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ABSTRACT: The topological string captures certain superstring amplitudes which are also
encoded in the underlying string effective action. However, unlike the topological string
free energy, the effective action that comprises higher-order derivative couplings is not
defined in terms of duality covariant variables. This puzzle is resolved in the context of
real special geometry by introducing the so-called Hesse potential, which is defined in terms
of duality covariant variables and is related by a Legendre transformation to the function
that encodes the effective action. It is demonstrated that the Hesse potential contains
a unique subsector that possesses all the characteristic properties of a topological string
free energy. Genus g < 3 contributions are constructed explicitly for a general class of
effective actions associated with a special-Kahler target space and are shown to satisfy
the holomorphic anomaly equation of perturbative type-II topological string theory. This
identification of a topological string free energy from an effective action is primarily based
on conceptual arguments and does not involve any of its more specific properties. It is
fully consistent with known results. A general theorem is presented that captures some
characteristic features of the equivalence, which demonstrates at the same time that non-
holomorphic deformations of special geometry can be dealt with consistently.
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1 Introduction

As is well known, Lagrangians for N = 2 supersymmetric vector multiplets are encoded
in a holomorphic function F'(X) whose arguments correspond to the complex scalar fields
XT of the vector multiplets. These Lagrangians often play a role as Wilsonian effective
field theories that describe the physics below a certain mass scale. Homogeneity of the
holomorphic function is required whenever the vector multiplets are coupled to supergrav-
ity [1]. The physical vector multiplet scalars are then projectively defined in terms of these
variables as a result of the local scale and U(1) invariance of the description used in [1].
It is possible that the function depends, in addition, on one or more holomorphic fields,
possibly associated with some other chiral multiplets. An example of this is the so-called
Weyl multiplet that describes the pure supergravity degrees of freedom [2]. When the func-
tion F' depends on the Weyl multiplet, then it will also encode a class of higher-derivative



couplings.! In case these higher-order derivative couplings are absent, we will denote the
function by F(©, which is always holomorphic and homogeneous and encodes an action
that is at most quadratic in space-time derivatives. This action will henceforth be re-
ferred to as the ‘classical action’, and its associated non-linear sigma model parametrizes
a special-Kéhler space.

The abelian vector fields in these actions are subject to electric/magnetic duality under
which the electric field strengths and their duals transform under symplectic rotations. It
is then possible to convert to a different duality frame, by regarding half of the rotated
field strengths as the new electric field strengths and the remaining ones as their duals.
The latter are then derivable from a new action. To ensure that the characterization of
the new action in terms of a holomorphic function remains preserved, the scalars of the
vector multiplets are transformed correspondingly. This amounts to rotating the complex
fields X' and the holomorphic derivatives of the underlying function F(X) by the same
symplectic rotation as the field strengths and their dual partners [1, 5]. For reasons that
will be described shortly, we shall refer to the array (X!, F) as the period vector, where
Fj;(X)=0yF(X). The indices I, J label the vector multiplets, and cover the range I, J =
0,1,...,n, so that the period vector has (complex) dimension 2(n + 1). Electric/magnetic
duality thus constitutes a group of equivalence transformations that relate two different
Lagrangians (based on two different functions) giving rise to an equivalent set of equations
of motion and Bianchi identities. A subgroup of these equivalence transformations may
constitute an invariance group, meaning that the Lagrangian and its underlying function
F(X) remain unchanged. We stress that the latter two quantities do not transform as a
function under these equivalence transformations.

As it turns out one encounters a similar situation when studying Calabi-Yau three-
folds. The moduli space of these three-folds is a local product of two submanifolds, describ-
ing the metric deformations of the complex structure and of the Kéhler class, respectively.
The complex structure moduli determine the shape, and the Kéhler moduli the size of
the Calabi-Yau three-folds. Usually, when referring to the Calabi-Yau moduli space, one
refers to either one of these two submanifolds. As it turns out, the corresponding metric
deformations are related to the odd and even harmonic forms, respectively, and the number
of moduli is thus determined by the topology of the Calabi-Yau three-folds (see e.g. [6]).
The latter is specified by the Hodge numbers h?"? which specify the number of independent
(p, p) harmonic forms. The odd harmonic forms consist of a (3,0) holomorphic form €2, and
h%! (2,1)-forms, as well as their conjugate (0, 3)- and (1,2)-forms. Under an infinitesimal
change of the complex structure the (3,0)-form  changes into Q2 and the (2,1)-forms,
which leads to its periods, in the following way,

Xt = AIQ, FO = ¢ Q. (1.1)
By

Here A’ and B; are an integral basis of homology 3-cycles (in a symplectic basis) dual to
the three-forms. The index I takes the values I = 0,1,...,h%! corresponding to the (3,0)-

!These actions are all based on a chiral superspace density, but other N = 2 supersymmetric higher-
derivative couplings are known to exist (see e.g. [3, 4]). The latter will not be considered in this paper.



and the (2, 1)-forms and their conjugates. The X! (or alternatively the F(©);) projectively
parametrize the complex-structure deformations, so that the complex dimension of the
corresponding moduli space equals h?1!.2

For the periods one can also show (at least in a suitable homology basis) that there
exists a holomorphic, homogeneous, function F(9)(X), such that F©; = 9;F(©)(X).?> The
duality transformations on the periods simply arise from symplectic redefinitions of the ho-
mology basis of the 3-cycles. It is worth pointing out that in this case one is dealing with
discrete symplectic transformations, while in the supergravity case the transformations
are continuous (unless one has to account for an integral lattice of electric and magnetic
charges). This particular geometry with its associated period vectors and symplectic trans-
formations is known as special geometry [7] (for a review, see [8]).

The Calabi-Yau moduli space and the supergravity action describing a Calabi-Yau
string compactification are related, because the target space metric associated with the
non-linear sigma model contained in the corresponding Wilsonian effective action of vector
multiplets coupled to supergravity, must be equal to the metric of the Calabi-Yau moduli
space [9]. This target space is a so-called special-Kéhler space, whose Kéhler potential is
proportional to [1],
i(XTFO, — X1 pO))

(1.2)

and F(©)(X) is the holomorphic function that determines the supergravity action quadratic
in space-time derivatives. Because F(?) (X)) is homogeneous of second degree, this Kéhler
potential depends only on the ‘special’ coordinates t' = X?/X" and their complex conju-
gates, where i = 1,...,n, so that we are dealing with a special-Kahler space of complex
dimension n. In view of the homogeneity, the symplectic rotations acting on the period
vector (X', F(O)}) induce corresponding (non-linear) transformations on the special coor-
dinates t*. Up to a Kihler transformations, the Kahler potential transforms as a function
under duality.

Yet another quantity that reflects the geometrical features of the Calabi-Yau moduli
space is the topological string. Perturbative string theory is defined in terms of maps
from Riemann surfaces ¥, to a target space. When the worldsheet theory has (2,2) su-
persymmetry and the target space is Ricci flat, one may construct a topological version of
perturbative string theory by a procedure called twisting [10]. The resulting theory is a
cohomological theory, and correlation functions of observables are independent of the word-
sheet metric on Y,. When the target-space is a Calabi-Yau three-fold, the twisted theory
is called topological string theory [11]. There exist two versions of topological string theory,
called the A- and the B-models. In the A-model, the correlation functions depend only

2For completeness we mention that there exists an analogous construction for the Kahler moduli. While
the complex structure moduli are associated with the odd cohomology class, H®? ¢ H®Y ¢ H®? g HO3),
the Kéhler moduli are associated with the even class, HO9 ¢ HOY @ H®? @ H®® . The corresponding
2+ 2h"! coordinates projectively describe the h''' complex Kahler moduli [6].

3The functions F*) encoding the moduli space geometry of Calabi-Yau three-folds correspond to a
restricted class. This paper pertains to functions belonging to a more general class.



on the Kahler moduli, while in the B-model they only depend on the complex structure
moduli.

The topological string is defined in terms of topological free energies F(9), which are
computed from suitable correlators on orientable Riemann surfaces 3, of genus g. These
free energies may be formally combined into one single object F'(X, \), the free energy of
topological string theory, which has the asymptotic expansion,

A) = i NLEO) (X)) (1.3)
=0

with A playing the role of a formal (complex) expansion parameter. This expression, being
a perturbative series in A, is expected to receive non-perturbative corrections in A [12—
14]. Note that we have (tentatively) included F(©)(X) in (1.3), which is the function that
encodes the Calabi-Yau moduli space metric. The functions F(9)(X) are homogeneous
functions of the X' of degree —2(g — 1), so that the X°-dependence can be scaled out
and subsequently be absorbed into the expansion parameter \. In this way F(¢,\) =
(X2 F(X,\) with X = \/(X?)?, and F9 () = (X°)29~2 F9)(X). This suggests a role
of X as a loop-counting parameter with (\)~* F(O)(t) equal to the classical free energy.

It may seem tempting to identify the expansion (1.3) in this way with the similar
expansion of the effective action in terms of W?2, the square of the lowest component of
the Weyl multiplet, thus generating higher-derivative couplings in the action. However,
this interpretation is inconsistent with the behaviour one expects for the free energy of
the topological string. The reason is that the genus-g free energies should be consistent
with dualities induced by symplectic rotations of the periods (X!, F (0)1) of the underlying
Calabi-Yau moduli space. In particular, the F(9)(X) (with g > 0) should transform as
functions under these dualities, and the F'9)(t) as sections. Note that this does not apply
to F(© which does not transform as a function under electric /magnetic duality. At this
point one concludes that it was premature to include F(© into the free energy of the
topological string, as the genus-g contributions with g > 0 behave as functions under
duality, while F©) does not.

On the other hand, the Wilsonian action encoded by the similar expansion,

F(X,W?) =Y (W??F9(X), (1.4)
g=0

is subject to different duality transformations, namely those induced by rotations of the full
period vector (X', Fy) rather than of the ‘classical’ period vector (X', F(O)). Consequently
the corresponding coordinates X! will transform differently under duality, so that one must
conclude that the X! appearing in the topological string free energy and the X! appearing
in the Wilsonian action cannot be identical variables. Hence the coefficient functions
F9) for the Wilsonian action appearing in (1.4) that multiply even powers of the Weyl
multiplet are not transforming as functions under duality, unlike those of the topological
string. This aspect is most striking when considering duality symmetries such as S- and
T-duality. Under these dualities the functions F9) of the topological string are invariant



(possibly up to a scale factor), whereas the analogous coefficient functions of the Wilsonian
action (1.4) transform non-linearly and are not invariant. Hence, in spite of the similarity
of the expansions, there is no ground for assuming that the coefficient functions F(@ of the
topological string will coincide with the corresponding coefficient functions appearing in
the expression (1.4) that encodes the effective action. This observation was already made in
e.g. [15, 16], where its consequences were investigated for dualities that define symmetries
of the model. Nevertheless, we should stress that there must exist a relation between the
effective action and the topological string in view of the fact that the topological string
does capture certain contributions to string amplitudes, which must in turn be reflected in
the effective action [11, 17].

We thus conclude that one seems to be dealing with two different series expansions of
the form (1.3) and (1.4), one pertaining to the topological string free energy and another
one to the effective Wilsonian action with a class of higher-derivative coupings. In spite of
their qualitatively different behaviour with respect to duality they should somehow describe
the same physics. To make matters more subtle, it is known that both the topological
string and the effective supergravity action are subject to non-holomorphic modifications.
Hence it is reasonable to expect that these modifications are therefore related as well.
However, so far non-holomorphic deformations have not been incorporated in the standard
treatment of special geometry. The non-holomorphic modification in the effective action
is due to the integration over massless modes [18], whereas those in the topological string
free energy originate from the pinching of cycles of the Riemann surfaces [19]. The need
for non-holomorphic corrections can often be deduced from the lack of invariance under
integer-valued duality symmetries, which requires modular functions that are not fully
holomorphic. This was also observed when calculating the entropy for BPS black holes
with S-duality invariance [20].

In this paper we will systematically study the connection between the effective action
and the topological string.* Here we should stress that we are just referring to functions
that can potentially define the topological string free energy in relation to an underlying
effective action. Whether these functions will actually have a topological string realization
is a priori not known. But the connection that is proposed in this paper seems to be
universal so that it will apply also to those cases where a topological string realization does
exist. We will start from the holomorphic function that encodes the Wilsonian action, and
construct another quantity that transforms in the same way under duality as the topological
string free energy. Here we are inspired by previous work on BPS black holes [15, 16, 22],
where the so-called Hesse potential emerged as the relevant quantity, defined in the context
of real special geometry [23-25]. The Hesse potential transforms as a (real) function under
duality. It is related to the function F'(X) that encodes the effective action via a Legendre
transform and it is expressed in terms of duality covariant variables, so that its behaviour
under duality is comparable to what one observes for the topological string. In hindsight
it is not so difficult to understand this relation by reflecting on the more familiar case of
four-dimensional abelian gauge fields, where the Lagrangian is a function of the abelian

4A preliminary account of our results was published in the proceedings of the Frascati School 2011 on
Black Objects in Supergravity [21].



field strengths F),, and possibly other fields (that we assume to be electrically neutral).
The expressions for the dual field strengths, which are related to the derivative of the full
Lagrangian with respect to the original field strength, do depend on the specific interaction
terms contained in the Lagrangian. Therefore the electric/magnetic duality transformation
rules for the original field strengths will depend on the details of the underlying Lagrangian.
On the other hand the Hamilonian depends on different quantities, namely the spatial part
of the gauge potential A and the electric displacement field D, where the latter follows
from taking the derivative of the Lagrangian with respect to E. The precise definition of
D will thus implicitly depend on the details of the Lagrangian. Under electric/magnetic
duality B «x V x A and D transform as a dual pair and the Hamiltonian is a function of
these duality covariant variables: they transform into each other under symplectic rotations
in a way that is independent of the details of the Hamiltonian. In fact, for a theory without
higher derivatives, A and D are the canonical variables.

