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ABSTRACT: We investigate the robustness of the Araki-Lieb inequality in a two-dimensional
(2D) conformal field theory (CFT) on torus. The inequality requires that AS = S(L) —
|S(L —¥£) — S(¢)| is nonnegative, where S(L) is the thermal entropy and S(L — ¢), S(¥)
are the entanglement entropies. Holographically there is an entanglement plateau in the
BTZ black hole background, which means that there exists a critical length such that when
£ < {. the inequality saturates AS = 0. In thermal AdS background, the holographic en-
tanglement entropy leads to AS = 0 for arbitrary . We compute the next-to-leading order
contributions to AS in the large central charge CFT at both high and low temperatures.
In both cases we show that AS is strictly positive except for £ = 0 or £ = L. This turns
out to be true for any 2D CFT. In calculating the single interval entanglement entropy
in a thermal state, we develop new techniques to simplify the computation. At a high
temperature, we ignore the finite size correction such that the problem is related to the
entanglement entropy of double intervals on a complex plane. As a result, we show that the
leading contribution from a primary module takes a universal form. At a low temperature,
we show that the leading thermal correction to the entanglement entropy from a primary
module does not take a universal form, depending on the details of the theory.

KEYwWORDS: AdS-CFT Correspondence, Conformal Field Theory, Field Theories in Lower
Dimensions
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1 Introduction

The holographic entanglement entropy [1-3] relates the quantum gravity to quantum in-
formation, and opens a new window to study the AdS/CFT correspondence [4-7]. The
entanglement entropy in a quantum field theory is usually not easy to compute. For a
conformal field theory (CFT) dual to the AdS Einstein gravity, it was suggested in [1, 2]
that the entanglement entropy of a subregion A could be holographically computed by the
so-called Ryu-Takayanagi (RT) formula
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(1.1)
where 4 is the minimal surface in the bulk homologous to the subregion A. The area
law of the RT formula indicates a deep relation between the holographic entanglement
entropy and the black hole entropy. It has actually been shown in [8] that the holographic
entanglement entropy is actually a kind of generalized gravitational entropy. More precisely,
the RT formula originates from the semi-classical Euclidean gravity action, and there could
be gravitational quantum corrections to the holographic entanglement entropy [9-12].



One of the situations that the quantum corrections to the holographic entanglement
entropy are important is the so-called holographic entanglement plateau [13]. For a subsys-
tem A and its complement A° in a thermal state the Araki-Lieb inequality [14] requires that

AS = Sy — |Sae — Sal >0, (1.2)

with Sy, being the thermal entropy of the whole system and S4, Sac being the entan-
glement entropies. For the holographic entanglement entropies, when the subsystem A is
small enough but still finite the inequality could be saturated at a high enough tempera-
ture [1, 13, 15, 16]. The saturation is called the entropy plateaux. In this case, the minimal
surface y4c for the region A€ is the disconnected sum of the minimal surface v for the
region A and the horizon of the black hole corresponding to the thermal state. However,
the saturation is possible if only the classical contribution has been considered. It was
pointed out in [12] that quantum corrections to the holographic entanglement entropy can
resolve the saturation. In other words, after considering the quantum correction, there is
always AS > 0, except for the case that the size of A or A becomes vanishing.

From the AdS/CFT correspondence, the classical action of the bulk configuration
corresponds to the leading order contribution in the field theory at large ¢ (or N) limit, while
the one-loop quantum correction corresponds to the next-to-leading order contribution.
Such quantum correction is usually hard to compute in the bulk side [12]. In the case
of AdS3/CFTq [17, 18], one may find the gravitational configuration via the Schottky
uniformization [19, 20] and compute the one-loop corrections by using the heat kernel and
the image method [21, 22]. However, in the large interval limit at finite temperature, the
computation becomes complicated and needs appropriate treatment on the monodromy
condition [23]. On the other hand, the large interval limit is singular in the sense that the
usual level expansion of the thermal density matrix becomes ill-behaved under the limit.
One has to find another kind of expansions to get the partition function perturbatively.
In [24], it was proposed that one has to insert the complete set of basis of the twist sector to
compute the partition function. For the large interval at a high temperature, this proposal
gives consistent results for the large ¢ CFT with the bulk computation [23].

In this paper we revisit the issue of the large interval entanglement entropy and pay spe-
cial attention to the corrections to the entanglement plateau! in AdS3/CFTy. We mainly
work on two-dimensional large central charge CFT with a sparse light spectrum [19, 25],
which is dual to the semiclassical limit of AdS3 gravity. On the CFT side we first focus on
the vacuum module in the large c limit, compute the short interval and long interval expan-
sions of the entanglement entropies, and get nonvanishing corrections to the entanglement
plateau. Moreover we also consider the leading contribution from a primary module. The
contribution is at the next-to-leading order in the large ¢ limit. We find that in the high
temperature case the correction from the primary operator takes an universal form, but in
the low temperature case the correction is not universal and takes a complicated form.

!Strictly speaking, the entanglement plateau only appear in the high temperature CFT with large central
charges. Here we refer to the quantity AS loosely as the entanglement plateau even in the low temperature
case. The CFT at the low temperature is dual to the thermal AdS background, and the holographic
entanglement entropy trivially leads to AS = 0 for arbitrary size of A.



Though we mainly do computation in the large ¢ CFT, the study can actually be
applied to a general 2D CFT as well. In a 2D CFT, the vacuum module plays an essential
role as it involves the stress tensor and its contribution to the entanglement entropy includes
the part proportional to the central charge. Most of the study in this paper can be used in
a general 2D CFT. The only thing one should be cautious is the large ¢ expansion, which
could not make sense.

The rest of the paper is organized as follows. In section 2 after giving a brief review
of the holographic entanglement plateau, we investigate AS (1.2) in the high temperature
case. We show that after omitting the finite size correction, which is exponentially small in
the high temperature limit, we can relate the computation to the one for the two-interval
entanglement entropy on a complex plane. Therefore we are allowed to read the mutual
information and the universal correction from a nonvacuum module. In section 3, we
discuss the low temperature case with contributions from only the vacuum module using
the method of multi-point correlation functions. We conclude in section 4 with discussions.
In appendix A we review the mutual information of two intervals on a complex plane that
is useful for section 2. In appendix B we calculate the relation relation (B.1) that is useful
to sections 3. In appendix C, we apply the operator product expansion (OPE) of the twist
operators to compute for the low temperature case and find agreement with the results in
sections 3.

2 High temperature case

We consider a two-dimensional CF'T on a circle of length L and in a thermal state with
inverse temperature 3. In this section we consider the high temperature case with § <«
L. We are interested in the single interval entanglement entropy. From the Araki-Lieb
inequality [14], we know that

|S(L—1¢)—S(0)] <S(L), (2.1)

with S(¢), S(L — ¢) being the entanglement entropies of the intervals with lengthes ¢ and
(L — ¢) respectively and S(L) being the thermal entropy of the system. Holographically, it
was found that there exists a critical length 2" so that when ¢ < (%", or equivalently when
¢ > L—/(%, the Araki-Lieb inequality is saturated. The saturation is called the holographic
entanglement plateau [13]. Indeed, the holographic entanglement entropy in this case is
given by [13, 26]

5 log <f€ sinh W;) when ¢ < L — (%",
Ser(l) = (2.2)
¢log <f sinh ’W) + 2k when £ > L — (¥
with
2
g = L] log L log 2. (2.3)
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Figure 1. Holographic entanglement plateau in AdS3/CFT,. The Araki-Lieb inequality is satu-
rated for a small enough critical length ¢ < ¢8". The figures are plotted in unit ¢/3. The right figure
is the one being zoomed in around zero. It is obvious that there exists a critical length ¢5", when ¢
is smaller than which AS vanishes.

The thermal entropy is holographically given by the Bekenstein-Hawking entropy of a
non-rotating BTZ black hole

mel
Ser(L) = —. 2.4
Then one can get the holographic entanglement plateau
Ser(L) — Ser(L — £) 4+ Sgr(£) = 0, for £ < (8. (2.5)
This has been shown in figure 1.
One implication of the entanglement plateau is that [26]
lim S(L —¢) — S(¢) = S(L). (2.6)

£—0

This looks weaker than the holographic entanglement plateau, but it actually has interest-
ing implications in 2D CF'T. First of all, it has been proved to be true for any 2D CFT with
a discrete spectrum [27]. Secondly it makes sense at any temperature, not just the high
temperature limit. However, the relation (2.6) generically holds only at strict £ — 0 limit.
This limit may cover up many interesting points of the large interval entanglement entropy.
Therefore in this work, we do not take this limit rigorously and focus on the quantity

AS = S(L) = S(L — ) + S(0). (2.7)

On the gravity side, the holographic entanglement entropy is just the leading order
classical contribution. The quantum correction to the holographic entanglement entropy
has been discussed in [9-12]. Especially in [12] by identifying the holographic entanglement
entropy as the bulk entanglement entropy, one can get [12]

Ser(L) — Sgr(L — £) + Sgu(€) = I(Ay, Cy) > 0. (2.8)

As shown in figure 2, I(Ap, Cp) is the mutual information between the bulk region A,
and the black hole interior C%, which is strictly positive as long as the size of £ is not
identically zero.
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Figure 2. Corrections to the holographic entanglement plateau. They are captured by the mutual
information I (A, Cy) of two disconnected bulk regions [12]. Using the AdS/CFT correspondence,
they also equal the mutual information I(A,C) in CFT after the system is purified by adding the
region C.

