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1 Introduction

While bosonic string field theories have been well-understood [1-8], superstring field the-
ories remain mysterious. A formulation of supersymmetric theories in the early days [9],
which is a natural extension of bosonic theory, has some disadvantages caused by picture-
changing operators inserted into string products: singularities and broken gauge invari-
ances [10]. To remedy these, various approaches have been proposed within the same
Hilbert space of (3,v) [11-17].

There exists an alternative formulation of superstring field theory: large space the-
ory [18-26]. Large space theories are formulated by utilizing the extended Hilbert space of
(&,n,¢) [27] and the WZW-like action including no explicit insertions of picture-changing
operators. One can check the variation of the action, the equation of motion, and gauge
invariance without taking account of these operators. Of course, the action implicitly
includes picture-changing operators, which appear when we concretely compute scatter-
ing amplitudes after gauge fixing. The singular behaivor of them is, however, completely
regulated and there is no divergence [28, 29].



The cancellation of singularities can also occur in the small Hilbert space. Recently,
by the brilliant works of [30, 31], it is revealed how to obtain gauge-invariant insertions
of picture-changing operators into (super-) string products in the small Hilbert space: the
NS and NS-NS sectors of superstring field theories in the small Hilbert space is completely
formulated. In this paper, we find that using the elegant technique of [31], one can construct
the WZW-like action for NS-NS superstring field theory in the large Hilbert space.

A pure-gauge solution of small-space theory is the key concept of WZW-like formula-
tion of NS superstring field theory in the large Hilbert space, which determines the vertices
of theory, and we expect that it goes in the case of the NS-NS sector. There is an attempt
to construct non-vanishing interaction terms of NS-NS string fields utilizing a pure-gauge
solution Gg of bosonic closed string field theory [22]. However, the construction is not
complete: the nonlinear gauge invariance is not clear and the defining equation of Gg is
ambiguous. To obtain nonlinear gauge invariances, we have to add appropriate terms to
these interaction terms defined by G at each order. Then, the ambiguities of vertices are
removed and we obtain the defining equation of a suitable pure-gauge solution Gy, which
we explain in the following sections.

In this paper, we complete this construction begun in [22] by determining these ad-
ditional terms which are necessitated for the nonlinear gauge invariance and by giving
closed-form expressions for the action and nonlinear gauge transformations in the NS-NS
sector of closed superstring field theory. We propose the action

1
S_/o dt (nVy, Gr(t)), (1.1)

where W, is an NS-NS string field ¥ plus 5-exact terms and Gy, is a pure-gauge solution to
the NS heterotic string equation of motion in the small Hilbert space of right movers. The
action has the WZW-like form and the almost same algebraic properties as the large-space
action for NS open and NS closed (heterotic) string field theory [20, 21].

This paper is organized as follows. In section 2 we show that cubic and quartic actions
can be determined by adding appropriate terms and imposing gauge invariance. In section
3, we briefly review the method of gauge-invariant insertions of picture-changing opera-
tors [30, 31] and provide some useful properties of the (—, NS) closed superstring products.
In section 4, first, we give the defining equation of G, and associated fields which are neces-
sitated to construct the NS-NS action. Then, we derive the WZW-like expression for the
action and nonlinear gauge transformations and show that n Gy, = 0 gives the NS-NS super-
string equation of motion just as other large-space theories. We end with some conclusions.

2 Nonlinear gauge invariance

Let s be the coupling constant of closed string fields. We expand an action S for NS-NS
string field theory in powers of k: S = % > n K" Snt2. In the large Hilbert space, which
includes the &- and &-zero modes coming from bosonization of the 8- and Bﬁ—systems,
the NS-NS string field ¥ is a Grassmann even, (total) ghost number 0, left-mover picture



number 0, and right-mover picture number 0 state. The free action Sy is given by

52 = S0, QAY), (21)

where @ is the BRST operator, 7 is the zero mode of the left-moving current 7(z), and
7 is the zero mode of the right-moving current 7(2) [19]. The bilinear is the ¢ -inserted
BPZ inner product: (A4, B) = (bpz(A)|cy |B), where ¢; = 3(co — &). For brevity, we
use the symbol (G|p,p) which denotes that the total ghost number is G, the left-mover
picture number is p, and the right-mover picture number is p. Then, ghost-and-picture
numbers of ¥, @, n, and 7 are (00, 0), (1]0,0), (1] —1,0), and (1|0, —1) respectively. Note
that the inner product (A, B) gives a nonzero value if and only if the sum of A’s and B’s
ghost-and-picture numbers is equal to (G|p,p) = (3| — 1, —1). Computing the variation of
this action 652 = (0¥, nQ7¥), we obtain the equation of motion @na¥ = 0 and find that
So is invariant under the gauge transformation

S0 =QA+1Q+ 7, (2.2)

where A, €, and Q are gauge parameters of (J-, 1, and 7-gauge transformations respectively.
We would like to construct nonzero and nonlinear gauge-invariant interacting terms
Ss, Sy, S5, ... using string fields ¥ belonging to the large Hilbert space. In the kinetic
term Sy, there exist three generators of gauge transformations: ), n, and 7. However,
as we will see, only Q- and 7n-gauge invariances are extended to be nonlinear and 7}-gauge
invariance remains to be linear in our interacting theory. Consequently, with two nonlinear
and one trivial gauge invariances, the theory is Wess-Zumino-Witten-likely formulated.
In section 2, starting with the action proposed in [22] and adding appropriate terms at
each order of k, we construct cubic and quartic terms Ss, S4 of the action, whose nonlinear
gauge transformations of ) and n take WZW-like forms just as other large-space theories.

2.1 Cubic vertex

Let ¢ and € be the zero modes of £(z)- and £(Z)-ghosts respectively, and X and X be the
zero modes of left- and right-moving picture-changing operators respectively. The (n + 2)-
point interaction term S,,42 proposed in [22] includes (n¥, [(Qé@)",ﬁ@]) to correspond
to the result of first quantization, where [Aq,..., A,] is the bosonic string n-product and
Q= 7€-Q-&ij is a projected BRST operator. This term becomes €V, [(X)N(V)", év}) under
partial gauge fixing ¥ = {{V(9_1,_1). However, naive use of this term makes nonlinear
gauge invariance not clear. In this subsection, as the simplest example, we show that a
gauge-invariant cubic term S3 can be obtained by adding appropriate terms to

(N, [QQY, 7)) = (n¥, [XQ7V,7¥]). (2.3)

Cyclicity. It would be helpful to consider the cyclicity of vertices. A (n+ 1)-point vertex
Vy, is called a (BPZ-) cyclic vertex if V,, satisfies

(Ao, Vi(Ar, ... Ap)) = (=)ot +4n) (41 V) (Ag, ..., Ap, Ao)). (2.4)



The upper index of (—1)# means the ghost number of A. When the (n + 1)-point action

Spa1 is given by Spi1 = m@/, V,(¥™)) using a cyclic vertex V,,, its variation becomes

