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ABSTRACT: We describe the gravity duals of four-dimensional N' = 1 superconformal field
theories obtained by wrapping M 5-branes on a punctured Riemann surface. The internal
geometry, normal to the AdSs factor, generically preserves two U(1)s, with generators
(J*,J7), that are fibered over the Riemann surface. The metric is governed by a single
potential that satisfies a version of the Monge-Ampere equation. The spectrum of NV =1
punctures is given by the set of supersymmetric sources of the potential that are localized
on the Riemann surface and lead to regular metrics near a puncture. We use this system
to study a class of punctures where the geometry near the sources corresponds to M-theory
description of D6-branes. These carry a natural (p, q) label associated to the circle dual to
the killing vector pJ ™ + ¢J~ which shrinks near the source. In the generic case the world
volume of the D6-branes is AdSs x S? and they locally preserve N' = 2 supersymmetry.
When p = —q, the shrinking circle is dual to a flavor U(1). The metric in this case is non-
degenerate only when there are co-dimension one sources obtained by smearing M 5-branes
that wrap the AdSs factor and the circle dual the superconformal R-symmetry. The D6-
branes are extended along the AdSs and on cups that end on the co-dimension one branes.
In the special case when the shrinking circle is dual to the R-symmetry, the D6-branes are
extended along the AdSs and wrap an auxiliary Riemann surface with an arbitrary genus.
When the Riemann surface is compact with constant curvature, the system is governed by
a Monge-Ampére equation.
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1 Introduction

Mb5-branes in M-theory have served as a powerful tool for studying and classifying four-

dimensional field theories. In the past, they were used to study the strong coupling regime

and IR phases of gauge theories constructed from type ITA branes [1-4]. In recent times,

by studying the IR dynamics of N M5-branes wrapped on a punctured Riemann surface,

the authors of [5, 6] have provided a classification for N' = 2 superconformal field theories
(SCFTs); these have been dubbed theories of class S. The typical and generic theory



in this classification is strongly coupled and admits no known Lagrangian. Nevertheless,
many of its properties can be inferred from the Mb5-brane realization (see the review [7]
and references therein). One of the strongest evidence for the existence of the N' = 2
theories of class S is the explicit construction of their gravity duals at large N by Gaiotto
and Maldacena (GM) in [8] by using the A/ = 2 Lin, Lunin and Maldacena (LLM) AdSs
systems in M-theory [9].

The primary interest of this paper is to find a way to systematically describe the N’ = 1
SCFETs that arise in the low-energy limit of M 5-branes wrapped on a punctured Riemann
surface in AdS/CFT [10]. This work will have generalized the N' = 2 GM systems to
N = 1. This question has been studied in the context of supersymmetric fields theories in
the literature (see [11-25] for various approaches and results).

When M 5-branes are wrapped on a Riemann surface, the possible configurations can
be labelled by the different ways the surface can be embedded in a non-compact Calabi-Yau
threefold (CY3). In particular when the CY3 is a sum of two line bundles over the surface,
the resulting theories can be labelled by the degree of the line bundles (p, ¢). In the special
case when the Riemann surface is compact and has no boundaries, there is a two-parameter
family of SCFTs in the low-energy limit of the M5-branes. These field theories and their
gravity duals (B3W solutions) are described in [12, 26]. When p or ¢ vanishes, the theories
preserve N = 2 supersymmetry and its gravity dual is describe by the N’ = 2 Maldacena
Nunez (MN) solution [27].

The richness and the wealth of the N’ = 2 class S theories come from cases when the
Riemann surface has punctures. At these points, boundary conditions are needed for the
M5-branes; this has the effect of adding global symmetries to the SCFTs. The addition
of the punctures also leads to surfaces with large moduli spaces; in field theory this maps
to large conformal manifolds and geometrization of various dualities. In AdS/CFT these
punctures manifest themselves as sources on the Riemann surface in the N' = 2 MN
solutions. The gravity duals of the class S theories are obtained by backreacting these
sources. In order to describe them, one needs to first determine the possible choices of
sources that preserve the A/ = 2 symmetry and lead to regular metrics. The backreacted
solution is a domain wall that interpolates between a geometry that describes the source
and the A/ = 2 MN solution. GM succeed in this by using the LLM geometry which is
governed by an SU(co) Toda equation.

In order to describe the gravity duals of M5-branes on punctured Riemann surface,
we need to first find the “N = 1 version of LLM”. Such system must have an AdS5 factor
and the internal manifold must contain a U(1)? bundle over a two-dimensional space to
mirror the basic features of the CY3 in the far UV. From such structure, we need to
find the possible sources on the two-dimensional space that minimally preserve N = 1
supersymmetry. We need to then determine the domain wall solutions that interpolate
between the sources and B3W solutions. In this paper we address the first step and
describe the N’ = 1 system that governs the gravity duals of M5-branes on an arbitrary
Riemann surface. We also discuss how to classify the allowed sources' and analyse the

'In [28], punctures with U(1) symmetry were studied in B*W in the probe limit by using x-symmetry



simplest ones which generalize the N' = 2 punctures of GM. We do not, however, describe
the solutions that interpolate between the sources and B3W solutions. This last step may
require numerical analysis and we leave it for future publications.

The structure of the paper is as follows. In section 2 we describe the general properties
of the field theories from M 5-branes wrapped on Riemann surfaces. In section 3 we present
the general gravity duals of the field theories and consider various limits related to the LLM
system, these are used to describe various punctures. In section 4 we analyse the general
system in cases where the Riemann surface has constant curvature. In section 5 we show
how to describe punctures, and in section 6 we study a class of them that generalize the
GM punctures. Sections 5 and 6 can be read independently from section 4. We end with
a summary and outlook in section 7.

2 Generalities of M5-branes on Riemann surface

In this section we review some general properties of four dimensional NV = 1 superconformal
field theories obtained by compactifying a stack of N M 5-branes on a Riemann surface with
genus g and n punctures. The surface is given by a complex co-dimension two curve, Cg,
of a non-compact Calabi-Yau threefold, C'Y3. Equivalent, we can view the four dimensional
field theory as the low-energy limit of the six dimensional Ax_1 (2,0) field theory on Cg.,,.

2.1 Twist and symmetries

Supersymmetry is generically broken when supersymmetric field theories are taken over
curved manifolds. For the case of interest, we can preserve some supersymmetry by a partial
topological twist [29, 30]. We look for a constant spinor by turning on a background gauge
field valued in the R-symmetry of the field theory and tune it to cancel the background
curvature. In other words we pick a gauge field, A, to solve the killing spinor equation

1 a
(au + v b Tab + A) £ =0ue = 0. (2.1)

where wcﬁ’ is the spin connection of the manifold and ¢ is the desired spinor.

The possible choices of twists we can perform is determined by the holonomy group
acting on the spinor, where wabul“ab takes value, and the different ways we can embed it in
the R-symmetry. For the case of interest, we have a two dimensional curved manifold and
therefore a Uy (1) holonomy. The (2,0) theory has an SO(5) R-symmetry; we thus consider
its abelian subgroup

U, (1) x U_(1) € SUL(2) x SU_(2) € SO(5) (2.2)

and identify the generator of holonomy group, J,, with a linear combination of the gener-
ators of Uy(1), Ju, as

/ /

p J+_|_,q

Jh= "+q +q

J_. (2.3)

of M5-branes.



The topological twist fixes the combination of the parameters® as
p+qd =2(g—1)+n. (2.4)

This is the condition that the flux of the background gauge field must cancel the curvature
of the Riemann surface which is given by its Euler characteristic y = 2(1—g)—n. The twist
generically preserves four supercharges in four dimensions and therefore leads to N/ = 1
field theories. The bosonic symmetries of the six dimensional theory is broken down as

SO(1,5) x SO(5) — SO(1,3) x Uy(1) x U_(1). (2.5)
The field theory admits an R-symmetry, Ry, and a flavor symmetry, F, defined as
1 1
Ro=5(J"+J7), F=5("=T7). (2.6)

When the four dimensional field theory is superconformal, we can write the superconformal
R-symmetry, Ra—1, as

(1£e). (2.7)

N | =

RN:1:R0+6]::a+J++a,J_, a4+ =
The e parameter is fixed by a-maximization [31].
Systems with enhanced symmetry.

N = 4. In the special case when p’ = ¢’ = 0 the Riemann surface is a torus. In this
case, the four dimensional theory is nothing but N' = 4 Super Yang-Mills (SYM) theory
with SU(N) gauge group. This compactification provides a natural origin of the S-duality
in N = 4 SYM as the modular group of the torus. The gauge coupling is given by the
modular parameter of the torus.

