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1 Introduction

One of challenging problems in theoretical physics is to reveal the nature of the quantum
gravity. Especially the superstring theory is a good candidate for the quantum gravity
in which properties of black holes have been studied enormously. In this paper we will
study the quantum aspects of the black hole and the black string in superstring theory and
M-theory.

The type IIA superstring theory is perturbatively defined in 10 dimensions, and its
low energy limit is described by the type ITA supergravity. This theory contains black
hole solution which possesses SO(9) rotation symmetry. Interestingly the strong coupling
limit of the type IIA superstring theory is believed to be described by 11 dimensional M-
theory [1, 2]. The 11th direction is compactified on a circle and its radius is proportional
to the string coupling constant. The low energy limit of the M-theory is approximated by
the 11 dimensional supergravity [3], and it contains black hole solution which has SO(10)
rotation symmetry. Since the type IIA supergravity is obtained by Kaluza-Klein reduction



of the 11 dimensional supergravity [4], the 10 dimensional black hole with SO(9) symmetry
is identified with a 11 dimensional black string which is stretching along the 11th direction.

The black string is stable against perturbation when the radius of the compactified
circle is small. However, as we enlarge the circle, it becomes unstable at the critical radius
and starts to transit to the black hole [5]. This phenomenon is called Gregory-Laflamme
instability and has been studied since 1993 [6]. In 2000, the fate of this instability is
analyzed and the existence of non-uniform black string is discussed in ref. [7]. After this
work, there appeared several analytic studies and numerical simulations in order to resolve
the final state of the unstable black string [8]-[14]. These show that, beyond the critical
radius, the black string transit into the non-uniform string and finally pinch off. It is
also revealed that the fate of the unstable black string depends on the dimension of the
spacetime and boost parameter [15, 16]. Comprehensive reviews on the Gregory-Laflamme
instabilities are collected in the book [17].

In this paper we focus on the black string solution in 11 dimensions and examine
its instability. Especially, since the superstring theory and M-theory contain quantum
corrections to the supergravity [18]-[21], it is natural to study quantum corrections to
the Gregory-Laflamme instability. This is one of the main purpose of this paper, and
we take into account R* corrections to the 11 dimensional supergravity [22, 23]. These
corrections corresponds to the leading 1-loop corrections in the type ITA superstring theory,
and supersymmetric completions of these terms are discussed in refs. [24]-[30]. In this paper
we briefly review the structure of the R* corrections in M-theory, and solve equations of
motion for the configurations of the black hole and the black string. We will call these
solutions quantum black hole and quantum black string, respectively. See refs. [31-33] for
the related works on this topic.

Another important task of this paper is to consider the Lorentz boost of the quantum
black string. In the case of classical black string, it is known that its instability highly
depends on the boost parameter [16]. Similarly we will see that the thermodynamics of
the quantum black string changes and the its transition point is also modified due to the
boost parameter. We also investigate the near horizon limit of the boosted quantum black
string, which corresponds to that of the nonextremal quantum black O-brane.

Organization of this paper is as follows. In section 2, we review the higher derivative
corrections in M-theory, and derive equations of motion. We consider the quantum cor-
rections to the black hole and the black string and discuss the instability from entropic
arguments. In section 3, we boost the quantum black hole and black string, and examine
the Gregory-Laflamme instability. In section 4, the near horizon limit of the quantum black
string is investigated. Section 5 is devoted to the summary of this paper and future works.
Technical calculations on both quantum black hole and black string are explicitly shown
in appendices A and B.

2 Quantum black hole and black string in M-theory

2.1 Brief review of higher derivative corrections in M-theory

M-theory is defined as a strong coupling limit of type IIA superstring theory, and it is well
approximated by 11 dimensional supergravity in the low energy limit. Classical solutions



of 11 dimensional supergravity play important roles to reveal the structure of the M-theory.
In this section, we consider black hole and black string solutions in 11 dimensions. These
are quite simple and it is possible to discuss leading quantum corrections to them.

It is known that the leading correction comes from R* terms [22, 23]. The bosonic
part of the M-theory effective action which is relevant to the graviton is given by

1 1
S11 = — d"z e R+~ t8t8R4 — —611611R4
2K7, 4!
1
= W dllx 6{R + 24V(RabcdRabcdRefghRefgh - 64RabcdRaengbcthefgh
11
+ 2RabcdRabechdghRefgh + 16RacbdRaebecgthegfh
- 16RabcdRaengbethcdgh - 16RabcdRaengbfethdgh>}7
(2.1)
where a,b,c,--- = 0,1,---,10 are local Lorentz indices. In this action, the expansion
parameter is expressed in terms of the 11 dimensional Planck length as
WQE?)
7= Siige (2.2)

In eq. (2.1) pairs of indices are lowered for simplicity, but of course they should be con-
tracted by the flat metric. Note that the above action preserves local supersymmetry, and
2 56

0], so if we reduce the

fermionic terms are given in refs. [27]-[30]. Note also that v ~ g
effective action (2.1) into 10 dimensions, it corresponds to 1-loop quantum correction to
the type IIA supergravity.

By varying the effective action (2.1) with respect to the vielbein, we obtain equations

of motion,

1 1 1
Eij = Rij—gmi R+ {_277ij <t8f834—4!€1161134) +RabciXaij_2D(an)Xaijb} =0,
(2.3)

up to the linear order of . Here D, is a covariant derivative for local Lorentz indices and
Xabed 1s defined as

1
Xabed = 5 (X fabljcd] T Xfea [ab]> ) (2.4)

Xébcd = 96(RabcdRefghRefgh - 16RabceRdfghRefgh+2RabechdghRefgh+16Raechbfthefgh
- 16RabechfehRdfgh - 16RefagRefchRgbhd+8RabecheghRdfgh) .