5t = %wxp, Vo (T), (2.5)

Then, if there exist a zero divisor of the state V,,(¥™), it generates gauge transformations.
For example, bosonic string field theories and superstring field theories in the small Hilbert
space are the case and their gauge transformations are determined by L.- or Ao-algebras.
Next, we consider the following case: a vertex V, is not cyclic but has the following

property
§Sn+1 = %(&p, Vo (™) + W, (T™)). (2.6)

Nonzero W,, implies that the cyclicity of V,, is broken. For instance, this relation holds
when V! consists of a cyclic vertex with operator insertions: V/(¥") = V,,(QU* w"=k) or
V! consists of some combination of cyclic vertices V/ (V") = Vi1 (Ve (T7), U™). In
this case, in general, a zero divisor of V! + W), gives the generator of gauge transforma-
tions. However, when W,, consists of lower Vj,,, there exists a special case that the zero
divisor of V,, gives the generator of gauge transformations just as WZW-like formulations
of superstring field theories in the large Hilbert space, which is the subject of this paper.

Adding terms. We know that naive insertions of operators which do not work as deriva-
tions of string products, such as &, §~ , X, X , and @, makes nonlinear gauge invariances not
clear. We show that a cubic vertex satisfying the special case of (2.6) can be constructed
by adding appropriate terms and by imposing gauge invariances. Computing the variation
of (2.3), we obtain

5((nw, [QQW, 7v]) )

(00, 7[QQY, 7Y] + Q[QV, 7] — [Q7¥, QV]) (2.7)
= (00,n{21QQW. 71V]+QIQW, 71v] }+{ 2Q[¥, Qim¥] ~ [7%,1QQV }).
We therefore add the term (n¥, Q[QW, 7] for (2.6). The variation of this term becomes
5((rw, QlQW, 7)) ) = (69, 1Q[QW, 7] + QnQY, 7% - i[HQ¥, QW) (2:8)
= (0w, n{QIQW. 7] +2(Qi v, QU] }+{ 2Qim¥. QU] ~[7¥,nQQV ).

Hence, the term (¥, [Q7V, QU)) is necessitated for the property (2.6). The variation of
this term is given by

o((nw, [Q7Y, QU])) = (69, 7[Q7Y, QW] + Qiln¥, Q¥] - Qlyv, Qiw]) (2.9)
= (69, 7{[QQW, 7¥] + QlQW, 7¥] + [Q7¥,QV] |
+{ Q. Qimv] - Q¥ Q] - [7¥,7QQV ).
Averaging these three terms, we obtain the cubic action satisfying (2.6)

1

5325

(7, 5 (QIQW. 7] + [QQW, 9] + (7, Qv))).



The variation of this cubic action is given by
355 = 5 (00, 3(QIQW.7v] + [QQY, 7] + Q7w Qv)))
1 1/~ ~ ~
+ 500, 5 Q. nQie] - [QU. QY] - [7%,79QQ] )

= SO0V — (0w, o (X[, Vil + [Kiw V] + [0, X)) (210)

1
2
Note that Vi = Qiin¥ appears in W = %(@[xy, Vil —[QW, Vi] - [77, )?Vl]) if one only if we
use )N(ﬁ = [Q, £]7 instead of Q, where [Q,€] == Q¢ — (—)Q8EQ is the graded commutator.

Gauge invariance §252+91(kS3). Let us determine second order gauge transformation
0o satisfying 0252 + 91(kS3) = 0. For this purpose, it is rather suitable to use a pair
of fundamental operators (Q,n,ﬁ,g) than to use a pair of composite operators such as
(Q,n,7,Q). For example, V;(¥) = nQi¥ appears in Wy (¥?2) if and only if we use (Q, 1, 7, )

and furthermore, while (Q[QV, A],nQ7¥Y) = 0, (X[Q7Y,A],nQ7¥Y) # 0. The first order
Q-gauge transformation of S3 is given by

1

5145 = 5(QA, 3 (X1Q7Y, imw] + [XQiw,iw] + (@7, Kinw))).  (211)

Note that the zero mode X of the right-mover picture-changing operator is inserted cyclicly.
We find that under the following second order gauge transformation

S = {X[QNV. A] + [XQOW. A] + [Q7T, XA]|
- g{fqﬁ\p, QA] + [X7T, QA + [0, )?QA]}, (2.12)

the cubic term S3 of the action is gauge invariant: d2 AS2 + 1 4(kS3) = 0. For brevity, we
define the following new string product which includes the zero mode X of the right-mover
picture-changing operator

A, B]L = %()?[A, Bl +[XA, B+ A, )?B]). (2.13)

This new product [A, B]" satisfies the same properties as original product [A, B], namely,
symmetric property [A, B]Y = (—)AB[B, A]" and derivation properties of @, , and 7. Note
that when we use this new product, the cubic term S3 of the action is given by

1 U
S3 = 3 (¥, [Qi ¥, 79]"), (2.14)
and the variation 653 becomes
1 L o
085 = o (60, nQY. {¥]* + QAL 7v]"). (2.15)

Then, we can quickly show that Sy + x.S3 is gauge invariant up to O(x?)

N K o
02,452 + 61,4 (KS3) = (d2A ¥, nQHY) + §<51,A‘1’, QAW im¥]F) =0, (2.16)



under the following @)-gauge transformations

B1a% = QA oW = K[Q7Y, AJ" — {7, QAJ". (2.17)

Similarly, we find that S5+ kS3 is gauge invariant under 7- and 7j-gauge transformations

K.
510 =nQ, 5.0 = —5[77\1/,779]2 (2.18)
- K. Y
5% =79, Gy = —5[77\11,179]2 (2.19)

for example, as follows

- K - ~
2,052 + 61,0(kS3) = (d2,0¥,nQRY) + §<51,Q‘If, Q7Y im¥]") = 0. (2.20)
Linear gauge invariance. In the same way as (2.20), the action Sy + kS3 is invariant
under
- R -
0¥ =00 G5V =—C[H¥, 70" (2.21)

Although it naively looks like nonlinear 7-gauge invariance of the action, it is essentially
linear. Note that the second order 7-gauge transformation 5275\11 = 77( — g[ﬁ\ll,fl]’:) as
well as the first order one 5152\1/ = ﬁﬁ is 7-exact. As a result, after the redefinition of the
7-gauge parameter

ﬁ’zﬁ—g[ﬁm,ﬁ]LJr..., (2.22)

the 7j-gauge transformation dg, ¥ = d, 5V + d, 5V + ... becomes linear
050 =7 Q. (2.23)

One can quickly check that 6552 = d5S3 = 0 holds, or equivalently, the second input of
2.15) is an 7-exact state. Hence, Ss + k.53 still remains invariant under the linear 7-gauge

n n-gaug
transformation.

