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s = 1 Maxwell vector, s = 2 Weyl graviton and their higher spin s = 3,4, ... counterparts
with higher-derivative [1° kinetic terms. The interacting action for such theory can be
found as the coefficient of the logarithmically divergent part in the induced action for
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vanish. This generalises the vanishing of the scattering amplitude for external conformal
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in the conformal scalar scattering case should be a consequence of the underlying infinite
dimensional higher spin symmetry that extends the standard conformal symmetry.
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1 Introduction

Conformal higher spin (CHS) theory [1-7] is a remarkable example of a formally consistent
(gauge-invariant, though higher-derivative and thus non-unitary) higher spin model that
has a local action with a flat-space vacuum and one dimensionless coupling constant.

It is naturally associated with another consistent higher spin theory, i.e. 2-derivative
massless higher spin theory in AdS space of one dimension higher. Starting with a free
complex scalar equation in 4 dimensions' 9%¢ = 0 one gets an infinite tower of conserved
traceless totally symmetric higher spin currents Js = ¢* Jsp, Js ~0°+..., s=1,2,...,00
that generalize the spin 0 primary operator Jy = ¢p*p. The conserved charges generate an
infinite dimensional symmetry algebra of the free scalar equation [8, 9] that is associated to
a collection of conformal Killing tensors. The CHS theory may be viewed as a gauge theory
of this higher spin global symmetry. A closely related approach is based on interpreting

In this paper we shall concentrate on the d = 4 case but most of our discussion may be generalised to
even d > 4.



CHS fields as “sources” for the currents .J; that then inherit the linearised gauge invariances
oh
Weyl symmetry of the conformal gravity. Starting with free U(NN) complex scalar CFT,

1t = O €uonpis) T Mz Xuis...ns) Which generalise the usual reparametrisations and

adding source terms hgJs to the free action dp*0dp and integrating over ¢ one finds for the
generating functional of correlators of the currents J,

I'[h] = N logdet (82+Zhsjs>, T ~ 0°. (1.1)

From the vectorial AdS/CFT point of view [10] the 4d currents Js are dual to massless
higher spins in AdS5 and the generating functional I'[h] should then be equal to the on-shell
value of the AdS action with hg being the boundary values of the higher spin fields in AdS.

One can then obtain a local gauge-invariant action for the CHS fields hs by identifying
it with the logarithmically UV divergent part of the “induced” action (1.1) [3-5]

(1.2)

log A

S[h] ~ logdet <62 + Z hs js>
1
~ gZZ/déLx(hsakhs_i_aerserss2h81h52 h83+851+52+53+s474h81 h52h53h54+ .. ) .

Here we introduced an arbitrary dimensionless coupling constant g and indicated symboli-
cally the overall powers of derivatives in the kinetic and interaction terms that follow from
dimensional analysis. Indeed, as the 4d scalar ¢ has mass dimension 1, the current J, has
dimension 2 4+ s and thus the corresponding source field hs; must have the “shadow”-field
dimension Ay = 2 — s (i.e. 1 for vector field, 0 for conformal graviton, etc.). This then
determines the derivative structure of (1.2).? In particular, the presence of 2s derivatives
in the kinetic term in (1.2) is consistent with both the above linearised gauge invariance
Shs = Oes_1 + Macvs—o and the locality of the action.?

In addition to the linearised gauge symmetry and the standard conformal symmetry the
CHS action should be invariant under the full infinite dimensional CHS symmetry [4] whose
global part is the symmetry of free scalar 4d Laplace equation. This large symmetry should
provide strong constraints on the corresponding classical and quantum theory. For example,
for fixed spectrum of the CHS fields the action (1.2) should be essentially unique (modulo
field redefinitions)* and thus renormalizable. In view of the conformal symmetry being
gauged here it should actually be UV finite, provided the theory is quantum-consistent,
i.e. there are no conformal and higher symmetry anomalies. An indication of a hidden
simplicity of the CHS theory is the vanishing of the regularised total number of its degrees

2The fact that the powers of derivatives are directly correlated with the values of the spins in the vertex
(which is a consequence of the underlying conformal invariance) is an important simplifying feature of this
theory compared to the AdS higher spin theory and a hypothetic 2-derivative massless higher spin theory
in flat space that both contain a dimensional parameter.

3The kinetic term should contain the transverse traceless spin s projector IT, that is given by products
of s factors of I14 = 65 — % and thus I1,0% is local.

4Starting instead from a free scalar CFT with a free spinor or free Maxwell vector CFT one gets a
different spectrum of conserved currents and thus a different “induced” CHS theory.



of freedom, or, equivalently, the triviality of the free (one-loop) partition function in flat
space [11]. This partition function vanishes also on 4-sphere implying the vanishing of the
Weyl anomaly a-coefficient [12, 13] (which is also in agreement with a triviality of the 1-loop
correction to the massless HS partition function as required by the AdS/CFT [14]).5 Similar
vanishing was also found (under some natural assumptions) for the 1-loop Weyl anomaly
c-coefficient [11, 13-15]. As the Weyl symmetry is one of the CHS gauge symmetries, the
same anomaly cancellation may apply also to all algebraic CHS gauge symmetries.

The global part of the CHS symmetry should also strongly constrain other “observ-
ables”, e.g., the analog of the S-matrix involving exchanges of the CHS fields. Indeed,
it was found in [16] that starting with a free external scalar field coupled (via the above
current [ d*z hgJs interaction) to free CHS fields with the action [ d*z ", hy 15 0**h, and
computing the 4-scalar tree level scattering due to the exchange of the tower of CHS fields
one finds that while the individual spin s exchange contributions are non-trivial, their sum
over all s = 0,1,2,... vanishes. This vanishing can be understood [16] as a consequence
of the CHS global symmetry of the coupled theory (in particular, the “hypertranslations”
S = et11s09,, ... 0, ¢ and scale invariance).

The aim of the present paper is to show that this triviality of the 4-particle scattering
amplitude is found also when the external scalars are replaced by the CHS fields themselves
with cubic and quartic interactions given by (1.2). We shall consider few particular exam-
ples of the CHS 4-particle scattering amplitudes (4-vector, 4-graviton, etc.) and find that
after summation over all exchanged conformal higher spins the total amplitude vanishes.
This cancellation is rather non-trivial and like in the external scalar amplitude case [16]
should again be a consequence of the underlying higher spin global symmetry of the theory
(and should thus be a manifestation of a “generalised” Coleman-Mandula theorem). This
suggests that the full “S-matrix” of the CHS theory should be trivial.®

To be able to compute scattering amplitudes of CHS states one needs first to determine
the precise structure of vertices in the “induced” action (1.2). For that one needs to find the
logarithmically divergent (or % pole in dimensional regularisation) terms in the one-loop
scalar loop diagrams with the two, three or four current Js insertions. We shall choose the
external hy legs to be in the transverse traceless gauge.” Having found the relevant terms in
the action (1.2) we will define the 4-particle scattering S-matrix as the amputated tree-level
Green’s function (i.e. the sum of the exchange term and contact vertex >——< + ><)
contracted with particular on-shell asymptotic states. For s = 1 vector the asymptotic
states are the standard helicity 41 states, while in the s > 1 case with the free equation
(in TT gauge) 0**hs = 0 describing total of s(s+ 1) dynamical degrees of freedom one may
choose a special solution corresponding, e.g., to the standard massless helicity +s field.®

5The definition of the sum over spins requires a particular prescription that should be consistent with
the underlying symmetries [11, 15].

6As we are dealing with a non-unitary higher derivative theory containing an infinite number of fields
some assumptions of the standard Coleman-Mandula theorem may not directly apply. In particular, the
definition of the scattering matrix for higher-derivative fields requires clarification, see below.

"This avoids, in particular, the explicit discussion of field redefinitions eliminating the traces.

8For example, in the case of the Weyl graviton one can always solve the linearised Bach equations by
imposing the linearised Einstein equations. One may also consider other special choices of solutions of §*
equations as asymptotic states.



Before turning to the discussion of higher spin terms in (1.2) let us first recall the
structure of the non-linear terms for the low (s = 0,1,2,) spins only. Instead of starting
with the scalar action involving only the linear coupling to the background fields hg, h1, ho
(which here we assume to be subject to T'T condition and drop total derivatives)

. * 1 v *
L=—-0,0"0"p+>  hep" Tsp = 0" "o+ hog" p+ihtp Oup+5h" Oup*dypt... (1.3)

s

let us start with the standard manifestly (U(1), reparametrization and Weyl) covariant

!/

w» vector field

coupling of a complex scalar field to the background metric g,, = 1., + h
h), and a scalar hy, i.e.

v * 1 . i
I= /d“x\/ﬁ[—g“ D™Dy + <h6 - 6R> @ 4 ; Dy = Oup + §hiﬂ’- (1.4)

The log UV divergent part of the resulting scalar determinant (cf. (1.1)) is given by the
standard covariant Seeley coefficient expression (we ignore unimportant overall constant
related to coupling g in (1.2))?