It is not obvious but possible to check that Rgp.; X “bcj = Rapej X abe; hence E;j is a sym-

metric tensor. The explicit derivation of eq. (2.3) can be found in ref. [34].

2.2 Quantum black hole

First we briefly review Schwarzschild black hole solution in 11 dimensional supergravity.
The metric of the black hole is given by
8

ds? = —Adt> + AN dr? +r2d02,  A=1- % (2.5)
T



and the event horizon ryerizon is located at ryorizon = h- From standard calculations, ADM
mass and entropy of the black hole are evaluated as
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(2.6)
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Here 2x%, = (2#)862 and ¢, is the Planck length in 11 dimensions.! Vgo = % is the volume
of the 9 dimensional unit sphere.

Next let us take into account the quantum correction to the black hole by solving the
eq. (2.3) up to the linear order of 7. The leading part of the metric (2.5) itself is not a
solution of the eq. (2.3), so we should relax the ansatz. Most general static ansatz with
SO(10) rotation symmetry is given by

ds} = —By ' Adt® + AT dr? + r2d03, (27)

8
T T T
Alzl—g—l-/};al(), Blzl-l-z;bl().
T Th Th Th Th

In order to make the equations of motion simple, we introduce following dimensionless
coordinates, 7 = -, x = , and insert the ansatz (2.7) into the eq. (2.3). Then the

Th'’ Th'’
equations of motion become

By = —2¥ad) — 823 a; — 92995584002° + 10492093440 = 0,
By = 23] + 82%a; + 231 (1 — 2%)b] — 3127296002° — 879805440 = 0, (2.8)
B3 = %%} 4+ 1623 + 5623%a; + 232(1 — 2®)b] — 4231 (1 + 22®)b)

+ 7192780800z° — 11175183360 = 0,

where the prime represents the derivative with respect to z. By solving £1 = FE» = 0 with
requiring asymptotic flatness, we obtain

349736448 422707200 ¢,
- + +

ay (LIT) = ZL‘38 1‘30 57
320409600
by () = 2209000 (2.9

where ¢y, is an integral constant. From this we see that the quantum corrections become
important when r < ry or 1 <« rlG Notice that ¢, can be absorbed by the redefinition of
h
Th like
rh =i = T (2.10)
up to linear order of v. So physical quantities do not depend on ¢, at this order.? The

remaining equation E3 = 0 is trivially satisfied by inserting eq. (2.9). The plots of A;(x)
are shown in appendix A.2.

!By using string length ¢ and string coupling constant gs, the Planck length is expressed as b = ngsl/3.

2r® — ~veprd > 0 is required since the mass (2.14) should be positive.



Now we call the metric of eq. (2.7) with eq. (2.9) the quantum black hole. Let us
investigate the thermodynamics of the quantum black hole. The event horizon is located
at Thorizon = Th — &nisal(l) up to the linear order of ~, and the temperature is given by

h

1 _—1dA;
= -—B,*—
! 471' ! d,r Thorizon
2 9 1 1 1 2 -
=—<1 “a1(1) + sai(1) = b1 (1) ) = ¢ = =Th. 2.11
2 {1 (Gu+ g - ) =25 (2.11)
By solving the above equation inversely, r}, is expressed as
1 9 1 1 =
n= g {1+ (Ga+ gam - gnw ) 7). (2.12)

and from this relation, physical quantities can be expressed in terms of the temperature
up to the linear order of . For instance, the location of the event horizon is evaluated as

1 1 1 —
i = {147 (D) + b 0) - 50n (1)) 7}

1 _
= — (1 —1113792071Y) . (2.13)
Ty

This reveals that the position of the event horizon slightly moves inward due to the quantum
correction, and its value does not depend on c¢j,.
The ADM mass Mj, is calculated as

2 2
/il]_ Mh — ,,,,8 <1 o ,yclé>
Th

_ Z}E {147 (9a1(1) + (1) — 4b1(1) — ) TH} ,

= T% (1 — 161326081 = M, (2.14)
Note that although the effective action (2.1) contains the higher derivative terms, the
expression of the ADM mass formula does not [35]. The above correction just enters
through & term in ai(z) and ry, in eq. (2.12). On the other hand, the area law of the
entropy is modified by the higher derivative corrections [36, 37], and the black hole entropy
Sy is given by

2/{%1
47TV59

Sh = Tﬁorizon(l - 27X0101|x:1)
1 _
= — (1 — 1209945671
Tl? ( Y h)
= M/° (14 6049728 11 1) (2.15)
As explained before, mhorizon, Mn and Sy, are written in terms of T}, and do not depend on

the unknown constant cy,. It is easy to see that the first law dMy = T1,dSy holds up to the
linear order of ~.



2.3 Quantum black string

In this section, we consider a black string solution which is constructed by aligning 10
dimensional black hole along the 11th direction. The 11th direction is compactified on a
circle and its radius is given by Ry1 = fs¢s. In 11 dimensional supergravity, the black string
solution is simply given by

ds? = —Fdt* + F'dr* +r2dQ3 + dz?, F=1- -2, (2.16)
The ADM mass and the entropy are calculated as

7 4 8
M, = 8Vgsrd 7 - mVgsrs

, (2.17)
2&%0

2k,
where Vgs = % is the volume of the 8 dimensional unit sphere, and 2x3, = 2x%, /(27 R11).
These expressions simply show that the 11 dimensional black string corresponds to the 10
dimensional black hole after the dimensional reduction.

