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where the A-algorithm was not applicable in its original formulation.
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1 Introduction

The n-particle scattering amplitude in arbitrary dimension can be described by Cachazo-
He-Yuan (CHY) formulation [1-5] as

a = [ (e (IToe) 76 o
_ / (zrszstztr I dza> <zijzjkz,€,- 11 6(&)) (), (1.2)

a€{1,2,...n}\{r,s,t} ae{1,2,...n}\{i,5,k}

respecting Mobius SL(2,C) invariance. The scattering equations &,’s form an algebraic
system of n rational functions in n complex variables z,,a = 1,2,...,n as

. B Sab -
0=¢&, = Z P for a=1,2,...,n, (1.3)
be{1,2,...,n}\{a}

where {1,2,...,n} \ {a} denotes a set of {1,2,...,n} extracting the element a. Instead
of (1.3), it has been shown in [6] that an equivalent polynomial form of scattering equations



exists, with its geometric structure investigated in [7], makes the evaluation of (1.2) well-
suited in the algebraic geometry context. The Mobius invariance implies that among the
n distinct punctured points z,,a = 1,2,...,n in Riemann sphere, any three of them, say
Zaya € {r,s,t} , can be fixed to particular locations, conventionally chosen as z, = 00, zs =
1,2z = 0, such that the n-dimensional integration module the volume of SL(2,C) in (1.1)
can be written as the one in the first parenthesis of (1.2), which is a (n — 3)-dimensional
integration. The Mdbius invariance also implies that only (n — 3) scattering equations are
linearly independent, and it forces us to write the []'6(&,) in (1.1) as the one in the second
parenthesis of (1.2), to ensure that [['§(&,) is independent of removing any three scattering
equations &, a € {i,J,k}, leaving only (n — 3) linearly independent delta functions. Hence
formula (1.2) is in fact a (n — 3)-dimensional integration constrained by (n — 3) delta
functions, allowing a representation

tree ZijzjkzkizTSZStzt’r
= T 1.4
A Z Jacobian (2), (14)

z€ solutions

on the (n — 3)! solutions of scattering equations, where

0&,
sz

, for ae{1,2,...,n}\{i,4,k}, be{l,2,....,n}\{rs,t},

(1.5)
coming from the evaluation of (n — 3) delta functions. The so called CHY-integrand Z(z)

Jacobian = det [ ]
(n—=3)x(n—3)

is a rational function of z;; = 2; — z;, external momenta k;’s as well as the polarization
vectors ¢;’s, whose explicit definition varies with the field theories under consideration,
while systematic and compact construction of Z(z) exists for bi-adjacent cubic-scalar, pure
Yang-Mills, Gravity theories, NLSM, DBI as well as mixing among them [3-5].

Although conceptually simple and elegant, it is in fact impossible to analytically eval-
uate (1.2) by (1.4), due to the well-known Abel-Ruffini theorem that there is no algebraic
solution to the general polynomial equations of degree five or higher with arbitrary coeffi-
cients. There are a few studies on the solutions of scattering equations in four-dimension
and at special kinematics [8-11], but not generic. Even in five-point case where analytic
solution of scattering equations is available, the (5 — 3)! = 2 solutions are radical functions
of Mandelstam variables. Only after summing over two solutions we get rational functions
as the final simple result. This infers that there must be better evaluation techniques, and
it motives various approaches towards the evaluation of (1.2) avoiding the explicit solutions
of scattering equations, based on algebraic geometry techniques. In [12], a method is pro-
posed and applied to analytically evaluating all five-point amplitudes, by the well-known
Vieta formulae that relates the sum of solutions of a polynomial equations to the coeffi-
cient of polynomials. The elimination theory elaborated therein for rewriting multivariate
polynomials as an univariate polynomial is further developed in [13-15], to deal with more
generic n-particle scattering system. In [16], companion matrix method is introduced,
which rephrases the computation of summing over (n — 3)! solutions as computing the
trace of certain (n —3)! x (n — 3)! matrix, and provides an intuitive interpretation that the
final analytic result is indeed rational functions. This is later proven to be equivalent to the
elimination method [13, 15]. In [17], Bezoutian matrix method is introduced to evaluate



the total sum of residues of (1.2) algebraically, without working out individual residues
(or solutions of scattering equations). In [18, 19], polynomial reduction techniques are
investigated based on the polynomial form [6] of scattering equation. All above algebraic
geometry based methods are in principle generalizable to the evaluation of any n-particle
scattering, however the elimination algorithm as well as the polynomial reduction rewrite
the polynomials in a form such that the coefficients are rather involved. Furthermore, a
complete computation also depends on the explicit expression of Jacobian (1.5) which could
be very complicated for large n. These make the analytic computation in practical difficult
even for lower-point amplitude. A resulting trouble is that the amplitude computed by
these methods is not in the form with manifest physical poles, and simplification of the
result takes quite a long time. For example, using the companion matrix method [16], it
would be possible to spend hours to produce a six-point amplitude of scalar theory.

In the demand of computational efficiency, many other methods come to rescue. In [20],
graph theory knowledge is introduced in the contour integration of (1.2), to expand a
generic CHY-integrand into basis of known simple CHY-integrands, named after building
blocks. This idea is further developed in [21], resulting into the so called A-algorithm,
to recursively cut a generic CHY-integrand into lower-point sub-CHY-integrands until to
certain basic building blocks. Although this method is able to deal with off-shell configu-
rations, which have allowed to generalize it to loop-level recently in [22], and despite it can
compute CHY-integrands of higher-order poles, it still has some limitations. The cutting
procedure for CHY-integrands is general, but when the so called singular configurations
appear in sub-CHY-integrands, evaluation becomes difficult. However for many CHY-
integrands, the singular configuration is un-avoidable. Another approach is inspired by the
string amplitude computation, where combinatorial rules for integration (integration rules)
of (1.2) is derived [23, 24]. In [25, 26], auxiliary Feynman-like diagrams are introduced to
compute the global residue, quite similar to that of [23, 24, 27], while in [28], Berends-Giele
recursion relations are applied to the computation of CHY-integrands which are products
of two Parke-Taylor type factors that containing only simple poles. On the other hand, the
integration rule is a rather simple and efficient technique. In fact, the actual computation
can be carried out without any information of the solutions of scattering equations as well
as the detailed expression of Jacobian in CHY-formulation, but only the information of
CHY-integrand as a rational function of z;;. However, it suffers from a disadvantage that
only CHY-integrand with simple poles can be perfectly evaluated, while a generic CHY-
integrand from Yang-Mills or gravity theories could have many higher-order poles. There
are two intuitive ways of bypassing this disadvantage. The first is to create rules for higher-
order poles, which is investigated in [29], but yet a complete set of rules for any types of
higher-order poles are required therein before it could be a complete method. The other is
to decompose a CHY-integrand of higher-order poles into several CHY-integrands of simple
poles by non-trivial identities relating different rational terms of z;;. The idea of decom-
position is already discussed in [23], where Pfaffian identities are introduced to take on the
task. But the power of Pfaffian identities is limited to certain examples with lower-point



scattering, and no systematic implementation can be elaborated with them.! In a recent
paper [30], identities originated from monodromy relations are proposed to systematically
decompose a CHY-integrand of higher-order poles into those of simple poles.

In this paper, we propose another kind of identities, namely the cross-ratio identities, to
overcome the difficulties towards a systematic and complete evaluation of (1.2) in practice.
These identities are applied in two levels. For a CHY-integrand with reasonable number
of scattering particles and not so complicated higher-order pole structures,? the cross-ratio
identities can be applied directly to decompose a CHY-integrand into terms with only
simple poles. While in the situation that a naive decomposition of a CHY-integrand would
result in far too much terms that slow the computation, the A-algorithm developed in [21]
would then be introduced to split a CHY-integrand into products of several lower-point
CHY-integrands which can not be computed by A-algorithm, followed by the application
of cross-ratio identities to reformulate the lower-point ones as those that can be computed
by integration rules of simple poles or A-algorithm.

This paper is structured as follows. In section 2, we present the construction of cross-
ratio identities and its generic formulation for an arbitrary pole 1/s, and demonstrate the
decomposition of CHY-integrands of higher-order poles by cross-ratio identities with two
examples. in section 3, we propose a systematic algorithm aims to completely decompose
any CHY-integrand of higher-order poles within finite steps by cross-ratio identities, and
illustrate the algorithm by a highly non-trivial eight-point example. In section 4, we
illustrate how the A-algorithm and decomposition algorithm with cross-ratio identities
can work together to make an even more efficient computational method. Recurrence
relations for a particular type of CHY-integrands are presented as an example to show
that for many complicated CHY-integrands with large n, iterative cutting procedure can
be applied to rewrite them as lower-point sub-CHY-integrands which are easy to compute.
Section 5 comes the conclusion, while in appendix A, a practical algorithm is proposed for
a complete implementation of integration rules of simple poles. In appendix B, comparison
is provided between the identities from monodromy relations [30] and cross-ratio identities,
while in appendix C, D, quantities needed for the recurrence relations by A-algorithm are
provided. Very brief introduction on integration rules of simple poles can be found in
section 3 and appendix A, but we suggest [29] for more detailed explanation. For detailed
description of A-algorithm please refer to [21, 22].

2 The cross-ratio identities

Following the decomposition idea, the primary problem is to find a better identity rather
than Pfaffian identities, which can be applied to CHY-integrands with any pole structures.