2.2 Quartic vertex

We can construct the quartic term S4 and, in principle, higher interaction terms S,~4 by
repeating the same procedure. More precisely, starting with (n¥, [()? Q7Y)?, 7¥]), adding
appropriate terms for (2.6), and imposing the gauge invariance 935 +do(k.S3) + 61 (k2S,) =
0, we obtain the quartic term Sy. First, we consider the gauge invariance 352 + d2(kS3) +
51 (/43254) =0.

To be 6352 + d2(kS3) + 61(k2S4) = 0. To be gauge invariant, the first order gauge
transformation of k254 has to cancel §3S53 + d2(x.53). Note that do(kS3) is given by
K> ~ ~ L ~ 1L ~ ~ L ~a1L
02(rSs) = - (A, 2[[QA, )", Q] ™ + Q[[QAY, iin W)™, 7] ). (2.24)
Therefore, we have to consider the following terms

(14, B, ] = %()N([[)N(A, B +[A,XB].C] + [[XA, B + [4,XB], XC]) (2.25)



+ 512 (IXIXA, B+ X(4,XB).€] + [X[4, B, X0] + X[X[4, B],C] + [X°[4, B, C]),

where A, B,C = 1V, Qn¥, nqa¥, or @nn¥. To cancel the second line by acting @, the
quartic term Sy has to include the following types of terms

£[X[A,B|,C], [X[€A, B|,C], [X[AEB],C], [X[A B|,EC], [EX[A, B],C],
X[€[4,B],C], [E[XAB|,C], [{A XBLC], [{[4,B],XC].
Of course, we can repeat similar computations of above terms as we did in subsection 2.1.

However, there exists a reasonable shortcut. Note that, for example, the following relation
holds

Q(X[€4, B),C]) + X[£[QA, B],C] + (-)* X [¢[4,QB],C]
+ ()X [EA, BL,QC] + (X [X14, BJ,C]) = 0.

Hence, the three product Loto(A, B,C) defined by

Loso(A,B,C) := 9%{2[5)? ,C] — £[X[A, B] + [XA, B] + [A, X B, C]
+ X [{[A, B] ] [é(XAB + [4,XB]),C] + [¢[4, B, X
— X[[€A, B],C] - [X[€A, B],C] - [[€A, B], XC]

- (4([X 4] O]+ X[[A.€B).C] + [[A.£B), XC])

— ()P ([X[A, B] + [X4,B] + [4, X B.£C] ) }

+{(B,C, A)-terms} + {(C, A, B)-terms} (2.26)
and the two product [A, B]¥ defined by (2.13) satisfy an Lu.-relation up to O(¥*):

QLoy2(A,B,C) + Ly 2(QA, B,C) + (=) Lat2(A,QB,C) + (=) PLy,9(A, B,QC)
+ [[4,BF, C)" + (-)AB+O B, 1", A" + (—-)CU+B) ([, A)F, B]" = 0. (2.27)

This new three product Layo(A, B,C') possesses the symmetric property and the deriva-
tion property of (). Note that, however, the operator n does not act as a derivation
of Loyo(A, B,C). To see this fact, we introduce the derivation-testing operation Ax for

XZQﬂ%ﬁ

AxLoy2(A, B,C) := XLy, o(A, B,C) + (=) Ly 2(XA, B, C) (2.28)
+ (=)D Ly (A, XB, C) + (=) *TATB L, (A, B, XO).

For example, Ax[A, B]* = X[A, B]* + (—)*[XA, B]* + (=)*0+4[4,XB]* = 0 holds for
X'=Q, n, and 7). Computing A, /;La12(A, B,C), we find A,La;2(A, B,C) = 0 but

AjiLyio(A,B,C) = {N[[A,B],C] + [€(IXA, Bl + [A, X B]),C] + [[4, B},Xc]}

3-2



- %[)?[A, B],C] + {(B,C, A)-terms} + {(C, A, B)-terms}. (2.29)

AjLata(A, B,C) # 0 means that the 7-derivation property is broken. However, by adding
the appropriate term L3 satisfying AQ/nLHg(A, B,C) = 0, we can construct the three
product satisfying the Loc-relation (2.27) and - and 7j-derivation properties A, /ﬁ<L2+2 +
L1+3) =0.
Note that the following types of products have the Q)-derivation property
M(A,B,C) = [XA,XB,C] + [[€A, X B],C] + (—)WHDEHAOX B 0], €A]
+ (—)°UFTB([C, £4], X B],

N(4,B,0) = X [{[A, B],C] +¢[X[A, B],C],

namely, AgM = AgN = 0. Therefore, L3 is given by a linear combination of these M-

and N-types of products, whose coefficients are fixed by the cancellation of the second line
of (2.29) and the sum of N-type products:

L1ys(A B,C) = 8712{)?2 [4,B,0] + [¥?A,B,C] + [, X?B,C] + [A4,B,X°C] }
+ 8%{@?[@,3],0] + [[€XA, B],C]
+ (=) [[4,€XB),C] + (-)**7 4, B),€XC] }
+ é{f{ [XA,B,C] + X[A,XB,C] + X[A, B, XC]
+[X4,XB,C] + [X4,B,XC] + [4,XB,XC]}

{g [[XA,B] +[A, XB],C] +£[[A, B], XC]

+ X[[€A, B],C] - [[€A, X B],C] — [[€A, B], XC]

+ ()4 (X[14,€B],C] - [[X4,€B],C] - [[4,B], XC])

b
8.2

+ ()" B (X4, B).€C] - [IXA, B,£C] - [14, X B].EC)) }

4.3

§[X14, B),C)+ [X (164, B)+(-)*[A,€B]), C] +(~)**# [X[A, B],£C1 }
+{(B,C, A)-terms} + {(C, A, B)-terms}. (2.30)

+ o { X[ B).0] + (€% A, B) + §4.XB].C] + [€[A. B, XC]
+

L143(A, B, C) satisfies AgL143(A, B,C) = 0 because of AgM = AgN = 0. Hence, we
define the following new three string product

[A,B,C)Y == Lyy2(A,B,C) + L1,3(A, B,C), (2.31)

which satisfies the same properties as the original three product [A, B, C|, namely, the
Loo-relation and the n- and 7-derivation properties
AglA, B,C1 + [[A, B*.C]" + ()2 [[B,C1F, A" + (1) D) [[c, 41, B) = 0,
(2.32)



A, [A, B,CTF = Az[A, B, C)F = 0. (2.33)

Note also that the new product [A, B,C]* includes (n¥, [XQn\I/ XQiw,7v)) (for
A B = Qii¥, C = 7j¥) and this term becomes (£V,[XXV, XXV,£V]) under the par-
tial gauge fixing ¥ = ng, which is necessitated for the correspondence to the result of first

quantization.

