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1 Introduction

Superstring theory is a good candidate for the unified theory of the gauge and gravitational
interactions, and quark, lepton and Higgs fields. Indeed, there have been several approaches
to derive the realistic string vacua by comparing the theoretical predictions with the data
of the cosmological observations as well as the collider experiments which are known as the
subjects of string cosmology and phenomenology.

Beginning with the work of ref. [1], there are much progresses to find the standard-like
models from the Eg x Eg heterotic string theory instead of the SO(32) heterotic string
theory. (See for a review, e.g. [2].) This is because Eg gauge group involves several
candidates of the grand unified groups such as Eg, SO(10) and SU(5) as the subgroups of
FEs and the Eg adjoint representation includes matter representations such as 27 of Fg, 16
of SO(10) and 10 and 5 of SU(5). However, in SO(32) heterotic string theory, for example,
the 16 spinor representation of SO(10) is not involved in the adjoint representation of
SO(32). (In the framework of toroidal Zy orbifold, there are some possibilities to obtain
the spinor representation of SO groups as discussed in ref. [3, 4].) Therefore, as one of the
procedures to find the realistic string vacua, we try to derive the (non-)supersymmetric
standard-like models from the SO(32) heterotic string theory without going through the
grand unified groups. This approach might be useful to search for the realistic standard
model, because the standard-like model given through the decomposition of GUT groups



have the extra matters which should be decoupled from the low-energy dynamics in terms
of some non-trivial mechanisms.

The standard model is a chiral theory. Thus, the key point to realize the standard
model is how to realize a chiral theory. Toroidal compactification is simple, but it can not
realize a chiral theory unless introducing additional backgrounds. Orbifold and Calabi-
Yau compactifications can lead to a chiral theory. Toroidal compactification with magnetic
fluxes can also lead to a chiral theory. Here, we study such a background. That is, our key
ingredients are the multiple U(1) magnetic fluxes inserted into SO(32) gauge group. These
magnetic fluxes are first discussed in ref. [1], where the SU(5) grand unified groups can be
realized from the SO(32) heterotic string theory. Furthermore, there are much progresses
on the resolved toroidal orbifold in [5] and on more general Calabi-Yau manifolds for Egx Eg
and/or SO(32) heterotic string theory via the spectral cover construction [6, 7] and the
extension of it [8] (see e.g., refs. [9-12]).1

In this paper, we study SO(32) heterotic string theory on six-dimensional (6D) torus
with magnetic fluxes, which is one of the simplest compactifications leading to a chiral
theory. Then, we search the models, where the unbroken gauge group includes SU(3) x
SU(2) x U(1)y and massless spectra correspond to three chiral generations of quarks and
leptons.

The paper is organized as follows. In section 2, we show our set-up and typical theo-
retical constraints which are required from the consistency of heterotic string theory. For
example, in the standard embedding scenario of the Calabi-Yau compacfitication, the inter-
nal gauge backgrounds are set to be equal to spin connections of the Calabi-Yau manifolds.
On the other hand, in the non-standard embedding scenario, the gauge fields are not al-
ways identified as the spin connections of the internal manifold due to the existence of the
fluxes. We discuss the consistency conditions for such fluxes on 6D torus in section 2.1.
In addition, the U(1)y gauge boson should be massless, even if the consistent fluxes are
inserted into SO(32) gauge groups in order to derive the standard-like model gauge groups.
Generically, U(1) gauge bosons appeared in the low-energy effective theory couple to the
universal and Kéahler axions through the ten-dimensional (10D) Green-Schwarz term [15]
which implies that the linear combination of U(1) gauge bosons may absorb these axions
by their Stueckelberg couplings and become massive. Thus the axionic couplings of U(1)y
gauge boson should be absent, otherwise U(1)y gauge boson would become massive as
discussed in section 2.2. In addition to the merits of gauge symmetry breaking, the fluxes
are important tools to realize the degenerate zero-modes, i.e., three generations of the el-
ementary particles. In fact, in section 2.3, the chiral theory with degenerate zero-modes
can be obtained from the considerations of zero-mode wavefunctions on tori. At the same
time, the existence of four-dimensional (4D) N = 1 supersymmetry (SUSY) depends on
the ansatz of U(1) fluxes due to the flux-induced Fayet-Iliopoulos terms.

In section 3.1, we discuss the concrete embeddings of the standard model gauge groups
into SO(32) gauge group in terms of the multiple U(1) fluxes. The correct matter contents

L Also the low-energy massless spectra were studied within the ten-dimensional Fg x Fg theory on torus
with magnetic fluxes from the field-theoretical viewpoint [13, 14].



of the standard model are then derived from the adjoint and vector representations of
SO(12) given by the subgroup of SO(32). Since the number of generations corresponds to
the number of U(1) fluxes, we search for the desired matter contents of the standard model
satisfying the U(1)y massless conditions as well as the SUSY conditions as can be seen
in section 3.2. In section 3.3, we further constrain the models by imposing the so-called
K theory constraints. Finally, section 4 is devoted to the conclusion. The normalization
of SO(32) generators and useful trace identities of SO(32) gauge group are summarized in
appendices A and B, respectively.

2 SO(32) heterotic string theory on tori with U(1) magnetic fluxes

2.1 Low-energy description of SO(32) heterotic string theory

We briefly review the SO(32) heterotic string theory on a general complex manifold with
multiple U(1) magnetic fluxes. The notation is based on refs. [16-19]. The low-energy
effective action of SO(32) heterotic string theory is given by

1 1
Sbos = 22/ e~ 2%10 [R + 4dp1o AN *dpro — -H N*H
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1
— e 2010 tr(F A %F) (2.1)
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which is the bosonic part of the action at the string frame in the notation of [16]. The grav-
itational and Yang-Mills couplings are set by 2x%, = (27)"(a/)* and ¢%, = 2(27)"(a’)? and
¢10 denotes the ten-dimensional dilaton. Here the field-strength of SO(32) gauge groups
F has the index of vector-representation. In what follows, “tr” and “Ir” represent for the
trace in the vector and adjoint representation of the SO(32) gauge group, respectively. In
addition, H denotes the heterotic three-form field strength defined by

a/
H=dB? — 7 (wva —wp), (2.2)

where wyn and wy, are the gauge and gravitational Chern-Simons three-forms, respectively.
From the action given by eq. (2.1), the kinetic term of the B-field is extracted as

1

Skin + Swz = ——5 dB® A xdB? N5 | B©®
kin T Swz 32y Jarao) * Z g
1
= dB® A xdB? NT/ BO) A 5(T,), 2.3
45%0 /M(w) Z 0 A (10) (Ta) (2:3)

where we add the Wess-Zumino term which describes the magnetic sources for the Kalb-
Ramond field B(®). Such sources correspond to the non-perturbative ob jects, i.e., the stacks
of N, five-branes which wrap the holomorphic two-cycles I';, and their tensions are given by
T5 = ((2m)°(of )3)_1. Here, §(T';) denote the Poincaré dual four-form of the two-cycles T’
By employing the ten-dimensional Hodge duality, the Kalb-Ramond two-form B® and
six-form B©) are related as
x dB?) = #1046 (2.4)



and then the kinetic term of Kalb-Ramond field and Wess-Zumino term (2.3) are rewrit-
ten as
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where N, = +1 represent for the contributions of heterotic and anti-heterotic five-brane,
respectively. The equation of motion of B(®) leads to the following tadpole condition of the
NS-NS fluxes in the presence of five-branes,

/
d(e*?0 « dB)) = —% <tr F? —tr R? — 4(2n)* Z Naé(f‘a)> =0, (2.6)

in cohomology and where F stand for the gauge field strengths of the internal gauge fields
whose gauge groups are embedded in SO(32). When the extra-dimension is compactified on
the flat space such as three 2-tori, (72)1 x (T2)3 x (T?)s, the tadpole cancellation requires
the following consistency conditions,

