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1 Introduction

In the last few years, there has been a great deal of interest in supersymmetric field theories
on rigid curved backgrounds, beginning with the seminal work of Pestun [1]. These efforts
have exploited the principle of supersymmetric localization to evaluate path integrals and
compute certain supersymmetric observables in various rigid backgrounds.

A systematic approach to addressing such curved spaces at the component level was
initiated by Festuccia and Seiberg [2]. Taking the point of view that a rigid supersymmetric
theory could be understood as a supergravity theory with the metric and other bosonic com-
ponents frozen to some background values, they investigated the conditions required in both
4D N =1 old minimal and new minimal supergravities so that four linear independent rigid
supersymmetries existed. Other aspects, such as the weaker requirements imposed by fewer
supercharges in both signatures, were addressed in later work [3-9]. In the case of extended
N = 2 supersymmetry in four dimensions, conditions required for a single supercharge were



analyzed by Gupta and Murthy [10] and by Klare and Zaffaroni [11]. The analysis of [11]
determined the main geometric criterion in either Kuclidean or Lorentzian signature: the
spacetime must admit a conformal Killing vector. In the presence of such a vector, one
supercharge may be kept by turning on background values for the R-symmetry gauge fields.

Our goal in this paper is to perform a complementary analysis to that of [10, 11]. First,
we derive the conditions imposed by requiring full N = 2 supersymmetry — eight linearly
independent Killing spinors — in both Lorentzian and Euclidean signatures and classify
the possible smooth backgrounds up to discrete identifications. Second, we construct the
general vector and hypermultiplet actions on such spaces and find the conditions on the
allowed target spaces.

Our analysis, some of which appeared in a different context in [12], leads to several
interesting possibilities. In addition to the geometries allowed in the N' = 1 case [2] —
AdS4, R x S3, AdS3 x R, and an Hpp-wave arising as a Penrose limit of the last two
cases — we also find several backgrounds that support A/ = 2 SUSY with no admissible
truncation to AN/ = 1. The options in Lorentzian signature are summarized in table 1 of
section 3. In brief, they involve the cases familiar from N = 1 — with the S, AdSs
and Hpp-wave admitting two alternative N’ = 2 supersymmetry algebras with differing

R-symmetry groups — and several cases requiring extended supersymmetry:
e a squashed R x S3,
e a timelike stretched, spacelike squashed, or null warped AdSz x R,
e a warped S3 x R where the S' fiber of S? is either timelike or null,
e AdS; x S? with generic radii, with two different SUSY realizations for each choice of
radii,

as well as an Heisg x R space and Hpp-wave variants where the background fields become
null. (Some of these correspond to Penrose limits of other cases.) Each of the resulting
supersymmetry algebras can be identified as a massive deformation of the super-Poincaré
algebra, and indeed each possesses a supercoset structure permitting the straightforward
construction of each of the Killing spinors, which we compute explicitly.!

The options in Euclidean signature are summarized in table 2 of section 6. In addition
to S%, H*, a two-sheeted H3 x R, and S% x R, we find several geometries where extended
supersymmetry plays a major role:

e a squashed or stretched S° x R,

e a Heiss x R group manifold,

Tt is should be emphasized that the relation between extended supersymmetry and at least some of
these spaces is already known. For example, the A/ = 2 supersymmetry algebra on one of the unsquashed
R x S? cases was discussed in [13]. More well-known is the case of AdSz x S?, related to the one-parameter
superalgebra D(2, 1; ) [14]; this latter case includes for & = —1 the Bertotti-Robinson spacetime relevant
for the near horizon geometry of BPS black holes.



e a warped H3 x R, where the hyperboloid corresponds to AdSs spacetime with a
Euclidean metric

e H? x S? with generic radii and two different SUSY realizations.

Aside from these, we find the possibility of flat Euclidean spaces where the left-handed (or
right-handed) supercharges are deformed. These include as particular cases the full BPS
limits of the Euclidean -background (corresponding to €; = +e3).

Because the spacetimes we discuss retain eight rigid supercharges, it is possible to
construct rigid N' = 2 superspaces for each. In fact, this will be the principle guiding their
classification. We follow the approach laid down by Kuzenko et al. in [15-17], which applies
the analysis of general (conformal) isometries of curved superspaces [18] to geometries
where full supersymmetry is maintained. The presence of a rigid superspace enables the
explicit construction of the component Lagrangians for vector and hypermultiplets just as
in a Minkowski background. We present these actions in their general form, applicable to
any of the rigid N' = 2 backgrounds, and find the constraints on the special Kahler and
hyperkahler target spaces imposed by rigid supersymmetry. We also give the constraints
on the supersymmetric moduli spaces in these backgrounds and comment on how they
differ from the flat case.

The paper is laid out as follows. In section 2, we motivate and discuss the general rigid
Lorentzian A/ = 2 supersymmetry algebra. The rigid backgrounds allowed by this algebra
are analyzed in section 3, while the corresponding vector multiplet and hypermultiplet
actions are given in section 4. In particular, we give the N/ = 2* action in a general rigid
Lorentzian background. In sections 5 and 6 we give the Euclidean supersymmetry algebra
and the possible rigid backgrounds. The corresponding Euclidean actions are discussed in
section 7.

There are four technical appendices. Our conventions are discussed in appendix A.
The general action principles in rigid superspace are summarized in appendix B. Explicit
expressions for the geometric data of the rigid backgrounds including Killing spinors, viel-
beins, and background fields are provided in appendices C and D.

2 The general rigid Lorentzian supersymmetry algebra

We begin this section by describing the construction of the general rigid Lorentzian super-
symmetry algebra, which arises by freezing one of the ' = 2 supergravities. As discussed in
the introduction, any off-shell supergravity corresponds to conformal supergravity coupled
to some compensating multiplet whose lowest component plays the role of the Planck mass.

It helps to review the AV = 1 case. As is well-known, in A/ = 1 supergravity the simplest
compensators are a chiral multiplet or a linear multiplet, leading respectively to old and
new minimal Poincaré supergravity both with 12 + 12 degrees of freedom. Other options
include a complex linear multiplet (giving 204 20), an unconstrained real superfield (giving



16 + 16), or an unconstrained complex superfield (giving 24 + 24). Each option eliminates
the dilatation and S-supersymmetry and several also eliminate the R-symmetry.?
The N = 1 conformal Killing spinor equation is given as

(5Q + 5S)wma = 2Dm€a + Qi(O'mﬁ)a =0. (2.1)

&, and 1, are respectively the local () and S-supersymmetry parameters, D,, carries the
R-symmetry, dilatation, and spin connections, and any solution £ of this equation is called
a conformal Killing spinor. Let {2 be a nowhere vanishing conformal compensator of Weyl
weight two, so that the physical Weyl-invariant metric is € g,,. The lowest fermion ),
of Q plays the role of an S-supersymmetry compensator. The S-invariant gravitino is
Uma + 5(0mtp)a. Taking the S-supersymmetry gauge where 1), = 0, the Weyl gauge
) =1, and the K-gauge where the dilatation connection vanishes, then one finds

(5Q + 53)77/104 = 4£QR - 2Gb(0bg>a - 477a (22)

where R and G, correspond to auxiliary components of € at the 2 level, normalized to
match the conventions of [19]. By solving for 7, one finds the Killing spinor equation of
U(1) supergravity,

Dinéa = —i(0mé)aR — %Gb(am6b£)a . (2.3)

Old minimal supergravity arises from choosing € = ®® for a chiral compensator ®: then
the U(1) g connection is fixed to G, after imposing the Weyl-U(1) gauge ® = 1. Conversely,
if we choose 2 = L for a linear multiplet compensator, R vanishes and G, is related to
the dual field strength of the two-form potential within L. This is new minimal supergrav-
ity. However, it is possible to work purely with U(1) supergravity, which simultaneously
encompasses both minimal possibilities while allowing more general supergeometries.

A corresponding story holds for N = 2 supergravity. The conformal Killing spinor

equation is?

(6Q + 5s)¢)mai — 2Dm§ai - Z.anm(gngi)a + 2i(0mﬁi)a =0. (2-4)

Introducing a generic real compensator 2 of dimension two and performing the analogous
conformal gauge-fixings results in?

,Dmfozi = gij(amgj)oz - %(Y;Lrn - Wrgn)(angi)a - QiGn(Unmfi)a + ani(o'na'mgj)a . (25)

N | =

We have introduced S’ij, G, Gaij, and Ya}t corresponding to #? components of the real
compensator €.

The unconstrained superfield {2 corresponds to a “maximal” supergravity with 152 +
152 degrees of freedom: we refer to this option as U(2) supergravity because it retains the

2In matter-coupled A = 1 supergravities, the most natural description involves a composite compensat-
ing multiplet corresponding to the K&hler cone from which the Hodge-K&hler manifold descends.

*We have relabelled the auxiliary field T :z:; as 4 W;,:).

4To simplify the resulting supergravity algebra, we have redefined the U(1)z and SU(2)g connections
as Am — Am + Gm and Vo' — V' +2G0".



full R-symmetry structure group. The obvious “minimal” choices are a vector multiplet or
a tensor multiplet, both leading to a 32+ 32 supergravity multiplet. The lowest component
X of a vector multiplet carries U(1)g charge, breaking the R-symmetry U(2)r to SU(2)g.
Its graviphoton field strength F,; and pseudoreal auxiliary field Y% generate Y;; and
S = S% while the auxiliary Gaij vanishes and G, is related (as with the A/ = 1 chiral
multiplet) to the Higgsed U(1)r connection. The tensor multiplet is a bit more interesting.
Its lowest component L% fixes dilatations and breaks SU(2)r to SO(2)g. Its three-form
field strength H,j. and complex auxiliary scalar F' contribute respectively to G,% and S%
via Go" ~ €gpeaH?* LY and S ~ F LY while Yajg and G, vanish. However, it will be
more convenient for us to remain with the generic U(2) supergravity.

Now if we assume that the Killing spinors &,; and €% are linearly independent at
each point in spacetime, we can in principle derive integrability conditions that impose
constraints on the background fields of the supergravity multiplet consistent with the ex-
istence of eight supercharges. In addition, there are also covariant fermions which must be
invariant under supersymmetry, leading to constraints on the other auxiliary fields. Such
a procedure was actually followed in [12].

Following [15], we will analyze the problem directly in curved superspace. The su-
pergeometry corresponding to an unconstrained real compensator is the U(2) superspace
of [20] (we follow similar conventions as [21] and [22]). It involves a supermanifold M*/®
with local coordinates zM = (2™, 6#,,0,") consisting of four bosonic and eight Grassmann
coordinates. It is equipped with a non-degenerate supervielbein Ej4 and local Lorentz,
SU(2) and U(1) g connections Q3,%, Vis'; and Ay, respectively. The covariant derivative
Dy = (Do}, D%, D,) is defined as

1 o
Dy = EAM (6M — §QMabMab — VMZ]'I]Z‘ — .AMA> . (2.6)

The symbols My, I'; and A denote respectively the Lorentz, SU(2)g, and U(1)g genera-
tors, whose action is given by

[Mab, De] = 2nca Dy , [Map, Da’] = —(9a)a” D5’
i i 1y i 1y i
'}, Do*] = 6Dy — Eajpak, [A,D,"] = —iDy" . (2.7)
We denote by w the R-charge of fields and operators, e.g. w(Dy') = —1. The graded

algebra of covariant derivatives involves torsion and curvature tensors,
1 o
(D4, D} = —Tap’De — 5J:aABchcd — R(W)ap'jI’i — R(A)ap A . (2.8)

For the case of U(2) supergravity, these tensors are given by the superfields S¥, G, Gaij,
Y, and W_, and their covariant derivatives.

Recall that the algebra of spinor derivatives D,' and D%; encodes the structure of U(2)
supergravity. Any component bosonic or fermionic field ¢ is the lowest component of some
superfield @, denoted ¢ = ®|. The action of supersymmetry on ¢ derives from a covariant
Lie derivative of ®,

o = 60| = £%i(Do'®)| + &' (D% @) (2.9)



with &, and €%, the local supergravity parameters. The local supersymmetry algebra is
equivalent to the spinor derivative algebra of (2.8), which is explicitly given by

{Do', Dg’} = 459 Mog + €V eap (YT = W) Mog + 267 €0 S*11'y — 4 Yapl 7,
(D%, DP;} = 48, M — ;¢ (Y — W) My — 2€,;e89 5% T — 4V 1, (2.10)
{Do, Dy} = =20 8D, 5+ 2(0%0" + 060 4(87Gy +iGy'j) Meg — 8G 515 + 2G5 A

We remind the reader that our spinor conventions are summarized in appendix A. From
the algebra, one may read off the R-charges

w(SY) = w(Yys) = w(WdB) =-2, w(G,) = w(Gy'j) =0 . (2.11)
The reality properties of the superfields and spinor derivatives are

(Wab) W;I_)’ (Y_)* = Ya—"b_ ’ (SU) SZ] ’ (Ga)* = Ga )

a

(Ga'j)" = =Gds, (Do')* = Da - (2.12)

We are interested in fermionic isometries of a fixed background manifold, that is, local
covariant diffeomorphisms that leave its supervielbein, connections and the associated tor-
sion and curvatures invariant. If we restrict to a bosonic background (i.e. all background
fermions set to zero), to any such fermionic isometry is associated a Killing spinor satis-
fying (2.5). In a fully supersymmetric background, however, we do not need to solve this
equation explicitly. Following [16], we observe that if eight linearly independent Killing
spinors £ exist, then requiring dq¢ to vanish for any background field ¢ implies the back-
ground superfield ® must be annihilated by the spinor derivatives. In particular, we have

D' W, =D, Y, =-=0. (2.13)
The integrability conditions
{Daiapﬂj}wa_ = {Daivpﬁj}ya_ =-=0, (2.14)

together with closure of the algebra of covariant derivatives imply integrability of the
Killing spinor equation and invariance under dq of the background fermionic fields. It is
thus sufficient to classify the solutions to these conditions.

Several of the equations (2.14) imply that products of various pairs of fields must
vanish:

GV = G IWE = G, 9S% = G984 = G,Gy = 0,
S9G, = 5;G, =0,  SUYT=8;Y:=0, SYW,=8,Wi=0.  (2.15)

In Lorentzian signature, the last condition is strengthened to S% W;% = S’ijW;E = 0. From
these relations we may identify four broad cases:

(I) S¥ £ 0, all other fields vanishing;

(I) G,'j # 0, all other fields vanishing;



(ITIT) G, # 0, perhaps with Ya% and /or Wﬁ Nonzero;
(Iv) Yaib and/or Wajl[) nonzero, but all other fields vanishing.

Additional integrability conditions depend on which case we are in. For (I), these amount
to S¥ o« S¥ and D,S% = 0. For (II), we find G[aiij}kl = 0 and D,GpY = 0, implying
that G, can be decomposed as a product of a covariantly constant vector and an SU(2)
tensor. For (III) and (IV), the additional conditions are

byr s+ b + + b—117— b
G Wba =G }/bf ’ Yab X Wab’ ye Wab =Y +W;§;>
DGy =0, (Da + € CoMog)WE =0, (Do + e’ GyMeg)Y 5 =0.  (2.16)

The last equations above imply that W;Z and Ya% are covariantly constant with respect to
a torsionful spin connection, Wyap = Wmab — €mabeGE.

We can now construct the entire algebra of covariant derivatives for the general N = 2
rigid superspace, treating all cases simultaneously. It is convenient to combine Y , and
W;Z into a single complex two-form Z,;, with R-charge w = —2,

2o =Y, - W}

ab’

Zap =Y =W . (2.17)
The full superspace algebra can then be compactly written as

(Do, D} = 4ST Mog + €9eqp ZMeg + 26 e SFII' — 4 20517

(D%, D%} = 45, M — €;;e ZUN g — 26,;¢% ¥ Ty, — 42901,

{D.,!,D ;) = —2i 84(0") ,3Da — 2¢(aa)a56abcd(5;lab +iGy ) Meg — 8G (51" + 2G5 A

B af

. 7 R 7 .. . . . _
(Do D] = 5(00)33 57D = £ Zap(0) 55D = 2iGH(010)7 D7 = Gy (000")57D, "
R T b B g i
(D, D%5] = §(Ua)ﬁ 81Dy + §Zab(0b)’3 "Dyj + 2iG°(60a)" 5 DYy + G (540")75 Dy,
1
[Da, D] = —5 Rap™ Mea - (2.18)

The Riemann tensor is explicitly determined to be

1 _ _
R = =5 (Za 2 + Zap2) + 8 G*0,0" — 16 G, G0y

+4GLGY 6,0, — 8G7)

la

GEoy D + 575;;6,6,3 . (2.19)

One can show that the spacetime is conformally flat when either Y, = Z_; or W, = —Z_’a_b
vanishes, and superconformally flat when W, = 0.
In terms of Z,;, the integrability conditions read

G244 =0, €PZ,2.,=0, Zj% x Z+

ab’

(Do + €"GyMg)Z; =0 . (2.20)

It follows that Z, is a closed complex two-form, so it possesses a complex locally-defined

one-form potential
2 =dCy . (2.21)



However, the dual of Z,, is not closed unless G, = 0. In contrast, the dual three-forms of
G, and Gaij are always closed. We denote these by Hype = €qpeq G4 and Habcij = €abeqg G j
and introduce their two-form potentials

H = dBg), H(g)ij = dB(g)ij . (2.22)

These potentials will play a role in the vector and hypermultiplet actions.

3 Lorentzian backgrounds

3.1 General comments

Let us make a few modifications to the supersymmetry algebra (2.18). If one introduces a
redefined vector derivative
Dy = Dy + "Gy M.y, (3.1)

corresponding to a spin connection with G-dependent torsion, then the algebra of covariant
derivatives becomes
(D', D7} = 4S9 Myg + € e ZM g + 26U 05 S*i 1Y, — 4 20511
(DY, D%} = 48, M — €15e™ Z¢M g — 2e,5¢*7 54 Ty — 429015,
{Da', Dy;} = ~2i05(0") ,5Da + 2(0a) 4 5" G’ j Mea — 8G 5T + 2G5 A,
[Da, Dy’ = %(Ua)msjk@ﬁk - %Zab(ab)ﬂw@w ~ 4iG"(04a)5" Dy’ — G’ k(020")5" D"
[Dg, D7) = %(@)ﬁ'véjkmk + %’Zab((}b)ﬁ"@w + 4iGP(500)25 DY + Gy¥(640")25 D7y
[Da, Dy) = —Tup"De — %EadeMcdy (3.2)
where the torsion and Lorentz curvature tensors are given by

T = —4e®Gy,

~ 1 _ _ g - .
d d d d d d
Ra* = =S (Za 2% + 2 2*) + 4GLG}5.0, - 8GIIGE0yT + 8180, . (3.3)
The utility of this redefinition lies in the fact that the background superfields are now
each covariantly constant with respect to D, D,* and D%;. This eliminates any algebraic
obstruction to taking the background superfields (with tangent space indices) to be actually
constant.® Let us summarize the gauge choices for each case.

e We choose S¥ = S¥ = ;v with p real and v pseudoreal, (v¥)* = v;;, and
normalized, vijvjk = 5};. Because the superalgebra possesses only Lorentz and
SO(2) € SU(2) R-symmetry, there is no local obstruction to eliminating the U(1)g
connection and aligning the SU(2)r connection along v/, consistent with D4 S% = 0.

