This is precisely a solution corresponding to the “Unknown brane (6,2,1)” obtained in
eq. (6.9) of [76].
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A Conventions

We define the totally antisymmetric delta functions as

sy = glm gl (A1)

[m1 np]
where the antisymmetrization is defined as

Apny o] = % (Am1-~mn + permutations) ) (A.2)

We also define the antisymmetrized metric as
Gy omp,ni-ny = Gmyry - Gmgry, 5;117;{2 . (A.3)

The Hodge dual operator is defined as
1
(kg )y mpi1—g = P €™M M g1 —g Ofng g 3 dlz =da' A A da?,
1

*(dUml VANRIWAN dO'mq) = m Eml...mqnl...np+17q dmnl VAYERIVAY dﬂl‘np+17q 5 (A4)
p —4q)

Jld _ _\/iiG, croa=vV—0C.

B Parameterizations of the generalized metric in EFT

In this appendix, we review the parameterization of the generalized metric in Ej,;,,) EFT
(n < 7). We follow the convention used in [120].
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B.1 M-theory parameterization

When we consider M-theory, we can parameterize the generalized metric Mj; in terms of
the conventional supergravity fields Gyj;, Ai iyis, and A;,...i; as follows [55] (see [54, 139, 140]

for earlier works):

” 1 pijigi 1 piyei L
M[]:(LngML3L6)1J7 Ly = e3 B8 Aigigis [0 — oar B0 Ay i

Gij 0 0 0
R L 0 @Gtz Jij2 0 0
M = |G|7=2 o ;1G] = det(Gyy)
0 0 G, J105 0 (Bl)
0 0 0 Gt guegr (i
o 1 50 0 0
with eA =1+ Z E A", I = E 67372 53110735 E )
n=1 0o o o sl

where d = 11 —n is the dimension of the external space and we have introduced the matrix
representations of the i,y generators { Ky, 2 Riykoks, REVR2RS Ry 4o RE1-Re Y ag

i ok
6;@15]'2 0 N 0 0
shal gi1iz2
0 —litig7k 0 0
koI V212! o
(Kkl ) J = ghalilg gd1--d5
0 0 __t1--vis kily---lyg 0
41/51'5! S L )
Lkl e gl T 550107 sk 60
0 0 0 _ 617y --iy 1ly--lg 6 T iy iy T 1
VT
ko
L kg (B.2)
9—n /7 '
0 — 1/% 3 0 0
jl:”lek k
I _ 0 0 12k k2R3 0
(Riikoks) 7 = st | (B.3)
i1--viglyly 5k1k2k3
215! 7!
0
0 0 0 0
sk1kaks
—-t2d 0 0 0
]
(Rk1k2k3>1J = V2! si19ak1kaks , <B4)
0 P s S 0 0
e si1dslila 556117@‘2_193
iq-ecir 1lai
0 0 214/5!'7! 0
00 Sy 0
I 80 iniy g O Ry
(er“ke) J=100 0 517/21 71 ) (B'5)
00 0 0
00 0 0
0 0 00
0 0 00
(RFrkey ;= | shiits : (B.6)
—l== 0 00
V5!
sitizli-ls g1k
i1 iy 11151
0 ——L———1—5-00

5!1v/2!'7!
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where 63111];’ = p! 531113;’ . If we consider the Eg(gy EFT, the generalized metric additionally
contains the dual graviton A;, ... ; [141] although the explicit parameterization in our
convention is not determined yet.
We can also parameterize the same Mjy; in terms of the dual fields, C;‘ij, Q128 and
Qs as follows [121] (see [142, 143] for earlier results in SL(5) EFT):
Mpy= (EGT E3T M E:s [:6)IJ ) I:s = e% Rijigig Q112! EG = eé Rij..ig Q117776

) )

Gij 0 0 0
M=|C - 0 Giviz;jij2 0 0 e (B.7)
=1 0 0 Gi-is, j1--Js 0 ;|G| = det(Gyj) -
0 0 0 Gt dregr (Y

This is called the non-geometric parameterization.
Similar to the identification in DFT (4.18), by comparing the two parameteriza-
tions (B.1) and (B.7) as [121, 142, 143]

M(]l\‘/;) — M}N;’ non-geometric) , (BS)

we can in principle express the dual fields (Gij, Qirizis - ()i1%6) in terms of the conventional
ﬁelds (Gij7 Ailigiga Ail""iG)'
B.2 Type IIB parameterization

When we consider type IIB theory, we parameterize the generalized metric as [121, 144]
(see also [87] for the case of SL(5) EFT)

Ty T Ty E| E
gE 0 0 0 0
R ) 0 Mag g™ 0 0 0
M= |gE‘ﬁ 0 0 gTEnlm2m37n1n2n3 0 0 ,
0 0 0 Mg gl s TS 0
0 0 0 0 97En1<--m6,n1~~n6 ggzn (BQ)
1 pP1P2 pY 1 1 pP1D6
LQ = e2l Ry BP1P2 , L4 = e RP17°P4 Dp,opy 7 L6 = edl Ry Dplmp6 ,
§m 0 0 0 0
A > 1 06367, 0 0 0
with et =14 E — A", Il= o o spwra, o 0 ,
n: 0 0 0 55 ok N2 0
n=1 1 5
0 0 0 0 Syl e s

where we introduced the type IIB parameterizations of the E,,,) generators as

5;}522 0 0 0
0 *55,12(15” s 0 0
I = plq ﬁ mni1mnomns o
(Kplpz) S = 0 0 O g Op daiay” 05 0
21V/313! 1 P2q1--45 xR TG nyng b2
0 0 0 _ 519y -mg Opray---asOmtOmy - -mgOmi Op;
V6! 6!
51)2
oo (B.10)
—-Nn
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0 0 0 0
0 765 65)& 5" 0 0
R = O m B.11
(Ry5)" 0 0 75@65)&6,’;31?:7;35 ol’ ( )
0 0 0 0
0 0 0 0 0
52 &hir> 0 0 0 0
p1p2 )] 0 <rdmimimg 0 0 0
1P2 — £ LTS
(R'Y ) J = val 5O §TM1N2T3P1P2 ? (B12)
0 0 Oy Omymy 0 0
V315! : :
ni---nglp P
0 0 0 _2¢8y 5m11-5«l-g‘?6 " on?
0 &7 8pm, 0 0 0
e 5%?%33
0 0 Vsl ¥ nL1~(-)~m,5 0
Y I — 5;5“ non3plp
(R)p) g=| 0 o 0 £ nienshiee 0 , (B.13)
2 8 imley %ol
0 0 0 0 — JEer
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
55'111"1;11’24”%71
(el = =0 0 0 00, (B.14)
5% b1 P
0 *% 0 00
. ’ ! 45:;1172_:;36[P1png 5%] 0
o V316!
00 6211'@'21’7137”’ 0 0
V3!
0 0 0 IR 0
I e ni-ng
(Rpr“m) J = 0 745"117"2"13&'1?2173 %pa] ) (B15)
/316!
0
0
0 0 0 0 O
0 0 0 0 0
p1pe\l  — 0 0 0 0 0
(R7 Y= 55 §PLP6 , (B.16)
S m&;.msn 0 00 0
' nlp1-p5 spel
6€/i'y‘sm%mp6 one 00 0
§Y g1 s
B “P1 P
0 0 0 s 0
6 ey 6"1"'"6 §n !
/ 000 0 e en Po
7 pu— N
(Bprpe) 7= | 0 0 o 0 0 : (B.17)
0 0 0 0 0
0 0 0 0 0
ni--n _ ni--n
where 8., ...m, = P! Omy.m, -