'For even-integer n, a Pfaffian identity relates 2(n— 3)!! terms, while for odd-integer n, it relates (n—2)!!
terms, so the number of terms involved in an identity grows factorially. But a more severe problem is that
—L— withm > 2 is

i1ig-im

the Mandelstam variables involved in Pfaffian identity are only s;;, and a pole of

not obviously exist.

2From the practice, this can be detailed as around n = 10 with about five higher-order poles (double or
triple pole), or any number of particles with around two higher-order poles. They can be computed in a
reasonably short time.
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Figure 1. The /-regular graphs of four-point CHY-integrands with simple, double and triple pole
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respectively.

Although it is extensively discussed in the literature, let us take, for conceptual inspiration,
some four-point CHY-integrands as starting point. Three typical CHY-integrands are given

as
1 1 1
=555, W=s—— ITi=—7,

22.22.22 2 23029323, 241 2102 (2'1)
12723%34°41 12723734 <41 12734

with their 4-reqular graphs shown in figure 1.
The explicit results for them are given as

1 1 S13 513514
AL = —— — —, A(ID) = 5=, A(Z]) = . 2.2
@=—o - Am=-3 Az =T (22)

The CHY-integrand Zj contains only simple poles, and can be readily evaluated by integra-
tion rules, while Z) and Z] contain double pole and triple pole respectively, which makes
it impossible to apply integration rules of simple poles. However, a simple factorization of

Azt = () amn = o () (2.3

S12 \ 512 819 812

these results

indicates that, if explicit % factor can be introduced in the original CHY-integrand to
compensate the extra degrees of s from the higher-order poles, then the expressions in
the parenthesis are likely to be produced by CHY-integrands of simple poles (dressed with
appropriate s). To explain the above statement, let us start from a scattering equation
g =2 A8 U (2.4)
212 213 214

and modify it as

212 813 212 | 514 212 S12 + 814 212 | 514 212
0= =14+ 22 == 2= =0
512 812 213 512 214 $12 213 512 %14
212 S14 [ z12 212 223 | 814 Z12%43
(1o (e ) suiee gy
213 S12 \ 214 713 213 812 214213
From the last expression we end up with an identity
814 212243
l=——"——. (2.6)
812 214723

Since the z;;’s in the identity are arranged as cross-ratios, which are invariant under Mobius
transformation, we call it the cross-ratio identity. Note that a pole é is apparent in the
identity. Multiplying it with Z} leads to

]- S14 2127243 S14
D S
z <3 3 X _—— = - A s (27)
219223234241 512 214223 512
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Figure 2. The diagrammatic presentation of how CHY-integrands with different pole structures
can be related by cross-ratio identities.

while multiplying it two times with Zj leads to

1 s14 212243\ > 52
IQLF—<4 4>X<_ ) :%412’ (2.8)

Z19%3y 512 214223 519

which are diagrammatically shown in figure 2. Hence for four-point case, an evaluation
of CHY-integrands with simple poles is sufficient to produce results of all other CHY-
integrands with higher-order poles.

The idea encoded in above decomposition procedure is readily generalized to any CHY-
integrands of higher-order poles. For a given n-point CHY-integrand, the poles as well as
the order of poles can be determined by Pole Condition. Whenever there is any higher-
order pole Sia, we can reduce the order of pole by multiplying identities containing that
pole sa4. The decomposition proceeds by iteratively reducing the higher-order poles, until
every resulting CHY-integrand is composed of simple poles. In practical computation, this
strategy can be carried out only when there are enough identities of any possible poles,
and as mentioned, the Pfaffian identity is obviously not a good candidate. However, the
cross-ratio identity that appeared in the four-point examples can be generalized to satisfy
the computational demand, which we will describe below.

The cross-ratio identities. For a n-point scattering system, let us pick up an arbitrary
scattering equation &,. For p, ¢ # a, we can modify the scattering equation as

0="Mg, =14y “w%b_qy

Sa Saq Zab Saq Zab Za, Sa
1 btaq bta,qp " P 1

Zaq Sab [ Zaq Zaq
=(1-—7 g — | —=-—], 2.9
( Zap) * Saq (zab Zap) (29)
b#a,q,p

Zag Sab |~ 2uttap et Fag



where in the last step of line one we have rewritten s,, by momentum conservation. Using

Zij — Zik = Zkj, We get
Z Sab RaqRb
0= 2% 4 ab ag=bp

Zap Saq Zab”ap

b#a,q,p

Hence the cross-ratio identity for s;;-type pole can be formulated as

Sab Raq”b
1=-— N D (2.10)
Saqg Rab”
baqp 01~ ap

Again we remark that in each term of the identity, z;;’s are arranged as cross-ratios, which
are invariant under Mobius transformation. The identities (2.10) will be called fundamental
cross-ratio identities since all other identities of given pole s;,i,...i,, can be derived from
them.

Before presenting the cross-ratio identity for a generic pole s;,iy..i,,, let us show the
construction by taking the pole s;;1; as a warm up. The fundamental cross-ratio iden-
tity (2.10) can be rewritten as

.
= Sij = Z sip 2 (2.11)

Zih 24
btigp 0 CIP

Let us take an arbitrary p # 4, j, k, [, and consider the following three fundamental cross-
ratio identities

ZkpXig Zlpcij ZbpRig

—8ij = Sih——" + Sil—— + E Sib——" (2.12)
FREp P ik S
FipZkj FlpZkj “bp~kj

—Skj = Ski L g Y sy (2.13)
Eip o KR g SRS
Zip21 Zkp2i Zbp2ij

—sp; = si——L + st + sip . (2.14)
Wzip O AKZp T, AR

It is easy to see that

ZkpZij ZipRkyj ZlpZij ZipZlj ZlpZkj ZkpZlj
Sik +8ki = Sik, Sil + 813 = Sit, Skl +sik = sk, (2.15)
ZikZjp ZkiZjp ZilZjp  ZiZjp 2kl Zjp 2k Zjp
so summing over the three identities, we obtain
szzij szzkj szzlj
— Sijkl = Z <5ib — + Skp = tsp—— | - (2.16)
brighlp N PSP FRbED AR
This immediately gives the cross-ratio identity of s;;z-type pole as
1 ZbpZii Zbp 2k ZbpZii
1l=——— Sib P Skb P4 SlbL . (2.17)
Sijkl bt g el p ZibZjp ZkbZjp ZIbZjp

Some remarks are in order for identity (2.17). The first is about the factors z;;, 215, 215
in the numerator of each term respectively. They are crucial for reducing the number of
lines that connecting nodes {1, j, k,1}, hence consequently reducing the degree of pole s;;jx;



by one. This is the key point of our algorithm. The second is about the p index. It could be
any one in {1,2,...,n} except 4,7, k,l. Otherwise for instance p = k, there would always
be a factor z;, = 2, in the denominator of (2.17), such that the number of lines connecting
nodes {i, j, k, [} will increase by one. So the order of poles will not be reduced. The third
is about the j index. In the derivation, we have chosen to fix the index j and consider
three fundamental cross-ratio identities for poles s;;, sy, ;5. Such choice breaks the sym-
metry among indices {1, j, k, [}, leaving only S3 permutation symmetry on {4, k, [} manifest.
Similarly, the choice of p also breaks the symmetry among remaining indices. As a conse-
quence, different choice of j, p leads to different cross-ratio identity for the same pole s;;;,
and during computation we can choose an appropriate one to simplify the decomposition.

The construction of cross-ratio identity for generic pole é follows exactly the same
derivation. Let A be a subset of {1,2,...,n}, and assume A to be its complement. Because
of momentum conservation, s4 = s7. Then the cross-ratio identity for pole s4 with selected
index j € Aand p € A is

i€A\{j} be A\ {p} SA ZibZjp

where A\ {j} denotes the set A extracting the element j. In the notation I,[A,j,p], 4
is the subset associated to the pole s4 of identity, and j,p are explicitly written down to
emphasize the special choice. We remark again that, the cross-ratio identity is invariant
under permutation on A\ {j} as well as permutation on A \ {p}, so there are in total
k(n — k) different identities for the pole s4 if A is a length-k subset.

With the general construction of cross-ratio identities, we can now implement an algo-
rithm for the decomposition of any CHY-integrands with higher-order poles. In the next
section, we will present a systematic decomposition algorithm, but now let us follow two
examples to explore some details during the decomposition.