Now we take into account the quantum corrections to the black string. Since the metric
does not satisfy the equations of motion (2.3), we relax the ansatz as follows.

ds? = —~G{ Fidt* + Fyldr? + r2dQ3 4 Gadz?, (2.18)
7
T r T
F1:1—S7+Péf1<>, Gz’:1+769i<>~
r Ty Ts Tg Ts

This is the most general ansatz which preserves SO(9) rotation symmetry. In order to

make the equations of motion simple, we introduce dimensionless coordinates, 7 = %, T =

ﬁ, y = %, and insert the ansatz (2.18) into eq. (2.3). Then the equations of motion

become

By = —162% f] — 112234 f; 4+ 222°(1 — 27) gy 4+ 22(9 — 1627 g,
— 6340239360027 + 71292856320 = 0,
Eo = 162% f] + 112234 f, + 162 (1 — 27 g} — 2%(9 — 1627 g,
— 21598617602" — 5730600960 = 0, (2.19)
By = 2230 f' + 2823 f] + 84234 1 + 222 (1 — 27) g — 72 (1 + 227,
—22%9(1 — ") gl + 142% g, + 566963712027 — 8626383360 = 0,
By = 2230 ! + 3228 f + 112234 f; 4+ 222°(1 — 2") g — 2% (5 + 1627 g}
— 1062512640 = 0.

By solving the equations of motion (2.3) up to the linear order of 7, the functions f; and



gi(i = 1,2) are explicitly solved as

1208170880 161405664 5738880 956480+ cs 819840

filz) = - 934 x27 13220 + 13 27 + x7 I(z),
1035722240 1721664 22955520 1912960 -1
91(1) = — o T o — 1630680~ 42342401 (a),
94330880 655872 13117440 2186240
ga(w) =~ i +18739201(a).

(2.20)
Here ¢ is an integral constant. The details of the derivation and an explicit form of I(x)
can be found in appendix B.2. There other integral constants are set to be zero so that the
geometry becomes asymptotically flat. Notice that ¢ can be absorbed by the redefinition
of 75 up to the linear order of v, so physical quantities do not depend on c;.
Let us investigate the thermodynamics of the quantum black string. The event horizon
is located at rhorigon = s — % f1(1), and the temperature is evaluated as

1 —1dF;
T — 2
i dm ' dr Thorizon
7 8 1 1 1 7 =
= 1 )+ =f1(1) = 1 (1) | = p = —Ts. 2.21
o {1 (Gaw+ 140 - a) 5= L0 (2:21)
By solving this inversely, rg is expressed as
1 8 1 1 =
=<1 AW+ A1) — 21 (1) ) TS . 2.22
n=g {1 (G a0 - jam) 72 (2.22)

From this relation, ry is replaced with the temperature when we calculate physical quantities
up to the linear order of . For example, the location of the event horizon is given by

Thorizon = i {1 +7 (fl(l) + %f{(l) - ;gl(l)) Ts6}

Ts
1 587024224 _

= — 1 —~ (=2 L q171207(1) ) TO Y 2.2
Ts{ 7( ST 7 0()> s} (2.23)

The location of the horizon moves inward and does not depends on cg, just like the case of
the quantum black hole.
The ADM mass of the black string M is evaluated as

263, 1639680 — ¢
My=rl[14+y——"—"=
8VS8 ( + v 7’86 )
1 , 7 6
=7 1+ 1639680 + 811 (1) + f1(1) — 591(1) — s | T
1
=7 (- 4919040~T7) = M. (2.24)

Note that we used 2x%, = 2x%, /(2mR11). The mass formula itself is not modified, but the
corrections in the first line enter through =7 terms in f;(x) and ga(x). On the other hand,



the entropy Ss of the quantum black string receives the higher derivative corrections, and
is calculated as

2K2
471"}5’08 Ss = TﬁorizonGQ(l)l/g(l - 27X0101’I=1)

_ % (1 — 2810880775)

S
— N3/ (1 + 28108807MS_6/7> . (2.25)

The entropy formula is affected by the higher derivative corrections. Note that Thorizon,
Mg and S do not depend on ¢, and the first law of the thermodynamics dMg = TydSs is
satisfied up to the linear of .

2.4 Gregory-Laflamme instability of the quantum black string

It is known that the black string is unstable against perturbation when the size of the
compactified direction is large compared to the size of the black hole. In order to give
thermodynamic argument on this instability, so called Gregory-Laflamme instability, we
compare Sy with Sy for the equal mass.

In terms of a dimensionless parameter M = ¢;My, = {5 Mg, the entropy of the quantum
black hole is given by

VAN 10503 1 (9Vgog?\*/*
Sy = 82 [ & 1+ Sy a gt : (2.26)
99Vgo 2174 g4 M
and that of the quantum black string is given by
2018\ /7 305 1 (8Vgsg?\""
S, =8n2 (& 14 2= (2500 . (2.27)
88Vgs 2774 g2 M

Here we used 2x%, = 2r2,(2nR11) = (27)8%¢)¢3. The instability of the black string is
estimated by comparing these two entropies. From egs. (2.26) and (2.27), up to the linear
order of v, the ratio of the entropies is evaluated as

Sh_ g [y, 10503 (9Vs\" L 305 (9°Via)® L2
Ss 217t \88Vgs ) gf 27wt \8%Wgs ) gi

43 L49

L
~ L +6.04— — 5.60—, (2.28)
where we defined
8 1/7 s .5\ 1/56 5\ 1/56
_ (BVes) (95 ~0984 (%) (2.29)
(99Vgo)1/8 \ M M

In the classical supergravity limit, if we increase L from zero, the Gregory-Laflamme tran-
sition from the black string to the black hole occurs at L = 1. By taking into account the
quantum effect, the transition point also depends on the value of g like
0.350

L=1-—
gd

(2.30)

The plot of S}, /Ss is drawn in figure 1.