The introduced SL(2)-covariant fields (¢&,,,, mag, Bin, Dimy-mys Drni-mg) are related
to the standard type IIB supergravity fields as follows. The metric g}, is the standard
Einstein-frame metric and @ is the standard dilaton and the string-frame metric is defined
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P

as gmn = o3 g ., . Other fields are further parameterized as

(maﬁ) — o0 <62<I> +(Co)? Co> B = <an > ’

Co 1 Crmn
D}, ..

Dm1-~~m4 = Cm1~~-m4 - SB[mlmg Om3m4] ) D?nl---mﬁ = 9 ' ¢ ) (B18)
Dm1 ~meg

D}nlmmg = le"'mG —15 D[m1-~~m4 Bm5m6} —15 B[mlmz Bm3m4 Cmsmg] s
D2 s = —Dinyeamg + 15 Dy oiny Consmg] + 30 Clinyms Cimgms Bimgme) -
Then, ®, By, Cnyomg,, and Dy, ..me are the standard dilaton, the B-field, the R-R

potentials, and the dual potential of the B-field.
We can also provide the non-geometric parameterization as [121]

Mpy=(Lg LI L3 MLy Ly L)1y, 15" = det(gimyn) »
e 0 0 0 0
R ) 0 Thapg §E" 0 0 0
M — |§E|ﬂ 0 0 grEMMQanlnzns 0 0 , (Blg)
B " B P G ™S B
0 0 B B g mes 1 me o
Ly = o1 Boipa B2 , Ly, = i Bpy-py 17174 ’ Lg = oot Bormg 0

By using the dual metric g;,, and the dual dilaton ®, we define the dual string-frame
metric as Gmp = e3® g .. . Again, we further parameterize other fields as

. (L g
Mg = e¢ Z 5 Bgm = )
( /3) <7 e—2¢ _}_72) (_,Ymn>

nml...m4 = ,yml-..m4 + Bﬁ[m1m2 7m3m4] ’ n;ﬂl"'mfi = (7]1 ' 6) , (BQO)

mi-mg

77?11---1%6 = 4Mme 15n[m1~~~m4 5m5m6] ~15 ﬁ[mlmz Brmama ,ymsme] ,

ngll---mﬁ = _gmims _ 15 n[ml-..m4 ,Ym5m6] + 30,7[m1m2 ,ym3m4 Bmsm(;] _

In this paper, we use the fields (G, b, g™, AL - 3G ) £ deseribe supergravity
solutions of exotic branes in type IIB theory.
Again, by comparing the two parameterizations (B.9) and (B.19) as

(IIB) __ (IIB, non-geometric)
My =My, ; (B.21)

we can in principle determine the dual fields in terms of the conventional supergravity
fields.

C Contents of the p-brane multiplets
In this appendix, we provide a list of branes contained in the p-brane multiplets.

C.1 “Elementary” branes

We first provide a list of “elementary” branes that are connected to the standard branes.
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d D M IIA 1IB
1 23 (1) 1o (1) P (1)
2 | P(2) P (1), 01 (1) 1o (1), 11 (1)
6 P (3)a 23 (3) P (2)3 1o (2)7 01 (1)7 21 (1) p (2)7 1o (2)a 11 (2)
P (5)7 23 (10)7 P (4)7 10 (4)7 01 (1)7 21 (6)7
6 16 56 (1) 4 (1) P (4), 1o (4), 11 (4), 31 (4)
5| o7 P (6), 25 (15) P (5), 1o (5), 01 (1), 21 (10), P (5), 1o (5), 11 (5), 31 (10),
56 (6) 41 (5), 52 (1) 1 (1), 52 (1)
4 56 P (7)a 23 (21)3 p (6)3 1o (6)7 01 (1)7 21 (15)a p (6)7 1o (6)a 1 (6)3 31 (20)5
56 (21), 65 (7) | 41 (15), 61 (1), 52 (6), 53 (6) 51 (6), 52 (6), 53 (6)
1; (fs)é)% (28) | b (7). 10 (7), 00 (1), 21 (21), | P (7), 1o (7), 11 (7), 31 (35),
66 (56)7 44 (35), 61 (7)7 5o (21)7 51 (21)7 71 (1)7 5o (21),
3| 240 )9 (56), 55 (42), 52 (21), 6} (7), 55 (42), 53 (21), 73 (1),
2. (28) 43 (85), 28 (21), 03 (1), 1§.(7), | 5 (21), 33 (35), 15 (7), 14 (7),
0(1 ,7) (8) 04 v ( ) 04 v (7)
Table 7. Branes in the particle multiplet.
d| D M 1A 1IB
9 2 23 (2) 1o (1), 21 (1) 1o (1), 17 (1)
8| 3 23 (3) 0 (1), 21 (2) 1o (1), 13 (1), 31 (1)
7 5 23 (4), 56 (1) 1o (1), 21 (8), 41 (1) 1o (1), 11 (1), 31 (8)
6 10 | 265 6G) | 100,20 @ 4 @),5 1) syt e,
s | op | 23(6), 5 (15), 1o (1), 21 (5), 41 (10), 61 (1), 1o (1), 11 (1), 31 (10), 51 (5),
65 (6) 2 (5), 53 (5) 52 (5), 55 (5)
1o (1), 11 (1), 31 (15), 51 (15),
23 (7), 56 (35) o (1), 2 (6), (20) 61 (6), .
4| 126 62 (42),6 5 (15), 5 1 3 (30), 5 (15)103( 6), ;l (1) N (1? ii (ig) o (15).
1, (35). 28, (7) | 43 (20).23 (6). 1§ (1) oGy a1,
4
1o (1), 13 (1), 31 (21), 51 (35),
Lo (1), 21 (7), 41 1(35), 61 (21), 7‘1’ ), 5; (35). 15% (105)71
23 (8), 56 (70), 81 (1), 52 (35), 55 (105), 52 (105), 53 (35), 73 (7)
69 (168), 55 (105), 53 (35), 6; (42), 55 (105)’ 2?1 (1057) 18 (77)
51, (280), 43 (140), 25 (42), 700 (7), D) (45) % 08) (’14‘3) ’
(1,0) (1 2 (105), 3{"" (105 3 3 0
81‘2 (8), ( )s ( )s 9(1,5) (42), 16 (7), 53 (35),
20 (56), 1<1 9 (7), 18 (7), 53 (35), 23 (2.3)
(1 3) (1 3) (2,3) 4, (140), 3,77 (210),
(280), 4 (140), 3; (210), (3 3) (4 3)
( 4) (3 3) G, 3) 2,77 (140), 1,77 (85),
318‘ (420), 2,77 (140), 1,77 (35), 1(1 ,0,6) ), 2(1 ,5) (42),
3 | 2160 2( 3) (280), 1511,0,6) ), 22 ™), 2552,4) (105),