Electric/magnetic duality transformations thus act as canonical transformations and
the Hamiltonian will usually decompose into a number of different functions that transform
consistently under them. When the canonical transformations constitute an invariance of
the system then these functions will be invariant. As it turns out, the Hesse potential of
real special geometry is the direct analogue of the Hamiltonian. Rather than depending
on the fields X/, it depends on canonical variables ¢! and x;. As we shall see, these can
again be combined into complex variables in a way that involves the classical period vector
associated with the function F(©(X). The duality covariant variables (¢!, ) transform
under the same duality transformations as the classical period vector.

The Hesse potential is related to the function F(X,W?) via a Legendre transform,
and thus contains the same information as the effective action. In principle, other rele-
vant quantities that are related to the underlying Calabi-Yau moduli space, such as the
topological string free energy, can be characterized by functions of (¢!, xs). Precisely as
the Hamiltonian discussed above, the Hesse potential decomposes into different functions
that all transform consistently under duality. The central conjecture of this paper is that
the topological string should coincide with (part of) the Hesse potential, as this is the
only way to explain why it can reproduce (part of) the effective action. To identify this
particular function we will first consider what happens when the effective action is purely
Wilsonian. As it turns out there is just one function belonging to the Hesse potential that
is ‘almost harmonic’, where the meaning and implication of the term ‘almost harmonic’
will be explained in due course. The Hesse potential is nevertheless harmonic in terms of
the (holomorphic) function that encodes the Wilsonian action. Subsequently it is demon-
strated that, upon relaxing the harmonicity constraint on the function that encodes the
effective action, the resulting ‘almost harmonic’ contribution to the Hesse potential satisfies
the same holomorphic anomaly equation that is known from the topological string.

The paper is organized as follows. In section 2 we characterize possible non-holo-
morphic deformations of special geometry in the context of the effective action based on
a theorem that is presented in appendix A. Subsequently we introduce the formulation of
real special geometry in terms of the Hesse potential, which transforms as a function under
symplectic rotations of its real variables, and derive a number of results that are important



for what follows in subsequent sections. Section 3 is devoted to evaluating the Hesse poten-
tial in terms of complex duality covariant variables by carrying out the Legendre transform
by iteration to fourth order, which is sufficient to appreciate its general structure. At
this stage the non-holomorphic contributions can be understood in the context of a dia-
grammatic representation of the Hesse potential as a sum over connected tree graphs. The
Hesse potential decomposes into an infinite number of terms, which arrange themselves into
an infinite set of functions, all transforming consistently under electric/magnetic duality.
Some of the expressions for these terms are collected in appendix B up to the corresponding
order in the iteration. When the corresponding effective action is characterized in terms of
a holomorphic function, precisely one of the functions contributing to the Hesse potential
becomes ‘almost harmonic’ in the moduli. This function is thus the only possible candidate
for a topological string free energy, and in section 4 we demonstrate that it indeed satisfies
a holomorphic anomaly equation which partially coincides with the holomorphic anomaly
equation known for the topological string [11].

Subsequently we relax the harmonicity restriction on the effective action by allowing
a specific non-holomorphic term that transforms as a symplectic function up to a term
that is harmonic. Introducing such a term induces quite a large variety of additional
contributions to the Hesse potential that leave its characteristic properties intact, but the
candidate function for the topological string free energy now satisfies the full holomorphic
anomaly equation. Hence this function has now all the prerequisites for representing the
generating function of the genus-g free energies of the topological string and we explicitly
demonstrate this up to g < 3. The calculation for g = 3 is rather involved and it is described
in section 5. We should stress here that the logic of our calculations is rather different
from the one that is often followed for the topological string, where the non-holomorphic
corrections are found by integrating the anomaly equation [11, 26, 27], with the holomorphic
contributions playing the role of generalized integration ‘constants’. In this paper we
construct the Hesse potential starting from holomorphic functions, which, in order to ensure
that they transform consistently under duality transformations, will necessarily contain
non-holomorphic contributions. These non-holomorphic contributions then turn out to
satisfy the holomorphic anomaly equation. In this way it is obvious that the holomorphic
anomaly arises due to an incompatibility between duality covariance and holomorphicity.
On the other hand we demonstrate that the function that encodes the effective action, which
is holomorphic in the Wilsonian limit, must also contain corresponding non-holomorphic
corrections of a specific form, which we evaluate order-by-order by iteration. All these
results are established in the context of a generic special-Kéhler space, but we do not wish
to imply that in all these cases an actual topological string realization will exist.

A summary and a discussion of the results is presented in section 6. Here we also
present a comparison of our present results with previous work [15, 16] on the FHSV
model [28]. Furthermore we briefly discuss some of the consequences of the results of this
paper for BPS black hole entropy, especially in connection with its conjectured relation to
the topological string [29].

There are five appendices. The first appendix A establishes the consistency of special
geometry under non-holomorphic deformations. The second appendix B lists a number of



symplectic functions that emerge when evaluating the Hesse potential by iteration. Ap-
pendix C lists some intermediate results that are relevant for the third-order calculation
described in section 5. The explicit expressions for the twisted string free energies F(9)
of genus g < 3 are presented in appendix D based on the construction presented in this
paper. Finally in appendix E we give further details about the comparison of the present
results to earlier results obtained for the FHSV model.

2 Real and deformed special geometry

In the previous section we introduced holomorphic functions that encode either the Wilso-
nian action or the topological string free energy, as well as a real function known as the
Hesse potential. While the first two are initially holomorphic, they eventually acquire non-
holomorphic terms caused by the underlying physics. In the Hesse potential there seems no
immediate obstacle to include such modifications as it is initially defined in terms of real
variables. Let us now reiterate some of the distinctive features of these three structures
and clarify the relevant issues.

The topological string free energy is a function of the Calabi-Yau moduli which are
subject to dualities related to the homology group of the underlying holomorphic three-
form. As explained in section 1, these moduli are associated with a holomorphic function
F() (X)), which also encodes a corresponding vector multiplet Lagrangian with at most two
space-time derivatives coupled to supergravity. The dualities of this Lagrangian are gener-
ated by certain electric/magnetic dualities and they are related to the (discrete) homology
group associated with the Calabi-Yau periods. When deforming the supergravity, for in-
stance by introducing couplings to the square of the Weyl multiplet as specified in (1.4),
the duality transformations of the moduli X! will change their form, whereas the variables
X! in the topological string will still be associated with F(%)(X). Therefore, as explained
in the previous section, the supergravity definition and the topological string definition of
the variables X' will no longer be the same, and correspondingly the genus-g free energies
cannot be identical to the higher-derivative supergravity couplings.

The topological string free energy contains non-holomorphic corrections related to the
pinchings of cycles in the underlying Riemann surfaces. These corrections should presum-
ably be related to the non-holomorphic contributions to the function F(X, W?) which are
induced by the integration over massless modes, in view of the fact that the two quan-
tities are known to describe the same (on-shell) string amplitudes [11, 17]. Irrespective
of this relationship the situation regarding the non-holomorphic corrections to the func-
tion F(X,W?) is subtle. Integrating out the massless modes leads to interactions that
are non-local in generic space-times and it is not known what the precise dictionary is be-
tween non-holomorphic terms in the function F' and the non-local terms in the Lagrangian.
In the supergravity context, non-holomorphic corrections are most likely related to chiral
anomalies associated with the U(1) local symmetry that is an essential part of the su-
perconformal multiplet calculus. These anomalies are cancelled by the non-holomorphic
terms that emerge in the effective action. Such a phenomenon has been clarified in [30] for



a number of situations. Another relevant observation is that non-holomorphic corrections
are often required in order to have an exact duality invariance.

The variables X! and W? are only projectively defined, so that physically relevant
results should not depend on uniform rescalings by a complex number. Hence we can
replace the X! by uniformly rescaled variables Y/ that differ by a uniform multiplicative
complex factor or field according to a prescription that may depend on the application that
is being considered. Likewise one must also rescale the expression for W2 by the square of
the same factor as for the X!. The resulting expression is usually denoted by Y. However,
in what follows we will regard T as one of the generalized coupling constants that may play
a role. As it turns out it is not necessary to refer explicitly to such coupling constants, so
that we will suppress them henceforth.

The information encoded in F((X, W?) can also be encoded in the context of real special
geometry where the relevant quantity is the Hesse potential. As was already argued in the
introductory section the Hesse potential represents the Hamiltonian form of the Wilsonian
action and depends on real duality-covariant variables denoted by ¢! and x;. They can be
defined by )

QZ)I:YI—FYI, X[:F[—i-F]. (2.1)

Note that the replacement of the original variables X by Y/ is now relevant, as it would not
make sense to consider linear combinations of the original variables X' and their complex
conjugates in view of the fact that they are projectively defined.® As it turns out, non-
holomorphic corrections can be encoded in a real function (Y, Y’), which is incorporated
into the function F' in the following way [32],

FY,Y)=FO®) +2iQ(,Y), (2.2)

where F(9)(Y) is holomorphic and homogeneous of second degree. Note that the decom-
position (2.2) is subject to the equivalence transformation,

FO) = FOW) +¢(Y), QYY) = QY,Y) —Img(Y), (2.3)

which amounts to a shift of F(Y,Y’) by an anti-holomorphic function: F(Y,Y) — F(Y,Y)+
g(Y). This change does not affect the period vector (Y, Fr), which only involves holomor-
phic derivatives, which is the underlying reason for this equivalence. When the function
() is harmonic, i.e., when it can be written as the sum of a holomorphic and an anti-
holomorphic function, then one may simply absorb the holomorphic part into the first
term according to (2.3). We usually refer to F(©)(Y) as the classical contribution, because
it refers to the part of the Lagrangian that is quadratic in space-time derivatives. In that
case only the function €2 will depend on possible deformation parameters such as T and
T and it may contain harmonic and non-harmonic contributions. The ansatz (2.2) may
seem somewhat ad hoc, but in fact it can be derived in a much more general context as

5The same strategy was followed previously in the study of BPS black holes (see, e.g. [31]). The same
comment applies to the holomorphic derivatives F;. Note that F; equals the derivative of F' with respect
to Y. At this point we refrain from distinguishing holomorphic and anti-holomorphic derivatives, 9/9Y”*
and 8/0Y | by the use of different types of indices.



proven in the theorem presented in appendix A, which makes use of the analogue of the
Hesse potential. The first indication for these results came from the study of BPS black
hole entropy [15, 16, 22, 32, 33].

The new variables (2.1) have the virtue of transforming linearly under duality by real
symplectic rotations. At this point it is convenient to define a quantity H of ¢! and 7,
which contains the same information as the F(Y,Y) but transforms as a function under
the duality transformations. This quantity is the Hesse potential. It is a generalization of
the Hesse potential that was defined in the context of real special geometry [23-25] and
follows from the Legendre transform of 4(Im F©) 4+ Q) with respect to the imaginary part
of Y1,

H(p,x) =4 [Im FOY) + Q(Y, V)] +ixs (Y = YT) . (2.4)

Its generic variation satisfies
OH = —i(Fr — Fy) 6! +i(YT = Y1) 6xs, (2.5)

where F7 refers to the holomorphic derivative of (2.2), which confirms that H is indeed a
function of the duality-covariant variables (¢, x7). The theorem of appendix A demon-
strates that many of the special geometry properties remain valid under non-holomorphic
deformations. This result had already been indicated by earlier work on this subject in [15].

The classical function F(©) is assumed to be holomorphic and homogeneous of second
degree in Y. In the remainder of the section we summarize some results for such a function
with respect to its behaviour under electric/magnetic duality that are needed in the next
section. The electric/magnetic dualities are defined by Sp(2n+2, R) rotations of the period
vector (Y, Fy), defined in the usual way,

vy vl =vl,v/+ZYF,,
F]—)F]:V]JFJ—I—W[JYJ, (2.6)

where U, V, Z and W are the (n+ 1) x (n+ 1) real submatrices that constitute an element
of Sp(2n + 2,R). Applying these transformations to the case where F' = FO) so that
we are dealing with a homogeneous and holomorphic function, it follows that £ can be
expressed as the holomorphic derivative of a new holomorphic function, F(O(Y), with the
latter equal to

FOW)=FOy) - %Y[ FO Y + %(UTW) Yly?