Finally let us clarify the validity of the approximation (2.28) qualitatively. So far we
have analyzed the black hole and black string solutions by considering quantum correc-
tions (2.1) in 11 dimensions. Since the 11th direction is compactified, the effective action
corresponds to the type ITA superstring theory and expanded by g¢2e?? and ¢2. Then
we can examine the validity of eq. (2.28) by estimating the other higher derivative terms
in the type ITA superstring theory, which can be done by evaluating the dilaton ¢ and
the Riemann tensor Rgpq in 10 dimensions from eq. (2.16). From the standard relation
ds? = e_%d’dsfo + e%‘bsz, we obtain

02 _
gse¢ = gs, €§Rabcd ~ r% ~ ESMS 2/7, (2.31)

S

at the horizon. Thus a generic term is estimated as
(92€%)" (€2 Rapea)™ ~ g2 (3 M2 T o gZn AT =2/ T~ gZn2mpiom - (2.32)

It is known that the leading tree, 1-loop and n(> 2)-loop corrections in the type ITA super-

string theory become (n,m) = (0, 3), (1,3), (n,n + 3), respectively [38]. So the estimations

—Gr48 —4748 —6 7 16n+48

spectively. In a similar way, from the dimensional analysis, the quantum corrections for the
m/4 92n73m/4M_m/4 g
~Y s ~J

From the above discussions, we expect that the ratio of the entropies (2.28) is reliable

of leading tree, 1-loop and n(> 2)-loop are given by g and g re-

quantum black hole are estimated like g2"¢2™ M, 2n—2m f t4m

when L < 1 and 1 < g2, if each term has a coefficient of order unity. It is interesting to
note that, around the transition point L ~ 1, the supergravity approximation is valid when
gs goes to infinity, and quantum effects become quite important around gs ~ 1.

3 Boosted quantum black hole and black string in M-theory

3.1 Boosted quantum black hole

From an observer at infinity, the quantum black hole is localized at the origin of 10 dimen-
sional space. Now let us Lorentz boost the quantum black hole along the 11th direction.
Then the observer see that the quantum black hole carries a momentum along the 11th
direction.

First the mass My and the momentum @y, of the boosted quantum black hole are
simply given by

2/{%1 8 Ch o
Vo M, =rpcoshn(1-— 777“}61 = My,

=rpsinhn (1 —~v— | = 3.1
Ven @n = rysinhy 758 @, (3.1)

where 7 is a boost parameter.> By combining these two equations, the parameter of the
quantum black hole is expressed as

c ~ 02 1/2
e (1 - ﬁg) = My, ( - Mg) . (3.2)
h h

3We assigned the same symbol My, as in the section 2.2, since it would not cause any confusion.
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Figure 1. Plot of eq. (2.28) which is valid when L < 1. A red line correspond to Sy = Ss.

Next we examine the entropy of the boosted quantum black hole. It is known that the
volume of the event horizon is invariant under the Lorentz boost [39]. The higher derivative
term Xg101 = iN abped ., 0 is invariant as well. Therefore the entropy formula is entirely
invariant under the Lorentz boost and given by eq. (2.15) by replacing M), with the right
hand side of eq. (3.2).

2K3, —9/8 Q" - —3/4 Q"
— 81— X 1 + 6049728~ M 1— 2h . .
T Sh= 10 i + 6049728~ N, i (3.3)

Of course, eq. (2.15) is recovered when Qy, = 0.

3.2 Boosted quantum black string
Let us briefly review the Lorentz boost of the black string (2.16) along 11th direction. The
boost is executed on (t, z)-plane and the metric becomes

ds? = —F(cosh fdt 4 sinh Bdz)? + (sinh Bdt + cosh Bdz)* + F~1dr? 4+ r2dQ2

S

h 2
= —H'Fd* + H (dz +(1- Hl):,oshgdt> + Fldr? + r2d02, (3.4)
111

where 3 is a boost parameter. Here H is defined as

77 sinh? 8

r7

H=1+ : (3.5)

~10 -



and F is defined in eq. (2.16). This geometry corresponds to the nonextremal M-wave
solution in 11 dimensional supergravity, whose mass and momentum along the 11th direc-
tion are expressed by two parameters rs and 3. We also use o’ = 1/ sinh? 3 for the boost
parameter.? Note that the nonextremal M-wave solution is identified with the nonextremal
black 0-brane solution in 10 dimensions.

In the same way, it is possible to boost the quantum black string solution (2.18) along
the 11th direction, and the metric becomes

ds? = —G{ 1 Fi(cosh Bdt + sinh Bdz)* + Ga(sinh 3dt + cosh Bdz)* + Fy tdr? + r2dQ2

_1 1 h 2
= —H{'Fdt? + Hy (dz + (1 —H,?H, 2) Z?Shgdt> + Foldr? 402002 (3.6)
11

Here F} is defined in eq. (2.18), and H; (i = 1,2, 3) are expressed in terms of F}, G and
Gy as

H, = G1G2_1H2, Hy =Goy + (GQ — Gl_lFl) sinh2 B, Hs = G2_2H2. (37)

Now we choose rg and « as independent parameters. Then the above functions can be
expressed up to the linear order of v as

Hi=14 ot oo { =)+ 1 ) + (1 7 ) i)}
Hy=1+ -+ o {—fl(x) + (1 - ;) gi(2) + (1 + a7)gg(x)} , (3.8)

Hi=14 g+ oo { =A@+ (1= ) @)+ (1-07= 5 ) (o}

where z = ;=. By inserting eq. (2.20) and ¢s = 3747840 into the above, we obtain eq. (48)
in ref. [35]. In that paper ¢s = 3747840 is required so as to be consistent with the near
horizon limit which will be explained in section 4. Thus the geometry (3.6) is exactly the
same as that of the quantum M-wave solution in 11 dimensions. The dimensional reduction
of the metric corresponds to the quantum black O-brane solution in 10 dimensions.

Let us examine the thermodynamics of the boosted quantum black string by choosing
cs = 3747840. The event horizon is located at morigon = s — % f1(1), and the temperature
is evaluated as

1 _q0dF
T.— - H; 17204417
47[- dr Thorizon
7 o7/?