l(1 1,6) (56),
20 (8),
15y (280),
15770 (168),
1549 (70),
157 @)

2% (108), 200 (7),

10050 (42), 1% (140),

1(10 D (42), 1(4 3 (35),

1<1 42) (105), 1(2 41 (105),

(3 4,0) (3 ) (7 0) (1)7
(21), 1(4 300 (35),
M. 1800 )

259 (140), 251 (a2),
15}1,0,6) (7) 1(1 24) (105)7
1&1,4,2) (105) (1 6,0) (7)’
1% (35), 14" 42) (105),
1249 (105), 13740 (35),
l’(71,6,0) ( ) l’(73,4,0) (35)7
1%5,2,0) (21), 1(77,0,()) (1),
1&7,0,()) (1)
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d D M TTA 1B
9 1 23 (1) 2, (1) 31 (1)
8 2 23 (1), 56 (1) 21 (1), 41 (1) 31 (2)
7 5 23 (1), 56 (4) 21 (1), 41 (8), 52 (1) 31 (3), 51 (1), 52 (1)
25 (1), 56 (10),
6| 16 | gl E5§ 6 (19) 21 (1), 41 (6), 61 (1), 52 (4), 53 (4) 31 (4), 51 (4), 52 (4), 53 (4)
23 (1), 56 (20), 21 (1), 41 (10), 61 (5), 52 (10), 31 (5), 51 (10), 71 (1), 52 (10),
5| 72 | 6l (30),5%, (20), | 51 (20), 5% (10), 6} (5), 43 (10), 51 (20), 5% (10), 75 (1), 52 (10),
2% (1) 25 (1) 35 (5)
23 (1), 56 (35),
21 (1), 41 (15), 61 (15), 81 (1),
6l (105), 1 1
5% ( 14()) 55 (20), 55 (60), 53 (60), 53 (20), 3% (6), 512(20)7 713(6), 52 (20),
75 (140), 1 2 : (1.0 51 (60), 52 (60), 53 (20), 73 (6),
§(10) 7y 56 (o 63 (30), 43 (60), 23 (6), 73 (6), 5 4 (1.1)
12 (1), 295 (7), (1,2) (1.4) A 53 (60), 33 (30), 65 (30),
4 576 5(13) (140 53 (60), 33 (80), 55 (20), 4013 (1,5) 3
15 , (1,3) (2,3) (3,3) 37 (60), 257777 (6), 55 (20),
3(2:4) 105 4,7 (60), 3 (60), 25 (20), (1,3) (2.3) (3,3)
s~ (108), 6 (2,4) (4,2) 4,77 (60), 3,777 (60), 2,77 (20),
2(4,3) 35 25 (1), 25 (15), 25 (15), (1,5) (3,3) (5,1)
a1 (35), 260 (1) 25 (8), 2¢ (20), 25 (6)
27" @ ’
21 (1), 41 (21), 61 (85), 81 (7), 31 (7), 51 (85), 71 (21), 91 (1),
52 (85), 55 (140), 52 (210), 53 (140), 52 (35), 55 (140), 52 (210), 53 (140),
53 (85), 65 (105), 43 (210), 25 (21), 53 (85), 75 (21), 53 (210), 33 (105),
719 (a2), 502 (a20), 30 (210), | 6"V (210), 47 (a20), 217 (a2),
61 10s), 477 (210, 27 (21), | 720 (21), 507 (210), 302" (105),
53 (140), 4{"% (420), 3% (420), 5% (140), 4% (420), 32'?) (420),
2033 (140), 50 (140), 203% (140), 5" (140),
23 (1), 56 (56), £13) 400y 5(1.2:3) (400 2(113) 400y 5(1.2.8) (400
65 (280), 4y (420), il ( l,m il (420), 3, (20),
5%, (560), 219 140y, 8000 (7), 6007 (85), | 207 (140), 94 (1), 7077 (21),
3(L9 (5e), 49 (21, 279 (1), 28 (7), 500 (38), 300 (1), 2{17) (a2),
25 (28), 2% (10s), 200 (108), 200 (1), | 20> (140), 27 (a2), 21000 (),
5(0% (1120), 2(1010) 42y o(1033) (140, 208029 (108), 201017 (108),
3(2% (840, 2{105 1) 42y, 5(1%) (140, 2{1:0:0:0) 7y 54 (35), 5(2?) (210),
6(1i.1) (280), 5&3,1) (140), 4'%1,0‘4) (105), 5;4‘0) (35), 421,1,3) (420),
50000 (280), 422 (630), 4{1"?) (105), 431 420y, 3020 (108),
2043 (280), 3(219) (a20), 3(2%1) (a20), 30222 (630), 3*"") (105),
4129 (1680, 2301 (35, 2(3:2:2) (210), 20319 (140), 221 (140),
207 (8), 23100 35y, 3021 (1085), 382 (105), 32 (420),
4129 (168), 329 (420, 30277 (630), 322 (630), 371 (420),
ggiz,a) (1680), 3((;3.2,1) (420), 3((1.41.2,0) (108), 3é;l,z,n) (108), 2&1,(),2.4) (108),
2&14.0.2.5) (168), 2&1,0,2,4) (108), 2&1,1,2.:5) (420), 2&1,1,2.3) (420), 2((51,2,2,2) (630),
3;373.1) (1120), 2‘(31,2‘2.2) (630), 2&1,3,2,1) (420), 25}1‘3,2.1) (420), 2((31,4.2,0) (105),
2_(2/;,0_4) (70), 2((31,4‘2.0) (105), 2;4,3) (35), 2(71‘3.3) (140), 2(7:5,143) (140),
3 | 17280