1 1
S[ 67 /17h/2] = /d4$\/§<h62 - ﬂF/ﬁ/ + GOC,ZVAp) ) (15)

where F),, = d,h;, — 0,h), and C is the Weyl tensor for g,,. Since the fields hj in (1.4) are

pv

related to hg in (1.3) by a local non-linear redefinition

1 1
0 = ho+ phuh" + %(&hwc‘ﬁh“l’ + 2N, DR + 20\hy OFRN) + ... (1.6)
1 1 1 1 1
hit = hN —+ ihuyhy -+ Zhuuh’/}\h}\ + ... 5 h‘/uu = ih;uj + Zh,u)\hz)/\ - Eanh)\ph)\p +... )
expanding (1.5) we may thus read off the cubic and quartic couplings of the original
ho, hy, by, fields in (1.2). In particular, using (1.6) we find that the scalar-vector sector
of (1.5) takes the form

4 1 ? 1 2
S[ho,hl] = /d :L‘|: (ho + Zhﬂh“ — ﬂFMV . (17)

Thus the simplest cubic and quartic vertices are 011 and 1111. We also conclude, in
particular, that the contribution of the hy exchange to the 4-vector scattering amplitude
cancels against the 4-vector contact vertex. As there is no 3-vector coupling, the full
4-vector tree-level amplitude should thus be given by the sum of all exchanges of CHS
fields with s > 2 and happens to vanish as we will find in section 3. Similarly, the 112
vertex is related to the one in the Maxwell-Weyl theory, the 222 and 2222 vertices are
related to those in the Weyl theory, etc. Thus the contribution to the 4-graviton amplitude
computed from the s = 0,2 exchanges and the 2222 vertex should be the same as the

9Note that this action may be interpreted as the bosonic sector of N’ = 1 conformal supergravity action
with h{ playing the role of the auxiliary field.



4-graviton amplitude in pure Weyl theory (that happens to vanish). The contributions of
all s > 2 CHS exchanges vanishes separately as we shall demonstrate in section 5.

This paper is organised as follows. In section 2 we shall present the results for some
cubic CHS vertices (relevant for the computation of spin 1 and spin 2 scattering amplitudes
below) from the UV singular parts of the scalar loop integrals, with some details relegated
to appendix A. In section 3 we shall compute the 4-vector scattering amplitude and demon-
strate that after summing over all CHS exchanges it vanishes. We shall then observe in
section 4 that the conformal higher spin exchange amplitudes should have the same general
structure as the partial wave amplitudes in the representation of [17]. In section 5 we shall
find that the scattering amplitudes 22 — 22 and 11— 22 involving conformal gravitons do
have this expected structure and they also vanish once one sums up all intermediate CHS
exchanges. Some concluding remarks will be made in section 6. In appendix B we shall
independently verify the vanishing of the 11— 11 amplitude at special kinematics (back-
ward scattering) and find that this vanishing appears to generalise to the case of jj — jj
scattering with all j = 1,2, 3, ... supporting our conjecture that the full 4-particle S-matrix
in CHS theory should be trivial. In appendix C we shall give the general derivation of the
expression for the CHS spin s exchange contribution to the 11 — 11 amplitude.

2 Vertices in induced conformal higher spin action

To be able to compute the CHS scattering amplitudes we should first determine the relevant
cubic and quartic terms in the “induced” action (1.2). We shall use the following notation
for totally symmetric tensors: J,,s) = Jy,. u, and also 9,5 = 9y, ... 0y, Our starting
point will be the complex scalar Lagrangian in external CHS background (see, e.g., [5, 16]
and refs. there)

L= —0up o+ Y Ty B, (2.1)
s=0
02051 s (5 (2
Tu (@) = 55 2 (k)( s )Gu(sw (22)
k=0

k *

Gy = |0 =)y 0+ Dsnpl@) 7| . (2.3)
where the low-spin currents Ju(s) are

J =, Juzi(wauso—w@uw),

1 1 (2.4)
T = & {@w Ovp" + 0up O™ — S (0" 0B + ‘Pauau@*)} :

The vertices in the CHS action (1.2) may be thought of as originating from the coinciding-
point limits of the current correlators in the free scalar CFT (Jg, (z1) ... Js, (zn)) |xi_m and
can be found in coordinate space using, e.g., differential regularization [18]. Here we shall
use momentum space representation and dimensional regularisation (d = 4 — ¢) and define



the classical CHS action S[h| as in (1.2), i.e. as the UV pole part of the one-loop scalar ¢
effective action: )

I'h] = m S[h] + finite. (2.5)
In general, the CHS action should contain an arbitrary dimensionless constant g as in (1.2)
that will then appear as g2 factor in the resulting 4-particle tree-level amplitude; in what
follows we shall ignore this universal overall factor, i.e. set g = 1.

We shall also assume that the background fields hs = hy(,) in (2.1) are transverse
and traceless (TT) as this will be sufficient for the subsequent computation of the on-shell
scattering amplitudes.'? Note that in this case we may integrate by parts to write the
interaction terms as h*.J, — th**0,p, h*J,, — %h“”@#(p* L or —%h“”(p*@uaycp, etc.
In general, for TT fields the hs(p’ — p)*(—p')p(p) vertex in momentum representation
reduces simply to

1
Vu(s) (p) = Ep,tu *Pus s (26)

where p is momentum of the ¢ leg. We can then compute the UV singular part of the
scalar loop diagram with two V() insertions

k

k+p

We then find that the kinetic term in the CHS action (restricted to TT fields) is given by!!

1 4 s s
SQ[h] = _022 m /d .’EhH(S)D h'u( ). (2.8)

To determine the cubic hg, hs,hs, couplings in the CHS action (1.2) we are to compute the
UV singular part of the one-loop scalar diagram with three (spin s, sy and s3) current
vertex (2.6) insertions

h(-p;-p,)

h(p,) h(p,)

k+p;

°Tn contrast to usual massless Fronsdal HS fields (where one can only fix transverse or de Donder gauge
off shell) for the conformal higher spin fields the gauge symmetry involves both the differential and the
algebraic symmetry allowing one to fix TT gauge, and this leads to substantial simplifications.

"The relative normalisations of the first s = 0, 1,2 terms here are the same as in (1.5), (1.6): note that
R} = guw —Nuw in the manifestly covariant action (1.4) is given by hj,, = $hy, +. .. in terms of hy, in (2.1)
so that C,\, = 2R7, + ... — K" OPh, — $h*' O hu,.



As each spin s vertex involves s derivatives, the parity invariance implies that the resulting
interaction is non-zero only if s; 4+ s2 + s3 = even. One can also show (using that hs is
subject to the TT condition and dimensional analysis) that 0-0-s interaction vanishes for
all S, i.e. Sg[ho,hg, hs] =0.

For s;1 = so = 1 the interaction 1-1-s is non-zero only if s is even. Written in coordinate
space the corresponding cubic interaction in the CHS action (1.2) (restricted again to TT
fields) is found to be (see appendix A)!?2

(_1)8/2 4 np,p(s) Iz vp(s—1)
Sslh1, hy, hs] = G12) d*x | Op(syhyh* R — 2Ry, O D51y hu b (2.10)

—0 DN hyps2) = 507 DO hys) = 507 DHIOR By

This vertex has total of s derivatives in agreement with the general structure of the CHS
action (1.2). In particular,

1
Ss[hi, hi, ho] = 2/d4x huh*ho (2.11)

is in agreement with (1.5), (1.7). We may also compute the 4-vector quartic vertex from
the UV pole part of the diagram

u A%
(2.12)
o p
getting, in agreement with (1.7),
1
Sylh1,h1, hi, hi] = o /d4x(huh“)2. (2.13)

The vector-vector-graviton coupling in (2.10)

Sslh1, h1, ho] = 2—14 /d4x [(%hu Os W' hP? — 20,hy, O hy WP 4 0,hH 0P W by, + 207 TR By,
(2.14)
is equivalent (for TT fields) to the standard graviton-Maxwell coupling in (1.5) provided
one takes into account the redefinitions in (1.6).
Similar expressions are found when the vector vertices in (2.9) are replaced by the
graviton ones, i.e. for the case of s1 = so = 2, s3 = s interaction term (see appendix A).
With p1, po being spin 2 momenta the resulting 2-2-s interaction vertex contains s+ 2 pow-

ers of momentum and reads V = Viiua,v1ve,0(s) (p1,p2) + Vit s vm.p(s) (p2,p1),

p1p2,v1v2,p(8)

12The last two terms involving CJh*, i.e. proportional to the vector field equation of motion can be, in
principle, redefined away.



where!?

1
Vul,uz,l/y/g,p(s) (p17p2) = m - Z Nuv P2y’ P1v! (pl)p(s)

AW vEY

+2 Z D2y’ Plvy Plvs NMupi1 Plps - - - Plps — 2 Z P1v' P2py P2us Mvp1 Plps - - - Plps
pFEW v#Y

p1-p2
S 16(s +4)! {2(77#”’177“2”2 + Nra Tz ) (P1) ()
—4(p1y MurvaMuzpr — P2pa Mpgin Mapy + SYM 11,2, V1,2) Pips Plps

+ 16 (Thnpl Nz po + N1 p2Muzpr ) P1vq Py +6 (771/1/)1 Nvapa + Nv1p2Mvapr ) DP2uq P2ps (2‘15)

- Z 4 (Mupy Mvps + NupaTpr) P2 plu’] Pips - 'Plps}
pFEW vEY

(p1 - p2)?
+ m Z (M1 Mwpa M’ =+ MppaMopy M) Plps *** Plps
U

- (p11/1 N1 prMp2p2Mvaps = P2pa Mpapr v p2Mvaps + sym P1,2,3)p1p4 . 'plps}

(p1 - p2)?
- m (M1 p1 Mz pa s psMvaps +SYM P1.234) Plps * Plps 5

where sym stands for adding terms ensuring symmetry in (u1, u2), (v1,v2) and (p1, ..., ps)-
In particular, choosing s = 0 we find that the 2-2-0 coupling term in the CHS action can
be written as

1
Sg[ho, ho, hQ] = Z8 /d4$ ho (8ph#,,8”h“” + 28phw,8“h””) . (2.16)

One can trace the origin of this term to hfZ term in (1.5) and the redefinition (1.6) (in partic-
ular, it corresponds to cross-term hoR with R in (1.4) expanded to quadratic order in A/,,).