8 1 1 1
= {1 AW+ A = (1))
o {1 (G 4 1AW - Sa )
T a2 2810880y
C dwrg 1+ af 7rb '

“These are related to r4 as 77 = r{ sinh® 8, 7L =77 (1 +a") = r{ cosh? 8.

- 11 -



Note that \/‘% = m comes from the time dilation of the quantum black string mea-

sured by the boosted observer.

The ADM mass and the momentum of the boosted quantum black string are calculated
as [35]

252 21081 _
"W)M:r?<1+7_0860’7> M.

8Vgs =~ ° 8a” r6 ®

2K2 rV1+aT -

Mo, = V2 _ g (3.10)
8VSS 8@7

The momentum does not receive any quantum correction and is equal to the charge of N
DO-branes. By solving egs. (3.10) inversely, up to the linear order of v, the parameters o’
and 77 can be expressed as

7\ > - 64
7 7
Q@ ( 3 ) ) re= P( 9 2) (3.11)

where

p = po + 2108160~ pq,

Po (3.12)

. 8 \ ! 64 \ "7
=Q7% 1+ — 1—— .
n=0 (4 qz) (o (0 )}

It is easy to see that pg — oo and Qgpy — Ms, if we take Qs — 0.

I
\m:‘
/N
—
+
—_
+
w
Ko
L
N———

The entropy of the boosted quantum black string is obtained by taking into account
an expansion of the proper length along the 11th direction at the event horizon. From
egs. (3.6) and (3.7), the expansion rate of the proper length at the event horizon is given
by /H2/G3|horizon = V1 + a7/a™/2. Thus, by multiplying this factor with eq. (2.25), we
obtain the entropy of the boosted quantum black string like

Ss = ThorizonWG2(1)l/2(1 — 27X0101|z=1)

47TV58
_ 3 V1+a’ L+ 2810880
S a2 7rb

9/14 —6/7
~ \8/T 64 ~  \—6/7 64
= (Qs 1—-——= 1+ 2810880 s 1—-——= .
(Qspo) < 49]%) { + 7 (Qspo) ( 097

(3.13)

In order to derive the second line, we used ¢y = 3747840. This satisfies the first law of the
black hole thermodynamics up to the linear order of ~.
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3.3 Gregory-Laflamme instability of the boosted quantum black string

The Gregory-Laflamme instability of the boosted black string is well discussed in refs. [16,
39]. In this subsection, we examine the Gregory-Laflamme instability of the boosted quan-
tum black string. In order to compare the entropy of the boosted black hole with that of
the boosted quantum black string, masses and charges should be equal respectively.

Now we set M = (;My = (Mg and Q = £Qn = (sQs, and use the relation 2&%1 =
2r3,(2mR11) = (2m)802g3. Then the entropy of the boosted quantum black hole is ex-
pressed as

1/8 9/16 3/4 —3/8
o g (EM° / @ / |, 10503 1 (9Viog2 / @ /
B0 99V e o\ g e '

(3.14)

This is a generalization of eq. (2.26). In a similar way, the entropy of the boosted quantum
black string is given by

o g2 (EMNT QYT 6a N
i 88Vgs M 49p2

i 305 1 8Vgs g 6/7 % —6/7 1_& —6/7 (3.15)
igi \ M M 1997 | |

Here py is defined in eq. (3.12) and written in terms of % This expression is a generalization

of eq. (2.27), and the ration of the entropies (2.28) is also generalized as

iNL 1_Q72 9/16 Qo —8/7 . 64\ —9/14
Ss M?2 M 49p?

1,42 Q2 —3/8 LS/ Qpo —6/7 64 \ ~6/7
1 .04 1-—=— — 5. —_— 1-— 1
x{ + 6.0 . ( M2> 5.69 p <M> ( 49p3) , (3.16)

S S

where L is defined by eq. (2.29). The ratio of the entropies are parametrized by L, gs
and % From this equation, we can estimate the instability of the boosted quantum black
string. The plot of eq. (3.16) with % = 0.9 is drawn in figure 2. From the plot we see
that, at transition point, the value of L for the boosted quantum black string is smaller
than that of the quantum black string. It is also interesting to note that there is another
transition point for g5 < 4, though the validity of it depends on the structure of the higher
derivative terms as discussed below.

Finally let us examine the validity of eq. (3.16) by estimating the other higher derivative
terms. In order to do this, we simply repeat the discussions in the section 2.4. From
eq. (3.4), values of the dilaton ¢ and the Riemann tensor Rgp.q in 10 dimensions are
estimated as

. 1 3/4_ 64\ —3/4
gs€” = gs 1+§ = 0s 1_Kpg )

) 2 2 o 3/14
Ui Raped ~ ﬁwabcd(p()) 1+ 7 ~ LiWabed(Po) (QsPo) 1—— , (3.17)

S
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Figure 2. Plot of eq. (3.16) with % =0.9. Red lines correspond to S}, = Ss.

at the horizon. Here explicit form of wgpeq(po) is different for each component, but becomes
constant if we take % — 1. From the above a generic term is estimated as

—2m/7 3(m—Tn)/14
2 _2p\n/p2 m 2n p2m g r—2m/7 on m 64
(gse d)) (ﬁsRabcd) ~ Gs es Ms / ( M ) (wade) (1 - 49p(2)>

on —2m/7 64 3(m—"Tn)/14
=0 1 =
w) ()

~ gs2n—2mL16m’ (3.18)

~ ggn—Qleﬁm(wabcd)m (

where L is defined by eq. (2.29). In the last line, we simply dropped % dependence, which
deeply depends on the structure of each higher derivative term. Therefore we roughly
estimate that the entropy of boosted quantum black string is valid when L < 1 and 1 < g2,
if each higher derivative term has a coefficient of order unity. This will also be true for the
boosted quantum black hole.