®For example, G? is constant so by a suitable Lorentz transformation, G* can be taken constant when
it is timelike, spacelike, or null but never vanishing. The case where G is null and vanishes somewhere is
precluded because DG, = 0 implies the spacetime is not smooth.



o We take Gaij = gq vij, with v¥ pseudoreal. The real constant g, may be timelike,
spacelike, or null and partially breaks Lorentz symmetry. The SU(2)g connection is
again aligned along vij.

e We choose G, constant and timelike, spacelike, or null. The U(1)r connection is
pure gauge and can be taken to vanish. A non-zero Z can be turned on in several
configurations and thanks to the constraint G*Z,;, = 0 we can adopt a gauge where
it is purely constant. The residual global U(1)g is broken by Z.

e If only Z is non-vanishing, the same discussion as above holds, but Z is less con-
strained.

In each of these backgrounds, the algebra of covariant derivatives implies that at least some
of the R-symmetry curvature tensors R(V)ap’; and R(A)4p are non-vanishing, and so the
superspace connections VMij and Ajp; cannot all vanish. However, the vanishing of the
component curvatures R(V)z'; and R(A), implies that the component connections Vp,';
and A,, are always (at least locally) pure gauge. We will make use of this property in our
constructions below by always choosing a gauge where the component SU(2)r connection
vanishes. However, in a few of the cases, the U(1)r connection will possess a non-trivial
holonomy.
We summarize in table 1 the resulting consistent Lorentzian backgrounds.

3.2 The supercoset construction

The full BPS geometries are at least locally isomorphic to supercoset spaces, generated by
an algebra of bosonic and fermionic isometries that is isomorphic to the algebra of covari-
ant derivatives. The cosets are obtained by quotienting out the Lorentz and R-symmetries
remaining after gauge fixing the background fields to constant values. If we take these su-
percoset spaces as global solutions, existence of eight Killing spinors is automatically guar-
anteed by transitivity of the supergroup action on the background, and explicit expressions
are straightforward to derive. Of course, solutions that are only locally isomorphic to super-
coset spaces may be available, too, for instance in terms of orbifolds of homogeneous spaces.

Let us briefly review how the supercoset space construction works in practice and how
it can be used to obtain explicit expressions for the metric and Killing spinors in particular
(See for instance [23, 24]). We can consider the reciprocal superalgebra of formal generators
P,, Q.', Q% satisfying the same commutation relations as 25(1, D,*, D%;. A full supergroup
is generated by P,, Q,', and Q%; together with any residual Lorentz and R-symmetries.
Quotienting by these, we obtain a supercoset space. Representatives I can be defined by
translation and supersymmetry generators:

L = exp (2P, + 0%:Qa" + 05'Q%) , (3.4)

although in practice we will make different coordinate and local gauge choices on a case by
case basis. Under a supergroup transformation g, the coset representatives transform as

gL(2,0,0) = L(«',0',0')h(z,0.0,9), (3.5)



Background fields Geometry
S £ 0 AdSy
Gaij timelike R x S3
G, 5 null plane wave
G,'j spacelike AdS3; x R
G, timelike R x §3
Z,b elliptic R x S3 squashed
G, null plane wave
Z,b elliptic ‘lightlike’ S% x R
Z,b parabolic plane wave
G, spacelike AdS3 x R
Z,Y elliptic,
0<|Z?<32G? timelike stretched AdSs x R
|Z|? = 32G? Heisg x R
|Z|? > 32G? warped ‘Lorentzian’ S% x R
Z,? parabolic null warped AdSs x R
Z,% hyperbolic spacelike squashed AdSs x R
Z,£0but G, =0
Z,b elliptic RL1 x 52
Z,% hyperbolic AdS, x R?
Z,b ~ elliptic + hyperbolic AdS, x S?
Z,b parabolic plane wave

Table 1. Consistent Lorentzian backgrounds. As Z,’ can be decomposed as a complex linear
combination of Lorentz generators, we distinguish its values in terms of orbits of the latter.

with h(z,6,0,g) a local Lorentz and R-symmetry transformation. In particular, P,, Q.
and Q%; generate part of the (left) isometry group. Since we have assumed absence of
fermionic background fields, we can always restrict to the bosonic submanifold 6 = 6 = 0,
which is itself a coset space with a natural choice of representatives L(z) = L|.

The Cartan-Maurer form L~'dL can then be expanded in the superalgebra generators.
The coefficients of the translation and supersymmetry generators will be chosen as the
(super)vielbein, and the remaining terms give rise to spin and R-symmetry connections.
Constructing covariant derivatives from these objects then reproduces (3.2).

The advantage of this procedure is that we are allowed to compute the Cartan-Maurer
form in any convenient (faithful) representation of the superalgebra, which means we can
calculate explicit expressions for any relevant object with ease. In particular, Killing spinors
for a supercoset space are computed similarly to Killing vectors. One constructs a super-
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symmetric isometry J, in terms of eight constant spinors e,; and € via
L L 1 o
6o =L H6Q + €Qi)L = §Q' +E'Qi + §*Pa + iAabMab + N7+ AA (3.6)

The local parameters £4 = (€%, €47, €%), N2, )\ij, A depend on x, 0, and any background
fields and are parametrized linearly in terms of €,; and é¥. The operation d, acts on super-
fields as a combination of covariant superdiffeomorphisms and local gauge transformations,

1 o
0q = 4Dy + 5AabMab G A (3.7)

The condition that d, generates a superisometry is equivalent to [0, D4] = 0; this leads
to the Killing supervector condition (see [18] for a general discussion). As a consequence
of the supercoset structure, this is satisfied automatically.

In practice, however, one only cares about how supersymmetry manifests on the
bosonic manifold. Because of the absence of background fermions in the algebra, at 6 =0
we have £¢ = )\ij =\% =X =0and

0o =L N&Q +&Qi)L =&Q"+ £Q; . (3.8)

The functions &4;(x) and %% (z) are the Killing spinors. Because (four-component) super-
charges transform in some representation R]-] of the bosonic isometries,

§(x) = e R[L ()], (3.9)

where £ and € are given by their appropriate (four-component) Majorana conjugates. The
representation R[L] can be deduced from the vector-spinor commutators of (3.2). Notice
that in general it also includes a non-trivial action on R-symmetry indices.

In the next sections we provide an exhaustive classification of the supercoset spaces that
give consistent global NV = 2 supersymmetric rigid backgrounds in Lorentzian signature.

3.3 AdS4 spacetime

When S% = pv is the only non-vanishing background field, we recover the N = 2 AdSy
superspace AdS*® = OSp(2/4)/SO(3,1) x SO(2). The bosonic body of the superalgebra
is SO(3,2) x SO(2), corresponding to the product of the AdS, algebra and the residual
R-symmetry SO(2) C SU(2) generated by S¥. The properties of this superalgebra and
its Killing spinors were discussed long ago in [25] (see [26] and references therein for a
superspace discussion), so we will not dwell on it here, except to remind that it possesses
an N = 1 subalgebra, which is evident upon performing a global SU(2)g transformation
to adopt the gauge v’ = —4§".

3.4 Round and squashed spatial three-spheres (R x S3)

As a first non-trivial case we consider backgrounds locally isomorphic to R x S3, where R
corresponds to the direction of a timelike Killing vector and the metric on the S® is static.
We will show that full N' = 2 supersymmetry is compatible with a specific squashing of
the S3. This case shall serve as a pedagogical example.
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3.4.1 The round R x S® and SU(2|2) supersymmetry

For the moment we assume that the S3 possesses its round metric so that its full SU(2) x
SU(2) isometry group is intact. This space admits two possible realizations of N' = 2
supersymmetry, corresponding to extending the isometry group SU(2) x SU(2) either to
SU(2|2) x SU(2) or to SU(2|1) x SU(2|1).

The first realization of N' = 2 supersymmetry on the round S® involves the superalge-
bra SU(2|2). This corresponds to turning on a timelike G* only. We can adopt the Lorentz
gauge G* = (—g,0,0,0) for constant g, then the bosonic part of the superalgebra contains
the generators P, = (Py, Pr) with I = 1,2,3 and commutation relations

[Po,P]]:O, [P],PJ] :496[JKPK . (310)
In addition, there are residual Lorentz generators M acting as

Finally, there are the SU(2) g generators I;;. It will be convenient to introduce the (dimen-
sionless) SU(2) generators

1
T = @Pb [Tr, Ty = eryx Tk - (3.12)
It is apparent that the spacetime is diffeomorphic to R x SU(2), the R direction being
generated by Py and the S° by T7.
We can construct all relevant objects on this background exploiting its group manifold
structure. Introducing a generic element L of R x SU(2), the Maurer-Cartan form reads

Q=L"'dL=dtPy+elP;=dtPy+ E'Ty . (3.13)
The E! are a dimensionless left-invariant vielbein related to the physical vielbein e! =
% ET. They obey the structure equations dE! = —%EUKEJ A EX. Choosing the ex-

01> e

plicit parametrization L = etf0e?Ts¢ “T5 Jeads to the canonical choice of Euler angle

coordinates on the S3,

E'= —sinfcoswdg +sinwdd, E? =sinfsinwdg +coswdd, E3=dw+ cosfde,
(3.14)
with a round metric
1
ds? = —dt* + T6a2 [(dw + cos 0 dg)? + d6? + sin? 0 de?] . (3.15)
g
We choose standard ranges so that § € [0, 7], ¢ € [0,27) and w € [0,47) with w periodic
with period 47 so that the element L covers all of R x SU(2) exactly once. It will be useful
to decompose L in terms of embedding coordinates for S® of unit radius. Defining
0 w+ o .0 w—20 0 w9 0wt
X =cos Qcos 5 Y—smi cos 5 V—smi sin 5 W =cos 3 sin 5
(3.16)

— 12 —



we can write L = ef0[X +2(VT} + YTy + WT3)] in any spinorial representation of SU(2),
where the generators are constructed from a Clifford algebra and obey 171 = —iéu +
tersxTk.

The group manifold construction extends to a full supercoset construction. From (3.2)
and (3.12) we identify the superalgebra to be a central extension of SU(2|2), on which the
residual Lorentz group acts as external automorphisms and the central charge is Fy. We
stress that this central charge is not an internal symmetry, but rather the timelike isometry

of this spacetime. Quotienting out the R-symmetry SU(2) we arrive at the supermanifold®
SU(2|2
SU212)(r) (3.17)

SU(2)r

We can now construct the Killing spinors. The bosonic part of the supercoset (3.17) has
numerator R x SU(2) x SU(2) g. The generators Q" transform in the (2, 2)o representation;

this is evident by noting [T, Q'] = —%GIJK(UJK)aﬂQgi and similarly for Qﬁj. Hence we
find the appropriate representation to construct the Killing spinors:
1 .
R[Ty) = ieUK(aJK)aﬁaZj R[P)]=0. (3.18)

They can be written directly in embedding coordinates (3.16), and they are given by
bai=[X —2We2 + Ve + Yagl)}aﬁe/gi
€4 =X —2W5'2 + Va® + Y5*h)e e, . (3.19)

These are just the well-known Killing spinors on S® (see for instance [27] for a general
construction of Killing spinors on spheres). The R-symmetry index is untouched by the
Killing spinor equation in this case. Equivalently, the superalgebra possesses an obvious
N =1 subalgebra. Notice that the R-symmetry connections are vanishing, and all Killing
spinors are time-independent.” By a local Lorentz transformation we can actually take
the Killing spinors to be entirely constant. This corresponds to generating the supercoset
using the right isometries of S3.

3.4.2 The squashed S3

The background we have just discussed has full superisometry group SU(2[2)(p,) x SU(2).
The latter factor is generated by linear combinations of Pr and M;; and corresponds to
the right isometries of S2. Since they do not affect the supercharges, we may ask if it is
possible to deform the S? geometry in a way that breaks only its right isometries, obtaining
a squashed R x $2 with full A = 2 supersymmetry.

If we try to break all the right isometries, the requirement of a smooth limit to a flat
space supersymmetry algebra uniquely fixes the normalizations of the P; generators to
match those of the previous section. We hence end up back to the round S geometry.

SIn principle, we could also include the SU(2) Lorentz symmetries in the numerator, but they would be
factored out in the denominator.

"We have redefined the R-symmetry connections with respect to conformal supergravity, as described
in footnote 4. Our statement is unambiguous in the sense that a theory coupled to this background need
not have (full) U(2) symmetry.

,13,



The only possibility is therefore to break the right SU(2) to U(1). In fact, such a
background is realized by turning on Z along the S®. The resulting supercoset space is
generated by SU(2|2) with the addition of a second central charge. The P; generators turn
out to be a linear combination of the left S isometries and this central charge, which results
in a change in the normalizations of the physical vielbein that gives rise to a squashed S3.
Explicitly, we have G* = (—g,0,0,0) and gauge fix Z,, = 4\5'2 so that |Z]* = Zp 2 =
8\2. The bosonic part of the supercoset space is now generated by P, and Mo, in particular

[Pl, PQ] =4gP5; + 4A2M12 , [Pg, Pl] =4gP,, [PQ, Pg] =d4gP . (320)

The time translation Py commutes with all generators. We define v = (1 + é) and

introduce dimensionless generators 17 satisfying the SU(2) algebra as before, [T7,T;] =
ergrk i, as well as a second central charge U:

1

P3 — M 3.21
49 3 12, ( )

VU 1 A2
Tio=-—P T5 = —P3+-—M U=
1,2 ig 1,2 3= 1g 3+ 15 12 ],
The bosonic background is still topologically R x S3, as we can use Py and 77 to generate
it. However, since P;r do not close onto themselves it is more convenient to consider the
whole isometry group and quotient out the only residual Lorentz generator M;s, leading
to the coset space

SU(2) x U(1)y
U()m
The form of the quotient already suggests the nature of the squashing: regarding S® as the
Hopf fibration of an S! over S? ~ SU(2)/U(1), we rescale the metric along the fiber as
determined by the ratio of 73 and U in U(1)ys. The Cartan-Maurer form can be expanded

R x (3.22)

as earlier, recalling that the physical vielbein is given by the coefficients of P, so that

eV = dt, ed = UiE3, el? = \/EiEL?, (3.23)
49 49
in terms of the ‘round’ vielbein E' defined by Q = dt Py + ET;. We can use the same
coset representative as in the unsquashed case. As anticipated, the metric on the S3 is
squashed due to the different normalization of the physical vielbein along the fiber S*. For
our choice of coordinates we obtain
v

ds? = —dt?
s + 1642

[d6? + sin? 6 dw? + v(d¢ + cos O dw)?] . (3.24)
Notice that 0 < v < 1, so that we are only allowed to squash, but not stretch, along the
fiber. This constraint is a consequence of N’ = 2 supersymmetry in Lorentzian signature
and will be relaxed in the Euclidean case.

Computing Killing spinors using the supercoset construction proceeds as before, except
now the supergroup possesses two central charges, Py and U; we denote it SU(2[2)y,py)-

The supercoset space is now
SU2I2)w, ry)
SU(Q)R X U(l)M ’

(3.25)
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The supersymmetry generators mix chirality under the action of P,, so it will be convenient
to introduce a four-component spinor and associated Killing spinors:

Qs = < Qo' ) : £y = (5"%, —€ijgdj> - (3.26)

] Qaj
Then the bosonic generators are represented as

1
R[P,] = —2i G"¥5Yba + ~

1 (Za(1+75) = Zap(1 —75)) 7, R[M1g] = —%’m (3.27)

and the Killing spinors are £%; = e R[L] 3&. Notice that we can still write R[L] =
R[X +2(VT + YTy + WT3)] with embedding coordinates defined in (3.16) for the round

S3. Using standard Weyl notation the Killing spinors can then be expressed as
)\ .
i = [XTy — 2(Wo'? + VoV + VoY odh)|Pegi + iﬁQ—(Yal — Vo) 58, (3.28)
g

with &% given by complex conjugation. When ) is non-vanishing, there is non-trivial
mixing between the different R-symmetry components of the Killing spinors. This implies
that there is no truncation to an N' = 1 subalgebra for the case of a squashed S3. The
right isometries of S3 being partially broken, we cannot make the Killing spinors constant
by a local gauge transformation. However, notice that they are still time-independent with
vanishing R-symmetry connections.

For later use, we will need explicit expressions for the potentials of the background
fields. The Z two-form admits a globally defined potential Cy), given by

1A A,

Associated with G* we have its dual two-form potential

2 {(Cosa —1)dwd¢ 0 €[0,7/2], (3.30)

By = —= X
)7 6492 (cos@+1)dwdep 0 € [r/2,7].

3.4.3 SU(2|1) x SU(2|1) supersymmetry

As anticipated, there is a second way to realize N' = 2 supersymmetry on R x S3. This
is associated with a nonvanishing G,‘; field, breaking the SU(2)g symmetry and possibly
turning on a non-trivial axial U(1)g connection. Let us choose G,'; = ig,(03); with
g% = (—g,0,0,0). Noting that (o3)%; = (—)"15%;, the fermionic part of the superalgebra is

{Qu', Q") = {Q%. Q%) =0, {Qu', Q) = —2i07,A7) (3.31)
where the eight generators Agi) with a =0,--- ,3 and ¢ = 1,2 can be written
Ag) =P, + (—)ig (eoabchc + SSA) . (3.32)
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We see that the rest of the superalgebra similarly decomposes,
(A9, Q] = (-)! 6 21 g (3057 — 2Aow)a”) @4,
A9, AP = (=)674g cou A, (3:33)

This superalgebra is just SU(2|1) x SU(2|1) with each copy labeled by i. Up to normaliza-
tions, each supergroup is generated by bosonic elements Ag) corresponding to SU(2) x U(1)
and odd elements Q,' and Q%;. The temporal generator Py and the U(1)r generator A
correspond respectively to the antidiagonal and diagonal combinations of the two U(1) fac-
tors Ag). The surviving SO(3) generators of the Lorentz group correspond to the diagonal
SU(2) generated by —Agl) + A?).

In order to construct the spatial part of the coset space, it is sufficient to take group
elements of either SU(2) factor as coset representatives. We will choose the second SU(2),
so that

1
T = @A(IQ) ; (T7,T)) = ersxTk , A, Ty =0, (3.34)

and construct the coset representatives as in the previous sections, but using Aéz) rather

than Py for the time direction for reasons that will be apparent soon. This introduces a
U(1)g transformation that can be trivially quotiented away at the bosonic level, but will
become relevant in the supercoset construction. We obtain the same round vielbein and
metric as in the previous sections.