Quartic vertex S4. Let us now consider the quartic vertex having the property (2.6) and
determine the third order gauge transformation d3W. To obtain the gauge invariance 359+
82(kS3) +01(k2Sy) = 0, the quartic term Sy has to include the term (n¥, [Q7¥, Q7Y, 7¥]F)
because the Loo-relation (2.32) is the only way to eliminate the term [[A, BJ*, C’] ~ appear-
ing in 0352 + d2(kS3). We therefore start with the following computation

o((rv, 1@, Qiw, 7¥)*) ) = 4(5%, n{[@ﬁ‘lf, Qi W + L[, ﬁ‘If]L,ﬁ‘I’}L}>
400, 2007, Qv 791 — 3 [, v 7] ")
+ 480, [[in®, Q)" 7] ). (2.34)

To obtain the quartic vertex having the property (2.6), the term (W, n[[Qﬁ\I/, 7]k, ﬁ\IJ]L>
is necessitated. The variation of this term becomes

5 ((wn[lQiw, 791", 79]")) = 20, [[Q7w, 79]%, 79] " + [[in¥, Q7w]F, 79]"). (2.35)

Hence, the quartic term S; defined by

L v, QY. QA 79t + [[QAw, 7wk, 7)Y, (2.36)

S1= 4

has the property (2.6) and its variation is given by
e L e i L 1 N Y 5
554— (0w 77( QNY, Qv n¥] "~ + [[Q7¥, 7¥]*, U] )>+1<5‘1’, Q7Y 7m®] =, 79]")
2 N - L 1 L 1L
+ 4 O, [19, [79, nQn¥]*]") + S (6%, [Q7W, 7%, nQiw]"). (2.37)

Note that W3 = 2[Vo, 7] — [Wa, U)X —2[Q7V, V4, 7%] " (the second term and the second
line), where V; = nQaV, Vo = n[QaV,7¥]" and Wo = [V4,7¥]*. Using this 65y, we can
determine the third order gauge transformation d3W satisfying 935 + d2(xS3) + 61 (k25,) =
0. Since the Q-gauge transformation 0y A (kS3) + 91,4 (k2S4) is given by

2 o K2 . o K2 L
2 2
+ T QA (7. [0, QAT ") + T (@A, [0, Q0. n@iw] "), (2:38)

we obtain the third order Q)-gauge transformation

2 2 2
B30 = - [Q0Y, Q¥ AT + - [[Qaw. 7wl A — 5 7w, [Q7w, A1



K2 K2

15 (10 79, QA — S, Qi QA (2.39)

Similarly, the third order n- and 7-gauge transformations are given by

2 2

5300 = —'112 [0, [0, Q) L] " — % (092, Qi v, 7w, (2.40)
2 _ 2

036% = *% (7w, [0, 7)) "~ % 72, Qiw, 7w ". (2.41)

Note, however, that since d, 5 ¥ as well as 6, 5V is 7j-exact, redefining 7j-gauge parameters as

~ ~ ~ 2 ~ ~
QO =0- g[ﬁxy, Q- - % <jl (79, 7%, Q1" + [Qfv, v, Q]L> T (2.42)

the 7-gauge transformation g, ¥ = 6175\11 +52’§~2\11+537§\I' +... becomes linear o5, ¥V = f]ﬁ’.

In principle, we can construct higher vertices S5, Sg, . .. by repeating these steps at each
order of k. However, it is not easy to read a closed form expression by hand calculation
because higher order vertices consist of a lot of terms and each term has complicated
operator insertions. To obtain a closed form expression of all vertices in an elegant way,
we necessitate another point of view, which we explain in section 3.

3 Gauge-invariant insertions of picture-changing operators

In this section, we briefly review the coalgebraic description of string vertices [32-34] and
how to construct NS superstring vertices [31]. Since the NS string products satisfies Loo-
relations, the shifted NS string products satisfies Loo-relations up to the equation of motion.

3.1 Coalgebraic description of vertices

Let T'(H) be a tensor algebra of the graded vector space H. As the quotient algebra of T'(H)
by the ideal generated by all differences of products A1 ® Ay — (—1)deg(A1)deg(A2)A2 ® Ay
for Ay, As € H, we can construct the symmetric algebra S(#H). The product of states in
S(H) is graded commutative and associative as follows

A1 Ag = (—1)deslAn)des(42) 4o A, A (A9 As) = (A1 Ag)As, (3.1)

where Aj, Ay, A3 € S(H). For us, H is the closed superstring state space, S(#H) is the
Fock space of superstrings, and the Zs grading, called degree, is just Grassmann parity.

The product of two multilinear maps L : H™ — H', M : H™ — H* also becomes a map
L-M : H" ™ — HF! which acts as

L - M(A1A2 s An+m) = Z(—)U(n’m)L(Aa(l) s Ag(n)) . M(Ao-(n+1) cee Ag(n+m)). (32)

g

Note that the n-product of the identity map I : H — H on symmetric algebras is different
from the n-tensor product or the identity I,, on H":

1/_/”\ /—/n%
~f-1=fe el (3.3)

In
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In other words, I" is the sum of all permutations, I,, gives the sum of equivalent permuta-
tions, and I - I; is equivalent to the sum of different (k,[)-partitions of k + [.

The n string product L, (A1As ... Ay) = [AL, ..., A,] defines a n-fold linear map L,,
H"™ — H. We can naturally define a coderivation L,, : S(H) — S(#H) from the map
L, : H" — H. Specifically, the coderivation L,, acts on the HY C S(H) as

Ly,A= (L, -Iy_n)4, L,B=0, (3.4)

where A € HN2" and B € HN<". Note that the commutator [L,,, L] of two coderivations
L,, and L/, also becomes a coderivation of the (m + n — 1)-product

[Lo, 1] o= Ly (L, - Tpn_y) — (—1)de8Cm)deeTa) 1/ (p, ). (3.5)

Hence, in the coalgebraic description, we can write Loo-relations of closed string products as

[L1, Lp] + [Lo, L] + -+ - + [Ly, Li] =0, (3.6)
or, more simply,

[L(s), L(s)] =0, (3.7)
where s is a real parameter and L(s) is the generating function for the bosonic string
products

L(s) =) s"Ln41. (3.8)
n=0

3.2 Gauge-invariant insertions

Let Lg@rl be a (N + 1)-product including n-insertions of picture-changing operators. We
consider a series of these inserted products

L) = ST Ll (3.9)
n=0

where ¢ is a real parameter and L7(n)+n+1 acts on S(H) as (3.4). Note that the upper index
[m] on L™ (¢) indicates the deficit in picture number of the products relative to what is
needed for superstrings: L% (¢) is the sum of all superstring products and LI™(0) is the
(m + 1)-product of bosonic strings. To associate the generating functions Ll%(¢) of the NS

superstring products with (3.8), we define the following generating function

ZsmL Z s (3.10)

m,n=0

where s is a real parameter. Note that powers of ¢ count the picture number, and powers of s
count the deficit in picture number. These two parameters ¢ and s connect the generating
function L(0,t) = LI(¢) for the NS superstring products and the generating function
L(s,0) for the bosonic string products.
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The Lqo-relations of bosonic products and derivation properties of 17 can be represented

by
[[L(S,O),L(S,O)]] =0, (3.11)
[7,L(s,0)] = 0. (3.12)

Starting with these relations, we can construct the NS superstring products L(0,t) satis-
fying the Loo-relations and derivation properties of 7, which we explain in this subsection.