4 Near horizon limit of the boosted quantum black string and its insta-
bility

The gauge/gravity correspondence is a powerful tool to investigate the nonperturbative
aspects of the gauge theory [40-42]. In this section we consider the near horizon limit of N
DO-branes, which corresponds to the infinitely boosted (8 — co) quantum black string [43].
The momentum of the boost corresponds to the charge of N DO-branes, and is expressed as

N
Qs = T (4.1)

Since the boost parameter is given by o = 1/sinh? 3, the near horizon limit corresponds
to a — 0. While taking this limit, we should fix the t Hooft coupling A and the energy
scale Uy of the gauge theory on N DO-branes, which are written as

gsN

A= e

Up = 2. (4.2)
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From egs. (3.10) and (4.1), o approaches to zero like

. TVeslAUY

e (4.3)

and £ also goes to zero in the limit.
Now we take the near horizon limit for the boosted quantum black string. First of all,
Qs is exactly given by eq. (4.1), so it is expressed in terms of /s, A and N as
N2
= 4.4
Qs (2m)202\ (44)
This approaches to the infinity by taking the near horizon limit. Next, My is given by
eq. (3.10) and it behaves like

8a” 7 2108160y
My=Q———— [14+ — - — L
Q7\/1+a7< "8 rg )
N? 30407 610U
N 1 S 0 _ S
(27)244 0 35(2m)5\ 7TN?2

(4.5)

By taking the near horizon limit, the leading term diverges like the charge. However, the
internal energy Fy = Mg — Qs becomes finite and is given by

- 3N?2 (.. 9760750,

Ey=—— - 4.
m)’35

s (2 )73 (UO 3N2 ’ ( 6)

where Ey = E;/A\Y? and Uy = Uy/AY/3. The temperature (3.9) approaches to

= ~5/2 24407’[‘6 _ 7
Ts = a1 U, <1 - 7N2Ug ) a; = W? (4.7)

where T} = T, / AL/3_ Inversely solving this, we obtain

} . 6 12/5
Uo = a; °T2/5 (14 976”7,,“112 . (4.8)
TN2T/5

Thus physical quantities can be expressed in terms of Ty and N. Finally, the near horizon
limit of the entropy (3.13) is given by

N2 < 24407r6>

s

~ 28(1577)1/2 TN20S
AN 976m5a; >/
494}/ N2/
. 0.334
~ 115N [ 1+ — 0 |- (4.9)
N2T,
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This expression is the generalization of the discussion in ref. [43], and first derived in
ref. [34] by evaluating in the background of the near horizon geometry.

Let us examine the Gregory-Laflamme instability of the boosted quantum black string
in the near horizon limit. In order to do this, we need to compare the entropy (4.9) with
that of the boosted quantum black hole. By taking the near horizon limit of eq. (3.14), the
entropy of the boosted quantum black hole is expressed as

o _ NG | 18307 10503(105)%/572/8
" 3y/2(105)9/16747/16 N2 T gtonsAgE
N1/ 12817501%/°  10503(105)3/3721/862/2°
 3/2(105)%/16747/16453/90 \ N2T12/5 910 75/4721/20

" 0.438 1.79
~ 10.2N/ATEMA0 ] =+ 7% | - (4.10)
N2T, N5/AT;

It is worth noting that the leading part behaves like N15/8 and the quantum effects consist
of two terms. It is challenging problem to explain these behaviors from the gauge theory
on N DO-branes.

The instability of the near horizon limit of the boosted quantum black string is inves-
tigated by comparing eq. (4.9) with eq. (4.10). Up to the next leading order, the ratio of
the entropies is given by

—NL 1-—

2257r%a12/°  10503(105)3/872L/831/20
N2T12/5 910 \5/421/20

~L|1- 5 +3.21

278 (4.11)

(1 0.772 1.79
N2T12/5 N5/4T521/20 ’

L32 /3 L14/3>

where
49 0.882

12/2(105)9/167547/16431/40 N1 /s /40 s p9/40°
The transition of the boosted quantum black string in the near horizon limit occurs at

0.277

up to O(N~%/3). This result is consistent with the discussion in ref. [43] in the classical

L

(4.12)

limit.
Let us examine the validity of eq. (4.11) by estimating the other higher derivative
terms. The near horizon limit of eq. (3.17) is given by
F—21/4 =—21/10
¢ Uy - 1s / ~ N1/6728/3
N N ’

EgRabcd ~ 63/2 ~ Tb?)/5 ~ N_1/3L_8/37 (414)

gs€
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1000

Figure 3. Plot of eq. (4.11) which is valid when L < 1 and L=% < N. A red line correspond
to Sp = Ss.

and a generic term is estimated as

Ts(3m721n)/5 -
(98262¢)n(£§Rabcd)m ~ s N(nfm)/SLS( nfm)/S' (415)

N2n
The leading tree, 1-loop and n(> 2)-loop corrections in the type ITA superstring theory
become (n,m) = (0,3),(1,3), (n,n + 3), respectively. So the estimations of leading tree,
1-loop and n(> 2)-loop are given by N~1L=8 N—2/3132/3 and N=1L'6"=8  respectively.
Then the eq. (4.11) is valid when

L<1, L% < N, (4.16)

if each higher derivative term has a coefficient of order unity. The plot of eq. (4.11) is
drawn in figure 3.

5 Conclusion and discussion

In this paper we explored the quantum nature of the black hole and black string in 11
dimensions by taking into account the higher derivative R* corrections. Especially we
clarified the transition from the quantum black string to the quantum black hole from
entropic arguments.