The situation with the Killing spinors is quite interesting. Let us denote them f in
this section. The odd elements of the supergroup transform in the representation

(2,1) 41720 +(2,1) 100 + (1,2)0 1172 + (1,2)0,-1/2 (3.35)

of U(2)(1y x U(2)(2), with the natural Majorana condition giving eight supercharges. The
same representations hold for the Killing spinors, so if we generate the coset representatives
using only U(2)(y) generators, the Weyl spinors él and their complex conjugates will be
entirely constant. We will shortly prove this explicitly by construction, but it helps to
motivate this first by taking a look at the Killing spinor equations,

(D, + geoachCd + igég) Al =0, (D, — geoacdaCd — igég) Ag =0. (3.36)

The background field G’ ; couples asymmetrically to the two spinors. From the Maurer-
Cartan form we find that the U(1)g connection is given by

A=ge =gdt, (3.37)

therefore the U(1) connection within D, cancels the additional ig factor in the él equation.
Similarly, we find that our choice of vielbein has led to a spin connection within D, that
cancels the additional gepaego®® term.

We can now see this explicitly from the coset construction. The generators T7 and
A((]Q) commute with Q,%, implying that the associated Killing spinors é are constants,

ol = €al gol — ol (3.38)
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However, the second set of Killing spinors are non-trivial. Noting that now the time

generator A(()2) is non-trivially represented, we obtain Killing spinors

Ean = €2iE, . gag — o ligtga2, (3.39)

with &4 9, €% defined in (3.19). It is easy to see that the t-dependence in the second set of
Killing spinors can be shuffled into the first set via a U(1)z gauge transformation, and the
same is true for the additional Lorentz factors.

Despite the fact that we are working in Lorentzian signature, it is instructive to see
what happens if we compactify the time direction. Periodic Killing spinors are allowed
only for t ~ t 4 nm/g for integer n. A non-trivial Wilson line for A is generated for odd n.
For even n, the gauge field could be turned off by a gauge transformation, leaving él and
ég both with t-dependent factors e %! and et%9!, respectively. These conditions are similar
to the findings of [2, 5] in A/ = 1. Analogous conditions arise for the other backgrounds
generated by Gij.

The dual potential associated with G?; is simply B(Q)ij = Bya) (io3)t;, with By given
by (3.30).

3.5 Warped AdS3 spaces (wAdS3 X R)

Most of our discussion of the three-sphere can be repeated for backgrounds locally isomor-
phic to AdS3 x R, so we defer most of the details to appendix C and discuss mainly the
differences. These geometries are sourced by spacelike G or G*; and give rise to SU(1,1|2)
and SU(1,1|1)? superalgebras respectively. In the former case, the AdSs space can be
warped by Z. Without warping the two supercoset spaces are

SULL2) . SUL L) x SU(L 1)

SU@)n U)n ‘ (3.40)

The former case includes a central charge isometry generating the flat R direction. In the
latter case, as with the SU(2|1)? sphere, the spacetime can be entirely generated by the
even part of one SU(1, 1|1) factor, leaving half of the Killing spinors entirely constant. Also
in this case, if we compactify the flat direction to a circle we find similar restrictions on its
radius, and a non-trivial connection for the axial U(1)r might be required in order to have
globally defined Killing spinors. No such restriction is necessary for SU(1, 1|2) supersym-
metry, where Killing spinors can be made entirely constant by a choice of local Lorentz
gauge and for vanishing R-symmetry connections, analogously to the SU(2|2) sphere.

In each of these situations, SU(1, 1) generators 77 with I = 0,1,2 can be defined and
we can pick as group or coset representative

L = e?T2epTiemTo, (3.41)

We can regard AdSz ~ SU(1,1) either as a timelike S' fibered over an H? or as an H'
fibered over AdS,. These two possible fibers correspond to the rightmost and leftmost
factors of L respectively. Warped AdS3 comes in different kinds depending on which fiber
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we deform, which is reflected in the orientation of Z along the spacetime. The unwarped
metric reads

ds? (—d7? + d¢? + dp* — 2d7 d¢ sinh p) + dz?, (3.42)

- 1692
where g2 is the norm of the background vector. Two convenient orthonormal frames can

be constructed from the left- and right-invariant Cartan-Maurer forms on AdSg, defined
as Q= L7'dL and Q' = Ld(L™'): they read

EY = dr + sinh pdo, E" = — cosh ¢ cosh pdr — sinh ¢ dp,
FE' = cosTdp + sin 7 cosh pdg, E"' = —cosh ¢ dp — sinh ¢ cosh pdr, (3.43)
E% = —sinTdp + cos 7 cosh pde, E"” = —d¢ + sinh pdr.

Both sets satisfy the same structure equations 2dE! = —T]IJEJKLEK A B with nry =

diag(—1, 1, 1). Each choice privileges a different Hopf fibration of AdSs. The coordinates
we use can be related to embedding coordinates defining AdS3 as the surface X2 — Y2 —
V2 — W? = 1, parameterized as

X = cos % cosh g cosh g — sin % sinh g sinh g ,
Y = cos - sinh P sinh ¢ + sin T cosh P cosh ¢ ,
2 2 2 2 2 2 (3.44)
V = cos T sinh i cosh ? + sin T cosh i sinh ?
2 2 2 2 2 2’
W = cos % cosh g sinh % — sin % sinh g cosh g .

The 7 coordinate has periodicity 47 for global AdSs.

3.5.1 Timelike stretched AdS3 X R

Let us now focus on SU(1,1|2) supersymmetry and introduce warping. This is allowed by
breaking the right SU(1,1) isometries of AdS3 to a one-dimensional subgroup determined
by Z. The first case we consider corresponds to a timelike stretching of AdSs, obtained
by turning on Z along the H? base of the fibration S' < AdS3 — H?2. Defining G? = ¢?,
|Z|2 = 8)\2, we impose \? < 4¢%. We will later discuss the geometries obtained for larger
A. The supercoset space is

SU(1,112)w, a.p)

U(1)p x SU(2)r

analogously to the squashed R x S? case, the denominator U(1)y; mixes the compact

(3.45)

isometry of SU(1,1) with a central charge U, generating the warping. The other central
charge G - P = G"P, corresponds to the flat R direction (we can gauge fix it to P3 for
definiteness). The resulting metric reads

ds? = %[_U(df +sinh pdg)? + dp? + cosh? pdg?] + dz?, (3.46)

g

with warping parameter v = 1/ (1 — 4)‘722) > 1. As a bosonic background, timelike ‘squashed’
AdS3 with 0 < v < 1 would be also possible. Supersymmetry restricts us to timelike
‘stretching’ only. It is known that for any value of the stretching this space contains closed
timelike curves. In particular, v = 2 corresponds to Gddel spacetime [28, 29].
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3.5.2 Spacelike squashed AdS3 x R
Now let us take Z along an AdSy subspace of AdS3 and define |Z|?> = —8)\2. The right

isometries are broken to the SO(1, 1) that preserves Z and the supercoset reads

SU(1,112)w, .p)
SO(l, 1)M X SU(Q)R '

(3.47)

This time the spacetime is squashed along the non-compact fiber over AdS,, with metric

ds? [ — cosh? pdr? + dp* + v(d¢ + sinh pdr)?] +dz?, (3.48)

v
~ 16g2
with0 <v=1/ (1 + é) < 1. In this case supersymmetry only allows for squashing rather
than stretching.

3.5.3 Lightlike warped AdS3 X R

In this final case, we take Z along a null surface determined for instance as the coset space
AdS3/N_, the denominator being an (everywhere) null isometry. We use the notation
Np for the monoparametric subgroup of a parabolic generator 1. Unsurprisingly, the
supercoset space becomes
SU(L,112)w, c-p)
N, M X SU(Q) R '

where both U and the residual Lorentz generator are null. In our usual set of global

(3.49)

coordinates the metric reads
2

A
[—dr? + d¢? + dp® — 2sinh pdrde —

d82 479262¢(dp + COShpdT)z] -+ d2’2. (350)

" 16g?
A shift in ¢, which corresponds to one of the isometries of AdSs broken by Z, can absorb
the absolute value of the squashing parameter. The sign of the warping, however, is fixed
by supersymmetry. It can be convenient to rewrite this metric in Poincaré coordinates:

1 /dr? dzodz_ )2 da?
2 + + 2
ds _492(7,2+T2_492r4>+dz . (3.51)

3.6 AdS: x S? spacetimes and D(2, 1; a)

Another rich and interesting spacetime geometry is AdS; x S2. These geometries are
sourced by a complex Z flux alone, excluding the case in which it is entirely supported
on a null hypersurface. Then Z is generally a complex linear combination of two real
forms wrapping a timelike and a spacelike hypersurface respectively. These forms source
the AdSs x S? background, and when either vanishes the associated factor in the geometry
is flattened. The N = 2 supersymmetric extensions of AdSs x S? are real forms of the
D(2, 1; ) Lie superalgebras, where « is basically the ratio of the radii of AdSy and S? [14].

It can be useful to see how the D(2,1;«) superalgebra arises. Let us gauge-fix the
U(1)r and local Lorentz gauge so that

Zop = 200400 — 2060, AL €R. (3.52)
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The Riemann tensor then reads Rg,°? = 4()\2_522(58% — Aié;géfg), with curvature radii
1/|A_|, 1/|Ay| for AdSs and S? respectively. The isometry algebra is

[Pa, Py] = —2)\26% Mos + 2)\% 00 M2, (3.53)

corresponding to SU(1,1) x SU(2). For definiteness, an appropriate choice of coordinates
gives us the explicit metric

1

1
:E —_—

ds?
2

(—dr? cosh p + dp?) + (d<92 + sin? 6 d¢2) . (3.54)
The supercharges transform in the (2,2, 2) of SU(1,1) x SU(2) x SU(2)». This can be

made explicit by a similarity transformation on the four-component spinor Qa' of (3.26):

10 00

) . . 00 0 1
QRaa' = Saa” Qa', S = (3.55)
00-10

01 00

where a, & are fundamental indices of SU(1,1) and SU(2) respectively. The new set of
gamma matrices reads

Y =101 ®03, J1=-lb®oy, F=0LRo, J3=02®03 J5=03®03. (3.56)
After some algebra, we obtain the commutation relations

{Qd&i7 QEB]} = 2()\4,_ + )\_)Gdl;edBIij - 2>\+665T6¢B~€U - 2)\_T656&BEU s
[Taj,v Qé&i] = 65(&@5)5”‘7 [nga Q&’yi] = Eﬁ/(szﬂB)i ) (357)

where the conventions for all € symbols are the same as for standard spinor indices and we
have defined
,\L_(PO‘i‘Pii) M03 i(Pg —|—iP1) 1Mo

Tdi) = i ’ Td,é . 1 .
M3 = (=P + P3) iMio 5 (P2 —iPy)

, (3.58)

so that they all have a commutator with the supercharges analogous to I;;. The reality
conditions on the generators are

(Qaai)* = (03)a"e Q5. (Typ)* = —(03)a’(03); Tz (Ts5)" = 77T 5. (3.59)

The (anti)commutation relations we have just uncovered are the ones of the real form
of D(2,1; ) with Lie subalgebra SU(1,1) x SU(2) x SU(2)g. The parameter « can be
defined as o = Ay /A_ for A_ # 0. We will slightly abuse the notation and include the case

A- =0,\; # 0 as @ = co. There are four special subcases of the general algebra (see the
discussion in [14]):®

8We use the same symbol for the real and complex form of D(2,1;a). Other real forms exist, but we
will not encounter them. Because the algebra is real, & must be real as well.
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e D(2,1;1) =~ OSp(4*|2) corresponds to a superspace built on AdSy x S? with equal
radii. The space is superconformally flat, as reflected by the vanishing of the tensor
W = —Z% It can be embedded in the superconformal group SU(2,2(2).

e D(2,1;0) ~ SU(1,1|2), where the Lie subalgebra reduces to SU(1,1) x SU(2)g and
the space is AdSs x R2. The original SU(2) isometries of the sphere contract to
ISO(2), the compact generator acting as an external automorphism.

e D(2,1;—1) ~ SU(1,1]2), where this time the SU(2) factor corresponds to the S?
isometries and AdSy x S? have the same radii. The SU(2)g group acts as exter-
nal automorphisms. This is the superalgebra obtained as the near horizon limit of
supersymmetric black holes in NV = 2, D = 4 supergravity.

e D(2,1;00) ~ SU(2|2), where AdS; is flattened to RV and SU(1,1) is contracted to
ISO(1,1), an SO(1,1) subgroup acting as an external automorphism.

All other values of o correspond to AdSy x S? with different radii.? Notice that for each
choice of radii, there are two distinct supersymmetry algebras depending on the sign of «.
The supercosets built from these algebras can be encoded in the general expression
D(2,1; )
SO(1,1) x U(1) x SU(2)’

(3.60)

with the exception of the cases a = 0, —1, 00, where the numerator includes respectively
the ISO(2), SU(2)r or ISO(1,1) external automorphisms as a semidirect product. The
coset construction allows us to define Killing spinors with ease as usual, see appendix C.

3.7 Other geometries
3.7.1 Warped Lorentzian S3 x R

Our analysis of rigid backgrounds also gives rise to more exotic solutions beyond the spaces
discussed so far. A first interesting class of less conventional geometries is given by SU(2)
group manifolds with non-Euclidean metrics. Regarding S% ~ SU(2) as a Hopf fibration,
these geometries correspond to taking the fiber circle to be either timelike or lightlike.
The first case we analyze is an S? with Lorentzian metric. Such a manifold is easily de-
fined using the standard left-invariant one-forms of SU(2) (3.14) and treating the one associ-
ated with the fiber as timelike. This space corresponds to a radial section of Taub-NUT [30].
The background is sourced by the same field configuration as timelike stretched AdSs x
R, i.e. a spacelike G and a Z two-form along a timelike hypersurface. However, we now take
A2 > 4¢%. This induces a change of topology from timelike stretched AdS3 to a compact
space with SU(2) x U(1) isometries. The supercoset is formally identical to the standard
squashed R x S3:
SU(2[2)w, c.p)

ST@)r x U’ (3:61)

“There are two other isomorphisms. First, a = —2 gives rise to an OSp(4*|2) algebra, however it
exchanges the roles of the spatial SU(2) with SU(2)r. As a consequence, this case is not superconformally
flat, as is clear from the fact that T3} is non-vanishing. Second, @ = —1/2 gives rise to an OSp(4/2) algebra.
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though now the deformed S' fiber is regarded as the timelike direction. The metric reads

A2 -

ds? = 4L[_v(dw + cos0dg)? + df? +sin® 0 de?] + d22, v = (42 - 1) >0. (3.62)
g g

Such a geometry admits only SU(2) x U(1) as an isometry group, regardless of the value of

v, because two of the (right) isometries are broken by the choice of Lorentzian signature.

3.7.2 Lightlike S3 x R

In 4D it is also possible to treat the Hopf fiber of S? as a lightlike direction, obtaining a
metric of the form

ds? 2du(dw + cos § dp) + d6* + sin® 0 d¢?) . (3.63)

1
=02 (
The resulting space is (locally) isomorphic to a ‘lightlike’ S x R. Such a space arises
from our analysis if we take G null (but everywhere non-vanishing) and Z spacelike with
|Z|2 = 8)\2. Setting Z = 0 yields a different geometry which is not topologically a sphere.
The supercoset space is again (3.61). Killing spinors are constructed in appendix C. A full
analysis of the global properties of this space goes beyond the scope of this paper, but we
note that a global lightlike S? x R has closed null curves but no closed timelike curves.

3.7.3 ‘Overstretched’ AdSs (Heiss X R)

There is a threshold case between timelike stretched AdS3 x R and the Lorentzian S° x R,
obtained for spacelike G and spacelike Z with A? = 4¢%. It corresponds to a non-semisimple
contraction of the SU(1,1|2) and SU(2|2) superalgebra with Heisg x U(1)3; X Rg.p bosonic
isometries. The geometry is in fact the group manifold Heiss x R where the central charge
corresponds to the timelike isometry. The metric is

ds? = —(dt + 2g xdy — 2g ydz)? + dz? + dy? + d2°. (3.64)
This metric can also be interpreted as a rotating relativistic fluid.

3.7.4 Plane waves

Finally, there is a class of plane wave geometries admitting full A/ = 2 supersymmetry,
generalizing the supergravity solution of Kowalski-Glikman [31].10 Some of these can be
obtained as Penrose limits of the geometries encountered so far, following e.g. [34, 35], but
it is more convenient (and more general) to study these backgrounds independently.

Not surprisingly, plane waves are obtained for null G or Gij, giving rise to the same
spacetime with different realizations of N' = 2 supersymmetry. Reflecting their origin as
Penrose limits, these superalgebras are contractions of those encountered for S? x R and
AdSs x R. At the bosonic level we can just restrict to a null, everywhere non-vanishing G.
Then the most general plane wave geometry is obtained turning on also Z along some null
hypersurface parallel to G.

19 Also see [32, 33] for similar solutions of 11d and Type IIB supergravity.
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Let us show how the bosonic background arises. We take G* = %(g, 0,0,9) = g0t
and Z, = 2\/§A+5a_bl — 2\/§i)\_5;b2, where we can fix A > 0, A\_ € R. The cases
g = 0 and AL = 0 are included in our analysis as all objects depend smoothly on these
parameters. When Ay = 0 the same bosonic background can be realized by Gij. Defining

Py = \%(Pg, + P), the non-vanishing commutators of the bosonic isometry algebra read

[Pay Po] = —4geap”Pe+4X26,7 Mg + 4N30,, My, (€412 =+1)
[Mya, P-] =Py, [Mya, Pa] = =Py, (d=1,2). (3.65)
This algebra is the semi-direct product of P_ and a five-dimensional Heisenberg algebra
(with central charge P;). The former generates the null direction complementary to the

three-dimensional null space defined by G. The residual Lorentz algebra contains the two

null generators M1, Mio. Then the general plane wave that we find is a coset space
Rp_ x Heis
EE (3.66)

NM+17 Mo

When Z = 0 this simplifies to the group manifold Rp_ x Heiss. We obtain the metric
ds® = 2dudv + 4g(ydz — zdy)du — 2(\2 2 + A\3y?)du? + da? + dy*. (3.67)
Another possibility is to use Brinkmann coordinates, which we obtain via
T — T = xcos2gu + ysin 2gu, Yy — § = —xsin 2gu + y cos 2gu . (3.68)
The metric then takes the standard plane wave form

ds? = 2du dv + Amn(gu)i™2"du? + dpadz™dz", m=1,2, (3.69)

(3.70)

cosdgu —sindgu
A(gu):_(492+A1+A2)112+(A1—A2)< g g > .

—sindgu — cos4gu

4 Rigid supersymmetric actions

Each of the spaces we have discussed admits eight Killing spinors and is described by the
same rigid N' = 2 supersymmetry algebra (2.18), parametrized by the background fields
S4. Zu, Gq, and Gaij. This suggests it should be possible to construct in a unified way
the supersymmetric vector multiplet and hypermultiplet actions for these spaces simultane-
ously: one should simply insert the relevant values for the metric and the other background
fields. That will be the goal of this section. We describe first off-shell vector multiplets and
on-shell hypermultiplets in these geometries. After this, we discuss how some of these ac-
tions could be derived directly from conformal supergravity by taking a certain rigid limit.
Finally, as an explicit example, we describe the A/ = 2* action in a rigid background.