- %(UTV + W2 YT FO(y) + %(ZTV)” FOVYFO vy, (2.7)
which, in general, is difficult to solve explicitly. Note that, when the function is not
homogeneous, there are integration constants corresponding to either a constant or terms
proportional to the Y. In the presence of non-holomorphic terms the proof of existence of
a new function is much more complicated, but the arguments, presented in a more generic
context in appendix A, indicate that this is indeed the case, although no explicit expression

has been given in the general case in analogy to (2.7).
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Finally we present the transformation rules of the first multiple derivatives of the
function F(©) under the dualities (2.6),

FOp = (ViFFOL, + Wik) S5,
FO ke = 1So 1 1S M 7 1Se Yk FOLuw
FOryrer = 18 1M1 1851V 85117k 8119
X [FOunpo — 3 F Oy 20° FOpg]
FOLern = 8510118517018 1%k (85170 8511 M
x [F (O)NPQRS —10F (O)oNPQ 25" F s,
+ 15 FO,np 20°* FO, 00 25% FORg,]
FOrran = [Sg 17118519 185 1k 18515 S 1 e 1851w
X [F Opgrsrr — 15 FOpors 20°* F Oy,
— 10 F % pgr 20** FO%rvs
+60 FO,por 20** FO40s 20** F Oy,
+45 FO, pg 2** FO, g 20* FOrp,
— 90 FO,pg 2p** FO, g 20** FO4 05 20** FOy,
— 15 F Oy,
% [20%* FOpoa] [207* FOps.] [207° F(O)TU.]] , (2.8)

which can be obtained by repeated differentiation of the basic equation (2.6) or (2.7). Note
that for clarity we have occasionally replaced indices by bullets in cases where the index
contractions are unambiguous. In the above formulae the bullets are indices that are simply
contracted with the nearest neighbour bullet as a string. Furthermore we have made use
of the following definitions,
o1
So (V) = 25, = U, + 2" F (),
2 () =85V ik 257 (2.9)

Because the matrices U and Z are submatrices of a (2n+2)-dimensional symplectic matrix,
it follows that Z{/ is symmetric in (I, J). It also follows that

6[861]IJ — _ ZOIK 5F(O)KL [Sal]LJ ’
5201 = — 2K sF O z17 (2.10)
Defining
NO (Y, V) = 2Im [FO (V)] (2.11)

we derive the following expression for the behaviour of its inverse N(!7 under duality
transformations,

NO — 8 8§ NOKE (2.12)
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Using the identity [Sy '] i [So]® 7 = 6%y — 124K N ;. it follows that (2.12) can also be
written as,

NO = 8y g So” ) [NOFE — 2] = Sy g So7, [NOFE 1 25F] (2.13)

These identities will be relevant later on. Incidentally, from the results presented above
one can straightforwardly construct tensors that transform covariantly under the symplectic
transformations, such as

Crixr = FOrgp + 3i NOMN F(O)M(IJ F(O)KL)N- (2.14)

However, these tensors are not purely holomorphic in view of the appearance of the matrix
NOT We will encounter such ‘almost holomorphic’ covariant functions throughout this
paper.

Note that in the next section we will introduce different complex variables denoted by
VI, Since we will treat Q as a perturbation of the classical function F©), the full func-
tion F' will no longer play a role in the various formulae. Therefore, in due course, we
will simply suppress all sub- and superscripts ‘0’ referring to the lowest-order quantities
FO S5, Zg‘] , and N1 Note also that we are only distinguishing holomorphic and
anti-holomorphic derivatives, I,.J,... and I, J,... with a bar when we are dealing with a
real quantity. For instance, Sy’ i is anti-holomorphic, so we will just keep generic indices
J, K (rather than J, K), while Q; and Q; need a holomorphic or anti-holomorphic index to
distinguish between the derivative with respect to Y/ and Y. The reason for this conven-
tion is that we will often not have the situation where holomorphic and anti-holomorphic
indices are contracted consistently.

3 The generic structure of the Hesse potential

In this section we study the generic structure of the Hesse potential, which requires to
carry out a Legendre transform. In practice this can only be done by iteration. The results
will then take the form of an infinite power series in terms of €2 and its derivatives. We
will explicitly evaluate the first terms in this expansion up to order Q°, which we expect
to suffice for uncovering the general structure of the full expression. The homogeneous
and holomorphic function F(©(Y") will not be subject to further restrictions and will thus
encode a generic special-Kéhler space, while Q will be an arbitrary function of Y and Y.
The actual calculations are rather laborious although in principle straightforward; we have
relegated some relevant material to several appendices. Similar calculations have been
performed for more specific cases some time ago [15, 16]. For instance, the first two terms
to quadratic order in Y, T have been determined for the FHSV model [28]. As it turned
out some of these terms were consistent with known results obtained from the topological
string by integration of the holomorphic anomaly equation [27], but the Hesse potential
contained additional terms at this order that were separately S- and T-duality invariant
but did not have an interpretation in the topological string context. In this paper we will
investigate the generic structure of the Hesse potential and clarify these partial results. We
will return to a discussion of the results for the FHSV model in section 6.
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To carry out the Legendre transform by iteration we first choose convenient variables.
Originally the Hesse potential was defined in terms of the variables (¢, x7) of real special
geometry, whose definition involves the full effective action. It is, however, more convenient
to convert them again to complex variables, subsequently denoted by V', which coincide
precisely with the fields Y/ that one would obtain from (¢!, x7) upon using just the lowest-
order holomorphic function F(©). The identification proceeds as follows [16],

2ReY! = ¢! = 2Re )’
2Re Fi(Y,Y) = x1 = 2Re FOO, (). (3.1)

Since the relation between the variables J! and the real variables (¢, x7) involves only
F©)_ their duality transformations will be directly related. Consequently we will refer to
the variables V! as duality covariant variables. Under duality the variables Y! transform
according to,

V=0, ¥+ 2 FO,p) =8T0) V7, (3.2)

where we used the homogeneity of F(O)()) as well as the definition of S'; given in (2.9),
except that the expression is now written in terms of the new variables Y. Furthermore
we have dropped the subscript by the replacement Sg — S, as we had already indicated at
the end of section 2.

At the classical level, where Q = 0, we obviously have Y! = Y/, but in higher orders
the relation between these moduli is complicated and will involve §2. Let us therefore write
VI = Y! + AY!, where AY7 is purely imaginary, and F = F(© +2iQ, so that we can

0, ¥ and AY!. Because the equations will no longer involve

express (3.1) in terms of F’
F, we will henceforth drop the index ‘0’ on F(©), as mentioned earlier. Consequently all

the derivatives of F' will be holomorphic. The equations (3.1) can then be written as,

Fr(Y = AY) + Fi (Y + AY) — F1(Y) — Fr(Y)
=—2i [V -AY, Y+ AY) - QY- AY, Y+ AY)] , (3.3)

where we made use of (2.2). Upon Taylor expanding, this equation will lead to an infinite
power series in AY!, which we can solve by iteration. Retaining only the term of first order
in AY! shows that it is proportional to first derivatives of ). Proceeding to higher orders
will then lead to an expression for AY! involving increasing powers of Q and F and their
derivatives taken at Y/ = Y. Up to fourth order in € this iteration gives the following
expression for AY!,
AYT ~2(Q —Qf)
—2(F + F)7E(Q; — Q7)) (Q — Qf) — 8Re(Q — Q) (Q; — Q)
4 _ _ _
x (7 = Q7) (U — Qz)(Q — Q)
+8i [2 (F + F)17 Re(QKL — QKLY 4 Re(Q/E — Q1K) (F + F)KJL]

x (Qy —Q7)(Qr — Q)
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+32Re(Q" — QY Re(Qx — Q) (QF — QF)
+ 8 Im(Q7E — 207K L QITEY(Q; — Q) (U — Q) +OQY) . (3.4)

Here indices have been raised by making use of N1/ which was already defined in (2.11),
where, for consistency, we will henceforth change notation and refer to N1/ by N1/ Here
we stress once more that all the derivatives of F and Q are taken at Y = V! and Y! = V!,

Using the same notation we obtain the following expression for the Hesse poten-
tial (2.4),

HY, V) =—i[VF(Y) -V F(Y)] +4Q1,))
—i[ Y (F(Y) = Fi(Y)) + AY'F(Y) — h.c.]
+4[QY,Y) - Q,Y) + AY(Q(Y,Y) — Qp(Y,Y))] . (3.5)

Here we made use of the homogeneity of F(Y) and of (3.3). Again this result must be
Taylor expanded upon writing Y = Y — AY! and Y! = Y! + AY!. The last two lines
of (3.5) then lead to a power series in AY, starting at second order in the AY,

HDY,Y) ~ =iV Fr(Y) = Vi) + 42, D)
— N AYIAYY — %i(F + )y AYTAY AYE

1 _
—4Re(Qr7 — Q7)) AYIAY T + 1= F) ikt AYTAYIAYEAYE

- giIm(QUK —3Q,:)AYIAYIAYE .. (3.6)

Inserting the result of the iteration (3.4) into the expression above leads to the following
expression for the Hesse potential, up to terms of order °,

HY, D) ~ —i[YIF(Y) = VIF(Y)]+4Q0,Y)
— 4NIJZ] Zj+ §1<F + F)]JKNILNJMNKNZL ZM ZN
4

- g'[(F — F)1ykr +3i(F + F)yrN®S(F + F)skr)

X NIMNJNNKPNLQZM ZN ZP 2Q
32

- ?ilm(QUK —3Q,,5)NIENTMNEN o) 2ap 2 + O(Q°) (3.7)

where z; = Q7 — Qf, and where N7 is the inverse of the real, symmetric matrix Ny,
defined by

Nij=Nrj+4Re(Q5 — Q7). (3.8)

Upon expanding N we straightforwardly determine the contributions to the Hesse po-
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tential up to fifth order in 2,

H= H|Q:0 +4Q —4NIJ(Q[QJ —I—Qij) +8NIJQ[QJ
+ 16 Re(Qry — QIJ)NIKNJL(QKQL +Qz07 — QQKQE)

1 _
— ;(F+F)[JKNILNJMNKNIH1(QLQMQN — BQLQMQN)

— 64N"PRe (Qpg — Qpg) N Re (Qrx — Qg ) N7 (uQy + Q505 — 20,95)
+64(F + F) 1 yxg N'ENTMNEP Re (Qpg — Qpg) NN Im(QpQQn — 32,000y

8. _ ) _ _
= Gil(F = F)ryrp + 31(F + F)psN"S(F + F)gpys)]N"M NN NEPNIQ
x Re (QMQNQPQQ — 4QMQNQPQQ + 3QMQNQPQQ)
4
+ % Im(Qr55 — 3Q;;7) NIENTMY NEN Tm(QrQuQn — 3000 Q5) + O(Q°) .

(3.9)

We stress once more that all the quantities in (3.9) are taken at Y/ = Y.

It is clear that the Hesse potential takes a complicated form, but we note two sys-
tematic features. First of all it turns out that the expression (3.9) can be understood
diagrammatically. To appreciate this, let us return to the definition (2.4) of the Hesse
potential and rewrite it in a different form,

H(p,x) =4 [ImF(Y)+ QY. Y)] +ixs (Y = Y7)
=—2F(Y—-AY)+2F(Y+AY)+4Q(Y - AY, Y + AY)
+ixs (V' =Y —2ix,AY7, (3.10)
where the purely imaginary quantities AY ! were introduced in the beginning of section 3

when defining the iteration procedure. We remind the reader that ¢! = 2ReY! = 2Re V!
and x; = 2Re F7(Y). Substituting these results we derive

HD,Y) =HY.V)|g_ + Nis(¥,Y) AY AY

o0

=1 ., ) _
+2i Z_;) E[(_) +1 Fr..r,(Y) + Fh_._ln(y)] AY; .- AY,
+4Q(Y — AY,Y + AY). (3.11)

It thus follows that H(Y,Y) — H(Y, V)|a=0 — 4Q(Y,Y) can be written as a series expan-
sion in positive powers of AY!. Integrating the exponential of this expression over the
(purely imaginary) fluctuations AY, the result can be expressed as an infinite sum over
Feynman diagrams in the standard way with propagators given by N7 and vertices by the
derivatives of F and F as well as of the holomorphic and anti-holomorphic derivatives of
). Because the Legendre transformation performed above should correspond to the tree
diagrams, it follows that H (Y, V) —H(V, V)|a=0—42(Y,Y) will comprise all the connected
tree diagrams. In this way one can account for all the terms in (3.9), including their com-
binatorial factors. Note that the diagrams are not 1PI: by removing the propagator N’”/
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each term in the expression will factorize into two terms! Here we should mention that
diagrammatic techniques have repeatedly played a role in the analysis of the holomorphic
anomaly equation and of the topological string (see e.g. [11, 26, 27]).

Another feature is based on the fact that (3.9) transforms as a function under duality
transformations of the fields Y/, and so does the first term H|n—o. This observation enables
one to determine how ) will transform under dualities. Obviously the transformation
behaviour of 2 must be non-trivial in view of the non-linear dependence on €2 of the Hesse
potential. The evaluation of this transformation proceeds again by iteration.

To demonstrate the procedure, let us review the first few steps. In lowest order, €2
must transform as a function, which implies that

Q(jj7 )ZQ(JA?)—}—O(Q%,
0O, Y) =871 (Y, Y) + 09, (3.12)

U L

where the matrix § was already defined previously (note that we have suppressed the
subscript ‘0’). Applying this result to the first few terms of (3.9) and making use of the
fact that H — H|q—o transforms as a function, one deduces the next-order result,

Q — N7 (QQ; + Q15 + 2 N7Q,0;5 + 0(02)
= Q- NY(QrQy + Q797 + 2 NQQ5 4+ 0(Q3), (3.13)

where on the left-hand side the functions depend on the transformed fields Y?, while on
the right-hand side they depend on the original fields V!.

