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1 Introduction and conclusion

This paper continues an investigation into the semiclassical formulation of BPS states and
their wall crossing initiated in [8, 44, 45]. In these papers, it was shown that semiclassical
BPS states are described by the kernels of twisted Dirac operators on monopole moduli
spaces. The goal of the present paper is to give a very explicit presentation of how these
Dirac operators fail to be Fredholm on walls of marginal stability and how the change of
the index exactly reproduces known wall-crossing formulae.

In the case of SU(3) gauge theory with a very special choice of magnetic charge the
strongly centered moduli space is exactly the Taub-NUT space and, following a classic
computation by Pope [51], one can solve for the zeromodes of the twisted Dirac operator
explicitly [3, 22, 24-26, 37, 38, 45]. (See also [7, 30].) These computations illustrate clearly
how the wall crossing is related to the failure of this twisted Dirac operator to be Fredholm
on a codimension one locus in parameter space. In this paper we will generalize the
discussion to two-body decays of BPS states carrying arbitrary magnetic charge in a theory
with any simple gauge group G, and in the presence of an arbitrary set of 't Hooft defects.

The key idea will be to study the Dirac equation in a certain subregion of the standard
asymptotic region of monopole moduli space. We will call the subregion the two-galazy
region.! Roughly speaking, in this limit the fundamental constituents making up the BPS
state split into two widely separated clusters, or ‘galaxies’, such that the moduli space
splits as a product of the overall center of mass, two strongly centered moduli spaces for
the two galaxies, and a relative moduli space modeled on the standard four-dimensional
Taub-NUT space. Solving for the spectrum of the Hamiltonian is reduced to solving for the
eigenspinors of the supercharge, a Dirac-type operator, on this Taub-NUT space. As every
multi-monopole moduli space has such two-galaxy regions, the wall crossing for a rank two
group with monopole charge {1,1} gives a universal mechanism of two-body decays of BPS
boundstates.

Our analysis will give a semiclassical derivation of the primitive wall-crossing for-
mula [14]. As we know from the full wall-crossing formula [19, 32-34, 49], the change of the
BPS Hilbert space across a wall of marginal stability is in general much more complicated.
In the formulae for general wall crossing, the primitive wall-crossing contribution is only
the first term in a series of multi-body decays which can be described using methods such
as the attractor tree formalism [1, 13, 14, 39]. It is possible that an extension of the work in
this paper may be used to derive these terms as well by allowing for arbitrary fractionaliza-
tion of the two BPS galaxies. But we will not attempt that here. In ongoing work [18, 35]
a compactification of monopole moduli space as a manifold with corners is being investi-

!The ‘standard’ asymptotic region is the one investigated by Gibbons and Manton [27] and Lee, Wein-
berg, and Yi [38], corresponding to configurations in which all fundamental constituents are well separated
relative to the inverse mass of the lightest W-boson. Hence the two-galaxy region corresponds to a double
scaling limit, or a hierarchy of scales. In the language of the compactification of the moduli space as a
manifold with corners, [18, 35], it is a neighborhood of the co-dimension two corner where the boundary
face corresponding to the maximal partition of constituents meets the boundary face corresponding to a
given two-partition of constituents.



gated. It would be quite fascinating if such a compactification could be used to understand
the intricate combinatorics of the full Kontsevich-Soibelman wall-crossing formula.

It is also interesting to compare our discussion with other discussions of wall-crossing
formulae based on Dirac operators. In [40] Dirac operators on the moduli space of Denef’s
multicenter black holes were used to derive a formulation of the wall-crossing formula.
In [58] a localization formula was used to derive the BPS index for the Dirac operators on
the moduli space of {1,1,...,1}-monopoles, where the Gibbons-Manton/Lee-Weinberg-Yi
(GM/LWY) asymptotic metric is the exact metric [27, 38, 46]. In the latter approach one
analyzes a modification of the Dirac operator at a fixed point of the symmetry that lies deep
in moduli space. Our approach will focus on the behavior of the Dirac operator in asymp-
totic regions of moduli space. The two approaches complement one another very nicely.

An interesting by-product of our analysis is the prediction of an infinite tower of
non-BPS metastable states in the spectrum which also disappear on the usual walls of
marginal stability. We arrive at this prediction by considering the full eigenspectrum of
the Dirac-type operator on the relative Taub-NUT space. At the moment this predic-
tion is conjectural because one would need to establish that these boundstates extend to
eigenstates of the full Dirac operator on the entire moduli space. Indeed, the analysis of
appendix E with ¢rn < 0 provides a cautionary example where boundstate wavefunctions
at large relative distance might or might not extend to BPS states of the full moduli space.
Nevertheless, the analysis strongly suggests that if the BPS states exist, then so should the
non-BPS hydrogen-like spectrum. Furthermore in the v, = {1, 1} example, Taub-NUT is
the full strongly centered space, so we know they exist in this special case.

Unlike their BPS counterparts, the same spectrum of non-BPS boundstates re-emerges
on the other side of the wall. The corresponding subspace of the Hilbert space is the same
on either side of the wall, so they do not undergo wall crossing in the usual sense. We
find this observation intriguing as it suggests that, on the side of the wall where a given
BPS state no longer exists, the lowest energy non-BPS boundstates carrying the same
conserved charges will be completely stable. Non-BPS boundstates in AN/ = 2 theories
have been studied before [52, 53]. Our results, when restricted to the special case of zero
Dirac-Schwinger-Zwanziger pairing between the constituent electromagnetic charges, are
completely consistent with [52].

The outline of this paper is as follows. In section 2 we will review the asymptotic
region of monopole moduli space and construct the metric on the two-galaxy region by
taking a limit of the GM/LWY metric. In section 3 we will then calculate the twisted
Dirac operator corresponding to one of the supercharge operators in the two-galaxy region
and construct explicit solutions for the zeromode wavefunctions representing BPS states.
We will also comment on the non-BPS boundstates and their spectrum, based on the
analysis of appendix E. Then we will use these solutions to show that they decay at walls
of marginal stability in such a way as to satisfy the primitive wall-crossing formula. In
section 4 we repeat this analysis for the case of framed BPS states, which generically take
the form of a core-halo system. This includes an analog of the GM/LWY result for the
asymptotic region of singular monopole moduli space. Again the expected results for the
location of the walls of marginal stability and the primitive wall-crossing formula for framed
BPS states are obtained.



The spectrum and eigenspinors of the Dirac operator we consider in appendix E were
thoroughly analyzed in [31], and our results are consistent. We have chosen to reproduce
some aspects of the analysis in our notation and conventions in order to keep the paper self
contained. Reference [31] also includes discussions of classical particle orbits, scattering
states, their associated cross sections, and an algebraic construction of the boundstate spec-
trum. Additionally, an investigation of the same operator appears in [47], where detailed
results on the density of states are utilized.

2 Asymptotic regions of moduli space

It has been known for quite some time that the dynamics of semiclassical monopoles in the
adiabatic limit can be interpreted as geodesic movement on monopole moduli space [41].
This construction has been applied to the study of semiclassical BPS states by the work
of [8, 21-24, 38, 44, 45, 57] and many others. In this analysis, it was shown that the
description of BPS states is captured by an N = 4 supersymmetric quantum mechanics
(SQM) on certain bundles over monopole moduli space. BPS states sit in the kernel of
one, and hence all, of the supercharge operators. One of the supercharges takes the form
of a Dirac-type operator. In this section we summarize key properties of the moduli space
itself and describe the asymptotic two-galaxy region.

2.1 Moduli space facts

Monopole moduli space, M (Y, X), is a hyperkdhler manifold depending on two pieces of
data. The vacuum expectation value (vev) X is the limiting value of the adjoint Higgs field
that participates in the Bogomolny equation, as we go to infinity in R3. In a suitable gauge
it can be taken to be constant on the two-sphere at infinity.? We assume X € g is regular
and hence defines a unique Cartan subalgebra t € g, basis of simple roots {a;} for t*, and
simple co-roots {H;} for t, where I = 1,...,r := rnkg. Physically this is the maximal
symmetry-breaking case, such that the gauge group is broken to the Cartan torus T C G.

The magnetic charge takes the form v, = > ; nl H7, and M is nonempty iff all of the

I
m

of M is >_;nl. The physical interpretation [61, 62] is that there are n! fundamental

ny, are non-negative integers and at least one is positive [59]. The quaternionic dimension
monopoles of type I for each I, and each fundamental monopole carries four degrees of
freedom: three for its position and one for an internal phase conjugate to electric charge.
M has isometries generated by Killing vectors forming an algebra R? @ s0(3) @ t,
corresponding to the action of translations, rotations, and asymptotically nontrivial gauge
transformations preserving the vev.? The t-action is hyperholomorphic. We denote by

G :t — isompg(M)

h— G(h), 1)

2The relationship between this vev and the physical vacuum data of the N’ = 2 theory will be given
below, after describing some further details. See equation (3.3).

3The action is effective if all nf, > 0. We will assume this in the following since the other cases can be
reduced to this by embedding a smaller gauge group into G. This is discussed in detail in [45].



the Lie algebra homomorphism sending elements of the Cartan to the corresponding triholo-
morphic Killing vectors. Gauge transformations act through the adjoint representation, so
it is the G(h!), with {h!} the fundamental magnetic weights, that generate 27-periodic
isometries of M. The fundamental magnetic weights are the integral duals of the simple
roots: (ay,h’) = 677, where (, ) : t* x t — R is our notation for the natural pairing
between a vector space and its dual.

The translational Killing vectors, along with G(X), are covariantly constant and gen-
erate a flat R%, such that the universal cover of the moduli space is metrically a product,
Mv(’ym, X) = R* x Mo(ym, X). My is an irreducible, smooth, and complete hyperkihler
manifold known as the strongly centered moduli space. It encodes the relative positions
and phases of the constituents while the R?* is associated with the overall center-of-mass
degrees of freedom. The fundamental group acts on the universal cover as the group of
Deck transformations, ID, and one has

y R x Mo(’ym,?()

M(Ym, X) = R? D : (2.2)

where the distinguished R is the one generated by G(&X'). It is known from the rational map
construction that D = Z. However only an ¢-Z subgroup is associated with the periodicity
conditions of the asymptotically nontrivial gauge transformations. Here ¢ = ged;{nl p'}
where p! = a%ong / a% is the ratio of the length-squared of the long root to that of the I*h
root [45]. We will work with a Killing form (, ) on g and g* such that the length-squared
of long roots is two. If ¢ is the isometry generating D, then for any h € Ay we have

exp(27G(h)) = "M (2.3)

where fu(h) = (ym, h).
Let ds® denote the hyperkihler metric on M. Using integration by parts and the
explicit construction of the G-map, one can show that [45]

ds*(G(X), G(h)) = (ym, h) (2.4)

Hence, despite the fact that X will generically generate a non-closed curve in T, there is
nevertheless a torus action by hyperkihler isometries on My, generated by*

to:={het|(ym,h)=0} Ct. (2.5)

This is the case if rnkg > 1; if rnkg = 1 then Mg does not have any continuous family of
hyperkahler isometries.

One can introduce globally defined coordinates {X ,X} € R* on the center-of-mass
factor of M. X is the position of the center of mass of the monopole configuration in R?
and y is conveniently defined by the condition that ds*(G(X),d,) = 1. In terms of these
the metric takes the form

ds® = (Ym, X)dX? + dx? + dst (2.6)

(Y, X)

“This subspace is denoted t7, in [45].



where ds% is the hyperkahler metric on Mg. Explicit metrics on Mg are known in special
cases, but in order to make progress in general we turn to the asymptotic approximation
of Gibbons-Manton [27] and Lee-Weinberg-Yi [38].

2.2 The GM/LWY asymptotic metric

Let %,j’, ...=1,...,N, with N the total number of fundamental constituents. (Indices i, j
will be reserved for a different range below.) The GM/LWY metric on M takes the form
ds? = M;d7’ - di? + (M 1)70,0;, (2.7)
where A
0, = d&; + Z I/T/U - dz7 (2.8)
{uli#i}
with
M= Y k0= . ~ i Dy 1=
My =4 by, L & Wz;‘{ AT s (29)
oo i £, Dy L7 ]

ij
Here {:U ', &} are the spatial location and phase of the it monopole and {rw, 0 O } are
standard spherical coordinates on R3 with radial vector 7= gt g, u_)’%j is the Dirac
potential in terms of the relative coordinates 7 which is of the form

~n 1
W - AP = 5(:I:l — Cos 923)d¢“

3 - (2.10)

The & are angular coordinates of periodicity 27Tp% where p% =2 /aQ .. is the ratio of the

1(3)
length-squared of the long root to that of the root associated with monopole 7. I(7) is the

type of monopole 7. Note that the term Z W -di7 can be rewritten in the form

B

3 I/f/%j.dsz 3 2’](i1—cos(0w))d¢g§. (2.11)

(ili#i} {@.j5#}

The mass and coupling parameters in the above formulae are

= (Hy, X), Dy =(Hp), Hy) . (2.12)

and the total magnetic charge is v, = > : H 1) The m;, or more precisely 4mm;/ g8 with
go the bare YM coupling, are the classical masses of fundamental monopoles with magnetic
charges H 16)- By assumption & sits in the fundamental Weyl chamber and thus the m;
are positive.

The GM/LWY metric is hyperkéhler, with the triplet of Kéhler forms given by [27, 48]

a 1 7 ~
=0 Adz™ — ngjeamdxﬁl ANdxY, a,B,y=1,2,3. (2.13)

This metric is a good approximation to the exact metric in the asymptotic region
where all constituents are well separated relative to the scale of the lightest W-boson:



Ty > max];{mlgl}, Vi # 7. In fact for SU gauge groups it is known to be exponentially
close to the exact metric with corrections of order e ™" for those ¢, such that I(z) =
I(%), [4, 5]. In other words there are corrections for pairs of constituents of the same type,
but not for pairs of constituents of different types. In particular the GM/LWY metric
is exact when all nZ = 1, a result conjectured in [38] and proven (for SU gauge groups)
in [46].

The space we have described above is the total space of an N-torus bundle over R3V \A,
where A is the union of all hyperplanes defined by 7z =0. The collection of ©; provides a
connection one-form on this bundle. In order to obtain a space that is in 1:1 correspondence
with the asymptotic region of monopole moduli space we must identify points under the
action of the discrete group [4, 5, 27|

S::Sgnx---xSn

n.

- (2.14)
where the I*! factor is a symmetric group corresponding to nfn identical particles of type
1. This group acts in the obvious way, by exchanging position and phase coordinates of
monopoles of the same type. These are hyperkéahler isometries of the GM/LWY metric.

The GM/LWY torus bundle is thus a discrete cover of the asymptotic region of
monopole moduli space. We note that this cover is not directly related to the cover con-
structed in terms of the strongly centered space described around (2.2). If one is working on
the GM/LWY torus bundle, then one only needs to ensure that quantities (1) are invariant
under the group action by S and (2) respect the periodicities of the &;, in order to have
them well defined on monopole moduli space. BPS states, however, are defined in terms of
L? spinors on the strongly centered space, so it is of course important to understand how
M emerges in the GM/LWY picture. We will come to this in due course.