4.1 Vector multiplets

We will begin our discussion of vector multiplets with the abelian case, where the situation
is comparably simpler, before gauging the isometries of the special Kahler manifold.
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Abelian vector multiplets

An abelian N = 2 vector multiplet consists of a complex scalar X!, a Weyl fermion A\y;’,
a pseudoreal auxiliary triplet Y%/ and a real connection A,,’. In Lorentzian signature,

(XI)* _ XI7 (Aail)* _ )\o'cil7 (YZ]I)* _ S/;]I ) (41)

In rigid superspace, these components are contained within a complex superfield X! which
is chiral, Dyg; X’ = 0, and obeys a superspace Bianchi identity [36, 37]

(DY 4+ 45U xT = (DY 4 457 X1 . (4.2)

The component fields are defined using the superfield via

x! .= x|, X=X,
)\ail = —Doﬂ'.)(q 5 S\dil = ﬁdi‘)?q y
3 1 . g
Yl e — (DY + a5V
1 1 gen o > 5
Fup! = 5(00) " DpaX’| + 1(0a) Dy X'| = Zup X' = Z0p X7, (4.3)

where the vertical bar denotes taking the § = 0 projection.

As a consequence of the superspace Bianchi identity, F},,! is a field strength for a
one-form A,,’. Both of these can be lifted to superspace forms A’ and F!. One must
constrain the tangent space components F4p’ so that it is entirely determined in terms of
the superfield X7

Fijl = —teapdiBl, FEH 4P el
Fags' = 2icag ﬁi@"?l’ Faigy' = 2i€;Dpi’,
1 1 307 P Z X
fabl = Z(Uab)ﬁapﬂa)([ + 1(5ab)ﬁaDBdXI - ZabXI - ZabXI . (44)

Because the vector multiplet includes its auxiliary field, the supersymmetry algebra
closes off-shell. The variations of the component fields are

oXT =gl SXT =gt (4.5a)

ail = (Fp! + Zapy X1+ Zp X1)(09%) 0 + (Vig! 4283, X7)e,7

—2i D X! (090 + 4i G i X (0°89),, (4.5b)
Sadil _ (FabI + ZabXI + ZabX-I)(a,abgi)d . (Yijl + QSinI)gdj

+2i Do X1 (57N + 4i G, XT (59;)%, (4.5¢)
0Yi" = 20 €PN — 4iGap &0 N — 2Gq €0 Ny

— 20PN + 4iGay 5T N — 2G, €N (4.5d)
§AR" = i(&omNT) +i(Eam\T) . (4.5¢)
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Abelian vector multiplet action

The vector multiplet actions are straightforward to construct in superspace. They are given
by a chiral superspace integral of a holomorphic prepotential function F'(X 4 ),

i/d4xd4«98F(X) +i/d4xd496_’F(/'\?) . (4.6)

In a Minkowski background, or indeed in any rigid A/ = 2 background with G,% = 0,
the prepotential needs to satisfy no further restrictions. However, in a rigid background
with nonvanishing G,%, the U(1) symmetry forces the prepotential to be homogeneous
of weight two — that is, it must be a superconformal model.

Deriving the component action of (4.6) is a straightforward application of superspace
techniques (see e.g. [38]). As in the rigid Minkowski case, the sigma model is an affine
special Kahler manifold (see e.g. [39]) with Ké&hler potential K and metric g ;:

K =iX'Fj —iX'F;,  gy5=—iFy;+iFpy . (4.7)

The leading bosonic kinetic terms are

i

_ o
L=—grD,X'D*X7 + ZFUF;,)IW"—J -

FryFLI Pty 4o (4.8)
We will give the full Lagrangian, including gauged isometries, in due course, but for now
there are some important features to discuss in the ungauged case. Foremost is that the
action admits the same group of duality transformations as in flat space. These can be seen
easily in the superspace description, where the superfield equations of motion imply that
the chiral superfield F7(X) also obeys the constraint (4.2). The duality transformations
belong to the inhomogeneous symplectic group ISp(2n, R),

XI UIJ ZIJ XJ CI
— + (4.9)

Fy Wiy Vi’ Fy Cr
where the matrix is an element of Sp(2n, R) and C! and Cf are constant complex numbers. !
When S% is nonzero, C! must obey the extra constraint SYC! = SYC!, and similarly

for C7, as a consequence of (4.2). One may decompose the C! and Cj in terms of real
parameters Ul(j) and Wy(;) with j = 1,2, so that

cl = Ul(l) + ’iUI(Q) R Cr= WI(l) + ’iW[(Q) . (4.10)

This suggestive decomposition reflects the presence of so-called background vector multi-
plets in the rigid supersymmetric geometries we have been discussing.

" One can also consider a global U(1)x transformation as in the Minkowski case, but it will not play a
role in what follows.
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Background vector multiplets and central charges

There is a close relationship between background vector multiplets and the possibility of
extending the supersymmetry algebra by a complex internal central charge Z. Provided
that G, = 0, we can deform the algebra with the extra terms

(Do’ Dy’} ~ deapcZ, {D%,D°j} ~ —4e¥ejZ, Do, Do) ~ ZapZ + ZapZ . (4.11)

The covariant derivatives Dj; now carry a complex central charge connection, with the
background field Z,;, playing the role of the bosonic field strength for Z. These observations
can be clarified if we write the complex central charge in terms of two real central charges,
Z = Z) +1iZ(), and interpret the algebra of covariant derivatives above as

[Da,Dp) ~ ~Fap 2 (4.12)

where Fy;n @ is the field strength for two real abelian one-forms Aj; (Y. Comparing to (4.4),
one can see that the field strengths Fp(? are associated with constant vector multiplet
superfields X = 1 and X® = 4. In particular, the background vectors possess non-
vanishing field strengths with one-form potentials (see (4.4)),

FpM = —2ReZ,,  Fp® =2ImZy,
An® = 2ReChy,  Ap® =2ImC,, . (4.13)

More generally, we can choose X1 to possess any phase and take XY@ = ix()_ A subtlety
emerges when S is non-vanishing: then (4.2) implies S/ X’ () = Sk X0 and so only one
independent choice of X' is possible. For pseudoreal 5%, we take XY(*) =1 and drop X@.

These observations readily admit a simple explanation of the inhomogeneous symplec-
tic transformation (4.9). Rewriting that transformation as

x! ulty; z'\ (x’ Ul (jx@
— + ) (4.14)

Fy Wiy Vil ) \ F; Wi XV
one finds that it can be embedded into Sp(2n + 4,R) acting on the 2n + 4 vector (Xf, Fy)
where X1 = (X7, X(i)). The prepotential F'(X7) should be taken as a homogeneous prepo-
tential with two constant vector multiplets X® .12 Because the background multiplets are
never placed on-shell, F{;) does not obey (4.2) and must not mix into the other multiplets:

this zeroes out the entries Z/) and V;U) of the Sp(2n + 4, R) matrix, recovering (4.14).
Imposing in addition the invariance of the constant X'(?) determines the other entries.

Non-abelian (gauged) vector multiplets

Until now we have been dealing with abelian (ungauged) vector multiplets. Before dis-
cussing the action in detail, we should allow for the possibility of gauging isometries of the

12When both constant vector multiplets are present, the lift of the original inhomogeneous F (x 1 ) to the
homogeneous F(X7) is not unique.
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special Kahler manifold. It is sufficient to discuss the group of isometries on the one-forms
Al Taking into account the additional background one-forms A®, we are led to consider

SAD =da® (4.15)
Collectively these can be written SAT = dAT + ATAK Tz 1 The Lie algebra here is
[T1,Ty] = fr," Tk, (Zi), Ty = fiys™ T Ziy, Zi) = fiy) " Tk - (4.16)

In the gauged case, Z(;) no longer commute with the gauge generators but we will still
occasionally refer to them as central charges. The superfields X! and X transform as

SXT = X7 (A fres” + AP f 1) + XDAE frenyt + AP fy ). 6xD =0 (4.17)

Collectively these can be written as 06X I = yIpK i JI . Comparing with (4.14), one can
see that this gauges a subgroup of ISp(2n,R) with infinitesimal elements

uly = A e+ AW st ul gy = A frent + AP fr ! (4.18)

The full embedding of the gauge group may also involve w; ;, as we will discuss shortly.
Now defining the superspace covariant derivatives to carry the connections A’ and

AW the SUSY transformations of the vector multiplets X! can be determined; they differ

only slightly from (4.5). It is convenient to introduce the Killing vector J jl defined by

sxT =g g = xRt (4.19)

Including a uniform coupling constant g to track the gauging terms, one finds

=2\ T oXT =g\l (4.20a)
il = (Fp! + Zap X1+ Zy X 1) (0%%€) 0 + (Vij! + 28 X1)e,7
— 2D, X! (0°8) 0 + 41 G iy X1 (0°€)0 — 29 X7 T3 i, (4.20b)
SN — (Fol + ZwXT + Zp XT) (528 — (vl 251']‘)?1)5@],
+ 2D XT (676 + 4i G, X (5%)% — 29 X7 J ;1 &4 (4.20¢)

(5ij =0 g(lﬁj\])l — 42Gak(Z {j)O'aj\kI — 2Ga é.(l'O'a;\j)I
—2i g(mAj ! + 4iGap( .gj A —2G, 5"\
—dg&ary? I —4g€iryT I (4.20d)
§Am" = i(&jomNT) +z(§ﬂam PYEIN (4.20e)
The vector derivative carries the full set of connections, i.e.
DaXT = e,™ (amxf — 24X + g A XK fL jf> , (4.21)

with the contributions from the constants X *) gauging inhomogeneous transformations.
Similarly, the field strengths F,,,,,/ are now given by

Fon® = 20, A" + 9 A AR 57 (4.22)
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Vector multiplet action with gauged isometries

Now we will give the final form of the action, including gauged isometries. Assuming the
prepotential F' is gauge-invariant, we calculate the component reduction of (4.6):

_ i S
L= =g DX DX = 2g1, ;PN = 291, X PX;
] _ _ 1 = 1 s

+ ZFIJFabIFab J o ZFIJFGEIFGJ)—&-J + gg[]yljlnjj

+4G*(FD X" + FDXT) + Yy  OF + Fu! OF + Loot + Lrerm (4.23)

We have collected the moment couplings into (’)?b and the terms linear in the auxiliary
field into (’)}j . Additional terms contributing to the scalar potential are given in L, and
additional fermionic terms appear in L. Before giving these expressions, let us comment
on the leading terms of (4.23). The covariant derivative of the scalars is given in (4.21),
whereas the covariant derivative of the gauginos includes the special Kéhler connection,

Dadaj’ = Dadaj’ +ig" FrrrDa X5 Noi . (4.24)

The terms involving the field strengths can be rewritten as usual as

1 1 _ ~
— gglJFabIFabJ - g(FIJ + Frp)Fp' %/ (4.25)

where F7;+ Fy describes a generalized f-term. The expression involving G in (4.23) can
be rewritten up to a total derivative using its dual two-form potential as

AGU (DX + FDXT) = " By (21 91 DX DX — g Fy D)
_ 2 .
= 2i €™ B, ,XT 9,X7 g17 + 39 €PN H Ay D . (4.26)

This involves a generalized BF coupling between the background two-form B and the spe-
cial Kéhler two-form —i g7y dX! AdX”. Note that we have dropped the U(1)r connection
A, above because when G is non-zero this connection is always taken to vanish.

The remaining terms in the Lagrangian involve
ab 1 abcd 1 n J 1 abed =z n 1 n v J
OF = ¢ Zea| Fi1 — i(FIJ + )X ) + 16 Zed| Fr = 5 (Fry + Fry)X
1 o ) —_— B
— Zg]J(XJZab + XJZab) — éF]JK)\kJO'ab)\g + %F]JK)\k‘Jﬁab)\? , (4.27)

g i _ i o i P

Of = 587 (Fy = FiyX7) = 587 (Fr = Fry X7) + gFUK(X‘JA]K) — gFUK(A”AJK) :
4.28)
1 - L (
Lpot = —ggu(XIZab + X1 2) (X7 2% 4 X7 20)

1 _ o - .
~ g (F1y + Fry) (Xf Zop+ X! zab) (XJ zeb 4 X7 zab)
1 _

1 - = o _
+ izabZ“b(FIXI —F)+ 5zabzab(ﬂxf —-F)
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g 1 o _ 1. ., _ _
+ iS58, <2FIXI - §XI X7Fry - 3F> — 1895, <2FIXI —5f JXIXT 3F>
+ Sijgin + 2GaijGain — g2gIJDIDJ , (4.29)
(1 o i . i _
Lterm = g1y Mo N7 (25;-Ga + zGafj) + Z(A{ N)SY Frye XK — Z(/\”)\]J)SZ-]-FUKXK
i - S U ~kT_ab~ - K F
- g()\klaab)\i)(zabXK + ZapX5) Fry + g()\klaab)\i}])(zabXK + ZaX5) Fryk
i o i - e
- 4—8FUKL(A“AJJ)(A{(AJL) + @FIJKL()\’I)\]J)()\ZKAJL)
1 - 1 <=
- ig)\“/\i greJi5 — §gA“A,{ g Ji% . (4.30)
We have utilized the Killing potentials (or moment maps) for J jJ given by
D; = f; " (X Fx + X' Fr) . (4.31)
The moment maps Dy associated with the dynamical vector multiplets may also be written
Dy = —igry X X fr;? . (4.32)
Suppose now that the prepotential F' is not gauge invariant but transforms as
Lk Iy J
oF = §A CKij X7 (4.33)

with real C'y ;5. This transformation lies in a subgroup of (4.14) with infinitesimal w, ; =

AKC’K’Ij. Provided we write the BF coupling as in (4.26), the Lagrangian fails to be
gauge invariant only due to the generalized 6 term involving Fj; + Fr; in (4.25), the
moment couplings involving €?**?Z,; in (4.27), and the potential terms involving products
like ZgpZeqe®™? in (4.29). These have a natural interpretation as generalized 6 terms
involving the background vector multiplets. As in the Minkowski case, gauge invariance
can be restored by adding the Chern-Simons like term [40, 41]

2 mn 2 [ j 3 J y N
Les—like = —39¢ P1Cx ij AnR A (0,A,7 — gngNJApMAqN) : (4.34)

which involves both the physical connections A,,! and the background connections A,, .
In addition, one must modify the Killing potentials in the various expressions above to

Df:fij(XJFK—i-XJFK)—Cf’jKXJXK, (435)

with (4.32) still holding. These modifications also restore supersymmetry.

BPS conditions for the vector multiplet

From the supersymmetry transformations (4.20), we may characterize the moduli space of
supersymmetric configurations for a vector multiplet in a generic rigid background. Recall
that in Minkowski spacetime a supersymmetric configuration for a vector multiplet is given
by constant scalar X! and vanishing fermions, field strengths, and auxiliary fields. In a
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generic rigid N = 2 background characterized by the background fields S¥, Z,,, G,, and
Gg' j» the situation differs.

Let us first assume that G, = 0 and that we have eliminated the spacetime U(1)g
connection. Requiring X! = 0 for eight linearly independent supercharges implies that
the fermions \,;! vanish. Requiring SAail = 0 leads to the additional constraints

Vil = —28;X" = —25; X", DX =0,
Fu! = —Zu X' — Z4X7 XIXEp =0 (4.36)

The first condition fixes the auxiliary field and relates the phase of X' to that of S%
(provided S% is non-vanishing). The condition on F,' is a BPS attractor equation in
a fully supersymmetric background; equivalently, given a field strength (which must be
related to Z,,) it fixes the values of the scalars X I 13 The conditions on the right force
X! to be covariantly constant and constrain the VEVs of the scalars when non-abelian
couplings are present. Note that the usual result [X!Tr, X/T;] = X'X7 ;5T = 0 is
deformed by the background vector multiplets.

If instead we have a background with G, # 0, the situation is drastically simpler.
We find that X! must vanish and so the entire multiplet vanishes. This is a consequence of
the non-trivial R-symmetry appearing in the supersymmetry algebra: since the superfield
X1 carries R-charge, it must completely vanish.

4.2 Hypermultiplets

Hypermultiplets are on-shell representations of the supersymmetry algebra consisting of
4n real scalars ¢* with © = 1,--- ,4n and 2n chiral fermions (,*, with a = 1,---,2n,
obeying ((o?)* = (4*. We follow the conventions of [47]. As in a Minkowski background,
the scalars parametrize the target space of a hyperkahler manifold with metric g,, and
three covariantly constant complex structures (J4)*,, obeying the quaternion algebra

JaJp = —0aB + €apcIc - (4.37)

Introducing J ij = %(JA)ijj 4 where o4 are the three Pauli matrices, we can construct
three hyperkéhler two-forms (i) = €i£9p(T*5)P0.

There are three important classes of isometries. The first are the triholomorphic isome-
tries J#, which obey L9, = L£5(4) = 0. These may be gauged by vector multiplets
(including the background ones), in which case we denote them by J;#. Associated with
each JH is a moment map (or Killing potential) D" obeying

VD% = —(Q9),,J" . (4.38)

This defines the moment map up to a constant Fayet-lIliopoulos term.
The second class of isometry, denoted by V#, rotates the complex structures,

Lyvgu =0, Ly () = _2vk(i(Qj)k),uV7 Ly Ta = —2€apcvpJc, (4.39)

Y3This result generalizes the attractor equation found in the near horizon limit of BPS black holes [42-46],
where the supersymmetry algebra is given by the supergroup D(2,1; —1) with Z,, = —W = —1T.%.
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where v¥ is a symmetric pseudoreal normalized SU(2) triplet, v/ Vg = 5%, equivalent to a

A= —Z(o4)'jv7;. Because V* is holomorphic with respect

normalized real SO(3) vector, v
to the complex structure v 74, there is a corresponding moment map, which we denote

IC, for this specific complex structure. We normalize it so that
VK = 0 (Q9),, VY = v (Ta), Vi (4.40)

K is also a Kéhler potential for the metric g,, with respect to any complex structure
perpendicular to vAJ4. That is for wA Ty with wvy = 0, one can show that

1
Juv = 5(5#;)5”0 + U}AijA,uijuo)vpvcrIC . (4'41)

This isometry is relevant whenever S% = pv% is non-vanishing, which implies the presence
of an SO(2) subgroup of SU(2) in the supersymmetry algebra; this isometry is manifested
on the target space as V#.1* This requirement was observed in [48, 49].

The final case of interest is when the target space is a hyperkéhler cone. Then there is
a homothetic conformal Killing vector x*, obeying V,x" = d,,”, and the target space has a
globally defined hyperkéahler potential x = %X“Xu‘ One can construct a family of isometries
that rotate the complex structures in any direction: they are given by V) = —(Ja)",x".
The isometries generated by x* and V" are the target space realization of the superconfor-
mal dilatation and SU(2), generators, and so hyperkéahler cones are precisely those target
spaces that may be coupled directly to conformal supergravity. (The hypermultiplets are
inert under U(1)g.) In fact, the presence of the SU(2) isometries is sufficient to deduce
the presence of the dilatation isometry on the target space. For the cases with Z_, =Y
and/or G, nonzero, the supersymmetry algebra generates an arbitrary SU(2)j element,
and so these superalgebras require a hyperkéahler cone for the hypermultiplets.