2(217,1.3,3) (1120),
3(2:2:0) (168),

2(%%2) (1680),
2(20:2:1) (168),
2;(3}).0,0.7.0) (8),

2(2%21) (1680),

(1,0,3,4,0)
33

2 (280),
10D 280y,
2 1.3.0) (2g80),
2&2’}*%‘“’"” (840),
2%;..5,‘5‘1.11) (1120),
2(2.0,(5‘[).0) (28),
(56),
(560),
(280),

(56),
2(8,0,0,0,0) 1)

51

2(1.6,0.1.0)
42

2(2.3,3.0.0)
5(3,4,1,0,0)
22 0,00
~(5,3,0,0,0
248

2&2,2.3) (210), 2(74‘0.3) (35),
2;1,1.3.2) (420), 2;1.3,1‘2) (420),
22041 (105), 2;2'2’2*1) (630),
2§2'4’0‘1> (105), 2;3,1,3.0) (140),
2(73.3,1,0) (140), 3;1,5,0) (42),

:0) (140), 3100 42y,
5(1,0,0,6,0) ), 2%1,(1.2‘4,(1) (108),
5(1,0,4,2,0) (105), 2(71,0,6,0,0) o,
2z(;,o)f ), 2;2.0,5.9) (21),

2(40,3.0) g5y 2;@,0.1.0) 7,
2331 (140), 2531'?'2’1) (420),
22311 (420), 2350 (140),
2(1:0:8:3,0) 140y 2;1,1.3,2,0) (420),
2(1:2:8.1.0) 400y 2;1,3.3,0,0) (140),
2&5,2‘10) (21), 2£()_>,.s.2‘1>) (210),
2&4,1‘2.11) (108), 2&1,1,4,1,0) (210),

2é1,3.2.1,o) (420), 251,5‘0,140) (42),

2{()2,0.5. ) (21), 2;)12-3’0‘”) (210),

2{()2.4.1.0.0) (105), 2(12,4.0.0) (35),

1,3,3,0,0 2,3,2,0,0
25(1 ) (140), 2(10 ) (210),

-(3,3,1,0,0) (4,3,0,0,0)
200 (140), 2§, (35),

1,6,0,0,0 3,4,0,0,0
2{ 0000 (1), 251000 (38,

=]

+(5,2,0,0,0 +(7,0,0,0,0
2 ) (21), 24 ) @)

2(71‘0.4,2) (105), 2(71.2.2,2) (630),
2{140:2) (105), 2(2: 15 1) (420),
22311 (420), 2(3010) (35),
5(3:2.2.0) (910), 2(73,/1,0.0) (35),
3(6:0) (7, 3(72.4&)) (105),

3(4,2,0) (108), 3(76,0,0) o,
5(1,0,1,5,0) (a2), 2(71,0,:;.:5,0) (140),
5(1,0,5,1,0) (a2), 2(81,0,6.11) ™,

7
2;3‘0.4,0) (35), ng‘U,Q.O) (21),
2(70:0:0) (1) 2331 (140),
21321 (420), 22511 (420),
233010 (140), 2(1:0:2:2:0) (140),
2;1 1.3:2,0) (490), 2;13-3*1” (420),

5(1.3,3,0,0) (140), 251,4.2,0) (105),
5(3:2,2,0) (210), 2&5,0.2,0) (21),
5(1.0,5,1,0) (42), 2é1,2,3.1,o) (420),
2(91‘ ,1,1,0) (210), 2&2.1,4.0.0) (105),

2,3,2,0,0 2,5,0,0,0

2§ ) (210), 2{*° ) (21),

5(3,4,0,0 1,3,3,0,0

2(3:4.0.0) g5y o1 ) (140),
2,3,2,0,0 5(3,3,1,0,0

2<10 ) (210), 2(10 ) (140),

2(4.3.0.0.0) (ggy zﬁ_o,(,_g) ),
2(2,5,0,0,0) (21), 234[.,3,0.0,0) (35),
2((;,1,(].0,[)) (7)