/(TQ)ix(TQ)j <tr F? — 4(2m)? ;Naé(l“a)> =0, (2.7)

which should be satisfied on (7?); x (T?); with i # j, 4,7 = 1,2,3. Thus if the nonvanishing
fluxes are not canceled by themselves, the non-perturbative objects would contribute to
the cancellation of anomalies. It suggests that the modular invariance of heterotic string
theory is recovered by the existence of these non-perturbative objects [20, 21| which can
be also realized in the framework of heterotic orbifold [22].2

2.2 Generalized Green-Schwarz mechanism

In addition to the consistency condition as discussed in section 2.1, it must be ensured
that our models do not have gauge and gravitational anomalies. In heterotic string theory,
it is known that some gauge and gravitational anomalies are canceled by considering the
following one-loop Green-Schwarz term at the string frame [15],

1
Sas 24(27r)5a’ /B AN Xg, (2.8)

whose normalization factor is determined by the S-dual type I theory as shown in appendix
of [25] and the eight-form Xg reads,

1 1 1 1 1
Xg=—TrF*— — (Tr F?)? — —(Tr F?)(tr R?) + - tr R* + — (tr R?). 2.
8= 5q T = g (T )" = g (T ) (w B o gtr B o5 (e ) (29)

Although the gauge and gravitational anomalies for the non-Abelian gauge groups are
canceled by the above Green-Schwarz term (2.8) and the tadpole condition (2.6) as shown

2Even if the consistency condition is satisfied at the non-perturbative level, we have to care about the
anomaly on heterotic five-branes and the global Witten anomaly is absent if the number of chiral fermions
on the heterotic five branes is even [23, 24].



in ref. [1], the anomalies relevant to the multiple Abelian gauge groups, which appear in
low-energy effective theory, can be also canceled by same Green-Schwarz mechanism, for
more details see refs. [17, 18]. In fact, since we derive just the three-generation standard-
like models, our phenomenological models do not receive these anomalies. However, as
pointed out in refs. [17, 18], even if the Abelian gauge symmetries are anomaly-free, the
Abelian gauge bosons may become massive due to the Green-Schwarz coupling given by
eq. (2.8). In order to ensure that the hypercharge gauge boson is massless, they should not
couple to the axions which is hodge dual to the Kalb-Ramond field.

For completeness, we define the hypercharge gauge group as the subgroup of SO(32)
as follows. The decomposition of the SO(32) gauge group can be realized by inserting the
multiple U(1) constant magnetic fluxes as those satisfying

SO(32) — SU(3)c ® SU(2), @22, U(1),. (2.10)

Totally, SO(32) has 16 Cartan elements, H; (i = 1,--- ,16). We take the Cartan elements
of SU(3) along H; — Hy, Hy + Hy — 2H3 and Cartan element of SU(2) as Hs — Hg. The
other Cartan directions of SO(32) are chosen as,

U(1); : (0,0,0,0,1,1;0,0,---,0),
U(l)2: (1,1,1,1,0,0;0,0,---,0),
U(l)s: (1,1,1,-3,0,0;0,0,---,0),
U(1)4: (0,0,0,0,0,0;1,0,---,0),
U(l)s: (0,0,0,0,0,0;0,1,---,0),
U(1)13: (0,0,0,0,0,0;0,0,---,1), (2.11)

in the basis H;. Then, we use the basis that non-zero roots have charge

(£1,41,0,---,0), (2.12)

under H; (i = 1,---,16), where the underline means any possible permutations. The
normalization of the Abelian gauge groups are discussed in the appendix A and the concrete
identification of standard model gauge groups and its representations are shown in section 3.
Note that some gauge groups would be enhanced to the larger one if any of U(1) fluxes are
absent or degenerate.

When the U(1) fluxes are inserted along the Cartan direction of SO(32), the field
strengths of U(1)s, f are decomposed into the four-dimensional parts f and extra-dimen-
sional parts f,

f—=rf+r, (2.13)



and then we can dimensionally reduce the one-loop Green-Schwarz term (2.8) to

R P 210
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where I = 2mv/a/, F denote the field strengths of SU(3)¢, SU(2)r, U(1)y. The explicit
forms of traces appeared in eqgs. (2.14)—(2.18) are shown in appendix B.

Before evaluating the mass term of U(1) gauge bosons, for completeness, we show the
definition of three 2-tori (7?); ~ C/A; with i = 1,2, 3, where the lattices A; are generated
by two vectors e; = 27 R; and e; = 2w R;7;. Here, R; and 7; are the radii and complex
structure moduli of (T2);, respectively. The metrics of three 2-tori are then given by

ds? = gmnda™da" = 2hzdz'd27, (2.19)
¢ 0 0 A 00
0 0 ¢® 0 0 h®

where 2™ are the coordinates of T2 with m,n = 4,5,6,7,8,9, 2* = 2?72 4 712372 and the

rank 2 diagonal matrices ¢ and h() are given by

- 1 ReT; ~ 0 1/2
@) — (27 R;)? g hD) = (27 R;)? . 2.21

From this expression, we expand the Kalb-Ramond field B and internal U(1), field
strengths f,, (@ = 1,---,13) in the basis of Kihler forms, w; = idz* A dz'/(2Im7®)) on
tori (T?); derived from the metrics (2.21),

3
D =p + 123 0w,
i=1
3 .
fo=21Y m{w, (2.22)

where mg) are the integers or half-integers determined by Dirac quantization condition.
Since Dirac quantization is satisfied in the adjoint representation of SO(32), the factional

numbers of m{) can be allowed as pointed out in ref. [1]. From the egs. (2.14) and (2.15),



we can extract the Stueckelberg couplings,

1 ) _ )
SR /b‘S)A [trTfff’fl + (r TH 3 + 3 TITE) fo f3 + (e ToT3) F5) fo
S
13
+ (T3 f3 + 3 ToT3) o f3 + 3t TST3) f3 fa) f5 + )t Tffffc} ,

c=4
(2.23)
where the trace identities are employed as shown in appendix B. If the U(1) gauge fields
couple to the universal axion b(é?) which is the hodge dual of the tensor field b(;), one of the
multiple U(1) gauge fields absorbs the universal axion and become massive. In our model,
since the hypercharge U(1)y is identified as the linear combinations of multiple U(1)s, i.e.,
U(1)y = t(U(1)5 + 3>, U(1).) as shall be discussed in section 3,> the U(1)y gauge field

6
becomes massless under the condition

6 tr(T:f)mgl)mgz)mg’) +3 tr(T2T33>dijkmgi)mgj)m§k) +3 tr(Tng)dijkmg)mgj)mgk)
+18 Z tr(THmMmPm® =0,
¢ (2.24)
(0)

which means no interaction between U(1)y and the universal axion bg

formulas are satisfied ngxTQXW 2= (2ﬂ)3dijkm,§i)mgj)mgk) = 6(271)3mgl)m((12)mg3) with

. Here the following

the non-vanishing intersection numbers of 2-tori, d;jr = 1 (i # j # k).

Except for the universal axion, there are other axions associated with the internal
cycles, that is, Kahler axions which couple to the U(1) gauge bosons originated from the
action given by eq. (2.5). Along with the Kalb-Ramond field B, we expand the dual field
B©) as

3
BO = 1% vols + 12> 0y, (2.25)
k=1
where w are the Hodge dual four-forms of the Kéhler forms,
dkij AdZi A dZt ,de A dZ
= —1 AN —

2 2Im7® 2Tm ()

which are defined as those satisfying fT2ngxT2 w; AW; = 0;;. After inserting these expres-

Wy, (2.26)

sions into the action given by eq. (2.5), we can extract the mass terms of the U(1) gauge
bosons,

1 i
2 /652) A Ztr(Tf)famfl). (2.27)

In the same way as the case of universal axion, the U(1)y gauge field should not couple to
the Kédhler axions, otherwise it becomes massive. Thus the U(1)y gauge boson is massless
under the following condition,

13
tr(T3)my +3 " te(T2)m) =0, (2.28)
c=4

with i = 1,2, 3.