N =2. When p or ¢’ vanish, the four dimensional theory preserves eight super charges.
These theories have been studied in [1, 5, 6]. When p’ =0 (¢’ = 0) the U4 (1) (U_(1)) is
enhanced to SU4(2) (SU_(2)). The SU(2) x U(1) R-symmetry of the N' = 2 theory in the
two cases can be identified as

P=0:  SUL(2)xU_(1) (2.8)
¢ =0: UL(1)xSU_(1). (2.9)

When the A/ = 2 theory is described in A/ = 1 language, we need to identify an N' = 1
slice of the N' = 2 superconformal algebra. The R-symmetry on the slice can be written as

1 4
RN:1 = gR/\/’:Q + §I3 (210)

where Ry—2 an I3 are respectively the generators the U(1) and the cartan U(1) of the
SU(2) in the N/ = 2 R-symmetry. This allows us to identify € for the N' = 2 theories:

1
p=0: J" =23, J = Ry—o, €=3 (2.11)

1
¢d=0: J =2I3, J" =Ry, e=—3 (2.12)

2We reserve (p,q) as the twist parameters on a compact Riemann surface where p 4+ ¢ = 2(g — 1).




N =1 with SUp(2). In the special case when p’ = ¢/, Up(1) is identified with Uy (1) +
U_(1). This twist preserves the diagonal SUr(2) of SU(2) x SU_(2). For these cases,
The flavor symmetry F is enhanced to SUg(2). This class of theories with n = 0 were
studied in [14].

3 Gravity duals

In this section, we describe the gravity duals of the class of superconformal field theories
that describe the low energy dynamics of M 5-branes on a Riemann surface. First we argue
for the general ansatz for such system and then describe the metric. In appendix B we
provide a derivation of the metric following from [32].

3.1 Ansatz

In M-theory, we decompose the spacetime as
MU0 5 R X R x CYs. (3.1)

The stack of N M5-branes is extend along R13 and along a curve Cyn in CYs. In general,
the C'Y3, near the brane region, is a U(2) bundle over Cy, whose determinant line bundle
is fixed to the canonical bundle of the surface. In this paper we restrict to the case where
the structure group of the bundle is U(1)? ( See section 2 of [12] for more details). In this
case the CY3 is a sum of two line bundles over the curve with degrees p’ and ¢’ respectively.
The local geometry is
C* = Ly®Ly
} (3.2)
Cym-

The vanishing of the first chern class of the C'Ys implies (2.4). The symmetries Ui (1) x
U_(1) are the phases of the two line bundles.

Our primary interest is to understand when these configurations of M 5-branes flow to
superconformal field theories in the IR. In the large N limit, this question can be studied
in AdS/CFT by classifying the set of AdS5 solutions that can exist in the near horizon limit
of geometries with these brane sources. The problem of obtaining the fully backreacked
solution in M-theory is hard. Since we are only interested in cases when the near horizon
geometry contain AdSs factors, we look for those solutions directly. The ansatz for the
eleven dimensional geometry is then a warped product of AdSs and a six-dimensional
compact space, Mg. The main challenge is to then classify all Mg that are of the form

M4‘—> MG

v (3-3)
Sgm.

where ¥, is IR limit of the curve C,,. The four manifold, My, admits at least a U(1)?
isometry group corresponding to the phases of the line bundles, U (1) x U_(1). The circles



dual to the generators of U4 (1) x U_(1) are non-trivially fibered over the Riemann surface,
Ygn- The eleven dimensional metric must be of the form

MU0 s AdSs o (Eg,n X S_li_ x St x [tT] x [t_]) (3.4)

where S1 are the circles dual to U4 (1). The last two directions with coordinates t* do not,
generically, correspond to any isometries. The AdS5 radius and the two interval directions
t* are combinations of the line, R in 3.1, and the radii of the fibers in the line bundles.
In general the metric on Mg will depend on the coordinates on the Riemann surface and
on t*, therefore one expects a system of equations with four variables when we reduce the
supergravity equations. While this is true, we will find the system to be tractable.

The metric for the most general supersymmetric AdS5 solution in M-theory [33] has

the form

dy? 11— 4y°H
ds?, = H/3 [dsidss +H (dsi + i + - i (dyp + ,0)2)] . (3.5)

1-42H 9 H

The warp factor, H, and the metric depends on y and on the coordinates on ds?; at fixed
y the four-dimensional space is Kéhler. The supergravity equations for the system can
be written in terms of the Kihler and holomorphic two-forms on ds?. The 1 direction
parametrizes a circle fibered over the Kahler space; its connection, p, is completely fixed
by the base four manifold. The U(1) generated by 0, is dual to the superconformal R-
symmetry.

For the problem of interest, we make the ansatz
dsf = 2 (da? + daf) + ¢ [ (dz + VR)* + 2 (dp+ V')?]. (3.6)

The x; coordinates parametrize the Riemann surface directions. In addition to the R-
symmetry circle ¥, we also demand a circle on the base manifold in order to obtain the
desired U(1)? isometry. The one forms V//% have legs on the Riemann surface. All metric
functions depend on x;, z and y. The reduction of the BPS equations on the ansatz is
worked out in [32]. In appendix B we summarize the results.

We can identify the isometry 0, with the flavor symmetry in the dual theory. From
this we obtain

0p = (8¢+ — 8¢7) , Oy = a+8¢,+ +a_0g_ (3.7)

N | =

where

JE s dual to Dips - (3.8)

By using this identification, we can make field redefinitions and coordinate transformations
on the system in [32] to obtain a more useful description of the gravity duals to the class
of SCFTs describe in section 2.1. The reduction of the system in [32] is described in
appendix B.



3.2 Gravity dual to class S SCFTs

The gravity dual to N’ =1 class S theories can be written as

1 g o
ds? = LYPHY3 |dsh g5, + JH (2 (da? + dz3) + 4h'inm; + gijdtldtﬂ)} (3.9)
with
3
Gij = —82-8]-D0, hi]’ = *81‘8]‘ <D0 + 58 (IOgS - 1)) . (310)
and
1 det(hij)

24 = /2 det(g;;)eO++0-)Po s=aytt +a_t. (3.11)

’ " 85 det(gi;)’
The metric along the circles, h*/, is obtained from the relation h% hjr = (5,2. The one-forms
dual to the isometry generators &j% are given as

1
N = dox + 5 * d0xDo (3.12)

where the % and d are taken along the (x1,x2) directions. Our convention for the hodge
star is *dx1 = —dxo and *drs = dzq.

The length scale of the system is the AdS radius L, and it appears as an overall
factor, it is fixed as L = 1 for the rest of the discussion. The four-form flux is completely
determined in terms of the metric functions [33]; solving for Dy will also determine the
flux. In this paper, we focus on solutions and will not need the flux; it will be necessary
for central charge computations.

The system is governed by a single function Dg that satisfies a variation to the Monge-
Ampere equation®

(92, + 02)) Dy = s°/* (aiDanDo - (8+8_D0)2) el@++0-)Do (3.13)

Our central goal is to understand the solution space of this equation that lead to regu-
lar metric.

S-duality. The system is invariant under the transformation
/ + 1+
)=l Ploa |t (3.14)
n- n. )’ t t'

A:1<1+’F1 1+T‘2

where A is given as

ith - 0. 3.15
X kﬁhwy with i -7z # (3.15)

3The fact that the general systems in [33] has underlying Monge-Ampére equations was first described
in [34].



The elements in the columns must add up to one in order to preserve the exponential
exp ((04 4+ 0_)Dyp) in the conformal factor e4. In order to preserve the s function, a

(Z+>:A<Z{+>' (3.16)

This transformation preserves the condition ay + a— = 1. However the parameter € trans-

transform as

forms as

1+ 79 rL—"re,
€.

: 5 (3.17)

In the field theory side, this transformation corresponds to rotating the generators (J*, J ™)
while preserving the overall combination J*+.J~. This invariance in the metric corresponds
to an ambiguity on the definition of J*. The only physical input is the topological twist
which fixes an overall U(1) in the SO(5) R-symmetry of the six-dimensional (2,0) SCFT.

The determinant of A can be fix to 1 without lost of generality. The S-duality is a
subgroup of SL(2,R).

3.3 N =2 limit and LLM

The system above must reduce to Lin Lunin and Maldacena system (LLM) [9] in order to
describe the N' = 2 theories. In the discussion of enhanced supersymmetry in section 2.1,
the /' = 2 limit corresponds to trivializing one of the line bundles. In Gravity, this
corresponds to turning off the connection for one of the circles over the Riemann surface.
We pick the ¢ circle. One also needs to turn off the off-diagonal metric component
between the circles. In the N’ = 2 limit we impose

h+_ = O, *d8+D[) =0 (318)

These conditions imply that Dg is of the form

Dy = D(z,t7) gs (log s — 1) + F(t1). (3.19)

After plugging into the Monge-Ampere equation (3.13), the only solution with a non-
degenerate metric satisfies

2 oL F(t+ 1 +
a+=§, et ( ):@(C—t ) (320)
The condition that ay = % implies a_ = % and € = % This is consistent with the

expected value of € in (2.11) when the line bundle £,/ is trivial. When we turn off the
connection for ¢_ instead, we find € = —% which is consistent with (2.12).