The 1-0-s vertex multiplying h,(p1), ho(p2) and h,s)(—p1 — p2) is non-zero when s is

p(s
odd and is found to be (where symmetrisation in p; is assumed)

2
m Nupy Ppa " Pps - (2-17)

wop(s) =

Here p stands for either p; or py ((2.17) is symmetric under p; — po as the fields are
assumed to be TT and s is odd). Similarly, the 2-0-s vertex (non-vanishing for s=even) is

13Here we drop terms proportional to equations of motion for spin 2 states as we will be using this vertex
to compute 2-2-2-2 scattering amplitude. Note, however, that for spin 2 exchange one is to use the 2-2-2
vertex that is symmetric in the three spin 2 legs with no on-shell condition assumed.



given by

1
V,ul,ug,p(s) = m - (nulpl P1peo + Nuap1P1 ul)pl p2 -~ Plps

1

- ipl " P2 (”mm Nuzps + 77u2p277u191)p1 p3 -+ -Plps

(2.18)

In the case of 1-2-s vertex (with s=odd) appearing multiplied by the TT fields hy, ., (p1),
hu(p?)v hp(s)(_pl - p2) we get

1

Vulug,u,p(s) (p17p2) = m { (77#11/172/1,2 + NpovD2p, )plp(s)

+ (_nu1plp2u2p1u — Npop1 P2p P1v + 277Vp1p2u1p2u2)p1p2 - Pips

- (pl ']92) [(77#1V77u2p1 + Nuipr 77#21/) P1ps - - - Plps
(2.19)
+ <(77u1p1 Nups + M1 paMopr) P2ps = Mpapr Miaps + Mpapr Muipz) Plv

+ (nmpl Nupy + 77u2p2771/p1)p2u1) Pips - - -p1p5:|

1
+ g(pl 'p2)2(7lu1p1 NuapaMvps + Sym P1,2,3)P1p3 - 'plps} .

3 Scattering in CHS theory: 4-vector amplitude

We can now use the interaction terms in the CHS action found in the previous section
to compute some tree-level scattering amplitudes. As the scalar hg is non-propagating,
i.e. has zero on-shell value we will not discuss analogs of scattering amplitudes with hg on
external legs.

The vector hi has the standard Maxwell kinetic term, so the definition of the corre-
sponding 4-vector scattering amplitude is standard (the same as in the case of the external
scalar scattering in [16]): we consider physical helicity +1 photon states on external lines
and include all exchanges with two 1-1-s vertices (2.8) connected by TT propagator for
even-spin s CHS field. The contribution of the hy exchange due to 011 vertex (2.11) ex-
actly cancels against the contact 4-vector vertex (2.13) as follows from (1.7) so it remains
to consider only the exchanges with s = 2,4,6,... fields on internal lines.

Before proceeding with spin 1 scattering let us note for the future discussion in sections
4 and 5 that as the CHS fields with s > 1 in (1.2) have higher-derivative kinetic terms,
the notion of S-matrix for s > 1 external lines requires special definition. Given the free
spin s > 1 CHS equation in TT gauge [1°hs = 0 one can always choose a special solution
hs = h§°) satisfying Dhgo) = 0. This equation has further on-shell gauge invariance allowing
one to reduce the number of independent solutions to just 2 of a standard 2-derivative
massless particle. In what follows we shall always consider only these special “physical”
helicity 4-s modes as the asymptotic states in the definition of the CHS S-matrix.!'* Thus

141deally, one would like to start with a formulation of the CHS theory in terms of the set of fields with
ordinary (2-derivative) kinetic terms that exists at the quadratic level [19, 20]. Unfortunately, an existence
of such local action at the interacting level is an open question for s > 2.



the asymptotic states will always be massless on-shell particles with p? = 0 while the

internal spin s’ propagator will be p215, times the TT projector.'®

3.1 4-vector exchange amplitude

Let us start with the 4-vector scattering amplitude and first set up the notation we will
use. We shall consider the scattering process

Bl s sh it

with (A1, p1), (A2, p2) = (A3,p3), (A4, p4), i.e. assume two momenta and helicities as incom-
ing and two as outcoming with \; = &1 and p? = 0. In the c.o.m. frame, we have for the

momenta and polarisation vectors!'®

b1 = (w70’07w)a 51(]71) =——\ (07 17i)\170)

)—‘%H
[\)

= (w, 0,0, —w), € =——X2(0,-1,7 2,0
b2 ( ) 2(]72) ﬂ 2( 2 )
1 (3.2)
p3 = (w,w sinf,0,w cosb), e3(p3)]" = ——=A3(0,cos6, —i A3, —sin 6
V2
1
P4 = (w, —w sinf,0, —w cosf), [ea(pa)]” = —ﬁ)u; (0, —cos 0, —i A4, sinf)
and the Mandelstam variables are
—(p1 —i—pg)2 = 4w?, t=—(p1 — p3)2 = —2u7? (1 —cosb),
= —(p1 — p1)? = —2w? (1 4 cos¥h), s+t+u=0. (3.3)

The exchange diagrams involve two 11s vertices corresponding to hi(p) hi(q) hs(—p — q)
from (2.8)%7

1 1 1
Voz,ﬁ,p(s) (p, q) = (8_1_2)!{7704,3 |:2 (p)p(s) + § (Q)p(s):|

1 1 1 1
- 577ap1pﬂpp2 - Pps T 5776/31(10417;72 <o Pps — inﬁm Galps - - - Gps T 57704;)1P,BQ,02 -+ -lp, (3.4)

1 1
D) Nap1MBp2 Pps -+ -Pps P-4 — gnamnﬁpz dpz - --dps D - q}-
Here h; is assumed to be in TT gauge with the corresponding propagator (cf. (2.8))

27125+ 1) o,
W Hgll,..ﬂs (p), (3.5)

5The condition p? = 0 for the external lines will help to simplify the expressions for the required cubic
CHS vertices.

The helicity +1 polarisation vector for an initial state with p = (w,wsin@,0,wcos) is 6Li)(p) =
L_(0,cos 0, +i, —sinf). If the state is final, the polarisation vector is (EL )(p))* (see, e.g., [21, 22]).

T
i

D) () =

ere we use that p*> = ¢> = 0 for the external vector lines; p = p1, ¢ = p2 in s-channel, etc.
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where the TT projector II E g is built out of products of H = (50‘

1
Hg;gj H?,é 1_[a2) 3 1% %21, g, (3.6)
( y 6 ) ) 3
Hgig;g;gf H(gll po2 Pa5Ha4) - P(alazﬂ(ﬁﬁznggng:) + - T(eraz Ha3a4)H(5152 H5354) 7
etc.

The resulting s, t, u-channel amplitudes are are given by’

AP =2V (p1,p2) - D(py + p2) - 2V(p3, pa) - 1 €25 €5,
AP = 2V(p1,ps) - Dp1 — p3) - 2V(p2,pa) - €1 £2 63 5 (3.7)
AY =2V (p1,p1) - D(p1 — pa) - 2V(p2,p3) - e1 €265}

Evaluating these amplitudes for various helicity choices we find that all amplitudes where

helicity is not conserved vanish? and for the helicity-conserving cases +4 — 4=+ or its
crossing-related +F — +T we get?!

44+ AY =0, AY) = ¢, <s> Ps<t), AP = ¢, <s> PS<U>,
t S u S

trotr: AY =, (”> PS(S), AP = ¢, <”) Ps<t>, A =0. (3.8)
s u t u

Like in the external scalar scattering case [16] the scale invariance of the CHS theory and
the fact that h; has canonical dimension 1 implies that the d = 4 amplitude depends only
on ratios of the Mandelstam variables. We have isolated powers of these ratios containing
the internal spin s CHS propagator factor in each channel (i.e. t™° in t-channel, etc.). The
remaining momentum dependence is given by the even degree s — 2 polynomials Ps(x)
whose normalisation is fixed by the condition P, =1 and Ps~o(—1) =1

Py(z) = 28 + 422 + 1522,

Py(z) =1,

Ps(x) = 495 + 1320 + 126022 + 50423 + 702,

Py(z) = 8008 + 30030  + 45045 2 + 34320 2° + 13860 2% + 27724° + 21025,  (3.9)
Pio(z) = 125970 4 604656 = + 1225224 2% 4 1361360 22 + 900900 z* 4 360360 °

+ 84084 28 + 10296 =7 + 495 28 .

8In general (cf. (C.3))

e v(s—21) nrv(20) (-D'sID(s =1+ 3)

nis) = ZaSl M“(S 20 N“(Ql) ’ el = 22 (s =201 (s + %)

where M¥®) =TI T02) and NGO = Ty - Ty gy T2 1100

9The factors of 2 in the vertices are due to the symmetry of the external lines: for a Lagrangian term
®" = n!2’ the standard Feynman rules imply the coefficient n!.

20In standard terminology that means that only MHV amplitudes are non-zero. The same will be true

for all amplitudes discussed below.
21The vanishing of the s-channel exchange for the same helicity process may be related to the fact that
helicity is conserved in the 3-point vertices where one has only the +F combination (same happens for

gravitational interactions, cf. [23]).
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The overall numerical coefficients ¢, then are

5) 1 13 17

02257 642%7 66:%7 g = 25207

C10 (310)

= 1080°

The expressions (3.9), (3.10) were found by direct computations for s = 2, ..., 10 but admit
a natural generalisation to any s. The polynomials Ps(x) may be expressed in terms of
Jacobi polynomials Péa’b) (z) as (s =2,4,6,...)