Supersymmetry transformations

There is one additional feature necessary to describe the hypermultiplet supersymmetry
transformations: the structure group is Sp(n) x Sp(1). That is, one can introduce a target
space vielbein f,,;* and its inverse fo'* (see [50-54]) where a =1,---,2n, obeying

f,uiafaiyz(suyv faiufujb:(sabéij ) fuia:_eij wabguu fbjy7
g,uzlzewwab f,uiafl/jb y (jA)Mu :ifyia(UA)ljfaj " 5 (Ql]),uu :fua(lfubj) Wab (442)
where wyp, is an antisymmetric matrix with w?? obeying w®Pwy,. = —02. One can introduce
* -
the complex conjugate of f,;*, given by (fma) = fu'*, so that
ib
v = fuiafyz 9ab (4.43)

in terms of an Sp(n) metric g,;. This implies that f,® = €9 ¢*w,}, f,,;. If the Sp(n) indices
are chosen to be flat tangent space indices, then one can choose g,; = d,; and take wyy, to

"Even though G\,* admits a similar decomposition, it does not generate an R-symmetry transformation
in the SUSY algebra and has no effect on the target space geometry.
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be the canonical antisymmetric tensor of Sp(n). Following [53, 54], we will instead keep a
non-trivial Sp(n) metric and a covariantly constant w,p. Any vector V# can be related to
an Sp(n) x Sp(1) vector V;* = V¥ f,;*, and similarly for tensors. The hyperkéhler Riemann
tensor is valued in Sp(n) alone,

Raibjckdl = fawfbjufckpfdlURWpa = Rabcd €M (4.44)

where Rgpcq is totally symmetric. One can always take the Sp(1) connection to vanish, and
then the Sp(n) connection I',,* is determined by requiring f,,;* to be covariantly constant.
The supersymmetry transformations of the hypermultiplet fields are

0 = &C® fo +EC° fit
53 = (20D — 4G x") fu €+ 20V + 4gXT 1) i
+2 YocBX'ufuiaﬁijfﬂj - P,uba(s(lsu Cg )
§Con = (Zi DB 4 4GP Xﬂ) fuites — (QﬂV“ +agx! Jfﬂ) fuite, €40
— 2V P €9 T 500 (O (4.45)
This is an on-shell supersymmetry algebra only. The component Lagrangian is

i abﬁ *ab 1 a b 7a7b
=905 (P D al™) + 76" R

+ 9N T+ g PN T — 297 XijJj“JngW +9Y;;! DY
- %CaCbXI vp,‘]fufajﬂfbjy - %C_acbxl vu']fl/féjuff)jy
+Ls+ La;; + Lza - (4.46)

1
L= _QDmQZ)u Dmd)y uv —

We have written the Riemann curvature term using R, j.q := wgbwadRade. This and other

ch
terms in the first three lines are straightforward covariantizations of the general gauged
hyperkahler sigma model in a Minkowski background. The covariant derivatives are

I
,Dmgi)” = 8m¢'u - Am Jf'u )
. 1
DmCab = amCozb + iwmab(gab)aﬁc,é’b + 'L'AmCab
1 [~ crj v c
- §Am]Ca fcjuvujj fujb + ,Dmgi)u €o¢ Fucb . (4‘47)

The remaining terms have been set apart corresponding to their dependence on the
background fields. The terms in Lg are present only when S% is non-vanishing:

1_ a jv 1 ~a b v
Lg = —guC P faf £7V VLV, — gMC ¢° fa" f57 V Vi
1 N —
— §Iul2 VAV, + 3|ul? K — guX' TV, — gu X' T4V,
— 29uX" D v — 2ga X Dyvi; — 69 uX ™ Dy vy (4.48)

Here we left S¥ complex, i.e. S¥ = pv” and SY = ", to distinguish which terms arise
from S%. This distinction will be important in the Euclidean case. Recall that when
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S =0, the target space must possess an isometry V# that rotates the complex structures.
In this case, the triholomorphic isometries associated with frozen vector multiplets may be
absorbed into a redefinition of V# [55].

The terms involving G,% are simplest when written in terms of its dual two-form,
[’Gz‘j = Emnqumnij (ngf)‘u 'Dq(f)yﬂuyij + g quIDfij>
9 s
— Emnqumn ij 3p¢“3q¢”9,w” _ gg emnqumnszAqIDj i (4‘49)

with equality holding up to total derivatives. The first term is just the spacetime pullback
of the hyperkahler two-forms. This expression may be interpreted as the hyperkéhler
analogue of the special Kéhler couplings involving G* (4.26). It should be emphasized that
when G,% is present, no constraint is placed on the hyperkihler target space.

Finally, we give the remaining terms involving Z,;, or GG,. We give them both in terms
of Z,p and in terms of Y, = Z_; and W(;Z = —Z;;):

Loy ab— 1 1o e -
Lzc = g(Wabyab + W(;ISYGH) X +4G*Gax — ZQQaCBb Wap wab — anagﬁb Waﬁ' Wab
1 = 1 = 14558
= — 522" X+ 4G Gax + (¢ Zagwan + (NP 2 g (4.50)

The hyperkéhler potential y appears only when the target space must be superconformal,
that is when either G® or Y, = Z_, is nonzero.

BPS conditions for hypermultiplets

As with the vector multiplets, it is easy to find the conditions for full supersymmetry:
Dadh =0,  pVl=—2gXTJ" G =YIy'=0. (4.51)

The first condition is simple enough to understand: covariant constancy of the hypermul-
tiplet scalars. The second condition leads to a complicated alignment criterion between
the hyperscalars and the vector scalars that does not always admit a solution.!®> The last
condition implies that when G or Y;Z are nonzero, in which case the target space is a
cone, the scalars must lie at the origin of the cone where y* vanishes.

The off-shell origin of on-shell hypermultiplets

We have given the on-shell hypermultiplet SUSY transformations and action without
derivation. It turns out they can be derived directly from the off-shell formulation for
hypermultiplets given in curved projective superspace [21, 37, 56]. Let us briefly sketch
this topic using the conventions of [57].

An off-shell hypermultiplet is described by a complex arctic superfield YT living on
M8 % SU(2) where M*® is the original N/ = 2 superspace and SU(2) is an auxiliary
manifold parametrizing the infinite number of auxiliary fields, with coordinates v** and

5For instance, take Minkowski spacetime (u = 0) and target space R* and gauge a constant shift
symmetry with a central charge. Then X (i)J(i)“ is everywhere non-vanishing.
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v; = (v'7)* obeying v*v; = 1. Actually, only the space CP! = SU(2)/U(1) plays

)
a role, and the charge on the superfield YT denotes its weight under U(1). A general
hypermultiplet Lagrangian is described in flat superspace by an action

1

S:—% .

v dv'™ / dtz der FrH(TT, T 0 (4.52)
where F T is an arbitrary charge-two function of its arguments: the arctic superfield T,
its antarctic conjugate T*, and the auxiliary coordinates v'*. The auxiliary integral is
over a contour C in CP'. When no further restriction is imposed on F*71, the target space
is a generic hyperkahler manifold upon eliminating the auxiliary fields.

When coupled to conformal supergravity, the action generalizes to

S = —;fdr /d%: At & FrH (T, 1) (4.53)
T Jc

where £~ is an appropriate superspace measure, including the generalization of v;r v,
where 7 parametrizes the contour C. The Lagrangian F 7 is now superconformal, possess-
ing no explicit dependence on v'T. The component reduction of this class was discussed
in [47], where it was shown how to recover the Lagrangian of a hyperkéhler cone coupled
to conformal supergravity [53].

For the rigid supergeometries of interest in this paper, there are three cases to consider:

(1) The most restrictive case is when Ya% and/or G, are turned on; then the SUSY al-
gebra generates the full SU(2)z group. This requires that the superspace Lagrangian
F T is covariant under SU(2) diffeomorphisms, so it cannot depend explicitly on the
coordinates v't. Tt takes the same form as (4.53) and upon reduction to components
leads to a hyperkéahler cone.

(2) The next case is when S% = pv%, corresponding to AdS, in Lorentzian signature. The
most general action is of the form [26]

1 o L
S=—g-¢dr / Arpd £ FIHIT, T 0T, ot =il L (450)
™ Jc

Here only an SO(2) g subgroup of SU(2)z must be preserved. At the component level,
this leads to a hyperkéhler target space with an SO(2)g isometry that rotates the
complex structures. These actions have already been discussed extensively in four
dimensions [48, 49, 55]; similar results hold in five [58, 59] and three dimensions [60].

(3) The final case involves background field configurations with only W;‘Z or G,". Because

no SU(2)r symmetry survives in the SUSY algebra, the Lagrangian need not respect

SU(2) diffeomorphisms and may depend arbitrary on the coordinates v'*,

S = —;fdr /d4a: Aot e FHE(YT, T o) . (4.55)
T Jc

This leads, as in a flat background, to an unconstrained hyperkahler target space.
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The procedure of reducing the various cases above to the explicit on-shell actions
is a straightforward application of the covariant techniques of [47]. Because it is rather
cumbersome, we do not give the derivation explicitly. A more roundabout derivation will
be sketched for cases (1) and (2) in the next section.

4.3 Conformal supergravity and the origin of rigid actions

In the preceding sections, we have emphasized the origin of the vector multiplet and hyper-
multiplet actions within a purely rigid supersymmetric framework, sketching their deriva-
tion from rigid superspace. It is instructive to briefly discuss how to reproduce the above
results within the context of conformal supergravity and existing component actions.'6

This approach is easiest to understand when applied to the vector multiplets. When
frozen vector multiplets X (@ are included, the prepotentials F (X1) may be lifted (albeit
non-uniquely) to homogeneous conformal prepotentials F(X?, X(®). The general action
coupling vector multiplets to conformal supergravity was given in [40]. Moving from the
conformal framework to the rigid supersymmetric framework involves freezing the vector
multiplets X® to constant values (a Weyl-U(1) gauge-fixing), turning off all background
fermions including the gauginos A(%) (a choice of S-gauge), and setting to zero the dilatation
connection (a conformal gauge-fixing). The auxiliary field D, the Ricci scalar, and the
auxiliary fields Taib are fixed as

1 Sab . 5 — L +
D:E abZa ) Z ab:Wab:_Zab’ ZTab:Wab:_Zab’
R = —Z42% 4+ 68,57 + 24G? + 12G"1 Gy, (4.56)

and one must redefine the R-symmetry connections, as discussed in footnote 4. The field
strengths and auxiliary fields of the frozen vector multiplets are

Fp = —2,X0 — 2, X0 y,;(0 = _95,x® — 95, x*) (4.57)

For the hypermultiplets, the problem is more subtle. If the hyperkahler target space
we seek is a cone, we may directly couple it to conformal supergravity, apply the identi-
fications (4.56) for the Weyl multiplet, and redefine the U(1)g and SU(2)r connections.
However, in the case that the target space is not a cone, one must introduce additional
hypermultiplet compensators and identify the appropriate rigid limit.

For the class (2) given in (4.54), the object v = v¥v v may be identified as a frozen

. J
tensor multiplet L™ = L% U;r vT. In the component setting, one can take a hyperkihler

cone with an abelian isometry, ]dualize the hypermultiplets associated with the isometry
into a tensor multiplet (and reintroduce its auxiliary fields), and then freeze the multiplet
to a rigid configuration. A residual SO(2)g isometry will survive, as required.

For the class (3) given in (4.55), one may identify v* as frozen values of an arctic
multiplet Tar and its conjugate Tar However, these multiplets must be frozen prior to the

elimination of the auziliary fields — they are not on-shell multiplets — and so it is unclear

For a complete and pedagogical review of conformal supergravity-matter systems, we refer the reader
to the recent textbook [61].
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to us how the superspace procedure is related to taking the rigid 4n-dimensional limit of a
4n + 4-dimensional hyperkéhler cone. Thankfully, there are no terms in the action unique
to this class — all expressions in the rigid hypermultiplet action can be compared with the
rigid Minkowski case, the hyperkéahler cone action coupled to conformal supergravity [53],
or the class (2) sketched above.

A related question is whether the actions and their corresponding supersymmetry
algebras can be derived dynamically from some supergravity-matter action. We will return
to this issue in the final section.

4.4 A simple example: the N/ = 2* action

As a simple application, we will give the N/ = 2* Lagrangian in a rigid background. The
matter content consists of n vector multiplets X! transforming in some compact non-
Abelian gauge group of dimension n with metric g;y = dr7, coupled to 4n hypermultiplets
transforming in the adjoint. We set the 6 term to zero for simplicity. In a Minkowski
background, the on-shell field content is an N' = 4 multiplet; the NV = 2* theory arises
after giving the hypermultiplet a mass by coupling it to a background vector multiplet.

Let us sketch here the relevant geometric data for the hyperkahler manifold. We choose
a complex basis for the bosons so that the third complex structure is diagonal,

o' = (A", B, A, BY), (), = diag(ié" ;,i6;7, —io7, —is" ) . (4.58)

Because g7; = 677, the complex fields A’ and B; transform in the same (adjoint) repre-
sentation. The three hyperkéahler two-forms are

L 1 =1 -
Oy =dA" AdByr, Qe =dA;AdBT, O :idAI/\dAIJridBI/\dBI. (4.59)

The target space is a cone, so Y = A A7+ B;B' is the hyperkihler potential for all complex
structures. The fermions are

=@, = rnp") (4.60)

and the target space vielbein f,;* can be identified from ¢* f,1* = (A, By) and ¢t f,2* =

(—B', A;). We charge the hypermultiplets under a U(1) associated with the background

vector multiplet X(!) =1 so that A and 1) have charge +e while B and p have charge —e.
In a Minkowski background, the Lagrangian is

L=-D,, A/ D"A" —D,,B'D"B; — D,, XD X"

e [ S A e TR U Nt
- - - - — =X DN ——F,' F®
"ha Dy 4P1¢p 1 ;D gLav
1 .. 1 o 1 .

+ §gX1‘]I)\iJ>\ijIJK + igXijIAlJ)\‘]KfIJK - 592T1"([Xij7 Xia[XY, Xkl])

—2e2(ATA; + B BY) — 2ie(y!pr) + 2ie(¢rp'), (4.61)
after integrating out the auxiliary field Yijf . The U(1) charge corresponds to a hypermul-
tiplet mass ev/2, and in the massless limit, we recover N’ = 4 SYM. For that reason, we
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have grouped some terms together into an SU(4) covariant form,

0 X —-AB
-X 0 B A .

XV = (Xj)" = 150 x| A= (N, p) = (A", (4.62)
-B -A-X0

with the index i labelling the 4 of SU(4). We normalize the trace so that
T ([Xig, Xia) (X, XM]) = X7 X f1, 5 XTEXIM p K (4.63)

When S% = pv¥ is non-vanishing, one additional piece of information is required: the
form of the Killing vector V*. We choose v = —§% so that V* = (B!, —Aj, By, —A!); the
identification is simple because the target space is a cone. Introducing all of the required
couplings leads to

L =-D,,A;/D"A' — D,,B'D"B; — D,, XD X!

- %ﬁ[%dj] - ém%ﬁl - %)é?j\jl - éFabIFabI
+ %Fabl (WX 4+ W X1 + Lpr + Lot + Lierm - (4.64)
The potential terms are given by
Looy = 2(|u* = *)(ATAr + BrB") + 2|p? X' X' + 2i pue (A" By — A1 B')
- izabzab <X1X'I + %AI/L + ;B,BI) — i(W{j{))QXIXI — i(Wa_beIX'I
+2G,;G*I X X + 4G*(ATA; + B, BY)
- %g2T‘r([Xij,Xk1] (X9, X)) . (4.65)
Because we chose X = 1, i must be real. The fermionic couplings are
Lterm = (M oM7) (;5;@@ + z‘Gaij> — 2ie(y!pr) + 2ie(rp!)
+ %¢Mpﬁlzaﬁ + %l/_}alﬁglzd’é
+ %gXijIAiJ)\ijuK + %gXijIS\ijj\ijUK : (4.66)
Finally, the generalized BF' terms are
Lpp = 2i€™P1B,,,0,X 0, X" + ™4 B, 0," 0y Qv i
+ % g™ P H i Ay Dy — % g™ P H 0 A Dy (4.67)

where the special Kahler and hyperkahler moment maps are

e . f
Dr = —iX' XK fixr, Drig = §(AJAK + BB fkr,
Dri1 = A'B" frkr, Dros = ABY fyi; . (4.68)
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5 The general Euclidean supersymmetry algebra

Now we turn to the case of Euclidean SUSY. As in the Lorentzian case, we seek first a
general rigid Euclidean superalgebra admitting eight rigid supersymmetries. A straight-
forward way to construct such an algebra is via analytic continuation from the Lorentzian
case; the approach we follow resembles that chosen by [11].

This can briefly be described as follows. First complexify the Lorentzian superalge-
bra (2.18), relaxing the reality conditions on all of the operators and fields. The algebra
still closes because the Bianchi identity is holomorphic in these quantities. Next, one makes
a Wick rotation on all vector quantities V, taking Vy — iV and V0 — —iV*, and simi-
larly for any tensors. The algebra retains the same form provided we take o = —io? and
7% = —ig? and replace 1y, with the Euclidean 6,,. We also exchange the Lorentzian egpeq
(with €g1a3 = 1) for iegpeq (With €1934 = 1). Now one must impose a reality condition so
that the momentum generators are Hermitian, but how exactly (if at all) to impose this
condition on the supercharges is an interesting question.

This is an old topic in the literature and one can identify two schools of thought. A
real Lorentzian supersymmetry algebra maps naturally under Wick rotation to a reflection
positive Euclidean supersymmetry algebra. This means that a Euclidean SUSY algebra (or
action) arising directly from analytic continuation does not need to be real in the conven-
tional sense, but rather real in the sense of Osterwalder and Schrader. This agrees with the
approach taken by Nicolai [62]. The second approach, originally proposed by Zumino [63],
involves maintaining reality of the SUSY algebra and associated actions by choosing Majo-
rana supercharges, but this is possible only for /' > 2. Real Euclidean actions and algebras
naturally continue to C'T-even (but potentially complex) Lorentzian actions and algebras.
As noted in [64], the first case automatically gives the correct Green’s functions under Wick
rotation, while the latter case arises via timelike dimensional reduction from 5D. Because
the first possibility is just a Wick rotation of the Lorentzian case (and so should offer no
new features), we will focus on the second possibility exclusively.

A real Euclidean superalgebra requires a real Euclidean superspace.'” We take

(Da)* = Dy, (Do) = —D°, (DY) = Dy, (5.1)

so that the Killing spinors are symplectic Majorana-Weyl,
) =¢€%, (E%) =& (5.2)
Consistency with the flat space Euclidean supersymmetry algebra implies that the R-

symmetry group U(1) must map to the non-compact group SO(1,1) corresponding to
chiral dilatations [63]. We account for this by exchanging the generator A for iU where

[U,Dy'] = =Dy, U, D%] = +D%; . (5.3)

We correspondingly continue the U(1)r connection to an SO(1,1)r connection. The
SU(2)g generator and connection are unchanged. Note that we keep the notation &%
and D even though these are not the complex conjugates of the unbarred quantities.