To write the LLM metric, we make the transformation

D=0_D, y?=4dc+2", y’sin?(0) =4(c—t) (3.21)



to obtain

1
ds?, = H /3 [dsid&) + 3Hds§] (3.22)

4y 1 2
dsg = (1 — yo,D) [dy* + € (dai + da3)] + y>dQ3 + yg 5 <d¢_ +3% dD) .
- )

(3.23)

The coordinates (6, ¢, ) combine to a round two-sphere, dQ23. The U, (1) symmetry, dual
to Jy, , is enhanced to SU(2).
The warp factor is given as

3 —yo,D
== Yoyt (3.24)
4y* 1 — yo,D
The system is governed by the SU(co) Toda equation,
(02, +92,) D+ 02e” = 0. (3.25)

This system is LLM as described in GM in [8].

4 Constant curvature Riemann surface

In this section, we reduce the system for cases when the surface has constant curvature.
The two-dimensional metric is govern by the Liouville equation and we write it as

ds? (Bg) = 2@ (da? +da3), (92, + 82,) Ag + ke* = 0. (4.1)

The parameter x is the curvature of the surface and takes value in {—1,0,1} corresponding
to Ha, T2 and S? respectively. A genus, g, Riemann surface is obtained by replacing
Hy with Hy/I'" where I" is a Fuchsian subgroup of PSL(2,R), the isometry group of the
hyperbolic plane. In this section, we will restrict to cases when x? = 1; the discussion can
be straight-forwardly extended to include the torus.

The conformal factor of the Riemann surface can be written as

2
Ao — : 4.2
Sy gy 4.2)

It is useful to introduce the one-forms
1 K

= _xdA dV = —— _¢240g das. 4.
Vv 2(179)* 0, Vv ge x1 N\ dx2 (3)

It can be written as
Kk x1dro — x9dx1

= 4.4
T g1+ (@2 +ad) (44
The potential, Dy, can be written as
— 2 + - 2 + _
Dy = —rAo(w1, 22)pg + F(E7,17), fg=cg—(K+2)t7 — (k= 2)t". (4.5)



The equation of motion reduces to
p2 = s*2eOe I 12 F2 F — (9,0_F)?|. (4.6)
The one-forms dual to the U(1)s can be written as

Ny =dog —pV, n-=ddy —4qV. (4.7)
The degrees (p, q) are related to z as

g—1 g—1
p=(k+2) — q=(k—2) :

K

(4.8)

The parameter z is refereed to as twist parameter; (p — q) is the degree of the U(1) bundle
over ¥, that is associated to the flavor symmetry F. Although we were not careful to
include the torus in this discussion, we can still continue the final result to include the
torus. We can smoothly take the limit x — 0 in the equation of motion (4.6) and in the
final expression for the one-forms ny in (4.7).

Explicit solutions are obtained by solving the Monge-Ampere equation in (4.6) for
F(t*,t7). The simplest non-trivial ansatz for F yields the B3W solutions that describe
the near horizon region of M 5-branes wrapped on compact Riemann surfaces [12, 26]. We
discuss this ansatz and its generalizations next.

4.1 B3W solutions

One of the simplest class of solutions with constant curvature is obtained from the ansatz

2
3 1 )
F= Z“g (1—Inp?) + ;1 §ui (L—Inp2) + (ty +t-) <l/ + 4ln2> : (4.9)
where
p? = 2s, pi=cp — 2T, pa=co— 2t (4.10)

The equation of motion (4.6) reduces to
u?] = e [4,u§ +6 (aiu% + az_ug)] . (4.11)

The equation in (4.11) leads to algebraic relations which are solved in terms of the
twist parameter z and curvature x. We find

K+ VKZ 4 322

262 — (12 2\1/2 _ _
e (k™ +327) K, € "

(4.12)

Recall that a4 = %(1 + €). The parameter ¢, = —2ksg is fixed in terms of ¢ 2, ~ and e.
The parameters c; 2 are not constraint by the equation of motion, we are free to fix them.
The eleven dimensional metric is

2

1

w%::H*B[&%&5+3H(Pﬁ§(&»+3mé+2§:@mi+@%@)] (4.13)
a=1

~10 -



with the constraint
P24 a i+ a_pd=ayc 4+ a_co. (4.14)
The warp factor is
er ! (4.15)
H = — = . .
pZ o 4p? 4 642 pf + 6a? 13

The warp factor is positive and finite when aic; + a_co > 0. This is the only condition

that can be imposed on the ¢’s, we can fix the combination a4c; +a_co = 1 without lost of
generality. The metric is smooth in the regions where p, = 0 when the periods of ¢4 are
A¢y = 2. Quantization of the first chern number of the U(1) bundles over the Riemann
Surface implies that p and ¢ are integers.

The constraint in (4.14) describes a two dimensional surface in R3. When x = —1, € is
bounded as —1 < v/3¢ < 1 for all z; this implies that a4+ > 0. This bound guarantees that
the surface described in (4.14) is always compact. When k = 1, |¢| < 1 if and only if |2| > 1,
in which case the surface described by (4.14) is compact. When x = 1 and |z| < 1, the
four manifold normal to the Riemann surface is non-compact. It is interesting to wonder
whether it can be compactified by moding with a discreet subgroup. This will require a
more detailed understand of the four manifold and will be investigated in future works.

Second ansatz. We can consider a slightly more general ansatz where we relate the
parameters by hand. For x # 0, we consider

2

F = —if(ug) + z,uf (1 —Inp2) + Zl %ui (1—Inp2) + (1/ + Zln2> (4.16)
a—
where
pio = R+ iy — Fapin, pz = Re— g+ éun,  pi = cu +2(t7 —17). (4.17)
The equation of motion (4.6) becomes
pe = [3Euins + 207 pipl + 275 p3 7] aTgef '
+ (2071 = 72)%pd + 3(6 = 1) + 3(¢ — 72)*ui] e (4.18)

where f' = % f. We have also judiciously fixed . The system can be solved when
g
3€ = 2(TA’1 + fg), €rirg = 0. (4.19)
These solutions lead to the ones studied in [33].

4.2 Generalization of B3W solutions

We can straight-forwardly generalize the B3W ansatz to

3 9 9 )
F = 1Hs (1—Inp3) + (t+ +t-) (V—l—4ln2>

k
n 1
+ Zuﬂi (1—1In ui) + 1 ;naﬂi (1—1In ,ui) (4.20)

- 11 -



where
P2 =co — (1471 )t — (1 = 1)t P2 =y + 20ty —t). (4.21)
Generically, there are k independent u,’s, each of which defined by two parameters ¢, and
r«. The parameter, n,, is the multiplicity of jto. The B3W ansatz is recovered when k = 2,
Ng =2,ny =0,and ry = —re = 1.
The metric for the ansatz in (4.20) is

1
ds}y = H™'? [dsidss . ( detlg H pat ds (%) + d84>] e

dsi = 3dp3 + n,, <dﬂi thn“l> Zna <dua z(mt(mnil) (4.23)

where the circles are given as
147y 1—1ry

Nl = N4 + 17—, ol = —5— - = —5 T (4.24)

The metric in the (4.23) ison R x (R x S 1)k+1. The first R factor is coordinatized by
ps. Each p, can be identified with the radius of a plane (R x S') whose circle is given as

Na = H‘%mr + 1‘%77_. The four dimensional space in the eleven dimensional metric (4.22)
is obtained by restricting the metric (4.23) to the surface given by the equations

(ro — p2 + p2 4 42 = Ry (4.25)

where the R’s are related to the ¢’s. Using these constraints, one can derive a similar
relation between any three p’s. This is particularly important since we can turn off a given
to by fixing n, = 0. In such case, one writes a set a equations that do not involve p,. A
similar relation can be written for the coordinates on the circles:

(€ = Ta)NuL + 2051 + 2101 =0, Nsl = T4 — Q47— (4.26)
The determinants are given as

1 nang(re —rg)? NNy
det(h) = = + , (4.27)

2 azﬂ: AT Za: [T

3 | nu | 1 nale—rq)?

det(g) =det(h)+ = | —= + = —_— . 4.28
(9) ) pifpd o 4 2 13 (4.28)

«

From these expressions one can compute the warp factor
1 det(h)

— . 4.29
4p3 det(g) (4.29)
We can associate a killing vector ¢, to every pu, defined as
1 0 1 0
by = - 4.30
T2 8¢+ 20¢_ ( )
l 0 0 (4.31)

s=ay—— +a_
T o¢, Ob_
1+7r, 0 1—7r, O
by = 5 8¢++ 2 06 (4.32)
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The killing vector ¢, and ¢s are respectively dual to the flavor symmetry, F, and the
superconformal R-symmetry, Ra—1, in field theory.
The norms of the killing vectors are such that as

o = 0, (6P - B (4.33)
u
42

pe — 0, |l6sl]> — 7;- (4.34)

This implies that the circle dual to the killing vector, ¢, shrinks in the region p, = 0. Since
each such circle is generically non-trivially fibered on the Riemann surface, flux quantization
of the connection leads to quantization conditions on the r, parameters. From the norm
of /4, one can see that its orbits never shrink unless r, = € for some a.