Gauge-invariant insertions. To construct L(0,¢) satisfying the L., -relations and n-
derivation conditions

[[L(Ovt)’L(O’t)]] =0, (313)
[7,L(0,#)] = 0, (3.14)

we have to solve the following pair of differential equations

P -
5L (s:t) = [L(s.8). E(s, )], (3.15)
gSL(s,t) — [0 5(s,0)], (3.16)

with the initial conditions (3.11) and (3.12) at ¢t = 0. As well as L(s,t), we define a
generating function E(s,t) for gauge parameters

o0
= = = (n+1)
E(s,t) = E smam E s"thE £+n+2 (3.17)

m=0 m,n=0

The solution of this pair of differential equations generates all products including appro-
priate insertions of picture-changing operators.

We can obtain the superstring Loo-relations (3.13) as a solution of the differential
equation

%[[L(s,t),L(s,t)]] = [[L(s, 1), L(s, )], E(s,1)] (3.18)

where Z(s,t) is a generating function for gauge parameters, if we impose the initial condi-

tion (3.11) at ¢t = 0. Provided that L(s, t) satisfies (3.15), the equation (3.18) automatically

holds because of Jacobi identities [[L(s,t), L(s,t)],Z(s,t)] = 2[[L(s, t), E(s, )], L(s, t)].
Further, the equation (3.15) leads to the equation

gt[["’ (s,)] = [, L(s,0)],E(s,t)] + [In, E(s,t)],L(s, t)]. (3.19)
Therefore, when L(s, t) satisfies the equation (3.16), we obtain

at[["’ (s,)] = [[n, L(s,t)],E(s,t)] — 7*HL (s,t),L(s,1)] (3.20)
and the differential equation 2[n,L(s,t)] = [[n.L(s,t)],E(s,t)] (up to [L(s,t),L(s,t)])

with the initial condition (3.12) indicates the 7-dirivative conditions (3.14) of the super-
string products. As a result, the pair of equations (3.15) and (3.16) generates inserted
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products L satisfying the Loo-relations [L(s,t),L(s,t)] = 0 and n-derivative conditions

[n, L(s, )] = 0.
Expanding (3.15) and (3.16) in powers of (s, t), we obtain the following formulae

(n+1) (n—k+1)
Lm+n+2 n-+1 ZZ k+l+a’ h‘m+n—i—2 k—1 (3'21)
k=0 1=0
+1
[n, E TrTLL—O—n2|-2 = (m+ 1)L£n,—)0—n+27 (3.22)
at each order of s"t"™ and these formulae determine ng}rn 12 and E,(giizﬂ recursively.

Note that Z(s,t) is not unique, however, there exists the one including symmetric

insertions
+1 m+1
2t = p—— (5 i — L (€ Hm+n+1)>- (3.23)

Therefore, we can always derive explicit forms of these inserted products as follows:
LSLOJ)FI = given
ESJ)rl T o+ n+9 (5 7(1(21 - Lﬂl(f ’ Hn))v
L =lQ =n+1u L B+ ) =],
Enh = Z (el L e m),
LY, = (10,820 + L, =] + L, 50T + ..,

1 — —(1
+ [, =01+ L, =) + L, =50,

B = —— ! (§Ln+1 Ly, (€ Hn))

n+2
LSZZI - ([[Qv n+1]] + [[Lz ’:(n 1)]] +oo 4t [[ngn b E 1)]]) (3'24)
For example, we find that the lowest inserted product Lél) is given by
Ly (4.B) = [Q=](4, B)
_ %(X[A, Bl + [XA,B] + [A, XB]), (3.25)

where Lgo) (A, B) = [A, B], and the second lowest product L:(f) is given by
2 1 —(2 1) (1
L4, 8.0) = 5 (1Q. 27 + Ly, =]) (4, B.0), (3.26)
where Léo) (A,B,C) =[A,B,C] and

7[[Q7‘—‘3 ]](A B C)

f—/H

5 {X[A.B.C] + [X?A,B.C,] + [4.XB,C.] + [4, B, X*C]}

2
+ é{gX[[Aj B),C +[[€X A, B, C|
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+ (=)M[[A,€X B, C] + (-)**P(14, BJ,¢XC]}
+ é{X[XA, B,C] + X[A, XB,C] + X[A, B, XC]

+[XA XB,C]+[XA,B,XC] + [A,XB,XC]}
1

8.2
+ X[[€A, B, C] = [[€A, X B], C] - [[¢4, B, XC]

+ ()4 (X1[4,¢B],C] ~ [XA,¢B),C] - [[A,¢B], X))
+ ()P (X[[4, Bl,€C) (X A, B).£C)—[14, X B.£C1 ) |
+ o { XIE1A, B, CIH[E1X A, BI+€[4, X B], O] +[¢[4, B], XC]
+E[X[A, B),C] + [X[¢A, B, C]
+ (=) [X[4,€B),C] + (-)**7 [x[A, B],£C] }
+{(B,C, A)-terms} + {(C, A, B)-terms}. (3.27)

<5 €Y A, B] + [4, X BJ,C) + ¢[[4, B, X

%[{Lgn,_; (A, B,C) = 91 { [5XAB, C] - ¢[X[A, B] + [XA, B] + [A, X B],C]

X[¢[A ]+[§(XA B|+[A, X B]),C]+[¢[A, B], XC]
fX[gA B],C| — [X[¢A, B],C| — [[€A, B], XC]

— (=) ([X14,¢B),C] + X[14,¢B],C] + [[4,¢B], XC])
— (=) ([X[A, B] + [X 4, B] + [4, X B.£C] ) }
+ {(B,C, A)-terms} + {(C, A, B)-terms} (3.28)
3.3 NS string products

The generating function L(0, t) of the superstring products, as well as that of bosonic ones
L(s,0), has nice properties, which we explain in this subsection. Note that the above
Lgﬁzl obtained from (3.21) and (3.23) carries ghost-and-picture number (1 — 2n|n,0). In
this sense, we write Lq(l +1) for this 7(21, an NS superstring product with insertions of

left-moving picture-changing operators. Lgﬁ) gives the (n + 1)-product of NS (heterotic)

superstring field theory in the small Hilbert space of left movers [31].