"Buclidean superspaces for both real and holomorphic SUSY were introduced in [65].
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After these modifications, the rigid Euclidean superspace algebra is

{Do', Dp’} = 45 Mog + €7 €ap 2" Meg + 267 €03 S*1 1’ — 4 Zop 17

(D%, DP;} = 48, M — ;6% Z¢UM g — 2e;;e0 §F Iy, — 4290T,

{Do, Dy} = =2 85(00) 45D + 2(00) 52" (55Gh + iGy' ) Mea — 8G 41"y + 2i G 45U,
[Da, Dg’] = %(Ua)ﬁﬁsj "DV — %Zab(vb)mﬁ” = 2iG"(044) "Dy — G k(046")57 D5
D, DF ) = %(5a)575jk9vk + %Zab(5b)5777wj +2iG"(@30)%5D7; + GiF (540" 5Dy

[Da, Dy) = _%RadeMcd : (5.4)
The Riemann tensor is explicitly determined to be
Ry = —%(zabzcd + 22 + 8 G260, — 16 G|, G5y
+4G,G70,L0," — 8GGL 0™ + 57550410, (5.5)

It will be useful to retain the same decomposition (2.17) for Z,,. The space is conformally
flat when both Z&)Zc_d and Z;ZZ_;; vanish and superconformally flat when Z(;E = Z_CE) = 0.
The Killing spinor equations are

Dpés’ = —2iG (o€ )a — G (0c0E o — %gij(abgj)a — %Zbc(cfcﬁ_i)a, 5.6)

Fai (A FiNG _ i (2 NG L L qiiia e NG 4 b g (zepine
'Dbfmz-i-QZG (O’cbf) -G j(UCO'bfj) +§Sj(0'b§j) +§Zbc(0'§) .

Because &, and £ are symplectic Majorana-Weyl, these two equations are independent.
The reality conditions on the curvature fields are

(Zap)" = —Zaw, (S9)* = —S;5, (Go)" = -Gy, (Ga")* = Gy, (5.7)

and similarly for Z and S’ij. We emphasize that Z,,, S¥ and G, are (pseudo)imaginary in
Euclidean signature. Note that the SO(1, 1) weights of the various fields are given by

w(SY) = w(Zy) = -2, w(Gy) = w(Gy') =0 . (5.8)

An important feature of Euclidean signature is that the barred and unbarred fields, e.g.
Za and Zgp, are completely independent.

6 Euclidean backgrounds
We may again introduce torsion by redefining the spin connection as
5(1 =D, + iEadeGchd . (6.1)

Because (G, is imaginary in Euclidean signature, this modification leaves the spin connection
real. The modified superspace algebra is then

{Da’, Dg’} = 457 Mg + €7 eap ZMug + 26V eap STy — 4 Zap1"
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(D%, DP;} = 48, M — ;68 Z¢IM g — 2e;;eP SF 1Y), — 4290T,;

{Da',Dj;} = —2i83(00) 05 Da + 2i(00) 58" Gy' i Mo — 8G 41" + 20 G, 35U
[Das Dg’] = %(Ua)msj Dy — %Zab(ff )55 DY — 4iG"(04a) 57Dy’ — Gy’ k(040")5"D5",
[Dg, D%}] = 2(ga)ﬁvs »DyF + 2zab( DYID; + 4iGP(53)P5 DY + GyF(640%)P 5Dy
[Da, D) = —Tup"De — iﬁadeMcdy (6.2)
where the torsion and Lorentz curvature tensors are given by

Top® = —diew™Gq,
R4 = —%(zabzcd + 2 2°) + 4GLGT5, 16, — 8 Gg ng.ab] 4+ 598640, . (6.3)

Now we can analyze the integrability conditions for all of these background fields ex-
actly as in Lorentzian signature, leading again to (2.15). These now lead to five possibilities:

(I) S% and/or S;; nonzero, all other fields vanishing;
(I) G,'j # 0, all other fields vanishing;
(ITII) G, # 0, perhaps with some of Zf,zsi NONZEro;
(Iv) 2 b and /or Z nonzero, but all other fields vanishing;
(V) 8% and Z} = —W_; nonzero, but all other fields vanishing.

The fifth case was not possible in Lorentzian signature. In the Euclidean case, both S%
and Z;;, = —W;,; are pseudoimaginary and not the complex conjugates of S'ij and ZCE; =
—W,,, and so it is possible to keep one set while discarding the other. This leads to
a SUSY algebra where only the left or right-handed generators are deformed. Actually,
the fact that the right-handed and left-handed SUSY generators are no longer related
by complex conjugation leads to somewhat different possibilities in the other cases as
well. Such variants correspond to full supersymmetric relatives of the €2 background. The
analysis of the R-symmetry connections is analogous to the Lorentzian case.
Now the additional integrability conditions are identical to the Lorentzian case,

S S'ij G[aiij]kl =0, G*Z,, =0, 6adeZabZCd =0,
ZE 25 DyGy=D,Gy7 =0, DyZpe=DuZp.=0. (6.4)

As before, Z,, is a closed complex two-form, but its dual is not closed unless G, = 0. We
summarize in table 2 the resulting consistent Euclidean backgrounds.

6.1 S*and H*

The first cases we consider are associated to non-vanishing $% and S%. For definiteness, let
us gauge-fix them to S¥ = iud” and SY = 10" for real p, ji. Depending on the relative
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Background fields Geometry
S £ 0 and SY £ 0 S* and H*
Ga'j #0 Two-sheeted H? x R
G, #0 S3 xR

Z.-Z>32G? Warped S% x R

Z-Z=32G? Heisz x R

Z.-Z<32G? Warped one-sheeted H3 x R
Z.Lb£0but G, =0 H? x 52, R? x 52 and H? x R?
S £0,Z+#0,S7Z- =0 Flat space (deformed susy)

Table 2. Consistent Euclidean backgrounds.

sign of © and i, two different superalgebras arise with the associated supercoset spaces:

OSp(2/4) i 0Sp(2/2,2)

SO0(4) x SO(2) S0(4) x SO(2)’ (65)

with the latter obtained for 1 = —u and corresponding to the Wick rotation of the AdS,
spacetime and gives the hyperboloid SO(4,1)/SO(4), noting the isomorphism of the alge-
bras Sp(2,2) =~ SO(4,1). The OSp(2|4) case corresponds to a round S* geometry. As usual,
further details and explicit expressions for the Killing spinors are given in appendix D.

6.2 Squashed and stretched S§2 x R and S2 x S*!

The (squashed) R x S% geometry generated by G, and Z, in Lorentzian signature can
be Wick rotated to Fuclidean and the background fields satisfy appropriate reality condi-
tions. In fact, in Euclidean signature we have more freedom in deforming the geometry
of the three-sphere and the associated supersymmetry algebra, basically because of the
independence of Z and Z.

In analogy with the Lorentzian case, non-vanishing G gives rise to an S3 x R geometry
with a (centrally extended) SU(2|2) x SU(2) supersymmetry algebra. The flat direction is
generated by the central charge, hence there is no obstruction to compactifying it to S!.
Turning on Z and Z fluxes along S3 and defining 22 = —8)2, 22 = —8)\2 and G2 = —¢2,
we obtain a warped S? geometry with metric

v

ds® =
§ 1692

[d0? + sin? @ dw? + v(d¢ + cos 0 dw)?]| + dz? (6.6)
and warping parameter v = 1/ (1 + %), provided AN > —4g%. Notice that independence
of Z and Z permits to source both squashing and stretching of the S3. The superspace is
again (3.25) with the substitution Py — —iG - P.

When both Z and Z are non-vanishing, we can set |[A\| = |A| by an SO(1,1)p gauge
choice. An interesting possibility is to set Z = 0 and keep Z # 0 (or vice versa). In this
case there is no squashing of the S% geometry, but the supersymmetry algebra is deformed
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in the sense that the isometry SU(2) group of the sphere does not preserve chirality of the
supercharges. This fact also breaks the residual Lorentz symmetry to the U(1) stabilizing
Z, and the superalgebra is SU(2|2) with two central charges just as in the squashed case.

In full analogy with the discussion in Lorentzian signature, the Killing spinors we find
do not depend on the Euclidean time specified by G - P, and the R-symmetry connections
are vanishing.'®

The requirement for real supersymmetry in Fuclidean signature excludes the possibility
of an SU(2|1)? realization of S x R. This is reflected in the different reality conditions (5.7)
for G, and Gaij.lg

6.3 Warped one-sheeted H3 x R

In the previous section we imposed A\ > —4¢?% in order to obtain an S3 geometry. If
we consider now A\ < —4g¢2, the resulting manifold is AdS3 x R with a warped Euclidean
signature metric. This is basically the converse of what happens for the S® with Lorentzian
metric in section 3.7.1. The choice of Euclidean signature automatically breaks the isometry
group from the natural SU(1,1)2 to SU(1,1)xU(1). In fact, depending on A, A the geometry
is warped along the circular fiber of the Hopf fibration S' < H? — H? (this is what we
would call timelike warped AdSs if the metric were Lorentzian). The supercoset structure
of this space is the same as for timelike stretched AdSs, cfr. (3.45), the difference being the
choice of signature and the fact that we are now allowed to both stretch and squash along
the circular fiber. In the same coordinates we use for AdS3, we have the metric

A7
ds’= %92 [v(dr + cosh pd¢)? + dp? + sinh? pdqﬁ2] +dz?, =-— <1 + 492> > 0. (6.7)

6.4 The Heisz X R limit

We shall now consider the threshold case between S and H?, obtained by setting A\ =

—4g°.

In complete analogy with section 3.7.3, the supersymmetry algebra is a non-
semisimple contraction of the (centrally extended) SU(2|2) superalgebra of S x R con-
taining Heisg x U(1) x R as spacetime isometries. The independent factor is generated by
G - P as usual, and the central charge of Heiss is a linear combination of a translation and

Lorentz generator. We arrive at the metric
ds? = (dw + 2gy dz — 29z dy)* + dz? + dy? + d2°. (6.8)

6.5 The two-sheeted H® x R

Another hyperbolic background arises from G,’;. Euclidean reality conditions do not
allow for SU(2|1)? or SU(1, 1|1)? superalgebras. What turns out to be allowed instead is

18We point out again that these connections have been redefined in footnote 4. Our statement is unam-
biguous in the sense that a theory coupled to this background need not have (full) R-symmetry, even when
we compactify to % x S*.

90f course, breaking the reality condition on the fermions one could consider the Wick rotation of
the Lorentzian background. Compactification of the flat direction would then always break half the
supersymimetries.
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the superalgebra SL(2|1, C). Its bosonic part is isomorphic to SO(3,1) x U(1) x SO(1,1)g.
We have therefore the supercoset space
SL(2[1,C)
SU(2) x SO(1,1)g’

(6.9)

which covers one sheet of the hyperboloid X2 —Y? — V2 — W?2 = 1. We may take
X =coshp, Y =sinhpcosf, V =sinhpsinfcos¢p, W =sinhpsinfsing. (6.10)

These coordinates have range and periodicity p € [0, 4+00), 6 € [0, 7] and ¢ ~ ¢ + 27. The
metric is the standard
1
ds? = 12 (dp2 + sinh?p (d6? + sin?6 d¢2)) +dz2. (6.11)
g
Let us comment on the properties of the Killing spinors: the supercharges Q,t and
Q.2 have opposite charges under G - P, and the same holds for the antichiral ones. This is
reflected in the Killing spinors depending on z with factors 9% (see (D.22)). If we take the

universal cover R for the z direction, these Killing spinors are globally defined. However,
compactifying to H? x S we find periodic Killing spinors only for z ~ z + 2%’“, ke Z.

6.6 H? x S? and D(2,1; )

The appropriate Wick rotation of AdSy x S? gives an H? x 52 space, where H? is (one sheet
of) the two-sheeted hyperboloid. The discussion follows again lines similar to the Lorentzian
case. The background is determined by Z and Z, breaking the Lorentz symmetry to
U(1) x U(1). One obtains the same real form of D(2, 1; «), and the supercoset space is

D(2,1; )
SU(2)r x U(1)2”

(6.12)

with @ = Ay /A_. The radii of curvature of H? and S? are 1/|A_| and 1/|\,| respectively.
Let us specify Zq, = 2i(A4012—A_3}) and Z,, = —2i(A462+A_631). The only differences
with the AdSy x S? case are that now the SU(1, 1) generators read

L (iPy — P —i M.
i = = K g oo : (6.13)
—iMsy )\7_(7’P3 + P4)

and the reality conditions now are

(Q&di)* = (Ul)abedﬂQgﬁj, (T&l;)* = —(Ul)aé(Ul)BdTEd‘, (T&B)* = 66"~Y665T~~ . (6.14)
The analysis of the superalgebra isomorphisms for special values of « is identical to
AdSy % S? up to an obvious difference for a = oo, which now corresponds to SU(2|2) xISO(2)
associated with an R? x S? geometry. Choosing polar coordinates w, p on H?, we obtain

the metric
ds? = L(dp2 + sinh?p dw?) + )\1

> —(d6? + sin®0 d¢?). (6.15)
AZ +
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6.7 Deformed supersymmetry in flat space

The facts that in Euclidean signature the reality conditions on spinors do not mix chiral-
ities and the self- and anti self-dual parts of a field strength are independent imply the
possibility of deforming only the chiral or the anti-chiral part of the supersymmetry al-
gebra. In our notation, this corresponds to turning on S% and Z only. As the Riemann
tensor vanishes, these backgrounds correspond to flat Euclidean space with a deformed
supersymmetry algebra.

Closure of the supersymmetry algebra imposes the constraint S% Z~ = 0, so that there
are essentially two possibilities: either we turn on a generic Z, or we turn on a self-dual Z
and S%. Because this constraint does not arise as an integrability condition for the Killing
spinor equations (5.6), we can give a common solution:

Ca' = ed, £ =& — %wa(sij(sab — €1 2ap)T" % eo? (S92, =0). (6.16)

The self-dual part of Z is proportional to the T+ tensor of the Weyl multiplet. We iden-
tify the background obtained by Z* # 0 alone as the €; = —ey limit of the Q-background
in flat space (see e.g. [11, 66]). A generic Q-deformation on flat space breaks half of the
supersymmetry, so it cannot arise in our analysis.

7 Rigid Euclidean supersymmetric actions

7.1 Vector multiplets

The structure of A/ = 2 Euclidean vector multiplets has been discussed elsewhere in a
number of places (see e.g. [10, 11, 66-69]). Of particular relevance is the work of Cortes et
al. which constructs vector multiplets in Euclidean signature via a timelike reduction from
5D [64]. Because their construction naturally leads to a real Euclidean superalgebra, the
approach we sketch below will naturally match theirs up to conventions.

It is simplest to motivate the reality conditions of the vector multiplet from superspace.
If we straightforwardly analytically continue all of the Fap! field strengths, requiring that
the new ones be real in Euclidean signature, we discover that X7 and X! are imaginary
superfields. It will be convenient to make the formal replacements

xh=ixl, X' =—ixl, (7.1)
where X fr and X! are real chiral and antichiral superfields obeying the Bianchi identity
(DY + 489Xl = —(DY + 459 XL . (7.2)
We define now the covariant components of X! as
Aol = —iD XL, A¥ = —DYXL| yil= —%(D"J’ +489) X1 (7.3)

so that they formally do not change upon continuation to Euclidean signature. The
fermions are now symplectic Majorana-Weyl but the auxiliary field is still pseudoreal,

()\ai)* _ )\ai’ (j\o'ci)* — )\o'n'a (Yijl)* — Yvij] ) (74)
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The component two-form field strength is
i T\ Bas . .5
ol = Z(aab)ﬁapﬁa)d\ — 1(%,,)5(17; def | — i ZapX L]+ iZap X . (7.5)

We follow the notation XL of [64], which denotes the chirality of the associated gaugino.
Note that X fr contains the anti self-dual field strength Fa_bl .

The supersymmetry transformations are easy to find: one simply makes the replace-
ments X — iX, and X — —iX_ everywhere, leading to

OXT =g\ T, OXT =qgi\eT (7.6a)
il = (Fop! +iZp XL —iZpy XY (0%%6:) 0 + (YijT + 218, X1)e,7

+2D, XL (0°€)a — 4 Guiy XL (0°8)0 — 29 XTT, T €ai, (7.6b)
AN = (Fop" +iZap X — 12, X) (67" — (YT — 207 XT)E%

+2D, X! (6%¢) % + 4G, XL (5%, —2g X 1T &%, (7.6¢)

8Vt = 20 €PN — 4iGapi €50 N — 2G €0 N

— 2 é(lﬁ)\])l + 4iGak(i Ej)ﬁa)\“ —2G, S(iﬁa/\j)l

+ digEhyT Tyt = dig€ury” Tt (7.6d)
0 A" =i(&omNT) +i(EFuAT) . (7.6¢)

We normalize the vector multiplet action in superspace as
— /d4:c d*0EF(X,) + /d4:c dYEF(X) (7.7)

where ' = F(X,) and F = F(X_) are both real functions, i.e. F'(X,)* = F(X,). These
can derived from the Lorentzian case by formally replacing F — —iF and F — —iF and
simultaneously replacing their arguments by (7.1). This amounts to

X! —ixt, e pm— e F — —iF, F — —iF,
F]-)-F[, F[—>F[, F[J-)iF[J, F[J—>iF[J. (78)

Now the special Kihler potential and metric are given by K = X! F; — X JIFF T and grg =

Frj — Fry. The target space geometry is actually a special para-Kahler manifold given in

terms of adapted coordinates. Our conventions here differ somewhat from [64].
Consistent with the modifications (7.8), we should take

J]J—>’iJ+[‘], j]‘]—> —iJ_[‘], D[—)Z'D§E), Cf,jK%in,jf( (7.9)
where the real Euclidean moment map DEE) is given by
5 . . .

The symplectic vectors are not just the straightforward Wick rotations of the
Lorentzian case. An additional factor of i is needed for the dual field strengths to account
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for exchanging the Lorentzian €g.q for the Euclidean e4.5. Our choice of conventions
above account for this so that the symplectic vectors take the same form, (X1, F;) and
(X!, Fy). Duality transformations are still described by ISp(2n, R) but now the inhomoge-
neous terms are real numbers R and Rf This reflects the presence of two real background
vector multiplets X(ii) that can be introduced in each case, corresponding to the two real
central charges possible in the Euclidean supersymmetry algebra. A conventional choice

for the background vector multiplets is
XY =x® o, (7.11)

but sometimes a different choice is necessary. As before, the presence of various background
fields affects the geometry and the possibilities for the frozen multiplets. If G,% is present
so that an SO(1, 1) g symmetry is maintained, the frozen multiplets must be absent and the
action must be superconformal, with the prepotentials both homogeneous of degree two.
If S¥ and/or S¥ is present, the background multiplets must obey Sin_(:) = —Sin(_i) SO
only one choice of background vector multiplets is possible. Generally if both S¥ and S¥
are non-vanishing, we can choose either S% = S% or S%¥ = —8% via an SO(1,1)r gauge
choice; this allows either Xf ) or Xj(tl) given above but not both. In the degenerate case
S £ 0 but S = 0, we must have Xil) = Xf) = 0, and only one of X(_l) or X(_z) is needed.
This situation has no analogue in the Lorentzian theory.

We will not explicitly give the Euclidean action, but it is straightforward to write down
by applying the necessary changes to the Lorentzian action.