The bulk eternal black hole is dual to the thermo-field double state, which could be
taken as the purification of the thermal state. As shown in figure 2(b), the whole system
AU B is in a thermal state, and the addition of another region C makes the new system
AU BUC be in a pure state. Then we get

AS = S(L) — S(L — £) + S(¢) = I(A,C) > 0, (2.9)

with I(A, C) being the mutual information between A and C'. Holographically, the mutual
information between A and C is given by the mutual information between A; and C}.
Obviously, if one takes into account of the quantum correction, the Araki-Lieb inequality
cannot be saturated [12].

Next we would like to compute the quantity AS in the large ¢ CF'T, which tells us the
mutual information between two bulk regions. The difficult part is on the computation
of the entanglement entropy of a large interval. In the next subsection, we show how to
relate the problem with the double-interval entanglement entropy on the complex plane,
after omitting the exponentially suppressed terms proportional to the powers of e ~27L/8,
This simplifies the discussion significantly.

2.1 Long interval entanglement entropy

The Rényi entropy of a long interval with length L — ¢ in a CF'T on a torus with spatial
period L and temporal period  has been discussed in [23, 24, 27]. The treatment therein
applies to the case ¢/ < 8 < L. In this section we revisit the problem, and consider the case
8 < L and ¢ < L but we do not require ¢ < 3. We omit the finite size corrections, which
are the powers of e 27L/8 g0 are exponentially suppressed. More precisely, as discussed
carefully in [23] such finite size corrections do not appear in the leading order entanglement
entropy in the large c limit but do appear in the Rényi entropies. This allows us to consider
only the contribution of the vacuum in the twist sector. In other words, we may just
consider the single interval entanglement entropy on a cylinder with period 5. We show



that the mutual information in (2.8), or equivalently in (2.9), equals the mutual information
of two intervals on the complex plane.

As shown in the left figure of figure 3, we consider the the long interval A = [—-L/2,v]U
[u, L/2] with f < L and v —v = £ < L. Via the replica trick we need to compute the
partition function of the CFT on a Riemann surface R,, which is obtained by pasting n
torus along the cuts. In the limits § < L, £ < L, the torus is approximately a cylinder
which we also denote by R, and for n = 1 it is an ordinary cylinder R. As shown in the
middle figure of figure 3, the cylinder R,, now is of length L and a temporal period n3. We
use the coordinate w = x +ir on R,,. There are n cuts [v+1ij8,u+1ijg], 7 =0,1,--- ,n—1
with the same length u — v = ¢ in R, and the edges with the same color should be
identified. This is due to the fact that one may deform the interval on the torus [27]. The
original interval is very large, almost along the whole spatial direction of the torus. We
may take the interval to be the whole spatial direction minus the complement part, a short
interval of length £. The presence of the interval along the spatial direction is not trivial. It
induce the identification of the field in different replica such that the field theory is defined
on a cylinder with a temporal period nS and n short cuts of length ¢. The Rényi entropy is

Z[Ra)
Z[R]""

Sp(L—0) =~ — log (2.10)

n—1
In the above approximation, we have omitted the exponentially suppressed terms so that
the partition functions are defined on the cylinder. The Riemann surface R,, with coordi-
nate w can be mapped to an annulus with coordinate z by the conformal transformation
2w

z=enB . (2.11)
We denote the resulting annulus as S,,. The n cuts on R,, are mapped to the cuts on the
annulus along

. . v | 27ij Tu | 27ig

[zéj),zgj)] - [e%g nj’e%+ na}’ j=0,1,---,n—1. (2.12)

The boundaries of the cylinder at x = +L /2 are mapped to the boundaries of the annulus
L

2| = 0, (2.13)

In the right figure of figure 3, we show the annulus S,, with n cuts, the edges of the same
color should be identified. We have the partition function

Z[Rn] = Z[Sn). (2.14)

To regularize the ultra-violet(UV) divergences in the partition function and the Rényi
entropy, we have to impose cutoffs at the boundaries of the cuts in R,, and §,. On R,, we
use the cutoff € for every boundary, and so on &, we have the cutoffs

2me 2me

for the boundaries z%j ), zéj ) respectively.
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Figure 3. Illustration on the computation of long interval Rényi entropy. In the left figure we have
the original cylinder R with a length L and a temporal period 8. The long interval [—L/2,v] U
[u, L/2] with u — v = € < L has length L — ¢. Via the replica trick and deforming the interval we
get a cylinder R,, with a length L, a temporal period n and n cuts, as shown in the middle figure.
By a conformal transformation, the cylinder is transformed to an annulus, as shown in the right
figure. In the last two figures, we take n = 5.

Though we do not know how to calculate the partition function Z[S,] directly, we now
show that it is related to the Rényi entropy of double intervals on the complex plane. We
consider two intervals [wa, w3] U [w2,w1] on the complex plane C with the cross ratio

g = A2 (2.16)
213224

where z;; = 2; — z;. Via the replica trick we get the n-fold complex plane C,, and the Rényi
entropy

Z[Cn]
z[er

1
SPl = — - log

(2.17)

For the C,, with the coordinate w, we can get the Riemann surface Sn with the coordinate

2= (w_w3>i. (2.18)

W — Wy

z by using the transformation

Then we have the identification of the partition function
Z[C,] = Z[Sy). (2.19)

For the boundary cuts wgm, j=20,1,---,n—11in C, we use different cutoffs €134
respectively. We find that S,, turns out to be an annulus with boundaries at

w3y 1/n €3 1/n
A= () k= () (2.20)
4 W34

There are n cuts on the annulus, locating along

. . 1/TL Tij ]./TL Tij
[Z§])72§J)] - I:(U)Q?’> 627]7 <m> eznj:|7 .] = 07 17 N 17 (221)

W24 W14



Figure 4. Illustration on the computation of the Rényi entropy of double intervals on the complex
plane. In the left figure we have the original complex plane C with the coordinates w and cuts
[wg, w3] U [wa,w1]. Via the replica trick we get the n-fold complex plane C, in the middle figure.
For the n-fold complex plane with the coordinate w, we may map it into an annulus S, with n
cuts, as shown in the right figure. Here we take n = 5 as well.

and at zij), zéj

)

there are cutoffs

W34€1 5 W34€2
1,
nwiswi4 nw23wa4

(2.22)

This is shown in figure 4.

The annulus S, is in fact the same as S,, with different parametrizations. After identi-
fying the boundaries (2.13) (2.20), the cuts (2.12), (2.21), as well as the cutoffs at the cut
boundaries (2.15), (2.22), we get the relations

2me wW13W14 2me W23W24
€1 = —(— ) €2 = —— )
B wsa B waa
_ =L w13 27w w23 2mv
€3 = €4 = w3y B, ——=e F, —— =e F . (2.23)
W14 W24

Therefore we show that the Rényi entropy of a long interval on a torus with the high
temperature (2.10) equals approximately the Rényi entropy of two intervals on the com-

plex plane
S, (L —¢) = SP. (2.24)

The approximation is exact up to the finite size correction, which is exponentially sup-
pressed by the powers of e 27L/B Note that for the entanglement entropy the approxima-
tion is actually exact for the leading order in the large ¢ limit, as there is no finite size
correction in the n — 1 limit [23].

The Rényi entropy of two intervals on the complex plane (2.19) can be calculated by
the correlation function of the twist operators [10, 28-31]

c(n+1) W12W34 212234
Sph— lo —1 . 2.25
n 6n & (61626364)1/2 " 213224 ( )

Here I,,(z) is the Rényi mutual information between the two intervals, and one can take
n — 1 limit to read the mutual information I(x). In general, the mutual information I(x)



depends on the spectrum and the structure constants of the CFT. For a large ¢ CFT, the
contributions are dominated by the those from the vacuum module. We review the results
in appendix A. Using the identifications (2.23), we get
c(n+1) g ..l me(n+1) L _2me
Sp(L—4) ~ ——=1 — sinh — —— 1 (1— B). 2.26
n( ) o lo8 (71'6 sinh -5 ) + 5 In e (2.26)
Note that we need ,¢ < L for the above approximation to be valid. When ¢ < f < L,

it is just
_cn+1) B . wl me(n+1)L
Sn(L—10) = e log <7re sinh 5 > + “on 3 (2.27)

and this is in accord to the holographic entanglement entropy (2.2) and the results
in [23, 24, 27]. When 8 <« ¢ < L, the mutual information I, in (2.26) gives an order
¢ contribution, which should be taken into account into the leading order contribution.
Finally we get

Sp(L—10) ~ C(nﬁ:l) log (fe sinh TF(L/BE)>, (2.28)
which is in accord to the holographic entanglement entropy (2.2).

It is remarkable that the treatment in this section has a larger validity domain than
that in [23, 24, 27]. An important simplification in our discussion is to omit the finite size
correction, which include the exponentially suppressed terms. This allows us to get the
result in the region § <« ¢ < L, which is beyond the one in the existing treatment.

Another remarkable fact is that the terms proportional to ¢ in the entanglement en-
tropies are actually of universal form. They are either the single-interval Rényi entropy at
a finite temperature, or the Rényi entropy of the whole system. They are still true even
for a general 2D CFT.