)
right-moving picture-changing operators X by replacing (n,&, X) with (7, £, X ) in (3.21),
(3.22), and (3.23). In the rest, we consider these right-mover NS products {L,(Hl)}ooz0 and
write

By construction, we can also obtain an NS superstring product Liloﬁ with insertions of

[Aog, Ar, -, A = L0 (A9, Ay, Ay). (3.29)

The right-mover NS products also satisfies Lo,-relations

o L
ZZ DDA, 0y Ag] ™ Aogern)s - - -+ Aoy = 0. (3.30)

Note also that the n-product [Aq, ..., A,]" has ghost-and-picture number (3 —2n|0,n —1).
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Lo-properties of right-mover NS string products. Let G be a ghost-and-picture
number (2|0,—1) state and A, Aj,..., A, be arbitrary states. We can define a shifted
BRST operator Qg and shifted right-mover NS string products

QoA =[Al§:= QA+ ~[g", AT, (3.31)
n=1
o k
[A1, ..., An)§ = Z %[gk7A1, AR, (3.32)
k=1

in the same manner as shifted bosonic string products. Provided that the state G shifting
these products satisfies the equation of motion F(G) = 0 of NS (heterotic) string field
theory in the small Hilbert space of right movers

= QG + A g, 6l" =, (3.33)
;(n—l—l)![ )

these shifted products satisfy (strong) Ls.-relations:!

Z Z DN [[Agays- - Ao Aottty - -+ Aoy ¢ = 0. (3.34)

Then, ()g becomes a nilpotent operator.

4 WZW-like expression

In this section, first, we gives the defining equations of a formal pure-gauge G;, and associ-
ated fields Wy, ¥,), Ws. These are functions of NS-NS string fields ¥ and become key ingredi-
ents of our construction. Then, we present a closed form expression of WZW-like action for
NS-NS string field theory, the equation of motion, and the gauge invariance of the action.

4.1 Pure-gauge Gy and ‘large’ associated field ¥x

The NS-NS string field ¥ is a Grassmann-even and ghost-and-picture number (0|0, 0) state
living in the large Hilbert space of left-and-right movers: n¥ # 0 and V¥ # 0.

A pure-gauge Gy of right-mover NS theory. We can build a formal pure-gauge
solution Gy, of NS heterotic string field theory in the small Hilbert space of right-movers
with a finite gauge parameter 7V living in the left-mover large and right-mover small Hilbert
space by successive infinitesimal gauge transformations. The pure-gauge field G;, = G [V]
is a function of ¥, defined by the 7 = 1 solution of the differential equation

n
59T = Qn\l’+z [(Gulrnw))", 7w]”

= QgL[Tﬁ\pm\I’ (4.1)

'For general G, weak Loo-relations hold, which are equivalent to (strong) Leo-relations up to F(G).
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with the initial condition Gr[0] = 0, where 7 € [0, 1] is a real parameter connecting 0 and
Gr[nP]. (See also [6, 20, 21], appendix A, and appendix B.) Solving the defining equation
(4.1) and setting 7 = 1, we obtain the explicit form of the pure-gauge G, = Gr[r = 1] as
follows

2

g1 = Q¥ + Z[QRw, ] + 2

5([@77\1/7 Qv 70]" + [[Q7v, ﬁ\IJ]Lﬁ\IJ]L) o (42)

Note that Gy, is a Grassmann even and ghost-and-picture number (2|0, —1) state satis-
fying nGr, # 0 and 711G, = 0, the field NV is a Grassmann odd and ghost-and-picture num-
ber (1]0,—1) state satisfying n(7¥) # 0 and 7(7¥) = 0, and the n-product [A1,..., A,]*
is a Grassmann odd and ghost-and-picture number (3 — 2n|0,n — 1) product satisfying
Ay ilA, - A =0.

An associated field ¥x with derivation X. In the rest, we simply write G [7] for the
intermediate pure-gauge field rather than Gy [r7V]. There exists a special string field ¥x,
so-called an associated field, satisfying

(-1)*XGr = Qg, ¥x, (4.3)
where X is a derivation of our right-mover (—, NS) string products [Ay, ..., A,]":
(“DFX[Ay, . Ap]F ) (—DFA A4 XA, AR =0 (4.4)
i=1

Utilizing the Gr [7]-shifted two-product [Aj, Ag]éL ok the defining equation of vk is given by

0
otxlr] = Xa¥ + k[0, vxlrl]g, 1 (4.5)

with the initial condition ¥x[0] = 0. Note that ¢x[7], as well as G1[7], is a function of 77¥
and 7 is a real parameter connecting 0 and ¥x := ¥x|[1]. The associated filed ¥x carries
ghost-and-picture number (Gx + 1|px, px — 1), where (Gx|px, Px) is that of X.

A ‘large’ associated field ¥x. These pure-gauge field G;, and associated field ¢x belong
to the left-mover large and right-mover small Hilbert space: nGr # 0, nyx # 0, and
nGr = nyx = 0. Since 7-cohomology is trivial in the large Hilbert space of left-and-right
movers, there exist large fields G, and Wx such that

Gr=1nGL, Yx=n¥x. (4.6)

Note that the relation 7 XG, = —7 Qg, ¥x holds because of (—)*X(nGL) = Qg, (7¥x) and
nGr, = 0. Hence, up to g, - and 7-exact terms, these large-space fields G';, and Ux satisfy

XGL = -Qg, Yx, (4.7)

and the defining equations (up to Qg, - and 7-exact terms) of G, and Ux are given by

0

§GL[T] = _QQ’L[T}\Pa (48)
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0 ~

5. Uxlr] = (=1)"XW + k[0, Ux[r]]
with the initial conditions G1[7 = 0] = 0 and ¥x[r = 0] = 0. As well as G, and ¢x, large
fields G, and Wx are also functions of (¥,7V). Here 7 is a real parameter connecting 0
and 7¥. With the initial condition Ux[r = 0] = 0, we find that the first few terms in ¥x

are given by

L
b (4.9)

2

(1) Wy = XU + g[ﬁw,xqf}L n % (267w, @7, XU]" + [79, [7%, X¥]1]F) + ... (4.10)

Note that the large associated field Wx has the same ghost-and-picture number as X.

A t-parametrized large field $;. Let U(t) be a t-parametrized path connecting ¥(0) =
0 and ¥(1) = ¥. The above defining equations of Gr,, ¥x, G, and Ux hold not only for
the field ¥ but for the t-parametrized field ¥(¢). Hence, we can built t-parametrized ones
Gr(t), ¥x(t), Gr(t), and ¥x(t) by replacing ¥ with W(¢) in the defining equations of Gy,
x, Gr, and Ux. For example, for X = 0y, solving (4.9) with replacement of ¥ and setting
7 = 1, we obtain the t-parametrized field U, = Wy, (t)

K I€2
Wy = O () + 5 (0. 00 (0] + T (26000, Qv (). v (0]

(), [ﬁ\If(t),at\I/(t)]L]L> I (4.11)

which appears in the action for NS-NS string fields with general ¢-parametrization. Note
that this ¥; has the same ghost-and-picture number (0]0,0) as NS-NS string field ¥, and
the equation ¥, = ¥ holds for the linear path W(¢) = tW.

4.2 Wess-Zumino-Witten-like action

Let G, = > 07, n"gg” be the expansion of the pure-gauge Gr in powers of k. Here,

we propose a large-space WZW-like action utilizing the pure-gauge Gy (¢) and the large
associated field W;.