First we constructed the solutions of quantum black hole and black string up to the
linear order of Eg. These are asymptotically flat, but the behaviors near the event horizons
are quite different from the classical ones. We also investigated the thermodynamics of
these quantum solutions, which satisfy the first law of the thermodynamics. The entropies
of both quantum black hole and black string increase because of the quantum corrections.
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By comparing these two, we discussed the quantum nature of the Gregory-Laflamme in-
stability. When the string coupling constant gy is quite large, it is reasonable to trust the
classical analyses and from eq. (2.30) the transition occurs around

M ~ 0.412 g7 + 8.09 gs. (5.1)

On the other hand, when g5 ~ 1, we should take into account other higher derivative correc-
tions more seriously. Notice also that we neglected the effect of the circle compactification
on the black hole to derive the above transition point. The effect of the compactification
on the black hole is investigated in ref. [44], and corrections to the Gregory-Laflamme in-
stability are explored analytically when the mass of the black hole is small in refs. [45, 46].
By consulting the result in ref. [46], we see that the entropy (2.26) is modified into

5 g2 <g§M9>”8 {1 , 10503 (98V59)6 L2 () (3Vee)® 1 }

99V59 2117T4 88V58 g;l 16V59 (99V59)7 L56
309\ 1/8 42
L (G2M L 1

The third term in the parenthesis corresponds to the effect of the circle compactification.
Therefore when the parameters are in the region of L ~ 1 and 1 < g5 < 5, the effect
of the compactification is negligible compared to the quantum correction. And when the
parameters are in the region of L ~ 1 and 5 < g, both effects are negligible compared
to the leading part. When the mass of the black hole is not small, we have to employ
numerical calculation [47].

Second we boosted the quantum black hole and black string solutions, and showed that
the latter corresponds to the nonextremal quantum black 0-brane solution. Both entropies
depend on the boost parameter in a complicated way, and because of this, the transition
occurs for larger M than eq. (5.1). It is interesting to note that there appear another
transition point around g5 ~ 4 for % =0.9.

Finally we consider the near horizon limit of the boosted quantum black string. In
this limit, the boost parameter goes to the infinity, and physical quantities are expressed
in terms of the temperature. From eq. (4.13) the transition occurs around

0.574  0.707
~ e Ty
This shows that quantum effects become important when the number of DO-branes N

T, (5.3)

becomes small.

As a future work it is interesting to understand the Gregory-Laflamme instability in
terms of the dual gauge theory. In fact numerical study of the thermal DO-branes system has
been investigated considerably in refs. [48]-[52], and especially the corresponding instability
is numerically discussed in ref. [51]. It is also of great interest to understand the Gregory-
Laflamme instability of the black string from the gauge theory side which is not stretching
to the 11th direction [53, 54]. In this paper we focused on gs correction in the type ITA
superstring theory, but it seems to be possible to examine o’ correction as well. Finally
the confirmations of the relation between thermodynamic and perturbative instabilities are
important directions [5, 55-57].
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A Calculations on quantum black hole

A.1 Explicit values of tensors

First we choose the vielbein of the quantum black hole as follows.

eV = thl_l/QA}ﬂdT, el = rhAl_l/Qdm, e? = rpxdby,

e3 = ryz cos 01d6s, et = ryz cos 0 cos 0>dbs, €5 = rpz cos 0 cos 0y sin 03dby,

¢S = ryx cos 0 sin Hadbs, e’ = rpz cos 6y sin 0 sin O5d6g, e® = ryasin61df;, (A.1)
¢’ = rpzsin 0; sin 0+d0s, e!® = rpzsin 0y cos 07dfg,

where Aj(z) =1— % + —rai(z) and Bi(x) = 1+ “5bi(x). Then, up to the linear order
h h

of 7, nonzero components of the Riemann tensor, Ricci tensor and scalar curvature are

calculated as

36 22ay + (1 — 28)b] — 128
Roton — — I 1 1 L
0101 réxl0 7 2rda?
R — 4 ,ngall + (1 — 2®)b}
0207 Tﬁxlo 27“}81.%9 ’
4 a’l 1 al
Rig = _rﬁxlo a 727“1%:10’ iij rizl0 a Wrﬁxz’
9 1 8/ 8\p!/ 8\p!
x’ay + 92°a) + x(1 — 2°)b] — 3(1 + 32°)b
ROO =7 ! ! QTELUQ ! 17 <A2)
Rt — —2%a — 928%a} — (1 — )b} + 120
=7 2r§x9 )
=228} — 1637a; — (1 — 2®)b)
Ry =7 2riz? ’
—2%a) — 1828a) — 7227a; — (1 — 28)b] + 3(1 + 328)¥]
R=x 8 9 )
rox

where 7, = 2,---,10 and 7 # J.
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Next we evaluate higher derivative terms up to O(v). Nonzero components of X p.q,
RX;; = RabciX“bcj and DDX;; = D(an)X“ijb are evaluated as

44070912 2844672 1949952
Xo101 = — rgxgo ) XO%O% = _Xﬁl% = - rg$30 ) iji; — 7“1?.%30 s
2968289280 14315520
RXgo = —RXy =——7% 75—, RXj=-——F% "1,
’I"hl' ’r’h{L‘
1902182400(13 — 1128 900(3445248 + 78182418
DDXyy = — = ( 5 ), DDXq = ( Ty ), (A.3)
rha: rha:
78182400(31 — 23x8 1 1451934720
DDX;; == ( z ) t8t8R4 - f€11611R4 ==

rizi0 ’ 4! iz
where 7, = 2,---,10 and 7 # J.

A.2 Plots of Aj(x)

Let us examine the properties of Aj(x) given in section 2.2. For simplicity we just set
cn = 0 below, so Aj(z) is given by

1 _ (/422707200 349736448 .
Al(x)_l_m_g+7( 1'30 - $38 ) ) 7:% (A4)
The derivative of Aj(x) is calculated as
8y ,._
Al(x) = 5 (7712 — 15851520002° + 1661248128) . (A.5)

Then A} (z) = 0 has one or two solutions when the minimum of the function in the paren-
theses becomes zero or negative, respectively. The function in the parentheses becomes
minimum when 2?2 = 4227072007, and the minimum takes negative value when

—1162444800(4227072007) M + 1661248128 < 0 < 6.32 x 107 < 7. (A.6)

Plots of Aj(x) with ¥ = 1072 and 1078 are shown in figure 4. In both cases, locations
of the event horizons are shifted inward compared with the classical case. Especially the
behavior of Aj(x) with ¥ = 107% is quite different around the event horizon, so a test
particle feels a repulsive force.