3In the definition of U(1)y, the summation over ¢ depends on the models as shown in section 3.



As a step to realize the realistic models, the massless conditions for U(1)y gauge boson
given by egs. (2.24) and (2.28) should be satisfied. It is remarkable that these U(1) fluxes
are sensitive to the consistency condition given by eq. (2.7) as shown in the section 2.1.
When the heterotic five-branes are absent in our system, the following conditions,

13
o a(@HmPmP =0,  i#j, (6,j=1,23), (2.29)
a=1

are required from the consistencies of heterotic string theory, otherwise the NS-NS tadpole
could be canceled by the existence of heterotic five-branes.

2.3 The chiral fermions and degenerate zero-modes

The heterotic string theory on three 2-tori has N' = 4 supersymmetry in the language of
4D supercharges which have to be broken to at least NV = 1 supersymmetry in the four-
dimension, otherwise the chiral matters do not appear in the low-energy effective theory.
Although it is known that there are much progresses in the framework of toroidal orbifold,
in this paper, we focus on the realization of chiral fermions by employing the multiple U(1)
fluxes as discussed in this section.

First we define the 10D Majorana-Weyl spinor A which satisfies the Majorana-Weyl
condition,

TA=)\, (2.30)

where I' is the 10D chirality matrix. The following analysis is based on ref. [26]. In order
to discuss the 4D chirality, we decompose the 10D Majorana-Weyl spinor A into four 4D
Weyl spinors \g and A; with i = 1,2, 3 as the representation of SU(4) ~ SO(6). The 10D
chirality matrix I' is also decomposed into the product of three 2D chirality operators,
[; = —il'T'? on (T?);, where

01 0 —i
- 2 = 2.31
g (1 o)’ : (2 0)’ (2.31)

satisfying the Clifford algebra. Then the 4D chirality is fixed as

‘ . (=),
Iidg=Xo, TDi)j= { J (’L_ j.) (2.32)
=N (E#7),
which lead to the following 4D Weyl spinors,
A=At A=A, A=A, A=Ay, (2.33)

where the subscript indexes denote the eigenvalues of I'V with i = 1,2,3. When we insert
the magnetic fluxes on three 2-tori, one of the four 4D Weyl spinors would be chosen.

4Although the gauge sector still remains 4D N = 4 SUSY, it could be broken to N' = 1 SUSY by
extending our system to the toroidal orbifold with trivial gauge embedding. The (anti-) heterotic five-
branes would break (all) partial SUSY. It is then expected that the heterotic five branes compensate the
moduli invariance even if the moduli invariance is violated at the string tree-level.



In order to prove the above statements, we show the zero-mode wavefunction of fermions
originating from the 10D gaugino field by solving their Dirac equations.

The zero-modes of 10D gaugino field A\ and gauge field Aj; are defined through the
following decompositions,

Azt 2 = Y xn(@?) @ v () @ 0P (%) @ v (%)
A (a2 =3 o (@) @ 600 (1) © 68, (22) ® ¢, (27, (2.34)

where M =0,1,---,9 and z*, p=0,1,2,3 are the coordinates of the 4D spacetime. The
zero-modes of gaugino fields, 1&(()1)(,2") are expressed as

(i) (i
@) iy _ [¥3 (2%)
Yo () =15 (2.35)
’ ORED
where hereafter we omit the subscript 0 of the zero-modes, that is, 1(®)(2%) = 1/1(()i)(zi). On

the other hand, the extra dimensional components of U(1), gauge backgrounds A((li)(zi)
(a=1,2,---,13) are given by

L (i)
AD 1y = T 12z (2.36)

ImTi

which lead to the magnetic fluxes given by eq. (2.22) along the Cartan direction of SO(32).

Here and hereafter, we multiply the U(1), magnetic fluxes m((f) by their corresponding

normalization factors.
Then the zero-mode equations of fermions () (2) with the U(1), charge g, are given by

DD () = (07 V., + T7 V)@ (1) = 0 (2.37)

where the Gamma matrices and covariant derivatives in terms of the complex coordinates,

i 1 02 =i 1 00
I“ = I'* = 2.38
21 R; (0 0) ’ 21 R; (2 0> ’ ( )

which can be derived from the Gamma matrices in flat space (2.31) and the metric of
torus (2.21) and

(2%, 2") are defined as

V=0 —ige(AD),:

a

Vgi = 821' — iqa(A Z))gz . (2.39)

a

The spin connections are vanishing due to the topology of tori. Thus the Dirac equations
on (T?); are rewritten as

5 . TG 5\ )i i _
(8z1+21 Ti2>¢+(zvz) 07
V_anmé_z' (1) (i ziy _
(@1 i Tiz>¢_(z,z) 0. (2.40)



Then w(j)(zi,zi) has zero-modes only if M* = g,m! > 0, whereas w@ (2*,2") has zero-
modes only if M* < 0. In both cases, the wavefunctions have |M?| independent solutions
as the solution of Dirac equations (2.40). Hence the number of generations of zero-modes,
M is given by the product of |M?|, that is, M = |M*||M?||M?3|. (This result is consistent
with that of the index theorem.) Since the nonvanishing fluxes |M?| select one of the two
chiralities on (T2);, i.e., ¢$) or w(_i), non vanishing fluxes on three 2-tori lead to the chiral
spectrum as can be seen in eq. (2.33).

However, such magnetic fluxes may break all N' = 4 SUSY through the D-terms or
Fayet-Iliopoulos terms in the language of 4D N' =1 SUSY. When N = 1 SUSY is preserved
in the system, the vanishing D-terms imply that the hermitian Yang-Mills equations for
the U(1), field strengths should be satisfied at the vacuum,

97(fa)i5 = 0. (2.41)
In our set-up, these conditions are equal to
3 mi
d —t=0, (2.42)
— A;
=1
where A; = (27R;)?Im7; are the areas of tori, (72);. Indeed, when these conditions
are satisfied, massless scalar fields appear for Ay; (M = 4,---,9), and they correspond

to superpartners of the above massless fermions. At the perturbative level, the D-term
conditions receive at most one-loop corrections [27] which have the dilaton dependence.
Finally, we comment on the Wilson lines which play a role of breaking the gauge group
into its subgroups without changing the rank of gauge groups. In fact, when we introduce
the Wilson lines gff), along the U(1), directions, the internal components of U(1), gauge

fields take the following shifts compared to eq. (2.36),
(1)
L Tmy
Aq(2Y) =
(Z ) Im 7, 7

which modify the zero-mode wavefunctions determined by the Dirac equations (2.40),

Im ((% + ¢P)dz) (2.43)

whereas the number of zero-modes and U(1) fluxes are not modified. When we evalu-
ate the values of Yukawa couplings, such Wilson lines would give significant effects.

3 Three-generation models in the SO(32) heterotic string theory

3.1 Matter content

In this section, we show the concrete decomposition of SO(32) gauge group into the stan-
dard model gauge groups and then the parts of adjoint representation of SO(32) are identi-
fied as the matter contents of the standard model. As the first step to obtain the standard
model gauge groups, we consider the decomposition of SO(32) illustrated as
SO(32) — SO(12) ® SO(20),
496 — (1,190) @ (12,,20,) @ (66,1), (3.1)

where the multiple U(1) fluxes are assumed along the Cartan directions of SO(32).