The solution to g = 0 can be represented as a line on the (¢*,¢7) plane with slope,
1-7rq
o 1+:a :
vanish can be identified with the boundaries of the space. When two different u, = 0

Mo = Since a circle shrinks along every such line, the regions where the u’s
lines intersect, the full (¢4, ¢_) torus shrinks; this leads to an orbifold singularity at the
intersection. This hints at the presence of certain sources in these regions. The field
theories dual to these solutions will have global symmetries associated to these orbifold
singularities. It interesting to understand these sources in these solutions; this will require
a better understand and control of the four form flux. We leave these questions to future
studies of the solutions.

In order to avoid curvature singularities, the warp factor H must stay finite and positive
everywhere. The determinants in (4.27) and (4.28) have the same pole structure in the
regions (i, = 0 and u,, = 0, this guarantees the finiteness of H in (4.29). The determinant
det(g) also have a pole at u2 = 0 while det(h) does not, this is cancelled in the expression
of H by the overall é in (4.29).

The Riemann surface shrinks in the region p, — 0 when ng > 2; and when ns < 2, its
radius blows up. It is natural to fix n, = 2 in order to have a finite Riemann surface.

Supersymmetric solutions are obtained by solving (4.6) which reduces to

k
pg = e det(g)pd T wie- (4.35)
a=1

This equation reduces to algebraic relations between parameters when we expand in powers
of (t7,¢t7). When k = 0, det(h) in (4.27) vanishes. The first solutions to the equations are
found when k = 2.

k = 2 solutions. When k£ = 2 and n; = ne = 2, the system can be solved explicitly. The
solution can written in terms of zg and ¢y which are related to the z and € as

z:rlgrzn+r1;T220 e:m;TQ—l-Tl;TZeQ. (4.36)

We find

4 > 437
QGQV_)Q(m_K» = FHVRE 3 (4.37)

(r1—r2 322
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When r = —ry = 1, the solution reduces to B3W systems. When the r’s are arbitrary, the
solutions are transformation of B3W under the S-symmetry described in equation (3.14).

1(1 1 0
N+ _ = + 7 +rg 7761- (438)
n_ 2\ 1—-r11—1r9 n-_

where 0. are the one-forms that appear in B3W.

The matrix A is given as

General k. For k > 2, the supersymmetry equation in (4.35) cannot be solved every-
where. We can solve the equation only regions where two p, = 0 lines intersect. This
suggest that the ansatz in (4.20) is not general enough to fully capture the system. The
main problem is that the boundary of the space on (¢*,¢) is piece-wise defined and the
physics of the intersections when k > 3 is poorly understand. This may indicate presents of
sources or may correspond to orbifolds of the (2,0) SCFT wrapped on a Riemann surface.
In order to fully capture these systems, one may need to perform a Béacklund transforma-
tion of the Monge-Ampere to new coordinates. In the transformed system, the coordinates
t* are multivalued functions. It is yet unclear to the author on how to proceed.

Although we are unable to solve the supersymmetry constraint, it may be that the
metric in (4.22) solves the M-theory Einstein equations. This would lead to a new class of
non-supersymmetry AdSs solutions in M-theory. A better control of the four-form flux is
required to check this.

5 Punctures

The main goal of this paper is understand the AdSs solutions obtained by wrapping M 5-
branes on Riemann surfaces with punctures. In this section we study punctures. They
appear in gravity as localized sources on Riemann surfaces. Throughout this section, we
use the terms sources and punctures synonymously.

Before we study the general system of M5-branes discussed above, we first review
sources on two-dimensional Riemann surfaces. These are governed by the Liouville system:

ds? = 240 (d:z:% + dx%) , with (051 + 652) Ay = —re*Ao, (5.1)

The compact solutions of this system are discussed in section 4. In presences of punc-
tures, the Liouville equation is modified with delta functions sources. In the region near a
puncture, there is a shrinking circle and the Liouville equation can be written as

lﬁr (rorAp) = —kedo 4 2r(k — 1)(52(7") (5.2)
,

where (71 = rcos(p),ra = rsin(¢)). There are (k — 1) units of sources at r = 0.* The
solution to Ag has two parts, a logarithmic term due to the puncture and a background

4Our normalization for the delta function is

/52(7’ —ro)rdrde =1, thus 8 (r —ro) = QIW(;(T —ro). (5.3)
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term due to the curvature x:

. i 4k>
_ _ : 240 _
Ao = (k—1)Inr + Ap(r), with s = REPET (5.4)
The metric near the puncture region can be written as
@2:4——£——(d2+k22d2) (5.5)
(1 + kp?)? P pae '

where p = r*. The circle ¢ shrinks at p = 0 with a period 2% In regions away from the
puncture, the period of ¢ is 2, this is necessary for the identification (x1 = r cos(p), x2 =
rsin(p)). The presences of the sources leads to a conical deficit and therefore a Zj orb-
ifold fixed point at p = 0. This is precisely the manifestation of a puncture of the two-
dimensional surface.

The spectrum of punctures in class S is given by the different ways we can embed the
orbifold fixed points from (5.2) and (5.5), in the system described in 3.2. These sources
are localized on the (x1,x2) plane in the metric (3.9). In the class S systems, the Liouville
equation is generalized to the modified Monge-Ampere equation for Dy, (3.13). Therefore
the sources for Ag in (5.2) generalize to sources of Dy. The most general expression we can
write to include these sources is

(02, +02,) Do = 2 + > " Po(th,t7)6(21 — 27)d(x2 — 25) (5.6)

where
24 = g5/2¢(0++0-)Do [aiDOaEDO — (8,0_Dy)?| . (5.7)

The index « labels the sources located at (z{, 25). A puncture can have a non-trivial profile
in the directions normal to the Riemann surface; this is determined by the functions P,. To
classify the punctures, we need to find the set of functions P, for which there exist solutions
of Dg that lead to a regular metric in the neighborhood of the source. It is important to
note that the functions P, are not required to be smooth on the (¢t7,¢) plane.

In the neigborhood of a puncture, the metric on the (z1,z2) plane can be written as
62A(T7t+,t7) (d?“2 + T2dg02) (58)

where (z1 = rcos(p),z2 = rsin(e)). The circle ¢, which appears in the neigborhood of
the puncture, must have period 27w. The supersymmetry equation, for the puncture with

profile P, is

%a, (r0, Do) = €24 + 27 P(tF, +7)52(r). (5.9)

When P is a smooth function, the potential Dy can be written as

Do = P(t",t ) Inr + D(r,t+,t7). (5.10)
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After plugging Dy in equation (5.9) and expand in powers of In(r), we obtain

0=09>P3*P — (9,0_P)* (5.11)
0=02P3%D + 82 P> D —20,9_Pd,d_D (5.12)

~ ~ ~ ~ ~\ 2
%ar (r@rD) = §5/2p(04+0-)P o(04+0-)D [c‘ﬁDéﬁD - (8+8_D) ] . (5.13)

We refer to these equations as the puncture equations. The first one determines the choices
for P, the last two are compatibility conditions with the background surface. The equation
in (5.13) makes sense as a single equation when (04 + 0_)P is differentiable. Otherwise
the equation would have to be split into different parts and sources would be needed for D
at the junctions. This implies that the expansion in (5.10) is not valid when (04 + 0—)P
is not differentiable.

We will not aim to find the most general solution or form of P in this paper. The Profile
P can be fixed to a constant. In this case, the first two puncture equations are trivially
solved and the last reduces to the original system. The simplest non-trivial examples are
cases when P is linear in the t’s. We focus on such examples for the rest of the paper.

Linear profile. Consider a puncture profile
P=ngt"+n_t". (5.14)

The first and second puncture equations, (5.11) and (5.12), are trivially solved. The last
puncture equation, (5.13), yields an equation for D that can be written as

2 ~ ~ . -\ 2
kpap (p9,D) = s*2e(@+0-)D [aipa%p - (0+0-D) ] (5.15)

where 2(k —1) = ny +n_ and p = r¥. In the special case when n, = —n_, the puncture is
completely smoothed out since £ = 1. In this description, k¥ << N where N is the number
of M5-branes wrapping the Riemann surface.