2.3 The two-galaxy region

Following our program, we will be focusing on a subregion of this asymptotic region which
we call the two-galazy region. This limit can be taken as follows. Partition the 2 into two
sets, S1 and So, representing the two distinct galaxies of size N1 and No:

(#F =51USs,  SiNS:=o. (2.15)

Without loss of generality we label the #* so that S; corresponds to the first N; values of i:

S1={#}2 So = {Z}Y nii1s (2.16)

a=1>

with N1 + No = N, such that ming s{rap} > max{max, ;{r,;}, maxs;{rs;}}. We will
additionally use

Ny N
Y=Y Hia), Yom = Y Hyg), (2.17)
a=1 p=N1+1
to denote the total magnetic charge of each galaxy. Indices a, l;, ... will always take values

starting at 1 while indices p, g, ... will take values starting at Ny + 1.



Since we are examining the metric in the limit of large separation, we expand in 1/R,
where R is the distance between the center of masses of the two galaxies. To leading order,
rep ~ R, Va,p. In order to determine both the spectrum of boundstates and the associated
walls of marginal stability, we will (minimally) need to work to the lowest nontrivial order,
O(1/R), so that the two galaxies are bound by an effective force.

We introduce center-of-mass and relative positions within each galaxy,

= o Mad’ o e

Xl:zﬁn? gt =z — gt a=1,...,N;—1,
gall

Ta Zﬁmﬁfﬁ =p _ zp+l _ 2pt2

)(2:?7 y =X — X 3 p:N17...,N—2, (218)
gal2

where mga11 1= >, Mg = (71,m, X) is the mass associated with galaxy 1, etc. The indices
a,b and p,q run over the relative coordinates within galaxies 1 and 2 respectively, and
we’ve built in a shift in the numerical values that p,q run over so that these coordinates
can be grouped together,

7= (7% 7P), i,j=1,...,N—2, (2.19)

as will be convenient below. The inverse transformations to (2.18) are denoted

(@) =J, (%) ;o (@) =T, <§2> : (2.20)

(&)= (1)~ <%> . (&) =097 (%) ) (2.21)

and we will denote by 1; = {14, } the collection of relative phases. See appendix A for
further details including the explicit form of the matrices Ji .

Let us consider, for the moment, galaxy one in isolation. There is an associated moduli
space My = M(ym,1,X). The coordinates {1, } parameterize the asymptotic region
of the strongly centered space M g := Mo(Vm,1,/X), while {ff 1, X1} parameterize the R*
of the universal cover le = R‘(ll) X Mi,0. There is an exchange symmetry, 51, which is a
product of symmetric groups for each type of monopole. As we describe in appendix B, the
exchange symmetry acts on M o only, while {)_f 1, X1} are Sp invariants. We also describe
there how the quotient by the group of deck transformations, M = /ﬁl /D1 follows from
the periodicities of the individual &;.

Similarly, we can associate a moduli space My := M(ym 2, X) to galaxy two. The
coordinates {y?,1,} parameterize the strongly centered space Ms := Mo(Vm 2, X), and
{)ZQ, X2} parameterize an Ré).

Now we return to the full picture where these two galaxies are interacting with each
other. Using the center-of-mass coordinates for each galaxy we can construct the overall



center-of-mass coordinates {)Z , X} introduced earlier and the relative-galaxy coordinates
{R,} as follows:

mgalle + Mgal2 X2

X = 5 R = Xl - XQ )
Mgall + Mgal2 (2.22)
Mgal2 X1 — Mgall X2

Mgall + Mgal2

X = X1+ Xx2, P =

Then it is the collection of position coordinates {7, ﬁ} and phase coordinates {t¢;,\} that
parameterize the strongly centered space Mg(~ym, X') for the whole system.

We implement these transformations on (2.7) and expand the result in 1/R, with
R = |R|. After some computation we find a metric of the form (2.6) with the strongly
centered piece given by

o [ C+1isC LL dy
dst = (dy',d n R "
%0 (y ’ R)( LT uH(R)) (-dR *

~ —1
C+isC 1LL O
+ (60,0 7 i + e
(S0 w)( an uH(R)) <@w
= d&3 -, (2.23)

where
MgallMgal2

= Mgall + Mgal2 ’ (224)
is the reduced mass of the two-galaxy system. Note that mga1 + mgai2 = (Ym, X) is the
total mass appearing in the center-of-mass factor of the metric, (2.6).

Here we have introduced a length N —2 column vector ¥ whose components are the 3°.
We have also introduced a corresponding collection of connection one-forms O = (0,, ©,)T

given, along with Oy, by

©o . éo )C L . . d}‘i
<®¢> - (dll)> i (LT _(71,m772,m)) ® (R) (dR) ) (225)

where 6y = (O, (:)p)T with
Ou = dtbg + W)y - dif®, Oy = dipy + Wa)pg - dif? . (2.26)

The matrix C is block-diagonal with respect to the two-galaxy structure and H(R) is a
harmonic function the R? parameterized by R:

T (s ((C(l)m @))pq) S e

Finally the matrix §C and column vector L are constants, depending on the Higgs data

(i.e. masses) and magnetic charges. Detailed expressions can be found in the appendix.
The quantities (Cy)ap and (W))a depend on the 7 only and are precisely the data

that one would use to construct the GM/LWY asymptotic metric on the strongly centered



moduli space of galaxy one in isolation. This metric is (C})qpdiy® - dif® + (C’l_l)abéa(:)b.
Likewise, CQ,V_\)Q depend on the P only and give the metric on the strongly centered
moduli space for galaxy two in isolation in the same way. At leading order in 1/R the
metric (2.23) on the full strongly centered moduli space reduces to a direct sum of these
two metrics with a flat metric on R* parameterized by (&, ):

Mo —— Migx Mag x RY, . (2.28)

R—o0

The terms proportional to §C, L, and (71,m,Y2,m) encode the first O(1/R) corrections.
Specifically 6C takes into account 1/R corrections to the strongly centered metrics within
each galaxy and also the leading couplings between the two strongly centered metrics.
L encodes the leading couplings of the strongly centered metrics to the galaxy-relative
coordinates (é,ll)). It will play a crucial role in the following and has components L =
(La, L,)T, with

L, = _<6aa7m,2> ) Lp = <ﬁpa'7m,1> s (2-29)

where the B are certain linear combinations of the duals of the constituent charges
Hya), Hyp) determined by the same linear transformations appearing in (2.20).
(See (A.13), (A.14).) Finally the O(1/R) terms proportional to (Y1,m,7Y2,m), coming from
both H(R) and @(R) — which is itself O(1/R) — give the first corrections to the flat
metric on the relative ]Rfel. The corrected metric is consistent with the Taub-NUT metric
at O(1/R).

The ellipses in (2.23) denote higher order terms in the expansion. Strictly speaking,
the second line should be expanded and only terms through O(1/R) kept, but we find it
more convenient to work directly with the metric d33 in (2.23). This is acceptable provided
we remember that computations with it should only be trusted through O(1/R).

A well known feature of the spaces we are approximating is that they are hyperkéhler.
We should then expect that the asymptotic metric we are dealing with is hyperkéhler to
the appropriate order in 1/R. This is confirmed in appendix A.

Once we truncate the metric on the strongly centered space to dég, we break the
exchange symmetry (2.14) to a subgroup,

S —5 8 xS, (2.30)

where S7(S2) is the exchange symmetry corresponding to galaxy 1(2) in isolation and acts
only on M g(Mayp). If the two galaxies have equal numbers of constituents of each type
then an additional Zy corresponding to exchanging the galaxies will be preserved.

Remark. Based on the techniques developed in [35], it is expected® that there should
exist a coordinate system on the asymptotic region of moduli space in which the off-diagonal
blocks of the metric can be eliminated at O(1/R). We can indeed remove these off-diagonal
terms by making the further coordinate transformation {¢;, R} — {o;, R} given by

. - LTy

L;
¢¢=0i+M—R¢, R=R-—=. (2.31)

®ABR thanks M. Singer for communication on this point.
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2.4 Triholomorphic killing vectors and the electric charge operator

In order to study the BPS spectrum we will need to understand the relationship between
triholomorphic Killing vectors of the GM/LWY metric and the » = rnkg triholomorphic
Killing vectors of the exact metric, G(h?), that generate 27-periodic isometries.

It is clear from (2.7) and (2.13) that

Lo

Wt =0= Ly

: . ds? (2.32)

and hence the g, are triholomorphic Killing fields. This means that in the asymptotic
region the hyperkéhler action of the Cartan torus 7' C G is enhanced to U(1)". Since the
{04, Oyp,, Op, Oy} are just linear combinations of the 0., they are triholomorphic Killing

fields as well. However, only r linear combinations of the ¢, will extend to triholomorphic
Killing vectors of the exact metric. This is described in appendix B with the result that

)
o€,

nl,
G(h') — ")

=1

(2.33)

exponentially fast in the asymptotic region, where 551 are the phases associated with con-
stituents of type I.

An important application of these hyperholomorphic isometries is the construction of
the semiclassical electric charge operator 4°. The electric charge operator takes the form

rnkg
=13 arfgpn, (2.34)
I=1

in the collective coordinate quantization. This operator commutes with the supercharge
operator and hence states ¥ can be labeled by eigenvalues ¢ of 4¢, which sit in the root
lattice 7¢ € Ay C t* thanks to the periodicity of the isometries generated by the G(h').

We can decompose v° into a component parallel to 7y, and a component ~; that has
zero pairing with X. The component parallel to ~; is denoted g:

(%, &)
(Ym, &)
The projection operator onto the subspace t; = {5 | (5, X) = 0} C t* is in fact dual to the
projection used in (2.5), [44].

Y =qVm + 0 such that ¢ = (76, X) =0. (2.35)

All of these quantities can be expressed in terms of the triholomorphic Killing vectors
of the GM/LWY metric. First using (2.33) we have

M
’S/e — iZquI Z £6§
1

ir=1

N
=iy Hi i Lo, - (2.36)
i=1

I
ir

From here it is easy to construct operators measuring the total electric charge in each
galaxy:

N1 N
A i=1Y Hygfo,,  A5:=1) Hi Lo, (2.37)
a=1 p=Ni1+1
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Each of these can be broken into center of mass and relative pieces by changing the basis of
Killing fields and utilizing the definition of the 3, 35 that appeared previously in (2.29):5

Ni—1 N-2
B =ivmaLog +i Y BaLo, , A5 =ivhalo, +i Y Bplo, - (2.38)
a=1 p=N;

Finally, changing variables {x1, x2} — {x, ¥} with (2.22) we also express these as

Ni—1
e - Mgal2 .
A8 =iy 8+8>+1 Bata,
1 m’1< X Mgall + Mgal2 M ; 47 e

N—-2
A . Mgall .
5 =iy <8 e 3>+1 E Gy, 2.39
Y2 m,2 X Mgall +mga12 P fard P Oy ( )

and recombining them gives 4¢ = iy 0, + 4§, with the relative charge operator

N-2

. Mgal2Vm 1 — Mgall Y 2 . Z

78 =1 > 2 611) +1 /87;"6811)1' s (240)
Mgall + Mgal2 =1

whose eigenvalues are 7.

3 The asymptotic Dirac operator

Having described the metric in the two-galaxy region, our next goal is to construct the
relevant Dirac operators. Specifically, in the case we focus on initially — pure N'= 2 SYM
theory without defects — collective coordinate quantization leads to a SQM on the Dirac
spinor bundle over the moduli space M (v, X). The bundle factorizes into a C* factor
tensored with the Dirac spinor bundle over the strongly centered moduli space, Mg (ym, X).

Supersymmetry then dictates that BPS states are represented by sections of the Dirac
spinor bundle that are in the kernel of any (and hence all) of the supercharge operators.
Let Mo € tg C t, (2.5), such that (ym, o) = 0. One finds that BPS spinors ¥ should be
of the form e™%Xs @ Wy, where s € C* is a constant, and ¥ is an L? section of the Dirac
spinor bundle over Mg which is annihilated by the Dirac-type operator

P =D —i¢). (3.1)

I is the ordinary Dirac operator on Mg, and @(3}0) is the Clifford contraction of the
triholomorphic Killing field associated with a nontrivial gauge transformation that asymp-
totes to Vo. By (2.4), (vm, Vo) = 0 ensures that G())) is metric-orthogonal to G(X) and
hence restricts to M.

The L? kernel of (3.1) can be graded by the eigenvalues of 45. Let us denote a wave-
function in the v§-subspace of the L? kernel of (3.1) by \IJ(()VS). If the dual of the magnetic
charge is a primitive element of the root lattice, then e~"Xs® \I/(()%e)) represents a BPS state
of electric charge v = ¢v% + 7. If, however, 4} is not primitive then to get a physical

®The steps to deriving this are analogous to the ones in (C.20) and (C.21).
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state we must in general impose a Z, equivariance condition on ¥y with respect to the (lift
to the spinor bundle of) the action of the isometry ¢ generating the group of deck transfor-
mations [44]. This ensures that the spinor we’ve constructed on R* x Mg descends to one
on M. However in the GM/LWY asymptotic description, the quotient by deck transfor-
mations is associated with the periodicities of the constituent phases. See the discussion in
appendix B. Any wavefunction that respects those periodicities will automatically satisfy
the required equivariance condition. Hence we will not need to worry about this point in
the following.

The physical data of the N' = 2 theory that labels BPS states involves a point u on
the Coulomb branch and an element ~ of the electromagnetic charge lattice over u. The
following relationship between the A/ = 2 data and the Dirac operator/moduli space data
was conjectured in [45], based on a detailed collective coordinate analysis of the N/ = 2
theory including some one-loop effects. First, we define ) € t by

(76, X)
— My = —qX, 3.2
V=W () Yo—q (3.2)
and then we have
X = Im [C\;}la(u)] ) Y =1Im [CV_;jl(ID(U)] ) Tm DY =7, (3.3)

where (yan := —Z4(u)/|Z(u)| is the phase of negative of the central charge. Note that the
choice of electromagnetic duality frame, which induces the splitting of the charge lattice
yED =TndTle C Anw P Awt, i specified by the condition that X be in the fundamental
Weyl chamber of t. Then the symplectic pairing on I' is given in terms of the canonical
pairing on t x t* by

(71,720 = (rim B v2m ®5) = (F, v2.m) — (95, Y1,m) - (3.4)

Meanwhile a(u) and ap(u) are the special and dual special coordinates on the Coulomb
branch, which are given by period integrals of Agw on the Seiberg-Witten curve [55, 56].

For generic values of the Higgs data, {X, )}, the operator (3.1) acting on the space
of L?-spinors on My is expected to be Fredholm. From the mathematical viewpoint, this
statement and the ones in the remainder of the paragraph are conjectures, but they are
physically well-grounded and we will adopt them. In physical terms, there will be a finite-
dimensional space of L?-normalizable zeromodes for a given electric charge, and a positive
gap to the continuum of scattering states. The wall-crossing phenomena we are interested
in occurs when the parameters are such that the operator actually fails to be Fredholm.
For special Higgs data lying on a real co-dimension one wall in the space of {X, )}, the
gap to the continuous spectrum vanishes, while the L? boundstates fail to be normalizable
and mix with the scattering states.

Since the monopole moduli space is smooth, the only source of a failure of the Fredholm
property is expected to come from the behavior of the differential operator in the asymptotic
regions of moduli space — if the moduli space were compact, the spectrum of the Dirac-
type operator would be discrete and there would be no wall crossing. Since the metric
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simplifies considerably in the GM/LWY asymptotic region, we can — in principle — study
the eigenvalue problem just on the spinors in this region, assuming some smooth, but
unspecified extension into the interior. Then we can, in principle, derive the gap to the
continuous spectrum and also see whether there are exponentially decaying eigenfunctions.
In practice, this program is still too difficult to carry out analytically, but below we show
how it can be carried out in the two-galaxy region. We conjecture that this subregion,
which corresponds to a partition of the total number of constituents into two clusters, is
the one responsible for the leading contribution to the wall-crossing formula — namely the
primitive wall-crossing formula.