2
Py(z) = 22 P*Y) (m * > : (3.11)

T
while the simplest interpolating ansatz for ¢, is

2(2s+1)
(s—1)s(s+1)(s+2)°

s = (3.12)

We shall provide the general derivation of (3.11), (3.12) in appendix C.
Let us mention also some useful alternative forms of the polynomials Ps in (3.11)

Py(z) = Sf(—nﬂ‘ (S . 2> (28‘:_2]) (14 2)°2

j=0
. 2s s—2 7%
= 3—|—2) (1+1‘) 2F1<2 s,2 — s, 2871‘4—1)
2P AN TP (e —Xs: 1 (s si (313
(s =2)! \dx pst3 (=2 +2)! (s —j)! .

=2

1 59 1

= —(s—1)s(s+1)(s+2)z" “2F1|2—s,5s+3,5;— ).

24 x

For comparison, in the case of the external massless scalar scattering (coupled to CHS fields

as in (2.1), (2.2) or (2.6)) the s-channel pp* — pe* amplitude was given [16] in terms of

the Legendre polynomial P, = PS(O’O)
4 — s+ 1) pooy—a — (3.14)

ST —rpp* T 2 s ) T g :

One can also consider the “mixed” scattering amplitude pp* — 11 of two external confor-

mal scalars into two vectors due to exchange of the tower of CHS fields.?? In this case the

s-channel even spin s exchange amplitude is given by (cf. (3.7))

AL oy = Vipes(p1,p2) - DO (p1 + pa) - 2V(ps,pa) - €5 <3, (3.15)

where Vi« is the vertex in (2.6) and V is the 11s vertex as in (3.4), (3.7). The resulting
++ amplitudes vanish while the helicity-preserving +F ones may be written as (cf. (3.8))

s tu t
Agaggo*ﬁ:tl¥l = ks 2 Qs <S> ) (3.16)

*2Here we are assuming that one adds the action (1.3) of one conformal scalar coupled to CHS fields to
the CHS action (1.2) and then studies the S-matrix of the resulting theory.

- 12 —



where we ignore the overall minus sign and assume that numerical coefficients are defined
by normalising the order s — 2 polynomial Qs as Qs(—1) = 1. Explicitly, one finds Q2 =
1, Qi =3B+ 14z +142?),... and ky = 3, kg = 3,.... On the basis of s = 2,...,10
examples can guess the general s expressions as

__ 2 pey gl
Qs(x) = Y E— Py (-1—-2x), ks =s+ 5 (3.17)

where P*2) is again the Jacobi polynomial (cf. (3.11), (3.12), (3.14)).

Al
3.2 Summing over spins

As we already mentioned above, the s = 0 exchange contribution cancels against the one
of the 1111 vertex (2.13). Thus to get the total amplitude it remains to sum over all spin
s = 2,4, ... exchanges. Let us consider, e.g., the £+ — ++ case in (3.8) (the discussion of
the £F — +F case is similar) where the sum over channels is

Y (O K:)P(:) + (E)PC;)] (3.18)

Since u = —s — t this may be written as a function of one variable x = 2 as

AP = o (2) + 04(—1 — ), os(x) = csx™?® Ps(x). (3.19)
We may compute the sum over s by introducing first an extra regularisation parameter z

and defining

o(xz) =limo(z;2), o(x;z) = Z os(x) 2°72. (3.20)

z—1

Let us first omit the overall coefficient ¢, in o5 and consider the formal sum over all (even
and odd) s = 2,3,4,...

K(z;2) = Z 75 Py(x) 2572, (3.21)
s=2

This can be written in a closed form using the generating function for the Jacobi polyno-
mials P(f’g) [24] as

s

K(z;2) = 29 [\/22—W+2)+1T[\/22—22(”5+2>+1_z+1 )

2 x x

Then using the fact that ¢s in (3.12) admits the following representation

, (3.23)

1 1 1 1
Cg = ;

s+2_s+1+s—1_
we can compute o(z;z) by multiplying (3.22) by a suitable power of z, integrating, and
then dividing by another appropriate power of z. Finally, the sum over spins may be
restricted to even s only by simply taking one half of the sum of the expressions with z

~13 -



and with —z. While the resulting expression is quite cumbersome, its z — 1 limit turns
out to be finite and simple

1 1
Tt —r— s (3.24)

As it is easy to check, this function satisfies the relation o(x) = —o(—1 — ) implying that

o(x) =z(x+1) log

the total summed-over-spins amplitude vanishes:

o0
A)= Y A¥@)=o(x)+o(-1—2)=0. (3.25)
5=2,4,6,...

Here we formally assumed that o(z) is defined for any x using analytic continuation. In
fact, this function is real for x € [—o00,—1] U [0, 00| while the argument of the amplitude
in (3.19) is z = £ = —3 (1 — cosd) € [-1,0]. In the latter “physical” interval one finds
again that A(xz 4 i0) = 0 for any sign of the infinitesimal imaginary part. In appendix B
we provide an independent check of the vanishing of the amplitude (3.25) at the special
kinematical point u = 0 or z = —1 (or, equivalently, at z = 0).

Another clarification is that in the above discussion we have excluded the special
points x = 0,—1 where the amplitude may have delta-function singularities as in the
external scalar amplitude case [16]. Indeed, as was shown in [16], the sum of the Legendre
polynomials in (3.14) is given by > 2% (s+3)Ps(z) = 6(z — 1), so the total amplitude given
by the sum of the s- and t-channels is ~ 0(¥) + 6(3) which vanishes for real momenta.
Similar cancellation happens here as well as we show in appendix B.

4 General structure of CHS exchange amplitudes

To generalise the above vector scattering results to higher s > 1 spin scattering case it
is useful first to discuss the structure of the CHS 4-particle amplitudes expected on the
basis of Lorentz and scale invariance. It turns out that the appearance of the special
Jacobi polynomials in (3.11), (3.14) and (3.17) is not accidental and may be related to the
partial wave expansion of the A1, Ao — A3, A4 transition amplitude discussed by Jacob and
Wick [17] (see also [25, 26]).

Considering the c.o.m. frame and using the completeness of states relation one can
represent generic scattering amplitude as a sum over on-shell states of a massive particle
with mass= /s and spin J [17]

1 _
Apg(s.0) = Ry (0) Y (J + 2) Fiy (s) PP (cos ) (4.1)
J>M
A= )\1—)\2, ,U,:)\g—)\4, M:max(\)\],m\), (4.2)

o\l /o g\ A-nl u\ z Al £\ z A—nl
R{/\l}(e) = (COS 2> <Sln 2> = <— s) <— S) . (43)

Here {\;} = (A1, A\2; A3, \y), cosf =1+ 22 and P,ga’b) is the Jacobi polynomial. The latter
originates from the expression for the spherical d-function (N = min(|\],|p|))

df,(0) = \/ ((‘]Ji%;g — %))!! Riny(8) PP A (cos ). (4.4)
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We assume that the scattering particles are massless. If the theory is scale-invariant (has
no dimensional parameters) the dependence of the coefficient functions Fg\)} on s should
be controlled only by dimensions A; of the scattering fields,

1 4
3 (4 - ; Ai) . (4.5)
J)

Here F{()\_} are some numerical coefficients encoding dynamical information about a partic-

P

(8 = Fiy s A

S

ular theory. For example, A = 0 for scattering of dimension 1 massless scalars or vectors
in 4d. In the case of CHS scattering with asymptotic states chosen, as discussed in the pre-
vious section, to be the standard massless spin |\;| particles the representation (4.1), (4.5)
should again apply with A = 2(3°, |\i| —4) (the CHS field dimensions are A; = 2 — | ;).

Our key observation is that in the present context of conformal higher spin theory
the spin J contribution in (4.1) should have the same structure as the contribution of an
intermediate CHS field exchange with s = J in s-channel. This should be a kinematical

2 = s) intermediate spin J state in (4.1) may

consequence of the fact that a massive (m
be described by a totally symmetric field ¢, ..., satisfying (—O + m2)¢u1---w = ( as well
as the tracelessness and transversality conditions (leaving only 2.J + 1 states as physical
degrees of freedom). At the same time, the CHS scattering is also mediated by the TT
field exchange with the propagator in (3.5). The only formal difference is in the overall
s-dependence that appears in F but in the CHS scattering case the latter is controlled by
the scale invariance leading to (4.5).

This formal interpretation of the spin J term in (4.1) as the CHS spin s = J exchange
amplitude should directly apply only to the s-channel exchange: this is due to the selection
of s variable as the c.o.m. frame mass parameter in (4.1) and thus as the variable that
should appear in the propagator of the corresponding exchanged CHS field. The total CHS
amplitude given by the sum over all channels as in (3.1), (3.18) will also have the general
form (4.1) when expanded in the Jacobi polynomials but the J = s identification of the
particular term in the sum with the contribution of the CHS exchange will be valid only in
a particular channel (in s-channel or after renaming the kinematic variables and helicities
also in t- and u-channels, see below).