The generating function for V;,(¥"). Recall that the kinetic term So = (¥, V4(¥))
is given by Vi (V) = nQnW¥, which is equivalent to ngéo). In section 2, we derived the
gauge-invariant cubic vertex Vs of S3 = (¥, Va(¥?))

Va(W?) = n[Qiw,wl” = (X[Qnw, %) + [XQiw,iv] + [Q7w, Xiw]),  (4.12)
and the gauge-invariant quartic vertex Vi of Sy = 3;(¥, V3(¥3))
3 ~ ~ ~ 1L ~ ~1r1L ~11L
Va(w?) = n([Q%, Qiw, 79] " + [[Q7w, 79)", 7w]"), (4.13)

which are equivalent to 2 -7 g(L” and 3!-n Q(Lz) respectively. Note that quintic vertex

V) = n([(Qaw)* 7] + [[(@w)%, 79", v]
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+3[[Qaw, 7w)-, Qiw, 7] " + [[[Qi, 7w]E, ﬁ\I/]L]L), (4.14)

is also given by 4! - ngf’). Similarly, the relation V,,(¥") = n!- ngé”*” holds for the
(n + 1)-point vertex V,,. Therefore, the pure-gauge solution Gy,

2

Gr = Qir¥ + ZIQnw, w1 + S (0w, Qaw, 79" + [[Qaw, 79)",79] ) + ..., (4.15)

defined by .G, = Qg, (7¥) in (4.1) gives a generating function for vertices. Provided that
the t-parametrization of W(¢) is linear: ¥ (¢) = t¥, we find

e n—1

K 1
Zml)!(w,vn(@”»:/o dt (U, nGr(t)). (4.16)

n=1
Note that all coefficients of V,, 1 and gg”‘) match by the ¢-integral.

The generating function for W, (¥"). Let U5 = > ">, ﬂ"\ll((sn) be the expansion of
the associated field Wy in powers of x, where ‘6’ is the variation operator. Recall that
the variation of Sy is given by 652 = (60, Vi(¥) + Wi (¥)) = (0¥, nQn¥), which means
W1(¥) = 0. In section 2, we also determined Wy and W3, as well as V5 and V3, appearing
in the calculation of the variation §S3 and §.54. Recall that W5 is given by

56U, Wo(¥2)) = =2 (6%, [, Vi(¥)]"), (4.17)

R
2
which is equivalent to (\Ilgl), Vi(¥)), and W3 is given by

I;j@‘l’, W3(9?)) = —I;j@\l’, [VA(), 7], 70]% + 2V (¥), Qw, 79]%)
2

4 %w, [Va(02), 705, (4.18)

1
2
which is equivalent to <\I’((51), 5Vo(2)) + <\I/((52),V1(\I/)>. Similarly, the following relation
holds

n n—1 k-1
B 0w, W (um) = 30 (i v (k). (4.19)
n! k!
k=1
Hence, the associated field Wy
K - L KQ ~ ~ L ~ ~ L L
U5 = 00 + [0, 00" + g([nqj,any,axp] + 279, [, 0904 ) + ... (4.20)

defined by 9, ¥5 = 6V + kU, \Ifg]éL in (4.9) determines W, -terms.

The WZW-like action. Let U(t) be a t-parametrized NS-NS string field satisfying
U(0) = 0and ¥(1) = ¥. Replacing NS-NS string fields ¥ with ¢-parametrized NS-NS string
fields ¥(t) in (4.1) and (4.9), we obtain t-parametrized pure-gauge and large associated
fields: Gr(t), ¥y, and W, (t). WZW-like NS-NS action consists of these fields, which we
explain in the rest. Since the relation

nGL(t) = —=Qg, ) (M¥y(t) = 71 Qg 1) Vn(t) (4.21)
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holds and Q)g, , n, and 7} are nilpotent operators, the state n Gy, is a Qg, -, 1-, and 7j-exact
state. The equation [0, 8]GL(t) = 0 implies 9 (Qg, (1) Vs(t)) = 0(Qg, (1) V1)
Thus, we propose the following WZW-like action for NS-NS string field theory

9 1
0
which reduces to (4.16) or the familiar WZW form (see appendix B)
1 ! L
Slp@y—tw = 7 (v,,Gr) + K ; dt(We, [V (t), G ()]G, 1)) ) (4.23)

if we set W(t) = tW. Note that the (n + 1)-point vertex includes n insertions of 77 and the
action S is invariant under the linear? gauge transformation 0¥ = n.
The equation of motion is given by

1
061 = [ ar(imQe,qv) =0, (1.24)
0

which is derived in subsection 4.3. Although the action includes the integral over a real
parameter ¢, the action S, the variation §5, the equation of motion n Gy = 0, and gauge
transformations are independent of the ¢-parametrization or ¢-parametrized path W(t).

4.3 Nonlinear gauge invariance

Here, we derive the equation of motion and the closed form expression of nonlinear gauge
transformations. Note that, for example, Gr,(t = 0) =0, Gr.(t = 1) = G, ¥s(t = 0) = 0,
and Ws(t = 1) = Uy hold.

For this purpose, we prove that the variation §.5 does not includes ¢ and is given by

5S = (Ws,nGr). (4.25)

Using the relation 7 Qg, (0:¥5 — 0¥ + K[V, wg}éL) = 0, which is equivalent to 9;(0Gr) =
5(0,Gr) with n¥x = vx, we find that the following equation holds for any ¢
<5‘I’t, ﬁgL(t)> = *<5‘I’ta QgL(t)¢n(t)>
= —(0,95(t) — s[Ws(t), ¥ilG, 1

, Qg (1y¥n(t))
= (0yV5(t), nGL(t)) — k(nGL(t), |

\If(;(t), ¢t]éL(t)> (4.26)

Similarly, since nGr, =0, [, Qg,] = 0, and ¥x = n ¥x, we obtain

(Wy, 6(nGL(t)) = (Pe, n(Qg,1¥s(t)) = —(Qg, 1y (M¥e), ¥s(t))
= —<¢5(t), QQL(t) (H\I’t» = —<‘I’5(t)a QgL(t) (m/}t)>
= (Vs(t), n(Qg,v)¥r) + k[N GL(t), 7/Jt]éL(t)>
= (Ws(t), e(nGr(t)) + KN GL(t), [Ws(t), ¢4lG, 1)) (4.27)

2Note that, however, G;, and ¥, include a lot of ¥ and as seen in 4.3, it does not mean that there are

no gauge transformations including nonlinear terms of HW.
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Hence, the variation 65 of the WZW-like action S is given by
1
o5 = [ a((00e nG(0) + (v, 50 G1(1)))
0

-/ Ca D wg(0), 09.0) = (W5, ) (4.28)

which does not include ¢t-parametrized fields. The equation of motion is, therefore, given
by (4.24) and it is independent of ¢-parametrization of fields.