3.1 The Dirac operator in the two-galaxy region

We are now tasked with computing the asymptotic form of the twisted Dirac operator, (3.1),
in the two-galaxy region of My. The details are outlined in appendix C and here we
summarize the result, which can be cast in the form

D* = A (D + 135+ O/R)) A7 (3.5)

Here A is the lift of a local frame rotation to the Dirac spinor bundle; it approaches the
identity as R — oo but deviates in a ¥-dependent way at O(1/R). The virtue of this frame
rotation is that it effectively absorbs all of the O(1/R) off-diagonal mixing terms of P such
that the action of the rotated operator in the parentheses is block-diagonal with respect to
the asymptotic factorization S(Mg) — S(M1,0xM20)RS(RL)) of the spin bundle over Mg
as R — oco. We believe that the existence of this frame rotation is a consequence of the exis-
tence of the coordinate transformation (2.31) that block-diagonalizes the metric at O(1/R).

Yo

In order to characterize the operators ]D%JQO and D), we first collect position and phase

rely
coordinates by introducing indices y,v = 1,...,4 and writing y** = {§*,1,}, R* = {R,{}.
Next we let T# TEE denote the corresponding gamma matrices satisfying the Clifford

algebra
[Fﬂv FQ]Jr = 25&5&7 [Fﬂa F&}+ = 25&7 [F&’ Fﬁ]#» =0, (36)

where underlined indices refer to an orthonormal frame. Then E)%}S involves only the I'#,
while ZDSQ involves only the T#Z. All terms in D”° at order O(1/R) involving both types
of gamma matrices are captured by the frame rotation.

As we mentioned above, all of the vector fields {0y, , 0y, 0y} = {0y, Oy } are triholo-
morphic with respect to the GM/LWY hyperkéhler structure on M. Furthermore the
corresponding Lie derivatives commute with the Dirac operator Iﬁyo constructed from the
GM/LWY metric, so in particular they commute with the operators appearing in the two-
galaxy expansion, (3.5). Since the operators £y,, £y, comprise the electric charge operator
45, (2.40), we have that our Hilbert space is graded by the electric charge. An eigenspinor
of the {£5 e £o w} operators is a state of definite relative electric charge,

O = AUy (7 R) (3.7)
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with ~; given by
mgalQ"Y;l 1 mgallf}/:n 2

N-2 ‘
Vo = — ’ : V—ZB;*VZ. (3.8)

Mgall + Mgal2 =1

Then we can consider the restriction of our Dirac operator to a given {1, v} eigenspace.
Now introduce a decomposition of the gamma matrices with respect to the factorization

S(Mig x Map) @ S(Ry,)):
TH =M @1y, e — 55 @42, (3.9)

where A are gamma matrices for the M 0 X Ma factor, v£ are gamma matrices for the
factor, and 7412 is the chirality operator on the M; g x My factor. Then

rel
Ny

),

lD rel

v Vo ~ Yo
2V} - lDlQ ®1y:= (le oXMa (lpu)(l)) ® ﬂ47

v Y
i vy =712 ® wre(i ) (310)

v Y
where lDXf}leMQO is the leading order term and (lﬁlg)(l) is the O(1/R) correction in

v
w1§ Here I MioxMa, 18 precisely the G()))-twisted Dirac operator on the direct product

M1, x Ma . Explicit expressions can be found in appendix C.3. Meanwhile,

- Vo L (’Vm,la'YmQ) as o o a4 D
Doy = N <1+2MR 1%0," [Ore — ipwe] — iy (a: 2R> (3.11)

where w, is the Dirac potential and with
b= Liyi - (7m,1»’Ym,2)V, T = (’Ym,lv yo) — V. (312)

3.2 Zeromode asymptotics

An important consequence of the above is that lDlz ) lDrel are asymptotically anticommut-
ing,

P13 1), = 00/RY). (3.13)

and hence ]ﬁyo WUy = 0 implies
< Yo 9 B < Vo 9
Do @14 +O0(1/R*) | ¥,i, =0 & (5120 Pq+O(1/R?) ) ¥,i,=0. (3.14)

We look for a solution of the form”

o7 F) = (V0,7 + 98,

(710, ) + 0(1/R2>) wOFE),  (315)

rel

Y
"The reason it is necessary to allow 0, ¢ dependence in \11512) is that (ﬂ)mo)(l) has 0, ¢ dependence.

v Y
Derivatives with respect to R,0,¢ in lDre? will act on the \11512) term, but these contributions will be
suppressed by O(1/R?) relative to the leading terms in the equation.
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where {R, 0, ¢} are spherical coordinates centered on R = 0. Note that the v dependence
on the right-hand side of (3.15) occurs through p, via (3.12).
The latter equation of (3.14) will be satisfied provided
v )
lpre(ilp(p) =0, (316)

rel

which is exactly the equation studied in appendix C of [43].8 We review and expand on this
computation in appendix E below. There is an angular momentum j = %(]p\ — 1) multiplet
of exponentially decaying solutions iff z and p have the same sign. The wavefunctions take
the form

W) o RIT2em @y (0, ) . (3.17)

The explicit form of the angular part is not needed here, but see (E.34) below.

Determining the asymptotic behavior of solutions to (3.16), if they exist, does not
require knowledge of the interior region of moduli space where our large R expansion
breaks down. However, determining the above stated degeneracy of such solutions certainly
does require an assumption about the interior. Specifically, in appendix E we show that a
certain Dirac operator on Taub-NUT space agrees with (3.16) to the order we work in 1/R,
and then we solve the Dirac equation on Taub-NUT. Taking (3.5), dropping the O(1/R?)
corrections, and replacing (3.11) with this Taub-NUT Dirac operator defines a model Dirac
operator that agrees with the exact one, (3.1), asymptotically.

One can then ask whether or not this model Dirac operator is a Fredholm deformation
of the exact one. This is the pertinent question. On the one hand, the indices will agree
if and only if this is the case. On the other hand, the index of the exact Dirac operator is
identified with the index of BPS states in [45].

However the behavior of the Taub-NUT-like metric in the interior, and the boundary
conditions one should impose there, depend on the sign of the parameter

eTN _ (7m,1¢7m,2) 7 (318)

1
appearing in the harmonic function H = 14 ¢7x/R. Our analysis leading to the ¥, wave-
functions, (3.17), assumes that ¢y is positive and imposes a simple regularity condition
at R = 0. If {pnx < 0, the metric is singular at R = —f7Nx and we would instead have to
impose boundary conditions there. Without a more detailed analysis it is not clear what
the appropriate boundary conditions should be. This issue requires further investigation
and henceforth we will restrict to the frn > 0 (i.e. (Ym,1,Ym,2) < 0) case.

The results below will show that the wall-crossing properties of the kernel of the model
Dirac operator agree with those of BPS states — and hence the model Dirac operator is
a Fredholm deformation of the exact one — but only if the constituent electromagnetic
charges, 1,72, are primitive.

Returning to our analysis, then, consider the first equation of (3.14) acting on our
ansatz (3.15). At leading order in R, we find that

RY 0
wﬂgwww\yg;’yi —0. (3.19)

8The quantities p,z were denoted Du, Xy in [43], but this would be confusing notation here.
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L? solutions, when they exist, will be of the form

0 v Sa vP) ,
v =0l G @ v 7). (3.20)

where each factor is in the L? kernel of the G()))-twisted Dirac operator on the respective
strongly centered moduli spaces (and restricted to the appropriate 0y-eigenspaces). Note
we must demand these wavefunctions are invariant under the exchange symmetries S7 and
Sy in order that they be well-defined on M and Mg respectively. Assuming this has

been done, then at O(1/R) we get
(0)
) ) \1/12#1} : (3.21)
Or——sgn(p)x

Here some further explanation about factoring off the W, is required, since the perturbing

R—o0

. © Vo
JDM1 L0 X Mo 0\11512),11" = — lim {R ((lpm)(l

operator (]Du) has a term involving R(?Ra that could act on W,,. Working in spherical
coordinates {R,0, ¢}, the derivatives along the angular directions are suppressed by an
extra power of R and do not contribute at the order we are working. The derivative with
respect to R only contributes when acting on the exponential factor in W, . This is what
is meant by the replacement rule in (3.21). Then, with this understood, both terms in
the O(1/R) part of the equation are proportional to W, which can then be factored
out. Setting the O(1/R) terms to zero results in (3.21). We are free to assume that the
is orthogonal to the kernel of the leading order

(1) (0)
12,08 12,08

perturbation of the wavefunction ¥
operator, and hence (3.21) can be solved to give a unique ¥ for a give ¥

Therefore the leading order behavior of L? solutions is
W, o> RO G ) ) () © Wi 0.6), (322)

with the angular momentum quantum number j = 3(|p| — 1), and we have shown how the
first order correction is computed. Let us assume that the perturbation theory converges
to give a zeromode of the exact Dirac operator. Next we consider the implications.

3.3 Recovering the primitive wall-crossing formula

The wavefunction (3.7) corresponds to a state U0 = ¢~Xs ® \Il(()vg) of electric charge
~v¢ = ~{ + 75, with the constituent charges given by

(Ym,2, X)v g (v
129 * ,1:
'yf=<q—m )’rm,l— > " VBa, v§=<q+m >7m2 E VBp,
(Y, X) p— (Ym, X N
p=iN1
(3.23)

where we used (2.39) and the expressions for the galaxy masses in terms of the vev X.
With these and (2.29) one quickly discovers

(r1,72) = (0%, Ym2) — (95 Y1) = —(Ym,1, Ym2)V + V'L =p. (3.24)

Thus the parameter p, (3.12), is none other than the DSZ pairing of the constituent elec-
tromagnetic charges!
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Similarly, recalling that the j; satisfy (8;, X) = 0, one can observe that

rye)X /Ym,la‘){ ’}/m72,X

[ V),
(Yim, X) (Yans X)

Hence the parameter z, (3.12), is precisely the quantity appearing in the prediction

from [45]:

= —puv. (3.25)

e
= (Ym,1,0) + <’Y'f - (:Ym:?) Yom, 15 X> , (3.26)

Using the map (3.3), one has
z=1Im [(onZy (W) , (3.27)
and the condition z = 0 is equivalent to the usual condition Im [Z, (u)Z.,(u)] = 0 for

the walls of marginal stability. Furthermore the condition sgn(p)x > 0 for the existence
of the L? zeromode VU, is equivalent to the usual stability condition for a BPS state:

(1,720 Im [Zy, (u) Z, ()] > 0.
Let us note here that x and p are related to Denef’s boundstate radius [13, 20] in a

simple way:
_ 1 Zyp ()| ) p
e ] 2mlGa ()] 20 (328)

Now let us consider the degeneracy of L? zeromodes (3.22) gained or lost when we cross
the locus = 0. For each pair of zeromodes W1 g € kery» (lD%ﬂlyo) and Woq € kerLz(lﬁa\]zzyo),
we have a spin j = %(|p[ — 1) multiplet of states. Hence the total degeneracy is a product
of the dimensions of the L? kernels of the constituent strongly centered Dirac operators,
times a factor of |p| = [{71,72))| from the relative moduli space. This agrees with the
primitive wall-crossing formula for the indices of vanilla BPS states, (v, ). Furthermore
the SO(3) isometry of monopole moduli space is the collective coordinate manifestation of
the field theory su(2) that is used in defining the protected spin characters [20, 45]. Hence
the Dirac operator analysis in the two-galaxy region reproduces the primitive wall-crossing
formula of [14, 16] for the protected spin characters:

AQ(y1 472, u39) = Q1,45 Y) Q02 % Y) X (1,729 (¥) 5 (3.29)

where y,(y) is the character of the SU(2) representation of dimension n as a polynomial
in y.

There are a number of ways to interpret this result, depending on one’s viewpoint.
If we take the wall-crossing formulae for BPS states and the identification (3.3) between
Seiberg-Witten and semiclassical data for granted, then this result demonstrates that our
model asymptotic Dirac operator is a Fredholm deformation of the exact one, provided the
constituent charges are primitive. Alternatively, if one could prove the Fredholm property,
then by combining that proof with the identification (3.3), our analysis here yields a semi-
classical derivation of primitive wall crossing for BPS states. Finally, one could combine
the Fredholm proof with the wall-crossing formula to verify the identification (3.3).°

9Note that a first-principles derivation of (3.3) from quantum field theory would require the computation
of instanton corrections to the collective coordinate metric for monopole moduli space!
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The fact that we do not recover the full wall-crossing formula in non-primitive cases is
also interesting. In these cases our model Dirac operator is apparently not a Fredholm defor-
mation of the exact Dirac operator. This supports the idea that the physical picture of frac-
tionalization of non-primitive constituent charges is related to considering different n-galaxy
asymptotic subregions of monopole moduli space, and that the additional Dirac zeromodes
contributing to wall crossing in these cases are only made visible by considering such limits.

3.4 Non-BPS boundstates

v Y
Near the walls of marginal stability we can study how the spectrum of lDre(i degenerates.
Specifically, in appendix E we review the solution for the spectrum,
O] L)
mrel\IjreL/\ = _1>\ \I]reL)\ 9 (330)

taking ]uDrel to be our toy-model Taub-NUT Dirac operator. See also [31]. We expect the
resulting features described below to be qualitatively correct when (ym,1,vm,2) < 0. They
are quantitatively correct in the special examples where the exact strongly centered moduli
space is Taub-NUT.

The asymptotic behavior of solutions to (3.30) is dictated by ¥

(p) —K
relA ™ €

Ky = V2 — pA2. (3.31)

Note that the Dirac operator represents a supercharge operator, so its eigenvalues have

AT where

units of energy!/2. The square of the eigenvalue is twice the energy above the BPS bound
of the corresponding state,
A = 2AF, (3.32)

where the factor of two originates from the normalization of the collective coordinate su-
percharge in terms of the Dirac operator.!”

The spectrum of eigenspinors is divided into two parts by a critical value Agap = |z|/(/1-
There is a continuous spectrum of plane-wave normalizable states for |A\| > Agap, while
for |A| < Agap there is an infinite discrete spectrum, with the BPS states at A = 0 and
accumulation points at A — +Agap. The exact discrete spectrum depends on the parameters
@, {rN, p, x given in (2.24), (3.18), (3.24), and (3.27), and is given by

2

/\Zm = — [n\/rﬂ + plrna + Crya? — n? — Blrnz| . (3.33)
HETN

BPS states correspond to n = |p|/2 with p # 0, and the allowed values of n increase from

this in integer steps. If p = 0 there are no BPS states and n € N. Meanwhile the allowed

values of the angular momentum quantum number run from j = 3(|p| — 1) in the BPS

10As we mentioned below (2.12), in this paper we have set a factor of 47 /g3 equal to one. Here go is
the classical Yang-Mills coupling and this factor should appear as an overall factor relating the physical
metric on moduli space to the one we have been using. In particular, when it multiplies the constituent
masses in the GM/LWY metric it gives them their proper physical value. There are similar factors in
the normalization of the collective coordinate Hamiltonian and supercharges. Specifically, the supercharge

corresponding to the Dirac operator, that squares to the collective coordinate Hamiltonian, is Q = 2\9/027i$y.