The equation for 15, as a function of p, is the same as the original system but without
the localized sources. To describe this region we consider the B3W ansatz for D:

D= — kAg(p)ui

2
3 1 _ 5
+ZM§(1_IHM§)+§ E pl (L—Inpd) + (" +¢ )(1/+4ln2). (5.16)

a=1

The s are defined in section 4.1. The solution for € and e?” are given in equation (4.12).
The eleven-dimensional metric is

1 4
dS%l = H_l/S |:d82AdS5 + gH <'U/3(1—|—/W (dp2 + k2p2d¢2) + dSi>:| (517)

n ~\ 2
ds? = 3dy; + 2 <du% + 4 (dm — 5y - pV) >

n_ ~\ 2
+2 (dug + ol (dqﬁ_ — e - qv) > (5.18)
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where

~ 1 ~ K kp?

V=—-xddy= —
2(1—g) 0 1—9g1l+kp

In the region near p = 0, the internal metric can be written as

5 dep. (5.19)

d 2 _ 2 2 4k2
% = 4//Jg dp + (b,nf + b+n+)
2
pind + pgn? ( do oD + nu%dcb) L 2
2 pind + pan?

5 p2d¢§> + 3dp? + 2dp3 + 2du3 (5.20)

+ Sdes  (5.21)

ping + pgn?

where
Gy =bidy +b o,  Gu=n_dy —nio. (5.22)

The only restriction for the possible choices on the b’s is that b_n_ 4+ byn, # 0; this is a
necessary condition for ¢ and ¢, to be independent. The geometry is smooth when the
period of ¢y is 2m and b_n_ + byny = £2k.

The main observation is that orbifold fixed points with linear profiles P are smoothed
out by the bundle structure in the full eleven-dimensional geometry. The physical param-
eters € and e’ do not have any dependence on the puncture data. However the volume of
the internal manifold will have a correction due to k. This may lead to correction to the
central charge of the dual theory which would be suppressed by N, the number of M5-
branes wrapping the surface. At finite N, ¢ and e?” are expected to pick up corrections.
In order to check this, we need to work out the flux quantization. We address these issues
in future explorations when the four form flux is computed.

6 Punctures and D6-branes
In this section, we study punctures with piece-linear profiles. The simplest example is
P = (Cl + 2n1t) 9(t0 — t) + (02 + ant) 9(t — to) (6.1)

where 0(ty — t) is the step function.
The coordinate ¢ is given as

t=nytt +n_t". (6.2)

The n’s can be restricted ny +n_ =1 or ny = —n_ = 1 without lost of generality. In
this example the profile P is a continuous linear function of ¢ with slope 2ny when t < tg
and 2no when t > tg. In regions away from ¢ = 0, the puncture is smoothed out since the
profile linear. Our interest here is to understand what is happening at the intersection,
t=typ and r = 0.

It is instructive to see how the expansion in (5.10) fails when we plug the piece-wise P,
in (6.1), into equations (5.11)—(5.13). The profile solves the first puncture equation (5.11).
However, in the last puncture equation, (5.13), there is a discontinuity in the right hand
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side due to the r@+T9-)P This implies a source for Datt= tg. The second puncture
equation (5.12) reduces to

(ng — n1)d(t — to) (np0_ —n_84)*> D = 0. (6.3)
These conditions suggest that near t = ty the potential Dy should be expanded as
Do=D(t,r)+ F(tt,t7) +... (6.4)

The ellipsis correspond to corrections to Dy in regions away from the puncture. The
potential D will capture the source and the function F' will capture the behavior of the
metric in the neighborhood of the puncture. We reiterate the point that the solutions
obtain here yields the boundary conditions of Dy associated to the step function source P
in (6.1).

In appendix A, the general Monge-Ampere system is reduced with the exact
ansatz (A.1). The results in appendix A can be used to describe the t = ty region of
the piece-wise profile P (6.1).

The general equation for Din appendix A is (A.3). Near the source we write it as

1 — — ~
9, <'r8,«D) - (ho(t) - hl(t)afp) e+ +n)0D 4 9 p(£)§2(r). (6.5)
r
There are different solutions for F' and the h’s for when np. = —n_ =1, ny = ay and
for when ny +n_ = 1. In each of these cases, the equation for D reduces differently and

therefore leads to different types of sources at t = tg. We study them independently.

6.1 N =2 punctures and D6 branes

The metric when ny +n_ =1 is described in section A.1 and given in equation (A.11). In
this section, we discuss the punctures when ¢; = 0 where the metric reduces to LLM and
preserves N = 2 supersymmetry. We return to cases with non-vanishing ¢ in section (6.3).
The punctures in LLM were studied and described in [8]. We will review their descrip-
tion and discuss their D6 brane interpretation.
When ¢; = 0, the metric in (A.11) is non-degenerate only when c is non-vanishing, we

can fix it as ¢ = —1 without lost of generality. The LLM metric is recovered by making

hl 8tD()

1—20156

the coordinate transformation 32 = 1 + 2t and the field redefinition e” =
Equation (6.5) becomes

1
~0, (r0, D) + je” = 21 (2m0(yo — ) + 2n20(y — o)) °(r) (6.6)

where yg =1+ 2tp.
The potential D satisfies an axially symmetric SU(co) Toda equation; its sources can
be studied by performing the backlund transformation [9, 35]

y = po,V, In(r) = 0,V, p? =r2eb. (6.7)
Under this transformation, the SU(c0) Toda equation is satisfied when V' solves

;ap (p9,V) + 92V = 0. (6.8)
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Next we need to understand how the profile P appears as a source for V. The region

r = 0 maps to the region p = 0. In regions away from the source at y = yo, the potential

D _ 7”2”1 for y < Yo and eD = 7”2”2 for Yy > Yo. Under the

can be approximated as e
Bécklund transformation, V' is of the form V = y;(z)In(p) for y < yo and V' = ya(z) In(p)

for y > yo with
1 1
; =b
1+n1z va(2) 2+1+n2

where the b’s are constants. The point yy maps to zo where y1(z0) = y2(20) = yo. The

y1(z) = by + z (6.9)

profile P maps to
1
;89 (p0,V) + 02V = 21 (y1(2)0(20 — 2) + y2(2)0(2 — 20)) 6%(p). (6.10)

The metric after the transformation is

1
ds?, = H /3 {dsid% + SHdsg} (6.11)
. . . .. 2
2V p? oV -V V'V .
ds? = A (d;ﬂ +dz2? + Mdﬁ) + (dcp T Vd;g) + V20 (6.12)

where V = p0,V and V' = 0,V. The x circle is shifted as x = x +¢. The warp factors are

"
g3V

= A=V24V"2V -V). (6.13)
2VA

From the equation of V, we observe that V" has a point source at (p = 0,2z = zp), it is
k 1 1 1
V' =— , k= ( — ) : (6.14)
2/ + (z — )2 1+n1 14n9

In the region near the source, the metric is

given as

"

V .
dS%l =g /3 ds?&dss + 27@/0 (d22 + d,02 + deXQ) +

1 N2 1o,
- ~a0?| .
o7 (dgp de) +4d ]

(6.15)

3_
4y8 '

The metric is positive definite when & > 0 (ny > n;). We make the coordinate

The overall warp factor goes to a constant, H =

transformation (p = 1R?sin(f),z = $R*cos(9)) and write the (p, z, ¥, ¢) directions as

1

5 (dip = ksin®(0/ 2)d%)"| . (6.16)

dsg /7, = dR* + R? % (d6* + sin®(0)dy?) +
The parameter k is the degree of a U(1) bundle over S2. It is quantized and takes value in
k € Z,. When k = 1, the space is R* and R* /Zj in general. The internal six-dimensional
manifold in (6.15) reduces to a simple product of a round S? with R?*/Zj,. This orbifold fixed
point leads to an SU(k) gauge symmetry in AdSs and therefore a SU(k) global symmetry
in the field theory.

~19 —



In the region near the source, the ¢ circle is shrinking and we can interpret it as a
shrinking M-theory circle. The metric then describes k& D6-branes wrapped on AdSs x S2.
The SU(k) gauge symmetry in AdS is due to the gauge field on the world volume of the
D6-branes. The R-symmetry in this region is SU(2) x U(1); the SU(2) corresponds to
the isometries of the two-sphere wrapped by the D6-branes while the U(1) corresponds
to the generator dual to the y circle. This symmetry that appears near the source is an
enhancement of the global U (1) x U_(1) symmetry that underlie the general system. The
generator of the U(1) is n+% + n_ag%_. The orthogonal combination enhances to the
SU(2) symmetry.