7.2 Hypermultiplets

Unlike the vector multiplets, hypermultiplets in Euclidean signature can be defined with-
out any alteration of the target space. This can be understood in the framework of [64] by
dimensionally reducing the 5D hypermultiplet action along a timelike circle. The reality
properties of the hyperkéhler metric and its associated vielbeins f,,;* are unchanged. Re-
quiring the same supersymmetry conditions for §¢* as in the first line of (4.45) leads to
the following reality conditions for the fermions:

(Cab)* — wbccac — gbbwbccac’ (Cdb)* — gbbwgaédé — wbcgcégdé ) (712)

It would be reasonable to denote the antichiral spinor as (*" by contracting with a factor
involving the Sp(n) metric and symplectic two-form but we will avoid doing so to keep our
formulae as similar to the Lorentzian case as possible.

Now it is quite easy to convert the Lorentzian SUSY rules and action to Euclidean
signature. The only issue to keep in mind is that we must now take

S4 = ' SU = qp | (7.13)

with g and i in principle different. This means we must analytically continue g — ¢ and
it — it from the Lorentzian formulae. The SUSY transformations become

St = &CP fiol 4 €180 fi i
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6C = (20D, 50" — 4G ") Fui* € + (2iV* — 4igX LI ) fus*
+ 2o X fuite € — D0k ¢ |
5C9 = (2¢ DY 4 4GP x“) Fu"€pi — (21'/1‘/“ + 4igX LT ) Tu €€
_9 ngx”fuiaﬁijgﬁj _ Fugaw“ ceb (7.14)

We do not explicitly give the action in Fuclidean signature, but it is easy to work out by
making the appropriate replacements in the Lorentzian action.

8 Discussion and conclusions

In this paper we classified the rigid backgrounds and actions that admit full (real) N' = 2
supersymmetry in Lorentzian and Fuclidean signatures. The principle guiding this classifi-
cation has been the identification of the supercoset spaces which arise in curved superspace
when the requirement of full supersymmetry is imposed. It is worth noting that similar re-
sults as those in section 2 were found for full A' = 1 Lorentzian supersymmetry in 5D [16].
Our analysis regards the supercoset spaces as global manifolds. Quotents by discrete isome-
tries are allowed if they preserve the supercharges. For example, in an appropriate Lorentz
gauge it is straightforward to see that the SU(2|2) realizations of S® x R admit quotienting
by discrete right isometries. This includes in particular lens spaces S°/ Zy,, where the quo-
tient acts freely on the Hopf fiber, and warping is also allowed. We leave to future work a
full analysis of all discrete quotients for general backgrounds.

One interesting issue that we have not addressed is the dynamical origin of the rigid su-
persymmetric backgrounds. In particular, which of them solve Einstein’s equations of some
4D supergravity? Since any such theory is on-shell equivalent to conformal supergravity
coupled to two compensators — a vector multiplet and hypermultiplet — one can look for
simultaneous solutions of the BPS conditions (4.36) and (4.51). The equation of motion
of the Weyl multiplet auxiliary D relates the hyperkahler potential and the special Kéhler
potential to the Planck scale; because both potentials require non-vanishing VEVs for the
vector and hyperkéhler scalars, one must choose G, = Ya% = (G, =0 in either signature.
This reproduces the well known fact [70] that the only fully supersymmetric dynamical
vacua arising in 4D Lorentzian supergravity are AdS; with S¥ # 0 and AdS; x S? (or
its Penrose limit) with W;E = %T;g # 0. Analogous statements hold for (real) Euclidean
supergravity where we find only S*, H*, or H? x §2. However, this does not mean the other
backgrounds are unphysical: they might arise from a higher derivative theory similarly to
what happens in three dimensions [17], or they could arise via dimensional reduction from
higher dimensions. For example, the general class of AdSs x S? with unequal radii can
arise from a higher dimensional supergravity theory with an AdSy x S2 x S? factor (see
e.g. [71, 72]).20 The latter possesses the supersymmetry algebra D(2,1; «); upon reduction,
the isometry group of the internal S? becomes the 4D R-symmetry group. It would be
interesting to understand better possible uplifts of the other cases to higher dimensions.

20We thank Dmitri Sorokin for this observation and for bringing these references to our attention.
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Another interesting feature of many of the backgrounds is the presence of a single
timelike or spacelike R or S! factor. When the Killing spinors are independent of this
dimension, such as with the squashed S®, one recovers N' = 4 Killing spinors after a
timelike or spacelike dimensional reduction to three dimensions.

We should emphasize again that we have restricted the Euclidean backgrounds to those
admitting real supercharges. This excluded such cases as S? x S? recently discussed in [67-
69] and reflects the well-known fact that the D(2, 1; &) superalgebra possesses no real form
with bosonic part SU(2) x SU(2) x SU(2) [73, 74].2! Nevertheless, one may still exploit our
results to investigate such cases by relaxing the requirement of real supercharges.

For instance, one might allow a superisometry algebra where supercharges and bosonic
isometries appear with complex coefficients. A nice example is offered by S? x S?; this
arises by analytically continuing A_ — iA_ and p — ip in the H? x S? supercoset space,
leading to a complex form of D(2,1; «) possessing imaginary «. One finds eight complex
Killing spinors corresponding to the analytic continuation of (D.27). These correspond to
the (untwisted) Killing spinors discussed in [67, 68]. The actions we have found in section 7
hold with all of the matter fields now understood as complex quantities.

An interesting intermediate case between pure reality and pure complexity in Euclidean
signature would be to demand that some bosonic fields, such as the vector multiplet con-
nection AMI , remain real under repeated application of supersymmetry. This would impose
only that the bosonic isometries generated in the superalgebra possess real coefficients. In
the interesting case of S? x 52, one can show that this is impossible. In particular, there
is no non-trivial subalgebra where the supercharges generate real non-vanishing bosonic
isometries. In other words, any choice of supercharges either generates bosonic isometries
with complex coefficients, or the supercharges are purely nilpotent.??

Finally, in both Lorentzian and Euclidean cases, we have found a modified set of full
supersymmetry conditions for the vector and hypermultiplets. It would be interesting to
understand what role these may play in the analysis of quantum field theories on these
curved manifolds, especially in light of the results of [66] on ellipsoids.
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2INote that one can obtain four real supercharges on S? x S? via an equivariant twist [67, 69].

2 Alternatively, one might consider S? x S? with split signature, na, = ( — 1, —1,4+1,4+1). Now the
supergravity R-symmetry group becomes SL(2) x SO(1,1). The superalgebra on S? x S? becomes a real
form of D(2, 1; &) with bosonic group SU(2) x SU(2) x SL(2).
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A Conventions

A.1 Lorentzian signature

We employ conventions similar to [75] and [19], with minor modifications. Undotted Greek
indices a, 8, - - - denote left-handed spinors and dotted Greek indices ¢, 3, - - - denote right-
handed spinors. These are raised and lowered using €,5 and €4 obeying €2 = €59 = 1.
We denote SU(2) g indices by i, 7, k,--- with ¢ = 1,2 and raise and lower them with ¢;; and
€7 as with spinor indices.

The sigma matrices (0%)aq are defined as

10 01 0 — 10
a— , ol = , 0% = ! , a— ) (A.1)
01 10 i 0 0 -1

and the antisymmetric symbol €gpeq is normalized as egio3 = +1 and €923 = —1. The
conjugate sigma matrix (%)% is given by
(6“)‘5‘0‘ = edﬂeaﬁ(aa)ﬁﬁ, g’ = o0 Gh?3 = 23, (A.2)
The product of ¢ with &? is
05" = —n® 4 209 %0 = —n 4 259 (A.3)

The tensors (0%),” and (59)® ; are anti-selfdual and selfdual, respectively,

1 ) 1 _ L
ieabcd UCd = —10ub, ieabcd UCd = +10qp - (A4)

The product of three sigma matrices is

o 5_b0_c _ _naba_c + ncao_b o anO'a + iGadeJd,
o2

c_ 7naba_c + ,rlcaa_b . nbca_a . z’e“de&d ) (A5)

We will also use the four-component gamma matrices and charge conjugation matrix:

a 0 i(aa)a' a a a Ea’B 0
Y=, A ) (’7 )T:’Yaa {'}/77b}:277b, C= . (A.G)
Z(Ua)aﬂ 0 0 €44

Associated with any vector V¢ is the bispinor VaB = V“(Ja)aﬁ. Given a tensor F,

we define the dual F,; and selfdual (antiselfdual) components F, ;i by

_ ~ 1 .
Fu=F,+F}, Fup = ~€apeaF = —iF, +iF} F=

1 L~
a 2 7(Fab + ZFab) . (A7)

2
The selfdual (anti-selfdual) components are related to symmetric bispinors F 5 (Fag) by

F, a

= —(Jab)aﬁFaB = (Uab)a’BFﬂa, FaJZ = —(ﬁab)dBF. 5 = (5'ab)dBFﬂd . (A8)

Complex conjugation exchanges dotted for undotted spinors but does not change their

positions. That is, (a)* = g, (¥*)* = % and ((aa)aB)* = (0%)ga- As usual, complex

— 49 —



conjugation transposes Grassmann quantities, so that (¢Yapg)* = Pg Ve = —1g pg- 19
and p are operators with a non-trivial anticommutator, one must interpret this statement
as (Vapp)" = —%Zaﬁﬁ'- If V, is a real vector, then (Vaﬁ)* = V34, and if Fyy, is a real tensor,
then (F,p)* = —F, ;- Killing spinors £ and £** obey

ai)* =&"5  (E) =¢%4. (A.9)
Because (€7)* = —¢;; one has (£,')* = &4 and (£%;)* = —£2%. For the covariant deriva-
tives of superspace, one finds
(D,z3)* =Dga, (Do')* = Dai » (DY)* =D . (A.10)
A.2 Euclidean signature

Our Euclidean conventions amount to taking V4 = iV? for all vector and tensor-valued
objects. In particular,

o ooy _ [t0 _avaB _ =0vaB _ (10
o) s=1(0") = , o =i(o = . A1l
(%) = ("), (0) ()% = i(a") <o¢ (A.11)
We keep all the other o matrices and €,3 unchanged. The Euclidean metric is 744 = dq5. We

trade the antisymmetric symbol €g193 = +1 for the Euclidean 1234 = +1, which amounts
to exchanging €,pcq for icgpeq. Now one finds

o_aa_b:_dab+2o_ab7 a_ao_b:_(Sab_i_za_ab7
1 1
d —cd p
§5abcd o = —Oab, §5abcd o = +0ab ,
O_ao—_bo_c _ _nabo_c + 7,’cao_b _ 77bCO'a o EadeO'd,
6_a0_ba_c _ _naba_c + ncaa_b . nbca_a + €ab8d5'd ) (A12)

The four-component v* and charge conjugation matrix are

a _ 0 i(o—a)a' ot a a - a B B 0
gl —(i(aa)dﬁ 0 5>, (V)T =2, {y%7" =267, c_< ) . (A13)

The self-dual and anti-self-dual components of F;, are

Fa=F,+Ff, Fu = %EabchCd =—F,+F}, Fi = %(Fab +Fp) . (A14)
Under complex conjugation undotted indices remain undotted but are raised or lowered,
((07)0)" = =37, ((0™)a?)" = =(6™)s%,  (6™)ap)" = (6°)°7, (A.15)
so if V,, and F,;, are real, then
(Vog) = VP, (Fap)* = F%F . (A.16)
The Killing spinors are chosen to be symplectic Majorana-Weyl,
) =¢€%, (§") =tai- (A.17)
Keeping in mind that (e*’)* = —e,g, one can see that (£%)* = —¢,;, so the positions of

the indices must be observed. These conditions imply that

(Do) = =D, (DY)* = —Dai - (A.18)
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B General action principle in rigid superspace

For the rigid superspace geometry discussed in this paper, there are a few general formulae
that will be relevant for relating superspace actions to component ones. We emphasize
that these expressions are valid only for the rigid supergeometries discussed. In particular,
they assume the covariant constancy of the various superfields S, Yop, Wag, etc.

First, let us relate a chiral superspace action to a component one. We take
S = /d4x A€ 2. (B.1)

where %, is a covariantly chiral superfield, D&%, = 0, and & is the appropriate super-
space measure constructed from the superdeterminant (Berezinian) of the chiral part of
the superspace vielbein. The component Lagrangian constructed from (B.1) is

1 .. 1 2 - 1
L= DDy L. ~ %Daﬁpaﬁfc + 384DV % — gyaﬁpaﬂzc

-+ <3Sij5ij — Yaﬁyaﬁ + WdBWdB)gc (B.2)

where we have defined D% := DV(iD%) and D,p = Dfa’l)ﬁ)k and the projection to § = 0 is
assumed. This is a special case of the chiral action presented in [76].

Next is the action relating projective superspace actions to component actions. We
use the projective superspace action principle adapted to the rigid superspace geometries

discussed in this paper,

1 1 .
S = —j{dT/d4wd40+ E- LT = —fv*dv” /d4xe£__, (B.3)
2w c 27 C !

with the SL(2, C) representation of projective superspace [21, 37, 56] so that only a single
contour integral is needed (see the discussion in [57]). The component Lagrangian is

1 _ o _
L7 = (g (DD LT 4 56D Dl et
+ ZS“(T)—){%** + 25‘__(D_)2$++ +95 St
- iv;;(am)da[pg,@;]gH — 12V, Gt (B.4)

This expression is real under the modified complex conjugation of projective superspace.
One must still perform the contour integral to arrive at a standard Lagrangian in xz-space.

For completeness, we include also the relation between full superspace and chiral su-
perspace actions, although the former generically involve higher derivative interactions and
play no role in this paper:

_ 1 _.. _ 1 - _.. .
/ d*zd*0d"0E ¥ = / d4xd495(48D”Dij$+ 5% DL + Yd5905$> - (B.5)

1
4
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C Details of Lorentzian backgrounds

C.1 Warped AdS;3 spaces (wAdS3 X R)

We gauge fix G* = (0,0,0,g) for constant g. First consider the case without warping,
where no other background fields are turned on. Then the bosonic part of the superalgebra
involves only the generators P, = (Pr, P3) with [ = 0,1, 2,

[Pr,P3] =0, [Pr, Py) = 4gerxn™tpy, n = diag(—1,1,1) . (C.1)

The dimensionless generators used to construct the group manifold are just 17 = %PI. We
choose the explicit parameterization which leads to a global set of coordinates for AdSs
with 7 € [0, 4r):

L = e9T2ePTiemTog2Ps (C.2)
Both choices of orthonormal frame specified in (3.43) can be used to construct the physical
vielbein and arrive at the metric (3.42).

In the spinor representation (3.27) we can decompose L in terms of the embedding
coordinates (D.19):

L=X42YTo+VTi+WT), L'=X-2YTo+VTi+WT). (C.3)
In absence of warping, using e/ = E!/4¢ as vielbein, the Killing spinors read
i = [X —2(Yo'2 + W + V)], Pesi, (C.4)

while if we choose e/ = E'! /4g we must flip the sign of Y, W and V (i.e. we exchange L
with L71).

Timelike stretched AdS3 x R. Keeping G* = (0,0,0, g), we turn on Z,, = 4)\55 and
require |A| < 2|g|. The appropriate choice of dimensionless generators is now

1 22 1 1
Ty = —Py— —M Tio=+v—P U= —P - M C.5
0=V <4g e 12) ; 1,2 ﬁ4g 1,25 1g7 0 12, (C.5)
with v = < — %>_ > 1. We keep the same choice of coset representatives. The left-
invariant vielbein reads
1
e = v—E°, eb? = @ELQ, e = dz. (C.6)
4g 4g

The final metric is provided in equation (3.46).
The Killing spinors are still given by the spinorial representation (3.27) of L, which
now gives

A .
€ai = [X = 2Y 02 — 20/ 0(Wo' + V)], es; + iﬁ%(Wal ~Vo?), ;&% (C7)
Finally, the potentials for Z and G are
A v?

Cay = %eo, By = @sinhpdgde ) (C.8)
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Spacelike squashed AdSs x R. This time we take Z,, = 4)\52;. We define v =
-1
(1—1—%) , 0<v<1and
1

VU 22 1
To1 = ~—P, T = — Py — — M, = —Py+ Mpy;. .
01 = o p=v\ Mo ) U 1 + Mo (C.9)

The residual Lorentz generator as well as U are non-compact. It proves convenient to

choose the right-invariant forms E’ (3.43) to obtain the physical vielbein

01 _ VU 10, 1 2 )
' X _F™ = —F“. C.10
e i e 19 ( )

The metric takes the form (3.48).
The Killing spinors are computed as usual:

ot = [X +2Wo% + VoY o™ + ViVo™)oPesi — ivo - (Vo© Vo) 4 (C.11)
g

The background potentials for Z and %G are now respectively

A v
Coy = _%627 By = ~ G157 sinh pdé dr . (C.12)

Null warped AdSs X R. We take Z to be null and fix it to 24, = 4\(0%% + 62) with
A > 0. The usual procedure yields the SU(1, 1) generators

v\ 1 v
Tp = (1+§> @PO—*Pl-FU(Moz—Mu), U= M12—M02+4 (P — D),

8g
vy 1 )
Ti=(1—=)—P — P Moo — M T——P C.1
1 ( 2) 17 1+8g 0 + v(Mo2 12), 2= (C.13)

where this time v = > 0. Using again the one forms E'! for convenience, we construct

4g2
the physical vielbein giving rise to the metric (3.50)

1 v ) 1 v v 1
0:7 1 e E/O 7E/1 1:7 1— = E/l—fE/O 2:7E/2-
“ Ty << +2> TP ) Ty 2 2 ) T gy

(C.14)
We also find the Killing spinors:
foi = [X +20We™ + Y2 + Vo) —u(Y + V) (0!? - 020)]Q/Beﬁi
A (C.15)
—l%[W(O'O-f-O') Y +V)o ] BZ.
As usual we provide the potentials for Z and *G:
Coy = 2 (B + E" B L inhpdgd C.16
(1)—@( +E7), (2) = ~Gg? 5 sinh pdgdr. (C.16)
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If we introduce Poincaré coordinates as in equation (3.51), the appropriate coset rep-
resentative, dimensionless vielbein and embedding coordinates read

1
L= eﬁx*T*r_ZBeﬁ“T*, T = —(Ty £ 1y) ,
'+ ﬂ( 1+ To)

20 241 20 21
E'—de_ +Z2—ar - = 4e,, E'= —do_ + Z=dr + =y,
r r? r r? (C.17)
2dr  2z_d
pr 2 2edey
T T
X:r2—|—1+x_x+’ y o T V:$++$—7 W:r2—1+x_:v+.
2r 2r 2r 2r

AdS; x R and SU(1,1|1)? supersymmetry. The second realization of N = 2
supersymmetry on a ‘round’ AdS; x R is supported by G,’j, which we gauge-fix to
Go'j = galios)';, ga = (0,0,0, g). Analogously to the S® case we define

AD = P+ (—)ig(02A + €43° M) (C.18)
which gives us the non-vanishing (anti)commutators of SU(1, 1|1)?
[A((],i)7 Qaj] = (_)H_léij 29 [16255 + €a3cd(0-6d)a'6 Q,ZB’ (019)
AD, AP = (-’ 4gea AL,

We will choose T7 = %A?) and generate the flat direction using Az(f). We can take
coordinates and (left invariant) vielbein as in section 3.5, so that the U(1)r connection

turns out to be A = ge® = gdz and we arrive at the Killing spinors é

éal = €al; éaz = 62igz§aga (C.QO)

where &, 2 is defined in (C.4). If the spatial direction generated by Ps is compact, the choice
of U(1)r connection is not necessarily pure gauge and might correspond to a Wilson line
along the circle. For the Killing spinors éz to be well-defined the radius of the z circle must
be a multiple of nm/g, and the U(1)g connection is non-trivial for odd n. The potential
for *G'; is io3 times the potential By of (C.12).