Two examples. The first example considers the CHY-integrand

1

1 _
Iﬁ _ZSZ 3 3 ’
12723%34245%56%61

(2.19)

with its 4-regular graph shown in figure 3. From the counting of lines among subsets of
nodes, we know the result for this CHY-integrand should be

N (si5)

82 82 828 S S ’
12°34°56°12392349345

(2.20)

where N (s;j;) is some polynomial function of s;; which is irrelevant for the purpose of the
current example. So in order to perform the decomposition, we need to multiply it with

a cross-ratio identity of the pole i, an identity of the pole é and an identity of the
1

pole ol Since for each s;;, there are 2(6 — 2) = 8 cross-ratio identities, so naively we

have 8% = 512 possibilities of multiplying three identities. However, not all of them can

]

successfully decompose If[il into terms with only simple poles, since with the multiplication

of z;j, new higher-order poles would appear in some terms (as long as there are more than
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Figure 3. The 4-regular graph of a six-point CHY-integrand with three double poles.

two terms for a new higher-order pole, such that after summing over these terms the new
higher-order pole is still canceled.). Of course, the best expectation is that we can find
at least one multiplication such that the original CHY-integrand can be decomposed into
terms with only simple poles. Fortunately in this example, if taking the following three
fundamental cross-ratio identities

S$13212%35 S$14%212%45 516212265
Hﬁ[{172}7275] = - < + + > )
512213225 S$12%214%25 S$12216%25
54626543 514215243 524225243
I6[{3,4},3,5) = — < + - > :
534235246 534235241 534235242
526221265 536231265 546241265
I6[{5,6},5,1] = — ( + - ) , (2.21)
556251262 556251263 556251264

i.e.,

1 =1T6[{1,2}, 2,5]I6[{3, 4}, 3, 5|15 [{5, 6}, 5, 1] , (2.22)

then all the resulting 3% = 27 terms after expanding If[iu x Ig[{1,2},2,5] x I4[{3,4},3,5] x
Is[{5,6},5,1] are CHY-integrands with only simple poles. By using integration rules for
simple poles, it is confirmed that summing over these 27 terms indeed produces correct
answer.

The second example considers the CHY-integrand

1
o [ S ) 2.23
¢ bz (223
with its 4-regular graph shown in figure 4. Again the result can be inferred as
N ..
(5:9) (2.24)

$3.52,52.$193519451255126
195545565123512451255126

where N(s;;) is another polynomial function of s;;. So we need to multiply it with four
fundamental cross-ratio identities, two of the pole i (counting multiplicity), one of the
pole % and one of the pole é Since each identity contains 3 terms, after multiplying
four identities the original CHY-integrand would be decomposed into 3* = 81 terms.

For each s;;, there are 8 cross-ratio identities. We have gone through all @ X8X8 =
2304 possible multiplications of four fundamental cross-ratio identities which have the poles
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Figure 4. The 4-reqular graph of a six-point CHY-integrand with one triple pole and two double
poles.

———and find none of them can decompose CHY-integrand (2.23) into 81 terms with

519534556
oilzly simple poles. The best situation is that, 4 out of 81 terms are CHY-integrands with
a double pole while the remaining 77 terms with simple poles. Such a multiplication can

be constructed from the following four cross-ratio identities

8137212235 $14%212%245 516212265
HG[{172}72>5] = - < + >
512213225 5127214725 512216725
823221235 524221745 526221265
Li1.2),1,5) = - T )
512215223 S$12215%224  S12%15%26
835251234 | S36261234 | 523721234
wl(3.43.4.1) = - ( ¥ )
§34235241 534236241 8§34232241
525221256 535231256 545241256
HG[{5,6},6, 1] = — < + ) . (2.25)
556252261 556253261 556254261

After multiplying Is[{1,2},2,5] x Is[{1,2},1,5] x Is[{3,4},4,1] x I[{5,6},6,1] to Z."), we
get 81 terms, while the following four terms contain double pole, explicitly as

2
_ 514524535536 213745 . 514524535 213745

2 2 2 2 2 2 0 2 2 2 2 2 2

812534556 219214°15%2422523,4235%536%56 812534556 2192214%16224225234235236%56
(2.26)

with double pole s194, and
2

516526535 213 516526535545 1 (2.27)

8285 Z2Z 222222222‘2 ’ 8285 2222222’222’22
12934956 #19<14416<25%26<34~35<36~45 12°34956 12716<25%26<34+<35%36<45

with double pole si96. Note that sio4 and sjo¢ are not double poles of original CHY-
integrand, so it should not present in the final answer. The two terms of each double pole
guarantee the cancelation. For a complete decomposition, we can further multiply the

cross-ratio identity

S$15212%53 545242253 516212263 S46242%263
]16[{17214}7273] = ( + + > , (228)
5$124%15%23 5124223745 5124216723 51242237246
to the two terms in (2.26), and the identity
§14212%243 546262743 515212253 556253262
Llf1,2,6,2.9) = - " ) e
5126214223 512622364 5126215223 5126223265

~10 -



to the two terms in (2.27). Then the four terms with double poles can be further decom-
posed into terms with simple poles. Hence the CHY-integrand (2.23) is decomposed into
77+ 4 x 4 = 93 CHY-integrands of simple poles, and summing over these 93 terms indeed
produces the correct answer.

The second example clearly shows that, for generic CHY-integrand of complicated
higher-order poles, it is usually not possible to completely decompose it within one step.
Even after trying all possible multiplication of cross-ratio identities, there would be some
resulting CHY-integrands which need a second and even more steps on cross-ratio identity
decomposition. Another thing is about the various cross-ratio identities for the same pole
sa. To compensate the higher-order pole s 4, different cross-ratio identities provide different
decomposition. Some cross-ratio identities will reduce the degree of higher-order poles in
each resulting terms while some will introduce other higher-order poles. These suggest
us to implement a decomposition algorithm step by step, and a complete decomposition
could be guaranteed only if there are appropriate cross-ratio identities to reduce, or at least
not increase, the degree of higher-order poles in each step. Since there are pretty much
cross-ratio identities for a pole s4, and also various possibilities of decomposition steps,
it seems to give us enough information such as the decomposition procedure can always
continue until we get a decomposition with CHY-integrands of simple poles.

With above preparations, we are ready to propose a systematic decomposition algo-
rithm in the following section.

3 A systematic decomposition algorithm

3.1 The algorithm

In order to decompose a CHY-integrand Z(z;;) of higher-order poles into terms with only
simple poles by cross-ratio identities, we can start from an arbitrary higher-order pole s4
and multiply an appropriate cross-ratio identity of pole s4 to the original CHY-integrand.
This leads to several CHY-integrands with the order of higher-order poles reduced.® For
each resulting CHY-integrand, we again reduce the order of poles by multiplying an appro-
priate cross-ratio identity, and iteratively perform this procedure until all resulting terms
contain simple poles. Here we present a systematic decomposition algorithm aims to de-
compose any CHY-integrand of higher-order poles into terms with only simple poles in
finite steps.

Let us start from a generic n-point CHY-integrand Z(z;;), as a rational function of z;;,

as
1
7= —5> (3.1)
ij
H1§i<j§n Zij
In the 4-regular graph representation, the 3;; is represented by lines connecting nodes z;, z;.
A positive integer 3;; is represented by the corresponding number of solid lines, a negative

integer B;; (which stands for a non-trivial numerator) is represented by the corresponding

3There are subtleties that require a careful treatment and we will discuss them along this section.
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number of dashed lines. In order to respect the Mobius invariance, for each node, the
number of connected solid lines minus the number of connected dashed lines is four.

For the length-n set {1,2,...,n}, since a subset is considered to be equivalent to its
complement due to momentum conservation, we have the following independent subsets A,

o If nisodd, Ay = {i1,i9,...,ix}, 1,42, € {1,2,...,n}, 2< k< |2,

o If nis even, A = {i1,ia,...,ir}, i1,02,...,ik € {1,2,...,n}, for 2 < k < 5] =1,
and iy =1, 4g,...,i € {2,...,n} for k= |Z].

For a subset A, = {i1,%2,...,1}, the number of lines L[Ka] connecting nodes
Ziys Zigs - - -5 Ziy, 18 given by
> By (3.2)
i/ ,j'€Aq

so the pole indexr x i for this subset is

i :L[ﬁa1—2<|ﬁar—1>=< T ﬁ”)—% ). (3.3)

(o4
i",j' €A

From the CHY-integrand (3.1), we can directly read out the pole index for every subset.
Each subset Za corresponds to a pole é From the Pole Condition follows that, if x i, < 0,
the pole will not present in the ﬁnal result, while if x » i = = 0, a simple pole é will present,
and if x 5 i, >0 a pole of order ><+1 will appear in the final result.

Assuming that for a glven CHY-integrand Z, there are m independent subsets
Aors Aags -+ -5 Aay, With x4, > 0, we define the order of poles of the CHY-integrand as

= Z XAa, s (3.4)
=1

which can be readily computed from f;; by using (3.3). The T is the number of poles
to be compensated by cross-ratio identities, i.e., in order to completely decompose a
CHY-integrand, we need to multiply at least YT cross-ratio identities. Y[Z] = 0 means the
corresponding CHY-integrand Z contains only simple poles. We will use it as a criteria in
the decomposition algorithm.

Before stating the algorithm, let us have a look at the cross-ratio identities. For a
generic pole s;,j,..i,, from definition (2.18) we know that there are k(n — k) identities

Hn[{i17i27"‘7ik}7j7p]7 j € {i17i27"'77;k}7
p E {1,2,...,n}\{il,ig,...,ik}. (35)

Each identity gives a different decomposition of CHY-integrand with higher-order pole of
Siyig--ij, and we need to choose an appropriate one in the algorithm.
Now let us state the decomposition algorithm. For a generic CHY-integrand Z, we

1. Compute the order of poles Y[Z]. If Y[Z] = 0, return Z itself. If Y[Z] > 0, list all
independent subsets with x > 0(assuming there are m')

/ /!
AL, AL

Al (3.6)

m/
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2. Take the first A}, , and list all [A], |(n — |A},|) cross-ratio identities of sq,,

I,[A,,,j,p] where je€ A, pefl,2,...,n}\ 4, . (3.7)

)
3. Decompose the CHY-integrand Z with the first cross-ratio identity in step 2,

IT=TxIuA,,,jpl=) eI, (3.8)
)4

where Z’s are resulting new CHY-integrands, and ¢,’s are rational functions of Man-
delstam variables.