,10,



In order to derive the matter contents of the standard model, we examine whether
the adjoint representation of SO(12) involves the candidates of elementary particles or not.
When we put three U(1); 23 fluxes along the Cartan directions of SO(12) gauge group, it
is found that SO(12) involves the candidates of SU(3)c and SU(2)y,

SO(12) — SO(8) ® SU(2);, ® U(1); — SU(4) ® U(1)2 ® SU(2)7 ® U(1);
5 SUB)e @ U(1); ® U(1), ® SU2), © U(1); (3.2)

where the Cartan directions of U(1); 2,3 are given by eq. (2.11). Then the adjoint repre-
sentation of SO(12) is decomposed as

)
(8,1)0,0,0
3,1)0,0,4
(15, 1)070 (7 )
(37 1)0,0,—4
(1,1)0,0,0
(28,1)o 3,1)0,2,—2
(67 1)02 (_ ) 34y
(3,1)0,2,2
- 3,1)0,—2,—2
(67 1)0,72 {(_ )
(3,1)0,—2,2
(1,1)0,0,0
3,2)1,1,1
(4,2)11 {( L1
66 (1,2)1,17_3 , (3.3)
(81172)1 _
_ (3,2)1,-1,1
(472)1,—1
(1,2)1,-13
3,2) 111
(4,2) 1 {( )
(1,2)—1,1,-3
(81)72)—1 _
- (3,2)-1,-1,-1
(4,2)—1,1
(1,2)—1,-13
(1,3)0,0,0
(1,1)200
(1,1)—200
(1,1)0,0,0

which are singlets of SO(20), where the subscript indices denote the U(1); 23 charge ¢; 23.
The normalization of U(1) generators are given by appendix A. Thus when we identify

the hypercharge as U(1)y = U(1)3/6, we can extract the candidates of the quarks, charged

— 11 —



leptons and/or Higgs,

Q: Q=821 , L: L= ; up {uc =(3,1)0,0,-1 >
Q2= (3,2)-111 Ly=(1,2) 11 3 Ry L)oo,
& = (3,1
i { Y (_ e ' n1 = (1,1)2,00- (3.4)
C
dg, = (3,1)0,—2,2

As shown in the above analysis, the adjoint representation of SO(12), 66 does not involve
the candidate of right-handed leptons. Therefore, we further decompose the SO(20) gauge
group into U(1)4p5,... 13 gauge groups,

SO(20) — U(1)y @ -~ @ U(1)y3, (3.5)

where the nonvanishing U(1) fluxes along all U(1)y4,... 13 directions are inserted shown in
eq. (2.11). Now SO(2) is identified as U(1). The vector representation and the singlet of
SO(12), 12, and 1 give the suitable matter contents, i.e., right-handed quarks and leptons,
charged-leptons and/or Higgs,

L§ = (1,2)1,00,-1,0, 0
L= (1,2)-100-10, 0
ust = (3,1 -
(121)7 201)) _> R2 (_ )07 17 17 170, 0 , (a _ 4’ 5’ . ’ 13) ,
diy = (3, 1)0,-1,-151,0,+-.0
ey = (1,1)0,-1,31,0,.,0
n5 = (1,1)0,-1,3-1,0,- .0
b = (1,1)0,0,051,1,0, .0
(1,190) = ¢ ™ SESRSEEE (a,b=4,5,--,13, a #b), (3.6)
n5» = (1,1)0,0,0,1,-1,0, 0

where the underlines for U(1)45.... 13 charge a5 ... 13 denote all the possible permutations.
It is remarkable that the correct U(1)y charge can be also realized as

13
IKDy:é<UOb+3§:Uﬂ%>. (3.7)
c=4

3.2 Three-generation models

Since the matter contents of the standard model are correctly identified in the previous
section, we show the number of generations for each representation in this section.

As discussed in section 2.3, the U(1) fluxes generate the degenerate zero-modes if
these zero-modes have U(1) charges. It implies that the number of generations for the
representations embedded in the adjoint and vector representations of SO(12), 66 and 12,

— 12 —



are determined by the following formulas,

3 3
le—Hle [T mi +mb +m3) . mQQ—HmQQ [I(=mi +mb +m3) .
=1 =1
3 3
le—Hle Hm’l+m§—3m§), mL2_HmL2_H (—mf +m4 — 3mj),
i=1 i=1
3 3 3
_ i _ i i
e | () o =TTty = T2
i=1 i=1 i=1
3 3
_ i i _ i i
T'T'Ldg2 = Hmdc = H 2m2 + 2m3) s TTldg2 = Hmdc = H 2m2 -+ 2m3) s
i=1 i=1
(3.8)
and
3 3
mig = [ [ mig = [10mi —mo), mLa—HmLa—H— 1= ma).
i=1 i=1 i=1
3 3 3
Mugs = Hmz?;; = H(—mZQ —my —my), Mags = Hmfﬁ% = H(—mlz —my+my),
i=1 i=1 i=1 i=1
3 3 3 3
Megs = Hmé%a = H(—m’z +3ms +m!), Mpg = Hmﬁlg = H(—mlz +3mb —m!),
i=1 YA i=1 i=1
(3.9)
respectively.

Now we are ready to search for the realistic three-generation models in the frame-
work of SO(32) heterotic string theory. In the light of U(1)y massless conditions given
by egs. (2.24) and (2.28), the nonvanishing U(1)s fluxes seem to violate these massless
conditions. Therefore, in this paper, we restrict ourselves to the case that U(1)s fluxes are
absent in our system, which lead to no chiral generations of right-handed quarks, u% and
d% from the adjoint representation of SO(12) as can be seen in eq. (3.8). Only left-handed
quarks @) and charged-leptons L are then generated from the adjoint representation of
SO(12). As for the left-handed quarks, @, there are two possibilities to reproduce the
three generations of @,

Type A: (leasz) =(2,1), Type B: (leasz) =(3,0), (3.10)

without loss of generality, because we can exchange m¢, and mg, under flipping the sign of
mﬁ with ¢ = 1,2, 3. In both cases, the possible U(1) fluxes are summarized in tables 1 and 2
and in the case of Type B, it is restricted within the range of —2 < méh <2,i=1,2,3, for
simplicity. In both tables, possible permutations among the first, second and third 2-tori
are omitted. Also, when we flip signs of magnetic fluxes in two of three 2-tori, we obtain
the same generation number. For example the magnetic fluxes, (mi, m?, m?) = (—3/2,0,1)
(m},m3,m3) = (—=1/2,—1,0), are obtained by flipping the signs of magnetic fluxes in the
first and second 2-tori from ones in table 1 and they lead to the same generation numbers.
We omit such possibilities in both tables.
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(mi,mi,mi) | (my,m3,m3)
(5:0,0) (3:1,1)
(1,1,3) (0,0,3)
(3.1,0) (3:0,1)

Table 1. The possible magnetic fluxes in Type A. Possible permutations among the three 2-tori
are omitted. Certain types of sign flipping are also omitted.

Under the constrained magnetic fluxes in tables 1 and 2, we further search for the realis-
tic three generations of u%,, df, and ef, satisfying the U(1)y massless conditions (2.24), (2.28)
as well as the SUSY conditions (2.42).5 As a result, within the range of —10 < m‘.. < 10,

R
there are three choices for the U(1) fluxes as follows, i

Case I my =ml =mb = —mb = —mi = —mj,
myy = mln = _m12 = _m137
(muca Mg Meea, Mng) = (1,0,0,1), (a=4,5,6), (3.11)
(mu(j;;,md%l;7me%b,mng) - (0,17170)7 (b:7,8,9)7
(muﬁg,mdﬁé,meﬁd,mng) — (07 07 07 0) 5 (d — 10, ].]., 127 13) 5
Case 11 mhy = —mi
= m = m = my = iy =~y = ~miy = s,
(m %4 mdc4 m c4 m ) — (3,0, 0, 3), (312)
(mu?%,md%z,meﬁs,m ) — (0,3,3,0),
(muR Mg s Mege, Mg a) =(0,0,0,0), (a=6,7,8,9,10,11,12,13)
and
Case III my = —mj, mly = —mb
my = my =miy = —mj; = —mpy = —miz,

4m4m4m4
(‘ d(‘ c ni

c5 mdc5 mc5

0,2,2,0), (3.13)

’I’L

c7 mdc7 mc7

8
(m )
(m ms) =
(Mg Mags , Megs, Mg ) =
(m s Mg) =
( g) =

. (a=8,9,10,11,12,13).