Table 9. Branes in the membrane multiplet.
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d| D M A IIB
9 1 56 (1) 41 (1) 31 (1)
8 3 56 (3) 1 (2), 52 (1) 31 (1), 51 (1), 52 (1)
7 10 56 (6)7 651) (4) 1 (3)7 61 (1)7 52 (3)7 5% (3) 31 (1)7 51 (3)7 52 (3) )
515 (10) 5 (6), 65 (4), 43 (4) 24 ’ T 18 ’
35 (1)
56 (15), 61 (60), | 41 (5), 61 (10), 81 (1), 52 (10), 31 (1), 51 (10), 71 (5), 52 (10),
53, (60), 51 (30), 52 (30), 53 (10), 61 (20), | 51 (30), 53 (30), 55 (10), 75 (5),
5 | 216 | 85" (6), 13 (20), 757 (5, 55 (30), 53 (30), 33 (5), 65" (20),
559 (60), 3( (5), 52 (10), 477 (20), 4% (20), 53 (10), 4."¥ (20),
3" (15) 3% (10) 3% (10)
31 (1)7 51 (15)1 71(15)7 91 (1)7
41 (8), 61 (20), 81 (6), 52 (15) 52 (15), 53 (60), 53 (90), 53 (60),
55 (60), 53 (90), 53 (60), 53 (15), | 5 (15), T3 (15), 55 (90), 35 (15),
5o (21), 6L (60), 43 (60), 7(1 9 (30), 65" (120), 48 (120),
22 Tatoy 52 (180), 50 (30), 220 (15), 557 (90),
. , ) 2.4 1,3
50 (42) <F£ " (60), 4.%’ ? (60), 5% (60), %< ) (15), 52 (60) 4$ (120),
’ 2,3 2 ,0
5?23) (420), 42,3) (120),‘33(%2’?)) (60)’r 0 351 oi (60). 0(1( (01)) 7( ) (s)
3G9 (105), 8" (6), 61" (20), 47" (8), ; s, 800 ),
4 | 2016 | 65" (140) r(l 9 (60), 4,1 (120), 5 (60), 4 (120),
) 1,2, 2,2
5104 3129 (60), 5% (60), 529 (60). 51 (15), 5.7 (90)
(105), r(; 1) (1,0,4) r(1,0) 15 4(1 1,3) 20
1(1 3) 420 3 (60)1 43 (30)7 ")5 . ( )7 ( )
21 ( )’ ( (1,4,0) 4(1,.5,1) 120 5(2 ,0,4) 15
,1&1/]-53) (42), 45 (180) 4 D (30), ?2 2.2) ( ), ()4[]) (15),
3223 (510 319 (60), 5<“ (60), 3222 (90), 3240 (15),
s (2,4 5(1,2,3
Rfs].:s,n (140) 3(2 4 (15), s“ 2.3 (60), 3% (1s), 30727 (60),
’ 2,2,2 3,2,1
5(0 2.0) (21) ‘5((;2? 2) (90) (5 2,1) (60) ()4 ) ()) (90) (( . ) (60),
30 3((54.2.()) (15), ;(1 5,0) (6), 3(() ,0) (15), 35) ) (1),
3(3,3,0) (20), ;(1 1,0) 6) 3(2,4,0) (15), 3(4,2,0) (15),
! (6,00 !
5700 (1)
Table 10. Branes in the 3-brane multiplet.
D M ITA 1B
2 6 (2) 4; (1), 52 (1) 51 (1), 52 (1)
6 (3), 65 (3) 41 (1), 61 (1), 52 (2), 53 (2) 51 (2), 52 (2), 53 (2)
( )7 69 (12) 47 (1)’ 61 (3)» 52 (3)» 5% (6) 51 (3)7 71 (1) 5 (3)7 5% (6)7
71 20
575 (4) 55 (3), 65 (3), 43 (1) 53 (8), 73 (1), 53 (3)
56 (5), 65 (30), 41 (1), 61 (6) 1 (1), 52 (4), 51 (4), 11 (4) 52 (4), 5%{(12),
6 80 )112 0(20) 5% (12)7 5 0()12)= 53 1(;1)7 63 (12)7 551(112)7 ( 2’373 ( )’ 5§ (12)7
815 (5), 13 (4), 7540 (2), 552 (12), 6 (12), 441 (4), 53 (4),
515 (20) 51 (@), 44 (@) 45" ()
41 (1), 61 (10), 81 (5), 52 (5),
f D 51 (5), 71 (10), 9 5
56 (6), 61 (60), 53 (20), 52 (30), 53 (20), 535 (5), ! (5), 12( ), 91 (1), 5 r(l)
9 51 (20), 52 (30), 53 (20), 52 (5),
53, (60), 61 (30), 43 (10), 7" (20), 2 2 2
(1,0) (1,2) (2,1) 73 (10), 53 (30), 65" (60),
815 (30), 53‘ ‘ (60), 63 (30), 4(1 3) (20) H(z 0) (10)
50409 (120), 4% (10), 53 (20), 44 (20), (2 2 : L.9)
5 | 432 (5 1) =(1,0,3) (1,1,3) 5 (80), 53 (20), 44 (20),
615’ (60), 4 (20), 4, (20), r(l 0,3) (1,1,3) .
r(1.0 4) g(1.0) gy (3 (1) 4() ,0) 9y (20), 4, (20), 94 (1),
(30), 1 (8), 6,77 (10), (1), 720 (10), 509 (5), 51 (5)
029 60), | 50 (20), 58 (20), o) ( o (5), 55 (3),
(1,5,0) (1,0,4) (1,2,2) (30) (5),
434 (6) Ay (5), 45 (30), to, (1,3,1)
1@1 4,0) (5) 45 (20) 45 (20)

Table 11. Branes in the 4-brane multiplet.
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D M IIA 1IB
1 | 5 (1) 52 (1) 53 (1)
2 | 65(2) 61 (1), 55 (1) 51 (1), 52 (1)
81 2 | 56 (1), 5% (1) 52 (1), 55 (1) 55 (2)
1 1 -1 51 (1)7 7 (1)7 52 (1)7 55 (1)7
6 69 (6) 61 (2)y 52 (2)7 63 (2) 73 (1)’ 5% (1)
715 | 56 (1), 5%, (4) 52 (1), 55 (3), 53 (1) 53 (8), 53 (1), 53 (1)
68 (12), .
20 8?1,(0) ()4) 61 (3) 81 ( )7 5% (3) ( )7 1 (1)7 71 (3)7 52 (1)7 5§ (3)7
509 (4) 6} (6). 70 (), 5 (3 73 (8), 5 (3), 65" (6)
15
56 (1), 535 (10 52 (1), 52 (6), 52 (1), 53 (4), .
616 5<61 =(<'-’)1> ?5 1o ;)(21.(0‘:)5) ?Z)( b 55 (4), 53 (4), 53 (4), 5,0 (9)
“18 “4
6} (20) 61 (9, 8 (0,5 (@), 53 (@), | ol 1O (% O
91 0 1,0 2 122 92 (6) 92 (1), 73 (6), 5% (6),
815" (20), 63 (12), 757 (12), 582 (12), | Do (2.0) (g 5(2:2)
80 (1,3) (2,1) (1,0) .(3,0) 63 (24), 73 (6), 55 (6),
5157 (20)7 h‘j (12)’ 8/1 (4)’ ()1 (4)7 2 0) r(1 0)
631 (20 ~(1,3) 1) 53D (4 4 (1), ‘4 (6)7 94 1),
61y 7 (20) 95 (4), 55 (4) (1) r (2,2) (6), 521()) 1)
Table 12. Branes in the 5-brane multiplet.
d D M IIA 1IB
91 2 |6 (2 61 (1), 61 (1) 1 (1), 73 (1)
81 6 |6)(3),8,”(3) | 61 (1),8 (1,652,757 @ | 712,72 6" (2)
65 (4),
<1(o>) 61 (1), 81 (3), 65 (3), 75"V (8), | 71 (3),91 (1), 75 (3), 65"V (6),
720 | 8y (12), 2.1) (1.0) 30 (2,0 ) (2,0)
()(5 D (g (3), 8,77 (3),6;,77 (1) 7577 (8),94 (1), 7,7 (3)
Table 13. Branes in the 6-brane multiplet.
d| D M ITA I1IB
2 8”2 81 (1), 75 (1) 71 (1), 75 (1)
(2,0)
8|6 |slo 710 810 T (1), 91 (1), 75 (1), T (1),
(6) 81 (2), 7 (2), 8 (2) 9, (1), 7’(’1_)1)) (1)
Table 14. Branes in the 7-brane multiplet.
d | D M IIA 1IB
2 | 8" @ 81 (), 87 () o (1), 94 ()

Table 15. Branes in the 8-brane multiplet.
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C.2 Missing states

We here provide a list of the missing states in each multiplet.