Since the potential V satisfies the Laplace equation everywhere, one can consider a
collection of these D6-branes at along the line ¢. This yield the general N/ = 2 puncture
with the continuous piece-wise linear profile

P(t) =" (ci+ 2nit)0(t; — t)0(tiz1 — t). (6.17)

(2

The function P has slope n; in the interval (¢;,¢;11) and the system have k; Dg-branes at
t = t; where
1 1

ki = - .
Ul 14 n

(6.18)

These are the N' = 2 punctures described by Gaiotto Maldacena in [8].

From N = 1 point of view, the punctures with profile P(¢) in (6.17) have an additional
label, (n4,n_). These parameters determine the R-symmetry of the A/ = 2 system near
the source. At the location of the D6-branes, the orbits of the killing vector n+%+n_ &%
shrink. Globally the periods of ¢+ can be fixed to 27w. This implies that the parameters
n4+ must be rational. We can then write them as

p q
ny=—"\ p_=_—t 6.19
T ptg p+q (6.19)

where p and ¢ are co-prime integers. The D6-branes can be labelled with (p,q). Two
punctures with different choices of (p,q) will each preserve a U(1) x SU(2) R-symmetry
that corresponds to different enhancements of the Ui (1) x U_(1) symmetries which is
preserved everywhere.

An N = 1 puncture can be obtained from the N/ = 2 punctures by superpositing
different (p, q) profiles at the same point on the Riemann surface. The description of these
sources is beyond the ansatz in 6.5. The D6-branes with different (p,q) will trace non-
parallel line on the (t*,¢7) plane and therefore will intersect. The ansatz in 6.5 cannot
capture the physics at the intersection, one needs to solve the equation in (3.13). In this
region also, the (¢4,¢_) torus shrink. A generalization of the Backlund transformation
in (6.7) for the Monge-Ampere system (3.13) is required. We continue to explore how to
do this.
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6.2 N =1 punctures and D6-branes
In this section we discuss the piece-wise punctures on the metric in (A.18); these are cases
when ny = a4 in (6.1). Equation (6.5) reduces to equation (A.2) with the P(¢) source:

2
1—cy

1 1
;Br (ro,D) —1—856[) - gay [ 2eD] =27 (2n10(yo — y) + 2n20(y — v0)) 62(r).  (6.20)

D

In the region near the source, the term %874 [ } is subleading when compared to the

2
T-e?©
first two. In this approximation the D potential satisfied the SU(cc) Toda equation in
the neighborhood of the puncture. We can then use the Backlund transformation in (6.7)

and (6.10). The metric near the source can be written as

V// 1 . 2
2 _ pr-1/3 | 3.2 2 2 22 /

d311 =H / |:dSAdS5 + 67y0 (dZ + dp + 14 770) + W (dg@ — V 770) (621)
1 —cy? dw? N 1,9

— d . 6.22

Tl Cerr R R (6:22)

The overall warp factor goes to a constant, H = ﬁ. The one-form 7 is given as

0

no = dx + cwd. (6.23)

The (w, ¢) describe a two-dimensional surface with curvature c. In the case when ¢ = —1,

the surface is an Hy plane which can be replaced with Hs /T" to obtain a compact Riemann
surface with genius g. The ¢ circle shrinks at the location of the source and can be
interpreted as an M-theory circle. The geometry is then an M-theory description of k D6-
branes wrapped on AdSs x ¥4. Unlike the V' = 2 case, the R? normal to the D6-branes is
non-trivial fibered over the Riemann surface ¥,.

The sources in this case are special and exist only when n+ = ax. The orbits of the
killing vector n+% +n_ &% shrink at the location of the source, the condition implies that
the puncture sits at a point on the (t*,¢7) plane where the N’ = 1 R-symmetry shrinks.

One can consider placing more than one of these D6-branes on the (t7,¢7) plane and
at the same point on the Riemann surface. Unlike the AN/ = 2 D6-branes, these sources will

1 2

interact with each other due to the =9, [ 5
Yy 1—cy

what are the effects of this term and how it will fix the location of the sources. This

el } term in (6.20). It is currently unclear

question need to be explored in order to understand how superpose the N’ = 1 punctures.

6.3 N =1 punctures and co-dimension one sources

In this section, we discuss the piece-wise punctures when ny = —n_ = 1. The reduction
for this case is discussed in section A.3 and equation (6.5) reduces to

%& (ro. V) + o} ((1 - 2ct)3/2V) = —4m(ng — ny1)d(t — to)6%(r) (6.24)

where V = —8?5. We analyse the source for when ¢ = 0. The behaviour of the source
will be same even when c is non-vanishing; the major different is we would need to drop
subleading terms to the Laplace operator acting on V. The solution for V' is given as

no — Ny

V-5 T (6.25)
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The metric for the system is

1
ds?, = H /3 [dsids5 + 3Hds§] (6.26)
1 dw? 41— cw’
ds? =V (dt® + dr® +r2dp?) + = (d 16 - d¢? 6.27
5§ =V (dt° +dr® +rdg") + G (A + )" 6 | 7o g F g —dd” ) (6.27)
with
H= %, Ow = —ro, Vde. (6.28)

When ¢; vanishes, the metric is degenerate. When ¢; is non-vanishing, it is singular at
w = 0 since the warp factor vanishes. This singularity can be understood as co-dimension
one source in M-theory. In the region near w = 0, the metric can be rewritten as

1
ds?, = H™'/3 (dsidss + 9d¢2> (6.29)
1

1
+ gH4/3 (V (dt* +dr® +r%d?) +

(dx + w)® + 6dw2) : (6.30)
It describes M5-branes wrapped on AdSs x S! [36]. The circle is coordinatized by ¢ and
is dual to the R-symmetry of the system. The branes are localized at w = 0 but smeared
along the (¢, 7, ¢, x) directions, this is indicated by the linear property of the warp factor.
Since ¢ is an arbitrary constant, we take it to be a positive parameter, ¢®, when w > 0
but a negative parameter, ¢, when w < 0 and write the warp factor as

H= % (c0(w) + Lo(—w)) (6.31)
In this region near w = 0, warp factor satisfies
CR _ CL
A H= 16 d(w). (6.32)

where A is the Laplacian along the directions transverse to the M5-branes. The number
of M5 branes is given by (¢ — ¢¥) in units fixed by flux quantization. We refer to these
smeared M 5-branes as 9-branes for short.

In the region near the source in (6.24) the (¢, 7, p, x) directions make an R*/Z; where
k = 2(n2 —n1). The source correspond to k D6-branes in M-theory with AdSs x S? world
volume. At the location of the branes, the circle dual to the flavor symmetry generated by
% — 6(% shrinks. The S? in this case is made from two cups glued together at w = 0
by the 9-branes. The circle is dual to the U(1) R-symmetry in the field theory. Regularity
conditions in regions where ¢ shrinks implies that ¢ = —c®.

In the region near the source, the 9-branes reduce to smeared D4-branes in ITA. Gen-
erally the linear term in the warp factor can be replaced by a piece-wise linear function in
w; this corresponds to introducing multiple sets of 9-branes in the system. These 9-branes
can be added in the N’ = 2 systems described in A.1, One sees this from the linear term
in the warp factor in (A.12). So far we have just provided qualitative evidence for these
9-branes. We explore them further for this class solutions and their presences in the N' = 2

systems on a separate publication.
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7 Summary and outlook

The main goal of this paper is to provide a gravitational description of four-dimensional
N =1 SCFTs in the low-energy limit of a stack of M5-branes wrapped on a punctured
Riemann surface. We restrict to cases where the surface is embedded in a Calabi-Yau
threefold that is a sum two line bundles. To classify these theories, we look for super-
symmetric AdSs solutions in M-theory where the internal six-dimensional manifold is a
four-manifold fibered over a Riemann surface with a U(1)? structure group. The reduction
of the supergravity equations under such ansatz was initiated in [32]. In this paper, we
further reduce the system and show that the metric is governed by a single potential Dg
which satisfies a generalization of the Monge-Ampere equation (3.13). The general metric
is described in section 3.2.

The U(1)s correspond to the phases of the two line bundles on the Riemann surface,
their generators are denoted as J* = a(%. The superconformal R-symmetry of the dual
field theory is given as ayJ* +a_J~ where a4 are explicit parameters in the system that
are fixed by solutions of Dy. These parameters are normalized as a4 + a— = 1 and can
be written as a4y = 1Ti€ In the dual field theories € fixes the anomalous dimensions of
protected operators and is determined by a-maximization [31]. The derived system also
admits an S-duality that relate different solutions. We described the action of the duality
in section 3.2.

In the special case when the Riemann surface is compact, and has no boundaries, the
potential Dy separates into two pieces (these are describe in section 4). The first term is
fixed by the Liouville equation and leads to constant curvature surfaces. The second term
in Dg is fixed by a Monge-Ampere equation on a plane normal to the Riemann surface.
Known solutions such as the Y,,, GMSW [33, 37] and B3W [12] fit in this class (this was
also described in [32]).