(See [45].) Hence, in our conventions, (ilDy)2 =2Q? =2H...
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case up to j = n — % in integer steps. More details on the eigenspinors themselves and the
p to j 3 g P gensp

degeneracy of each eigenvalue are given in the appendix. When p is nonzero we can make
use of (3.28) to trade x for Denef’s boundstate radius, rp, and express the result as follows:

)‘227771 = Mzsz (n\/n2 — % + %HQ(TD) —(n?— % + ZQH(TD))> , (3.34)
where H(rp) =1+ %-

The expression (3.34) is, however, a bit misleading. We were able to determine the
relation between the parameter x and quantum-exact Seiberg-Witten data, viz. (3.27),
using the map (3.3). In turn, that map was conjectured in [45] by comparing results from
semiclassical analysis and Seiberg-Witten theory in the weak-coupling regime where they
should agree. See especially the discussion in section 4.5 there. These arguments utilized
the fact that the kernel of the supercharge operator, represented by the Dirac operator,
determines the BPS states, whose existence is unaffected by higher order D-terms in the
SQM for the collective coordinates. However the normalization of the supercharge operator
certainly will be affected by such terms. This does not affect the kernel but does modify
the nonzero spectrum. Therefore we have no right to use (3.34), as an expression for the
energy of non-BPS boundstates, beyond leading order in the semiclassical approximation.

The semiclassical nature of (3.34) is indeed quite evident if we consider the overall
prefactor involving the reduced mass p. The expression for p, (2.24), involves only the
magnetic contribution to the masses of the constituents. This is the dominant contribution
in the semiclassical limit. Since the central charge vectors of the constituents are both near
the positive imaginary axis in the semiclassical limit, a convenient expansion parameter
is provided by the angle 6.,,, between them. This angle satisfies Im [Z,, (u)Zy,(u)] =
| Z+, || Z,|sin 0, ,. Hence from (3.28),

_p VN2 2+ 123, + 22, ]| 25| 08 0544, _ P[22+ 25,))
2 | Z1 1122 | sin By, 5, 2|2, 11 2310714

(1+0(62,.,) - (3.35)

Y172
However the magnitudes of the individual central charges are dominated by the magnetic
term, up to corrections ~ 62

Y172°
prefactor in terms of the reduced mass to leading order:

Therefore setting |Z,, ,| — mgai1,2, We recognize the

p
DT 90 (1+0(63,5,)) or  w=pbyq, (1+0(63,,)) - (3.36)
HO172

We also note that the binding energy of BPS states in this limit becomes'!

- ’Z’YlHZ”m’H'Zyl'yg (1—|—O((92 ))
2(1Z | +124,1) e

Ebinding = |Z’y1 + Z’Yz| - |Z’Yl| - |Z72‘ =

2

R 2
- 787%# (1 + O(Gﬁym)) . (3.37)

1This quantity is finite when p = 0 since rp = 0 in that case as well. The coefficient can alternatively
be expressed as Ebinding = —(1602,,/2)(1 + O(62,.,))-
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Using these results, the discrete energy spectrum above the BPS bound is given by

1 1
AEp’n — 5)\12)771 = ’ug%N |:7’L\/n2 _|_ pETNMGWWZ —|— E%NM29’%172 — n2 _ géTNﬂngz + 0(9,?/172)
p2
= _Ebinding <1 - An2 + 0(97172)> : (338)

Now we clearly see how the discrete spectrum accumulates at the threshold for the contin-
uum as n — oo, and that the gap is consistent with the binding energy of the BPS states.
Note if p = 0 then the O(6,,~,) terms determine the form of the non-BPS spectrum. This
case was analyzed in [52] from the perspective of the Seiberg-Witten low-energy effective
theory. Our results are compatible with this analysis.

As we approach the marginal stability wall at = 0 (or equivalently 6,,,, = 0), the
gap shrinks and the entire discrete spectrum is squeezed down. Our analysis in appendix E
shows, however, that the non-BPS boundstates exist on both sides of the wall. This strongly
suggests, especially in those cases where Taub-NUT is the exact strongly centered moduli
space, that the lowest-energy non-BPS states are completely stable on the side of the wall
where the BPS states do not exist.

We expect generic non-BPS boundstates to be unstable when one includes interactions
with the massless abelian vectormultiplets on the Coulomb branch. These interactions
should lead to effective interactions in the collective coordinate Hamiltonian, and one could
in principle use those to estimate the lifetime of these boundstates. We expect them to
become long-lived near a wall of marginal stability. It would be interesting to investigate
these points further.

4 Framed BPS states and haloes

We can now apply this analysis with some simple modifications to the study the wall-
crossing behavior of framed BPS states. This follows the line of thought presented in [8,
44, 45, 60]. In these papers, the authors showed that the story for vanilla BPS states
is modified by replacing the moduli space of smooth monopoles with the moduli space
of singular monopoles for the case of magnetically charged defects and by coupling to
a vector bundle with a natural hyperholomorphic connection for the case of electrically
charged defects. In this paper we will restrict ourselves to the case of purely magnetic (i.e.
't Hooft) defects.

4.1 ’t Hooft defects and the moduli space of singular monopoles

Singular monopole moduli space M({P,},Ym, X) describes the moduli space of smooth
monoples in the presence of a collection of singular monopoles with charges {P,} € A/ in-
serted at locations {Z, } € R3. This is a hyperkihler manifold, possibly with singularities on
co-dimension four and higher loci. Here A, := {H € t | exp(2nH) = 1¢} = Hom(U(1),T).
The data {(P,, %)} specifies the ‘t Hooft defects which impose the (singular) boundary
conditions on the gauge and Higgs field,

F o SR + 00, @ B 012y ase = F— @ -0, (A1)

n
Tn

- 21 —



(a) (b)

Figure 1. This figure demonstrates the brane construction of line defects in PSU(2) gauge theory
from SU(3) gauge theory. (a) shows the fundamental monopoles in the SU(3) theory. By taking
the rightmost brane to infinity, we arrive at (b) with line defects in the PSU(2) theory.

and the data {vyy, X'} fixes the asymptotic boundary conditions as in the case of smooth
monopoles.

There is a torus action of hyperholomorphic isometries associated with asymptotically
nontrivial gauge transformations and generated by the image of the G-map

G :t— isomg(M). (4.2)
't Hooft defects break the translational isometries. Correspondingly the metric on M does
not factorize into center of mass and strongly centered pieces. In the case of a single defect,
M has an SO(3) isometry corresponding to spatial rotations about the defect.

4.2 The asymptotic metric on the moduli space of singular monopoles

In order to describe framed BPS states in the presence of 't Hooft defects, we’ll need a
geometric description of the asymptotic region of singular monopole moduli space. In [42],
the authors gave a method for obtaining singular PSU() monopoles as a limit of smooth
SU(M + 1)-monopoles. This was motivated by using the string theory interpretation of
smooth SU(I) monopoles as D1-strings stretched between 91 D3-branes [15] and singular
monopoles as semi-infinite D1-strings [28]. The semi-infinite strings are obtained by start-
ing with a set of 914+ 1 D3-branes and sending the rightmost brane to infinity. See figure 1.

In field theory, this construction is described by viewing the 't Hooft defects of the
PSU(MM) theory initially as smooth monopoles in the SU(DT + 1) theory. Let us begin with
a configuration of Ny smooth monopoles of magnetic charge P, = Hy, the Mt simple
co-root, where n = 1,..., Nget. We also allow for some number of additional smooth
monopoles that do not have magnetic charges with components along Hy. We denote
the charges of the latter by HI(%), for7 = 1,...,N, with I(i) < M, Vi. Then we make a
projection IT : su(9 + 1) — su(N) on the Lie algebra-valued field configurations followed
by a limit on the Higgs vev, Xy — oo, where

N
X =Y xn', X =(asX). (4.3)
I=1
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We recall that the {h'} are the fundamental magnetic weights satisfying (g, h’) = 6;7.
This procedure removes certain degrees of freedom by making them infinitely heavy and
simultaneously converts the Ngef smooth monopoles into singular ones with defect charges
P, =TI(P,), where II is a projector.
The projection is described in detail in [42]. On the Cartan subalgebra is acts as
follows: o
I(H)=H — Mhm, VH € t. (4.4)
This gives II(H;) = Hy for I = 1,...,M — 1, and II(Hy) = —h™"! for the simple co-
roots of the su( 4 1) theory. In particular the charges of the 't Hooft defects in the
configuration we are considering are P, = —h™~!. The fact that these charges are given
by a fundamental magnetic weight show that the global form of the gauge group in the
reduced theory must be taken as the adjoint group, PSU(M) = SU(M)/Zyn. Note that
the Killing pairing between the magnetic charges of the defects and those of the smooth
monopoles is unaffected by the projection:

N+ 1
(PmHI(z)) = (H(Hm),H(HI(g))) = (H%Hj(i)) - T(hmij(z))

(4.5)

Since this procedure of producing singular monopoles by taking the limit of smooth
monopoles is semiclassically well defined, we can construct the asymptotic metric on sin-
gular monopole moduli space by taking the same limit of the GM/LWY metric for smooth
SU(9T + 1) monopoles.

Now we determine the form of this metric. We start with the GM/LWY metric for
N + Nger fundamental su(91+ 1) monopoles with charges Hyg), i=1,...,N,and P, = Hy,
n =1,..., Nget, respectively. First we restrict to the subregion of fixed location and phase
for the N4y fundamental monopoles with charges Hy. Then we take the limit as Xy — oo:

ds>. = lim |ds3 4.6

M Xyp—oo [ M (@, 60) =77, £ fixed (4.6)
—n 1 Nae

where the defects are located at {Z.;}, 29

It is important to check that this procedure leads to a well defined metric. In order
to accomplish this we need to examine the behavior of M;; and (M _1){5 where now 4, j =
L,..., N + Nges. For M;; we only need to consider the case where both indices correspond
to smooth monopoles ij — 25, since we are restricting to the subspace of fixed :Z’g;f. Then,
from (2.9), we see that M;; is clearly well defined in the limit. For (M ~1)iJ we need to
consider each possibility: (M *1)23 , (M *1)%", and (M ~1)™". The corresponding coefficients
of the cofactor matrix diverge as ¢;z ~ O(Xézvdef) and ¢, Cmn ~ O(Xg det=1) " while the

determinant diverges as detM ~ O(Xétv def). Hence only (M *1)%3 survives the limit and is

-1
N R
TN=E o

given by
lim [(M—l)ﬁ‘

Xyq—o0

= _lim |M;:
Fn=an, Xy —r00 J

~ 93 -



The resulting metric on M takes the form

1 AN —

dsiy = Mydz' - dz’ + (M ')79,0;, 48)
where
Ot Y S el o + )y W(ﬂ ~ cos(6;,))des,,  (4.9)
{34 P
and | s i -

ij

It is easy to check that this metric, which is of the general Pedersen-Poon form [4§],
satisfies the necessary and sufficient equations for hyperkahlerity. (See appendix A.1 and
especially (A.24) for the form of those equations.) The triplet of Kéhler forms is

— ~ ]_7 ] A
w* = 0; Ndr™ — §M%3.eamdx51 Adz7 o,B,7v=1,2,3. (4.11)

Although we have derived this metric for a special set of defects in a PSU() theory as
motivated by a brane construction, the result clearly makes sense for a generic set of defects
in a theory with any simple G. We therefore conjecture that (4.8) with (4.9) and (4.10) is
the analog of the GM/LWY asymptotic metric for the moduli space of singular monopoles.
This should be confirmed by carrying out the analysis of point dyons interacting with the
fixed defects, following [27, 38].

Furthermore, inspired by the results of Bielawski [4, 5] and Murray [46], following the
conjecture of Lee, Weinberg, and Yi in [38], we conjecture that this metric is exponentially
close to the exact metric with corrections of order e~ ™i"ii for those i, j such that I(z) = I(7).
In particular, if we have no more than one smooth monopole of each type, we conjecture
that this asymptotic metric is the exact metric on the moduli space of singular monopoles.

Note that the PSU(91) defects we obtained from the limiting procedure have charges
P, = —h”1 which are in the closure of the antifundamental Weyl chamber. This is
important since only in this case will the dimension of M, as computed from the exact
formula [43], be equal to 4N, the dimension of the space on which (4.8) is defined. Therefore
when claiming that (4.8) provides an asymptotic metric on M, it should be understood that
all 't Hooft charges are to be taken in the closure of the antifundemantal Weyl chamber. '?
If one considers 't Hooft charges that are not restricted in this way, then (4.8) will only
describe the asymptotic metric on a subspace of M, where some smooth monopole positions
have been fixed and are coincident with those defect positions. This issue is explored from
the D-brane perspective in [42].

Additionally, in order to get a 1:1 map between our model space and the asymptotic
region of M, we expect that one should quotient the model space by exchange symmetries

12This is not a physical restriction on the set of 't Hooft defects we consider, since *t Hooft defects only
depend on the Weyl orbit of the 't Hooft charge.
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analogous to (2.14), but where the n! are replaced by the numbers of smooth monopoles
of type I. It is easy to see that exchanging the coordinates of smooth monopoles of the
same type is a hyperkahler isometry of (4.8).

Asymptotic metrics on the moduli space of singular monopoles are not entirely new.
Specific examples of such metrics have been discussed previously in, e.g. [10, 11, 29]. Also,
an asymptotic metric on the moduli space of U(n) instantons over Taub-NUT space was
described in [9] and recovered from a three-dimensional gauge theory computation in [12].
Certain U(1)-invariant instantons over Taub-NUT, which correspond to a special class of
Cheshire bows [6] in the bow formalism of [9], are equivalent to singular monopoles via the
work of Kronheimer [36].

4.3 The two-galaxy region

Due to (4.7), the analysis used to write down the two-galaxy limit of the smooth monopole
moduli space can be implemented, with minor substitutions, in the singular case as well.
Some details are presented in appendix D. We separate the smooth constituents into two
groups and take the limit where the distance between the two groups, R, is much larger
than any other distance scale. In particular, one of the two groups will remain relatively
close to the full set of 't Hooft defects.

Hence the physical picture of this limit is very similar to before, but with a slightly
different interpretation. In the case of framed BPS states — that is, BPS states bound
to a collection of line defects — there is a generic core-halo structure. This means that
there is a core of “vanilla” BPS states which is centered around the collection of defects
and additionally a halo of vanilla BPS particles. In the limit we are considering, the halo
is composed of a single galaxy of fundamental constituents, and the moduli space splits
asymptotically as M — M, x My, o x Rfel. The first factor is the moduli space of singular
monopoles associated with the core galaxy which contains all of the defects. The second
factor is the strongly centered moduli space associated with the halo galaxy. The final
factor describes the relative positions of the two galaxies as before. Associated with this
decomposition, the symmetry group exchanging identical smooth monopoles reduces to
S — Su x Se, so that we only exchange identical smooth monopoles within each galaxy.

We now summarize this limit at the level of the metric (4.8). We will take our origin of
coordinates to be within the core region, for example at the location of one of the defects.
Let Neore and Npa1o be the number of smooth monopoles in the core and halo respectively
with Neore + Nhalo = IN. We use indices &,5 =1,..., Neore, to label the core constituents
and p,§ = Neore + 1, ..., N, to label the halo constituents. The corresponding coordinates
are {#%,&;} and {Z?,¢;}. In the halo galaxy we change coordinates to center of mass and
relative variables:

. TP
R= Zpip 7 gP = zP — gl (4.12)
Mhalo
where myalo = Zp my is the mass of the halo galaxy and p, ¢ = Neore+1, ..., N—1. Thereis
an analogous map for the halo phases, {£;} — {¢p,P}. See appendix D for further details.