Another remark is that this identification of the J-term in (4.1) with the higher spin
exchange does not apply to the case of the 2-derivative massless higher spin scattering in
flat space discussed in [27]. The reason is that the massless spin s propagator (taken, e.g., in
the de Donder gauge) is not traceless-transverse and thus the massless higher spin particle
exchange can not be directly identified with a massive spin J on-shell state contribution in
the sum in (4.1).%

Let us now see how the previously discussed cases of the external scalar and vector
scattering (3.8), (3.14), (3.16) via the CHS exchange may be related to (4.1). In the case

2Indeed, the scattering amplitude for four massless scalars exchanging the tower of massless higher
spins was given in [27] by the sum of the Chebyshev polynomials rather than the Legendre polynomials
appearing (3.14) in the case of the conformal higher spin exchange in [16]. Interestingly, there is still a
formal relation between 4-scalar scattering via massless higher spin exchange in d + 1 dimensions and via
conformal higher spin exchange in d dimensions suggesting possible AdS/CFT connection.
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of the ™ — p* scattering we have \; =0, A =pu =0, M = 0, and thus should expect,
according to (4.1), (4.5), to find the s-channel spin J contribution to be

1
Aié?o;o,o(sv cosf) = <J + 2) Fo(,{)?o,o P}O’O) (cosf). (4.6)

Comparing this with the s-channel result (3.14) of the direct computation using that cos§ =
1+ 22 we conclude that the two expression indeed match provided s = J and

F()(i));o,o =1 (4.7)

For pp* — +7F in (3.15), (3.16) we have A= 1 = Ao =0, A3 = -\ ==%1, p=M = £2,
and thus from (4.1), (4.5) should get

J 1 J ut 22
Ago?o;i17¢1(s, COS 0) = (J + 2> Fé,o);:tl,:FI 572 P§_2) (COS 9) . (48)

Comparing this with (3.16), (3.17) we find perfect match provided s is identified with J
(which should be taken to be even) and?*
2
B8, =—") 4.9
0,0;+F S ( S — 1) ( )
In the case of £14+1 — +141 scattering in (3.8) we have the two contributions of the t-
and u- channels that are to be analysed separately. For example, considering the t-channel
exchange to be able to compare it to (4.1) we should first re-interpret it as an s-channel
exchange by relabelling the states and Mandelstam variables. Explicitly, the t-channel
scattering of original “X”-particles may be interpreted as s-channel scattering of effective
“Y”_particles, i.e. X1 + X3 — X4 + X is equivalent to Y7 + Yo — Y3 + Y. For the Y-
particles we then have \j = =Xy = £1, A\3 = —\y = +1, A = p =2, M = 2 and thus
from (4.1), (4.5) we should get
uy

P}‘ﬁ‘;) (cosby), cosbly = —-1—-2 U . (4.10)

(J) _ L\ )
A 1101 = <J + 2) Fiysi71,41 2 sy
%

The Y-kinematics becomes the X-kinematics after sy — t, ty — u, uy — s. Thus for the
t-channel exchange of the X-particles we should get

J 1 J s> (04 s
A’E:I:)L:tl;:tl,:tl(tvcos 0) = (J + 2) F:E:l?:tl;:tl,:l:l ©2 P572) (_1 —2 E) . (4.11)

This matches the t-channel result in (3.8), (3.11), (3.12) with J = s since

s s—2 2
sy (t (4,0) SY_S poa)( 4 _oS
<t> <S> Py <1 +2 t) =5 PO —1-27), (4.12)

Z4Note that the restriction that J = s should be even does not follow from (4.1) and is an extra dynamical

property of CHS theory (parity invariance of the original scalar theory (2.1) implying the absence 1-1-s
vertices with odd s). For even s the polynomial Pﬁg )(ZE) is even.
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provided also we choose

Cs 4

(s) _ _
Fiiiamn= < Jr% T G-DsG+DG12) (4.13)

Guided by the above three examples (4.7), (4.9) and (4.13) we may conjecture the general
dependence of F{(i)} in (4.5) on J = s in the case of CHS exchange amplitudes to be?

s (s — M)! _

Foy =l (v v N = min(\], |ul), M = max(A, ). (4.14)

Then for kj , = 1 we indeed get F{(S% as in (3.11), éfo);i¢ as in (4.9) and F{(il} as in (4.13)
(where one should, as explained above, use A = p = 2 to match the t-channel result). It

turns out that this ansatz (4.14) applies also in all other cases discussed below.

5 Scattering amplitudes with conformal gravitons

Let us now turn to the discussion of conformal graviton scattering due to the exchange of
the CHS fields. The relevant 2-2-s interaction vertex was given in (2.15). As discussed
in section 3, we shall be scattering only the “physical” massless spin 2 component of the
conformal spin 2 field, attaching the corresponding asymptotic states to the amputated

Green’s functions.26

5.1 22 — 22 scattering

Let us first discuss what we should expect to get for the structure of the 22—22 even spin
s > 4 exchange on general symmetry grounds. We shall assume that as in the 4-vector case

%50One reason why this choice may be special is the following property of the Jacobi polynomials:
A+ p)! ((2_7_%)),' PS(‘_X];I”I”\JF”)(—l) =1 where A and p should be integer and s — M should be even integer.
This implies the s-independence of the backward scattering amplitude in the direct channel.

26Let us note also that using the standard formulation of the CHS action (1.2) one may also study the
scattering of other “ghost”-like modes described by the higher-derivative CHS equations. In general, the

6 dynamical degrees of freedom of the Weyl graviton way be described by the collection of the standard

massless spin 2 field, massless vector, and massless spin 2 ghost field states (for a discussion of solutions of
linearised Weyl gravity equations reproducing the dynamical degrees of freedom count [28-30] see [31] and
also appendix C in [19]). Explicitly, choosing the TT gauge (hy: = 0, 0™ hmn = 0) we get the free conformal
graviton equation as (%A, = 0 which is solved by hpmn = hg,ILZL hsﬁ% = (amn + bmnukxk)ei”'x + c.c. where
p?=0,ul=—1, u-p#0, a® =0b"=0. Here h&iL represents the massless spin 2 and spin 1 modes and
hSﬁL the ghost-like spin 2 mode (which grows in time and leads to negative energy contributions). Using the
Lorentz symmetry and the residual gauge freedom one may choose [31]: p™ = (p,0,0,p), v™ = (1,0,0,0),
a11 + a2 = bi1 + b2 =0, am3 = bmz = bmo = 0 and then the 24242 dynamical d.o.f. are described
by the helicity 2 tensor (a11 = ialg)eip'm, helicity £1 vector (ao1 £ iaoz)ei"‘” and helicity +2 ghost tensor
(b11 £ ib12)a’e™P®. The spin 1 and ghost spin 2 become parts of massive spin 2 ghost if one adds the R
term to Weyl action to get a diagonal mode decomposition. At the level of the flat-space partition function

of Weyl graviton the above 242+2 split corresponds to the following decomposition [1]:

(detA1)3]1/2 . [det A1L:| 1/2 |:detA()L:| 1/2 . {det AlL:| 1/2 [det A()L:| 1/2 I:detAlL:| 1/2

Z2 = {(det AQ)Q det As | det As | | det AR det Ay | det As |

Here A; are 2-derivative Laplacians defined on traceless rank s symmetric fields.
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the non-vanishing scattering amplitudes should be similar to (3.8) (where now + will stand
for £2 helicities of the external massless graviton state). Thus for the +4+ — ++ amplitude
we should have the contributions from the t- and u- channels.?” Then repeating the analysis
that in the vector case lead to (4.11) we conclude that for the t-channel exchange of CHS
spin J states we should expect from (4.1), (4.5) to find for J > 4

J 1 J s 08 s
AE :I:)Q,:I:2;:l:2,:i:2(ta cos ) = <J + 2> Fj(ﬂ?ﬂ;ﬁ,ﬂ t? oy P§—4) (_1 -2 E) . (5.1)

Here t? factor reflects the fact that the conformal graviton has dimension 0 (cf. (4.5)). The
total amplitude due to spin s = J exchange should then be as in (3.18) (cf. (3.11))

s—2 s—2
1242 54242 A® = ¢ ¢ [<s> Py <t) n <S> Ps<”>], (5.2)
t S u S
2
Py(z) = 2*2 P50 (i) : (5.3)

If we also assume the validity of the conjecture (4.14) for the coefficients F{(:\])} then we

may expect also to get

2s+1
(s=3)(s—2)(s—1)s(s+1)(s+2)(s+3)(s+4)’

cs =k (5.4)

where k is some s-independent numerical factor.

Remarkably, the direct computation based on the CHS action and carried out for
several even®® values of s > 4 confirms the above expressions (5.2), (5.4) and fixes k
in (5.4) to be

9
k= 3 (5.5)
Similar result is found for the £2F2 — +2F 2 exchange (cf. (3.8)). The general derivation
of (5.2)—(5.5) may be given using the same formalism as described for the 11 — 11 case in
appendix C.

We can now sum the amplitude (5.2) over all even s = 4,6, ... using the same method

as in the vector scattering case (3.19)—(3.24):

i A¥ () = [o(z) + o(~1 - )], — (5.6)
S
s=4,6,...
o(r) = l;n% Z co 2% Py(z) 2574, (5.7)
s=4,6,...

2"We again assume two incoming and two outgoing momenta; choosing all momenta as incoming this
becomes the MHV + 4+ —— amplitude.
28Recall that the 2-2s vertex (2.15) vanishes for odd s.
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After a rather involved computation using the generating function for the Jacobi polyno-
mials in (5.3) we found that?’
_ 3 3, T+1 o 5 4 3 k.2 _
o(x) = 60 (x 4+ 1)° z° log 60x° —1502" — 1102° — 152 +3x — 1| . (5.8)
4320 x
One can then check that the combination of the o functions appearing in (5.6) vanishes as
in the vector exchange case (3.25)

o(z) +o(—1—2) =0, (5.9)

i.e. the t- and u-channel contributions summed over s = 4,6, ... cancel against each other.