In the case of Type A, only “Case I” is allowed as the realistic three-generation models.
The typical U(1) fluxes and the number of generations of matters are given by tables 3
and 4. Under the U(1) gauge symmetries, the following Yukawa couplings of quarks and

SHere we do not constrain the number of charged-leptons, L, because some of them may be identified
as higgsino fields.
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Possible permutations among the three 2-tori are omitted. Certain types of sign flipping are also

Table 2. The possible magnetic fluxes in Type B within the range of

omitted.



1 2 3 1

(mlamlvml) (m27m%amg) (mil’nm%am?)) (mzllvm?hm?l) (m%07m%07m§0)

3

(%’071) (%7170) (07070) (%7_2’ 1) (5’1’0)

Table 3. The typical values of U(1

and (3.11).

) fluxes in the model of type A and “Case I” given by eqs. (3.10)

(Q1,Qs, L, L, Sy, dS 5, m1) | (2,1,2,1,0,0,0,0)
(Lg,Lﬁ,uc4 dgﬁ,eRl n2) (0,8,1,0,0,1)
(L3, L, ug, ds, e53, ) (0,8,1,0,0,1)
(Lng, 5227d3%27€1%1’”2) (0,8,1,0,0,1)
(L;,LZ,uRZ,d%z,eRl,nz) (—8,0,0,1,1,0)
(L§7L4,u%82,chi,eRl7n2) (—8,0,0,1,1,0)
(Lg,LZ,ucg d%i,efg ng) (—8,0,0,1,1,0)

(LéO,LZL , %120 dC10 e%llo, ) (—1,-2,0,0,0,0)
(Lél,L4 7ucu dC11 6%111, nit) (—1,-2,0,0,0,0)
(LéQ,L4 7uC12 d°12 6%112 %2) (2,1,0,0,0,0)
(L%?’,L4 7uCl?’ dC13 6%113 ) (2,1,0,0,0,0)

Table 4. The number of generations for the representations defined in the model of type A and
“Case I” given by egs. (3.10) and (3.11).

leptons are allowed in terms of the renormalizable operators,

(Qlaégaupﬂ)v
(QlaLgaUpQ)»
(Q17L37u36)7
(Qu, L, d),
(Q1, L%, d%)
(Q1, LY, dcg) ;

)

( )v (L17L3> %
(Qa, L3, u%) , (L1, L3, m3
(Q27L4:U )a (L17L37 3 ) )
(Q27L77d )7 (L17L47 ?%71) )
(QQvL )7 (L17L4817 ?28% L27L§76f1§)7
(Q2, L3, dcg)a (L1, LY, e3) )

9

Q2, L, u iz
C

&~
%)
~
o
N
RO U RO

N — —

(3.14)

t~
v
t~
w5~
Q)
o

These include useful Yukawa couplings to give all of the quarks and leptons masses when

L4, L%, L5, LY with a = 4,5,6

and b = 7,8,9 are identified as Higgs doublets and l_LgA

denote conjugate representations of L§ ,

Next, we consider the case of Type B. As the supersymmetric three-generation models,
both “Case I” and “Case II” are allowed and they are then categorized as the four types

of models,

BI:
BII :
BIII :
BIV:

“Case I” in type B,

“Case II” in type B with m,,, =0,
“Case II” in type B with m,,, # 0,
“Case III” in type B.

(3.15)

For each model, the typical U(1) fluxes and the number of generations of matters are
summarized in tables 5, 6, 7, 8, 9 and 10. In the type Bl model summarized in tables 5
and 6, the following Yukawa couplings of quarks and leptons are allowed in terms of the
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(m%am%m%) (m%7m%amg) (mil’nm%amg) (mzllvm?hm?l) (m%07m%07m§0)

(1,0,5) (2,1,5) (0,000 | (=1,=23) | (0.1,=3)

Table 5. The typical values of U(1) fluxes in the type BI model given by eq. (3.15).

(Ql, QQ, Ll, LQ, ’Uﬁ%l 5 d%l d?ﬁ 5 nl) (3, 07 3, 0, 0, 8, —8, 0)

(L%,L4,uR2,d§é7eRl n3) (0,0,1,0,0,1)
(L3, L5, u %52,11%‘2,61%1 n3) (0,0,1,0,0,1)
(LS, L8, us® , 58, e58 , n) (0,0,1,0,0,1)
(Lg,LZ,ugg,dg,eRl,nz) (0,0,0,1,1,0)
(L§ 4,uR2,d3283,eR1,n2) (0,0,0,1,1,0)
(Lg,L4,u§2,d59 eRl n2) (0,0,0,1,1,0)

(LE%,O?L4 , ji%}zo dc10 e‘}é}lo, ) (—1,0,0,0,070)
(L§17L4 7u§31217d611 6%1117 % ) (71v030707070)
(L%P,Lf,u“” dil?, R, ny?) (0,1,0,0,0,0)
(L3 5)

Lk 7u%1237dcl3 €513, n} (0,1,0,0,0,0)

Table 6. The number of generations for the representations in the type BI model given by eq. (3.15).

renormalizable operators,

(Q1,L3,UR ) (Q17L37uR ), (Q17L3>UR ) (Ll’L37n2) (L1, L3, n3), (Ll’igﬂlg)
(leL 4 3)7 (QLL 4 3>7 (QlaL 4 3)7 (L1>L476R1) (L1>L47€R1) (L1>L47€R1)
(3.16)
These also include useful Yukawa couplings when E%,LZ with a = 4,5,6 and b = 7,8,9
are identified as Higgs doublets. In both type BII and type BIII models summarized in
tables 7, 8, 9 and 10, the useful Yukawa couplings of quarks and leptons are allowed in
terms of the renormalizable operators,

(Q17L37UR2) (QlaLivdg{i)v (L17E§7n%)7 (L17L576R1) (317)

where L3, L} are identified as Higgs doublets. Finally, in type BIV model summarized in
tables 11 and 12, the useful Yukawa couplings of quarks and leptons are allowed in terms
of the renormalizable operators,

(QlaLSvuR )7 (Q17L37uR )a (L17L3>n2) (Ll,ig,ng)

3.18
(QlaL 7dR3)7 (QlaL 4 )7 (L17L4>6R1) (LlaLlleRl) ( )

where L4 6 L5 7

are identified as Higgs doublets.

Note that in our models, the consistency conditions given by eq. (2.7) are not satisfied
without introducing the heterotic five-branes. In this case, we have to take care of the
Witten anomaly [23, 24] on the heterotic five-branes with Sp(2N) gauge groups which
is the case that the number of heterotic five-branes is N. In order to avoid the Witten
anomaly, the number of chiral fermions under the fundamental representations of Sp(2.V)

are even [23, 24]. These fundamental representations of (32,2N) under SO(32) ® Sp(2N)
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(

m%am%m?) (m25m27m2) (m%,m%,mz;

1 2 3 3

)

3

(mi7miam4) (mévm%7m6

3

)

29

(3.0.5) (

111

29 75) (07070)

(=3.23) | (5

-1,3)

Table 7. The typical values of U(1) fluxes in the type BII model given by eq. (3.15).