2.2 Corrections to entanglement plateau

In the high temperature limit § < L, the entanglement entropy of a short interval with

¢/L < 1 is approximately

San(f) ~ glog <f€ sinh 7;) (2.29)

Taking n — 1 limit of the result in the previous subsection we get the entanglement entropy
of a long interval

Sio(L — £) ~ glog <7’f€sinh7r;) +7;C5L—I<1—e‘2n?”). (2.30)
For the large ¢ CFT, if we only consider the leading contributions, then using (A.2) we get
glog%—i—% when ¢ < L — (¢t
Solf) = £ log (fg sinh W(LB_Z)> + % when ¢ > L — ¢¢ft, (2:31)
with the critical length
e = % log 2 (2.32)

which is the same as the gravity critical length ¢2" (2.3) in high temperature limit.
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Figure 5. In the large ¢ limit, the leading order entanglement entropy of a short interval (2.29)
and a long interval (2.31). We use the holographic entanglement entropy (2.2) as the benchmark
to compare. The figures are plotted in unit of ¢/3.

Although the short interval entanglement entropy (2.29) is derived with the assumption
¢/L < 1, it has a much larger validity domain and matches the gravity result (2.2) as long
as 0 < £ < L—/.. The long interval entanglement entropy (2.31) is derived with assumption
(L —¢)/L < 1, and it strictly matches the gravity result (2.2) for L — ¢, < ¢ < L, and
it also approximately matches (2.2) for f§ < ¢ < L. One can see this in figure 5. Note
that the short interval result (2.29) breaks down abruptly as £ — L, and and long interval
result (2.31) breaks down in a milder way as £ — 0.

Next we consider the next-to-leading order contribution to the entanglement entropies
of the long and the short intervals in the large ¢ limit. We will see how such correction
change the entanglement plateau. First of all, for a CFT at a high temperature, omitting
the exponentially suppressed terms, one can easily get its thermal entropy

mel
387

which equals the black hole entropy (2.4). Then the correction to the entanglement

S(L) ~ (2.33)

plateau is
AS = S(L) = Sio(L = 0) + San(0) = 1 (1 - e—%‘) > 0, (2.34)

which is strictly positive as long as ¢ # 0. With the contributions from only the vacuum
module, we use (A.2), (A.3) and plot it in figure 6, and one can compare it with the gravity
result in figure 1.

There are other contributions to the mutual information from nonvacuum modules.
As we have shown, the function I(x) is actually related to the mutual information between
two intervals. The contribution from other modules can be read in a straightforward way.
In particular, as shown in [29, 32], the leading contribution from a primary module could

~10 -
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Figure 6. Corrections to the entanglement plateau in 2D CFT. We just set ¢ = 3 to plot the
figures. From the left figure it seems suggest that the plateau is still there. The right figure shows
AS after zooming in around the zero. From the right figure, it is easy to see that the plateau
disappears: AS = 0 only when [ — 0.

be of a universal form. As a result, when ¢ < 3, the correction from a nonvacuum module
with a primary operator X of scaling dimension Ay takes a universal form so that we have

20y
Sx (S(L) — Sio(L — €) + Sen(£)) = ;/f(gfjj ;/; <”;> + O(2Ax+L 38x) - (2.35)

Note that the universal contribution from the nonvacuum module is independent of the
central charge and the structure constants. For the contributions from the nonvacuum
modules, only the leading one from each module takes a universal form, while the subleading
ones rely on the details of the theory.

3 Low temperature case

In this section we consider the low temperature case. To make the equations concise,
we only include the contributions of the holomorphic sector, and those from the anti-
holomorphic sector can be added easily.

At a low temperature, the dual gravity configuration is the thermal AdS, and the
holographic entanglement entropy is always

Ser(l) = glog (:6 sin ”j) (3.1)
One can see that S (L — £) = Sg;(¢), and this leads to
Ser(L — ) — Sgr(€¢) = 0. (3.2)
This is consistent with the fact that the classical entropy of thermal AdS is vanishing
Ser(L) = 0. (3.3)

The holographic entanglement plateau is trivial for the low temperature case

AS = Sge(L) = [Ser(L — ) = Su(£)] = 0. (3.4)

- 11 -
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Figure 7. Purification of the thermal density matrix in gravity. In (b) there is no macroscopic
horizon that connects the two asymptotic AdS regions A, U B, and C,. However, there are still
microscopic connections between A, U B, and C}, and the two boundaries AU B and C'. We have
the mutual information I(Ap, Cp) > 0 and I(A4,C) > 0.

Although there is no horizon in the thermal AdS, the idea in [12] still applies. At
the high temperature, the purification of the thermal density matrix leads to the thermo-
field double state. Holographically there is the eternal black hole, in which the wormhole
connecting two asymptotically AdS regions. At the low temperature, we do not have
the eternal black hole picture, but we can still have the picture on purification of the
thermal density matrix, see figure 7. Therefore, we still have the quantum corrections (2.8)
and (2.9):

AS = Sgr(L) — |Sge(L — €) — Sge(0)] = I(Ap, Cy) = I(A,C) > 0. (3.5)

Note that even at the low temperature, the thermal entropy is not strictly vanishing. In
the following, we would like to compute AS to the next-to-leading order. The computation
relies on the expansion of the thermal density matrix. In appendix C, as a double check we
use the OPE of the twist operators to compute the entanglement entropies in this section,
and find good agreement.

3.1 Short interval entanglement entropy

Let us focus on the vacuum module, which is dominant in the large ¢ limit. We revisit
the contributions of the holomorphic stress tensor 7' to the short interval entanglement
entropy. In [33], it was shown that the entanglement entropy is

¥4

_c L . wt 9 4 3
S() = 5 log <7T€ sin L) + 4q (1 7 cot L> + 0(q°), (3.6)

with

g=e 2P/, (3.7)
It was believed that it applies to an interval of length ¢ as long as £ is not comparable to
the size of the circle L. In fact the result is divergent in the limit £ — L. In this subsection,

we give a more scrutinized derivation of the short interval entanglement entropy, and find
a result that is consistent with (3.6).
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The un-normalized thermal density matrix could be expanded as

2
p = 10){0]+ " T)(T] +O(e"), (38)

with ar = §, and so the reduced density matrix is

2

pa=rpao+ o par+O0@), (3.9)
with
pao =trg|0)(0, par =trp|T)(T|. (3.10)
The Rényi entropy is
S(0) = —— 1 1og TP (3.11)

n—1 (tl“A,OA)TN
with
trapa =trp =1+ ¢* + O(). (3.12)

We organize trqp"y by the expansion of q° as

trap’y
trap} o

= f(n) +O(¢? Zq%fn k) + O(¢%). (3.13)

Note that as we will take n — 1 limit in the last, now we keep all the terms of orders ¢2,
g%, -+, ?™ D ¢®". This is different from the treatment in [33]. In the following we use
the subscript “g,” to denote the results for a short interval of length ¢, and the subscript
“lo” to denote the ones for a long interval of length L — /.

It is known that the contribution from the vacuum is [34]

L . w\
traplio = (m sin 7T> , (3.14)

with h, being the conformal dimension of the twist operators

c(n?—1)
he = ———. 3.15
- 5 (3.15)
To compute the contributions fg,(n, k) from the excitations in the vacuum module, we may

map the n-fold cylinder to a complex plane [33, 35], and find

(2 sin WZ) 4k k ixi (g ) i , -
ey = >0 A L (] [ R @R (5t E) ) 7 (50 ) | )
0<j1<-<jr<n—1 ar P c

L1 3 (25127?)< [T (%) 4 7(0)]

12
1<ji<-<jp_1<n—-1 T

1:[ [ Ami (9ja+£ (62;”(Ja+ )) T (e%h> ] >c +O(n—1)2, (3.16)
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among which

e/
sin T

4
fsn(n,0) =1, fsh(n,l):n< : M) +0(n—-1)>2 (3.17)

n sin nl

Note that to calculate the entanglement entropy, we do not need the O(n — 1)? term. We
get the short interval Rényi entropy

o c(n+1) L .l 1 1+ +0(@)"
Sy (l) = =5 —log <6 sin L) oo qle > ho @ fan(n, k) +0(¢3)

To calculate the entanglement entropy for the case at hand, we need to take four limits,
i.e., the low temperature limit ¢ = e=278/L — 0, the large central charge limit 1/¢ — 0, the
short interval limit £ — 0, and the n — 1 limit. There may be subtleties in the order of

(3.18)

taking the limits. We have taken the low temperature first. Since we do not know how to
calculate the the Rényi entropy (3.18) for general length ¢, we will take the limit 1/¢ — 0,
and then ¢ — 0 before taking n — 1. We just assume that the chosen order of taking the
limits does not affect the final result.