Since n Gy, is a Qg, -, -, and 7-exact state, we find that the action is invariant under
the following nonlinear - and n-gauge transformations and linear 7j-gauge transformation

where A, Q, and Q are gauge parameter fields whose ghost-and-picture numbers are
(—1]0,0), (—1/1,0), and (—1]0,1) respectively. Note that W¥s is an invertible function
of 0V, at least in the expansion in powers of k as follows

Ko K21 L o L

00 = U5 — [0, Ws)" = (2[ U, [0, Ul ] + 2[7%, Qi ¥, W] ) +O0(r%).  (4.30)
For instance, an explicit expression for (Q-gauge transformation d, ¥ and n-gauge transfor-
mation dqV are given by

5T = QA + k[QiW, A" — g[ﬁ\ll, QA" + O(k?) (4.31)
K. /‘i2 - - L /‘iQ -~ - L
S = nQ — 5[77‘1',779]L ey (7€, QY 7]~ — D [, 0], 70] " + O(k%).  (4.32)

These gauge transformations are nonlinear. Note, however, that since 7-gauge transforma-
tion

[\

K 2

e K. o - ~ o K™ . ~ o
0¥ =0 = 5 [1%, 79" = S [1¥, Qp¥, 7" — [, 19,70 1" + O(k7)  (4.33)

obtained from Vs = ﬁﬁ consists of 7-exact terms, it is equivalent to the linear 7-gauge
transformation

050 =7, (4.34)
where € is a redefined 7-gauge parameter
~ 2

QO =0- g[ﬁ\ll, Q- - % (2 (79, Qiw, 7] " + %[ﬁ\l/, [ﬁw,ﬁﬁ]L]L> +O(KY).  (4.35)

As a result, although the action has three generators of gauge transformations, since one
of these gauge invariances reduces to trivial, the resulting theory is Wess-Zumino-Witten-
likely formulated with two nonlinear gauge invariances.
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5 Conclusion

In this paper, we proposed WZW-like expressions for the action and nonlinear gauge trans-
formations in the NS-NS sector of superstring field theory in the large Hilbert space. Al-
though the action uses t-parametrized large fields ¥(¢) satisfying ¥(0) = 0 and ¥(1) = ¥,
it does not depend on t-parametrization. Vertices are determined by a pure-gauge solution
of NS (heterotic) string field theory in the small Hilbert space of right movers, which is
constructed by NS closed superstring products (except for the BRST operator) including
insertions of right-moving picture-changing operators [31].

Gauge equivalent vertices. We used the (—,NS) string products, namely, the right
edge points at the diamonds of products in figure 5.1 of [31]. It would be possible to
write the large-space NS-NS action utilizing another but gauge-equivalent products in [31]
instead of the (—, NS) string products.

Ramond sectors. We have not analyzed how to incorporate the R sector(s). Our large-
space NS-NS action has the almost same algebraic properties as the large-space action for
NS closed string field theory. Thus, we can expect that the method proposed in [25, 26]
also goes in the NS-NS case.

It is very important to obtain clear understandings of the geometrical meaning of
theory, gauge fixing [35-37], the relation between two formulations: large- and small-space
formulations. However, our large-space formulation is purely algebraic and these aspects
remain mysterious.
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A Heterotic theory in the small Hilbert space

The action for heterotic string field theory in the small Hilbert space of right movers is
given by

1 = n
= 5(®.Q®) +nz (®, [, D]"), (A1)

K.ITL
— (n+2)!
where the NS heterotic string field ® is a ghost-and-picture number (2]0, —1) state in the
small Hilbert space of right movers and right-moving picture-changing operators X inserted
product [Ay,..., A,]* given by [31] carries ghost-and-picture number (3—2n|0,n—1). This
action is invariant under the following gauge transformation [6, 7]

5P = Q/\+Z <1>" A = Qo) (A.2)

where )\ is a gauge parameter carrying ghost-and-picture number (1]0, —1).

— 21 —



Just as bosonic theory [5, 7], the equation of motion is given by
oo K‘/n
P (@, B]F =0 A3
Q +nzl<”+1)’[ )" =0, (A.3)

and a pure-gauge Gy, is constructed by infinitisimal gauge transformations [6, 20, 21].
Therefore, Gy, is defined by the 7 = 1 value solution Gy, = Gr[r = 1] of the following
differential equation

= QX + Z AT = Qg (A-4)
with the initial condition Gz [T = 0] = 0.

B Some identities

BPZ-properties. The ¢;-inserted BPZ inner product (A, B) := (bpz(A)|c, | B), bosonic
or heterotic string products, and a derivation operator X satisfy

<A7 B> = (_)(A+1)(B+l)<B7A>7 (Bl)
([Ag, ..., Ap_1], Ap) = (=)Ao A1 4y [A), ..., A, (B.2)
(XA, B) = (—)™*(A,XB), (B.3)

where ¢, = %(co —¢p) and X = Q,n,17.

The Maurer-Cartan element. A pure-gauge solution Gy, satisfies the equation of mo-
tion F(Gr,) = 0 of NS heterotic string field theory in the small Hilbert space of right movers.
Using the defining equation of Gy, we find that

8
F(Gr) = (QgL+Z (01,0, )
= QQg, Y + Z gL, Qg 7]" = QF, (7V), (B.4)
which leads to the differential equation 9. F = [F, V] éL with the initial condition F(0) =

0. Hence, Gy, satisfies F(Gr,) = 0 and Qg, is a nilpotent operator. (See also [20, 21].)

The standard WZW form. Recall that when there exist higher sting products
[A1,...,Au)F (n > 2), a field-strength-like object fxy = Xty — (=) XYYy +
(—)Xn[@bX,¢y]éL is not zero fxy # 0 but a Qg,-exact state: Qg, fxy = 0, where X
and Y are derivation operators satisfying [X,Y] = 0. Let

Fxy = XUy + (=) XDy wy 4 w0y, ¢y )5, (B.5)

be a large field-strength-like object satisfying 7jFxy = (=)~ fxy. Utilizing this F,; and
the relation (¥¢, Qg, ¥y) = (¥y, 0;G1), our WZW-like action can be rewritten as

S = ;//0 dt ((n Wy, Gr) + (g, TIgL>)
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:;/’ (Fy— 000y — {0018, Gr) — (00, Qg, 0, )

:1,/ 10y, F, ;/ /01 at[ ({00, Gu) + (0, 0G1) ) + (W, [, Gl )| (B.6)

Recall also that the linear t-parametrization WU(t) = t¥ gives ¥, = ¥ up to 7-exact
terms. When we identify 7 and ¢, the defining equation of ©¥x becomes O:px = XV +
R[ﬁ\Il,l/JX]éL, which implies 7(0,¥x — (=)¥ XU + &[U, wX]éL) = 0. Hence, provided that
U(t) = t¥, we obtain 7F,; = 0 and the action reduces to the familiar WZW-form:

1
Staos = o (0 G0 [t o lon0.0000, ). D)
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