(Q1,Qo, L1, Lo, uly, %, d5,n1) | (3,0,3,0,0,2, —2,0)
(L4, LA, uGh 5t et nd) (0,-2,3,0,0,3)
(Lg,L4,uR2,d§%§7eRl7n§) (2,0,0,3,3,0)
(LS, LG, usd, d55, e58 , n§) (0,7,0,0,0,0)
(Lg,Lg,ug,dgLeg nl) (0,7,0,0,0,0)
(L§, LY, ug s, €533, m8) (0.7,0,0,0,0)
(L3, LY, ;’é,dé,e%‘%,ng) (0,7,0,0,0,0)

(L}))O,L4 LuGl0, d50, €10, nd0) (=7,0,0,0,0,0)
(L3, L} ,ugg;,dcll EARRT (=7,0,0,0,0,0)
(L12 L12 uc12 dcl2 ei_i112 ) ( 7 0 O 0 0 0)
(L13, 113, 33}23 d613 518, ni?) (—7,0,0,0,0,0)

Table 8. The number of generations for the representations in the type BII model given by

eq. (3.15).

(mi,mi,m?) | (mg,m3,m3) | (mg,m3,m3) | (mi,mi,myg) | (mg,mg,me)
(1—3.3) (2,3:3) (0,000 | (=1-5.35) | (25 -3)

Table 9. The typical values of U(1) fluxes in the type BIII model given by eq. (3.15).

(Ql,QQ,Ll,Lg,uCRl d%,l1 dj‘%,nl) (3,0,3,0,0, 12,712,2)
(L3, LY, ush, dt, eRh ns) (0,0,3,0,0,3)
(L37L4’ 22:7615%3761%1777’2) (07030a373,0)
(L§, L§,ud,d5, e5 ,nf) (7,0,0,0,0,0)
(L37L4,u§g,d§§,e§§j,ng) (7,0,0,0,0,0)

(L L4 ,u“o d;%o,ej-illo n%o) (O,—?,0,0,0,0)
(L%f’,L4 ,u013 d%lf,e;’%ll?’ n§3) (0,—7,0,0,0,0)

Table 10. The number of generations for the representations in the type BIII model given by

eq. (3.15).

can be read in the type I string with D5-and D9-brane system which is expected as the
S-dual of the SO(32) heterotic string. The generations of the chiral fermions included in
(12, 2]\7) under SO(12) ® Sp(2N) and (20,2N) under SO(20) ® Sp(2N) are determined

by :I:H

(i
=1 Ma

D for a = 1,2.4,---

, 13, in the case mg) = 0 with 4 = 1,2,3. In our most

supersymmetric models, the chiral fermions arise from (32,2/N) under SO(32) ® Sp(2N).

Thus we require the non-trivial mechanism to obtain the even number of chiral fermions

such as U(1) fluxes on the heterotic five-branes in order to avoid the Witten anomaly.
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(mi,mi,m) | (my,m3,m3) | (mg,m3,m3) | (my,mi,mi) | (mg,mg m) | (mg,mg mi)
5 1 1 1 1 1 5 1 1 3 1 1 1 11
(3:3:3) (3:3:3) (0,0,0) (=333 | (=353 | (=333

Table 11. The typical values of U(1) fluxes in the type BIV model given by eq. (3.15).

(Ql?Q27L17L27u%17d%17d§{27n1) (3707370707]-’_175)
(L3,L4,u%42,d§i7efé7n%) (0,0,2,0,0,2)
(Lg7LZ7uR2’di§;76§é ng) (0 030327270)
(L§, L, uf}, diz; » €, n5) (0,-1,1,0,0,1)
(L§, LY, uy), i, efi nd) (0,-1,1,0,0,1)
(L18&7L1817UR25d§%8376§%81 ng) (O 2 O 0 0 O)
(Lg,LZ,uRZ,dﬁz,e%?,ng) (0,-2,0,0,0,0)

(L3 4 O, ufy, dil’, i’ ny”) (0,-2,0,0,0,0)
( 4 ,u%,/l;,ddl e;—illl %1) (2,0,0,0,0,0)
(L§2,L4 , }%2 dc12 6%112 ) (2,0,0,0,0,0)
(L33, L3 u %123 dc13 6‘13%113, n3?) (2,0,0,0,0,0)

Table 12. The number of generations for the representations in the type BIV model given by
eq. (3.15).

Finally we comment on the gauge enhancements induced by vanishing fluxes. In this
paper, we focus on the case mé =0, 7= 1,2,3 in the light of U(1)y massless conditions
given by eqgs. (2.24) and (2.28). These vanishing fluxes cause the gauge enhancement,
SU(3)cxU(1)3 — SU(4). Moreover it requires the Wilson-lines into the internal component
of U(1)3 to break down SU(4) into SU(3). Our models have other gauge enhancements.
The realistic three-generation models are summarized in three cases, “Case I”, “Case II”
and “Case III” in egs. (3.11), (3.12) and (3.13), respectively. In both cases, most magnetic
fluxes are related to each other due to the U(1)y massless conditions given by egs. (2.24)
and (2.28). For example, the invariant simple roots under the existences of fluxes read

Case I = (0,0,0,0,0,0;1,-1,0,---,0),
=(0,0,0,0,0,0;0,1,-1,0,---,0),

a3 = (0,0,0,0,0,0;0,0,0,1,-1,0,---,0),
(0,0,0,0,0,0;0,0,0,0,1,—1,0,---,0),
= (

0,0,0,0,0,0;0,0,1,0,0,1,0,--- ,0), (3.19)

gy =

Case II al:(07070707070;171707"'70)7
Case III a1 = (0,0,0,0,0,0;1,1,0,---,0),
Q2 = (07070707070;0707171707'" 70)7

which implies the SU(6), SU(2) and SU(2) x SU(2) gauge symmetries, respectively. All of
them include SU(2)g. Furthermore, SU(3) of SU(6) is a flavor symmetry of right-handed
matter fields, and the three right-handed matter generations is a triplet under SU(3) flavor
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symmetry, while the left-handed matter fields are singlets. We introduce Wilson lines to
break theses symmetries.

3.3 Three-generation models with K-theory constraints

So far, we have not considered the so-called K-theory constraints which are formulated in
the S-dual to the SO(32) heterotic string theory, i.e., Type I string theory. In the SO(32)
heterotic string theory, the total number of magnetic fluxes is further constrained as

Z m: =0 (mod2), (3.20)

for i = 1,2,3, as stated in ref. [17, 18]. Such a condition allows for the well-defined spinor
representation of the gauge bundle, otherwise its wavefunction is not single-valued.

When we assume that the SO(32) heterotic string theory on our gauge background
is described as its S-dual theory, i.e., Type I string theory, the above condition (3.20)
may correspond to the K-theory constraints [31] which cannot be classified in terms of
a homology. These constraints can be understood by introducing all the possible probe
D-branes [32], and then they show the existence of several stable non-BPS branes with the
discrete K-theory charge, i.e., Zo-charge. In the case of IV stacks of heterotic five-brane
with Sp(2N) gauge group, they require the condition (3.20) in order to avoid the Witten
anomaly [23, 24].6 Furthermore, in type I string, the fractional fluxes are allowed due to
multiple wrapping numbers of D-branes. Although such a degree of freedom is expected to
appear in the heterotic string side, we do not consider these possibilities, which we leave
for future works. Since all the models discussed in section 3.2 do not satisfy the K-theory
condition, in this section, we further search for the possibilities of three-generation models
under these assumptions.