Noting that

lim fo,(n, k) = CF, lim fa(n) = (1 + ¢*)", (3.19)
¢—0 £—0
we read )
sh c(n+1 ¢ 3
lim S32(0) = =5 — log - + O(¢”). (3.20)
We define
a(n) = (1+¢*)" = fau(n) =>_ ¢*a(n, k), (3.21)
k=0

and further write it as
a(n) = ar(n) + air(n) + amn(n), a(n, k) = ar(n, k) + an(n, k) + am(n, k). (3.22)

Explicitly, we have
7l 4k
atn k) =ci(1- (1)),
nsin
sl N\ 4k
Slnf
arr(n, k) = ‘ Z < : ne>
(215111 7)4k @(2. +£) 27'r1( 4+ ) 27i
><<1—7" [en Ja LT(enJ“ )T(enﬂa>}>c7

o n(n2_1) Si 726 4(k_1) 21 . 7T€ 4 4ril 27il
am(n k) =—="7— ) {< = oo ) (e e +7(0)|

. - 1n
1<j1<-<jp_1<n—1 N5

(21811,1 ﬂf) ( ) k—1 @(2 +£) 27”( + ) 2mi
Xk I1 [e w Ciat D) (e Gat D) (e Ja)DC . (3.23)
T a=1

— 14 —



Putting (3.21) in (3.18) and taking the limit n — 1, we get the short interval entanglement
entropy

T a’ 3
Ssh(f) = G log (LG sin LK) + 1‘551(1);—"‘00(;]‘13))7 (3.24)
with
a'(1) = dpa(n)ln=1 = ai(1) + agy(1) + ag(1). (3.25)

aj(1) = 4¢ (1 - %ﬁ cot f) (3.26)

Note that ar(n), am(n) defined in (3.22), (3.23) are at least of order ¢2, we get the
short interval entanglement entropy

L . ! 14 14
Ssh(0) = G log ( sin L) + 4q <1 - % cot 7;) +af (1) + ajp(1) + O(¢®).  (3.27)

We cannot evaluate aj;(1) or aj;(1) explicitly for general ¢ or general ¢. We may expand
the entanglement entropy in powers of 1/c and £. Then the order ¢ part of ar(n) is of
order £8, and the order ¢ part of arr(n) is of order 5. So we get that

Ssh(0) = G log (L sin L£> +4q (1 - %ﬁ cot 7?) +0(g3,1/¢c, £9). (3.28)
Here O(q3,1/c, £5) is schematic. It can denote the terms that are of order ¢3, no mater
what orders the terms are in the expansion of 1/¢, £. It may also denote the terms that are
of order 1/¢, no mater what orders they are in the expansion of ¢, ¢, or denote the terms
that are of order £5, no mater what orders in the expansion of ¢, 1/c. This is consistent
with (3.6), and is in fact a much relaxed version.

3.2 Long interval entanglement entropy

The result (3.6) is divergent in ¢ — L limit, and this suggests that for a long interval, the
entanglement entropy should be reconsidered carefully. We keep ¢ to be small and take
L — 7 to be large. The above computation still make sense and we need to set £ — L — /¢
in (3.16) to get the result for a long interval

(&SIH 71FZ) 1k i 4 2 [ - ¢ Py
fomby= 3 (] et D (R D) 7 () [)
0<j1<<jp<n—1 T a=1
e D> G )™ [o20-Dr (0-D) 1 70

1<ji<-<jp_1<n—-1 T

« 1:[ [ {(2atl—f) (ei’{‘ (dat1—1 )) T (e?ﬂa) } >C +0(n —1)2 (3.29)
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As the results (3.17) still apply, after sending ¢ — L — ¢ we get

e/
sin I

4
Z)> +0(n—1)2% (3.30)

(L
n sin B

flo(n,O) = 17 flo(na 1) = n(

and fio(n,n) = fsn(n,n). Therefore we get the long interval Rényi entropy

1) L . w0 1 (1+¢*+0(¢)"
o, gy = St (E 1 . 31
Sp(L—1) o o8| sy )t g lee Sr_o @ fio(n, k) + O(¢?) (3:31)

In the £ — 0 limit, we have
lim fio(n,k) =0 fork=1,2,--- ,n—1,
£—0
lin fio(nm) = 1, lim fio(n) = 1+ 2", (3:32)
£—0 £—0
Let us define
b(n) =1+ q2n — flo(n) = bI(n) + bH(n) + bm(n) + blv(n), (3.33)

with

sin ¥4 4n
- ()
n sin nl

i) = g (L) (1 G [ (2 0e) 7))
T c

n sin nh

=0
2 g4 4(n—1) . 4 . L
bu(n) = _n(n12 1)q2n <:§;Lﬂi) <21 sin 7TL€> < [e4anT (eanZ) N T(O)]
(n—1) n— A
 (2isin g i ) 1:1 S CH DT (0 7(c59) ) + 00 - 17
brv(n ZQQkflo n, k). (3.34)

Putting (3.33) into (3.31) and taking n — 1 limit, we get the long interval entanglement

entropy
c L V(1) + O(¢®)
L—-0)=-1 — —_— .
Sk~ ) = G1og (sin T ) 4 8(0) + {1 A (3.35)
with
b'(1) = Onb(n)n=1 = br(1) + brs(1) + b (1) + bry (1). (3.36)
Here we have the thermal entropy
4 .
S(L) = (1 + 7;B)q? +O(). (3.37)
It is easy to get
4 l
Bi(1) = 4 (1 - % cot 7;) (3.38)
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which is the same as aj(1) in (3.26). We have the long interval entanglement entropy

Sio(L—10) = g log (i sin 7;_16>+S(L) +4¢2 (1 - %E cot 7;6) +b0; (1) + b (1) +biy (1) +0(¢),

(3.39)
with the definitions by(n), bir(n), brv(n) in (3.34). We cannot evaluate by;(1), by (1), or
by (1) for general ¢, but we can expand them by 1/c and £. The ¢ part of byr(n) is of order
78, the ¢ part of byr(n) is of order £5, and the ¥ part of bpy(n) is of order 4. Explicitly,
we have

AN g%
bry(n) = _<L> Y i +0(1/e P (n—1)). (3.40)
o sin® TF

Using (B.1), we arrive at

32710 B0t [ 52 432
Finally, we get

c L . ! 9 194 94

Sio(L —0) = G log <7re sin L) + S(L) +4q (1 A cot L)
320304 (32 432
- W <LQ + 1> (LZ + 1>q2 + O(q3, 1/6, 65) (342)

It is easy to see that at the leading order the entanglement entropies of the long interval
and short interval are the same, as expected. The thermal entropy is not vanishing, but at
the next-to-leading order in expansion of 1/¢. Different from the high temperature case,
we can not ignore the exponentially suppressed terms in the low temperature. Actually in
the entanglement entropies and the thermal entropy, the next-to-leading terms appear as
the powers of q.

Let us focus on the dominant ¢? terms in the entropies. For the short interval entropy
Sen(€), the coefficient before ¢? is

7l l

For the long interval entanglement entropy Sio(¢) = Sio(L — ¢)|¢—r—¢ the coefficient is

1+47rﬁ+4<1_ (L — 1) w(L—E)) B 327r5f5(§5_5)4 (52+1> <4Lﬁ;+1), )

cot

L L L L?

and for the thermal entropy S(L) the coefficient is

A7
L+ ——. (3.45)

Note that in (3.43) we have omitted the possible terms of order O(1/c, %), and in (3.44)
we have omitted the terms of order O(1/c, (L — ¢)®). In the large ¢ limit, the omission of
order O(1/c) terms is justified. However, the omission of O(£%) or O(L — £)5 terms would
potentially spoil the validity of the results for general ¢. We show the ¢ parts of the
entropies in figure 8.
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Figure 8. The ¢? parts of thermal entropy and the entanglement entropies of the short interval
and the long interval. There is no overlapping for the validity regions of the short interval and long
interval results.

3.3 Corrections to entanglement plateau

For small ¢, we have the short interval entanglement entropy Sgn(¢) (3.28) and the long
interval entanglement entropy Si,(L — ¢) (3.42). We refer to the quantity AS = S(L) —
Sio(L — £) + Sgn(£) loosely as entanglement plateau even in the low temperature case, and
we can read the correction to the entanglement plateau from the holomorphic stress tensor

AS = 5(L) = Sio(L =€) + Ssn(€) = ¢ (1) + (1) + ciy (1) + (1) + O(¢*),  (3.46)
with
n—1 0 4k
Sin
=S X ()
k=2 0<ji<-<jp<n—1 \TUSI nI{
(21sm ek (2jotL 2mi (L) 2mi
<(1- H[ DT (U ) T () )
n(n?—1) "_1{ ok < sin ¢ >4(k_1)<21 _ 7r€>4
CIII( ) = - Z q Z —V 7 — Sin —
2= 1<j1 < <jp_1<n—1 NP5 L no L
><<[e‘if£4 (eQrfiZ)—i—T(O)}
. (k—1) k—1
(21sm 54)4 ami (o 2mi (- 2mi
2 ot ) (005) ).
a=1
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n—1 2i e/
B 2k Z (5 sin 7 )

IV q Oék

k=1 0<j1 < <jr<n—1 T
47r1 2mi £ 2mi
X< H |: 2Ja+1 )T<e7(3a+1—f)> T(eT]a) :| > }’
C
a=1

_ . 4k
-1 = sin + i i i i
vt = DS s G o () o ()

k=2~ 1<j1<<jr—1<n—1
« H [ H(2a 14 E) (e%(jaﬂ)) T (e%(y}ﬂr%)) ] >C} (3.47)

We expand the result (3.46) by small ¢ while keeping the central charge ¢ general. It is
easy to see that crr(n), cry(n) are of order £4, and cypp(n), cy(n) are of order £5. Explicitly,

we get
) = =+ (5) L CAEH Y s+ 0 (- 1),
k=2 j=1 S5
7r€ 4n—1 q2k ; )
crv(n) = (L) ; S +0(65, (n —1)2). (3.48)

Then we get the corrections to the entanglement plateau

S(L)—SIO(L—e)JrSsh(z):33?(’?) [ +f(f§+1> <fj+1>}+0(q3,€5). (3.49)

Note that in the above result we do not require the central charge to be large, but we have
only incorporated the contributions from the vacuum module.