We then combine the core constituent coordinates and the halo relative coordinates into a
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single set,
gi = (fd7 g’p) ) wz = (5&7 ¢p) ’ (413)
where now 7,5 =1,..., N — 1.

We also introduce the total magnetic charges for the core and halo,

Neore Nyet N

Yem = Z Hya + Z Py, Yhm = Z Hyp) s (4.14)
a=1 n=1

p=Ncore+1

and note that mpalo = (Yhm, ).
Then the metric (4.8) on M can be written as ds?> = d3? + O(1/R?) with

C+lsc 1L ¥
1% := (dg, dR) Ct+5oC gL A
%L mhaloH(R) aR

= -1
S CHCTON (A e (4.15)
EL mhaloH(R) @11,
Here H(R) = 1 — % and

60 . 6 5C L Y dy
<@11’> B (dlf’) i (LT _(’Yh,mv’Yc,m)) @t (dé> ’ (410)

where 60 = (04,0,)7 with

N,
~ D def
Oy = d&; + Z 2“b (£1 —cos(8,;))de,; + Z j:l — c08(0an))ddan ,
{a,b|b£a}
@p = d@bp + (Whalo)pq ’ d?jq : (4'17)

In the last line, (Whalo)pq is defined like (Wg)pq in the smooth case, (A.18), with the halo

galaxy playing the role of galaxy two. Additionally C is the direct sum metric on M, x
My, 0, where the first factor corresponds to the singular monopole metric that would be as-
sociated with the core galaxy in isolation, and the second factor corresponds to the (smooth)
strongly centered monopole metric that would be associated with the halo galaxy in isola-
tion. Finally, L and dC are constant vector and matrix. In particular, L = (L, L,)T with

ZEL = *(HI(&)vvh,m) ’ Zp = <ﬁp,’7c,m> : (418)

4.4 Framed BPS states for pure ’t Hooft defects

According to [45], framed BPS states are identified with sections of the L? kernel of the
twisted Dirac operator,

pY =D i), (4.19)
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on the moduli space of singular monopoles.'> The semiclassical data X', € t defining the
metric and Dirac operator is related to the physical data of the N/ = 2 theory by picking
a point u € B on the Coulomb branch and a phase ¢ € U(1) for the line defects and then
defining the Higgs vevs X and ) as

X =Im[(a(w)], Y=Im[¢(  ap(u)]. (4.20)

As before, the choice of X specifies a splitting of the charge lattice I' — B by requiring
that X be in the fundamental Weyl chamber of t. Again, with respect to this splitting, a
generic element v € I' decomposes as v = vy, B ¥°.

The electric charge is given by the eigenvalue of the semiclassical electric charge oper-
ator,

=1 arfgu. (4.21)
I=1

This operator commutes with the Dirac operator (4.19) and hence the kernel can be graded
by the eigenvalues v°. In the asymptotic region of singular monopole moduli space we have
the analogous identifications to (2.33) which results in

N
§o=i>» Hj; Lo - (4.22)
=1

4

o+ this operator

Under the asymptotic two-galaxy decomposition M — M., x Mo xR
can be written as

¢ =49¢+ 9 (4.23)
where
Neore N-1
fAY‘Ce =1 Z H}k(&)‘fa&& ) ’A)/ﬁ = iFYﬁ,m"gaw +1 Z IBP‘fawp . (424)
a=1 p:Ncore+1

The electric charge of the core and halo, 7¢ and +§, are given by the eigenvalues of 4¢ and
A respectively.

Our goal is now to describe the explicit form of (4.19) in the two-galaxy region of
singular monopole moduli space. As before we introduce the indices p,v = 1,...4 for the
coordinates y* = {§% ¢;} and R* = {R,\{} and the corresponding gamma matrices (3.6).
Since the metric (4.15) is identical in form to (2.23), the result for large R expansion
of (4.19) takes the form

D = A (B2 + P+ O(1/R)) A (4.25)

3Framed BPS states are boundstates of the field theory Hamiltonian rather than asymptotic one-particle
states. Correspondingly, the moduli space of singular monopoles does not have a center of mass factor
that decouples, and framed BPS states are represented by L? zeromodes of the Dirac operator on the full
moduli space. Likewise, there is no decomposition of the Higgs data ) into center of mass and strongly
centered pieces.
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This asymptotic Dirac operator commutes with the Lie derivatives {£y w,£a w}' Let us

denote the eigenvalues of these Lie derivatives by {v¢,v} as before. Then ng},h and lﬁy

rel
restricted to a given {v', v} eigenspace are

Y Y % v
wcfh’{m7 }:Dcfh®]].4 = <DMCXMh0 (D ) ) ®]]_4,
vy
Bl =% ® P, (4.26)

where we've taken a basis of gamma matrices adapted to the asymptotic splitting S(M) —
S(M, x M) x S(RY,) of the spin bundle, with J._}, the chirality operator on the first
factor.

Here, ]D%CX Mo is the Dirac operator on the product manifold, constructed using the

v

_ Yy
Dirac operators on M, and My, o in isolation. (I,_,)™") is the first order correction to this

in the large R expansion, which will have a form analogous to (C.27). Finally, Y, takes

rely
the same form as before,

» 1 (Ye,ms Yh,m) , A p
= 1 : : 26, [Ope — o — 1V x — == 4.2
wrel Mo ( + 2Mpalo R T 0q [aR tpw } Iy (‘T 2R) ( 7)

but with (Y1,m,Y2,m) = (Ye,ms Yh,m)s £ — Mhalo, and the parameters z, p now given by

e

T = (’Yh,mv y) — MhaloV = (7h,ma y) + <’Yh7 X) s

=\ 4.28
pi=— [(’Vc,ma 'Yh,m)v - Liyl] = <<’7m ’Yh>> ’ ( )

The wavefunction in the asymptotic region of moduli space for a framed BPS state of
definite electric charge can be written

E(ve) — A eiyiwiJriVll)gUi’v(g‘i’ R), (4.29)
with N
— Z core VaH*
Y=+ %, where { (sz 11 @ . (4.30)
= Zp:Nwre—i—l VP — Yh,mV

Plugging this ansatz into 1])3@ = 0, we again find normalizable solutions of the form

— J— 0 —VL —
T = (T )+ 00 (,0,0) + O/ ) o 0.

R (4.31)
\Ijize)l) R] —sgn(p )xR‘I/(p) (9 (b)
In the first factor, .
—(0 i —(V & P
0 =8 G 0wl (7). (4.32)

)

where W,

is an L? zero mode of lDym and \I/}(IVS) is an L? zero mode of ]Dth o where these

operators are restricted to the corresponding r-eigenspaces. These wavefunctions must be
invariant under the exchange symmetry S, x Sy.
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)

Then E(El_)h i can be determined uniquely in terms of Q(O in the same way as de-

vy
scribed under (3.21). Finally, \IJEZI) is a zero mode of I, just as before, where the angular
momentum quantum number j is constrained to j = (|p| — 1).

The same comments apply about the imposition of boundary conditions in the interior
of the moduli space. In arriving at the wavefunctions on R%, given in (4.31) we assumed
that

KTN _ _ (VC,HI”Yh,m) 7 (433)

Mhalo
which appears in the harmonic function via H = 1+ ¢x/R, is positive, and we imposed a
regularity condition on the wavefunction at R = 0. The model operator that we work with

is therefore well-defined: it is given by taking (4.25), dropping the O(1/R?) corrections,

and replacing ]uDil by the Taub-NUT Dirac operator studied in appendix E. It is then
a valid question to ask whether or not this operator is a Fredholm deformation of the
exact operator, (4.19). As we will see momentarily, it apparently is when the core and
halo electromagnetic charges are primitive, but not otherwise. If, however, ftn < 0, then
we would need to specify boundary conditions at R = —f¢1N before we can even begin to
address these points. We leave this for future investigation.

The location of the walls of marginal stability and the change in the framed BPS spec-
trum are controlled by = and p respectively. From the form of ¥, we see that wavefunctions

fail to be normalizable when x — 0. Hence the walls are at

(’Yh,m;y) + <7ﬁa X> =0, (4'34)

which agrees precisely with the computation from [45]. Note that in the case of PSU(N) ’t
Hooft defects arising from su(91+ 1) monopoles in the Xy — oo limit, this formula follows
from the vanilla case, taking into account the restriction (¢, ™) = 0 on the total electric
charge.

The leading large R behavior of the solutions we have found is
iyi,\/ _y RI—1/2,—sen(p)zR gﬁ”a)(ga) ® q,é”ﬁ)(gp) @ U;m(0,d), (4.35)

and hence the number of states lost as we cross the wall is the product of the degeneracies
associated with each factor. If there is only a single defect present in the core, then the
full moduli space has an SO(3) isometry, originating from rotations about the defect, and
we can discuss index characters rather than simple degeneracies. This leads to

AQ(Ye + 70w 4) = Q(Ver 45 4) 2V, 6 Y) X (e, mh) (¥) 5 (4.36)

thus reproducing the primitive wall-crossing formula from [20)].

The discussion of non-BPS boundstates in subsection 3.4 is equally relevant here, since

v

Yy
., is of exactly the same form. Hence the same conclusions concerning the existence of
stable non-BPS boundstates apply.
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5 Future work

We mention two directions for future work:

e In this paper we restricted consideration to pure vector-multiplet theories in the pres-
ence of pure 't Hooft defects. Including matter representations and general Wilson-t
Hooft defects is accomplished by coupling the Dirac operator to a hyperholomorphic
connection on a certain vector bundle over (singular) monopole moduli space [8, 23,
60]. Work on extending the analysis of this paper to these cases is underway.

e We have shown that the two-galaxy region of monopole moduli space is associated
with primitive wall-crossing phenomena. It seems physically reasonable that the
corrections to the primitive wall-crossing formula, due to the fractionalization of
non-primitive constituent charges, are associated with other asymptotic regions of
moduli space. There is clearly much to be understood, and it would be fascinating
to gain a complete picture of wall-crossing in the semiclassical regime by utilizing
the new analytic results on the compactification of monopole moduli space as a
manifold with corners [18, 35]. For example, why is it that the jump in the kernel
should only receive contributions from those corners of the moduli space associated
with sub-partitions of a two-partition, corresponding to each of the two constituent
electromagnetic charges being multiples of primitive charges?
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A The two-galaxy region for smooth monopoles

In describing the two-galaxy limit of the asymptotic region of monopole moduli space,
we introduce center of mass and relative coordinates according to (2.18). Note that the
difference of any two Z®s can be expressed as a linear combination of *’s only. The
inverse transformations to (2.18) are given explicitly by

0= X1+ ()%, 7P =Ko+ (j2)P 7. (A1)
where
ap az -+ aN;—1 ANy ANj+1 *°° GN-2
bi ag -+ an,—1 bn, an,+1 -+ an—2
ji=|brb2an-1 |, jo=| bV bvigr o an—2 | (A.2)
by b2 -+ b1 by, bNyj41 -+ by-—2
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with

aa:ma+1+'“+mN1’ ba:7(m1+"'+ma)’ (a:l,..-,Nli]-)a
Mgall Mgall
m +---+m m +---4+m
a, = —2+2 N bp:_( Nitl p“), (p=Ni,...,N—2). (A.3)

Mgal2 Mgal2

These fit into square Jacobian matrices that give the map ({7}, X)T s {Z} as follows:

(@) = (1 | 1) (f) =3, (fj) S @ =) (j’() =1, (f;) S (A)

Here 11,15 denote a length N7, Ny column vector with all entries equal to 1 respectively.
Similarly the angular coordinates transform as (2.21), or equivalently,

0\ . (a5 0\ 1 (3%
(a@>‘Ji<5L>’ <8é>_J2<£2 ‘ —

And finally we implement the global center of mass and relative coordinates via (2.22).

In the limit that R is much greater than all of the y, the matrix sz has the structure

D- -
My 2t +O0(2)
My = (Dms I (A.6)
+ +0(z) My
where
1 y
Mgy = (M1)gp = 50%4(Hra), ym2) + O (@) ,
1 y
Miq = (M2)3q — 5054 (Ym,1, Hip)) + O (ﬁ) : (A7)
with
D:n 7 Dsir & ~
Ma = esy s 4=, My — Sy 22 p=
é#a r P PED 155 0 )
(M) = { Dy B (M2)p5 = { Dy v (AB)
Tap a# b, i, b# 4

The latter are the matrices that would appear in the GM/LWY metrics for galaxies one
and two in isolation. Thus in the two-galaxy limit, the “mass matrix” takes the form

(M) O 1 [ =6,;(Hr@a), Ym,2) Dgg Yy
M- = ab + = ab s q + O =), A9
Y ( 0 (MQ)@Q R Di)ﬁ —5134 ('Ym,h Hl(ﬁ)) <R2> ( )

which we will write as
M; 0 1 [ D1 —Dyo Yy
M = _ - o) (7) , A.10
< 0 M2> R (—D21 D22 > * R2 ( )

where D11 and Dgs are diagonal matrices and Doy = (D12)7.
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Then within each galaxy we make the change of variables (A.4). The relevant quantities
to be computed are, at leading order,

ITM, I, = Ct 0 ITMLI, = C2 0 ) (A.11)
0 Mgall 0 Mgal2

where C; = jT M1j1, etc. The O(1/R) terms are

.TD i ‘TD .
J,{DllJl — .]1 11.]1 <Ba7727m> , JgDQQJQ — -]2 22.]2 <ﬂp7’yl’m> :
(Bos Yam) (1., Toim) (Bos V1am) (Vams 12.m)

J?Dlg.]g _ j{D12j2 (ﬁaa 72,m> (A‘12)
</6q7’)/1,m> (71,m772,m) ’
where
R a N1
é=1 é=a+1
and similarly
) p+1 N
Bpi=I0) Hjg =ap >, Hiw+b > Higz, p=N,....N-2, (Al4)
P=N1+1 F=p+2

with the a and b coefficients given in (A.3). The key property to note of the 3, is that
they have zero pairing with X’; for example we have (8,, X) = —a,b, + bga, = 0.

Thus far we have described the transformation of the quadratic form Miﬁ from the
basis of differentials dZ to the basis (dy*®, dX, dy®, dXQ)T. Next we implement the trans-
formation (X, Xs) — (X, R) in (2.22). One finds that the quadratic form diagonalizes
with respect to the overall center of mass coordinate, with this piece accounting for the
first term on the right-hand side of (2.6). Then collecting the remaining differentials into
the block structure (dy, dﬁ) = (dy*, dyP, dﬁ), one obtains the first line of (2.23) with

C.— Ci 0 5C — —iTD11j1 jTDiajo
0 Cy )’ J3Datj1 —j3Dasjo )’

I = _<Ba772,m> 7 H(R) —1_ (71,111772,1‘[1) ) (A15)
</8p7'71,m> [,LR

Note that 6C and L are coordinate independent.