First of all, in the light of U(1)y massless condition, we impose the constraints for
U(1) fluxes as,

mh =0, mhys=-mh g (a=1,2,3,4,5), (3.21)
with ¢ = 1,2, 3, which simplify the K-theory condition as

2
> mi =0 (mod2). (3.22)

a=1

From the fact that all the possible candidates for left-handed quarks ) and charged leptons
L are involved in the adjoint representation of SO(12), three generations of @ and L have
to be realized from such a representation. Then, their fluxes are constrained as

Type A: (le,sz) - (27 1) ) TYPGA’Z (mQ17mQ2) = (17 2) )
Type B: (mq,,mq,) = (3,0), Type B': (mq,,mq,) = (0,3), (3.23)

In the heterotic string, the K-theory may be understood in terms of closed string tachyon [33] based
on supercritical string [34].
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(my,mi,mi) | (my,m3,m3)
(=539 G11
(=3 -2-3) | (22)
(-333) | Gid
R
27 29 2 2 2792
(~3-38) | G4
(=3-2-3)| Gz2)
(3-8 | G
433 | G40
(~5-3-9) | G-39)
(—3-2-3) | Gz2)

b4
(=2:73:3) | (3.9

Table 13. The possible magnetic fluxes in Type B’ within the range of —2 < mégl < 2 for min =0
and —2 < min < 2 for min =0, where i = 1,2, 3.

where mé?m’ and hereafter we focus on the case that the right-handed quarks df, are
generated from the vector representation of SO(12), for simplicity. In such cases, we find
that only Type B’ in eq. (3.23) satisfies the K-theory condition (3.22) and the SUSY
condition (2.42) yielding three generations of () and L. The possible U(1); 2 fluxes are
summarized in table 13.
Next, we consider the remaining matter contents in the standard model, that is, u%,
% and e%. Among the constrained magnetic fluxes listed in table 13, we further search
for those yield three generations of u%, d% and e, satisfying the U(1)y massless condi-
tion (3.21) as well as the SUSY condition (2.42). Note that the K-theory condition is
already satisfied under the constraints (3.21) and (3.22). As a result, within the range of
-5 < mz% . < 5, there are three allowed choices for the U(1) fluxes as follows,

“Case 17 (Myea, Myes , - - ., mye1s) = (1,1,1,0,0,0,0,0,0,0),
o e e (3.24)
(Mg ;g - mgg1a) = (0,0,0,0,0,1,1,1,0,0),
“Case IP7 (Myea,Myes ..., mye1s) = (3,0,0,0,0,0,0,0,0,0),
fla 2 (3.25)
(Mggs mgss ..., mgg1a) = (0,0,0,0,0,3,0,0,0,0),
and
“Case TIP”  (myea , Myes ..., mye1s) = (2,1,0,0,0,0,0,0,0,0),
Ry Ry R

2 (3.26)
(Mgea . Mges - .., mgers) = (0,0,0,0,0,2,1,0,0,0).
Ry Ry Ry

For each model, the typical U(1) fluxes and the number of generations of matters are sum-
marized in tables 14, 15, 16, 17, 18 and 19. In the “Case I’” summarized in tables 14 and 15,
non-vanishing Yukawa coupling terms involving the following combinations of quarks and

— 21 —



3 _1 _1 3 1 1 11 _3 11 _1
(=2-3-3) | (5:53) (0,000 | (=353=3) | (5:3.-3)
Table 14. The typical values of U(1) fluxes in the “Case I'” given by eq. (3.24). The other U(1)
fluxes are constrained to be my = mi{ = m§ = —ml = —ml, = —m?; and m{ = m{ = —mi, =

—mty with i =1,2,3.

(Ql,Qg,Ll,L%u‘gl,d%l,d?{wnl) (0,3,0,3,0,3,—3,3)
( 4,uR2,d§{§7e§{i,n2) (1,0,1,0,0,1)
(L§,L4,uRQ,dCR‘;eR1 n3) (1,0,1,0,0,1)
(LS, L§,ugd, d>, eq’, nf) (1,0,1,0,0,1)
(Lg,LZ,u%Z,d%Z,efgl nl) (0,0,0,0,0,0)
(L5, L§,uG, d}, ef?, n) (0,0,0,0,0,0)
(Lg,LZ,uRQ,dg,eﬁ,ng) (0,-1,0,1,1,0)

(L0, 110, ug k0 ds 1, 10, p10) (0,-1,0,1,1,0)
(L§17L4 , %él df%lsl 6%111,n%1) (0,-1,0,1,1,0)
(L%27L4 , %122 dc12 6%112’n%2) (0,0,0,0,0,0)
(L13, 13 ,ugj,dcw e513, nid) (0,0,0,0,0,0)

Table 15. The number of generations for the representations in the “Case I'” given by eq. (3.24).

leptons are allowed as the renormalizable operators,

(Q27Eivu§22) (Q%LiauRz) (Q%LELURQ) (L2vi4’n2)’ (L27[_’4vn2) (L2ai47n2)
(QQaL%d?Df;)a (QQaL dci()) (QQaL df%l;) (LQaL376R )7 (L27L%,07 610) (L23L3 ’6%111).
(3.27)

These include useful Yukawa couplings to give masses of all the quarks and leptons when
1, Lg with a = 4,5,6 and b =9, 10, 11 are identified as Higgs doublets.
As for the “Case II’” summarized in tables 16 and 17, the following combinations of
quarks and leptons have renormalizable Yukawa coupling,

(Q27L47uR2) (Q27L97d§%93)7 <L27ii7n%)7 <L27L976R1) (328)

where L}, LY are identified as Higgs doublets in order to be phenomenologically viable.
Next, in the “Case III’” summarized in tables 18 and 19, the renormalizable Yukawa
couplings are allowed for the following combinations of quarks and leptons,

(Q27L47UR2)a (Q27L4>UR2) (L27E37n3) (L27L47n2)
(QQvL 39 3)7 (Q27L ) 0130) (L27L37€R) (L27L3 76%10)

5 79,10
) L3

(3.29)

where I_Lj’ can be identified as Higgs doublets. Note that in the same way as in sec-
tion 3.2, the consistency conditions given by eq. (2.7) are not satisfied without introducing
the heterotic five-branes, in the supersymmetric case.

Finally we comment on the gauge enhancements induced by vanishing fluxes. As
discussed in section 3.2, vanishing U(1)s fluxes require the existence of Wilson-lines for
the internal component of U(1)3 to break SU(4) down to SU(3). There are other gauge

enhancements in three realistic models, “Case I'”, “Case II'” and “Case I1I’”, where most
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(m%vmhm?) (m%vmgzm%) (méam§7mg) (m4117m4217m431) (mé7m§amg)
1 1 1 5 1 1 11 1 1 5 1 1
(-3-3-3) | (5:3.3) (0,0,0) (=% 33) | (5:=3.—3)

Table 16. The typical values of U(1) fluxes in the “Case II'” given by eq. (3.25). The other U(
fluxes are constrained to be mj = —m} and mi{ = m{ = mi = mi = —mi, = —mt; = —mi,

—mty with i =1,2,3.

(Q1,Qa, L1, Lo, Sy, d5, 1) | (0,3,0,3,0,5,—5,1)
(L3, Lt uGh, dt, eft ng) (5,0,3,0,0,3)
(Lg,Li,ug,dg,eg,ng) (0,-2,0,0,0,0)
( 4,u32,d§63,e§?,ng) (0,-2,0,0,0,0)
(L?ZvLZLvuRzad?%Z ech n;) (0,-2,0,0,0,0)
(Lg,Li,u%i,d%SS,efé n3) (0,—2,0,0,0,0)
(Lg,LZ,uRQ,d%Z,egi ng) (0,-5,0,3,3,0)

(LéO,L}lO,uﬁlzo,dcm 6‘1:%110 ) (2,0,0,0,0,0)
(Lél,L}ll, Cll dc11 6%111 ih (2,0,0,0,0,0)
(Li2, L2, ;f,dcl? 6%1127712 ) (2,0,0,0,0,0)
(L%37L 613 dc13 6‘}:%113 ) (2,0,0,0,0,0)

1)

Table 17. The number of generations for the representations in the “Case IT'” given by eq. (3.25).

(mlamlv ) (m%,m%,mg) (mé,m%,mg) (m}l i ?1) (mévmg mg) (mflhm%’mg)
3 1 1 3 1 1 7 1 1 5 1 1 3 1 1
(-3 -3-3) | (533 (0,0,0) (=333 | (=333 | (3.-3.-3)

Table 18. The typical values of U(1) fluxes in the “Case III"” given by eq. (3.26). The other U(1)

fluxes are constrained to be mg =

1, —

mz =

l_
m8__m11 =

—miy, = —mi, with i =1,2,3.