4. Compute all Y[Z'],

o If all Y[Z'] < Y[Z], return ), c/Zy,

e If any Y[Z'] > Y[Z], try the second cross-ratio identity in step 2 and so on, until
find a cross-ratio identity satisfying all Y[Z'] < Y[Z]. By this way, the order of
poles of CHY-integrand is at least reduced by one.

e If we can always find a cross-ratio identity such that all T[Z'] < Y[Z], then after
at most Y[Z] steps, the CHY-integrand can be decomposed into terms with only
simple poles. This happens for some CHY-integrands but not for all. If after
running over all cross-ratio identities of the pole s,,, we still can not find an
identity such that all T[Z'] < YT[Z], then start from the first cross-ratio identity
in step 2 again, but now stop at an identity such that all Y[Z'] < YT[Z]. By this
way, some of Z' would have the same order of poles as Z but different rational
functions of z;;. Anyway we return ), ¢/Z.

After above procedure, we get 7 = »,c¢Z). Then let each Z; go through the procedure
recursively, until all resulting CHY-integrands contain only simple poles. If after some
steps (larger than Y[Z]), the terms of higher-order poles in resulting CHY-integrands keep
growing, then we shall restart the algorithm again, and choose A, to start the decom-
position, etc. The whole algorithm will end in finite steps, with the judgement that all
T[Z'] = 0. Above algorithm can be easily implemented in MATHEMATICA.

3.2 An illustrative example

As a highly non-trivial example to illustrate the above mentioned algorithm, let us consider

the CHY-integrand
1

Is = ) 3.9
219234275 256237 278255 39

with its 4-regular graph shown in figure 5. It can be computed that
T[Zs] =8, (3.10)

and all subsets with x > 0 are list below,

(1,2}, {3,8}, {4,5}, {6,7}, {1,2,3,8}, {1,2,4,5}, {1,2,6,7}, (3.11)
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7 6

Figure 5. The 4-regular graph of an eight-point CHY-integrand.

where X119y = 2 and x = 1 for the remaining six subsets. Let us start from subset {3,8}
and multiply Zg with a cross-ratio identity of s3s.* There are in total 2(8 — 2) = 12
cross-ratio identities for pole s3g, list as follows,

Is[{3,8},3,1], Is[{3,8},3,2], Is[{3,8},3,4], Is[{3,8},3,5], Is[{3,8},3,6], Is[{3,8},3,7],
Is[{3,8},8,1], Is[{3,8},8,2], [Is[{3,8},8,4], 1s[{3,8},8,5], Is[{3,8},8,6], Is[{3,8},8,7].

Each identity contains five terms, so after decomposition we get five terms

2] /[5]

Is = Cll-é[l] + CQIQ + CgIéB] + C4Ié[4] + C5I8 . (3.12)

Let us take for example the first identity for decomposition, and compute the order of poles
of resulting five terms, as

Yz =4, vZP=7, 1 =7, rZM=8, TZ=8. (313

It dose not satisfy the condition that all T[Ié[i]] < 8, so we look for the next identity. It
can be found that the first identity satisfying this condition is I[{3, 8}, 3, 6],> with which
we have

vzt =7, vzP=7, i) =6, I =6, YI=4. (314
This finishes the Round 1 decomposition, and we should go through Round 2 decomppsition
with each Iém going through the strategy, until all resulting terms satisfying T[Ié[z]] = 0.
Below is a table showing the number #[ALL] of resulting terms and the number #[H] of
terms of higher-order poles in each Round decomposition,

Round 1 | Round 2 | Round 3 | Round 4 | Round 5 | Round 6 | Round 7 | Round 8
#[ALL] 5 25 121 613 2779 7543 9914 9922
#[H] 5 25 121 464 615 301 2 0

4According to the algorithm, we have taken the first subset {1, 2} to start the decomposition. However
after 10 rounds of decompositions, we still can not get a result with CHY-integrands of only simple poles.
Then we restart the algorithm with the second subset {3, 8}.

5In fact, among the 12 identities, there are four satisfying the request. But since we only need to find
one identity, we do not need to check the remaining ones when a required one is obtained.
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It can be seen from the table that, after four rounds of decomposition, some resulting
terms are already those of simple poles. After five rounds of decomposition, terms of
higher-order poles start decreasing, until to the round 8 decomposition, where all terms of
higher-order poles are reduced, leaving 9922 CHY-integrands of simple poles. Computing
these 9922 terms via integration rules of simple poles takes a few minutes by MATHEMATICA
in a laptop, and the result is confirmed numerically.

This algorithm can be applied to higher-n scattering process without difficulty. The
efficiency of decomposition mostly depends on the number of terms of higher-order poles in
each round decomposition but not the number n of scattering points. If T of original CHY-
integrand is not very large, the algorithm can be easily finished in a short time. However,
if T is large (for instance T > 10), the decomposition can still proceed, but might take
some time.

4 The A-algorithm and the cross-ratio identities

In the previous section, we apply the cross-ratio identities to the systematic decomposition
of CHY-integrand with higher-order poles. For CHY-integrands with large n and YT, the
resulting terms of simple poles can easily reach a number of millions, hence slow the
computation. For those CHY-integrands where decomposition algorithm is significantly
slow, we can nevertheless combine the cross-ratio identities with A-algorithm, to pursue a
more efficient realization. In this section, we will describe such a combination.

The A-algorithm has been recently developed by one of the authors to compute CHY-
integrands. It has some interesting features as it can support up to three off-shell particles
as well as it factorizes the original graph representing the CHY-integrand into sub-graphs
with less number of vertices by means of an iterative algorithm. Nevertheless, it depends
on the gauge-fixing and it does not work on singular configurations. At some point on the
iterative process one usually reach some sub-graphs containing those singular configurations
and then the algorithm cease to work. Here we show how the A-algorithm is improved by
using the cross-ratio identities on graphs containing singular configurations. In addition,
we find some recurrence relations for particular types of CHY-integrands. Ultimately,
the cross-ratio identities in conjunction with the A-algorithm provide a more efficient and
systematic way to deal with amplitudes with a large number of particles.

4.1 Some notations

For reader’s convenience, let us briefly introduce some notations here, which will be use-
ful in the computation of some non-trivial examples soon after. We define the stripped
Mandelstam variables S,,. 4,, as

m
gal...am = Z kai : kaj s (41)
a;<a;

which equals to the standard Mandelstam variables sq,..q, = (ka, + -+ + ka,,)?/2 when
all k,,’s are massless. We also follow the conventional definition

k;al,..am = kal + kaQ +--+ kam 5 (42)
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and whenever [aq,...,ay] is present in Z(z) or 3, it stands for the punctured point merged
from points {z4,,..., 24, } in graph associated to the massive momentum kq, 4. The
colored notation in [21] which is needed to apply the A-algorithm is adopted,

. Free Vertex O Fixed Vertex (Puncture) by PSL(2,C)
........ Anti-line . Massive and fixed Vertex (Puncture)
........ Branch Cut A Fixed Vertex (Puncture) by scale invariance,

and for details please refer to [21].

All the results obtained from the A-algorithm can be written as a linear combination
of the following fundamental diagrams and its powers

B(a,ble,d) = =

a b

1 1
-+ =, 4.3
Sac  Sad (4.3)
where {ky, k¢, kq} can be off-shell particles. Clearly, B(a,b|c,d) = B(a,bld,c).

It is simple to check, using the &, scattering equation, that

. . = —2% Bla,ble,d), |, .= — 2% B(a,ble,d),
Sab Sad
d d
fsv 2
. = () Badiea, (4.0
Sad

where {ky, k¢, kq} could be off-shell particles.

4.2 A simple example

Before a general discussion, let us start from a simple but non-trivial six-point example
with the following geometry (Parke — Taylor)? @ (Parke — Taylor)? as

T6(1,2,3[4,5,6) = : (4.5)
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where we have set the gauge-fixing so as to avoid singular configurations [21]. All non-zero
allowable configurations for this diagram are given by [21]

2 3 23] 1
1 -

// 1 o= = &6 4
& 4 523 v
\ Q
\\ /,

S~ 5
3 1 [1,3] 2

1 .

I// 2 \\\ = o 6 4 ;
/6 4 S13 v}
\ (
\\ 7

S Y
1 2 [1,2] 3

> 1 -
// 3 \\\ = = 6 4
& 4 53456
\\\ /,

S e

The A-algorithm stops at this step, since we have reached sub-diagrams containing singular
configurations

ZIs(a,blc,d,e) = e c (4.6)

which needs to be rewritten in terms of non-singular sub-diagrams by using the cross-ratio
identities, as we shall explain soon after. Let us remember that in this graph, {kq, ks, kc}
can be off-shell.

First of all, notice that only the £; and &, scattering equations can be used, since the
remaining points are already fixed. Moreover, clearly this graph has a triple pole, 1/ §cze.