435 (21), 259 (1)

2511,5) )

d D N M IIA IIB

4 7C 133 7 | 8 (1) 79 (1) 79 (1)
89 (8), 73, (28), 72 (7), 75 (7), 83 (1), 63 (21), 73 (7), 75 (7), T3 (7), 55 (35),
43 (56), 43 (35), 2§ (7). 35 (21), 33 (21), 17 (1), 35 (21),

3 | 1680 C 3875 | 7 2%2; (56). 2%1: (a2). (13%24:) 21, 2‘};: 2, I%Z: (1), 13 ).
157 (56), 1509 (m), 153 (35), 152°) (21), 154%) (385),
1892 (28), 1852 (21), 1 (), 18D (7), 18D (7),
1%}7,7,0) (8) 1%6,1) (7)‘ lél,G,D) (7) lél,G,O) (7)

35 C 3875 35 | 155 (1) 17 (1) 17 (1)

Table 16. Missing states in the string multiplet.

d D M ITA IIB

5 6 C 78 89 (1) 79 (1) 72 (1)

1 2
\ 130 o1 89 (7), T3 (21), Zé E‘l”;’;ég(‘i)lv)?‘;z(l(g)% (15), 75 (6), 7} (6), 74 (6), 53 (20),

33 (6), 33 (6), 2" (6)

3 40320 C 147250

89 (28), 77, (168),
455 (168),

712 (168),
2% (s6),
529 (s560),
442 (a20),
3{1:1%) (336),
3{L4?) (840),
2{21:%) (168),
38250 (168),
28823 (560),
2{L0:5:2) (168),
2312 (168),
2{L2 41D (s40),
2{L2 11 (336),
2(2.2 4.0 (420),
(3 3.2,0) (560),
2(1 0,6,1,0) (5g,
2(5 2,1,0) (1g8),
(; 2,5,00) (16g),
2(5:2:2:0:9) (168),
2(2 6,0,0,0) (5g)

72 (21), 7} (42), 73 (21),
83 (7), 63 (105), 43 (105),

3{1°) (a2), 72 (21), 35 (42),
2(19) (a2), 6{? (105),

5(2% (210), 482 (210),
3{%2 (105), 20> (21),
5(1:09) (42) 2(119) (42),

43 (21), 4(*¥ (210),

4D (105), 3{1Y (210),
3132 (a20), 3150 (42),
2(20:9) (21), 2(2:2:3) (210),
20241 (105), 29 (7),
3842 (105), 211" (a2),
3§D (210), 231 (108),
3219 (105), 2> (140),
2{t12) (105), 210 (42),
2((56,1,0) o, 2((31,0,4,2) (105),
2él,1,4,1) (210),

{1219 (105), 212 (105),
20322 (210), 2(5:02) (21,
2$1,0,5,1) (42), 2(71,2,3,1) (420),
2;1,4,1,1) (210),

2(72,1,4,0) (105),

2(2:3:2.0) (310) 9(2:5:0.0) (37
2250 (21) 21D (a2),

2(1 2,4.0) (105, 2(1 5.0.1) (42),
2;2 2,3,0) (210,

23220 (210),

2é4,2,1,0) (105) 2;5,2,0,0) (21),
2;1,0,5,1,0) (42>,

8
2533,3,1,0) (140)’ 2;5,1,1,0) (42)Y
2;1,0,6,0,0) (7)’
2;1,2,4,0,0) (105),

2(1 4.2,0,0) (105,

2(1 6:0,0.0) (7). 2(5 2,0.0) (97),
2(15100) (42),

2% 5:0,0,0) (97

2§ (1), 7§01 (a2), 5% (140),

5(1,1,5,0,0) (42), 2&1,5,1,0) (42),

72 (21), 73 (42), 73 (21),

71 (42), 53 (140), 33 (42),
8{9 (7, 6§ (105),

4&1*4) (105), zgl'ﬁ) (7), 73 (21),
3% (42), 6{"? (105),

219 (a2), 5{2?) (210),
4332 (210), 3(? (105),

272 (21), 3{19%) (42),
2(119) a2y, 4D (105),
(2 (210), 4> (21),
3{1:0:%) (42), 3(123) (420),
(141 (210), 221D (105),
(232 (210), 2{2° (21),
9 (1), 355 (108),
2{19) (42, 341 (210),
4 (105), 3829 (108),
13 (140), 2§12 (105),
251D (42), 2510 (),
042) (105),

(1141 (210,

240 (105), 2002 (21),
32 (210), 2012 (105),
(L141) (210),

2;1,3,2,1) (420), 251,5,0,1) (42),
2;2,0‘5,0) (21), 2(72,2,3,0) (210),
2

(24.1.0) (105), 2{>50) (21),

211 (a2), 21240 (105),

2&1,5,0,1) (42)’ 2§2,2,3,0) (210)7

2(3:2:2.0) (319),

2%4,2,1,0) (105), 2§§5,2,0,0) (21),

2Zgl,o,5,1,o) (42),

5(1.1,5,0,0) (a2), 2(&6,1,0) 1),

41,0 (105),

254,2,1,0) (105)7 256,0,1,0) (7)’

15,0,0) (45

,3,3,0,0) (140)’

2(1,5 1,0.0) (49, 23%,2,0,0) (21),
1,5,1,0,0

2(0' ) (42),

2(2 ,5,0,0, O) (21)
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1 4
915 (8), 615 (70),

41" (1e8),
3(3 (280),
A0 @)
S8 (56),
20131 (280),
2242 (420),

95 (1), 8 (7), 65 (35), 43 (21),
27 (1), 54 (35), 4" (105),
32 (105), 20> (35),

3{8°) (a2), 383 (140),

301 (a2), 2100 (1),
2{2 (105), 212 (105),
2{100 (1), 30 (7),

2031 (85), 233 (140),
28222 (210), 203 (140),

92 (1), 93 (1), 73 (21), 53 (35),
3§ (7), 54 (35), 4{"? (105),
3821 (105), 20> (35), 38 (7),
382 (105), 3(4? (105),
3(0:0) (1), 2{115) (42),
2133 (140), 2% (a2),
28 (38), 389 (),