Now we turn to the connection one-forms on the N-torus, ©;. We change variables
in the fiber coordinates according to (2.21). Denoting J = diag(J1,J2), the quantity we
want to investigate therefore is J TWJ , where W is the matrix with components ng given
in (2.9). The reason for the J7 on the left is that we want ©; to transform like the legs
along the fiber directions, (2.21). The overall factors of J7 will then be of the right form
to transform the inverse quadratic form, (M _1)%3 , to the y-X basis. The reason for the J
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on the right of W is that we will put a JJ~! between VT/U and d:ﬁ’j, using the J~! to map
the dZ7 to (dif®,dX:,dij?, dX»)T.
However we only need Wg; through O(1/R), which takes the form

> (Wh),; O 0,5 (Hr(a), Ym,2) Dy B Yy
We-) = ab + ab ’ q R+0(=Z ,
(W) < 0 5 Dy —0pq(Ym,1, Hr(p)) HE) (R2>

bp

(A.16)

where Wy 2 are the corresponding W’s for galaxies one and two in isolation. Wrapping the
JT-J around the first term, we observe that

TXKT ¢
TR JiWin 0
and similarly for 1 — 2. In the text we denoted the upper-left (Nj2 — 1) x (N12 — 1)
corners of thes expressions by Wl,g respectively:

Wii=1Wiji,  Wa=j3 Wajs. (A.18)

For the J-transformation of the O(1/R) terms we can make use of (A.12). We then
make the final transformation, corresponding to (2.22), on the relevant two-by-two block of
JTWJ — that is, the block whose rows correspond to x1, x2 and whose columns correspond
to X1, Xo. Making use of the definitions (A.15), one eventually finds

dx? c+isc 1L\ (e y
(Mgat1 + Mgal2) +(00,6y) ( LT uH(R)) <@¢> +0 <ﬁ) ’
(A.19)
with (O, ©y) defined as in (2.25), (2.26). The first term on the right here is the remaining
contribution to the metric on the center of mass factor in (2.6), while the last term completes

0;(M e, =

our derivation of (2.23).

A.1 Hyperkahlerity of the metric

Here we address the hyperkéahlerity of the asymptotic metric (2.23) in the two-galaxy region
of the strongly centered moduli space. We collect the position and phase coordinates using
indices 5,5 =1,...,N — 1 and writing

gi = (gav g’p’ ﬁ) = (S;’ é) ) d}; = (wav @le’ll)) 5 (A2O)
the metric has the form
d83 = Gy - dij + (G)7 (d@b; + Vi dgk) (cw; + V- dgl) , (A.21)
where the matrices G, V are given by

G C+LéC LL o W+sCow(R)  Led(R)
' 1L uH(R) ) ' LT @wW(R)  —(yimy2m)d(R) )’
(A.22)
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where W = diag(Wh Wg) Note that G,V are of the form

V=V+AxiR), (A.23)

where G = diag(C, u), V = diag(W,0), and A is a constant matrix.
A metric of the form (A.21) is hyperkéhler iff [48] (letting o, 5,7 = 1,2,3)

- A e =Vaig = %/ﬁiﬂ;fs & iﬂ;,; _ 0 —— G- (A.24)
ayal ayﬁj ay’yl ayaz ayaj

These equations are satisfied on the leading order pieces, (G, V) — (G, V) because this
just gives a direct product metric on My g x My g X Rfel with the corresponding GM/LWY
hyperkéahler metrics on the first two factors, (the strongly centered moduli spaces for galax-
ies one and two in isolation), and a flat metric on the third. Since A is constant, the only
derivatives that do not annihilate the correction term are those involving derivatives with
respect to the components of R. Tt follows that the equations are indeed satisfied to order
O(1/R?), and hence the metric (2.23) is hyperkihler to the relevant order.

B Strong centering and deck transformations for GM/LWY

The universal cover of monopole moduli space splits according to M = R4 x My and is
acted on by the discrete group of deck transformations I 22 Z. Here we show how the deck
transformations and the strongly centered space M arise in the asymptotic description
of Gibbons-Manton and Lee-Weinberg-Yi. In order to minimize the amount of additional
notation we’ll need, we discuss this for the moduli space associated to galaxy 1 in isolation.
Equwalently, we consider the trivial split in (2.15) where Sy is empty, so that N = N; and
1,7 —a, b ete.

We will obtain a description of D by first understanding a certain subgroup D, C D. We
recall from [44, 45] the description of this subgroup. The G-map furnishes a hyperkéahler
torus action on M, with the triholomorphic Killing fields G(h!) generating 27-periodic
isometries. This induces a homomorphism p : Z" = Ay — D = Z, the image of which is
the subgroup Dy. Using the rational map construction it was proven in [45] that Dy = ¢-Z,
where £ = ged;{n! p'}, and furthermore that if ¢ is the generator of deck transformations
and h € Ay, we have (2.3) with p(h) = (Ym, h).

In order to understand the D, action in the GM/LWY context, we first separate
constituent monopoles by their type, I = 1,...,r. Then, within each type, we choose an
ordering (in general, non-unique) of the coordinates so that the centers of constituents of a

2a1

given type I are consecutive. Thus, we will denote such centers as £% where a; runs from

1 to n! . Proceeding similarly for the phases we then have

{j&}]dV:IZU{faI’dj:]-’-"vnfn}7 {gaa 1= U{€a1|al—1 : né} (Bl)

~
Il
—_
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Then, within each type, we pass to center of mass and relative coordinates. For the
positions we define

| m
—a; _ =a —ar+1 _
*Tg yH = - ar=1,...,n
mA
ag

and for the phases,

1

Mm

aj
ar 1 I
§a17 walzngl—ﬁx , a1:1,...,nm—1. (BS)

= br=1 m

<8

These transformations are dual. Following the pattern of the previous appendix we define
J! so that the linear transformation {&;,} +— {%a,, X'} is given by (J©)T. Then the trans-
formation {Z%} — {7%, X!} corresponds to (J')~1. Furthermore, with regards to the
exchange symmetry (2.14), the original {#%} transform in the reducible n! -dimensional
representation of the symmetric group 5,1 , X7 in the singlet, and {g%} in the irreducible
(nl, — 1)-dimensional “standard” representation. For the phases, x! is also a singlet while
the {14, } transform in the dual of the standard representation.

The x! provide an explicit parameterization the torus action of hyperholomorphic
isometries, (2.1), in the asymptotic region of moduli space. To see this we note that a global
gauge transformation generated by an element in the Cartan proportional to the magnetic
weight h! will simultaneously rotate the phases of all monopoles of type I by the same
amount, while leaving the phases of all other monopoles invariant. This indeed translates
x! while leaving the v, ; fixed. In order to determine the precise relationship between G(hl )
and 0,1 we must discuss periodicities. Since &z, ~ &, + 2rp!, it follows from (B.3) that

X'~ x + 2rpinl and Va; ~ Ya; + 21" (B.4)

To see the latter, shift &,, forward and &,, 11 backward by 27p!; for the former, shift all
s, forward by 27mp’. In particular, since G(h!) generates 2m-periodic isometries, we must
have the asymptotic identification

G(h') — p'nfoa = p" > 0, (B.5)

The last step follows from the fact that the linear transformation {0y, ,0,1} — {9, } is
given by (J1)~1, the same transformation that sends {#%} to {77, X'}.

In order to make contact with the split, M = R4 x My, of the universal cover, we
must transform from the X! and x! to overall center of mass coordinates and relative
coordinates. For the center of mass coordinates we take

Zn (Hp, X = Zmaf

’me

X = Zx —Zfa, (B.6)

a=

Vma

— 35 —



which agrees with previous definitions.

There is some freedom in how we define the relative coordinates, which we will denote
by Y and ¢y, I =1,...,r — 1. It is convenient to define the phases so that 9y, = G(hé),
where {h{ | I = 1,...,7 — 1} is an integral basis for keryy C Apw. On the one hand,
ho € kerp means (ym, ho) = 0, and therefore, by (2.4), G(ho) will be metric orthogonal to
G(&X) and hence a triholomorphic Killing field on the strongly centered space My. On the
other hand, hg € kerp C Ay means that G(hg) generates a periodic isometry of My, and
if {hl} is an integral basis for kery then the G(h{) will generate 2m-periodic isometries.

In appendix C.3 of [45] we constructed an explicit V' € SL(r,Z) that maps the funda-
mental magnetic weights to a basis for kery together with an element hy € A,y such that
p(hg) = €. Let us denote hy = h{,. Then, following the conventions of [45],

hy =Y (V) 7, (B.7)
J

where VT is the transpose of V. We introduce 27-periodic phases 1~|) 1 such that 815] =
G(h{). In particular the generator of Dy acts by sending ¥, — P, + 27 with the other

fp 1 fixed. (The Vs that we are after will be related to these by another transformation as
described below.) In terms of the 1~|) 7 we then have
o5, =Y (V"o = X' =03 vy, (B.8)
J=1 J=1
where ¢/ =nl p!.
The transformation is given by V' = V(y)---V(,_1), where V(;) has the form of the
identity matrix except for a 2 x 2 block along the diagonal, spanning the I** and (I + 1)

row and column, where it takes the form

£I+1
SV T1T,T+1 ‘

! /\Y._f;) , with  Ap..; = ged(¢h, .-, 01), (B.9)
TNy YeeLI+l

and where x1..7 741, Y1...1,7+1 is any pair of integers satisfying Bézout’s identity:

Tl T+1A 1] + yl...[’]+1fl+1 = )\1,,,(1+1) . (B.10)

Note that Aq..,, = £. Also, if one solution to this equation is denoted {:L"{,,,LIH, ?JT.~I,1+1}’
then all solutions are of the form {$T~~~I,I+1 +n€[/)\1.‘.(1+1), yik-~~1,l+1 — N1/ M. (141) } for
n € Z. We will make some use of this shift freedom below.

Using these expressions we can determine how the generator of D,y acts on the original

x!. Let us denote this isometry by ¢g. Setting 1T)1 »¢—g> INI)I for I < r and 1~br +¢—g> IT)T + 27,
we find

1 % 1 1
=X 21y T12,3T12,

X
X LN X* +2m0m (o), T123YL2
X
X

I %&

¢
— XI + 271'5[:61...(7«,1)’r S X L I41YL (T -1),] 5 1<I<r, -
b

"= X2l Y1y (B.11)
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One can check directly from these that x »¢—g> X + 2wf. We will see this emerge from a
different computation shortly. We can also invert V' to obtain the \; in terms of the y'.
The result is

- LT Ti.q 0
w[zu(xl—i_"'_‘_xl)_%xl“'l’ I:l,...,T—l,
Al 14
~ 1
P, = Z(X1+...+XT)_ (B.12)

Now let’s transform from the {1~|)1}§:1 to {Wr}7—1 and x. We set 05, = G(h}) = Oy,
for I =1,...,r — 1, so we just need to express 8;1) in terms of d, and 0dy,. This was also
worked out in appendix C.3 of [45]. The result is

r—1
0y, =t +LY cidy,,  with
=1
o — T1.LI41 nlF (Hpy, X) _ YLeLI41 S ndl(Hy, X) (B.13)
€I+1 (Vma X) >\1---I (’yma‘)() ‘
These formulae imply the relations
Vr=UPr+Lleb,, I=1,....,r—1, y=~0),. (B.14)

This shows explicitly how ¢, acts on R x My, where the first factor is parameterized by
X- Recall that this isometry shifts 1. by 27 while holding {; fixed. Hence

1|)[r¢—g>1b1—|—27rﬁq, X&x%—QﬂE. (B.15)

Note that the translation along the hyperkéhler torus of Mg does not close for generic
Higgs vevs. (B.14) combined with (B.12) gives the transformation of the phases from the
{x!}7_, to the {;},_] and x. As a check, the expression for x reproduces (B.6).

The transformation of position coordinates from {X?’ Y74 to {(v1 }121 and X should
be chosen to be dual — i.e. the position coordinates should transform as the vector fields
of the phase coordinates. We find

. gl—&-l . . I-1 . .
vi= ﬁ <)\1---1(XI — X 4 Z:C1---J,J+1 . 'I1--.(1—1),1)\1---J(XJ -X" M,
L (I41 =

(B.16)
while X is given as in (B.6). Note in the special case that all ¢/ = 1, we can set all of the
z’s to zero, the y’s to one, and the \’s to one. Then these transformations reduce to the
form we had in the previous appendix: Y/ = X7 — XT+1,

Let us summarize what we have learned so far. The asymptotic region of Mg can
be parameterized by position coordinates {77%/;Y!} and phase coordinates {Wa;; W1}, up
to identification by the action of the exchange symmetry S. The I'*" factor of S is a
permutation group acting on the ! through the standard irreducible representation and
on the 1,, through the dual representation. The Y7 and 1P are S-invariant.
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The advantages of this coordinate chart on M are that it is easy to (1) describe the
action of S and (2) identify those circle isometries associated with the G-map — namely
translations of the 1p;. These are the isometries of the asymptotic metric that will extend
to isometries of the exact strongly centered moduli space. However these details are not
crucial in the main text and we chose to work instead with the coordinates {7*,1,} on
M that are easier to describe because they do not keep track of the decomposition by
type. It is straightforward to determine the linear change of coordinates between the two
systems, but we will not need it here.

Finally, the action of Dy C D on R x My is given in (B.15), and is expressed in terms
of the x! in (B.11). The generator ¢ of I is a hyperkihler isometery of the universal cover
that must satisfy ¢¢ = ¢¢. Hence it should act on the x! via

16 1 A
XX TR e T123T
1) 27T€I
X=X+ 7 Tl Tl LI Y-, LT <
P 2l"
Xr et XT + E Z/1~~~(r—1),7“ . (B17)

Equivalently it acts on the ! and y via

Wi Wy 4+ 2mer, xS o+ 2r. (B.18)

Now it is straightforward to see how the identification by ¢ is implemented in the
GM/LWY asymptotic description of M. Recall that x! is a sum of the n/ phases oy ~
oy T 27mp!. For each I we pick one phase, say &a,;=1, and shift it by an appropriate amount
to account for (B.17). Thus in the GM/LWY description, the periodicity of the constituent
phases is ultimately responsible for enacting the quotient by .

A few comments are in order.

e First note that, while ¢ divides ¢/ by definition, ¢/ /¢ need not be an integer multiple
of p!. Here we can use the shift freedom for the pairs {z,y} to ensure that r — 1
of the translations in (B.17) are integer multiples of 27p!. But then for the final
translation we can always assume that the corresponding p = 1. The reason is that
we have assumed all n! are strictly greater than zero, so it is impossible to have only
short roots. In other words, what matters for the construction of the moduli space
is not the Lie algebra per se, but the effective Lie algebra — that is, the Lie algebra
determined from the Dynkin sub-diagram corresponding to those nodes that have
monopoles. Thus, for example, if we were to consider a case where all monopoles are
along the short root in a Go gauge theory, the effective Lie algebra would be su(2)
and all of the p’s would equal 1, not 3.

e Second, a shift of §;,—1 2y & 1:1+27T”PI not only generates a shift of y!. Additionally

it implements a shift of the relative phases (B.4): 1, 2 Yo, + 2mnpl (1 — ar/nl).
Hence the v7,, in addition to the 1V, are translated by the ¢ action on Mj. Unlike
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the 1 shift, ¢ times the 1,, shift will lead to an integer multiple of its period. Hence,
while ¢ can act nontrivially on all of the phase coordinates of My, ¢, only acts on
the V. Since the 8%1 do not extend to triholomorphic Killing vectors on the exact
My, the ¢ action on the exact Mg is not generated by a triholomorphic Killing
field. Nevertheless it is a hyperkéhler isometry of Mj. In contrast, the ¢y action is
generated by a triholomorphic Killing field.

e Finally, we did not have to identify the ¢ action with a translation of £;,—;. We could
have chosen any of the &;,, and indeed the exchange symmetry S makes all of these
choices equivalent. We can see this explicitly by noting that two different choices, a
shift of &, by 2mp! versus a shift of 6131 by 2mp!, are related by a shift of some of the
1q, by full periods. This is a trivial isometry on M.