So, it is simple to show that using the &; and &, scattering equations one obtains the
following cross-ratio identity

~ ~ ZabRed ~ ZabRce
Scde = Sad < > + Sae ( > ) (47)
ZbcZad ZbcRae

which agrees with (2.18). We can represent the identity above by the graph

a

gcde = gad e./ jb T glle e.{g fb . (48)
-----0Oc [ ] e c
d d

In order to eliminate the triple pole we take the square of (4.8)

_ 2
Scde = Sad
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Therefore, using this identity over the CHY diagram in (4.6), we obtain the expansion

a b

O=——=0
ad ae 2 Sad Sae
+
cde cde cde

These three graphs are computed straightforwardly from the A-algorithm resulting in,

fd (B(d,c|[a,b],e) N B(d, [b,c]|a,e) N B(d,bla, [c, e]))

é
|

»
w

Zs(a, ble,d,e) = (4.10)

2 = = =
Scde Scde Sdea Sce

/\2 Bd7 7b 99 Bd? b? ) Bd7b 9y 9y
B (Bl | Dol | Bbsled)
Scde Scde Sdea Sae

2 54e Sq Sdc
N sﬂsd <_ 54

Scde

% B(d, [a,b]|c,e) — Sdbd B(d, a|[b, ], e ) .
Scde Sd[a,b] Sdea Sda
Hence, the final answer for the CHY-integrand in (4.5) is given in terms of Z5(a, blc, d, €)
by the simple expression

IS([273]?1’475¢6) 15([1a3]72|47576) I5([172]a3‘475 6)

16(1,2,3|4,5,6) = = + o~ + — ’ , (4.11)
593 513 53456

which was checked numerically.

We remark that, for this particular example where we have combined the A-algorithm
with the cross-ratio identities, we solved a total of three CHY-integrands. On the other
hand, applying directly the cross-ratio identities over the CHY-integrand in (4.5), one must
compute ten CHY graphs, So, although the decomposition technique with the cross-ratio
identities is a good method by itself, in combination with the A-algorithm it produces
an even more efficient approach. The simple example above is enough to show how both
methods work out together, and instead of going into harder examples we choose to present
a new recurrence relation that can be obtained from this combination.

4.3 (Parke — Taylor)? @ (Parke — Taylor)? geometry and recurrence relations

In this subsection, we would like to generalize the discussion in previous subsection to a
particular geometry given by two PT? (i.e., PT? @ PT?) CHY-integrands, e.g.,

2 3 23
1 4
! 4 10 5
8 5 6 4
5
9 6 10 g
7 6 8 7 'u (4.12)
We denote this type of graphs by I,ELT;@WF;W (1,...,m|m+1,...,n), where m is the number

of vertices for the first PT? sub-graph and n — m is the number of vertices for the second



one. For instance, the graphs given in (4.12) are denoted as I£}2®PT2(1, 2,3,4|5,6,7,8),
The ®P1%(1,2,3,4(5,6,7,8,9,10) and I3 °77(1,2,3,4,5,6,7/8,9,10), respectively.
Note also that for the graphs in (4.5) and (4.6) one has Z4(1,2,3/|4,5,6) =
I;gQ@PTQ(l, 2,3|4,5,6) and Zs(a,blc,d, e) = I;?@PTQ (a,b|c,d,e), respectively.

It is very well-known that this type of CHY-integrands is highly non-trivial and one can
solve them from the cross-ratio identities.® However, the price to pay is that the number
of CHY-integrands of simple poles to be computed is very large. So, in order to partially
simplify the decomposition procedure, we seek help from the A-algorithm. Nevertheless,
the A-algorithm alone is not enough to obtain the final answer, so we use the cross-ratio
identities but now over smaller sub-graphs. Note that for above particular type of diagrams
with PT? @ PT? geometry, after applying the A-algorithm, the resulting sub-graphs are of
the same type, i.e. PT? @ PT?, or just PT2. This feature suggests a recurrence relation.

So as to find this recurrence relation, let us consider the following ten-point example

where we have chosen a proper gauge in order to avoid singular configurations and we have
drawn all non-zero allowable configurations. Following this example, we can intermediately
deduce the new recurrence relation.

SIn fact, if there is only one higher-order poles, either double or triple pole, the decomposition algorithm
with cross-ratio identities can produce the result instantly for any points.
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By using the notation in appendix C, we make the following definitions. Let o; be the
set of ordered elements given by

o; = {4,5,6,...1+ 3}, where i€ {1,...,m — 3}, (4.14)

and we define og = (). Clearly, o1 = {4}, 02 = {4,5}, o3 = {4,5,6} and so on.
We also denote ©; as the ordered complement of o;, as

O 1= {4,5,6,...,m}\®i, (415)
for example
oo={4,...,m} , ©1={5,...,m}, ciry Opmez=0. (4.16)

With these definitions in mind, the recurrence relation has the form

PP (12, om mA 1, n) (4.17)
T34, m ] 2 m 1) x IR (L 2,m 4 1] B m)
834, ,m,1
. m3 P TEPT (1,12,3,0,0; |m + 1, - ) x IV ([1,05,m +1,...n],2,3,0;)
P $2,3,0,
) ﬂgz;’fj;?ff([1,2,®i],3,®i |m + Lo on) x IPT%(1,2,[3, 05, m + 1,... 0], ;) |
P $3,0;,m+1, n

where remind again that [aj, ag, ..., a,] denotes a massive particle with momentum equal-

ing 37 Ko,
Applying this recurrence relation over the example in (4.13), one obtains (for presen-
tation purpose here we omit the superscript PT? @ PT? and PT?)

IEYOPT(1,2,3,4,5,6,7]8,9, 10) (4.18)
| T4([3,4,5,6,7,1],2(8,9,10) x Tx(1,[2,8,9,10], 3,4,5,6,7)
B 53,4,5,6,7,1

| To3(1,[2.3),4,5,6,7]8,9,10) x Ts([1,4,5,6,7,8,9,10], 2, 3)
52,3
+I573(1, [2,3,4],5,6,7|8,9,10) x Z4([1,5,6,7,8,9,10], 2,3, 4)
52,34
\ Tas(L,[2,3,4,5],6,7]8,9,10) x T5([1,6,7,8,9,10],2,3,4,5)
52,3,4,5
|\ Tss(L,[2,3,4,5,6],7]8,9,10) x Z([1,7,8,9,10],2,3,4,5,6)
52,3456
 To3(1,[2.3,4,5,6,7][8,9,10) x Zr([1,8,9,10],2,3,4,5,6,7)
52,3,4,5,6,7
 To([1,2.4,5,6,7),318,9,10) x Zr(1,2,[3,8,9,10],4,5,6,7)
5$3.8,9,10
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+Igg,([l, 2,5,6,7],3,4|8,9,10) x Zg(1,2,[3,4,8,9,10],5,6,7)

53,4,8,9,10
+I473([1, 2,6,7],3,4,5| 8,9,N10) x T5(1,2,[3,4,5,8,9,10],6,7)
53,4,5,8,9,10
+I573([1, 2,7],3,4,5,6 | 8,?: 10) x Z4(1,2,[3,4,5,6,8,9,10],7)
53,4,5,6,8,9,10

+16,3([172],3,4,5,677!879, 10) x Z3(1,2,[3,4,5,6,7,8,9,10])

53.4,5,6,7,8,9,10

which is the right expression for the configurations given in (4.13). The terms ZF T2, n =
5,6,7, can easily be computed from the recurrence relation in (C.7). Now, the terms
I; gQ@PTQ, Iigz@PW, I; 3T2@PT2 and Ig: gZ@PTQ can be reduced using, iteratively, the re-
currence relation (4.17). In addition, in appendix D we have given the expressions for

these diagrams.

It is important to note that the relation in (4.17) only works for CHY-integrands with
m > 2. In other words, CHY-integrands such as I;Eie;PTQ(l,QB,...,n) with n > 4
under the gauge-fixing as in (4.13) can not be solved just by the A-algorithm, and there-
fore we should proceed to use the cross-ratio identities. The main idea of the recur-
rence relation in (4.17) is to use it to straightforwardly reduce the original CHY-integrand
ZVOPT (12, om, mA 1. n) with m > 2, n—m > 2 to Ty &, ST with 1/ smaller
than n, and then apply the cross-ratio identities. 7

For our particular example in (4.13), we were able to reduce the whole expression
in (4.18) as a linear combination of I;g2@PT2(a, blec,d,e) diagram (see appendix D). This
diagram was solved previously by using the cross-ratio identities, and its answer is given
in (4.10).

For the most general case, we must solve the n = (¢ 4+ 2)-point CHY-integrand

TP (1213,4,...,9+2) = ° 4 (4.19)

where we use the cross-ratio identities for doing it. Similarly as it was done in section 4.2

for the graph I;EQQBPTQ (a,blc,d,e), one notes that this graph has a triple pole, 1/524.._%2.
In order to eliminate this pole, we can use the scattering equations, {€3,&4,...,E42}, to

obtain the cross-ratio identity

q+2 JO

~ ~ 1223

534..q+2 = E Sla < a> ; (4.20)
a=4

223%1a
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which has ¢ — 1 elements. Taking the square of this identity one obtains

q+2
~ ~ 21273 Z12%3b
g%4...¢,~,+2 = Z Sla 51b< a) ( ) (4.21)

293% 2932
bt 23%1a 2321b
a2 219% a2 219% 219%
s 12%3a ~ ~ 12%23a 12%23b
= ZS%G < > +2 Z S1a S1b ( ) ( > , (4.22)
— 223%1a ~ 223%1a 223%21b
a=4 a<b=4

which has a total number of terms, ¢ — 1 + (q71)2(q72) = q(q;l)' Therefore, the CHY-
integrand

TP (1213,4,...,q + 2)

is solved in a straightforward manner by computing a number of q(q72—1) trivial CHY-
integrands.