To find the total 22 — 22 amplitude one is still to add (i) the contributions of the low-
spin s < 4 CHS exchanges (i.e. the exchange mediated by the non-propagating spin 0 field
ho and the exchange of the spin 2 conformal graviton itself) and also (ii) the contribution
of the 2222 contact vertex that is found from the UV singular part of the diagram (2.12)
with four spin 2 current insertions (with vertices in (2.6) as the external legs are assumed
to be TT). We found the following expressions for the spin 0 exchanges with the cubic
vertex in (2.16):

2 t24 t42
124254242 A0 ="_ 402 40 %
4608 51261 5125
(0) 0 _ tu' o) (s+3t)7u’ (5:10)
972 54272: A0 g AO — — ST U
ToerEET s ’ t T 5t M 1608 s

The spin 2 exchanges (with the 2-2-2 vertices as in (2.15)) are

2 2
19492 4242, A® _ S TOstrOt
23040
l4@)__13(254——1053t+—3352t2——24st3%—3t4)
vt 7680 s4 ’
4D _ t? (2s* — 10s3u + 33s2u? — 24s0u? 4—3u4)7 (5.11)
768051
1282 +2st+3t?)
tor2 s 4o72.  AD—g  a® Ul
:F :F S Y t 768054 I
@ _ ut (108’ +18su+9u?)
o 23040 s

The contributions of the 4-derivative 2222 contact vertex which is the s = 2 analog of (2.13)
are found to be

sO —sPt+26s*t24+63s%t3 + 5482t +27std + 9t

19204 ’
4 (2 2
u*(s®+3st+9t°)
127254272 Alent) — _ o0 . (5.12)

4242 54242 Alcont)

29Let us note a similarity in the structure of (5.6) and (3.24). This suggests that for higher spin jj— jj scat-
tering one may be able to guess the expression for o(z) and then check that the coefficients in its expansion
in a suitable set of Jacobi polynomials reproduces the ¢, prefactor. Similar ideas have been exploited in [32].
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Remarkably, the sum of these three contributions vanishes for each of the helicity choices:
(AL + AP + AV + 148 + AP + AP 4 Al — 0, (5.13)

Note that this result is equivalent to the vanishing of the 4-graviton scattering amplitude in
the non-linear C? Weyl gravity theory. Indeed, the linear scalar - CHS coupling action (1.3)
is equivalent to the covariant conformal scalar action (1.4) by a local field redefinition (1.6).
As the latter action directly leads to the Weyl tensor squared action as the “induced”
one (1.5), and as the field redefinitions of hy and hs in the spin < 2 part of the CHS action
induced from (1.3), (2.1) should not change the graviton S-matrix, the latter should be
same as in the Weyl theory. In more detail, adding the exchange of the non-propagating hg
field produces (as it follows from (2.16)) an extra 4-derivative 2222 contact vertex contri-
bution. The remaining local redefinition of h,, in (1.6) may alter the 222 vertices by terms
proportional to the linearised equations of motion (DQhE;F = 0) and also change the quartic
2222 vertex, but it cannot change the resulting on-shell 4-graviton scattering amplitude.
The vanishing of the tree-level 4-graviton amplitude in Weyl theory can be deduced
also from the expressions in [33] for the massless graviton scattering in L = aR + bC?
theory by taking the limit @ — 0 in the final expression for the 4-graviton amplitude. The

propagator here is symbolically 34] (reducing to the Weyl graviton propagator for

a — 0 or to the Einstein propagator for b — 0) so as long as the asymptotic states are
chosen to be massless helicity 42 gravitons the resulting amplitude interpolates smoothly
between the standard Einstein 4-graviton one and zero in the Weyl theory.?°

Remarkably, as we have just seen, the vanishing of tree-level 4-graviton amplitude in
Weyl theory generalises to the full CHS theory: the results (5.6), (5.9) and (5.13) combined
together imply that like the 11—11 amplitude in (3.25) (and also the external conformal
scalar amplitude [16]) the total 22—22 conformal graviton scattering amplitude in the CHS

theory vanishes after all intermediate exchange contributions are added together.

5.2 11 — 22 scattering

One may also consider some “mixed” 4-particle amplitudes involving both vectors and
conformal gravitons. The amplitudes with odd number of vectors vanish identically so
one is to consider only 11— 22 case. Here the two a priori non-trivial helicity choices are
+1Fl1—>4+2F2and +1+1 - £2F 2.

Let us first briefly mention also the expressions for the “mixed” amplitude where
two external conformal scalars ¢ in (2.1) scatter into two conformal gravitons. As in

30Let us also mention that the conformal graviton amplitudes in flat space were computed in [35] starting
with the twistor string theory of [36]. The latter should be related to “non-minimal” conformal supergravity
containing extra dimension 0 scalar coupling to Weyl squared term, ¢[(0?¢ + (1 + k¢ +...)C%> +.... The
tree-level 4-graviton amplitude in such theory is given by the sum of the 4-graviton amplitude in Weyl
theory and the scalar exchange ~ k*C2072C?. The non-zero result for the 4-graviton amplitude found
in [35] appears to be given just by this scalar exchange, i.e. is consistent with the vanishing of the graviton
amplitude in pure Weyl theory. Similar result was found in [37, 38] by taking the flat limit of the conformal
graviton scattering amplitude in dS space which is the same as the Einstein gravity one [39] times the
cosmological constant factor.
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the pp* — 11 case (3.15) the non-vanishing helicity-preserving amplitude pp* — +2 F 2
receives contributions from even spin s > 4 exchanges that should have the general structure
consistent again with J = s term in (4.1), (4.5):

s 1 s ut 2 4,4 t
Ag z),o;iz,ze = <s + 2> Féo);iz;gs (52) PS(74) < —1-2 s> . (5.14)

The explicit computation for ¢; = (s + %) F0(70. 12 72 gives again the result consistent with
the ansatz (4.14) (here A=0, p=4, M =4,N =0)

1 (s) 3 2s+1
— I\ F =_Z . 1
G (5 * 2) 00272 = T4 (5 3)(s — 2)(s — 1)s (5.15)

To get the full amplitude one is to add also the contributions of the s = 0,2 exchanges.
Turning to the +£1 F+ 1 — 4+2 F 2 amplitude, we find that the non-vanishing helicity-
preserving even s > 4 exchange amplitude in the s-channel has again the form as predicted

by (4.1), (4.5)

s tud 6,2 t
Ag )il,:Fl;iZ,:FZ = CsS e Ps(f4) (‘1 -2 s) ) (5.16)

1 (s 3 25 +1
= I\ F ] =—_ 5.17
e (“2) HLE1252 75 (528)(5=2) (s Ds(o (552 )

where A = 2, u =4, M = 4, N = 2 so the expression for ¢4 is again consistent with (4.14).

In the t-channel one finds (after an appropriate relabelling of helicities and kinematic
variables) that for odd s > 33!

3
u 6,0 S
Ags)ﬂ,ﬂ;ﬁ,ﬁ =cs ) Py (—1 -2 *) ; (5.18)

-~ 25 +1
o= (5—2)(5— 1)S(S—|— 1)(3+2)(S+3) : (519)

The u-channel contribution is zero. The total s- plus t-channel contribution to the ampli-
tude from these higher spin exchanges is then

3/t -
Agso = Z—2A (s) , Alx) =2 S(x) + 2T (z™1), (5.20)
S@y= Y @ PCY(1-22), T@= Y dPP(1-20). (521
5=4,6,8,... 5=3,5,7,...
The explicit evaluation of S(x) and T'(x) for —1 < z < 0 gives
3 2 _ _
S(m):—m + 52"+ 13z —3  zlog( :U)7
96(x + 1)° 8(x +1)8 (5.22)
(z—1) (2> +8z+1) 2%log(—x) .
T(':U) = - - 3
96(z 4+ 1)° 8(x+1)8

31Here we took into account that for odd spin the momentum space propagator has an extra factor
(=1)* = -1, cf. (2.8).
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so that A = —m. The resulting contribution of all higher s > 2 spin exchanges to the

total amplitude is thus
1w 1 1 v?
Ay — = & - 5.23
2T 9682 41 96 s (5.23)
We are still to add possible contributions of low-spin s = 0, 1, 2 exchanges and contact 1122
vertex. The hg exchange is trivial as the 110 vertex (2.11) vanishes for the +1, 1 helicity
choice. The hy exchange is also found to vanish. The h; exchange gives the following
non-zero contributions in the t- and u-channels

3(2s+t) y tui(s—t)
F1F1 o 22F2: AL w5t AP =LY
TR t 19253 u 1925

The 1122 contact term can be found by computing the UV singular part of the scalar loop

(5.24)

diagram with two spin 1 and two spin 2 current insertions

P1P2
N \ u 010,
4
I = I (5.25)
5= .
2 4
2
M 0192 P1P2 v
; : : faat] 32 1 tu? 1 tud
and then replacing the legs with physical polarisations.”* We get Iy = 55 *5, l2o = —g5 "o
Including combinatorics factors the total contribution is (—1)@2(2[ 1+ 1), ie.
F1T1—42F2: Alconty _ _ 1 t0° (5.26)
’ 96 s3 ’

The total amplitude given by the sum of the contributions of the higher-spin ex-
changes (5.23), spin 1 exchange (5.24) and the 4-point contact vertex (5.26) is found to
vanish

+1F1 - +2F2: Agsa + [AD + 4] 4 Alcont) — g (5.27)

Let us now consider the second non-trivial helicity amplitude +£1 +1 — £2 4+ 2. Here
we find that the s-channel amplitude vanishes while the higher odd s > 3 spin exchange
contributions in t- and u-channels have the form consistent with the general expecta-
tions (4.1), (4.5), (4.14)

3 3
41+ 154242 0 AY :cs?2 PO (-1~ 22) . AP = cs% 0P (-1- 23) ,
25 + 1
Com— st $=3,5,7,....  (5.28)

(s—2)(s—1)s(s+1)(s+2)(5+3)’

The sum over all odd spin s > 3 exchanges can be done by observing that PS(E’?? ) (—1—-2x2) =

Ps(g’g)(l + 22) and that ¢, in (5.28) is minus ¢ in (5.19). One can then use the expression

32Here the diagrams with the opposite loop orientation give equal contributions.
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for T'(z) in (5.21), (5.22) to find that the sum of t- and u-channel amplitudes in (5.28)

vanishes as a consequence of (z = )

x2T(—1—x)+<1im>2T<—1i$>:o. (5.29)

For the non-vanishing low-spin exchange and the 1122 contact term contributions here we
get

2(s® - 6st+2t?)
1kl 2242 AD =2 PIOELC
- s 128° t 12853 !
t? (s> —6su+2u?) tu(t>+3tu+u?)
AW _ Aleont) — _ . (5.
! 128 s3 ’ 3283 (5:30)
They separately sum up to zero

AL 14D 4 AM) 4 Aleont) — (5.31)

so the total +£1 £1 — +2 + 2 amplitude is again zero.