3.4 Low temperature case with nonvacuum module

In this subsection we consider the low temperature case with the leading contributions from
a holomorphic nonvacuum module. We consider the module with a general holomorphic
primary operator X of conformal weight hy and normalization ay. It was shown in [33]
the leading order correction to the single-interval entanglement entropy from the module
X takes a universal form

s ¢
SxS(0) = 2hxg"* <1 - cot 7;) + O(ghx Tt g?hx)y, (3.50)
It was believed that this applies to a general interval as long as the length ¢ cannot be
comparable to length of the system L.
Due to the presence of the primary module, we find that the corrections to the density
matrix and the reduced density matrices are respectively

q"* q"
Oxp = ——|X)(X] + O(¢"* ), dxpa="—pax+O0("*). (3.51)
ay ay
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Using the same method as in subsection 3.1 we may get the corrections to the short interval
entanglement entropy

14 14
SxSen(£) = 2hxq* (1 — % cot WL) + Opak (n)|n=1 + O(¢"* T, ¢¥%), (3.52)
with
n sin wl 2kh x sin 7l 2hx\ n—k
oo (B (e (P o
P n sin 7% n sin 7%

In @'l (n) the quantities Dyxz, are defined by the OPE of X'(z1)X(22)

Cxxy \- )"
Fx(z1,22) =1 — z9) A"
(21, 22) +Za;(ayz V(z2)
=14+ Dxxz(z — 2)"2Z(2), (3.54)
Z
C'f’
with a3, = Crhyﬁ The summation for ) runs over all the nonidentity holomorphic
2hy +r—1

quasiprimary operators with each ) being of conformal weight Ay, and the summation
for Z runs over all the nonidentity holomorphic operators, including the quasiprimary
operators and their derivatives. It is possible that the term 8,a%(n)|,—1 give the same
order of contribution as ¢"¥. It would be nice if d,a%(n)|,=1 can be evaluated without
taking small ¢ expansion.

Similarly, we can read the correction to the thermal entropy and the entanglement
entropy of the long interval. The correction to the thermal entropy from the primary
module & is

2hy
L

SxS(L) = (1 + >th +O(g"* 1 . (3.55)

The corrections to the long interval entanglement entropy is

S Sio(L — ) = (3.56)

14 14
dxS(L)+ 2hq"* (1 — % cot 7;) + anbg(n)\nﬂ + 8nb§1(n)]n:1 + O(qh"H, qzh"),
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with the definitions

so7h 2nhy
Sin —+
Mi(n) = —gh (z) (3.57)

¥ % ([ () T a (F)]),

k=2 21,2}, 0<j1 <--<jp<n—1 a=1

2 i we)%hx

bIII Z g Z (* St z

[0
0<j1 < <jp<n—1 X

(Lo em b (2 0e-0)  (25) ]

The long interval result (3.56) is not universal and depends on the structure con-
stants, and the short interval result (3.52) is also possibly not universal. One can com-
pare (3.52), (3.56) with the result (3.50), which was obtained in [33]. We get the different
results by using a refined n — 1 limit. We sum all the terms of orders ¢"*, ¢*/x, ...,
g Dhx - gnhx pefore taking the n — 1 limit, while in [33] only the term of order ¢"* was
kept in obtaining (3.50). Though it is fine to keep only the order ¢"* term in calculating
the n-th Rényi entropy with n = 2,3,4,---, we need to keep all the terms of orders ¢
hx, , ¢ Dhx - gnhx to get the correct m — 1 limit. One justification for our treat-
ment is that dxS(¢) in (3.50) is ill-defined in the limit ¢ — L while dxSjo(L — ) in (3.56)
is well-defined in the limit ¢ — 0. Note that it is still possible (3.50) is correct for a short
interval, i.e., that in (3.52) it is possible 9,a%(n)|n=1 ~ O(g*"%).

Summing up all the contributions, we find the correction to the entanglement plateau
0x(S(L) = Sio(L = £) + Ssn(£)) = Onc(n) =1 + Inck' (n)ln=1 + O(¢"* T, ¢*"¥), (3.58)

with the definitions

n—1 7 2khy
sin Z£
R(n) = - {qk’”( : L,r@> (3.59)
=2

x> > < 11 [Dxxza (e%ja (77 ~ 1))hzaZa (GQZija> } >c}’

21,00, 2, 051 < <gg<n—1 a=1

ey (n) = quhX Z k

«
k=1 0<j1<+<jp<n—1 X

><< H [QQT’ZLX (2jat1+7) ¥ (e%(jaﬂ)) X (e%ﬁ(jﬁ%)) } >c'

a=1
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We expand the results (3.59) by small ¢ and get

hx 2 / 2hy n—1 1
mey_ 4 xxy (T 2hy+1 p3hy 2hx () 1)2
o =1 S| F2(T) X s 0|0 o)
2hy n—1 kh
(7 qr 2ha+1 [ 132
o (n)—<L> ;(sin@f)%x+0(€ (n—1)%). (3.60)

The summation for ) runs over all the nonidentity holomorphic quasiprimary operators.
Finally we find
0x(S(L) = Sio(L =€) + Ssn(0))

- v Z Ciaey Tlhy +1) mt " + O£+ g3hy)
4 o%ay T(hy +3/2)\ L ’

a0\ 2hx n—1 qth
(1) | )

k=1

+ O(th+1, q2h;\g7€2h;{+1)‘ (361)

n—1

In the summation over ), the holomorphic quasiprimary operator with the smallest con-
formal weight in each module dominates. For the vacuum module it is the stress tensor T,
and for a nonvacuum module it is just the primary operator. The summation of ) in (3.61)
runs over 1" and all the nonidentity holomorphic primary operators. For the stress tensor,
it gives the correction (3.49). Note that that the result (3.61) does not take a universal
form, as it depends on the structure constants.

4 Conclusion and discussions

In this work, we studied the single-interval entanglement entropies at finite temperature in
2D CFT. We focused on the high temperature case with § < L and the low temperature
case with L < . In particular we computed the entanglement entropies in the short and
large interval limits. This allows us to discuss the subleading correction to the entanglement
plateau

AS =S(L)—|S(L—1¢)—S(0)] (4.1)

where S(L) is the thermal entropy of the system at the finite temperature. A general
lesson is that the Araki-Lieb inequality is robust and cannot be saturated for a finite £ if
the next-to-leading order contributions of large ¢ limit are taken into account.

For the large ¢ CF'T with a gravity dual, it was found that there could be a holographic
entanglement plateau at a high temperature. As suggested in [12], AS is the mutual
information between the interior of the black hole and the region enclosed by the minimal
surface vy [12]. We explicitly computed this mutual information in this work. In the semi-
classical AdS3/CFTsq, we showed that AS is nonvanishing but is always an order ¥ effect,
including both the contributions from the vacuum module and other primary modules.

In computing the entanglement entropies at a high temperature, we omitted the fi-
nite size effect, which contributes the exponentially suppressed terms. This simplifies the
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computation significantly and allows us to relate the computation with the computation
on the Rényi entropy of the two disconnected intervals on a complex plane. One impor-
tant consequence is that the leading contribution from the a nonvacuum module takes a
universal form.

On the other hand, in the low temperature case we cannot ignore the exponentially
suppressed terms. We used two different approaches to compute the thermal corrections
to the entanglement entropies and found consistent results. Quite interestingly we found
that the leading thermal correction to the long interval entanglement entropy actually does
not take a universal form. Instead, the leading correction to entanglement plateau actually
depends on the details of the theory.

It is remarkable that our treatment in this work does not restrict to the large ¢ CFT,
and can be applied to a general CFT. In 2D CFT, the vacuum module is special as it
includes the stress tensor which encodes the information on the central charge. Therefore
the discussion on the vacuum module in this work certainly applies to other CFTs. At
the high temperature the case is related to the double interval mutual information on the
complex plane. In the latter case the leading contribution of the nonvacuum module to the
mutual information is of universal form. At the low temperature, the picture is similar but
the leading contributions from nonvacuum modules depend on the details of the theory.
Simply speaking, in a general 2D CFT the corrections from both vacuum and nonvacuum
modules are not suppressed by 1/c¢ and so the entanglement plateau disappears.
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A Mutual information of two intervals on a complex plane
Here we review the useful property of the mutual information I(x) between two intervals
in a large ¢ CFT with contributions from the vacuum module [10, 11, 29-31, 36, 37]. The

mutual information can be organized by orders of ¢

I(:U) :IL(CC)+INL(1‘)+"' , (Al)
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where x is the cross ratio. The leading part of the mutual information is universal and do
not depend on the details of the CFT

Iu(z) = 0 when z < 1/2 (A.2)
A $log %= when z > 1/2, '

and with contributions of only the vacuum module the next-to-leading part can be written
in expansion of small x

4 5 6 7 8 9 10
€T 2x 15z x 167z 694221 122%
I =4 il o). (A3
() = G35t 693 T 2002 T 231 T 36036 T 1apdonss T oasrr T 0@ ) (A3)

One has [10]

Inp(x) = Inp(1 — ). (A.4)
For a nonvacuum module with a primary operator X of the scaling dimension Ay, there
is a universal correction at the leading order [29]

_ VT(2Ax + 1)2?8%
428X HIT(2Ax +3/2)

Sxl(z) + O(228x+1L g38x), (A.5)

In fact, for any 2D CFT the small x expansion of the mutual information can be
written as [36, 37]

1
I(x) = lim1 ]
n—1mn —

> ardya G By (hic, hic; 2hic 2)2 F (hie, hies 2hic ), (AL6)
K

where the summation K runs over all orthogonalized quasiprimary operators @y, with
conformal weights (hr, hx) and normalization ag, in the n-fold CFT that we call CFT",
and dg is the OPE coefficient of twist operators. It is just (A.3) with the contributions
from only the vacuum module. The leading contribution from a nonvacuum module takes
the universal form (A.5), while the subleading contributions are not universal and depend
on details of the CF'T. Also the subleading contributions from different modules are mixed
and cannot be separated.