Finally, noticing that the recurrence relation (4.17) is only a consequence of the it-
erative nature of the A-algorithm, we can build many other relations by using the same
method. The only particularity that need to be satisfied in order to have an ordered recur-
rence is that the graphs under consideration should possess some symmetry such that the
cutting process preserves this “symmetry” for the smaller sub-graphs. For instance, for the
particular case in (4.13), the original graph is build out from two disjoint pieces, and in an
appropriate gauge avoiding singular configurations, all the allowed cuts produce sub-graphs
with the same topology as the original graph. Examples where similar recurrence relations
can be also obtained are graphs of the type (PT2)n = (PT?) @ (PT?) @ --- @ (PT?). Such
CHY-integrands could have very large T, thus it is very necessary to apply A-algorithm be-
fore decomposition algorithm with cross-ratio identity. By solely using the A-algorithm we
will reach sub-diagrams containing singular configurations where the A-algorithm cease to
work and hence stop the recurrence. The remaining sub-diagrams should be then rewritten
by means of the cross-ratio identities in order to either solving them directly by integration
rules of simple poles or by continuing the cutting process of A-algorithm.

5 Conclusion

Based on the extremely simple and efficient method of integration rules for CHY-integrands

with only simple poles [23, 24], we propose a systematic decomposition algorithm by use

of cross-ratio identities, which can be applied to decompose any CHY-integrand of higher-

order poles to those with only simple poles, suitable for evaluating by the integration rules.

The basic idea of the algorithm can be described as follows. For any CHY-integrand with

higher-order poles, we multiply it with identities which are linear combination of terms as
SA ZajazRazay

)
SB Rajaz”azay

i.e., cross-ratios of z;;. The cross-ratios of z;; reformulate the original CHY-integrands of
higher-order poles as new ones with only simple poles which can be evaluated trivially,
while the sp in denominator will compensate the extra degrees of higher-order poles, such
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that the final result still possess higher-order poles. This idea is exactly the same as the
algorithm proposed in [30], but in [30] identities from monodromy relations are used instead
of cross-ratio identities, and we have shown in the appendix B that a decomposition with
the former is far less efficient than that with the later for large number of scattering particles
and complicated higher-order pole structures, due to the fact that the number of terms in an
identity of monodromy relation grows factorially while in cross-ratio identity algebraically.

An eight-point CHY-integrand with one triple pole and six double poles is computed
in section 3, resulting in around 10,000 terms of only simple poles, which summed up
to produce the amplitude by integration rules, with the evaluation time around a few
minutes. The increasing of scattering particles will not affect the computation efficiency
much, but the increasing of higher-order poles will significantly increase the number of
resulting terms, since in order to compensate an extra ﬁ, we need to multiply an
identity with (kK —1)(n—k — 1) terms, and consequently the number of resulting terms will
be about (k — 1)(n — k — 1) times larger. So for CHY-integrands with very large n and
complicated higher-order pole structures, the number of resulting CHY-integrands after
decomposition will easily reach the size of millions, which slows the computation.” In need
of these situations, we seek help from A-algorithm [21, 22]. The A-algorithm rewrites a
CHY-integrand as products of lower-point CHY-integrands, until the resulting lower-point
ones can not be computed by A-algorithm. We show that for particular type of CHY-
integrands, recurrence relations can be deduced to iteratively transform a specific CHY-
integrand into lower-point ones which are easy to compute by cross-ratio identities. The
combination of A-algorithm with decomposition algorithm makes a more efficient method
for evaluating large n-particle amplitude by use of cross-ratio identities.

Some aspects are in the following. The CHY-integrand we consider in this paper is quite
general, with in fact any possible higher-order poles. Thus the decomposition algorithm
is suitable and ready for evaluating Yang-Mills amplitudes and even gravity amplitudes in
the context of CHY-formulation, not only in principle but also in practical. Since the cross-
ratio identities deal with CHY-integrands with higher-order poles, while in [29] Feynman
rules for higher-order poles are conjectured, it would be interesting to investigate if one
can prove those Feynman rules by cross-ratio identities and further derive rules for more
higher-order poles. Another interesting problem considers the recurrence relation by A-
algorithm. We have in this paper presented a recurrence relation for CHY-integrands with
(PT)? @ (PT)? geometry, to iteratively rewrite a CHY-integrand to other specific ones
which are easy to compute. It would be interesting to generalize the study of recurrence
relations to a broader range of CHY-integrands with other complicated geometries where
a direct decomposition algorithm would take too much time.

"Remind that there are many ways of decomposing a CHY-integrand into those with simple poles, and
the number of resulting terms depends on the cross-ratio identities multiplied in each step. A cross-ratio
identity in one step will affect the number of resulting terms as well as the higher-order pole structure in the
next step, while these two factors in together will affect the number of terms in the final step. There is no
clear canonical strategy to balance the effects of these two factors and lead to the minimal number of final
resulting terms. Thus we have chosen the most straightforward strategy, i.e., multiply the first cross-ratio
identity which reduces the order of poles.
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A A practical algorithm to determine the % sign in integration rules

The systematic decomposition algorithm rewrites any CHY-integrand of higher-order poles
as terms of simple poles, and the last step towards a final answer is to evaluate the resulting
CHY-integrands by integration rules of simple poles. This requires a practical implemen-
tation of integration rules. In integration rules, the evaluation in fact contains two parts.
The first is the contributing terms, which can be readily determined by working out the
compatible combinations. The second is to determine the =+ sign of each contributing term,
which is the topic we want to discuss here.
Again let us start from a generic n-point CHY-integrand (3.1), as (assuming here the
canonical ordering, i.e., always i < j),
1
7= — (A.1)
H1§i< i<n %ij
respecting the Mdbius invariance. Assuming that it has m simple poles corresponding
to m subsets A;,;i = 1,...,m of x(A;) = 0. Assuming also that one can construct m’
compatible combinations {Aq,, Aoy, - - -, Aa,_s ), €tc., from m subsets. Then by integration
rule, the result is given by the summation of m’ terms, with each term from a compatible

combination as

Soson ey (A.2)
where s,, = (PA%,)Q, and M, is the so-called inversion factor® [31]. In the original
derivation, the inversion factor is defined under a given gauge-fixing. One need to pick up
a specific gauge and then consider what the inversion factor result. Briefly speaking, once
a gauge is fixed, the inversion factor n,, of a subset A, (avoiding the infinite fixed point)
is the number of factor z; with i € A, and j ¢ A,, and N, is the sum of all n,,, in a
compatible combination. However, the choice of gauge makes it difficult to automatically
compute the inversion factor for any given compatible combination.

8We thank Christian Baadsgaard for explaining the inversion factor to us.
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From the practices , we found that it is not necessary to restrict to a given gauge-fixing
in order to compute the sign. Although the inversion factor is not the same in different
gauges, the parity of N,,, is invariant, while the (+) sign depends only on the parity. In
fact, we can define the inversion factor without referring to any fixed points, as will be
shown in the following.

For a length-n set ¥ = {01, 09,...,0,}, which is a permutation of {1,2,...,n}, the
signature of set ¥ is defined to be (—1)V, where A is the number of times required to
iteratively permute two adjacent elements in order to arrive at the canonical ordering
{1,2,...,n}. For example,

{1,3,2,5,4,6) 223 11,2,3,5,4,6) <25 {1,2,3,4,5,6}, (A.3)

so N = 2. Of course there are many different permutations to do so, but the signature is
invariant. Here we define the weighted signature (—1)N ', where N is the weighted number
of times. For each permutation of two adjacent elements i <+ j, we count the number as 3;;
but not 1, where f3;; is determined by a given CHY-integrand. So for the above example,
we have N7 = a3 + fus, and the weighted signature is (—1)P23151s,

Now we define the inversion factor? for a compatible combination A =
{Aa, Aays -  Aq,, s} of a given CHY-integrand Z(z;;). Define the length-n set ¥ =
{o1,09,...,0,} to be cyclically ordered, i.e., 0;,, and o1 are also considered to be adjacent.
An adjacent subset A, of ¥ is defined to be a subset of ¥ whose elements are adjacent in
Y (but the ordering of elements in A, dose not need to respect the ordering in ¥). For
example, both {09, 03,04} and {09, 04,03} are adjacent subsets of 3, while {01, 09,0,} is
also an adjacent subset, but {02, 03,05} is not.

A cyclically ordered length-n set ¥ = {o1,09,...,0,} is said to be the parent set of
a compatible combination {Aa,, Aasy, .-, Aa, 5} if all subsets A,,’s are adjacent subsets
of ¥. Provided we have already found a parent set ¥ of a compatible combination A,
then the inversion factor N, of A is defined to be the weighted number N for permuting
Y ={o01,09,...,0,} to canonical ordering {1,2,...,n}, and the sign of the term associated
to the compatible combination A is nothing but (—1)"+1*Nimv — (—1)"+14+N" proportional
to the weighted signature of parent set 3. Of course, there will be more than one cyclically
ordered sets which could be the parent set of a given compatible combination. Although the
weighted number N’ of them are different, the parity of A/’ is invariant, so is the weighted
signature. In this case, we only need to find one parent set for a compatible combination,
and compute the (+) sign with it.