Using the exact relations (2.9)—(2.13), suppressing also the subscript ‘0’ in the sym-
metric matrix Z!”/, one discovers that the first equation in (3.12) receives the following
correction in second order in €,

0D, 9) = Q- (27 0, - 27 0,0,) + 0@, (3.14)

which in turn gives rise to the following result for derivatives of €},

Qf(jj,j) = [S_I]J[ |:QJ +iFykr ZKMQM ZLNQN — 2iQJKZKLQL + QiQJKEKLQE]

+0(0°),
Q0. 9) = ST Is71, [QKL — Fxrm ZMNQN} +0(0%),
Q7. Y) = S5 SE 7 Qpp + O(22). (3.15)

Here and henceforth we make frequent use of (2.10).

The iteration can be continued by including the terms of order 23, making use of (3.15)
for derivatives of €2, to obtain the expression for Q up to terms of order Q4. In the next
iterative step one then derives the effect of a duality transformation on € up to terms of
order €2°. Before presenting this result, we wish to observe that terms transforming as a
proper function under duality, will not contribute to this result. This is precisely what
happens to the term proportional to N7/Q;Q; that appears in (3.9), which transforms as
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a function under symplectic transformations in this order of the iteration. Consequently
this term does not contribute to (3.14). As it turns out an infinite set of contributions to
the Hesse potential will be generated that transform separately as functions under duality.
By separating those from (3.9), we do not change the transformation behaviour of 2 but
we can extract certain functions from the Hesse potential in order to simplify its structure.
However, these functions must be constructed also by iteration, order by order in ).

We have evaluated this decomposition in terms of separate functions in detail, which
leads to

H=HO +HD +1® ¢ (1 + 1Pt he) +HE + 1O + 1S+ 1Y
+ (MY + HY 1 1Y+ H 1 e (3.16)
where the ’Hz@ are certain expressions to be defined below, whose leading term is of order
Q¢. For higher values of a it turns out that there exists more than one function with the
same value of a, and those will be labeled by ¢ = 1,2,.... Of all the combinations Hga)

appearing in (3.16), HW is the only one that contains €, while all the other combinations
contain derivatives of Q. Obviously, H(©) equals,

HO = V' FE() - Y FY)], (3.17)
whereas H() at this level of iteration is given by,

HO =40 — 4N (95 + Q;Q5)
+16Re [QU(NQ)I(NQ)J] 1169, (NQ) (NQ)

~ T [y (NO) (N9 (N )

4. .
- 51[ (Fryr + 3iFp s N Fiepys) (NQH(NQ)T (N K (NQ)E — hee,
16

-3 [Qrx (NQ)I(NQ)T (N + h.c.]

— 16 [Q, g (NQ)I(NQ)T(N)F + h.e.]

16 [FI Tk NEP Qpo (N (NQ)T (NQ)Q — h.c.}

— 16 [(NQ)P QOpo N pi (NQ)K + h.c.}

— 16 [(NQ)P Qpo NOBQ e (NQ)K

+ NP Qpo NOF (Qps (NOK 4+ Qi (NO)K) @ + h.c.]

161 [FUKNKP Qpo (N (NQ)T (NQ)Q — h.c.} + O (3.18)
Here we have used the notation (NQ)! = N'/Q;, (NQ)! = NI7Q;. Index symmetriza-
tions, such as in Fp;N RSPy 1)s, are always of strength one. For instance, in this example,

where there are three independent combinations, one includes a factor 1/3. The expres-
sions for the higher-order functions ”HZ@ with @ = 2,3,4 are given in appendix B. These
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expressions have been obtained by requiring that they constitute functions under symplec-
tic transformations, order by order in §2. There exist other expressions that do transform
as functions under duality in this approximation, but which do not appear in H. We
have included two examples of such functions in appendix B, one of which will be relevant
later on.

Because H( transforms as a function under symplectic transformations, we can deduce
the transformation behavior of Q up to order Q° by generalizing (3.12) to higher orders.
In this way one derives,

AP, D) =0 —i(2! 00, - 27 0;0;)
2
+ g (FIJK ZILQL ZJMQM ZKNQN + hC)
—2(Qy 2" 2710, + he) +4Q,; 250, 2700;

+ |- %iFI IxL(ZQ)1(Z2Q) (ZQ)" (z)"

+ %iQUK(ZQ)I(ZQ)J(ZQ)K

—l—iF[JRZRSFSKL( Q)I( ) (ZQ)K(ZQ)L
— 40,5 (20) (207 (20"

— 4 F]JKZKP QPQ (ZQ)](ZQ) ( )Q
—|—41F[JKZKPQPQ(ZQ)I(ZQ) ( )Q

+4i (2Q)F Qpg 298 (QRK (ZQ)K — 20, (ZQ)K)

—4i (ZQ)F Qpg 2905 (ZQ)F + h.c} +0(Q%), (3.19)

where the functions on the right-hand side depend on the fields V' and Y!. We used
the obvious notation (ZQ)I = Z17Q; and (ZQ)I = ZHQJ. It is remarkable that the
matrix N’/ no longer appears in this relation. This is due to a subtle interplay of the
various contributions to this result, which involves the ones coming from (3.15). On closer
inspection, the result (3.19) turns out to be identical (modulo an overall factor 4) to
H) given in (3.18) upon making the replacement N/ — iZ!7/ and/or N7/ — —izlJ
where the precise form depends on the type of index contractions (i.e holomorphic or anti-
holomorphic) to N IJ The fact that none of the other functions H® contribute is perhaps
not surprising because those are manifestly symplectic functions where no Z dependent
variations are generated, whereas in H") such terms are generated and have to be absorbed
into the transformation rule of €2. Clearly this is an intriguing result for which we have not
found a general proof within our approach, although we are aware of the fact that similar
properties have been encountered in [26].

With the above result (3.19) one can continue with the iterations by extending (3.15)
to the next order, finding

QDY) =[S +iFkL (ZQF (ZQ)F — 21 (20K + 210, £ (ZQ)K
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+ ;FJKLP(ZQ)K(ZQ)L(ZQ)P b2 (25 (20)E(20)F
+ 4 Fi(ZOE 2O p(ZQ)F — 4 Frer(ZQ)K(20)L 5(20)
— 2 F k. 2 Fpos(ZQ)X(ZQ)2(2Q)° + 2 Frrp(ZQ)X ,(ZQ)F(ZQ)F
— 2k (ZDK(ZQ)F — 4k (ZQK J(ZQ)E — 29,21 (Z0)K(ZQ)F
— 4L (2R J(ZD)" + 495 (ZQF (Z) + 40, (205 ,(20)F
+ 40, (29)5(20)8,] + 02",

N

Q=[S S HE, [QKL — From 2NN +iFgpun (Z)M(20)N
+ 2 Feyn (ZOM L (2Q)N — 21 Fryn Z2MP Fpor(2Q)9(20)N
—2i QKLP(ZQ>P —2i QKP(ZQ)PL + 2i QKPZPQFQLs(ZQ)S

20 (20T +21Q,5(ZQ)7L| + 003,

Q7 =[S S [QKE +2iFun (ZOM L (2Q)N - 2 Frpy (ZQ)N k (20)"

=

— 21 Q02 (ZOM — 2 Qs (ZOM 7 + 2 Qe i (ZOM + 2 Qe 1 (ZQ)M 1
+0(2%), (3.20)

where (ZQ)M, = ZMNQy,, (ZQ0)P), = Z_pNQNL, (Z0)p = ZEEQ . p, ete. These
results will then contribute to the determination of the next order contribution to (3.19).
The fact that Q transforms non-linearly under dualities, while we are at the same time
considering an expansion in terms of {2 and its derivatives, suggests to introduce a formal
expansion parameter o and expand Q =7, a1 QM 5o that we are obtaining relations
between products of different coefficient functions Q) order-in-order in «.. At this stage
there is no direct need for this, but we will follow this strategy in the next section where
matters become somewhat more involved.

Rather than proceeding with this iteration procedure, we will simply assume that all
characteristic features noted in the results above, will continue to hold in higher orders as
well. An obvious conclusion is then that the quantity €2 does not transform as a function
under symplectic transformations in view of the result (3.19). This is in agreement with
our earlier claims, for instance in [15, 16]. On the other hand we expect that 2 must belong
to a restricted class and, in particular, it should have a well-defined harmonic limit that
will define the Wilsonian action. To understand how this may come about, let us first start
from an  that is harmonic in the variables J! and their complex conjugates Y!. It is
then reasonable to expect that also  will be harmonic in the new variables, so that both
Q and Q can be written as a sum of a holomorphic and an anti-holomorphic function in
their respective variables. Indeed this property is confirmed by (3.19), or alternatively by
the last equation in (3.20). Hence we conclude that the condition

Q,7=0, (3.21)

is preserved under symplectic transformations. In the next section we first discuss the
consequences of this harmonicity constraint, before considering modifications thereof.
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4 Non-holomorphic deformations and the anomaly equation

At the end of the previous section we mentioned the possibility that €} is an harmonic
function of the variables Y! and V!, a property that is consistent with respect to symplectic
transformations. However, the function of interest is H")(),)), which is not harmonic
in this case but which can still be decomposed in a way that is rather similar to the
decomposition of a harmonic function. Namely one can write,

QDY) =w) +@(Y),
HO(Y, V) =h(¥,.9) +h(D, D), (4.1)
where the function h(),)) depends holomorphically on w and equals,
h,Y) =4w—4N" ww,
+ 8wy (V) (Vw)” + 21 Fryse(Nw)' (Nw)? (V)<

4, :
— 5 (Froxr + 3iFr N Fipys) (Nw)! (Nw)” (Nw)X (Nw)E

16 .
- ngK(Nw)I(Nw)J(Nw)K — 161 Frye N5F wpo(Nw) (Nw)? (Nw)@
— 16 (Nw)P wpg N?Rwpk (Nw)X + Ow®). (4.2)

Because both #() and Q, given in (3.18) and (3.19), are now harmonic in the w, it fol-
lows that w must transform under symplectic transformations in direct correspondence
with (3.19),

o) =w—i2"ww, + %FUK (2w)! (Zw)! (Zw)E
— 2w1J (Zw)] (Zw)‘]
— %iFUKL(Zw)I(Zw)J(Zw)K(Zw)L

¥ Siwnk(Zw) (Zw) (2w)S

+iFryx 28 Foun (Zw)! (Zw)? (Z0)M (Zw)Y

— 4i Fr e 257 wpg (Zw)! (Zw)! (2Zw)?

+ 4i(Zw) wr s 27w (Zw)F + O(WP) (4.3)
so that w transforms holomorphically. Obviously A(),)) must be a symplectic function.

However, its dependence on ) resides exclusively in the complex matrix N//. Therefore
we first study the dependence of h(),)) on N 17 and derive the following equation

oh
ONIJ —

which we have verified up to terms of order w®. This result can easily be understood on the

—%alh ayh, (4.4)

basis of the diagrammatic interpretation that we have presented in the previous section.
From it one straightforwardly determines the non-holomorphic derivative of h(),)),

1. - _ _
iFy e, NEMNIN 9y h(V, V) Onh(D, D) - (4.5)

Oth(Y,Y) = 1
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The equation (4.5) partially coincides with what is known as the holomorphic anomaly
equation for the topological string and represents the terms that are induced by the pinch-
ing of a cycle of the underlying Riemann surface resulting in two disconnected Riemann
surfaces [11]. This restricted anomaly equation is also obtained when considering the N = 2
chiral superspace action for abelian vector multiplets in the presence of a chiral background
field [34]. When expanding this action in terms of the background, the holomorphic ex-
pansion coefficient functions do not transform as functions under duality. This can be
resolved by covariantizing the Taylor expansion with a suitable connection, but in that
case the expansion coefficient functions are no longer holomorphic. As it turns out these
modified coefficient functions then satisfy the same anomaly equation (4.5). Note that this
equation is integrable, so that no additional constraints are implied. Clearly the holomor-
phic anomaly is due to the fact that there is a conflict between symplectic covariance and
holomorphicity.

The above result would justify the identification of (Y with the topological string,
except that the holomorphic anomaly equation is still incomplete. This implies that we
have to somehow relax the assumption that €2 is harmonic in ), while still expressing it
in terms of a holomorphic function w()) in such a way that H() will remain harmonic
(possibly up to a separate non-harmonic function, as we shall see in section 5) in terms of
w. However, modifying the ansatz (4.1) must be consistent with duality, in the sense that
the modification will hold for the whole class of functions ) that are related by duality.
Our task is therefore to demonstrate that the present framework can be extended so as to
induce the remaining term in the anomaly equation that is related to pinchings of cycles
of the Riemann surface that reduce the genus by one unit.

As it turns out, a consistent extension can be constructed by introducing non-harmonic
terms whose variation under symplectic transformations is still harmonic. Such a modifi-
cation does preserve the present framework in a way that is consistent with duality. For
instance we could choose the following ansatz for €2,

QYY) =w) + @) +alndet[Nj] + BY (), D), (4.6)

where « and (8 are arbitrary real parameters and ¥ a non-holomorphic function of ) and
Y. Note that we assume that the two deformations do not depend on the holomorphic
function w or its complex conjugate, because we insist on harmonicity with respect to w.