B Analytical continuation

In the appendix, we prove the following identity?

n—1 2k 2 2
" _ 2B (5 467 2 3
a”(; sin47;f)‘n1 T 150 <L2 +1><L2 H)q O, (B-1)

Note that ¢ = e=27A/L,
We consider the Mellin transform and its inverse transform

P = [ fw) s,
1

c+ioco
f(x) / F(s)x™%ds. (B.2)

27T el ioo

2We thank Peng-xiang Hao for his contributions to this appendix.
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We choose

and so . )
(logx)® + 47*log =
= B.4
Then we get
n—1 9 o 2..1/n 2n
q qx —qT
= —_— dzx, B.5
which leads to
n—1 o 0o 2 2
q q*log(q”) + log ]
(5N -] o B

The integral on the right-hand side is convergent for Req? < 0, Img? # 0, and with an
analytical continuation we finally get

n—1 ok
0 ( . )
" ind Tk
k=1 Sin n

An immediate check of the result is that when ¢> — 1 it is 1%, and this is consistent
with (C.8). Then we get (B.1).

_ ¢*log(q*)[log(¢?) + 47°][log(¢*) + 1677]
n=1 12074 (g% — 1) ' (B1)

C Low temperature case from method of twist operators

As a double check of the results in sections 3 and 3.4, we calculate the short and long
interval entanglement entropies using the OPE of the twist operators in this section.

The replica trick leads to an n-fold CFT, which we call CFT™, on a nontrivial Rie-
mann surface. The partition function of CF'T™ can be computed by a correlation function
of the twist operators. The twist operators o, ¢ are primary operators with conformal
dimension [34]

c(n? —1)
24n
When the interval A = [0, £] is short, we may use the OPE of the twist operators [10, 28-30)]

he = hs = (C.1)

2hs r cr
~ € a T ar [— h r—
o(0)5(0) = <£> EK:dK §>0 %fehﬁ FOK(0), aly = ﬁ (C.2)
r> KTT—

with the summation K being over all CFT™ quasiprimary operators ®x. To the order we
consider in this paper, we only need ®x that can be written as a direct product of the
quasiprimary operators in different replicas

W g ©3)
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where 0 < j; < n — 1 labels the replica. From the OPE coefficients dﬁjQ"'jk for @ﬁjQ"'j’“,
we may define

b= Y. AP ag=—1lim bx_ (C.4)
JuJ2y sk
For the vacuum module, we only need the quasiprimary operators 1}, A;, Tj,Tj,, with
0<j<n-—1,0<j; <jos<n-—1, the corresponding dx can be found in [29-31], and the
corresponding by can be found in [38, 39], from which we may get

1
=2, =0, . C.5
=T A YT = T30, (€-5)
For a quasiprimary operator ), we may have the CFT" quasiprimary operators Y, V;,
with 0 < j; < jo <n — 1. The corresponding d is [29, 40, 41]

. j2hy 1
dJ1J2 — i
YY T 92hy gy, [sin ﬂ(hn—Jz)]th

+O(n—1), (C.6)

from which we get

i2hy n—1 1 )
byy = 4 O(n—1
Yy 22h3;+1ay ]z; (sin%)%y + (TL ) )
2y /7T (hy + 1
ayy = — 2(hy+1) ( Y ) . (C?)
22(hy+ ayr<hy+3/2)
Note that we have used the relation [29]
n—1
1 T'(h 1
PN p—— val(hy +1) (C.8)
— (Sin %)th n=1 2F(hy + 3/2)

In the following calculation we need the one-point function of operator ) on a vertical
cylinder capped with two operators X', Z on the two ends, and we denote it by (X|V(w)|Z).
When X' = Z, we also define (V) x = (X|V|X)/ax. We evaluate it by mapping the cylinder
to a complex plane by conformal transformation z = e”" . In the following calculation we
need the relations

w2 w2 (c —
<T>0 = 6?7 <T>T = (6L248>7
272¢22 272
(T (w)l0) = — =5, OT(w)IT) = 5. (C9)

Note that we use 0 to denote the identity operator 1 which corresponds to the ground state
|0). For a nonidentity primary operator X and a nonidentity primary operator ), we have

w2(c — i\
(T)x = (G;fh") V)o=0, (V= <2L> ij‘,
TAN i\ e
(X|X(w)|0) = ax (2722) , (01 ()] X) = ax <2Lz> L (C10)

Note that for the structure constant Cyyx being nonvanishing, we need that ) is bosonic,
i.e., that hy is an integer. There is relation Cxyyxy = (=)™ Cyrxy.
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C.1 Contributions from the vacuum module

For a short interval A = [0, ¢], we have the reduced density matrix (3.9). Using the twist
operators we get

n_ 2k

n q ~

traps = E ok E (Tj, -~ Ty, lo(0)a (0)[T5, - - - T,) +O(qg)- (C.11)
k=0 ~ T 0<ji<<jp<n—1

Using the OPE of the twist operators we have

2hs
aik Z (Ty, - Ty, o ()& (0)| Ty, -~ Ty ) = (Z) ck [1 + by (n— k)<T7>10 + k{(T)7
T 0<jy<--<jp<n—1
L (bA (n—k)<Ailo+k<A>T by (n—k)(n—k—1)(T)3 + 2:((;1—13))(T)0<T)T + k;(k;_1)<T>2T>
+O(€6)} ! (C.12)

with which we get

4
+brr(1+¢*)"2(T)F +2¢*(T)o(T)r + ¢1(T)7)] + O(L°)} + O(g?). (C.13)

2hs
traply = () ({4 + oL+ @)™ (Tho + @(T)r) + £ [ba(1 + )" ((A)o + @ (A)r)

Then we get the short interval entanglement entropy
c L
Sen(0) = Glog—+ [Par(T)o + rarr(T)§ + O(L°)] (C.14)
+ [Par((T)r — (T)o) + 20 arr(T)o((T)r — (T)o) + O(£9)]¢* + O(g?).

Using (C.5), (C.9), we further find

c. ! m2cl? et 6 42?2 Amted 6y \ 2 3
Ssn(l) = Elogg + (— 3612 1080LA +O(¢ )> + ( a7z T mIt + O/ ))q + O(q”).
(C.15)

This is consistent with (3.28) and the results in [24, 33, 38, 42].
The complement of A is a long interval B with length L — ¢. Instead of (C.11), for a
long interval we have [27]

n 2k
o =) Yoo (T Tylo (06 (0)| Ty - Tjrn) + O(¢%). (C.16)
k=0 T 0<ji<<jp<n—1

Q

ol

Using OPE of the twist operators, we evaluate it as

€ 2ho
trppp = <€> {[1 + €2bT<T>0 + 54(bA<./4>0 + bTT<T>3) + 0(66)]

n—1
[0 oy TTQOOTOND | o)
k=1

+ @[+ Cor(T)7 + L (ba(A)r + brr(T)3) + O(L5)] } +0(¢%. (C.17)
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We get the long interval entanglement entropy

S]O(f) = % log é + [EQGT<T>0 + €4aTT<T)(2) + 0(66)] (C.18)
n—1
o 2% 0k (T17°(0)|0)¢0|T(0)|T) 5
+ [ o, ( ; " dTT> }H o +o( )]
#1452 4 ar(n)r — (0 + Carn (10— @)+ 0] + 06,

Using (C.5), (C.6), (C.9), we finally get

c l w2cl? el
o(L—0) = —log - — - o8
Sio(L = 4) 60g6+< 3602~ 10800t T O )>

l 4 n—1 q2k 5
- (@) 2 (Zaml. o)
4rf Am0? Axted 6y ) 2 3
+<1—|— 7 272 + I +O(¢ ))q + O(q°). (C.19)

This is consistent with (3.42).
Using the thermal entropy (3.37), the short interval and long interval entanglement
entropies (C.15), (C.19), we get the correction to the entanglement plateau

S(L) = Sio(L — £) + Sen(¢) = (7?)4 [?125(102 + f%(ni qim)

k=1 n

] + O(¢,£°). (C.20)

n=1

The second term in the bracket has been evaluated in the previous appendix. Finally we
find that this is the same as the result (3.49) in section 3.