The ansatz for Dy that yields B3W solutions can be generalized. It leads to a family of
metrics where the four-dimensional space normal to the Riemann surface is a hyper-surface
in R x (R x SN When k = 2 we find a family of solutions that are related to B3W
under the S-duality. When k > 2, we cannot solve the equation. We interpret this as the
failure of the ansatz to capture the presence of sources localized on a plane normal to the
Riemann surface. In order to fully understand these more general metrics, a Béacklund
transformation on the Monge-Ampere equation is required. In particular we hope that
these systems can provide the gravity duals of six-dimensional (1,0) SCFTs wrapped on
Riemann surfaces. The (1,0) SCFTs were recently classified in [38]. We explore these
questions in the future.

When the Riemann surface has punctures, one needs to provide boundary conditions
for the metric. The spectrum of such boundary conditions appear as different sources for
the Dy field that are localized on the Riemann surface. The punctures can be labelled by
their profile along the directions normal to the Riemann surface. The classification problem
of punctures in gravity reduces to studying the set of profiles that lead to regular solutions.

Near each source, a circle on the U, (1) x U_(1) torus shrinks. This leads to a natural
(ny,n_) labelling of the punctures which identifies the shrinking circle as the dual of the
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killing vector nyJ* +n_J~. In the region near the puncture, there is also a shrinking
circle on the Riemann surface which can be interpreted as a M-theory circle. We find that
the metric in region describes k D6-branes.

In the generic case where ny +n_ = 1, we find D6-branes wrapping the overall AdS5

p — _4
pro» = T pig Where

the p and ¢ are co-prime. The metric in this region preserves eight supercharges in AdSs

factor and a round S?. We can write the parameters as n, =

and leads to an SU(k) global symmetry in field theory. For a fixed choice of (p,q) one
can superpose these D6-branes on the same point on the Riemann surface to obtain a
general A/ = 2 puncture that is labelled by a Young Diagram [8]. The (p, q) labelling is a
generalization of the Z, graded punctures that appear in field theory in [13, 17, 23]. The
elements of the Z9 is (1,0) and (0,1).

When ny = ay, the sources sit at places where the circle dual to the R-symmetry
shrinks. In this case, the D6-branes wrap the AdSs factor and a Riemann surface 3.
These punctures locally preserve N’ = 1 supersymmetry.

When n, = —n_ = 1, the shrinking circle is dual to the flavor symmetry J* — J~.
In this case, the metric is non-degenerate only when there are co-dimension one sources in
the space that we refer to as 9-branes. These objects appear as smeared M 5-branes that
wrap the AdSs factor and the S' dual to the R-symmetry generator ayJ* +a_J~. The
D6-branes sources wrap the AdSs factor and an S? build from two cups that end on the 9-
branes. In ITA limit, these 9-branes can be interpreted as smeared D4-branes. The 9-branes
can also be turned on in the generic (p, ¢) punctures. The presence of the 9-branes reduces
the supersymmetry to A/ = 1. In this paper, we discussed only the qualitative features of
the 9-branes and highlight their necessity in obtaining the special class of N’ = 1 punctures.
We study them on a separate publication. It should be interesting to understand how these
solutions with 9-branes are related to the AdS7 solutions with D8-branes discussed in [39].

Formally one can take linear combinations of the D6-branes profiles to construct a
more general N' = 1 puncture. Such punctures will preserve the U, (1) x U_(1) symmetry
and will contain intersecting D6-branes. In order to understand the physics of these more
general objects, we need to describe these intersection regions and find their consistency
constraints. This requires better control of the generalized Monge-Ampere equation that
underlie these systems.

In order to have a complete picture, we need to find interpolating solutions between the
puncture geometry and a general (p, q) solution of B3W. In this paper, we have identified
Dy at the end points. These interpolating solutions can be searched for numerically since
we have the general equation and the boundary solutions. In order to compute central
charge and physical quantities, we need to reduce the four form flux of these system and
work out the flux quantization. One needs to start with the expression for the flux as given
in [33] and reduce it through the ansatz in [32] and in this paper. This is work in progress.

We consider the work in this paper to be a step to systematically study flavor sym-
metries in AdS/CFT in N' = 1 backgrounds. More importantly it would be interesting
and useful to be able to read off the quiver gauge theory dual to the gravity solution from
the choice of punctures. Indeed these quivers will include Ty theories [5]. We also explore
these ideas in the future.
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A Generalized LLM

Motivated by the N' = 2 reduction, we can reduce the general N' = 1 system under

the ansatz
Do = D(t, @1, 29) + F(t+,t7) (A1)
where
t=nytt +n_t". (A.2)
The n4 parameters can be restricted to satisfy n,. +n_ =1 or ny +n_ = 0. This ansatz

will lead to different embeddings of LLM into the Monge-Ampere system; these can also
be obtained by acting with the symmetry (3.14) on (3.19). We also expect a new class of
metrics similar to LLM but preserve AN/ = 1 supersymmetry. The systems obtained here
will be useful in our discussion of punctures in section 6. In this reduction, we will hold
the potential D generic and determine the function F.

The assumption that D is generic restricts the supersymmetry equation as

(02 +02) D = (ho(t) = ()07 D ) e+ 702D, (4.3)

The h coefficients are related to F' as

hi(t) = —s2/2e0+F00F (. 5 —n_9,)* F (A.4)

ho(t) = §%/2@++0-)F [aiFaEF - (a+a_F)2} . (A.5)
These equations must be analysed independently for the three cases ny = —n_, aL = ny,
and generic ny +n_ = 1.

A.1 Systems with ny +n_=1

when ny + n_ = 1 the equations can be solved with the coordinates

t=nytT +n_t, u=tt—t", ty =t+nzu. (A.6)
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In these coordinates, s = t + apu where a, = a;n_ —a_n4. When h; = 0, the system
can be reduces to Liouville equation; therefore we will not consider such case. When hq is
non-vanishing, it can be fixed by hand, we keep it for now.

When a,, is non-vanishing, the solution for F' and hg can be written as

hy
ho = —h10;In 0202 (A7)
OF _op, —¢1(65)3/2 + 6¢(1 — 2¢t)' /25 + (1 — 2¢t)3/? s

3a2s3/2(1 — 2ct)3/2

where ¢ and ¢ are integration constants. In order to write the metric, we make the
coordinate transformation and field redefinition

eP = 1 _hIQCteatﬁ, s = éwQ(l — 2ct), g(w) =14 cw? — cyw?. (A.9)
We obtain
ds?, = H/3 [dsidss + ;Hdsg] (A.10)
dst = — (c+ (1 —2ct)9;D) L — ;ct + eP (da? + da:%)}
2
C Hc j—(giui;c?)at])) <dX * % *dD = ;clfulli cdd))
+(1— 2ct) (;ng) + Clgu(]w_) Cd¢2> . (A.11)

The warp factor is

3 (1 - 20t)8tD
H= — : A12
A(1— 2¢t) [Clw v (- 2ct)6tD] (A.12)
The circles are
3an — 2n_ 3an + 2n4 2
- - =—(n-¢1 — -). Al

X 3a, o4 + 3a, ¢, ¢ 3a, (n—¢y —nig-) (A.13)

The supersymmetry equation is
(03, +03,) D + 0 [(c + (1 = 2¢)9; D) "] = 0, (A.14)

The parameter ¢ can be restricted to take value in {—1,0,1} without lost of generality.
The physics of the system is different depending on whether ¢; vanishes.

First we consider the case when ¢; = 0. The metric is regular and positive definite
when ¢ = —1. In this case, we make the coordinate transformation y? = (1 + 2t) to obtain
the LLM metric in section 3.3.

When ¢; is non vanishing, the A/ = 2 supersymmetry is broken to A/ = 1. It is then
interesting to understand the origin of this supersymmetry breaking. One clue is how ¢;
appears in the warp factor, it is the coefficient of linear terms in w. This suggest the
presences of a codimension one source. We elaborate on this point later in this paper.
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A.2 Systems with ni = a4

When a,, = 0, the solution is

2 2
oF . Co(l—2ct)® —c(er —u) L hi(1 —2ct)
(& = hl t5/2(1 — QCt) N h() = hlat In 7#5/2 (A.15)
where ¢, ¢y and c¢; are integration constants. We make the transformations
h ~
el = ?ieatD, u=rc;+w(l—2ct), y? = 2t. (A.16)
The metric becomes
_ 1
dS%l =H 1/3 |:d82AdS5 + 3Hd5§:| (Al?)
4y? 1 2
dw?
a2y [ ewr o 2) 742
+ (1 —cy®) (Co — + (co — cw®)d¢ ) . (A.18)
The warp factors are
1 3+yo,W w  1—c? p
- ’ =7 D, A.19
4y? yo,Ww ‘ v (4.19)
The equation of motion the potential, D, is
1 2
2 2 2D D
(811 + 8:52) D + 8ye = gay |:1_Cy2€ :| . (A20)
The circles are given as
1
X = ¢+ + o, S0 =n_doy —n_do,. (A.21)

2

The solutions in this class are inherently /' =1 and are govern by a modified SU(o0)
Toda equation. The parameter ¢y can be fixed to ¢y = 1 without lost of generality. The
(w, ¢) directions combine to a Riemann Surface with curvature c. In the case when ¢ =1,
the surface is a two-sphere, its isometries are dual to a SU(2) flavor symmetry in field
theory. When D is separable in y and z, the solutions reduce to the GMSW solutions
described in [33]. In general there is a larger class of solutions determined by (A.20) that
describe geometries with localized sources on the Riemann surface.