The deformation proportional to [ is the easiest to deal with, so let us consider this
one first. Since VU is a given function one cannot simply substitute the ansatz (4.6) with
a = 0 into the expression for the function H("), because this would require ¥ to change
non-trivially in order to satisfy (3.19). Hence we must introduce additional terms into €2
to ensure that the modified © will still transform according to (3.19) without modifying
the holomorphicity of w and leaving ¥ as a function. As its turns out, this can be done in
the next order by including the following additional terms,

QYY) =w+o+ LYV, V) + N [280;00,¥ + 20;¥9,;¥ + h.c.]. (4.7)

So far we have been performing an interation in powers of €. It is formally consistent to
treat § and w as being of the same order, but then we must assume that w can obtain
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terms of even higher order in £ in view of the non-linear transformation rules, Hence we
assume w can be expanded in terms of the parameter 3,

o

w(Y) — w(P,B) =Z ) st (4.8)

although we will keep this expansion implicit in what follows. It is now straightforward to
see that w transforms as follows under symplectic transformations

O=w—-iZMwrw;+0W?), (4.9)

which agrees with (4.3). Subsequently we consider the function H(!) in this order of
iteration,

HY = h4+h+48T 4+ Ow?), (4.10)

where h coincides with (4.2) in this order of iteration. Consequently the addition of such
a deformation leaves the holomorphic anomaly equation (4.5) unaltered.

In view of this result we continue with the first modification in (4.6) proportional to «.
In principle the analysis proceeds in a similar way as in the previous case, but here one has
to also investigate the consistency in first order. However, it is easy to see how consistency
can be achieved because we have

Indet[Ny;] = Indet[Ny,] — Indet [S] — Indet [S], (4.11)

where S was defined in (2.9). Because S is holomorphic, the effect of the non-harmonic
modification « In det[Ny;] under duality can simply be absorbed by assigning the following
transformation to w,

&(Y) =w(Y) +a Indet [S], (4.12)

up to terms of higher order in  (or w) and a. Hence in lowest order (), )) transforms
as a function, so that our previous analysis remains unaffected as Q = Q + O(Q2). This
is confirmed by the following. First of all, derivatives of the holomorphic function w())
remain holomorphic but they do acquire extra terms in their transformation rules, as is
shown in

(Z)[ = [Sil]‘][ (WJ + QFJKLZKL) + O(Oz2) s
wry =[S ST, [wKL — Frrm ZMY (wy + aFypg 279)
+ a(Frrmn — Frmp FLno ZPQ)ZMN} +0(a®).  (4.13)
Furthermore the first few derivatives of 2 are now equal to

Qr :wI—iaFIJKN‘]K+(9(a2),
Q1 :wjj-i-OéF[KLFJMNNKMNLN—iaF[JKLNKL+O(a2),
QIJ =—aFrky FJMN NEM LN —1—0(052), (4.14)
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which, in leading order, transform consistently under duality transformations (i.e. according
to (3.20)). To show this one makes use of (4.13) and (2.8). Hence we conclude that to
lowest order in €2, the non-holomorphic deformation (4.6) is consistent. Observe that the
last equation (4.14) constitutes a deviation from the harmonicity condition (3.21).
In due course we will also need the result for the transformation of the third- and
fourth-derivatives of w, implied by (4.12),
Gk =[S S8 Ky
X [wrnp — 3 Frne 2°° (wpe + a Fpore 297)

— (Frinpe — 3F0Ne 2°°Fpes) 2°° (we + a Fore Z9%)

+ a(Frnpor — 3 FMnGe 2°° Frre + 3 Frine 2°° FQee 2°° Fop) 298

+ 20 Fr1ge 2°° Feen 2°° Fpre 29T + 0(a?),
orkr = SIS TN ST R[S

X [wynpQ — 6 Frne 2% (wpge + & Fpquve ZUV)

— 4 (FrNPe — 3FriNe Z°° Fpes) 2°° (wge + a Foauy ZUV)

+ 3 Frne 2°° (wee + a Faerry Z2YY) 2°* Fupg

— (FMNPQe — 4FMNPe Z°° Fgee — 6F 0 Ne Z°° FpQee) 2°° (we + a Fyye ZUY)

— 12 F)rNe Z2°° FpeeZ** Fee Z°** (we + a Fyyve Z7Y)

— 3 (2" Fuarne) (2% Fpge) Frer 27 (we + a Fyrye 2YY)

+ a[FunpouvZYY —AFynpuv 2V Fgee2®Y — 3Funxu Fpoyy 287 ZVY]

+ 40 [3(FrNes 2 Fpee 2 Fpea 2°°) + Frinre 2~ (Fxee2**Fee 2°*)]

+60 [2FNeZ®Y (FxPeeZ* FeeZ®) + FuneZ*Y (FxeeZ** Fpgee 2**)]

— 60 (Ffes Z°° FiNeo Z°° Fpes Z2°° Fgee Z2°°)

— 120 FyrNe Z2°° Fpee Z2°% (Fxee Z** Fes 2°°)

— 120 Fyne 2°% (Fxeo 2°° Free 2°°Fee 2°°)

— 30 FpNe 2°% (FXeeZ2* Fyee 2°%) Z¥° Fupg + O(a?). (4.15)

To continue this scheme to higher orders in 2 is not an easy task. So far we have been

working order-by-order in powers of {2, but now we are dealing also with additional terms
that are proportional to the parameter . Within the iterative procedure that we have
been following it is consistent to formally treat w and « as being of the same order as §2.
Counting in this way shows that the corrections in (4.15) are of first order in «. Because
the equations that we are dealing with are non-linear it is therefore imperative that the w
itself can in principle contain contributions of arbitrary order in «, a possibility that we

have already been alluding to below equation (3.20). Therefore we will in addition assume
that w can be expanded in terms of «,

o

W) —w@,a) =) wa (V)" (4.16)

n=1
although we will keep this expansion implicit in what follows. Assuming that w incorporates
the higher-order terms in a we can proceed to higher orders by iteration to obtain the
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extension of the original almost-harmonic ansatz (4.6), possibly up to terms that separately
constitute proper functions under symplectic transformations.
We thus continue to derive the terms of order a2, which can be found from (3.19),

Q-9=-i(2"9,Q, - 279;95) + 0(Q?)
= — iZIJ[CU[U.)J — 2l wy FJKLNKL —a? Frxr Fyun NKL NMN] + h.c.

+0(a?), (4.17)

where we note that the right-hand side is of order o, as both a and w are counted as
being of the same order as ). Our task is now to include further modifications into £2,
just as we did earlier in (4.6), so that the change of Q under a symplectic transformation
becomes consistent with the right-hand side of (4.17), up to a term that is harmonic,
which can then be absorbed into the variation of w. The problem here is, however, that
the expression (4.17) is linear in 2?7 but involves also terms that are linear or quadratic in
N7 Tt is clear that one cannot construct a suitable addition to € depending exclusively
on wr, N'/ and Frjx. There exists, however, an alternative, namely to include higher
derivatives of w. According to (4.13) the second derivative wr; leads to similar variations,
suggesting another possible modification. Indeed, it follows that N'/wr;, Fryr N1/ NEL
and Frr Fran NTENM NEN (and complex conjugates where appropriate) are the terms
that one may add to € so that only a holomorphic variation will remain in (4.17). And
indeed, one can verify by explicit calculation that §2 should be written as (up to a symplectic
function of Y and ),

QY,Y)=alnN
2
+ [w + QO[NIJCL)IJ —a? iFrjr — 3FIKMFJLNNMN:| NI NEL + h.c.
+0(a?), (4.18)

where here and henceforth we use the definition N = det[Ny;]. Hence the holomorphic
function w is now accompanied by a variety of specific non-holomorphic modifications
which will contribute to the effective action. Indeed, with this result for Q(),)), ex-
plicit evaluation shows that (4.17) is satisfied up to order o provided that w transforms
(holomorphically) according to

w=w+ « Indet [3] + iZIJ [20[&)]] — (wI + aF[KLZKL) (CUJ + aFJMNZMN)]

2
+ia® | Frykr — gFIKMFJLNZMN ZMZKE 1 0(a?). (4.19)

To see this one makes use of the transformations of multiple derivatives of the holomor-
phic function F()), listed in (2.8), the transformation of N'/ as given in (2.13), and the
transformation rule for wr; specified in the second equation of (4.13). Incidentally, the
result (4.18) is in line with the ansatz (4.16) according to which the function w is expanded
in powers of a. Furthermore it turns out that the result (4.18) takes the form of a sum
over connected 1PI diagrams, unlike the corresponding result for H (1.
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Let us now return to the almost harmonic function H(l)(y, Y; N), which now decom-
poses according to

HOW,P;N) = da In N + h(V, D) + h(D, V), (4.20)

which turns out to be a harmonic function of w. Indeed, making use of (4.18) one finds
that h(),)) now takes the form,

Y, Y) = 4w — 4 (wr —ia Fig, N¥Y) N (w)y — ia Fypn NMY)

+ 8OZOJ[JNIJ — 4042 iFryrrn — %F]KMFJLNNMN NIJNKL + O(ag) . (4.21)
We stress that, by construction, H® remains a symplectic function in the presence of the
term 4o In NV in (4.20). Furthermore h will separately transform as a function beyond linear
order in « and derivatives of h 4+ 4« In N will still transform as proper tensors. This must
be the case because the transformations of h beyond the linear order depend only on S
through the tensor Z//, and likewise h depends only on S through the tensor Z/7. As
we shall see, the non-holomorphic derivative of A will transform as a vector as it is not of
first order in . We also observe that the transformation of w as specified in (4.19) follows
precisely from the expression for %h(y, Y) upon replacing N7 by iZ!/, with the exception
of the term « Indet [S] that is related to the explicitly non-harmonic term in (4.18). This
is in line with the phenomenon noted below equation (3.19).
Now we return to the holomorphic anomaly equation. Following the discussion at the
beginning of this section we first determine,

Ooh

1
SNTT =— 181(h+4a lnN) 8J(h+4a lnN)

+2aD;dy(h+4a InN) +0(a?). (4.22)

Here we have introduced a covariant derivative which ensures covariance under the sym-
plectic transformations. On a holomorphic vector, V;, this covariant derivative takes the
form,

DV =0;Vy =T, Vi, (4.23)
where T'; ;% is Christoffel connection associated with the Kéhler metric g; ;7 = 907K (), ))
= Ny, with K the K#hler potential®

KEY,Y) = [V F ) - Y (D). (4.24)

Observe that, for a Kahler space the non-vanishing connection components are I'y 7% and
its complex conjugate L'y jK . The non-vanishing (up to complex conjugation) connection
and curvature components are then equal to

T1% =¢"t019,1 = —iFr N¥ <,

Rijt =0Tyt = —N"M Fro o NNP Fp . (4.25)

5Note that there is no uniformity in the literature regarding the overall sign of K. See, e.g. [15].
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We remind the reader that combinations of higher derivatives of the holomorphic func-
tion F(Y) that involve also the matrix N/’ can transform covariantly under symplectic
transformations, as was pointed out at the end of section 2 (see e.g. (2.14)).

We should also stress that the above discussion pertains to the underlying Kéhler ge-
ometry. Obviously the special diffeomorphism related to the symplectic transformations
form a subgroup of the group of holomorphic diffeomorphisms. This is confirmed by eval-
uating the transformation of the connection under a symplectic transformation, using the
results presented in section 2,

Lo — (ST [STHM) [Dar™ SKy — 9:8%] - (4.26)

After these comments and clarifications we return to equation (4.22). Noting the lack of
holomorphicity in h resides in N7, we can now determine the anti-holomorphic derivative
of h,

Orh =i Frp NEMNEN iaM(h +4aInN)dy(h+4a InN) —2a Dy O (h + 4a InN)

+0(a?), (4.27)

where the right-hand side contains no terms linear in a. However, one could consider the
mixed derivative of h + 4 In N, which does contain terms linear in o given by

070, (h+4a I N) = —4a NFENMNE o Fron (4.28)

The expression on the right-hand side is precisely equal to 4a Ry, where Ry; = Rypp /%
equals the Ricci tensor of the special Kéahler manifold whose value follows from the second
equation in (4.25). The equations (4.27) and (4.28) are the familiar holomorphic anomaly
equations of the topological string.

In this section we introduced a deformation of 2 proportional to the parameter «
which induced further corrections to ) of higher orders in «. This deformation was not
itself a proper function, but its variation under a symplectic transformation was harmonic.
Obviously this deformation was not unique because the effect of the symplectic transforma-
tion would remain the same upon adding a proper symplectic function to the deformation.
Therefore we also considered adding a separate non-harmonic function to € (cf. (4.6)).
We concluded that this modification must lead to new terms in £, as shown in (4.7), but
they contribute only to the Hesse potential by an additive contribution of the original
non-harmonic function. However, when defining H(!) we agreed that such additions should
be included as a separate symplectic functions in the expansion of the Hesse potential
in terms of independent functions. Hence this additive term will not affect #(1). This
aspect is essential for deriving the holomorphic anomaly equation. However, when the
non-harmonic function is of first order in the deformation parameter, it will not contribute
to the holomorphic anomaly equation, because it does not generate higher-order terms
under the iteration, while (4.27) only receives contributions beyond the first order. The
first-order contributions are instead governed by the separate equation (4.28).
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We will not analyze this issue in further detail here, but there is one type of deformation
of the anomaly equation that is worth recalling. Suppose that on the right-hand side
of (4.27) we change h + 4a In N by adding a function of the Ké&hler potential defined
in (4.24) (which equals the Hesse potential with 2 = 0). This Kahler potential satisfies
the following identities,

oK = Ni; )7, 0105K = Ny, D;o;K =0, (4.29)

which all have a geometrical meaning. Adding a function of K to h+4a« In N will introduce
terms proportional to Ny pYVE or NypY¥F on the right-hand side of (4.27) that cancel when
contracted with the overall factor Frpp NEMNLNV,

Finally, as is shown in (4.19), the transformation rule of w has now acquired new
terms of order 2. The derivatives of w will thus receive corresponding contributions. In

particular (4.13) and (4.15) will change. For the calculations in section 5 it is relevant to

present the full expressions for the variations of w; and wyy up to order a3. In view of

their length we have listed these equations in appendix C.