We conclude that like the 11—11 and 22—22 amplitudes, the 11—22 amplitudes also
vanish. It is thus natural to conjecture that all higher spin amplitudes in the CHS theory
should also vanish. In appendix B we provide a check of this conjecture by demonstrating
that the exchange amplitude for the scattering of four spin j CHS particles constructed
using the general relations in (4.1), (4.5), (4.14) vanishes at the special kinematical point
u =0 (i.e. for backward scattering).

6 Concluding remarks

In this paper we provided evidence that tree-level 4-particle scattering amplitudes for
(massless modes of) conformal higher spin fields vanish after summing over all intermediate
CHS exchanges. The amplitudes vanish due to cancellation between the summed up con-
tributions of different scattering channels. This is an indication that this cancellation may
be a consequence of the underlying higher spin symmetry which is an infinite dimensional
extension of the usual conformal symmetry.

Indeed, the CHS theory inherits the global higher spin symmetry of the free scalar
theory (which is also a symmetry of the dual massless higher spin theory in AdSs). This
symmetry acts on the scalar ¢ and the source fields hg in the coupled action (2.1) and thus
becomes the symmetry of the local UV part of the induced action [4, 5].33

As was shown in [16], the vanishing of the conformal scalar 4-point amplitude in the
coupled scalar — CHS theory can be understood as a consequence of a particular subset of
transformations of the higher spin algebra — the hypertranslations d¢ = eﬂ(k)au(k)w and
the rescalings. Similar reasoning should apply also in the case of the scattering amplitudes
with CHS fields on external lines considered in the present paper. The transformation
of the CHS fields hg under the differential part of the gauge symmetry is symbolically

33Tt also acts on the correlation functions of currents Js at separated points and, vice versa, requiring it
to be a symmetry of these correlation functions implies that they should correspond to a free CFT [40-43].
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0h = Oe + €0h, i.e. like the usual diffeomorphisms it contains an inhomogeneous and
homogeneous parts with the latter mixing different spins. The global part of the algebra
corresponds to € being chosen as conformal Killing tensors. For example, for constant e

dho =D M0, 4o one = [0, uyho + Moy, (6.1)
. K
ShPT — Z (279, 1y ho + 2P0, h? + g, 17 (6.2)
K

These transformations relate Green’s functions with different types of legs hg, h1, ho, .. ..
In the case of the S-matrix where the non-propagating field hy does not appear on external
lines the transformation of h; under hypertranslations will be the same as of the conformal
scalar in [16] so that choosing e#!#x =yt yHk where y* is an arbitrary constant vector
we may then repeat the argument of [16] for the vanishing of the corresponding scatter-
ing amplitude. Similar arguments should also apply to amplitudes involving conformal
gravitons.

As the same higher spin algebra controls also the massless higher spin theory in AdSj [9]
(of which the CHS theory is an effective 4d “shadow” or corresponds to the alternative
choice of the boundary conditions for higher spin fields [12]) it would be interesting to know
if there is an AdS related argument for the vanishing of the CHS S-matrix. One may also
start with the CHS theory defined on AdS4 or dS; and try to generalise the arguments
of [38, 39] to argue that the corresponding S-matrix for massless higher spin modes of the
CHS fields should be the same as in the corresponding massless higher spin theory. Taking
the flat limit (i.e. the cosmological constant to zero) may then lead to the conclusion that
the S-matrix of the resulting hypothetical massless higher spin theory in flat space should
also be trivial.
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A Vertices in CHS action from scalar loop integrals

Here we shall provide some details of computation of UV singular parts of the complex
scalar loop diagrams with few higher spin current insertions (2.1) leading to the expressions
for CHS vertices given in section 2. For the computation of Feynman integrals we shall use
the standard relations

/ a0 Th—a—d/AT@td2) sy A1)
( , .

2m)d (k2 + M2 (47)d/2D(b)['(d/2)

1 0zx1 4+ 4 xp—1)
— = (n—-1)! / d"x .
A A, ( ) [0,1]" (ZE‘lAl —+ -+ .%'nAn)n

(A.2)
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The expression for the scalar loop diagram in (2.7) with two current operator or vertex (2.6)
insertions has the following general structure

% Nk ddk N(k,p)
/(27r)dk2 k‘+p / / Ak +xp)? + (1l —2)p??

dde —UCPP) 2 2
/ / 1 (k2 22 M?* =z(1 —x)p~.

When contracted with two TT fields hs the numerator in (A.3) takes the following form
1 1 1 )
NM(S)V(S)(k_p:E’p) — Wkﬂlk’/l .--k:#skljs — Wm(k‘Q) 7]“1’/1 "'n,usl’s . (A4)

Then integrating over k£ and extracting the coefficient of the % pole term we find

(A.3)

_1)\s 4
SZ[hs] = 95 ;(22)_1_ 2) / (;iﬂ)4 hp,(s) (p) (p2)s hu(S)(_p) ’ (A5)

which becomes (2.8) when written in coordinate representation.
The cubic vertex for three CHS fields is determined by the diagram in (2.9). For the
1-1-s vertex multiplied by hy(p1)h.(p2)h ) (—p1 — p2) in the CHS action we get3?

11 / Ak ku(k+p1)u(k +p1+pa)ys)
20! | 2m)d k2(k + p1)2(k 4 p1 + p2)?
There is also another diagram with the scalar U(1) charge flowing in the opposite direction
giving V.., vhos) (D1, P2) = Vi i p(s) (D2, P1); their sum

Vu, ,0(s) (p17p2) (Aﬁ)

Vu,V,p(s) (plapQ) = V,u,,u,p(s) (php?) + Vu,u,p(s) (anpl) (A7)

ensures the symmetry under h,(p1) <> hy,(p2). To compute the pole part of this integral
we use Feynman parametrisation (and shifts of k) and assume that the external legs are
contracted with TT fields (i.e. terms with p1 ,, pay, (1 + p2),(s) can be dropped). Then

v _ 1 / Ak kuky (k£ p1)y
wrpls) T ol | 2m)d k2 (k + p1)2(k + p1 + pa)?
-2 ddk: kukps)(k +p1)y
- d d P A8
x/ y/ (k4 zp1 +y(p1 + p2))? + M]3 (A8)
- dd/-c (k = yp2)u(k — ap1)pis)(k + (1 = — y)p1)v
d:p dy (2 + MQ) )
M? = (1 - 33)191 +y(1 - )(pl +p2)2 — 2zyp1 - (p1 + p2) - (A.9)

Separating terms of different order in k£ in the numerator, integrating over k and then over
x,y we find for the pole part

1
) {nuy(pl)p(s) — Nup1P1vPlpy - - - Plps T Mupi P2uPlps - - - Plp,

Yi 2(s+2)!

w,v,p(s) (pl ) P2) =

s
~NuprMvp2 Plps - - Plps |P1L - P2 + B (P% =+ p%)] } . (A.10)

34Here only the UV pole part is to be kept: for simplicity, here and below we shall use use the same
notation V for the full integral and the coefficient of its pole part, i.e. V — MTI)%V—Q—ﬁnite.
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The full cubic 1-1-s vertex is then given by (3.4) or (2.10) in coordinate representation.
The quartic 1111 vertex (2.13) is found from the pole part of the diagram in (2.12)

1-a  rl-a—y Ak Kk ks
Xﬁxg'/dx/ i [ [ e are (A1)

(nuvnprf + NppTlve + NuaMvp)-

1671'26 48

To find the 2-2-s vertex which is multiplied by the TT fields A, i, (P1) Py, (P2)h)(s) in the
CHS action we are to find again the singular part of the diagram (2.9) with the vertices (2.6)
leading to the integral (where we are allowed to drop TT-trivial terms proportional to

P1p1sP1puss etc.)

v B 1 1 1 / dlk kulkug (k +p1)r/1 (k +p1)u2(k + p1 +p2)p(s)
p1pe,vive,p(s) — 91 (2! 27r) k2(k + pl) (k+ p1+ p2)?

I=z ddk: k s (k+p1)u (kK +p1)w
' / dx dy/ 11 H2 ,0( )( pl) 1( . p1)223 (A12)
4 s! d[(k+ zp1 + y(p1 + p2))? + M2
/ dx 1 o dy M1u2,V1V2,P(S)(p1’p2’ k’ ‘T’y) ’
sl (k2 + M?)3

where M? is the same as in (A.9) and

Ny pa v p(s) = (B =yp2) s (k — yp2) s (b — 2p1) sy [k + (L — 2 — y)p1]oy [k + (1 — 2 — y)p1]u,

Non-trivial UV divergent pole contributions may come from the terms in N which are of
order k%, k*, kS k8 (integrals of higher powers of k will lead to contractions between p indices
that can be discarded due to TT condition). As a result, we find the vertex given in (2.15).

Let us also discuss some vertices involving the non-propagating spin 0 field hg. One
can show that 0-0-s interaction is absent if iy is subject to T'T condition. 1-0-s vertex is
given by the pole part of the integral (here p = py and M? is as in (A.9))

1= " ddks (k —yp)u(k + xp) o(s)
Vo =4 [l [y [ Gy

It is non-vanishing for odd s and reduces to (2.17). In the case of 2-0-s vertex we get two

diagrams (2.9) with opposite loop direction and the sum of the corresponding integrals can
be put into the form

v 1 / d'k s Byaa Kp(s)
Hapzp(s) = (2m)? k2(k + p1)?(k + p1 + p2)?