C.2 AdS; x S? spacetimes and D(2,1; «)

Let us gauge-fix Z,, = —2)\_(522 + 2i/\+5£, with Ay real. We define coset representatives
using dimensionless coordinates 7, p on AdSs and ¢, 6 on S?

1 1 1
~— P P 0—Py _
L=¢ 2 2’13t Mag 5y 2 o= Mz (C.21)

from which we obtain a vielbein associated with the metric (3.54)

1 1
e0 _ )\7 COShpdT7 61 = _r(slnéde + COS¢ Sln9d¢)

- +
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e’ = —dp, e? = L(cos ¢ df — sin ¢ sin O do). (C.22)
n W

The choice of Lorentz gauge in L is convenient to guarantee that it is well-behaved at the
north pole of S2.

1

L(r,p,.0) = LEMN (7 5 6 0) = L1, p, 6,0 — w)e" ' * = L(r, p, ¢, 0)e2M2 . (C.23)

As evidenced by the last equality, this is not a change of coordinates, but rather just a
change in local Lorentz gauge.?> The associated vielbein along the S? is

1 1
e%south) = W (sin ¢ df—cos ¢ sin 6 do), e%south) = N (cos pdf+sin ¢ sinfde). (C.24)
In the northern gauge we can write Killing spinors in terms of the matrices
0 0
A = cosh g (COS 5 €os % + 2sin 2 sin g(sin ¢ — cos ¢002)>

0 0
+ 2isinh g (cos 3 sin %012 — sin 5 cos g(cos ¢ o +sin ¢ 002)> ,

0 0
B = —isinh? <cos 2 cos — + sin - sin %(sin pot — cos ¢02)>

2 2 2 2
P . . 74 .0 T 1 . 2
+cosh§ icos o sin o +sm§cos 5(005(]50 +singo”) |, (C.25)

so that the Killing spinors of AdSy x S? are simply
€ai = Aaﬂﬁgi + Bagéﬁi . (026)

Notice that these Killing spinors differ from [27], because our choice of Lorentz gauge
makes them periodic in ¢ and well-behaved at the north pole of S2. For each Killing spinor
we can compute another expression that differs by a local Lorentz gauge transformation
and is single-valued at the south pole. This is the transformation described in (D.2) and
on the spinors it corresponds to the substitution

5(2’)&(7—7 p; 9, 9) — 5((:)0;th) = (iryl)&ﬁg(i)ﬁ (Tv P, ¢, 0 — 77)' (027)
For the spacetimes RM! x S and AdS,; x R?, the isometry generators associated with
the flat directions become trivially represented in the spinorial representation and the
Killing spinors are obtained setting to zero the corresponding coordinates (7, p and ¢, 6
respectively) in the expression for AdSy x S2.
The background complex two-form Z has potential

1. i
Chy = o sinh pdr — I(cos@ +1)do, (C.28)

the plus/minus sign corresponding to the northern and southern patches of S2.

ZThe isotropy group of the south pole is the same of the north pole and the transformation exp P
induces the appropriate automorphism that gives rise to a single-valued gauge at the south pole. This way
to induce the change of gauge easily generalizes to higher dimensional spheres.
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C.3 Lorentzian S3 x R

We take G® = (0,0,0, g) and Z, = 4/\5(%, imposing now A\? > 4¢%. We introduce generators
To, Ty, Ty, satisfying the SU(2) algebra, defining v = (% —1)"t'>0and

1 A2 1
To=v <—49P0 + M12> Tip = ﬁ@ﬂ,z’ U= ——F — Mas, (C.29)

492

with U commuting with everything. We can choose the same group representative L as for
the standard S3, trade T3 there for Ty here and write in the spinorial representation

L =efTefM2eTo — X 4 2(YTy + VT + WTh), (C.30)

where we have also introduced the embedding coordinates (3.16). We can also recycle the
left-invariant dimensionless vielbein in (3.14) and identify the physical vielbein

= E5 2= {El 2 ¢ =de (C.31)
9

The metric is given in equation (3.62).
The Killing spinors are

boi = [XTy — 2(Wo'? 4+ VoV + VoYe™)nPesi + iﬁ2 (Yo' —Vo?),; & . (C.32)

The background potentials are C) = —%eo and B(y) given in (3.30).

C.4 Lightlike S3 x R

We choose G = %(g7 0,0,9) and Z, = 4)\5;,%. The absolute value of g has no physical
relevance as it can be rescaled by a Lorentz boost. The appropriate choice of dimensionless
generators turns out to be

Tio= 5

/\2

1
AP1 oy Ta=Mp— 1P, U= 7M. (C.33)

with Py = %(Pgipo). Together with Py, these generators form SU(2) x U(1);; x U(1)p,
We can choose the usual coordinates and expressions (3.14) for the SU(2) manifold, gen-
erating the fourth direction by exp(uép_). We then read off the physical vielbein giving
rise to the metric (3.63)

1 1
e = gpdu ef =B = Bl (C.34)

Killing spinors are computed in terms of the embedding coordinates (3.16):
boi = [XIp —2(Wo'? + \/i%(v +4Y) (0?0 — iam))] egi +i(Yol —Vo? Jap€ i - (C.35)

The background forms are analogous to the other spheres:

A 1
Cay = —%e"', By = 62 (cos@ £1)d¢du. (C.36)
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C.5 ‘Overstretched’ AdS3

There is a threshold case between timelike stretched AdSs x R and the Lorentzian sphere.
We take G* = (0,0,0,¢9) and Z = 4)\635, and choose the specific value A = 2¢g. The

commutation relations read

Py, P = 4gP:

[Po, P1] gi2, My, Pi] = P,
P [Myg, Py = —P (C.37)
[Pla PZ] = —4gP0 —|—4g]\412 = —4gH, 12, £2] = 1.

The isometry generators P; and P, close on a central charge, and we obtain the algebra of
Heisz x U(1),, x U(1)p, or, alternatively, ISO(2) gy x U(1)p;, H being a central extension
of ISO(2). We are left with a group manifold Heisz x U(1)p,, of which we parameterize a
generic element as L = etHe?M1+y2e2P3 and easily arrive at the vielbein

¥ =dt +2g(zdy — ydz), e'=dz, &2 =dy, =dz (C.38)
and the metric (3.64). The Killing spinors are:
fai = [l — 4gzc®® — 4gy001]a565i — 2ig(zo? — yal)aBEBi . (C.39)
The background potentials are C(;y = 2g(xdy — ydz) and By = %C’(l) A dt.

C.6 Plane waves

We have G* = %(g, 0,0,9) = g0¢ and Z4, = 2\/§A+5;bl — 2\/52')\_6;,)2 as in the main text.
The generic isometry algebra is Rp_ x Heiss. The generator P_ is an elliptic generator of
the superalgebra, despite the fact that it corresponds to a null direction in spacetime. Its
orbit on Heiss is not necessarily closed, depending on the values of Ay. We pick the coset

representative
I = VPt uP- gz PityPa AgyMy1—4gaMyio (C.40)

This choice allows us to take advantage of the solvability of the Heisenberg algebra to
compute the Cartan-Maurer form explicitly: we obtain the vielbein giving rise to the
metric (3.67)

et =dv+2g(yde —zdy) — (N2a2? + )\%ry2)du, e” =du, e'=dz, €*=dy. (C.4l)

Note that we can also switch to Brinkmann coordinates as shown in equation (3.69).
Expressions for the Killing spinors can be derived as usual computing R[L] from (3.27).
We write them as

Eai = Aaﬂélgi + BQBEBZ' , (C.42)
cos ku — % sin k,u 0
A= , (C.43)
_)\++>\,

NeT? (Arx +iA_y)sinku  cosk_u + iﬂ sink_u
N -
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_-/\++>\7 .
0 1ok, Sib kiu
B = . (C.44)

ik\b_]jf sinku  (A_y —iAyz)(cosku + %f sin k)

We have also defined ki = (4g% + (A + A_)?/2) 12

The background potentials for Z and *G are C(q) = (Are? +il_e')/2v/2g and By =
Lo= Aet
7€ Ne'.

The above geometry for A = A_ = 0 admits a second realization of supersymmetry
obtained by trading G, for Gaij. Using the same light-cone coordinates as above, we can
choose Gaij = go, i(ag)ij, and introduce the two commuting sets of isometry generators
Aﬁf):

AD =P, 4+ (=)g(67 A — €44 M,y) . (C.45)

The superalgebra is easily computed and corresponds to two copies of the contraction of
SU(2|1), containing U(1) p_ix Heisg as bosonic subalgebra. The central charges Agi) of Heis3
extend to central charges of the full superalgebra. Following the analogy with the previous
cases based on Gaij, it is not surprising that generating the coset space using T, = iA((f)
we induce a choice of spin and U(1) g connections such that half of the Killing spinors are en-
tirely constant. The other half is fag = e%9u¢, o, with £, 9 defined in (C.42) for Z = Ay = 0.

D Details of Euclidean backgrounds

D.1 S%* and H*

We can set S¥ = iué” and S = iié% for real pu, fi. Whenever they are both non-vanishing
we can use the SO(1,1) R-symmetry to set |u| = |al.

For ;= fi the geometry is S*. The standard sphere line element can be obtained by
the coset representative

1
I = ewMiz @Mz ,pMsa 695P4€—pM346—¢M236—wM12’ (D.1)

where the specific choice of local Lorentz gauge renders L well-behaved at the north pole.
In order to define single-valued objects at the south pole we perform a change of Lorentz
gauge analogous to that discussed around (C.23):

L(w, ¢, p,0) — LE"D = L(w, ¢, p,0 — m)er’™ | (D.2)

In practice the effect is to flip the sign of p in the rightmost exponential of (D.1). In the

northern gauge (D.1) can be rewritten as L = exp (%izaPa) with

Z1 = —sinp sin¢ sinw, Ty =sinp sing cosw, T3 = —sinp cos¢p, T4 =cosp. (D.3)
The vielbein then can be written in the compact form

1
e’ = —(2%df + sin O dz?), northern patch
i
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1 1
eV = —;(:Z“adé? —sinfdi®), et= ;(:ﬁ"‘de —sinfdi*),  southern patch.  (D.4)

The metric is given by the standard line element
1
ds? = = [d92 +5in20 (dp? + sin2p (dg? + sin?¢ dw2))} . (D.5)

In this case we use four-component Killing spinors ;)4 = (§ai, £4%) and a similar
form for a constant spinor €i) a- We then compute

0 .0 3
Shya = (cos 3 + sin B x“ya%) je(i)é . (D.6)

These spinors are periodic in ¢ and well-behaved at the north pole.2* The above change
of Lorentz gauge for the southern patch corresponds to the substitution

Ealw: 6,0,0) — 5™ = —(1a75)a"€ ) 5w, 6, 0,0 — 7). (D.7)

Setting now i = —p we find the surface —X2 + Y2 + Z2 + V2 + W2 = —1. We
content ourselves with the description of one connected component. We can use the same
expression for the coset representative as above, though now P, is a noncompact generator
and the vielbein and metric read

1
e’ = —(2°df + sinh 6 dz?) ,

]

1
ds? = = [d92 +sinh20 (dp? + sin®p (dg® + sin®¢ doﬂ))} . (D.8)

]

with the same z,. The Killing spinors are

— (cosh 4 simh & 30, ) Pe., D.9
§@ya = | cos §+sm 27" de(i)ﬁ. (D.9)

D.2 Squashed S$2 X R and S3 x S?!

Let us fix G* = (0,0,0, —ig), g € R and Z,, = 4i\6'7, Z,, = —4i\6'7 with real \, A,
Whenever they are both non-vanishing, we are free to set |A| = |A|. Keeping independent
A, A for the time being, we still find an S* geometry if AX > —4¢2. Defining the squashing

N\ -1
parameter v = (1 + %) , we can use the coset representative
L = e¥1P1 T 012 0T (D.10)

analogous to section 3.4.1 and reuse the expressions (3.14), (3.21), (3.23) for the generators
and vielbein. In terms of the embedding coordinates (3.16), the Killing spinors are

boi = [XTg —2(Wo'? + VuVo™ + VoYe®), 651+\/;(AYU ~ XVo?), 5,

#4They coincide with those of [1] up to a coordinate transformation and those of [27] up to a local Lorentz
transformation.
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€% = [XTy — 2(Wa'? +fV023+fYa31)]aﬂ-ﬂ + £(AYU —AW&aH)¥Pes,. (D.11)

The potentials for Z, Z and *G are respectively

2

64 ——5(cosf £ 1)dpdw. (D.12)

- A
_ N3 _ N3
C(l) = —1 e, C(l) = Z29€ y B(Q)
The two signs in By are associated with the northern and southern patches.

D.3 The one-sheeted H3 x R

We consider now A\ < —4¢?, define v = —(1 + %)_1 > (0 and choose
1 A 1 1
To=-—v|—P+-—M Tio=+Vv—P U=—P3— M D.13
0 v <4g 3+ 12 12> ; 1,2 \/?749 1,25 1900 12, (D.13)

so that the algebra is formally the same as section 3.5. Borrowing results from there, we
arrive at the physical vielbein e! ‘fEl 2 e3 = —%QEO, e* = dxy and the metric (6.7).
The Killing spinors are (in terms of (3 44))

€ui = [X —2Y 02 = 2/0(Wo? + Vo) Pesi + ﬁ;g(wal ~Vo?), 56,
€% = [X — 2V 512 — 2y/u(W52 4+ Vash)@ Bgﬁ'i + ﬁ;g(wzfl ~V&*)¥Pes.  (D.14)

The potentials for Z, Z and *G are respectively

2

A 3 . 3 v
- ;= e B h D.1
Cuy z2ge , Cy z2ge , 2) = 615 ——5 sinh pd¢dr. (D.15)

D.4 The Heisg X R limit

We shall now set A\ = —4¢2. A flat direction is generated by Py as usual, while [Py, P3| =
éPg — Mo = H identifies the central charge H of Heiss. Using L = erPrtyPa gl p2Py o

arrive at the vielbein
el =de, e =dy, €*=dw+29(ydr—ady), e*=dz (D.16)
and the metric (6.8). Gauge-fixing A = —\ = 2¢, the Killing spinors are

oi = [Io — 4g20™ — 4gyo™)Pes; + 2g(x0? — yal)aﬂ%ﬂi ,
€% = [Iy — 4g 265%3 — 4g y631]‘j‘5€5i — 2g(x5% — y&l)‘wegi . (D.17)

The background forms Z, Z and *G are easily integrated to potentials

Cy = iN(zdy — ydx), C_'(l) = —ij\(:zdy —ydz), B = —%(azdy —ydx)dw. (D.18)
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D.5 The two-sheeted H3 x R

We turn on and gauge-fix Gaij = igéﬁ(dg)ij. The structure of the superalgebra is then
most evident if we define AEJ) =P, + (—)i+1z'g(eabc4M be 4 53U), which together with their
complex conjugates generate SL(2,C) x GL(1,C). We choose as coset representatives

L p, _
I = 2P @Mz OMs1 5,08 ,—0M31 ¢>M12’ (D.19)

which represents polar coordinates along one sheet of the hyperboloid in a convenient
gauge. We can use embedding coordinates satisfying X2 — Y2 — V2 - W? = 1:

X =coshp, Y =sinhpcosf, V =sinhpsinfcos¢, W =sinhpsinfsing. (D.20)
The ranges and periodicities are p € [0,400), 0 € [0, 7] and ¢ ~ ¢ + 27. The vielbein is

1
el = 2—((:08 ¢sinfdp + sinh pd(cos ¢ sin 9)),
g

1
e’ = %(singbsinﬁdp + sinh pd(sin ¢ sin6)), (D.21)
1
e = 2—(cost9dp —sinh psinfdf), e =dz
g

and the metric is (6.11).
The supercharges Qn,1 and Q2 have opposite charges under F,, and the same holds
for the antichiral ones. Hence, we find:

: 1
ba1 =€ [1 4+ X + 2(Yie'2 4+ Vie® + Wic®))| s es1

V14X

: 1
Car =€t [1+ X - 2(Yie'? + Vio® + Wic*)]Pes2,
VI+X

. ) 1 .
£ = e*lgzﬁu + X —2(Yio"? + Vie™ + Wig®")* se’1

. ) 1 .
{9 = e ——— 1+ X +2(Yio" + Vio™ + Wic™)]* 4e% .

V14X

The potential for *Gij is

(D.22)

By = 8792(1 — cos0) sinh?pdpde (ios)’; . (D.23)

D.6 H? x S? and D(2,1; )

We take Z,p = 2i(A4612 — A_83}) and 24, = —2i(A4012 + A\_631). The resulting superalge-
bra is the same as in section 3.6 with the substitutions Py = 1Py, Mgz = —iMs34. Choosing
polar coordinates w, p on H?, we pick the coset representative

1 1
L = eoMaa P38 oMoy @Mz P50 P2 —gMis (D.24)

To have a single-valued representative at the south pole of S? it is sufficient to perform the
same change of gauge as in (C.23). We obtain the metric (6.15) from the vielbein

el = /\i (—sin ¢ df — sinf cos pdo) , e? = )\i (cospdf —sinfsinpde),
+ +
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1 1
e = o (coswdp — sinh psinwdw), e*= oW (sinwdp + sinhpcoswdw).  (D.25)

In the northern patch of S? we can write Killing spinors in terms of the matrices

0 0
A = cos B coshg + 25sin 3 sinh g(cos(w — ¢)o® +sin(w — ¢)o3l),

0 6
B =sin B cosh g(cosqﬁal +sin ¢ 0%) — cos B sinh g(z cosw — sinw o?)

with

, ) (D.26)
A = cos B cosh g — 2sin B sinh g(cos(w + $)5% + sin(w + ¢)33) ,
= .0 1Y 1 . _9 0 . P, . . _3
B =sin 3 cosh i(cosqba +sin¢ o) + cos 3 sinh 5(1 cosw — sinwa”),
Eni = Aaﬁegi + Baggﬁi; Edi = Adﬁfﬁi + Bdﬁegi . (D.27)

The change of Lorentz gauge for the southern patch of S? corresponds to the substitution

Open Access.

g(i)d(w) P b, 9) - g((:)oosth) = (i’yl)dﬂg(i)ﬁ(wa P, d)a 0 — 71'). (D28)

The potentials for Z, Z are respectively

7 )
Cay = —Z(COSQ +1)dg — I cosh pdw,

] 1
Cay = I<COSG +1)d¢ — o cosh pdw. (D.29)
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