5 Evaluating the third-order contributions

There are good reasons for evaluating also the contributions of order o. One of them is
that © and H™) are no longer obviously ‘partially harmonic’ in higher orders. Another one
is that the contributions of third order have never been fully worked out explicitly for the
topological string.

Let us again start with (3.19), but now approximated to terms of order Q3,

A, Y) = —i(27 Q0 - 27 0;0;)
2
+ g(F[JK ZILQL ZJMQM ZKNQN + h.C.)
—2(Qry 2" 2710 + hee) +4Q,; 215Q 2700 + 00, (5.1)

which must hold irrespective of the precise form of 2. To evaluate the right-hand side we
must first determine Q; to order o2, which follows from (4.18),

Q] = Wy —iOéF[JKNJK
+ 2wk NIE 4 (wrk + @JK)NJLFILMNMK]

. 4
—a? |:1FIJKLM - 3FIJLNNNPFKMP] NIENEM

+20*(Fyxpm — Fyxom ) NENENNME Fryp
+ 2ia* (Fyg . Fvnp + FJKLFMNP)NJMNKNNLQNPRFIQR +0(a?)
= Wy —iozFUKNJK-l—QoszKNJK

—|—2i04F[JKNJMNKN[UJMN+OJFMPRFNQ5NPQNRS—iOtFMNpQNPQ]

. 4
—a? [IFIJKLM - 3FIJLNNNPFKMP] NIENEM
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+ 2ia Fryi NIM NEN [(I)MN + OéFMpR FNQSNPQNRS + ia FMNPQNPQ]
+0(a?). (5.2)

We now observe that the above expression is no longer ‘almost holomorphic’ and thus
deviates from the results obtained before. The troublesome terms are contained in the last
line of (5.2), which turns out to be equal to

2ia Frye N"MNEN Qoo+ 0(a?), (5.3)

where we made use of the second equation in (4.14). It will be convenient to keep writing
these non-holomorphic contributions in terms of non-holomorphic derivatives of 2. The
crucial point to note is, however, that we have extracted an explicit factor of o, whereas
so far « appeared only implicitly in 2. As we will demonstrate shortly, one consequence
of our analysis is that the Hesse potential will involve additional symplectic functions, but
now multiplied by explicit powers of a.

Substituting the above result (5.2) and the last two equations of (4.14) into (5.1), we
obtain,

QDY) -, P)
{ (W[—laFI..N..)ZIJ(WJ—IQFJ..N..)
+

F[JKZ (OJL — iOéFLo. N") ZJM(wM —iOzFM..N")

Wl N

x ZEN(wy — i Fyee N*°)
— (W — 10 Free N**) 27 (W00 N*® + iwge N Free N*¥]
4
+ 2iOz2 (w; — o FI.. N")ZIJ |:iFJKLMN — gFJKMPNPQFLNQ NKLNMN
— 4ia® (wr — i Free N**) 2" Fypo NP NVONKE Frepyn
+40?(w; — ia Free N*°) 2/ FypgNMENSNENNEE Frep o Py po
— 2((,0[ — i Free N“)Z]J (OJJK + aFJMNFKpQNMPNNQ — iaFJK..N”)

X ZKL(oJL — it Flee N") + h.c.}

+4a{Q Z" Fyip N*Y NIV Qy + hee}
*40&91Z]JFJKLNKMNLNFPMNZPQQQ+O(Oz4). (5.4)

The last two lines are not ‘almost harmonic’. The first of these two lines arises as a result of
the non-holomorphic terms noted in (5.3), and the last line originates from the manifestly
non-harmonic term present at the end of the expression (5.1) (which has been included
above upon replacing €7 by the corresponding expression given in (4.14)).

It is now straightforward to verify with the help of (3.20) that these two lines are
precisely generated upon assuming that Q will contain a term —4aQr; N/EN/LQp; at
this order of iteration. This is quite a non-trivial result, because we are not just rewriting
the expression (5.1) that was originally expressed in terms of €2 and its derivatives, into a
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similar expression! Rather, as already mentioned, we have now extracted an explicit power
of «, whereas so far the parameter « only appeared implicitly in 2. This signals a new
pattern that will become more manifest shortly.

Using the previous results of the transformation rules of the function w and its deriva-
tives, exhibited in (4.15) and (C.1), as well as the transformation rules (2.8) for multiple
derivatives of the holomorphic function F', one can, after a fair amount of non-trivial ma-
nipulations, determine the expression for (), ), up to a symplectic function of J and ),

QV,Y)=alnN

+ {w + 2aNIJw1J —2a N/ NEL [W[K(A)]L — aw”KL}
+ gioﬂ Fryg NP NTMNEN
—a? |:iFIJKL - %FIKMFJLNNMN NI NKE
+4ia? NP9 (Fpory +iFpru NMY Foun) NN wyy,

2 .
- ga?’NU iFr xmun NEENMYN — 4 Fryge o NENNEPNYC Fypo]

+2a? [N”FUKLNKPNLQFPQRS NTS
1
3
+ 40’ Fryip [N NEMNEN F po NPENOS Frgy

+ NIMNJNNKPNLQFMNRNRSFPQS]
— 20 Fyx FLpoFrsr Fuyw NP NP NKRNQU NSV NTW

4
— *043F[JKFLPQFRSTFUVWNILNJRNKUNPSNQVNTW + h.C.}

+ = Frygp NTMNINNEP NLQ FMNPQ]

3
—4aQpNENILQ - + O(a). (5.5)

It is clear that the terms that are independent of the holomorphic function w()) are
becoming more and more numerous in higher orders. Note that the above result is ‘almost
harmonic’, with the exception of the last term. Furthermore the ‘almost harmonic’ terms
take again the form of a sum over 1PI diagrams.

In the limit @ — 0 the expression (5.5) for Q reduces to the original harmonic expression
that we started from initially in (4.1). With the exception of the last term in (5.5), which
will recombine with other terms in due course, the almost harmonic terms have to be
included into the expression for the function that encodes the effective action. Hence they
imply that the original non-harmonic modification In N in (4.6) is incomplete and must be
modified order-by-order by additional non-harmonic term. These terms will thus contribute
to the effective action, where they are expected to encode non-local interactions associated
with the massless modes.

We remind the reader that €2 is not a symplectic function and the next step is to deter-
mine the symplectic function H®) in third order of «, which follows upon substitution of
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the above result for 2 into (3.18). Let us first concentrate on the terms that are not ‘almost
harmonic’. They originate from three different sources. First there is the last term in (5.5)
(which appears with an additional factor 4 in H(Y), then there are explicit non-harmonic
terms in the expression (3.18) for #(), and finally there are the non-holomorphic contri-
butions in (5.2) that were summarized in (5.3), which induce corresponding modifications
in #(). These three contibutions are

—16a QN ENLQ L
—16a N Fpyn NMPNNC Fpg e NKL O
—16ia QN Frep NEFMNIN Q-6 4+ hee. (5.6)
and they combine into
—16« (Q[J + iF[JMNMPQP)NIK NJL (Qf(i — iFKLNNNQQQ) s (5.7)

which equals precisely —16 o times the non-harmonic symplectic function Gi(),)) that
has been listed in appendix B, up to terms of order Q3. The function (! thus acquires
the form

HOY,Y;N) =4aln N +h(Y,Y) + (P, V) - 16aG(V,Y) + O(a*),  (5.8)
where

h(y,ji) =4w—14 (w[ —iaF]KLNKL) NIJ (wJ — iOéFJMNNMN)

+8awry N7 —8a NI/ NKL (wik wyr — awrikL]

32
" gioﬁ Fy i NIENTMNEN
+16i0° N** (Foary + iFoe NN Fyyn ) NTENTE i
— 16 awres N*® N1/ (OJJ —ix FJ..N“)

+ 8 (wr — i Frea N** )N w e N¥E (wp — o Frea N**)

8
+ giFUKJ\ﬂLNJMJ\ﬂ“V (wp — i FreaN®®)
X (wM — i FM..N") (wN — i FN..N“)
— 16ic (wr — i Frea N**) N Fypep, NFMNIN wppy
+8ia® (wy — i Free N**) N7
4
X <FJKLoo + giFJKMo NMNFLN.> NEEN®e
—8ia (wr — ia Free N**)N'/ (Figee + iF pe N'? Frge) N*°
x NFE (wr, — i FleeN*®)
— 1607 (w; — i FraaN**) N Fypep, NEMNEN
X (FMNes + iFMPoNPQFNQo)N“

. 2
—4a? [IFIJKL - SFIKMFJLNNMN] NI NEL
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8 .
- ga?’NU [1FIJKLMNNKLNMN — A Fpyrpm NENNEP NMQ Fnpg]

+ 80&3 NIJF]JKLNKPNLQFPQRS NRS

1
+ g " IKL NIMNJNNKPNLQ FMNPQ

+ 161 a3F1JKL [NIJNKMNLNFMPQNPRNQSFRSN
+ NIMNJNNKPNLQFMNRNRSFPQS}
-8 a3F[JKFLPQFRSTFUVWNILNJPNKRNQUNSVNTW
16
o ?asF]JKFLPQFRSTFUVWNILNJRNKUNPSNQVNTW

+0(at). (5.9)

As before the w()) will transform holomorphically such that its explicit transformation
rule follows from (5.9) upon making the substitution N;; — iZ?/. We have verified by
explicit calculation that this is indeed the case, which provides an explicit check on the
calculation.

At this point one can again determine the holomorphic anomaly equation following
the same steps as before. As it turns out the result coincides with (4.27), but now valid
up to order a*. This can be seen as an indication that the holomorphic anomaly equation
will not acquire further corrections in higher orders.

6 Summary and conclusions

Based on the observation that the duality transformations act differently on the function
that encodes the effective action than on the topological free energy, we have proposed
a conceptual framework based on the Hesse potential of real special geometry to under-
stand the relation between the two. Subsequently we have studied the Hesse potential by
iteration for a generic effective action, first starting from a Wilsonian effective action and
subsequently by considering the effect of non-harmonic deformations. The Hesse poten-
tial decomposes into an infinite series of symplectic functions and we established that the
topological string free energy could reside in precisely one of them. This function is then
subject to the holomorphic anomaly equation, irrespective of its dynamical content.

The results of an explicit iteration of the genus g < 3 topological string free energy
fully confirms the correctness of the proposal. We should again stress that we concentrate
on the generic features of this relationship, rather than on specific models. The relations
that we find are thus universal, but it is not assumed that the resulting expression for the
topological string free energy will have an actual realization as a topological string model.
This is the reason that we do not make contact with specific aspects of the topological
string, such as the wave function approach and the issue of background dependence [35].

One implication of our result is that we are also able to relate the non-holomorphic
terms associated to the effective action to the ones that appear in the topological string
free energy. This is perhaps not so surprising in view of the fact that there is a qualitative
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relation between the pinching of a cycle that decreases the genus of the Riemann surface
in the topological string and the integration over massless modes in the effective action!
But it is important to realize that, while our construction demonstrates how to construct
the topological string free energy from a given effective action, the inverse is clearly not
possible because the effective action is equivalent to the full Hesse potential, while the
topological string free energy constitutes only part of the Hesse potential.

At several occasions we already mentioned that the results of this paper are consistent
with our previous work [15, 16], where we analyzed the same issues by using a variety
of different strategies. It is therefore of interest to compare the present results with the
results of the past. To highlight some interesting issues we therefore reconsider the earlier
results on the FHSV model, which were based on imposing the exact S- and T-dualities
of this model on the effective action. There we used a slightly different perturbative pro-
cedure and we worked in a parametrization based on special coordinates. Subsequently
we determined the Hesse potential by iteration, in a way that is similar to what was done
in the present paper. We then discovered that the Hesse potential did indeed contain
terms that cannot belong to the topological string free energy at genus-2, because they do
not depend (anti-)holomorphically on the topological string coupling. As we now know,
those are the contributions that do not belong to the function H(), but at that stage
such a systematic classification was not available. Nevertheless, the terms that did depend
(anti-)holomorphically on the topological string coupling were consistent with the results
obtained from the FHSV topological string [27], except that the proportionality constant
remained ambiguous in view of the fact that the corresponding expression was duality in-
variant, so that its leading contribution could be changed by a corresponding change in the
effective action where we had only imposed the requirement of invariance. Interestingly, the
present approach which emphasizes covariance rather than invariance, clarifies this result.
To appreciate all this we have summarized some of details of the derivation of the genus-2
FHSYV topological string free energy in appendix E.