1-x ddk k ]{#Qk (s)
d d P A.14
/ x/ y/ (k4 zp1 + y(p1 + p2))? + M2 (A1)

N / d:l?/l mdy/ ddk k; yp)ﬂl(k_yp)NQ(k+xp)p(s)’
s! 0 0 (27T)d (k’2+M2)3

where M? is as in (A.9). The pole part of this integral is given by (2.18). The computation
of the 1-2-s vertex is similar, leading to the expression in (2.19).
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B Vanishing of 4-particle amplitude at special kinematics

B.1 11 — 11 scattering

As a check of the vanishing of the summed over spins 11 — 11 scattering amplitude
discussed in section 3.2 here we independently demonstrate this at the special kinematics
point u = 0 or s = —t corresponding to 6 = 7 or backward scattering. The total ++ — ++
amplitude obtained by summing (3.18) over all even spins s = 2,4, ... for s = —t may be

written as
A(S) et 1 = s = S s PS Bl
> = et m f(),a= D e, f()= 3 ey B(0), (B

s=24,... s=2/4,... s=2/4,...

where the first term comes from the t-channel and the second from the u-channel contri-
bution (where we already set u = 0 in the argument of Ps). Here we defined v = § — oo
and used that according to (3.11) Ps(—1) = 1. From (3.12) we have

S 2s+1 1
a:s:;l,,_,2(5—1)s(s+1)(s+2):8' (B.2)

From (3.11) and (3.12) we get

Cs PS(O) =5 (B3)

and then find that

1 3 5 3 37955
= - 672 4F3( 2,1,1,5:2,2,2:1672 ) + 1607 s 2, =, 252, 201692
f(fY) 48’)/2 |: V4 3<4> VRISt i ’7>+ Y3 2<27474a2127 8l

—3v2 m+1+6('y L, 1 >7+6]. (B.4)

V14 Iy +1

For small v we get the expansion f(vy) = % + % + %gf + ... which is convergent for

ly| < i. Using the analytic continuation, we may extend f(y) beyond this convergence

disk and evaluate it at v — oo, getting

lim f(y)=—-=. (B.5)

y—+o0 8

As a result, we conclude that the u — 0 limits of the t-channel (B.2) and u-channel (B.5)
contributions indeed cancel against each other just as was found for general kinematics
in (3.25).

B.2 jj— jjscattering

To check our conjecture that all 4-point CHS amplitudes should vanish we may (i) first make
a guess for the CHS spin j 4-point exchange amplitude generalising the expressions for the
11—11 and 22—22 amplitudes explicitly computed in (3.18), (3.11) and (5.2), (5.3) being
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guided by the expected structure of spin J > 2j exchange amplitude in (4.1), (4.5), (4.14)
and (i) then check its vanishing at a special kinematical point.3>

Then the total amplitude is expected to be given as in (3.19), (3.25) and (5.6), (5.9)
by the sum of the t-channel and u-channel exchanges of even spin s CHS states

A =s2[o(z) +o(-1-2)], T=_, (B.6)
2 - 1\ (J =2))! Sujo) [z +2
= = — | ——%= P,
o) = 5 Z <‘]+2> A
J=2j,2j+2,...
2 1 s! oy [T +2
. %+ =) —— PUHO () B.
P <S+”2> G+apl* \ @ (B1)
5=0,2,4,...
Let us now show the vanishing of the sum o(z) + o(—1—z) atu=0orz =t = -1, ie.
o(0) = —o(—1). This is equivalent also to proving the vanishing of this sum at x = 0.%6

Using that P5(4j’0)(—1) =1 we get®”

o
|
o(=1)= (28 +4j+1) ——
|
5=0,2,4,... (8 + 4‘])
R el LY aleenm| 222 al| B9)
2j+12j+1 2j+3 2j+2

1
4(2j—1)2T(4j—2)

To compute o(0) we note that for z — 0 the leading term in the expansion of the Jacobi
polynomial is

+2j ; i L
x o TS /T sl T(s+4j+1)
Plugging this into (B.7) and taking the x — 0 limit we get
1, [1i+ti+li+3ir1r 16
U(O) = lim |——2~ 5F4 . 1 o 1 o . Y o (BlO)
a—0 | T'(4j) 2i+32i+52i+12i+1 @

AA0(2) + Hr(2j+3)
VrT(4j+3)

35We shall assume that as in the j = 1 and j = 2 cases (see section 3.2 and (5.13)) the sum of the low-spin

544

2j+3i+5i+ii+2 16
2j+32 2§+ 3 2j+22j+2 a?

J < 2j exchanges and contact jjjj contribution vanishes separately.

36Notice that it is not possible to check numerically the vanishing of the amplitude A in (B.6) at a generic
value of the kinematical variable x. This is because the series in (B.7) converges for x < —1 and a test
of the condition A = 0 requires the analytical continuation of the series definition of o(z). The explicit
summation over the spin s leads to the result which has an expected non-trivial analytical structure with
branch points at = 0, 1, see, for instance, (3.24) and (5.8).

...ap

37 | ar...an . _ 1 al . . . . .
Here , F, [bl....bm ; z] = O TOm pFa| gty z] is the regularised hypergeometric function. We use

ay...an

the compact notation ,Fj [blwbm ; z} = ,Fy(a1,...,an;b1,...,bm;2) for the generalised hypergeometric
function.
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This  — 0 limit exists and can be explicitly evaluated for j = 1,2,3,.... One finds that
the resulting value of (B.10) is minus that of (B.8), i.e. 0(0) = —o(—1). Thus the total
amplitude (B.6) vanishes at u =0 (or t = 0).

C Derivation of the general form of the 11—11 spin s exchange ampli-
tude

Our starting point is the 1-1-s vertex in (3.4), (A.10) that may be written as

VM7V7p(5) (p’ q) = qp3 e qp‘5 V,U,,V,ppo (p7 q) I

(s+2)!

VEPPIR (p,g) = P g =P g P pl P — {p-q+;(p2+q2)]n“pln””2, (C.1)
where symmetrisation over pq, ..., ps is assumed. Let us contract the p; indices with an
auxiliary vector u”, i.e. define

VEY (pgou) = ————(q - u)*2VAY (p, q,u), C.2
(p: g, u) 2(8+2)!(q ) (P, ¢, u) (C.2)

SITRY v v v S v
VA (poq,u) = 0" (g - uw)? — (u'q” —u p“)q-u+—[p-q+2(p2+q2)]u“u :

The TT projector in the CHS propagator (3.5) acting on monomials of u may be written as

[s/2] 1
1 . S T(s—1+ 1)
) (O, Oy k) = —rg > beg YIVE X2, o1 =(=1) 2 ,
( 1 2 ) (8!)2 o NESES) Qg ( ) 921]| (S N 2[)' F(S + %)
Ouy - k) (Ouy - b Ou, - k) (D, - k)
X = au1 : auz - ( : k(2 2 ) ) Y= 831 - ( k(2 . (CS)

To compute the exchange amplitude, e.g., in the case of +— — +— scattering in s-channel
(cf. (3.8)) we need to contract two vertices with CHS propagator, i.e. compute

I (y,, Oy p1 + p2) V2 (py, pa,ur) V1 (p3, pa, ua) (C.4)
u; =0
Using (C.4) the s dependence is determined by
115 = [s(s — DT (Duy, ug, p1 + p2) (02 u1)* 2 (pa - uz)* (C.5)
u; =0

Here the subscript denotes that this is a differential operator of order 2 in 9,, and 0,,.
Let us introduce:

1 1
Wi =ps4-0u, + §(p1 +p2) - Oy, Wo = p2 - Ou, — §(p1 +p2) - Ousy

Z1 =2py - Oy, — (p1 +p2) - Ouy » Zy = 2p4 - Oyy + (p1 +D2) - Ous » (C.6)

381t should be possible to prove this fact analytically given the simplicity of the result in (B.8).
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so that we get

where § = —% and t = % (t+35). Then we may commute Y{YJX*? with
(p2-u1)*~2(ps-uz2)*~2 and the result will be composed of the operators Y1, Yo, X, W1, Wa, 73
and Zs. A generating function determining the combinatoric coefficient is

. 3]
S T — S P ]

x[1+87 (02 + 6V1)]'[1 + 5 (taZ0 + £3Y2)]' . (C.8)

Using this to compute (C.5) and thus (C.4) we may get an expression for the amplitude
in terms of a hypergeometric function of the kinematic variables. Adding the s-channel
propagator s~° factor in (3.5) the result for the +— — +— exchange amplitude in the
s-channel may be written as

_ T+ 2 s—2)! s
AgsL’_H_’_ =csT 2Ps(f’20)< . ) , Cs :2(2s+1)( n ) r=—, (C.9)
in agreement with (3.11), (3.12).

Similar derivation may be given for the spin s exchange contribution to the 22 — 22
amplitude. Here we use that the 2-2-s vertex (2.15) may be written as

Vulyg,ljlllg,p(s) (p, q) — 8(3 " 4)' qps L qps Vu1#2,u1u27p(4) (p, q) , (C‘l())
or, when contracted with u”,
1 .
VH1k2,1v2,p(s) (p,q,u) = 78(5 oy (q- u)5*4vu1u2,1/11/27/7(4) (p,q, ). (C.11)

Here we need to find the Hf) analog of Hgs) in (C.5) and it can be readily obtained
from (C.8). The final result matches the expressions in (5.2)—(5.5).
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