For a given compatible combination A = {As,, Aas, .-, Aqa, 5+ of CHY-integrand
Z(zij), now we shall find its parent set. Naively, one can generate all the permutation
sets of {1,2,...,n} in MATHEMATICA, and select one set which is the parent set of A.
However, the number of permutation sets grows factorially with n, so it is practically not
efficient. We propose the following strategy to construct a parent set of A. Remind that
any two subsets in a compatible combination satisfy compatible condition, i.e., they should

9Note again here without referring to any gauge, which is different from the definition in [31].
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be nested (Aq; U Aa; = A, or Ag,) or disjoint (Aa, () Ao, = 0). The strategy starts from
B ={Aa},

o If A,, is disjoint with A,,, it will be included to get B = {4q4,, Aa, },

!/

«, » and consequently

o If A, is nested with A,,, we will replace A, with a new subset A
B ={A,}.

— In the case that Ay, C Aa,, we can define A, = Aq, + C[Aqa,, Aq,],"" where
C[Aq;, Aqa,;] denotes the complement set of A,,; with respective to A,,, i.e., a set
whose elements are in A,, but not Aaj. This construction is to ensure that A,
as well as A,, are the adjacent subsets of a parent set.

— In the case Aq, C Aq,, we can define A}, = Aq, +C[Aq,, Aa,)-

After A,, is done, we continue to A,,, where now we should consider A,, to be nested or
disjoint with all subsets in B from previous step. For example, if in previous step we get
B ={A,,,As,}, then

o If A,, is disjoint with both A,,, As, (any subsets in B), we renew the set as B =
{Aa1 ’ AOLQ? Aag}u

o If A,, C A,, (here i =1 or 2. Because from the construction, the subsets included
in B are always disjoint with each other, so A,, could only be a subset of either A,,
or Ag,), we define Af,. = Ay, +C[Aq,;, Aas), and renew the set as B = { A, |, A, } or
B = {AanAixz}a

o If any subsets in B are subsets of A,

— If only one subset in B is a subset of the one under consideration, explicitly here
An; C Agy (i =1 or 2), we define A}, = An, + C[Aas, Ag,], and renew the set
as B ={A, ,Aq,} or B={Ay,, A}

(eSS
— If more than one subset in B are subsets of the one under consideration, explicitly
here A,, C Aq; and Ay, C Ag,, since A,, and A,, are disjoint, we can define
a new subset
Alal = Aal + AOLQ + C[AOég)Aal + Aocg]

to replace Aq,, Aa,, and renew the set as B = {A], }.

With such strategy, we can enlarge set B until the last A,, , in the compatible combination
is considered. The subsets in B are by construction disjoint to each other. Assuming
B ={By,Bs,...,B}, a parent set of compatible combination A can then be given by

S=Bi+Ba+-+Bp+C (A.4)

k
{1,2,....n}, | Bx
=1

104, + A, stands for a new set with elements from A; followed by elements from Az, keeping the ordering.
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The construction of parent set is already done, but we can go a step further. Because of
the cyclic invariance, we can always fix 1 in the first position of ¥ as the convention. All
above operations can be easily implemented in MATHEMATICA.

It is better to understand above algorithm with an example. Let us consider the
following six-point CHY-integrand with non-trivial numerator

214%35
T = 5 > (A.5)
212213215216223224226234 215756

where explicitly, we have

frza=1, Biz=2, Pu=-1, pis=1, Bie=1, Baz=1,
Poa=1, Pas=1, [za=2, B35 =—1, Pas=2, Pss=2, (A.6)

and all others zero. It has six subsets of simple poles {1, 3}, {3,4}, {4,5}, {5,6}, {1,2,3},
{1,5,6}, and from them we can construct three compatible combinations as

Bl = {{1a3}a {435}7 {172a3}}7 BQ = {{1,3}, {576}7 {172a3}}7 83 = {{3a4}7 {576}7 {175’6}}
(A7)

Following the strategy, we have

consider {4,5} consider {1,2,3}
e

By: {{1,3}} . {{1,3},{4,5}} ' {{1,3,2},{4,5}},
By {{1,3}} consTder {5,6} (1,3}, 5,61} consTder {1,2,3} ({1,3,2},{5,6}} ,
Bs: {{3,4}} consider {5,6} (3,4}, {5,6}} consider {1,5,6} (3,4}, 5.6,1}} .

So we can construct the parent set {1,3,2,4,5,6} for {{1,3},{4,5},{1,2,3}}, parent
set {1,3,2,5,6,4} for {{1,3},{5,6},{1,2,3}}, and {3,4,5,6,1,2} = {1,2,3,4,5,6} for
{{3,4},{5,6},{1,5,6}}. Since

{1,3,2,4,5,6} 2% {1,2,3,4,5,6},

{1,3,2,5,6,4} 2% {1,2,3,5,6,4) 2% {1,2,3,5,4,6) =% {1,2,3,4,5,6},

and the last one is already in canonical order, we have

N =B =1, NZ =B+ B+ 85=3, NI =o0. (A-8)
The sign of each term is given by (—1)6+1+Ni[ri]v, so we get the correct result
1 1 1
— (A.9)

5135455123 5135565123 5345565156

Before end, let us present an example of the parity invariance of inversion fac-
tor. Consider again the afore-mentioned example and the compatible combination
{{1,3},{4,5},{1,2,3}}. Among the 6! = 720 permutation sets of {1,2,3,4,5,6}, there
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are 96 sets which could be the parent set of A. Restricting to the convention that 1 is
always placed in the first position, we still get 16 parent sets as

{1,2,4,6,5,3}, {1,2,5,4,6,3}, {1,2,5,6,4,3}, {1,2,6,4,5,3},
{1,3,2,4,6,5}, {1,3,2,5,4,6}, {1,3,2,5,6,4}, {1,3,2,6,4,5},
{1,3,4,6,5,2}, {1,3,5,4,6,2}, {1,3,5,6,4,2}, {1,3,6,4,5,2},
{1,4,6,5,2,3}, {1,5,4,6,2,3}, {1,5,6,4,2,3}, {1,6,4,5,2,3}.

The inversion factors N, are consequently
Nuw=1,3,3,51,3,3,5,3,5 573,55 7, (A.10)

which are all odd integers. Similarly, for compatible combination {{3,4}, {5,6},{1,5,6}},
there are in total also 16 parent sets requiring 1 in the first position, as

{1,2,3,4,5,6}, {1,2,3,4,6,5}, {1,2,4,3,5,6}, {1,2,4,3,6,5},
{1,3,4,2,5,6}, {1,3,4,2,6,5}, {1,4,3,2,5,6}, {1,4,3,2,6,5},
{1,5,6,2,3,4}, {1,5,6,2,4,3}, {1,5,6,3,4,2}, {1,5,6,4,3,2},
{1,6,5,2,3,4}, {1,6,5,2,4,3}, {1,6,5,3,4,2}, {1,6,5,4,3,2},

and the inversion factors for them are respectively

Niw =0, 2,2, 4,2, 4, 4,6, 2 4, 4,6, 4,6, 6, 8, (A.11)

which are all even integers. Thus the parity invariance of inversion factor is clearly shown.!!

B The identities from monodromy relation and cross-ratio identities

In [30], an identity for generic pole s;...;; is constructed from monodromy relations, as'?

PT(I, O1y.++5,0n-2, TL)
Id =— o
{1,....k} - E: PT(1,...,n)s1..k Stk ”E: _%ma’
ceOP({2,....k}, {k+1,...n—1}) {i,i}oi>0;

(B.1)
where OP(A, B) denotes the sets from ordered permutation of two sets A, B, i.e., all
permutations among A, B while keeping the ordering of A and B respectively, excluding
the trivial one {2,3,...,n —1}. PT(1,2,...,n) denotes the Parke-Taylor-like factor

1
PT(1,2,...,n) = (B.2)

212223 * " Zn—1,n4nl

The fact that similar monodromy relations exist in CHY-integrands as those in string
and gauge theory amplitudes is itself very interesting, while practically the identities

11 Although this is confirmed by numerous computations, we should remark that there is not yet a proof
on it.
12A derivation of the relation can be found in [32].
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from monodromy relations can be applied to the decomposition of CHY-integrands with
higher-order poles. In fact, the systematic decomposition algorithm proposed in section 3
can as well proceed with the identities of monodromy relations as input, without any
practical modifications. Here we shall briefly compare the decomposition algorithm with
these two kinds of identities.

As mentioned, in a n-point scattering system, for a generic pole s;4,...;,, there exists
k(n—k) cross-ratio identities. The cross-ratio identity is almost symmetric, invariant under
permutations on A\ {j} and A\ {p}. While for the identity of monodromy relation (B.1),
because of the ordered permutation 67\7(A,B), each ordering of A, B would define an
identity for pole s; iy..i,. S0 naively, one would expect kl(n — k)! different identities of
monodromy relations for a pole s;,4,...;,. However, as far as there are enough identities to
choose, this will not affect much the efficiency of decomposition algorithm.

The most important point related to the efficiency of computation via decomposition
algorithm is the number of terms in an identity. Especially for the CHY-integrands with
large n and large T order of poles, the number of resulting terms of simples poles is very
sensitive to the number of terms in identities. Furthermore, the more terms in an identity,
the more troubles we would meet, since the chance of producing CHY-integrands with
other higher-order poles will increase. For s; ;,...;, pole in n-point scattering, the number
of terms in the identity of monodromy relation (MR) is

(n—2)!