Finally we wish to return to the issue of BPS black hole entropy in supersymmetric
theories with eight supercharges, which formed a major motivation for the present work.
In [31, 33] a general formula for BPS black hole entropy was given based on Wald’s defini-
tion of black hole entropy [36], which was covariant under dualities and incorporated the
higher-derivative corrections to the Weyl multiplet that we already referred to in section 1.
(Incidentally, there is now increasing evidence that other higher-derivative couplings will
not contribute to BPS black hole entropy by virtue of certain non-renormalization theo-
rems [3, 4].) The formula of [33] was reinterpreted in [29] in terms of a mixed partition
function which was subsequently related to the topological string. However, this relation-
ship depended crucially on the assumption that the topological free energy and the function
that encodes the supergravity action are directly related, or perhaps even identical! As we
have been trying to emphasize in this paper, the topological string does capture certain
string amplitudes that should also follow from the effective action. But this does not imply
that the topological string and the action are given by the same function.

We should perhaps add here that it is possible to present the supergravity input in
the form of the Hesse potential (analogous to converting a Lagrangian into a Hamiltonian
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description), for which one can define a modified black hole partition function associated
with the canonical ensemble [22]. This would offer an effective way to make contact with
the topological string, were it not for the fact that the black hole solutions from which one
starts in supergravity are, by definition, solutions of the full effective action. Therefore they
should involve the full Hesse potential, which, as we have shown in this paper, consists of an
infinite series of symplectic functions of which just one will correspond to the topological
string free energy. Finally we note that the work of this paper pertains specifically to
theories with eight supercharges, while a substantial part of the literature on BPS black
holes is based on theories with sixteen supercharges (although often treated in a reduction
to eight supercharges). An extension of the work of this paper for theories to sixteen
supersymmetries should therefore be of interest.
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A Non-holomorphic deformation of special geometry

In this appendix we prove the following theorem.

A.1 Theorem

Given a Lagrangian L£(¢, gf)) depending on n coordinates ¢ and n velocities ¢, with cor-
responding Hamiltonian H (¢, 7) = ¢’ m; — L(¢, @), there exists a description in terms of
complex coordinates z* = %(qbZ +1i¢’) and a complex function F(z,Z), such that,

2Rez’ = ¢',
OF (z,x)
oxt

The function F(x,z) is defined up to an anti-holomorphic function and can be decomposed

2Re Fi(z,z) =m;, whereF; = (A.1)

into a holomorphic and a purely imaginary non-harmonic function,

F(z,z) = FO(z) 4 2iQ(x, 7). (A.2)
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The equivalence transformations take the form,
FO L FO4g@), Q-Q-Img), (A.3)

which results in F(x,z) — F(z,z) + §(Z).
The Lagrangian can then be expressed in terms of F' and €2,

L=4ImF - Q], (A.4)
so that the Hamiltonian takes the form
H=—4[ImF - Q] +2mIma’. (A.5)

This expression is identical to the expression for the Hesse potential given in (2.4), up to
an overall minus sign. Alternatively the Hamiltonian can be written as

H = —i(z' F; — 7' F;) — 4Im [F(O) - %:c F}”] —2(2Q — 2’ — T, (A.6)

where F; = OF /02", F; = OF /0%;, and similarly for the functions F ©) and Q. When the
function F©) (x) is homogeneous of second degree, the second term will vanish. The third
term is a measure of the deviation from homogeneity of 2. This decomposition is known
from the entropy function for BPS black holes [22].

Furthermore, the 2n-vector (2%, F;) turns out to define a complexification of the phase-
space coordinates (¢, ;) that transforms precisely as (¢, ;) under canonical (symplectic)
reparametrizations,

— | - = = . > (A7)
Fi(z,2) Fi(z, ) Wi; Vil ) \Fj(z, )

where the real matrix is an element of Sp(2n,R). Observe that for the real part of the vector
(2%, F}), the above transformation is the standard canonical transformation on coordinates
and momenta. The equation (A.7) is integrable so that the symplectic transformation leads
to new functions F(© and .

A.2 Proof

The proof of this theorem proceeds as follows. First note the following complex vectors,

i (s OH 1 JOH
x—2(¢ +1am>, yz—2<m 1a¢i>, (A.8)

constructed out of two canonical pairs, one comprising the variables ¢, m; and the other

one the derivatives of the Hamiltonian, which transform in the same way under canonical
transformations (here we use that the Hamiltonian transforms as a function under canonical
transformations).

~ 34—



In view of the inverse Legendre relation, ¢ = 9 /dm;, the complex ' in (A.8) coincide
with the 2 defined previously. Furthermore, when writing the Lagrangian as a function of
the 2 and Z*, it follows that

0L(x,T) .
Here we used that the Legendre transformation leading to the Hamiltonian yields 0L/0¢" =
—OH /0¢" (where on the right-hand side 7; is kept constant and on the left-hand side P is
kept constant). Observe that we did not make use of the equations of motion.

Subsequently we write £ as the sum of a harmonic and a non-harmonic function,
L£=-2[F9) - FO)] +4Q(z,7) = 4lm F — Q] (A.10)

so that (A.9) reads
0
yl - 81’1

Thus y; = 0;F(z, Z) with F(z,z) = F©)(z)+2iQ(x, T), up to an arbitrary anti-holomorphic
function, and Rey; = m;. The Hamiltonian then follows from (A.5), which leads to the

[FO(2) + 21 Q(x,7)] . (A.11)

expression (A.6). Hence we now have shown that (2, F}) equals the vector (x,y;) which
transforms under canonical transformations according to (A.7).

What remains to be proven is that the result of the transformation (A.7) is inte-
grable. The vector (x%,y;) transforms according to (A.7) into a vector (Z%,7;) while the
Hamiltonian, which depends on (2" + Z,y; + ;), transforms as a function under canonical
transformations, so that H (& + &', §; + 7;) = H(z' + &', y; + 7;). The dual quantities
(%%, 7;) and the new Hamiltonian H will satisfy the same relation as the original quantities.
The new Lagrangian £ which follows from an inverse Legendre transformation of the new
Hamiltonian, will depend on # and Z’. Applying the same steps as before we then find
the new function F(%, Z).

There is one subtlety here and that is that the decomposition of the function F' into
F©) and Q is ambiguous. The ambiguity is resolved by noting that the symplectic trans-
formation (A.7) can also be applied to the the vector (z?, F;(®)(z)). In that case the new
function F(O) can be determined separately, as the holomorphic case is known to be inte-
grable, and it is given in (2.7), up to a constant and terms linear in #’. The latter terms
can be determined explicitly, for instance, by using that F(© — %xiFi(O) transforms as a
function under duality. Having determined the functions F(© and F', the non-harmonic
function € follows. This completes the proof of the theorem.

A.3 Corollary

Let us derive the well-known result (see, for instance, [37]) that the first-order derivative of
the Lagrangian with respect to some parameter (such as a coupling constant) transforms
as a function under symplectic transformations (A.7). We denote this parameter by g and
note that d,H (¢, m; g) transforms as a function under canonical transformations (which do
not depend on g, but they act on g-dependent quantities as shown in (A.7)) for any value
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of g. Subsequently, take the derivative of the Hamiltonian with respect to g keeping ¢’ and
m; fixed. Consequently one derives

OH(o,mig) _ ( OL(d.dig) | 08" OL(6,di9) _ OL(6,619) (A12)
dg ' oo '

dg dg og

which proves the assertion.

B The symplectic functions ’Hga) for a > 2 and some other functions
that do not initially appear in H

Here we collect the explicit results for various functions Hl(a) that appear in (3.16). These
functions have been determined by iteration in orders of € and its derivatives. We present
the terms of the iterative expansion up to O(£2°). At the end of this appendix we will be
presenting two more functions, G; and Gs, that did not initially show up in the iterative
procedure for the Hesse potential carried out in this paper. These will only be given up
to order Q3. Note that here and elsewhere we only use indices I,.J,... when they are
necessary. For instance, we will write Frjx and Frjix because F is holomorphic and
F is anti-holomorphic, so that there is no need for using holomorphic or anti-holomorphic
indices, whereas for the derivatives of the real quantity €2 we write {2y and €27 to distinguish
holomorphic and anti-holomorphic derivatives. The reason is that N’/ has no unique

assignment of (anti)holomorphic indices, so that there will never be a consistent pattern

of contractions based on holomorphic and anti-holomorphic indices. Denoting (NQ)! =

N7 Q; and (N Q)I =N Q 7, we have obtained the following expressions,
HP =8 NQQ;7 — 16 [Qr (NQ)(NQ) + Q (NI (NQ) + hee.]
— 81 [Fryr(NQ)(NQ)T(NQ)F —hee]
16, _
+3 i[ (Frykr + 3iFr gy NM FNKL) (NQ)(NQ)T(NQ)F(NQ)E — h.c]
+16 [Qryx (NQH(NQ)T (N + h.c]
+16 [ (5 +iFuu Ny ) (NOH(NQ)T(NO)E +2(NQ) (NQ)T(NQ)F) ]
+16 [ (g — iFamu NN Qg k) (NQI(NQ)T(NOQ)E + 2(NO)H(NQ)T (NQ)K) ]
+32 [QIK NEL QL (N (NQ) + h.c.}
+32QrKk NEL Qﬂj (NQ)I(NQ)J
+16i [FUK NELQpy (NQI(NQ)T(NOM + 2(NQ)M (NQ) (NQ)Y) — h. c.}
+ 161 [F] 7k NELQ; o (NQ)Y(NQ)T (NO)M — h.c.}
+ 8 (N (NQ) Fryyy NMN Fy g (NQ)
+32 [(NQ)I Qry NTKQ, (N + h.c.}
432 [(NQ) Qg N7EQ, - (NO)E + 1. C.}

+32[(NQ) Qg NVEQe, (NQ)E + hee.
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+ 161[(NQ)I(NQ)JFUKNKLQEM(NQ)M - h.c.]

432 [(NQ)IQI SNYEQp (NO)E + h.c.}

+ 32| (NQ)'Qp; N7 Qe (NO)F] (B.1)
H® — _ giFI S (N (NQ) (NQYK
+ 8 Fryg (NQ)I(NQ)! NEL
x [2Q7  (NOM + 207, (NOM — iFLun(NO)M (NQ)N] | (B.2)

HSD = 8 (s +1F s (NQ)K) (NQ) (NQ)’

8. .
- 51 (FIJKL + 31FM(1JNMNFKL)N)

x [3(NQ)I(NQ)J(NQ)K(NQ)L (N (NQ) (NG (NQ)L}
— 3 Qg (BN (NQ) (N — (V) (N (V) )
— 16 QIJR(NQ)I(NQ)J(NQ)K
— 161 Fryx NEEQpay

x [ (NQINQ)(NOM + (NQI(NQ)(NQ)M + 2(NQ) (NQ)T (NQ)M]
—16(NQ)! Q17 N7 EQpep (NQ)E
= 32(NQ)" (U +iFrx(NQ)®) N2 (Qpy — iFoun (NQ)Y) (N)M
+161(NQ) (NQ)T Fyp e NEE (QLM iFpan (NO)Y ) (NQ)M
— 16 (NQ)' Q7 NEQ i (N)M
—32(NQ)! (Qry +1Fx (NQ)X) N7EQ, (NQ)M
— 161 (NQ)T (NQ) Frjx NEEQ, o (NOM (B.3)

1P = —16Q, (N (NQ)”

+16 2N (NQ) (s NFEQ 5 + Q73 (NO)M)
+ (N Qs NTE (iFg g (NOE(NOM + 2Q L (NO)E + 201 (NO)F)

+ 2N (NQ) Fy e NELQ, ( (NOM + h.c.} : (B.4)
HY = 32(NQ) (g + 1P (NQ)K) NTE (Qpyp — iFp iy (NO)N) (N)M (B.5)
1Y = 32 (NQ)L Q;, NTE Q) (NQ)E (B.6)
HY = 8 F e NN Fyper (NQ)H(NQ) (NO)K (NQ)E (B.7)
M = 8 (s + 3P VTN Fi) (V) (V) (N (VD) (B.5)
HEY = — 161 Frye NN 90q, (NO)* (NO) (V) (B-9)
HY = =161 Frye N¥L Q747 — iFLun (NQ)N) (NQ) (NQ)T (N)M | (B.10)
7—[54) =16 (Qx +1iFL NEM Qi) (N (N (N, (B.11)
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H =32 (NQ)T (Qpg + iFrs (NO)F) NTEQz,, (NOM (B.12)
1Y = — 161 (NQ) (NQ) Fr e NKEQ; , (NQ)M (B.13)

As indicated above there are also other functions that do not initially appear in H.
We give two examples below up to terms of order Q3.

Gi = (s +iFuNYPQp) N NV (Qpp — 1Fk v NV90g) (B.14)
Go = QsNENEQ, ;. (B.15)

Note that the functions Gy 2 take the form of 1PI connected diagrams, whereas the functions
7—[1(0) do not.

C Transformation rules of w; and w;y to order a?