B Calculations on quantum black string

B.1 Explicit values of tensors

First we choose the vielbein of the quantum black hole as follows.

O = GTV2E 2 o = P e, & = raadfy,
e = ryx cos 01dbs, e = ryx cos 0 cos Odf3, e = ryx cos 0 cos B sin H3dby,

5 = ryx cos 01 sin Hodbs, e’ = rex cos 0 sin 0y sin O5df, &8 = rersinfrdfs, (B.1)
e — T sin 01 sin O7dfg, el — TsGémdy,

—90 —



0.5

~0.5F

~1.0}

Figure 4. Plots of A;(z) with ¥ = 1079 and 10~8.

where Fi(z) = 1— 2% + % fi(z) and Gj(z) = 1+ Z5gi(x). Then, up to the linear order
of ~y, nonzero components of the Riemann tensor, Ricci tensor and scalar curvature are
calculated as

R 28 N 228 1" 4+ 22(1 — 27) g — 2144 R 7 2 fi+(1—2")g}
0101 r2z® 4r8a8 ’ 0i0¢ " 9299 7 2r8a8 ’
795 7 fi 2z(1 — 2")g4 — g5
Fozos 4828 Ll = T9p2,0 T T8y Ruzg =7 4r8a® ’
1 fi (1 —zT)gy
i71] = 7“31,‘9 - 77‘5.232 ) R;hiu =7 2T§$8 ) (B2)
228+ 1627 f] + 20(1 — 2) gl — (5 + 1627)g] + Tg4
ROO —'Y 4T§I8 )
R =228 f' — 1627 f{ — 22(1 — 27) gy + 219} + 22(1 — 27)gy — Tgh
1= 4r8a8 ’
_—2aTf —142%f — (1 —aT)g) + (1 —2T)g) _ w1 —af)gy + (1 - 8xT)g
Ry=n 27828 o fw = 27818 ’
R —228 f1' —3227 f{ — 11225 f1 —22(1—27) g} + (5+1627) g} +2x(1—27) gy +2(1—827) g4
=7

2r8a8 ’

where 7,7 =2,---,9 and 7 # J.
Next we evaluate higher derivative terms up to O(7). Nonzero components of Xpeq,
RX;; = RabCiXabcj and DDX;; = D(an)Xaijb are evaluated as

20321280 1270080 1192320

Xo1o1 = — 6227 Xoior = =Xy = — 6227 iy 6227
1066867200 1088640
RXoo = —RX1 = ——— oo, R ===
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198132480(—47 + 40z") 1701(1313280 + 31744027)

DDXy = DDXy, = B.3
236234880(4 — 3z7) L1 . 531256320
DDX%% - T58x36 ) tstsR™ — IﬁllﬁllR = W7

where 7,7 =2,---,9 and 1 # J.

B.2 Solution of eq. (2.19)

Let us solve the equations of motion (2.19) for the quantum black string. First we consider
the following combinations.

1+ By /L 1, 4097640960 0
_— —X ——s =
1608(1 —z7) 1T g2 228 ’
Ei1+ Ey+8(FE3 — Ey
2x2g ) _ —1627 f] — 11225 f; — Tx(1 — 27) g} + 5627 g}
2525644800 10102579200
+ 38 — 21 =0 (B.4)
These are solved as
1, 1 151764480
g1 =c1— ga:gg + ggz + o
e T(1—27) 7 5846400 31570560
_2 — ) B.5
h x7 1626 92 + 162792 x34 + x27 (B.5)
By inserting these solutions into F; = 0, we obtain
E, 7640801280 5922201600
gxigg = .%'(1 - .%'7)95, + (1 - 8'%'7)95 + 228 - 221
282992640 296110080’
= {x(l —2")gh — s + 20 } =0. (B.6)
From this go(x) is solved as
7
x 94330880 655872 13117440 2186240
g2(x) = c3+ calog po %0 13213 o +18739201 (z),
(B.7)
where
I(2) =1 27 (x—1) Z nm (2+2 n7r+1>
xr) =log ———F= — cos — log (x T CoS —
82T 1 7 %8 7
n=1,3,5
nmw x + cos & T
-2 Z sin — {tan_l <7’l7l’7) — } y (BS)
ey g 7 sin =F 2
T(x—1)
I'(z) = ———~.
() z(z7 —1)

c3 and ¢4 are integral constants but should be zero so that the solution becomes asymptot-
ically flat and go(1) is finite. gi(x) and f1(z) are determined by using eq. (B.5). ¢; should
be zero because of the asymptotic flatness but ¢y remains as a constant parameter. We have
solved three out of four equations in (2.19), but the remaining equation is automatically
satisfied.
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Figure 5. Plots of Fy(x) with ¥ =107% and 1077.

B.3 Plots of Fi(x)

Let us examine the properties of Fj(z) given in section 2.3. By taking into account the
near horizon limit, we set ¢s = 3747840 below, so Fj(x) is given by

2 B 1 - 1208170880 161405664 5738880
(@) =1- 27 T\ 934 x27 13220
956480 3747840 819840 - ol
+ 213 + 27 + 27 I(w)> ) Y= Tiﬁ (B.Q)

Plots of Fy(z) with ¥ = 1078 and 10~7 are shown in figure 5. In both cases, locations of the
event horizons are shifted inward compared with the classical case. Especially the behavior
of Fy(x) with % = 1077 is quite different around the event horizon, so a test particle feels
a repulsive force [34].
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