26133 (140), 2{*? (210),
20331 (140), 21> (35),

(4,3,0) (1,0,6,0)
62640 C 147250 | 29 ) 2 35), 2 7, . 5
2%3,1) (280), ?671) ( )(2,46,1) (7) 2((31,0,6,0) ), 2;1, D (42),
(1,1,6,0) 27 (7), 24 (105), (3,3,1) (5,1,1)
25 (586), (a,2,1) (6,0,1) 2y (140), 2§ (42),
(7,0,1) 27 (105), 2; (7), (1,0,6,0) (1,2,4,0)
233 (8), (1,1,5,0) (1,3,3,0) 27 (7), 27 (105),
(1,4,3,0) 27 (42), 25 (140), (1,4,2,0) (1,6,0,0)
233 (280), 2(15,1,0) 42y 9(4:3.0) (3g) 27 (105), 2; (7).
2:(326,5,1,0) (168), 2?1)41270) (105’) 8 ’ 2534,3,0) (35)’ 2;1,4,2,0) (105)1
2%’4’0’0) (70), 2(32,4,1,0) ’ (3,4,0,0) 2552’4’1’0) (105), 2§3’4'0’0) (85),
(7,1,0,0) 25 (105), 24 (35), (1,6,0,0) (3,4,0,0)
24 (8) (7,0,0) (2,5,0,0) 29 (7), 29 (35),
29 (1), 24 (21), 2(5:2:0.0) 37y 5(T:0.0.0) (4
2&4,3,0,0) (35)‘ 2é6,1,0,0) (7)’ 2%7)0,0‘0) (1) <9 5
25'(7),0,0,0) (1) 10
3]s (8). 3§ (1, 20" (1), 2T (), 33 (1), 20" (1), 204 (m),
2(2:9 (28), 2025 (21), 2{*%) (35), 2889 (35), 2> (21),
259 (56), 2000 (1), 2% (21), 270 (1), 202 (21),
26640 C 147250 | 111 | 229D (56), (151 (42) 2(2%0) (1), 2051 (a2), 2250 (21),
2350 (56), 21600 7y 2(3:4.0) (35), 2070 (1), 20250 (21),
2:(36\;,2,0) (28), 2'(75,2,0) (21% 2’(77,0,0) (1)7 2’(74,3,0) (35), 2’(76,1,0) (7)7
2:(52,7,0,0) ) 22(36,1,0) ), 22(31,6,0,0) I 2;6,1,0) ), 2;],6,0‘0) e
370 C 147250 | 370 | 2{30) (1) 2{79) (1) 279 (1)
Table 17. Missing states in the membrane multiplet.
D N M IIA 1IB
5C 45 5 89 (1) T2 (1) T2 (1)
135 C 351 5 | 89 (6), 73, (15), | 72 (5), 73 (5), 83 (1), 72 (5), 73 (5)7 73 (5),
435 (6) 63 (10), 43 (5), 35 (1) 5% (10), 35 (1), 33 (1)
72 (15), 73 (30), 73 (15), 72 (15), 73 (30), 72 (15),
89 (21), 83 (6), 63 (60), 43 (30), 71 (30), 53 (60), 33 (6),
1,1 1,3 1,0 1,2
73, (105), 750 (30), 55" (60), 8§, ) (6), 6§ ) (60),
435 (42), 3“ (@), 72 (15), 31 (6), | 4" (30), 3] (6), 73 (15),
71w (105), 6(1 2 (60), 5(2 2 (90), 6{"? (60), 5% (90),
2,3
3780 C 8645 | 5 552 2) (210), 4(3 2 (60), 3(4 2 (15) 43? (60), 342 (15),
45, (105), 3009 (6), 45 (6). 30707 (6), 4" (30),
351 (42), 4<2 9 (60), 40V (30). 4% (60), 47 (6),
1,4,2 :
35,4 (105), 3@1’1’4) (30), 3(51 32 (60), 3102 (6), 3L (60),
2,5,0
35777 (21) 3170 (6), 3542 (15), 341 (30), 3057 (15),
3((5174,1) (30)? 3(62,4,0) (15) 3((317471) (30) (274,0) (15)
92 (1)7 93 (1)7 72 (15)7
95 (1), 81 (6), 63 (20), 3
o1, (7). 64, (35), | 22 (V)% (6), 03 (2D 51 (18), 3§ (1), 51 (15),
4(1,5) (42) 43 (6), 53 (15), 4, (30), 4&174) (30) 3&274) (15)
2772 C 8645 | 22 | {5, 77 33 (15), 3(1%) (6), 6 (1) 32D (15
T 0 a0 20800 o b
6,1 5 ) ) s s
357" (1) 360 (1) 32 (18), 37 (@),
6 3é ,0) (1)
77 C 8645 | 77 | 375 (1) 3% (1) 3% (1)
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Table 18. Missing states in the 3-brane multiplet.




D N M IIA 1IB
4C24 4 | 89 (1) 72 (1) 72 (1)
( ) 7%2 (10) 72 (4)7 7% (4)7 83 (1)7 1 1 3
64C 144 | 4 4?5 ) 62 (6), 43 (1) 72 (4), 75 (4), 74 (4), 53 (4)
75 (10), 83 (5), 75 20, 72 (10), 75 (20), 73 (10),
89 (15), 72 (10), 62 (30), 43 (5), 74 (20), 53 (20), 857 (5),
71, (60), 435 (6), 7(1’1) (20), 5% (20) 65" (30), 45" (5),
864 C 1728 | 4 | 757 (60), 2 (10), 64 2 (30), 73 (10), 6{"% (30),
jz) (60), 5(2 2) (30) 432 (10), 507 (30), 4{513’2) (10),
) (15) 23 (1), 429 (10), 48V (5) | 48 (5), 48 (10),
489 (1)
91 (6)7 64’ (15)7 92 (1)7 81 (5)7 63 (10)7 92 (1)7 93 (1)7 72 (10)7
432 C 1728 | 16 | 2 15 3 3 3
4i5” (6) 4§ (1), 54 (5), 4 (5) 54 (5), 54 (5), 44" (5)
Table 19. Missing states in the 4-brane multiplet.
D N M IIA IIB
2C8 2 89 (1) T2 (1) T2 (1)
1C3 1 89 (1) T2 (1) T2 (1)
20 C 40 2 | 89 (4), 72, (6) 72 (3), 75 (3), 83 (1), 62 (3) | 72 (3), 73 (3), 73 (3), 53 (1)
10C15 | 1| 8 (4), 7% (6) 72 (8), 73 (3), 83 (1), 65 (3) | 72 (3), 75 (3), 73 (3), 53 (1)
72 (6)’ 7% (12)7 7% (6)7 72 (6)7 7% (12)7 73 (6)7
2
8?1%0) 712 (30) 83 (4), 62 (12), 7{"Y (12), | 74 (12), 53 (1), 857 (),
160 320 | 2 | 7% (30) (1) 1) 2 g 602 (12, 72
5(2,3) (10) 3 ( )7 4( )7 3 ( )7 ( )7
6" (12), 57% (6) 6(”’ (12), 52 (6)
1 4 1 3 4 2 (1), 93 (1), 73 (6),
80 C 320 | 8 | 91, (5), 675 (5) 2 (1), 85 (4), 65 (4), 53 (1) i (1), 50 (1)
89 (10), 72 (6), 73 (12), 73 (6), 72 (6), 71 (12), 73 (8)
73, (30), 8 (4), 63 (12). 7Y (12), | 75 (12), 5% (4), 8577 (4)
80 C 126 1 7(1 12) (30), 5;1,3) (4 ) 6), 6:())1,2) (12), 73 (6),
1 o) 65 (12) 5“) (6) 65 (12), 5% (6)
92 (1), 93 (1), 72 (6),
0C126 | 3 | 9, ()68 (5) | 92 (1), 85 (4,63 ()51 (1) | 21; o EI; 3 (8)
Table 20. Missing states in the 5-brane multiplet.
D N M IIA 1IB
6C12 | 1 | 8 (3), 73, (3) 72 (2), 83 (1), 73 (2), 63 (1) | 72 (2), 73 (2), 75 (2)
72 (3), 75 (6), 75 (3), 72 (3), 75 (), 73 (3),
89 (6), 72, (12),
30c70 | 1 7?1,(2>)(1;§ 02 | s @63 @700 0, | 73050 @) 602 (@)
N 72 ®), 6 (3) 7 (3), 6% (3)
20C70 | 4 | 95, (4),6(5 (1) | 92 (1),85(3),63 (1) 92 (1), 95 (1), 73 (3)
Table 21. Missing states in the 6-brane multiplet.
D N M IIA IIB
3C15 715 (8) 75 (2), 73 (1) 2 (1), 73 (1), 73 (1)
6C15 | 2 | 91, (3) 92 (1), 8% (2) 92 (1), 93 (1), 73 (1)