In this appendix we list the transformation rules of some of the derivatives of the function
w. For the first four multiple derivatives those were already given in (4.13) and (4.15) to
order a. However, the transformation rule of w itself is known to order a? (cf. (4.19)) so
that also the derivatives can be determined in that order. In section 5 we in fact need the
transformation rules for w; and wry to order a3. In view of their length we display these
transformations in this appendix. The results read as follows,

wr = [Sil}‘]] |:(A)J +aFrL 250 1+ 2iaw i Z5E
— 2i(wye + a Fra 257) Z2°* (we + a Foprn Z2MY)
+i(we + @ Fog L Z5E) 2% Free 2°* (we + a Fopyn 2MY)
— 20025 Fjee Z2°F [wi, — Fire 2°% (we + a Fopn 2MNY)]

— 2i0° 25 Fje0 Z2* (Fxun — Fione 2°° Frne) Z2MY

. 4 [ 1]
+ia? [FJKLMN - gFJKMo Z FLN.:| zZEL ZMN] +0(a?),

1y = [S7UE 1[5,
x |wkr, = FimuZMN (wy + aFypg 279)
+ a(Frrun — Fxmp Fing 259) 2MN
+ 2ia [(wiLrg — Fire 2°° wepq) 259 = 2 (Wkee Z°° Frea Z**))|
— 2i(wie + aFKenn ZMY) 2% (wLe + aFLepg 279)
+ 20 Fr 1o 2°* (Wee + @Feanin Z2MY) 2°* (we + aFupg 279)
— 2i(wire + aFkLepn ZMN) 2°° (we + aF.PQZPQ)
+ 4i(wie + aFkerin ZMN) 2% Flee 2°° (we + aFepg 279)
+i(we + aFopiv ZMV) 2°° [Fore — 2 Force 2°°Fure) 2°° (we + aFupg 279)
— iFper (27 Fugr) [27° (we + aFayn Z2YV)] [27% (we + aFupg 279)]
+4ia(FxeeZ** Frea 2°°) Z2X° (wie + aFrepn 2MY)
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+ 4ia(Fxces Z* Fraa Z**) ZX° (we + aFopiy ZMY)
— 40 (FX 0o Z* Fieea Z°) Z%° Fupa Z** (we + aFopy ZM7)
— 2 (Fxrrs — FrreZ* Fors — 2FkerZ** Freg) 27 25V
x [wry — FrueZ®® (we + aFexy Z2*Y)]
+10? [Frrainee 2% — 4 (FrriNee Z° Frea 2°°)| ZMN
+ 2ia? (ZM.FK..Z°N) [Frnpg — FrpeZ* Fang] (ZP'FL..Z°Q)
— 2107 (Z2*° FRee Z* Fxeo) 2% (FreeZ2* Fros 2*°)
+ 8ia? Fgynp Forg 2M@ ZNE (ZP'FL..Z'S)
— 2102 (ZM* Fr 100 2*Y — 2ZM* Free 2*° Frae 2*7)

X [Fanpg — Frpe 2 Fang) 279

4.
— §1a2 (FKLMNP Fors + Fkunp FLQRS)

+2i0® Fr e 2°% ZM® Fxeo 2N (Fainpg — Fripe 2°° Fang) 279

2ZMQ zNR zPS

4
—ia? FrreZ2*® |Fonnpg — gFMPn zZ** FoNQ] ZMN zPQ
— 210 (2°° Fuge 2°° Fapre 2°° Fupo 2°° F.N.)ZMN} + O3, (C.1)
Again we have sometimes represented indices by bullets whenever they are contracted in

an ope or closed stringlike fashion and there is no ambiguity.

D Topological free energies for genus g < 3 that satisfy the holomorphic
anomaly equation

In this appendix we list the topological free energies F'(9) (¥, ) that follow from expanding
HD | given in (4.20), order-by-order in . To order a® we obtain

HO(Y,V; N) =4[ FOQ,P) + (FOW,P) + FO D, D) + h.c.)}
—16aGi(Y,Y) +O(a'), (D.1)

where the function Gy is given in (B.14),. The symplectic functions F(9)()),)) that appear
at order o are given by (for g =1,2,3)

F(l)(y,)_?) =w® + oM 4 alndet Nyj |
FOW,Y) =@ - N (V) —ia Frep N5 (W) — ia FypgNPR)

2
+ 2« Nlngj) — Oz2 iNIJNKLF]JKL — gN]JF[KLNKPNLQFJPQ ,

F(3) ), Y) = w® _ o NIJ %@ u}(Jl) + 2%(’(1]) NIE wg) NJ/L w(Ll)

2
+ ZiFy NP W531) NIQ WS) NKLW(LI)

3
+ a2 NP Py NEE — 4 N0 N2
— 4iNT NELFpp NN w0 Wil — 21 Fr e, NEENTPOG) NTQWY)
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+2 FIKPNKLFLQJNPQNIng)N‘]Swg)
— 4w NIE GO NIL Ry po NPQ

+2 Py NP N9y N R Fpgr NST
+ 2N1Jw%) — QNUNKnglInglL)]

+a?|2 NIJFIKLMNNKLNMN wf,l)— 4NIJNKLFILMNMNFKNPQNPQ wf,l)

8
_ gNIJFIMNPNMKNNLNPQFKLQ wgl)
— 4 NV NELFypy NMN By g NEP NTQ Fy p )
+ 4i NI NN Fy e NEE — ANTINMN Fry p NPQu( ) Fy e NEE
— 20 ) NTE Fre po NPONTE Fp g N RS
4 FIJMNNMNNIng)NJLFLRSNRS
— 4i FpnNMP Fypg NON NTE QD NTL Fy pg NS
— 21 Fryg NP NIR Fogr NSTNE R Fpyy NUV
8.
F2NYNIE G+ S F NN R il
+4i Frypg N NBENSL OO 4 Fypo Frpg NTENTENPRNOS (D)

+ 043 2NIJFIMNPQNMNNPQFJKLNKL
+ 4 N NPM Epy yNVQFpors N Fy e NEE
8.
+ 31 N Frynp NMENNENPQ fpe 0 Frpg NTS

— 4NV NP Py NYOFpry NTENYS Fors Fyx . N™F

+ 2i Fyyun NMY N Frepo NP NTL Fp g NTS

—9 FIMNNMTFJTUNUNNIKFKPQNPQNJLFLRSNRS
2

o g IJKNIPFPMNNMNNJQFQSTNSTNKRFRUVNUV
2.

— -1
3

+ 2N Frypep, NEPNEQ Fpope NS

8
Frixrpo NV NEENTC 4 gNU Fryxrp NEENLSNPT Fror

2
+ gFIKPS NIINKLNPQNSE Firor

+4i NV Fryiep, NSPNLQ Fpgr NSUNTV Fouy

+4i Fryper, N'PNIONEENLS oy NUY By ge

-9 FIJKFLPQFRSTFUVWNILNJPNKRNQUNSVNTW
4

3FIJKFLPQFRSTFUVWNILNJRNKUNPSNQVNTW : (D.2)
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Here we expanded w()) as w(Y) = 3.°°, w™(Y), where we count w(™ () as being of
order ", following (4.16). The non-holomorphicity of F9)()), ) is entirely contained in
the quantities N?7. Observe that F(! is real, while the higher F(9) (g > 2) are not.

The expressions for F9 given above were obtained by explicit construction and they

satisfy the holomorphic anomaly equations (4.27) of perturbative topological string theory
(9 >2),
g—1
OpF'9 =i Fpry NTMNEN | —20 Dyoy FO™D +3 "oy FO oy PO | (D.3)

r=1

where D) denotes the covariant derivative introduced in (4.23). The expression for F(?) has
been obtained before by other methods [11, 26, 27] based on a direct integration of (D.3).
Partial results for F(3) have been given in [11].

E An application: the FHSV model

In this appendix we illustrate our results in the context of the FHSV model [28] and
compare them to earlier results obtained in [16] by means of a related but slightly different
approach. Here we restrict ourselves to second order. In the type-II description, the
FHSV model corresponds to the compactification on the Enriques Calabi-Yau three-fold,
which is described as an orbifold (T? x K3)/Zy, where Zs is a freely acting involution.
The massless sector of the four-dimensional theory comprises 11 vector supermultiplets, 12
hypermultiplets and the N = 2 graviton supermultiplet. The classical moduli space of the
vector multiplet sector equals the special-Kéahler space,

SL(2)  0(10,2)

M = ) E.1
vetor T 90(2) © 0(10) x O(2) (E-1)
which is encoded in the classical holomorphic function
VYV )’
) (V) = _73}0“ , (E.2)
where a,b = 2,...,11, and the symmetric matrix 7y, is an SO(9,1) invariant metric of

indefinite signature. The two factors of the special-Kihler space are associated with T?/Zs
and the K3 fiber, and ‘special’ coordinates for these two spaces are denoted by S = —i)! /)"
and 7% = —iY*/YY. This leads to the following expression for N = det[2 Im[FI(S)]] and
H‘Q:O?

N=c(S+9°(T+T)%)*,  Hloo=—(S+ (T +T)*D°?, (E.3)

where c is an irrelevant constant. Here we use the notation that 72 = T%,;,T b and likewise
for |T|?. Observe that N is not covariant under symplectic reparametrizations, while H|o—o
is covariant. Note that in the present approach we are making use of a specifc parametriza-
tion defined by (E.2). Therefore the covariance under symplectic reparametrizations is not
always clear, and instead we may have to rely on the S- and T-duality invariances that we
will discuss below. This was also the strategy used in [15, 16].
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Subsequently, we expand both w()) and Q()),)) into powers of v as w = wM +w® +
O(a?) and Q = QM + Q@) 4 O(a?), respectively. Following the discussion in [16], we start
with the expression for Q) known from threshold corrections and from the topological
string side [38, 39]. In the conventions of [15], it is given by

mﬂwjh:—£;%mm%@a¢@n+%mmﬂaﬂ¢@n

+2In[(S + 8)*(T +T)?| . (E.4)
It is invariant under S-duality transformations belonging to the I'(2) subgroup of SL(2;Z),
and also invariant under the T-duality group O(10,2;Z), since ®(7') is a holomorphic
automorphic form of weight 4 [40], transforming under the T-duality transformation 7% —
T [T?)7! as
O(T) — [T ®(T). (E.5)
We can now recast (E.4) in the form of (4.6),
_ _ 1 _
QVD.Y) =w) +a() — - InN +¥(, ), (E-6)

so that &« = —1/(87) and 8 = 1, with
W) = - 3 mn29) - - 1y
w(Y) = o Inn*(2S5) & In ®(T') + i In)",
_ 1 _ _
VO, Y) == I [(S+ )T+ TPV, (E.7)

where we note that W()),)) transforms as a function because it is equal to the logarithm
of H|qa=0, the classical part of the Hesse potential.

Next, we insert these expressions into Q). Here we recall that in the presence of a
function W(),)), the expression for Q) is not simply obtained by the second line of (4.18),
but to this we also have to add S-dependent terms, as shown in (4.7). Thus, we have

_ 2
(Y, Y) = [w@) +2a Nl — o2 [iFUKL - 3F1KMFJLNNMN} NTINKL 4 h.c.]

+ N [2@1 (W(U +alnN) pr+pr\1/J+h.c.}. (E.8)

Then, direct evaluation of this results in

1 1 OIn®(T) ln®(T) 1 2?In®(T)
@ ), _
@ {w BNRDE [647# 2(25) =57 T, 3o72 2(25) oT*dT,
1 A _. 00 oM 1 4 o (?In®(T) Ond(T)0nd(T)
- (I0)? [4%(25’ 25) oTe o1, * 327r2G2(25’ 25)( oT*9T, o7 or, )}
1 oW 90 19 e(T) 091 oM
— (y0)2 I:G2(25) aTa aTa Z aTa aTa 35 :| +hC} , (Eg)
where
1
G(28) = 505 n1P(25),
. _ 1
G2(25, 25) = G2(2S) + . (E.l())

2(S + )
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The first line of (E.9) contains purely holomorphic terms, while the second line contains
terms that are invariant under S- and T-duality. The last line contains the terms that
are neither holomorphic nor invariant under S- and T-dualities. They were already ob-
tained in [15] by requiring invariance of the model under S- and T-duality, and thus were
determined up to invariant terms. Here, the duality invariant terms are unambiguously
determined and given by the second line of (E.9), as we just established. The reason is
that the scheme presented in this paper ensures the validity of the holomorphic anomaly
equation. This implies that invariant terms cannot be arbitrarily included, as we discussed
in section 4. Earlier results obtained in [15, 16] are fully consistent with the ones given
above.

Next, we compute the symplectic function F?), which is constructed from Q@ as
follows. Recalling (E.8), we write Q) as Q) = A + A. Then, from (D.2) we infer the
relation F?) = A — N”Q?)Qf}), where however (and differently from (D.2)) Q1) now
also contains W¥()),))), cf. (4.6). As we have observed in the text below (4.10), the terms
depending on ¥ cancel in the higher order result for (!, and therefore F?) will not
depend on ¥. We obtain

1 1 Oln®(T)dInd(T) 1 0?In®(T)
@) — @ o _
Fr=w (yo) [64 2G2(29) 5 oT, 3272 2(25) oT0T,

Flnd(T) alncl>(T)8ln<I>(T)> (E.11)

1
t 3oy G2(25,25) ( dTedT, are 9T,
3 Olog [ (T) (T + T)2]4] Olog [@(T) (T + T)2]4]
( o1, oTe '

25,2
 64r? Go(25,25)

6472 ()9)2
The first line contains purely holomorphic terms, while the second and third lines are
given in terms of non-holomorphic combinations that are S- and T-duality invariant. The
holomorphic contributions in the first line should, however, be invariant as well. We can
verify this by making use of the transformation rule (4.19) for w®. We have checked that
the first line is indeed invariant under S-duality, and we expect the same for T-duality. At
this stage we are not able to give an explicit representation of w(? as a function of J°, S
and T that generates the desired transformations. The expression for F(2) given above is
in agreement with the finding of [27].

Open Access. This article is distributed under the terms of the Creative Commons
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