(QlaQ?aL15L27u%lad%lvd%{27nl)

(0,3,0,3,0,3,-3,3)

(L3,Li,u32,d§é,em,n2) (2,0,2,0,0,2)
(LE,L4,u§252,d§§7eRl7n§) (1,0,1,0,0,1)
(L§ 4,u32,d§63,eR1,ng) (0,0,0,0,0,0)
(Lg,L4,uR2,d§g €%’ nd) (0,0,0,0,0,0)
(L§, LY, usd, ds, e58 ,nf) (0,0,0,0,0,0)
(L3, LY, us), 5, e5), ng) (0,-2,0,2,2,0)
(L3°, L%, uGll, d5i0, e i) (0,—1,0,1,1,0)
(Lgl,Lf,uC“,dcﬂ St ngt) (0,0,0,0,0,0)
(L3, L2, ugl?, dg2, e§?1127n2 ) (0,0,0,0,0,0)
(L33, L%, ut3, d52, eGl3, ni?) (0,0,0,0,0,0)

Table 19. The number of generations for the representations in the “Case III’” given by eq. (3.26).

magnetic fluxes are related to each other due to the U(1)y massless conditions (2.24), (2.28)

and the K-theory condition (3.20).

For example, there are invariant simple roots under

the existences of fluxes such as SU(6), SU(2) and SU(2) x SU(2) gauge symmetries for the
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“Case I'”, “Case II'” and “Case III’”, respectively. We introduce Wilson-lines to break
these gauge symmetries.

4 Conclusion

In this paper, we have derived the realistic standard model gauge groups from the frame-
work of SO(32) heterotic string theory on three factorizable 2-tori with magnetic fluxes.
Introducing magnetic fluxes as well as Wilson lines into Cartan directions of SO(32) break
SO(32) to SU(3) x SU(2) x U(1)y and extra symmetries. These U(1) fluxes also lead to
chiral fermions in the four dimensions if and only if the fluxes insert into all the three
2-tori. At the same time, the generations of chiral matters are determined by the numbers
of fluxes. We have derived three chiral generations of quarks and leptons. Our models also
include Higgs fields, which have Yukawa couplings to quarks and leptons at tree level.

Possible configurations of magnetic fluxes are severely constrained by the massless
condition of U(1)y hypercharge gauge boson and the consistency condition of heterotic
string theory. It is remarkable that in general, the ten-dimensional Green-Schwarz term
induces the Stueckelberg couplings to multiple U(1) gauge bosons which might lead to
the mass term of U(1)y hypercharge gauge boson. In this respect, the numbers of fluxes
have been constrained by the massless condition of U(1)y gauge boson. Since the torus
is flat, our models requires the existence of heterotic five-branes in order to satisfy the
consistency conditions without introducing the extra Stueckelberg couplings to U(1) gauge
boson, in contrast to the Eg x Eg heterotic string theory. At that time, the Witten anomaly
cancellation constrains the number of U(1) fluxes due to the nature of symplectic groups on
the heterotic five-branes. In fact, the chiral fermions under the fundamental representation
of symplectic gauge groups do not arise in the parts of our models, whereas the other parts
of our models requires the non-trivial mechanisms such as U(1) fluxes on heterotic five-
branes to cause even number of these chiral fermions to avoid the Witten anomaly. We listed
supersymmetric three-generation standard models with massless U(1)y gauge bosons and
desirable Yukawa couplings of quarks, leptons and Higgs. The detailed phenomenological
analysis of our models such as mass matrices would be studied in a separate work and the
detail of this paper is applicable in the framework of type I string.

The unbroken gauge sector in our models has N/ = 4 supersymmetry, that is, three
adjoint scalar fields and four types of gaugino fields. However, the existence of (anti-
)heterotic five-branes would lead to the breaking of (all) partial breaking of supersymmetry
in our model. Orbifolding would be useful to reduce N' = 4 supersymmetry to N/ = 1.
Zero-mode wavefuctions have been also studied on orbifolds with magnetic fluxes [35-37].
Such extensions would be also interesting.
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A Normalization of the SO(32) gauge group

In this appendix, we show the normalization of Abelian gauge groups embedded in SO(32)
gauge group. (For more details, see refs. [16, 28, 29].) First, we comment on the normal-
ization about the non-Abelian gauge groups in SO(32). The sum of each Coxeter labels
associated with the simple roots of SO(32) are called as the Coxeter number h(g) which is
related to the quadratic Casimir via the following relation,

Zfacdfbcd _ h(g)@[)25ab, (A.l)

c,d

where h(g) = 30, fo%¢ with a = 1,2,---,496 are the structure constants of SO(32) and >
denotes the length of the root which is normalized as two.

The normalization of the Abelian gauge groups are estimated by the current algebra
or Ka¢-Moody algebra of SO(32) which is given by

. . abe ¢ 2k
i 30 =0 F e + 2me S (A.2)

c

where £ is the level of Kac-Moody algebra and j2, are the Laurent coefficients of the current
7*(2),

[e.9]

) 1 . . ja
() = GNWTE) = Y Im (A3)
m=—oo
with ¢* and (T%);; (i = 1,2,-- - , 32) being the 32 real fermions and generators in the vector

representation of SO(32), respectively. N (d)iTi‘}wj ) stands for the normal ordering of the
operator, (WTZ 7). When the level of Ka¢é-Moody algebra is equal to one, we obtain the
operator product expansion of the current

26ab N Z'fabc .

P W) ~ s i W), (A.4)

and then we can extract the normalization of (T%);; as tr(T9T?) = 254,
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In our model, the generators of U(1),, T, are normalized as

1

T :7(113; 0707070,1,1,0,07-.. 70 5

1= 75 diagl :
1

Ty = 5 diag(1,1,1,1,0,0,0,0,:++ ,0),
1

T3 = dlag(ly ]—7 1)_370707070’ T ’0)’

V12
Ty = diag(070>07070707170a' o 70)7
T5 = diag(0707070)070707]-707” ’ 70)7

T3 = diag(0,0,0,0,0,0,0,0,--- ,1), (A.5)

on the basis of U(16) which is the maximal subgroup of SO(32). In general, the generators
of U(N) can be identified as the part of SO(2N) generators. (See e.g. ref. [30].)

B The trace identities

Here, we summarize the trace identities

13
Tr F? = 30 tr F? = 60F g3, + 60Fgy o), +60> 2,
a=1

13
TrF? =30tr F? =60y f7,
a=1
13 B
Tr FF =30tr FF =60 fafa,
a=1
_ 1 tr(T9) tr(T2) - - 1
tr F2F2 — (2 tr(T2)f2 + (2)3(3)f2f3 + Gtr(T:?)f:?> tr(Féps)
13
+2te(TH 7 +2) tr(TH 27
c=4

+2(tr(T) 2 + te(T2T) F2) 2 + 42 e (T3TE) fo fs + tr(TT3) 2) fo f
+2(te(T) f3 + tr(T5T5) f5 + 200(ToT3) fa f3) 3
tr FF? =26 T fR 1 + 2( e Ty fy + 3(te T3T5) fo fs + (tr ToT3) f3) fo
13
+ (T f3 + 3(tr T T3) fofd + 3 3T f3 f3) f3 + 2> Tifefe,  (B.1)
c=4
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where f, and f, denote the four-dimensional and extra-dimensional field strengths of U(1),

and we employ the trace identities such as

Tr F? = 30 tr F?,
Tr F* = 24tr F* 4 3(tr F?)?,

Tr FF3 = 24tr FF3 + 3(tr FF)(tr F?),

Tr F?F? = 24tr F2F? + 2(tr FF)? 4 (tr F?)(tr F?),
tr T =1/2, tr Ty =1/4, tr Ty =7/12, trTdi=1 (c=4,---,13),
tr T5T3 = 1/4, tr T5T3 =0, tr o135 = —1/2V/3. (B.2)
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