C.2 Contributions from a nonvacuum module

We consider the contributions from a holomorphic primary operator X to the density
matrix (3.51). Generally, the OPE of the twist operators can be written as

o (0)5(0) = <;)2h0{1 + Eyj [i:ehydyyj(()) + O(ghy+1)]
=

FX Y ey o0 o e e
y

0<j1<j2<n—1

with the summation of ) being over T' and all holomorphic primary operators.
For the short interval A we have the correction to the partition function

" _khx
n q ~
Setraph =Y e 3 (X o (D501, - X ) + O
k=1 —X 0<ji<-<jrp<n—1
2hs
= (Z) {q"* [n + ) [V by(V)x + O] (C.22)
Yy

+ 312 by (Mo (2D — (Vo) + O+, ]| 1 O (g, (n—1>2>}-
Yy
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Then we get the corrections to the short interval entanglement entropy

OxSsn(€) = th{ D vay((V)x — (V)o) + O] (C.23)
Y

123 ayy (VoD — V)o) + O+, 63@)]} L0, ).
%

For the long interval B we have corrections to the partition function [27]

n o khay
q -
Sxtrppp = E : k § : <Xj1 e Xy |U(£)U(O)|Xj1+l T Xjk+1> + O(th—H)
k=1 XX 0<ji<-<jp<n—1

_ <)h { [W T g g, KX QOOXOIY) szhﬁl)]

14 «
=1 3

+ q"h’“[1+2[fhyby<3’>x OV Y [TV byy (V)5 O, 5%3’)]}
Y Y

+ 0((1’“‘“)}, (C.24)

from which we get the corrections to the long interval entanglement entropy

n—1
S Si0(L—0) = {_g%xan(lﬂzlqkhxd%) N <X|X(0)|210!X(0)\X> +O(£2hx+1):|
+ qhx{1+47rihx + Z[ghyay“y))( — (Vo) + O(ghy-i-l)] (C.25)
Y

+ 2 [ ayy (V)5 — D)F) + O+, M) 4 O, g).
Y

The corrections to the thermal entropy are (3.55). Then we get the corrections to the
entanglement plateau

5X(S(L) - SIO(L - E) + Ssh(g))
n—1
_ EQhX 871 kh dOk
[ <; q XX)

_qhx Z VZhyayy(<y>X _ <y>0)2 + O(£2hy+1,£3hy)] + O(qhx-i-l’ QOX)‘ (026)
Yy

(XX (OI0)O[XO)1X)

n—1 ay

O(€2h/y+1)

Note that the summation of Y is over T' and all holomorphic primary operators. Us-
ing (C.6), (C.7), (C.9), (C.10), we can show easily that this is exactly the same as the
result (3.61).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

~ 99 —


https://creativecommons.org/licenses/by/4.0/

References

[1] S. Ryu and T. Takayanagi, Holographic derivation of entanglement entropy from AdS/CFT,
Phys. Rev. Lett. 96 (2006) 181602 [hep-th/0603001] [INSPIRE].

[2] S. Ryu and T. Takayanagi, Aspects of holographic entanglement entropy, JHEP 08 (2006)
045 [hep-th/0605073] [INSPIRE].

[3] T. Nishioka, S. Ryu and T. Takayanagi, Holographic Entanglement Entropy: An Overview, J.
Phys. A 42 (2009) 504008 [arXiv:0905.0932] [INSPIRE].

[4] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Int. J.
Theor. Phys. 38 (1999) 1113 [hep-th/9711200] [INSPIRE].

[5] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from noncritical
string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109] [INSPIRE].

[6] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253
[hep-th/9802150] [iNSPIRE].

[7] O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, Large-N field theories,
string theory and gravity, Phys. Rept. 323 (2000) 183 [hep-th/9905111] [INSPIRE].

[8] A. Lewkowycz and J. Maldacena, Generalized gravitational entropy, JHEP 08 (2013) 090
[arXiv:1304.4926] [INSPIRE].

[9] M. Fujita, W. Li, S. Ryu and T. Takayanagi, Fractional quantum Hall effect via holography:
Chern-Simons, edge states and hierarchy, JHEP 06 (2009) 066 [arXiv:0901.0924] INSPIRE].

[10] M. Headrick, Entanglement Rényi entropies in holographic theories, Phys. Rev. D 82 (2010)
126010 [arXiv:1006.0047] [INSPIRE].

[11] T. Barrella, X. Dong, S.A. Hartnoll and V.L. Martin, Holographic entanglement beyond
classical gravity, JHEP 09 (2013) 109 [arXiv:1306.4682] [INSPIRE].

[12] T. Faulkner, A. Lewkowycz and J. Maldacena, Quantum corrections to holographic
entanglement entropy, JHEP 11 (2013) 074 [arXiv:1307.2892] [INSPIRE].

[13] V.E. Hubeny, H. Maxfield, M. Rangamani and E. Tonni, Holographic entanglement plateauz,
JHEP 08 (2013) 092 [arXiv:1306.4004] [INSPIRE].

[14] H. Araki and E.H. Lieb, Entropy inequalities, Commun. Math. Phys. 18 (1970) 160
[INSPIRE].

[15] M. Headrick and T. Takayanagi, A Holographic proof of the strong subadditivity of
entanglement entropy, Phys. Rev. D 76 (2007) 106013 [arXiv:0704.3719] [INSPIRE].

[16] D.D. Blanco, H. Casini, L.-Y. Hung and R.C. Myers, Relative entropy and holography, JHEP
08 (2013) 060 [arXiv:1305.3182] [INSPIRE].

[17] J.D. Brown and M. Henneaux, Central charges in the canonical realization of asymptotic
symmetries: an example from three-dimensional gravity, Commun. Math. Phys. 104 (1986)
207 [INSPIRE].

[18] A. Strominger, Black hole entropy from near horizon microstates, JHEP 02 (1998) 009
[hep-th/9712251] [INSPIRE].

[19] T. Hartman, Entanglement Entropy at Large Central Charge, arXiv:1303.6955 [INSPIRE].

[20] T. Faulkner, The Entanglement Rényi Entropies of Disjoint Intervals in AdS/CF'T,
arXiv:1303.7221 [INSPIRE].

[21] S. Giombi, A. Maloney and X. Yin, One-loop Partition Functions of 3D Gravity, JHEP 08
(2008) 007 [arXiv:0804.1773] [NSPIRE].

— 30 —


https://doi.org/10.1103/PhysRevLett.96.181602
https://arxiv.org/abs/hep-th/0603001
https://inspirehep.net/search?p=find+EPRINT+hep-th/0603001
https://doi.org/10.1088/1126-6708/2006/08/045
https://doi.org/10.1088/1126-6708/2006/08/045
https://arxiv.org/abs/hep-th/0605073
https://inspirehep.net/search?p=find+EPRINT+hep-th/0605073
https://doi.org/10.1088/1751-8113/42/50/504008
https://doi.org/10.1088/1751-8113/42/50/504008
https://arxiv.org/abs/0905.0932
https://inspirehep.net/search?p=find+EPRINT+arXiv:0905.0932
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://arxiv.org/abs/hep-th/9711200
https://inspirehep.net/search?p=find+EPRINT+hep-th/9711200
https://doi.org/10.1016/S0370-2693(98)00377-3
https://arxiv.org/abs/hep-th/9802109
https://inspirehep.net/search?p=find+EPRINT+hep-th/9802109
https://arxiv.org/abs/hep-th/9802150
https://inspirehep.net/search?p=find+EPRINT+hep-th/9802150
https://doi.org/10.1016/S0370-1573(99)00083-6
https://arxiv.org/abs/hep-th/9905111
https://inspirehep.net/search?p=find+EPRINT+hep-th/9905111
https://doi.org/10.1007/JHEP08(2013)090
https://arxiv.org/abs/1304.4926
https://inspirehep.net/search?p=find+EPRINT+arXiv:1304.4926
https://doi.org/10.1088/1126-6708/2009/06/066
https://arxiv.org/abs/0901.0924
https://inspirehep.net/search?p=find+EPRINT+arXiv:0901.0924
https://doi.org/10.1103/PhysRevD.82.126010
https://doi.org/10.1103/PhysRevD.82.126010
https://arxiv.org/abs/1006.0047
https://inspirehep.net/search?p=find+EPRINT+arXiv:1006.0047
https://doi.org/10.1007/JHEP09(2013)109
https://arxiv.org/abs/1306.4682
https://inspirehep.net/search?p=find+EPRINT+arXiv:1306.4682
https://doi.org/10.1007/JHEP11(2013)074
https://arxiv.org/abs/1307.2892
https://inspirehep.net/search?p=find+EPRINT+arXiv:1307.2892
https://doi.org/10.1007/JHEP08(2013)092
https://arxiv.org/abs/1306.4004
https://inspirehep.net/search?p=find+EPRINT+arXiv:1306.4004
https://doi.org/10.1007/BF01646092
https://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,18,160%22
https://doi.org/10.1103/PhysRevD.76.106013
https://arxiv.org/abs/0704.3719
https://inspirehep.net/search?p=find+EPRINT+arXiv:0704.3719
https://doi.org/10.1007/JHEP08(2013)060
https://doi.org/10.1007/JHEP08(2013)060
https://arxiv.org/abs/1305.3182
https://inspirehep.net/search?p=find+EPRINT+arXiv:1305.3182
https://doi.org/10.1007/BF01211590
https://doi.org/10.1007/BF01211590
https://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,104,207%22
https://doi.org/10.1088/1126-6708/1998/02/009
https://arxiv.org/abs/hep-th/9712251
https://inspirehep.net/search?p=find+EPRINT+hep-th/9712251
https://arxiv.org/abs/1303.6955
https://inspirehep.net/search?p=find+EPRINT+arXiv:1303.6955
https://arxiv.org/abs/1303.7221
https://inspirehep.net/search?p=find+EPRINT+arXiv:1303.7221
https://doi.org/10.1088/1126-6708/2008/08/007
https://doi.org/10.1088/1126-6708/2008/08/007
https://arxiv.org/abs/0804.1773
https://inspirehep.net/search?p=find+EPRINT+arXiv:0804.1773

[22]
[23]
[24]
[25]

[26]

B. Chen and J.-q. Wu, I-loop partition function in AdSs/CFT,, JHEP 12 (2015) 109
[arXiv:1509.02062] [INSPIRE].

B. Chen and J.-q. Wu, Holographic calculation for large interval Rényi entropy at high
temperature, Phys. Rev. D 92 (2015) 106001 [arXiv:1506.03206] [INSPIRE].