B.1 Example: su(2) monopoles

In this case there is only one type of monopole. Thus y = x' and there are no ;. A

1

L monopole has ¢! = ¢ =n. The D, action implies that x is in fact periodic

charge n =n
in this case: x ~ x 4+ 27mn. Hence the quotient by D simplifies to
S 1 X ./\/lo

=R?
M X Z ,

(B.19)
where the S! circle is parameterized by x.

The asymptotic region of the strongly centered moduli space is parameterized by co-
ordinates {§%, .} with 1, ~ 1, + 2. We identify by the S, action, with respect to
which the §® transform in the (n — 1)-dimensional standard representation and the v,
transform in the dual.

The generator ¢ of D can be taken to be &; 2y &4 + 2md;51. This implies

T/’a'g%—i-%r(l—%), X x+2r. (B.20)

Any other choice of generator, {; — & + 2md,;, is related by a trivial isometry of M.
Consider the case n = 2, for example. Then the asymptotic model for My is an So

quotient of Taub-NUT with negative mass parameter and parameterized by {¥, ¥ ~ +27}.

The Sy quotient identifies points under the reflection {if, ¥} — {—i, —¢}. The S! in (B.20)

is parameterized by y ~ x + 47. The Zs quotient identifies points on S! x M under
(O ¥) ~ (x + 2m, ¢ + ).

C The Dirac operator in the two-galaxy region

Now we will construct the asymptotic Dirac operator based on the metric (2.23) to order
O(1/R). We will employ the coordinates (y*,1;) as in (A.20), and we will sometimes
combine these together into y**, introducing pu,v =1, ..., 4 with y* = p=. We refer to the

components of the hatted metric on M with respect to these coordinates as G i SO that

A = Gz dy"idy" (C.1)

Mt vy

We will use underlined indices to refer to the corresponding tangent space directions.
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C.1 Vielbein

. RN
The nonzero components of the vielbein, e ;v are taken to be

Lo A 4 5 54 5
e%ai - 5goc€£27 eloﬁ = (ea)%v ei42 = (é1), (C.2)

where the matrices are given by

= 1 &— 1v—
. Cl/2 + L C-1/25C LC1/2L
0 pt/? (1 - ﬁ(’)’m,h’mg))
. ( (€12 HCV2CC ) Wa +w,CV2C w,CTV2L )
M_l/QwaLT _,Uz_1/2(7m71”7m,2)wo¢
Cc-1/2 _ ﬁéflﬂécéfl _ 1 o-1/21,
€4 = ~1/2 L (C.3)
0 15 (1 + Q,TR(’Ym,l,Vm,z))
Similarly, the components of the inverse vielbein, E* %/ﬂ’ are given by
Eoﬁa% — (;O{QEA%, E“u4%az — 5ga(Ea)é7 E4€4§ — (Ewé)é7 (04)
with
— 1 - N — 1 ~—
6 c 12— Lclsccl/? —rCT 'L
0 12 (1 + ﬁ('ﬁn,la’ﬁnﬁ)) ’
o[ Wa (6*1/2 - 56*1596*1/2) ~wa§CCT? W, CT'L — p 2w L
—waLchl/Q M71/2 ('Ym,la 'Vm,Z)wa
~ 1 ~— 1
o Cl/2 + Lscc1/2 gL o
M 2uR Ym,15 Ym,2
These satisfy the necessary relations to the order we are working:
i M i 2 Vi A 2
E P 6,65+ O(1/R7), 5£5Qe e G5+ O/RY). (C.6)

C.2 Spin connection

Using the vielbein above, one can compute the spin connection. The discussion is organized
according to how many of the 1, 7, k indices take the last value, N — 1, corresponding to
gN—1 = R. By a slight abuse of notation we will refer to this index value as “7 = R”
rather than ¢ = N — 1. The remaining indices running over the N — 2 relative positions
y = (7%, yP)" are i,j,k = 1,..., N — 2. We give the expressions below with all indices
referred to the frame on the tangent space.

When there are no R indices, there is a leading O(1) piece and O(1/R) corrections to it:

Wysivg,ph = @pivg,pk + 0Wpivg ok + (C.7)
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where dw = O(1/R). Explicitly, the nonzero leading-order spin connection is found to be

Bigj ke = %(5_1/2);(5—1/2)!(5—1/2)Ek (5ﬂ5£ﬁ85j5m _ 5@5;‘5045%) _
— Sat,(C) [0 CYHE - G20, 01)]
Ddifj vk = %(5_1/2)5(5’_1/2)!(5’_1/2)Ek5g55f (OpiWrik — Oy Wsi) »
Baitg ok = _%(5_1/2);517 [(avkélﬂ)é—lﬂ a 5‘1/2(6%51/2)} )
ik = _%(5—1/2);(6—1/2) S (C712),56,%857 (9aiWsrj — O Waki)
Bty ik = %(5‘1/2);'(5‘1/2)13'(5’_1/2)&’“8@5% ‘ (C.8)

This is the spin connection on My x Moo x R | with the My factors equipped with
their respective GM/LWY metrics. The O(1/R) corrections to the above components are
captured by the simple replacement rule

(~3—>C:(~3+%5C, (C.9)

leaving W,, unchanged, (and expanding the result to first order in 1/R). The reason this
captures all O(1/R) corrections to these components of the spin connection is that the
contributions from the w, terms in the vielbein cancel.

Note that the components involving the Wy;; can be simplified using relations (A.24):

_ _ 1 ~ P oo ~
Gait k. = Daigj ak = —5(C e 1/2)13(0 1/2);6%15176%%. (C.10)

Furthermore, this relation can be extended to the O(1/R) corrections to these components
using the replacement (C.9). The reason is that (C.9) is simply a shift of C' by a constant
as far as the y® are concerned, and C' is always differentiated in the relations (A.24).

Next we consider the components of the spin connection with one R index that have
a non-vanishing O(1/R) piece. With some effort they can all be related to the (C.8) in a
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rather simple way:

iy = = (O VAL By + OU /).

WoipRk = —\/;R(é—l/?L)jamﬁm - \/;R(5—1/2),&&6@7@%(6—1/%)1-+ O(1/R?),
Waigj R = —\/jm(é‘l/QL)k@W,w +O(/R?),

WaigR Ak = —\/ﬁfﬂ(é—l/mmm,w +O(/R?),

oot = = (O L) gy + O(1/RE),

s = e (VAL By + O(1/RE),

Wit yn = — e (O V2 L) Gyia; o + O(1/R2). (C.11)

-—F

Finally, one can show that components of the spin connection with two or three R
indices start at O(1/R?), and thus we can neglect them to the order we are working.
Now introduce gamma matrices T satisfying the Clifford algebra

A N2 YT i (C.12)

and define T#% .= %[F“—z, F”—;] as usual. When we contract the spin connection components
with the gamma matrices to construct the Dirac operator, we can absorb almost all effects
of the w with one R index by introducing shifted gamma matrices:

7 e A A . . . ]_ ~ ~
P20 75 i AL = T w5 T — 2rﬁrmﬂR—\/ﬁR5%(0*1/2);51’78%(O*l/QL)ﬁ
+O(1/R?), (C.13)
with
foi._pei_ _L_(G-V2pyreR  pdi._psi (C.14)

VIR
We also account for the O(1/R) corrections to the wyiy; o, by working with the corrected
C as we discussed around (C.9). So above we account for both types of O(1/R) corrections
to the spin connection by working with wqig; & Which is expressed in terms of C rather
than 6, and working with the T2,
These hatted gamma matrices can be realized by a frame rotation on the spin bundle.
To do so we first complete the definition of the I by setting

. 1 ~ . .
reft.— pakt | ﬁ(c—l/%)gﬁ, 4R . 4R (C.15)

F”—;, where the rotation is given by

Then f’“fz:R& ~
vj

R=[[RL, (C.16)
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where Réz‘) is a local rotation in the e - 2 plane by angle

. 1 -~ .
0L = ——(C~Y2L)E, (C.17)
ViR
and we work to linear order in the 6% This rotation on the frame index can in turn be
implemented through an adjoint action on the spinor indices,

fui = Rﬂyjfﬂ = ATHAL, (C.18)

with . )
_ ipaipel | it ek 2
A—Hexp<20F r >_1+29rmr +0(6%). (C.19)

C.3 Dirac operator
To construct the Dirac operator, lZ)yO, on My we will also need ¢4()). We first have

rnkg nk

G(b) = Z<a17y0>G(hI) = Z<a1,yo> Z i + exp. small
I=1 1 kr=1 gkl

I
m

= Z(Hl,yo) Z 88 + exp. small
I k=1 sz
Ny

n

N

= (H; yo)ai)a Z (Hy )3§P + exp. small, (C.20)

—N1+1

where we used that the exact triholomorphic Killing vectors G(h!) approach the linear
combinations of those in the GM/LWY metric identified in (2.33) exponentially fast (in
the same sense that exact metric approaches the GM/LWY metric exponentially fast).
Then using (A.5), (A.13), (A.14), followed by (2.22), we find

d d d d
G() = Z(Ba,ma—w + Z(ﬁp, yo>8—¢p + (7m,1,yo)a—xl + (fym,g,yo)a—m + exp. small

= Z Bis Vo) 5W (’Vm1,yo) + exp. small , (C.21)

N

where in the last step we also used that (ym,)p) = 0, or equivalently (ym,1,Y0) =
_(’Ym,2;y0)

Now we can compute

N N ke—p G(o)* (C.22)

Yo _ p]:; r p’; 5 1 P
PP =TRE P50 5 4+ T,

to O(1/R?) using (C.3), (C.5), (C.13), and (C.21). Given the simplifications in the spin
connection afforded by (C.13), the goal will be to express everything in terms of the rotated
I[’s and then use (C.18). The final result will be an expression for », through to O(1/R?),
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in terms of the A-conjugation of another Dirac-type operator. The advantage of this
approach is that the A-conjugation, which implements the frame rotation on the spin
bundle, is sufficient to block-diagonalize the Dirac operator with respect to the T#¢ - TR
decomposition of the Dirac spinor bundle. A key point is that the ‘extra’ term on the
right-hand side of (C.13), which originates from the inhomogeneous term in the second
line of (C.11), is exactly what is needed to account for the action of the derivative on A:

1

Iwk’ron,BR ;Réan(é_l/z)kkdy’ya’yk(é_l/QL)ri_

+O(1/R?). (C.23)

Thus, suppressing the details, we are able to bring the Dirac operator to the form

A rﬂEﬂW’“aﬂf} AT =TEE R0, —

quoted in the text:

p> (1D12 + D5+ 0(1/R2)) AL, (C.24)

where lﬁ%éo consists of terms involving only ui-type gamma matrices, and I, consists of
terms involving only pR-type gamma matrices. For the first operator we have

Dra = D24, xpto + (B9 (C.25)

where the first term is precisely the G())-twisted Dirac operator on Mj g x Mg, where
each factor equipped with the GM/LWY metric, and the second term contains the O(1/R)
corrections. Explicitly,

lDMl 0><./\/l2 [ Fﬂd “ [(6—1/2)28&1 - (Wa5_1/2)i1'84i + F£(61/2)1184Z+

—_

+ TG iy T — T C Y (83, D) (C.26)

.4;

) 1 ~ ~ )
(3) M) =T { 55 (C10CC %) 00i + ((5gWaC ™ = wal)SCC™2) Dyit

_ 1 -~
g (LT Y205 — — (CY2L),0,
wo (L' C )7843 MR(C )78 Rt

(1~ ; 1~ ~N—1\i
+T41{2R(C 2501 ﬁu"ﬁ(c 2600 (Bi Yo)+

m, ay 1 g

Meanwhile the second operator takes the form

]Drel =

\/,E ( + W) {FaR%a [0ar + (Ym,1, Ym,2)WaOsr — wa L'Os] +

1y Y L ,
R (1] F TS

(Strictly speaking, this expression contains some O(1/R?) terms when the R~! multiplies
wq which should be dropped.) This result leads to (3.11), (3.12) when acting on spinors of
the form (3.7).
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D Singular monopole moduli space

In the case of singular monopoles, we have a core-halo system. Here we can choose our
origin to be anywhere in the core, but to be explicit we choose it to be centered on one
of the singular monopoles. In this case we need only go to center of mass and relative
coordinates in the halo galaxy. We let indices d,l; = 1,..., Neore Tun over fundamental
(mobile) constituents in the core and indices p,§ = Neore + 1, ..., Neore + Npalo = N, run
over fundamental constituents in the halo galaxy. We set

> mpT?

Mhalo

R= gP = @P — grtt (D.1)

where myao = Zp myp and we have introduced indices p,q = Neore +1,..., N — 1 that run
over the relative positions of halo constituents. The inverse is given by

where j, has an identical form to jo with the galaxy-two constituent masses replaced by
halo constituent masses. Constructing Jy, by appending a column of 1’s in the same way,
we introduce the halo fiber coordinates

(ﬁ) ~ 31, (D.3)

Note that (ﬁ, ) play the role here that was previously played by ()Zg, X2). They parame-
terize the position of the center of mass of the halo galaxy relative to the fized core.
The large R expansion of the quadratic form Mﬁ, (4.10), can be written in block form

B @n, .o (1%2)>
M= p. .
(M);; (Dﬁb +0(&) (M), (D.4)

with ( |
~F - Hray, Yam 1
(W), = () — by @) <R2> , (D5)
where
D&é N, e (Pn,H](d)) ~ 7
xr md_zédrm_ZnifriA a=>=
(M) =4 &5 e w070 (D.6)
rjll;b a 7é b
and similarly
(HI p 7’Yc,m) 1
(M)pg = (Mn)pg — 515@% +0 (53 (D.7)
where
mﬁ_ZA;éADM p=1
(Mn)sg = g p,, Pree T (D.8)
o p#q
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In these expressions the core and halo magnetic charges are given by

Neore Nget N
Yem = Z Hyy + Z P, , Yh,m = Z Hyepy - (D.9)
a=1 n=1 Pp=Ncore+1

Therefore in the limit of large R we can write (M);: as

- (Me)y; 0 L [ —=6,;(vhms Higa)) Dgg 9
M = ab + = bt I + 0 (1/R?%) .
Y ( 0 (Mn)yg) R D —0pq(Ye,ms Hrp)) (/55

bp
(D.10)
As before, we will write this as

— M. 0 1 D.. —Dga
M = ¢ - = < ¢ O (1/R? D.11
(Fan) -7 (o m)rowm) o
Now we make the similarity transformation to the center of mass and relative coordi-
nates in the halo, defining Cj, with components (Cy,),q such that

i"Myuj, 0 C, 0
R FALY ) P - . D.12
b hh ( OT Mhalo OT Mhalo ( )

We combine Cy, with the leading order core matrix, writing

— M. 0
o (2). o

The first order corrections to this are captured by

— -D D.j
§C = | oo b ) (D.14)
Jh Dhe —Jj, Dunjn

Finally the vector L and the harmonic function H(R) appearing in (4.15) are

7 _ ( —(Hi@>m) = (1 (hm, Yem)
L_< P ) H(R)_<1 e ) (D.15)

Here 3, is defined as in (A.14) but with Jo replaced by Jy.
The terms in (4.15) involving the connection one-forms (6, ©) can be obtained by
following analogous steps to those in appendix A.