MR| = -1 B.
#MRI = ik Y (B3)
while the number of terms in the cross-ratio identity (CR) is
#[CR]|=(n—k—-1)(k—1). (B.4)

It can be seen that (B.3) grows factorially while (B.4) grows algebraically. This matters
a lot in the decomposition algorithm. For example, below is a table listing the number of
terms in the identity of pole s;,4,...;,, when n = 16,

k 2 3 4 5 6 7 8
#[MR] | 13 90 363 1000 | 2001 | 3002 | 3431
#[CR] | 13 24 33 40 45 48 49

Although for pole s;,;,, there is no difference, when considering a CHY-integrand with
higher-order pole s;,;,...;, for large k, the difference becomes dramatic. For example, let us
consider a 16-point CHY-integrand

1

2 .2 .2 .2 .2 2 3 3 3 2 2 2 2 2 )
212%23%34745%56%67778%9,10%10,11711,12712,13%13,14714,15%15,16718%89%9,16 21,16

Tig = (B.5)

with its 4-reqular graph as shown in figure 6. It has a double pole s12345678, and a multi-
plication of cross-ratio identity

Il6 = Il6 X Hlﬁ[{1,2,3,4,5,6,7,8}, 1,9] (B6)

instantly produces 49 terms with simple poles. While for identity of monodromy relations
the decomposition is much more difficult, leading to 3431 terms.
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Figure 6. The j-regular graph of a 16-point CHY-integrand.

C (Parke — Taylor) x (Parke — Taylor) geometry and its recurrence re-
lation

In this section, let us consider the basic two-cycle CHY-integrands given by
(Parke — Taylor) x (Parke — Taylor) = PT?,

i.e., graphs such as the following examples,

4 (C.l)
and
1
6 2
5 3 \}
4 - (C.2)
and
1
7 2
6! 3 6
5 4
(C.3)

Although they can be computed trivially by integration rules of simple poles, let us repeat
here by the means of recurrence relations of A-algorithm, with similar idea that can be
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generalized to other recurrence relations of more complicated geometry. Clearly, the num-
ber of all possible non-zero allowable configurations is (n — 2). From the A-algorithm, it is
very well-known that each cut splits the original graph into two sub-graphs, which are of
the same type, i.e., (Parke — Taylor)?.

Before writing this new recurrence relation, we give some definitions which will be
useful. Let o; be the set of ordered elements given by

o; :=1{5,6,7,...i+4}, where i€ {l,...,n—5}, n>5, (C4)

and we defined op = (). Note that 01 = {5},02 = {5,6} and so on. We also denote B; as
the ordered complement of o;

61‘2:{5,6,7,...,71—1}\01', (05)
for example
60:{5,...,71—1}, 61:{6,...,71—1}, RN On_5=10. (CG)

With these definitions, the recurrence relation'? takes the form,

7PT2(11,2],3, ..., 7PT2(1,12,3], ...,
P (1,2,...,n) = w1 (I1:2) ")y Tooid 23] o) (C.7)
S834...n S4...n1
. "i IR 1(1,2,[3,4,0,0,n) x ZEE ([04,n, 1, 2], 3,4, 0;)
s g34®1‘ ’
=0
where
ISPTQ(a,b,c) =1,
which is the 3-point function. It is very important to note that
777(1,2,3,4) = B(4,2]1,3) . (C.8)

Finally, from the CHY-integrands given in (C.1), (C.2), (C.3) and the recurrence rela-
tion in (C.7), it is simple to check the five, six and seven-point examples

IPT*([1,2],3,4,5)  ZPT*(1,[2,3],4,5)  ZPT*(1,2,[3,4],5

1P (1,2,3,4,5) = 74 (L2345) Ty (1L2345)  Zi (L2BALS) )

5345 5451 834

7P7T*([1,2],3,4,5,6)  IPT*(1,[2,3],4,5,6) ZPT*(1,2,[3,4],5,6

IGPTQ(L273,4,5,6): 5 ([L]v ) Ey Jy )+ 5 (al: ]7 ) )+ 5 (7:[) ]7 y )
53456 54561 534

+L{’T2(1,2, 3,4,5],6) x ZFT*([6,1,2],3,4,5) (©.10)

5345 ’ .

13Let us remember that the A-algorithm is an iterative process.
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and

7P ([1,2],3,4,5,6,7) IgT2(1,[2,3],4,5,6, 7)
834567 845671
IPT2(1 2,[3,4],5,6,7)
534
ZPT2(1 2,13,4,5),6,7) x I¥™*([6,7,1,2],3,4,5)
5345
+Z}fT2(1,2, 3,4,5,6],7) x ZPT*([7,1,2],3,4,5,6) .

53456

I%DTQ(L 27 37 47 57 6, 7) =

(C.11)

. PT2 PT? PT2 PT? PT2 PT? PT2 PT?
D Recurrence relation for I © I © I © and I &

In  this  section, we  provide the results for the CHY-integrands

2 2 2 2 2 . . .
IPT opPT IPT opPT IPT ®PT? and IPT ®PT? which are needed in order to obtain

Y

the final expression of (4.18). Applying the recurrence relation given in (4.17) one obtains

2 2
Iy P (o3, 01), 02|04, 05, 06)

2 2
Iy3 P (01,02, 03|04, 05,06) = .=
So301
2
IPT ®PT? (Ulu [0-2)0-3”0-4)0-5’0-6)

%_

80203

2 2
+IPT ®PT ({31’02],03|04,0’5,0’6) , (D.l)

So3040506

and

2 2 2
I T2€BPT2( IQP;F erT ([03,04,01],02|05706,07)XI};T (01, [02,05,06,07],03,04)
4

01,02,08,04|05,06,07) = —

5030401
2 2 2

Iy3 O (01, [02,03]04]05,06,07) X I3 © ([o1,04,05,06,07],02,03)

80'20'3

2
Ié’g ®PT (01, [02,03,04]|05,06,07) X Ty © ([01705706,07] 02,03,04)

Soy0304

2
05706707) X I}ET (013027 [03705706507]504)

2 2
I35 " ([o1,02,04], 03

Sogoso607

2 2 2
Iy3 P ([01,02]03,04l05,06,07) X I3 (01,02, |05, 04, 05,06, 07])

, (D.2)

ga'g 04050607
as well as

2 2
IPT @PT (0.1’0-2’0-3’0’4,0'5|0'670_7,0_8) (D?;)

2 2
IPT ®PT? ([03704;0—530—1]702|0—670—770—8) X IEE)T (Ulv [02;0—630—770—8]a0—370470—5)

So3040501

2 2 2
IPT SPT (0—17 [02303}0470—5|0—6a0—770—8) X I%.)T ([0—170—4705a0670—7a0—8}702;0—3)

80203

2 2 2
Iy P (01, [02,03,04], 05|06, 07,08) x IYT ([0, 05,06, 07,08], 02, 03, 04)

Soa0304
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+I;§2@PT2 (01,02, 03,04, 05|06, 07,08) X I§’T2([a—1,06, 07,08],02,03,04,05)
Soy030405
+I§,§2®PT2([01>U%04705]»03|0670770’8) X TP (01, 09, [0, 06, 07, 08], 04, 75)
803‘760’708
+I§,§2®PT2([0170%Us}>03704|0670770’8) X IY™ (01, 09, [0, 04, 06, 07, 78], 75)
Sogo4060708
+I£§2®PT2([J1,02],03,04705|06,07,08) X I§T2(01,027 [03,04,05,06,07,08)) 7
S050405060708
and
I(Egz@PTQ(Uh02703»04,05706|07,Us,0’9) (D.4)
;g2®PT2([USaU4»U5»UGaUl]»2 |o7,08,09) X I(I;TQ (01,02, 07,08,09],03,04,05,06)
Ig,gZ@PTz(Uh [02,03],04,05,06 | 07,08, 09) X I§T2([01,U4,05,06707,08,09}702,03)
Soa0
_i_If,gZ@PTQ (01, [02,03,04], 05,06 | 07, 08~709) X IETQ([01,05, 06,07,08,09],02,03,04)
So20304
+I§,§2@PT2 (01,[02,03,04,05],06 | 07,08,09) X I5PT2([01,06, 07,08,09],02,03,04,05)
Soy030405
+I§,gQ®PT2(Ula [02,03,04,05,06] | 07,08, 09) X IgTz([ULU%U&0'9];0'230'3704705706)
80203040506
I§g2@PT2([0’1,O’2,04, 05,06],03 | 07,08,09) X IgTQ (01,09, [03,07,08,09],04,05,06)
Sooros09
I§g2@PT2([01702,05a06}»03»04|U7708709) x IET (01,09, [03, 04, 07, 8, 00, 75, 06)
Sos04070509
IEEQ@PTz([Ul,Jg,Jﬁ], 03,04,05 | 07,08,09) X I}ETQ (01,09, [03,04,05,07,0s, 09, 06)
§030405070809
Iggz@PTz([Ul,ag], 03,04,05,06 | 07,08,09) X IgTQ (01,09, [03,04,05,06,07, 08, 09])

§0'30'40'50'60'70'80'9
These results are checked numerically.
Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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