Table 22. Missing states in the 7-brane multiplet.
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p\d | 9| 8| 7|6 5 4 3
0 2146|810 |12 | 14
1 1(1]1]1 1 1 1

Table 23. Number of F-branes in the p-brane multiplet in d-dimensions [10].

p\d | 9| 8|7 |6]| 5 4 3
0 11214 ]8)|16 | 32| 64
1 112 |4|8]16 | 32| 64
2 1124|8116 | 32| 64
3 112 (4)|8] 16 | 32
4 112|41]81]16
5 1121418
6 112]4
7 1|2
8 1

Table 24. Number of D-branes in the p-brane multiplet in d-dimensions [10].

p\d 9 8 7 6 5 4 3
0 1 12 84
1 1 10 | 60 280
2 1 8 40 | 160 | 560
3 1 6 24 80 | 240
4 1 4 12 32 80
5 141 | 242 | 444 | 848

Table 25. Number of S-branes in the p-brane multiplet in d-dimensions [10].

D Counting of mixed-symmetry potentials

In a series of work on the mixed-symmetry potentials [10, 11, 13, 17], the number of
supersymmetric branes that couple to the mixed-symmetry potentials has been counted up
to a = —7. We reproduce the same results by counting the number of branes contained in
tables 7-15. Our results include all of the “elementary” exotic branes in d > 3 dimensions,
i.e. up toa = —11.

For convenience, we consider several examples to elucidate how to reproduce the fol-
lowing tables. Let us consider the string multiplet (p = 1) (8) in d = 4. In type IIA
theory, the number of D-branes are 21 (6), 4; (20), and 61 (6). In total, there are 32
D-branes, which is consistent with table 24. Even if we count the number of type I1IB D-
branes, the result is the same. As another example, let us consider the membrane multiplet
(p=2) (9) ind = 3. The number of the E)-branes in type IIB theory are 25()1’4’2’0) (105),
25;3’2’2’0) (210), 2(55,0,2,0) (21), 2E()1,0,5,1,0) (42), 2$(31,2,3,1,0) (420), 2&)17471’170) (210), 2‘5)2,1,4,0,0)
(105), 2&2’3’2’0’0) (210), and 2&2’5’0’0’0) (21). In total, there are 1344 E()-branes, which
are classified in table 40. Repeating a similar argument, we obtain the set of tables 23-42.
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pNd|9|8] 7|6 ]| 5 4 3
0 64
1 32 | 448
2 16 | 192 | 1344
3 8 | 80 | 480
4 4 | 32| 160
5 12 | 48
6 | 1]4]12
7 11

Table 26. Number of E-branes in the p-brane multiplet in d-dimensions [11].

pNd|9|8|7|6|5|4] 3
0 14
1 1] 14

Table 27. Number of E*:%-branes in the p-brane multiplet in d-dimensions [17].

p\d | 9| 8|7 |6]| 5 4 3

560
160 | 2240
40 | 480
80

Ul W N |-

1

Table 28. Number of E(*%)-branes in the p-brane multiplet in d-dimensions [17].

p\d | 9| 8|7 |6]| 5 4 3
64

32

16

[N [|U W N
[ee]

1

Table 29. Number of E*?-branes in the p-brane multiplet in d-dimensions [13].

p\d | 9|8 |T7T|6]|5]| 4 3
1 448
2 32 | 448

Table 30. Number of E(%)-branes in the p-brane multiplet in d-dimensions [17].

pNd|9|8|7]6]| 5 | 4 3
2240

480

80

(G20 BN VU I V)

8

Table 31. Number of E(*)-branes in the p-brane multiplet in d-dimensions [17].

,75,



p\d | 9| 8|7 |6]|5]|4 3
1 280

Table 32. Number of E(64)-branes in the p-brane multiplet in d-dimensions.

p\d | 9|8 | 7|65 4 3
2 3360
3 240

Table 33. Number of E(%2)-branes in the p-brane multiplet in d-dimensions [17].

p\d | 9| 8| 7|6 |5 |4]| 3
1 64

Table 34. Number of E(7:))-branes in the p-brane multiplet in d-dimensions.

p\d|9|8|7|6|5]|4] 3
2 2240

Table 35. Number of E(74)-branes in the p-brane multiplet in d-dimensions.

p\d | 9|8 |T7T|6|5]| 4 3
2 448
3 32

Table 36. Number of E(7,6)-branes in the p-brane multiplet in d-dimensions [17].

nd|9|8|7]6|5|4]|3
1

Table 37. Number of E(®7)-branes in the p-brane multiplet in d-dimensions.

p\d | 9| 8|7 |6]|5|4] 3
2 64

Table 38. Number of E(®9-branes in the p-brane multiplet in d-dimensions.

p\d | 9| 8| 7|6 |5 |4 3
2 2240

Table 39. Number of E(®3)-branes in the p-brane multiplet in d-dimensions.

p\d | 9| 8| 7|6 |54 3
2 1344

Table 40. Number of E(5-branes in the p-brane multiplet in d-dimensions.

p\d|9|8|7|6|5|4] 3
2 560

Table 41. Number of E(%3)_branes in the p-brane multiplet in d-dimensions.

pNd|9|8|7]|6|5]|4]3
2 64

Table 42. Number of EC57) branes in the p-brane multiplet in d-dimensions.
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