E Discrete spectrum of the twisted Dirac operator on Taub-NUT

In this appendix we compute the spectrum of the Dirac operator coupled to a triholomor-
phic vector field on Taub-NUT. That is we want to solve the equation '

lmgf)?\l‘ll =AY, 91“](1)\1 = Dy — iG(), (E.1)

4Gee [31] for an earlier derivation. The presentation here has been included for convenience of the reader.
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on Taub-NUT which has the metric

ds? = p |H(R)dR - dR + H™(R) ((rnda® + 9)2} :

H:1+%, Q = {lpn(e — cos0)dd, ot~ ot 4 dr (E.2)
Our coordinates are z¢ = (R,z%) = (R 2%). We also employ spherical coordinates
(R,0,d) on the R® base while x* parameterizes the circle fiber with asymptotic radius
2|0t~ |\/1- The parameter /TN should be taken positive for the standard, complete Taub-
NUT manifold. However the asymptotic (large R) region of this space can occur in the de-
scription of the asymptotic monopole moduli space for either sign of /1n. Therefore we will,
for a time, allow for both possibilities. When /1y is negative we restrict ourselves to the re-
gion R > —/pN. Finally ¢ = +1, where the plus sign should be chosen in the patch 0 < 0 <
7 and the minus sign in the patch 0 < 8 < 7. So, 2* depends on the patch and z? = mi—l—2¢).
The triholomorphic Killing field G())) must be proportional to 94 and we parameterize

the proportionality constant as in appendix G of [45]:°

C

G(do) = %34 : (E.3)

Following the computations in [45], one finds that (E.1) takes the form

a 1 Q& y ic 4
ﬂ&”%+m”%H“*”€m”+
+ w (sin 4)7l — oS cl)’yz) + E’Yé 01 ¥ = —i\/uA¥ (E4)
rsin® N ) | |

Now let us expand in eigenmodes of dy, taking
U = e 290 (R (E.5)

where p € Z. Doing so, we find that the resulting operator acting on U(®) from the left-

v Y
hand side of (E.4) is consistent in form with ]ﬁr;, (3.11), through O(1/R), provided we

identify the p here with the one there and

1
b = ~mma) Loy (E6)
0 TN
To see this one notes that the v29, H term in (E.4) is O(1/R?) and can be dropped for
the purposes of the comparison. In the special case of an SU(3) monopole with v 1 = Hy
and ym 2 = Hy, the relative moduli space is Taub-NUT. We see that {tn — /fl, we can

identify the 27-periodic coordinate { with z*/2, and p — v consistently with (3.12).

15The mass parameter denoted m in [45] has been set to u here, the reduced mass of the two-galaxy system,
as this is what appears in the asymptotic form of the metric (2.23). We have also chosen the opposite sign for
Q relative to [45] so as to better match both the conventions in the literature for the GM/LWY metric and
the form of the resulting Dirac operator with [43]. This is equivalent to flipping the orientation of Taub-NUT
and is why the BPS spinors we find below have the opposite chirality to those in Addendix G of [45].
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Returning to the exact solution of (E.4) we introduce a chiral basis for the y-matrices
0 72 S _ .
Ve = , ™ = (¢, —i1), TH = (d,il), (E.7)

such that 7 := y1y2y3+% = diag(—1, 1), and we decompose ¥ into chiral components

V= (H‘Ilp/_2 o ) ’ =5

1/2 has

with respect to an orthonormal basis for the spinor bundle, where the factor of H~
been introduced for convenience. Note that the L? innerproduct, (-|-), is then given in
terms of the components by
4
(W' = / Vouiy' = / Crndax? / R (wiw; - H(R)MW,) : (E.9)
0 R3
(This expression is appropriate for Ty > 0; otherwise the integral over the base should be
restricted to R > —{1N.)
Then, introducing the frame rotation

U = ¢ 100°/2=100%/2 (E.10)

and setting
by = eipz‘*/?ei(ep/?*m)dJU(;i(r, 0), (E.11)

one finds that (E.4) reduces to the pair

3 1 1 p 1 Ay -
1 1 1) - . ]
{03 <aR + R) i ( - %’H) + RK} by = —iy/ENHY_ | (E.12)
where 5
K =o' [aﬁsi‘;e <m+;(03—p)cose>] . (E.13)

The final separation of variables proceeds as in appendix C of [43]. We set'0

go = L @) 1 (A () (E.14)
R gQ(R)din’%(pH)(e) ’ R fQ(R)djné(pH)(e)

Here (j,m) are standard su(2) quantum numbers, except that the minimal value of j is
Jmin = %(\p[ —1)if p#0, and jpin = % if p =0, and the allowed values of j increase from
this minimal value in integer steps. Furthermore, when j = jni, and p # 0 we are required

We follow the conventions of [54] for Wigner d functions and SU(2) representation matrices. The
combination efim‘zbdin . (0) can also be expressed in terms of spin-weighted spherical harmonics, ,,/ Yjm.
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to set some components of f, g to zero for regularity. If j = juim and p > 0 then we must
set fa,go = 0, while if j = juin and p < 0 we must set f1,g1 = 0.
The o’

/o (0) are Wigner’s small d-functions. They can be expressed in terms of Jacobi

polynomials as follows. Let
n=min{j+m',j—m' j+m,j —m}. (E.15)

We introduce a, A depending on the value of n:

/

j+m : a=m-m',A=m—m',
- . — ! )\:0
—J e a_m,_m’)\_ ’ (E.16)
j+m : a=m—m,A=0,
j—m : a=m-m',A=m-—m’.

Then, with b = 25 — 21 — a, we have

1/2 ~1/2
o (0) = (—1)) 2 —n / ntb / sin AN cos o ’ plob) (cos0), (E.17)
mmA n+a b 2 2) " T

where the Jacobi polynomials are given by

R R (MR ((EPU TSR ) SN

Inserting (E.14) into (E.12), we obtain the following pair of coupled equations:
3 1 :
a(’)R—I—:L‘+EC, [ =—iyuAg

[0383 —z+ ;204 g=—iyuHF, (E.19)

for f = (f1, fo)T and g = (g1, g2)7, where we used (E.6) and

1
Cy = :tg]l—iUQk, with &k := \/j(j+1)—4(p2—1). (E.20)

Note that j = jmin corresponds to & = 0. The innerproduct (E.9) can be expressed in
terms of f, g using (E.11) and (E.14) with the result

1672 o0
(FW') = 3G /O ar o' + H(R)F'F] (B.21)

Again the integral should be restricted to R > —{py if £y is negative.

The equations (E.19) are nearly identical to the system (C.22) in [43], except for the
factor of H(R) on the right-hand side of the second equation. This of course changes the
detailed form of the solutions when A # 0, but nevertheless the same techniques can be
used to obtain explicit solutions. In contrast, when A = 0 then they are identical, and this
fact was exploited in [45] to give explicit results for the BPS spinors on Taub-NUT.
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From (E.19) one can derive the following second-order equation for f:

(E.22)

2 s o (pztlrnpd?)  (G+3)? 1 g _
{8R+,u)\ -+ 7 B i C_,;f=0.

The last term is diagonalized by setting

f:of<£>, with of::\/;ﬁ<_“a+z+>, ay = <j+;>ig. (E.23)

This O diagonalizes 03C_,

1
0% (s3C_)0; = (J J(; 2 _(j0+ %)) , (E.24)

leading to the following equations for the components ng:

onpA?)  jio(ie + 1))
{812%+MA2_332+(P50+ T~pA)  Ji2(di2 + )}

7 i h2=0, (E.25)

where ji := j+1/2 and j, := j—1/2. Recall that in the extremal cases j = jmin = 3(|p|—1),
we are to set fo = 0 when p > 0, and f; = 0 when p < 0. Considering the form
of the similarity transformation Oy in the extremal cases, one finds that both situations
correspond to setting fl =0.

Equation (E.25) has the form of the radial Schrodinger equation for the hydrogen
atom. From the large R behavior of the effective potential, we see that there is a gap
0 < [N < |z|/y/p in which boundstates might exist, while for [A| > |z|/\/i we have a
continuum of scattering states. Whether or not boundstates actually exist depends on the
boundary conditions in the interior.

The boundary conditions in the interior, in turn, depend on the sign of ¢px. If brn > 0
then we should impose a regularity condition at R = 0. If, however, fTn < 0 then we must
impose some type of boundary condition at R = —/7y, the form of which requires a more
careful analysis. In the following we first restrict to the ftn > 0 case. Then we will discuss
two examples with /Ty < 0 that demonstrate that the ¢ty > 0 results cannot be used to
draw any conclusions about the /TN < 0 case.

Proceeding then with (E.25) for fpnx > 0, we set

p:= kAR, po = W , with k) := /a2 — puA2, (E.26)

so that (E.25) takes the standard form
{83—1+’2—W}f1,2=0. (E.27)

The solution that is regular at p =0 is
fio=crap2 e P By (j1,2 +1- % 212+ 2; 20) . (E.28)
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For |A| > |z|/\/1, p is imaginary and these are scattering states. See [31, 47, 50] for a
detailed study of these scattering states and the role they play in accounting for the index
of the Dirac operator associated to the quantum mechanics of two point dyons. Reference [2]
also considered both boundstate and scattering state wavefunctions for this problem.

Focusing on the case |A\| < |z|/\/p, the growth of the hypergeometric function will
overwhelm the e=?/2 prefactor at large p unless the hypergeometric series truncates. This
will happen iff the first argument is a non-positive integer. Hence we introduce the radial
quantum number, n, in analogy with the hydrogen atom by setting

n= % , (E.29)

and we will see that n € %N. The latter can be solved for the allowed boundstate eigen-
values:

2
Mo = e [—(n2 + Blrnz) + \/(n2 + Blrnz)? 4 (Agz? (n? — Z)]
N

:MQ%N [5<§—0)—n2+\/<n2+5<0—§’))2+(0—§’>2(n2—1f>] - (E30)

Note that the Dirac operator we are studying is a supercharge operator, so its eigenvalues,

/2 A choice of sign was made in (E.30) to ensure that the

A, should have units of energy
energies are real. In the second line we expressed the result in terms of the coefficient C
of the triholomorphic Killing field. When C' = 0 this boundstate spectrum reduces to the
one found for the ordinary Dirac operator on Taub-NUT in [26].

BPS states correspond to n = [p|/2, assuming p # 0. The allowed n’s increase from
this value in integer steps. In order for the hypergeometric series to truncate we must
impose that jo + 1 — n is a non-positive integer. If this integer is zero, then we must
additionally set ¢; = 0 so that fl = 0, or else the solution will not be normalizable. Note
that n is integer or half-integer when p is even or odd respectively, and the same is true
for jo = j — 1/2. Therefore jo + 1 — n will indeed always be an integer. Hence for a given

p # 0 and n, the allowed values of j are

. . 1 ) 1
je{]mln_2(’p|_1)7jmln+l77n_2}7 (ESl)

which collapses to the single value, j = jmin, for BPS states. At both the minimum and
maximum values of j we must set ¢; = 0, killing fl. This is required for the minimal
j so that the wavefunction is regular at © = 0,7 and for the maximal j so that it is
exponentially decaying at large R. For j values strictly in between the minimum and
maximum, we have two linearly independent solutions to (E.22) for f, for given quantum
numbers (p # 0,n, j, m), corresponding to the coefficients ¢y, ca.

Meanwhile if p = 0 we know from regularity in 0 that j € {%, %, ...}. Therefore
from normalizability we conclude that the allowed values of n are n = {1,2,...}. Then
Jj € {%, N %} and c; should be set to zero when j =n — % There are no BPS states

when p = 0.
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To complete the discussion of solutions when ¢ty > 0, we should return to the first
order equations (E.19) and determine the g that goes with a given solution for f. When A =
0 the equations for f, g decouple and one can show directly that there are no normalizable
solutions for g [43]. For A # 0 we can use the first of (E.19) to read off the solution for g.
Note that in addition to the quantum numbers (p, n, j,m), the solution for g depends on
the sign of A, ,,. We can also use this equation to express the innerproduct (E.21) in terms
of f, or f , only. After some simplification one finds a nice result:

B 167T2(Ap7n + )\p/m/)

U0y = PRI FEf .
(i) = S by | dRH(R)S (E:32)

Hence it must be that the f1,27S, (E.28), for different choices of n’s, are orthogonal on [0, co)
with respect to the measure H(R). One can analytically check that this is indeed the case
using techniques from [17].

In the case of BPS states an additional condition beyond j = jmin =n — % is required
for normalizability. This comes from requiring that pg is positive when A = 0, which
is equivalent to p and z having the same sign. This condition can also be found from
an analysis of the decoupled equations for f; and fy that arise from (E.19) on setting
A =k = 0 [43]. Assuming this is the case then jo + 1 — pp/2 = 0 and the hypergeometric
function is simply 1. Thus fg o RIPI2e=12IE  wwhile we set fl = 0. For p > 0 (E.23) gives
fi= fg and fo = 0, while for p < 0 we get fi = 0 and fo = fg. Going back to (E.14)
and (E.11), we find that BPS spinors take the form ¥ = (0,¢_)7 with

Yo = ceip”4/2Rj_1/2e_|x|RQZ(9, o), (BPS case) (E.33)

where ¢ is a normalization constant,

(0, p) = ellP/2mm)e (E.34)

) e ib/24in O
y e sin 5
dm,_j(e) ( ib/2 cos% ) ,p<0,

; em10/2 cog 8
dfn,j(e) ( 6i0/2 gip 92 , p>0,

and j = (|p|—1). Note from (E.17) and (E.18) that when m’ = %j the Wigner d-functions
simplify considerably, as » = 0 and Pé“"’)(e) = 1. Explicitly, both cases are captured by

, . 2] 0\’ 0\ /™
&, +i(0) = (£1)7+m | - <sin 2) <cos 2) , (signs correlated). (E.35)
I J m

Now let us comment on the frny < 0 case. The metric (E.2) is singular at R =
—{1N, and a boundary condition is required there to specify the eigenvalue problem. This
boundary condition might be incompatible with some or all of the spectrum of boundstates
we found above. We give two examples, focusing on the BPS spectrum.

The first example is su(2) gauge theory with ym1 = Ym,2 = H. The relative moduli
space is the Atiyah-Hitchin manifold and C = 0 since there are no triholomorphic Killing
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vectors. A naive application of the above analysis would suggest that BPS states might
exist — x and p, (E.6), do have the same sign when C' = 0 and ¢pn < 0, for example.
However a simple argument using the Lichnerowicz-Weitzenbock formula shows that the
exact Dirac operator has no L? zeromodes.

The second example is a framed example in su(2) gauge theory with two smooth
monopoles in the presence of a minimal 't Hooft defect. Consider the region of moduli
space corresponding to configurations in which one monopole remains close to the defect
while the other is far away. The magnetic core charge is v. = H — %H = %H while the
magnetic halo charge is v, = H. Hence ¢y, (4.33), is again negative. Unlike the previous
example, however, the Dirac operator on the exact strongly centered moduli space does
have L? zeromodes. (See section 7.4 of [45].)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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