A.3 Systems withny =-n_=1

When ny +n_ = 0, we can fix ny = —n_ = 1 without lost of generality and solve the
equations in terms of s and t = ¢T — ¢~. The solution is
SO 2 (1 — 2¢t)3/? — ¢ 53/

=3 372 . () = (1 —2et)*2 (A.22)
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where ¢ and ¢; are integration constants. The function hg can be set to zero without lost
of generality.
In order to write the metric, we make the field redefinition and coordinate transfor-

mation:
V =-9!D, s=uw?1-2ct). (A.23)
The metric is then
1
dS%l = Iilvil/3 |:d812Ad85 -+ SHdS%:| (A24)
2c 2
ds? =V [dt> + hy (da? + da?)] + VI (dy+w— ——d
S V[ + 1(:1:1—1— acg)]—i- RH(1 — 2ct) X +w cw 0]
dw? 41— cwd |,
6(1 — 2ct — d . A.25
+6( C)<1—clw3+9 cw ¢> ( )
The equation of motion for D yields an equation for the potential V' and connection w
given as
(02, +02)V+07(MV) =0, Ow=—rdVdp. (A.26)
The warp factor is
1 12¢2
H=—"1|2 -—. A.27
16(1 — 2¢t) [ avT - 2ct)V] (A.27)
The circle coordinates are related to the ¢ as
1 1
X = a-¢y —ayo—, §¢ = ¢+ + . (A.28)

The solutions in this class are regular only when the parameter ¢, is non-vanishing. It
also appears in the warp factor as the coeflicient of a linear term which may be due to a
co-dimension one source.

B Derivation of system

The most general supersymmetric AdSs metric in M-theory that contains two circles fibered
over a two-dimensional Riemann surface [32] is

1s3(1 — qo,I') 1
d 2 _ H—1/3 d 2 -2\~ 49Yq~ ) d 2 ZHd 2
11 Shds; T3 e (dy +p)” + g Hds;

G EdS2 9 7\2
LA o+ v1)?| .
1—qo,L |s s? ot (o >]

(B.1)
ds? = net (dac% + da:%) +

We have set the AdS radius, L, to one. We can reintroduce it by multiplying the metric
by an overall L*/3. The forms are

V=V — «dyT (B.2)
dq ds
- 1 1 qO,A I
p—pd¢+2*d2A—21_q8qF(d¢+V). (B.4)
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The one-form, V, depends only on the Riemann surface coordinates, x;. The exterior
derivative, ds, is taken along the x; directions. The Hodge star operator acts as xdxr; =
—dxo. The metric functions are

1 353 (1 — qo,T)

H = 12 1-— — oy (B.5)
3
= —% [(1 — q0,T)s0sA + s0,T'qd,A] . (B.6)
The left over equations to solve are

dQGQ = dgG = O, SaSG = qang (B.7)
s%q0,A = (1 — q9,I")Go + s0,TG (B.8)
505 (Se™) dRy = Gado V! — s2ds x do A (B.9)
@0y (Ze™) dRy = Gda V! (B.10)

where dRy = dx1 A dzo.
The System is governed by two potentials A and I'.

B.1 Democratic description

In this section, we want to make the system democratic in the the two circles and functions.
These circle can be coordinatized by ¢+. In terms of them, the killing vectors associated
to the R-symmetry circle, ¢, and flavor U(1), ¢, can be written as

1
8¢ = 5 (6¢+ — 8¢7) , 8¢ = a+8¢+ + a,8¢7. (B.ll)
We choose the new circle to be such that a4y +a_ = 1. The one form duals to these circles
can be written as
dp = dgy +dp_,  dé=2(a_dds —ardé_) (B.12)

Now we also make the field redefinitions
A = D+ + D,7 I'= CL+D, — CL,D+ + IOg(q) (B13)

With these transformations, we find

N+ = do+ + % *dDy (B.14)
dp — *dl' =2 (a_ny — ayn-) (B.15)
(1 —q0gI")(d¥ + p) = q0gD1n— — q0gD_n. (B.16)
The form equations become
@0y (e**)dRy = a_G d+dD; — a G d * dD_ (B.17)
50, (€2A) dRy = (a,Gg — 52) dxdD,y — (a+G2 + 52) dxdD_ (B.18)
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for

62A — E€D++D_ )

We can collect these equations to
$?G dxdDy = [(aiGg + 32)q8q — aiGsﬁs] (€2A) dR>.

The scalar equation becomes

for
T+ = [(a+Ga £ 5%)q0, — a+Gs0s| D+.

This equation is also the integrability condition of the forms equations.

There is natural coordinate transformation that is begging to be made:

— $?Goy = [(aiGg + 52)q8q - aiGsas]

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

where the new coordinates are t*. The derivatives, 04, are with respect to these coordi-

nates.
These transformations imply

0-Dy=0+D_
d*dDy = —0y (e**) dR>.
We discuss the function ¥ after some simplification.

Implications of coords. It is useful to define the functions

arGo + s°

Fo=
+ s2@G

We have ]
Oy = aigas — Fiq0,.

From Fy we have
G [G_F_|_ — G+F_] =1.

From the definition of the new partials, we can read off the differentials

d
7q — —F+S+d8+ — Ffodsf
q

sds = apdt™ +a_dt™.

From the differentials we find
s =2a,tT +2a_t".

and
8+F_ = 8_F+.

We can write the inverse transformations as
g0y = G (ar0— —a_0y)
1
-0s =G (Fy0- — F_0y4)
s
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(B.27)

(B.28)

(B.29)

(B.30)

(B.31)

(B.32)

(B.33)
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B.2 The metric

Now we are going to write the metric. The general form is

1
ds?, = H/3 dsid& + §H (62A (dz] + dx3) + ds3 + dsi) . (B.35)

We can write some of the metric functions as

1-— T
A = —G+A+ — G_A_ (B?)G)
G
where
We also have
Y=Yy =5[0,D,0_-D_—d,D_0_D,] (B.38)
5
= - Sa [ALA_ +0_D, (ay Ay +a A_)]. (B.39)
—a

The tile. We want to write the metric along the (s, q) directions in the ¢t coordinates.

We write the one form 7,

Ny = —0,Tdt™ —9_Tdt. (B.40)

The metric along the t* becomes

G Y ds? .
71 — T |:882 + 7772_:| = gijdtzdtj, for Gij = —&-Dj. (B.41)
q
The 7,7 indices take =+.
We can write
det(gij) = %o, €t = "o+ TP (B.42)
2¢s%%0 + 3(ar Ay +a_A)
H = Scslyy (B.43)
. S2A+A_ + (G+A+ -+ G_A_) (3CL+CL_ + 828_D+) (B 44)
N 4staia_Y ' '
The torus. The metric on the Torus can be written as
1 A . 1
ds7, = —4mhijninj with ;= do; + 3% dD; (B.45)
ij
where
N 3a? A 3 _
h++ — ST + 8_D_, h+_ = — a(;;a - 8_D+ (B46)
. 3a? - 3a,a_
h__ — T; + 8+D+, h_+ = — a(:;L - 8+_D_. (B47)
We also have
Ay =athit + CL:Fh_i__. (B.48)
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It is important to observe that
aya— det(ﬁw) = A+A_ — (G+A+ + G_A_)il+_. (B49)

So we can write

~

1 det(hij)

= ——" B.50

452 det(gij;) ( )
Full metric. Now we introduce the potential Dy and write D as

Dy = 04+ Dy. (B.51)

We also redefine s as s = a;t* + a_t~ and write the metric coefficients as
3
gij = —81‘8]‘D0, hij = —8Z~8j Dgy + 58 (lns — 1) . (B.52)
The metric can written as
1 - o
dsy = LY2H7Y3 |ds} s, + SH (24 (daf + dx3) + 4h¥nm; + gijdt’dtj)] . (B.53)
The system is determined by a single potential Dy which satisfies
(02, +92,) Dy = *4 (B.54)

The various functions as

62A — 35/2 det(gij)e(&r—i-a,)DO, H o 1 det(hm)

~ s det(g )’ (B.55)
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