B. Chen and J.-q. Wu, Large interval limit of Rényi entropy at high temperature, Phys. Rev.
D 92 (2015) 126002 [arXiv:1412.0763] [INSPIRE].

T. Hartman, C.A. Keller and B. Stoica, Universal Spectrum of 2d Conformal Field Theory in
the Large ¢ Limit, JHEP 09 (2014) 118 [arXiv:1405.5137] [INSPIRE].

T. Azeyanagi, T. Nishioka and T. Takayanagi, Near Extremal Black Hole Entropy as
Entanglement Entropy via AdSs/CFTy, Phys. Rev. D 77 (2008) 064005 [arXiv:0710.2956]
[INSPIRE].

B. Chen and J.-q. Wu, Universal relation between thermal entropy and entanglement entropy
in conformal field theories, Phys. Rev. D 91 (2015) 086012 [arXiv:1412.0761] [INSPIRE].

P. Calabrese, J. Cardy and E. Tonni, Entanglement entropy of two disjoint intervals in
conformal field theory, J. Stat. Mech. 0911 (2009) P11001 [arXiv:0905.2069] [INSPIRE].

P. Calabrese, J. Cardy and E. Tonni, Entanglement entropy of two disjoint intervals in
conformal field theory II, J. Stat. Mech. 1101 (2011) P01021 [arXiv:1011.5482] [INSPIRE].

B. Chen and J.-J. Zhang, On short interval expansion of Rényi entropy, JHEP 11 (2013) 164
[arXiv:1309.5453] [INSPIRE].

B. Chen, J. Long and J.-j. Zhang, Holographic Rényi entropy for CFT with W symmetry,
JHEP 04 (2014) 041 [arXiv:1312.5510] [INSPIRE].

B. Chen, L. Chen, P.-x. Hao and J. Long, On the Mutual Information in Conformal Field
Theory, JHEP 06 (2017) 096 [arXiv:1704.03692] [INSPIRE].

J. Cardy and C.P. Herzog, Universal Thermal Corrections to Single Interval Entanglement
Entropy for Two Dimensional Conformal Field Theories, Phys. Rev. Lett. 112 (2014) 171603
[arXiv:1403.0578] [INSPIRE].

P. Calabrese and J.L. Cardy, Entanglement entropy and quantum field theory, J. Stat. Mech.
0406 (2004) P06002 [hep-th/0405152] [INSPIRE].

B. Chen and J.-q. Wu, Single interval Rényi entropy at low temperature, JHEP 08 (2014)
032 [arXiv:1405.6254] INSPIRE].

M. Beccaria and G. Macorini, On the next-to-leading holographic entanglement entropy in
AdSs/CFT,, JHEP 04 (2014) 045 [arXiv:1402.0659] INSPIRE].

Z. Li and J.-j. Zhang, On one-loop entanglement entropy of two short intervals from OPE of
twist operators, JHEP 05 (2016) 130 [arXiv:1604.02779] [INSPIRE].

B. Chen, J.-B. Wu and J.-j. Zhang, Short interval expansion of Rényi entropy on torus,
JHEP 08 (2016) 130 [arXiv:1606.05444] [NSPIRE].

S. He, F.-L. Lin and J.-j. Zhang, Subsystem eigenstate thermalization hypothesis for
entanglement entropy in CFT, JHEP 08 (2017) 126 [arXiv:1703.08724] [INSPIRE].

E. Perlmutter, Comments on Renyi entropy in AdSs/CFTs, JHEP 05 (2014) 052
[arXiv:1312.5740] [INSPIRE].

B. Chen, F.-y. Song and J.-j. Zhang, Holographic Rényi entropy in AdSs/LCF T,
correspondence, JHEP 03 (2014) 137 [arXiv:1401.0261] INSPIRE].

B. Chen, J.-q. Wu and Z.-c. Zheng, Holographic Rényi entropy of single interval on Torus:
With W symmetry, Phys. Rev. D 92 (2015) 066002 [arXiv:1507.00183] [INSPIRE].

~ 31—


https://doi.org/10.1007/JHEP12(2015)109
https://arxiv.org/abs/1509.02062
https://inspirehep.net/search?p=find+EPRINT+arXiv:1509.02062
https://doi.org/10.1103/PhysRevD.92.106001
https://arxiv.org/abs/1506.03206
https://inspirehep.net/search?p=find+EPRINT+arXiv:1506.03206
https://doi.org/10.1103/PhysRevD.92.126002
https://doi.org/10.1103/PhysRevD.92.126002
https://arxiv.org/abs/1412.0763
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.0763
https://doi.org/10.1007/JHEP09(2014)118
https://arxiv.org/abs/1405.5137
https://inspirehep.net/search?p=find+EPRINT+arXiv:1405.5137
https://doi.org/10.1103/PhysRevD.77.064005
https://arxiv.org/abs/0710.2956
https://inspirehep.net/search?p=find+EPRINT+arXiv:0710.2956
https://doi.org/10.1103/PhysRevD.91.086012
https://arxiv.org/abs/1412.0761
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.0761
https://doi.org/10.1088/1742-5468/2009/11/P11001
https://arxiv.org/abs/0905.2069
https://inspirehep.net/search?p=find+EPRINT+arXiv:0905.2069
https://doi.org/10.1088/1742-5468/2011/01/P01021
https://arxiv.org/abs/1011.5482
https://inspirehep.net/search?p=find+EPRINT+arXiv:1011.5482
https://doi.org/10.1007/JHEP11(2013)164
https://arxiv.org/abs/1309.5453
https://inspirehep.net/search?p=find+EPRINT+arXiv:1309.5453
https://doi.org/10.1007/JHEP04(2014)041
https://arxiv.org/abs/1312.5510
https://inspirehep.net/search?p=find+EPRINT+arXiv:1312.5510
https://doi.org/10.1007/JHEP06(2017)096
https://arxiv.org/abs/1704.03692
https://inspirehep.net/search?p=find+EPRINT+arXiv:1704.03692
https://doi.org/10.1103/PhysRevLett.112.171603
https://arxiv.org/abs/1403.0578
https://inspirehep.net/search?p=find+EPRINT+arXiv:1403.0578
https://doi.org/10.1088/1742-5468/2004/06/P06002
https://doi.org/10.1088/1742-5468/2004/06/P06002
https://arxiv.org/abs/hep-th/0405152
https://inspirehep.net/search?p=find+EPRINT+hep-th/0405152
https://doi.org/10.1007/JHEP08(2014)032
https://doi.org/10.1007/JHEP08(2014)032
https://arxiv.org/abs/1405.6254
https://inspirehep.net/search?p=find+EPRINT+arXiv:1405.6254
https://doi.org/10.1007/JHEP04(2014)045
https://arxiv.org/abs/1402.0659
https://inspirehep.net/search?p=find+EPRINT+arXiv:1402.0659
https://doi.org/10.1007/JHEP05(2016)130
https://arxiv.org/abs/1604.02779
https://inspirehep.net/search?p=find+EPRINT+arXiv:1604.02779
https://doi.org/10.1007/JHEP08(2016)130
https://arxiv.org/abs/1606.05444
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.05444
https://doi.org/10.1007/JHEP08(2017)126
https://arxiv.org/abs/1703.08724
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.08724
https://doi.org/10.1007/JHEP05(2014)052
https://arxiv.org/abs/1312.5740
https://inspirehep.net/search?p=find+EPRINT+arXiv:1312.5740
https://doi.org/10.1007/JHEP03(2014)137
https://arxiv.org/abs/1401.0261
https://inspirehep.net/search?p=find+EPRINT+arXiv:1401.0261
https://doi.org/10.1103/PhysRevD.92.066002
https://arxiv.org/abs/1507.00183
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.00183

	Introduction
	High temperature case
	Long interval entanglement entropy
	Corrections to entanglement plateau

	Low temperature case
	Short interval entanglement entropy
	Long interval entanglement entropy
	Corrections to entanglement plateau
	Low temperature case with nonvacuum module

	Conclusion and discussions
	Mutual information of two intervals on a complex plane
	Analytical continuation
	Low temperature case from method of twist operators
	Contributions from the vacuum module
	Contributions from a nonvacuum module


