PUBLISHED FOR SISSA BY 4} SPRINGER

RECEIVED: May 3, 2013
ACCEPTED: September 4, 2013
PUBLISHED: September 30, 2013

The geometric algebra of Fierz identities in arbitrary
dimensions and signatures

C.l. Lazaroiu,”® E.M. Babalic® and I.A. Coman®

@ Horia Hulubei National Institute of Physics and Nuclear Engineering (IFIN-HH),
Magurele, Romania

bCenter for Geometry and Physics, Institute for Basic Science and Department of Mathematics,
POSTECH, Pohang, Gyeongbuk 790-784, Korea
E-mail: 1calin@theory.nipne.ro, mbabalic@theory.nipne.ro,
icoman@theory.nipne.ro

ABSTRACT: We use geometric algebra techniques to give a synthetic and computationally
efficient approach to Fierz identities in arbitrary dimensions and signatures, thus general-
izing previous work. Our approach leads to a formulation which displays the underlying
real, complex or quaternionic structure in an explicit and conceptually clear manner and
is amenable to implementation in various symbolic computation systems. We illustrate
our methods and results with a few examples which display the basic features of the three
classes of pin representations governing the structure of such identities in various dimen-
sions and signatures.

KEYwORDS: Flux compactifications, Differential and Algebraic Geometry, Classical The-
ories of Gravity, Supergravity Models

ARX1v EPRINT: 1304.4403

© SISSA 2013 doi:10.1007/JHEP09(2013)156


mailto:lcalin@theory.nipne.ro
mailto:mbabalic@theory.nipne.ro
mailto:icoman@theory.nipne.ro
http://arxiv.org/abs/1304.4403
http://dx.doi.org/10.1007/JHEP09(2013)156

Contents
1 Introduction

2 Real (s)pin bundles over a pseudo-Riemannian manifold
2.1 Basics
2.2 The Schur bundle and algebra
2.3 The image and kernel of
2.4 The effective domain and the partial inverse of ~
2.5 Representation types
2.6 The normal case
2.6.1 Injectivity and surjectivity
2.6.2  Spin projectors
2.7 The almost complex case
2.7.1 Complex structures and the endomorphism D
2.7.2 Injectivity and surjectivity
2.7.3  Spin projectors
2.8 The quaternionic case
2.8.1 The quaternionic structure of S
2.8.2 Injectivity and surjectivity
2.8.3 Spin projectors
2.8.4 The biquaternion formalism
2.9 Summary of spin projectors
2.10 Relation to pin bundles over the complexified Ké&hler-Atiyah bundle of (M, g)
2.10.1 General remarks
2.10.2 The case S=C
2.10.3 The case S=H

3 Admissible bilinear pairings on the pin bundle

3.1 Basics

3.2 Normal representation (p — ¢ =5 0,1, 2)

3.3 Almost complex representation (p — ¢ =g 3,7)
3.3.1 HBj-symmetry properties
3.32 Thecasep—q=g7
3.3.3 Local expressions

3.4 Quaternionic representation (p — q =s 4,5, 6)
3.4.1 The quaternionic simple case (p — ¢ =g 4, 6)
3.4.2  The quaternionic non-simple case (p — q¢ =g 5)
3.4.3 The Hy-transpose of J,
3.4.4 Admissible pairings in the biquaternion formalism

f—t

© 00 >

10
11
12
12
12
13
13
14
14
18
18
19
20
20
25

25
26
27

27
27
30
31
32
33
36
37
37
39
39
39



4 Fierz identities for real pinors 40

4.1 Preparations 40
4.2 Fierz identities for the normal case 40
4.2.1 The completeness relation 41
4.2.2 The geometric Fierz identities 41

4.3 Fierz identities for the almost complex case 42
4.3.1 Preparations 42
4.3.2 The partial and full completeness relations 45
4.3.3 The Fierz identities 46
4.3.4 Geometric algebra formulation 47

4.4 Fierz identities for the quaternionic case 48
4.4.1 Preparations 49
4.4.2 The partial and full completeness relations 53
4.4.3 The Fierz identities 54
4.4.4 Geometric algebra formulation 55

5 Examples 56
5.1 One real pinor in nine Euclidean dimensions (non-simple normal case) 56

5.2 One Majorana spinor in seven Euclidean dimensions (almost complex case) 59
5.3 One real pinor in five dimensions with metric signature (p, ¢) =(1,4) (quater-
nionic case) 64

6 Conclusions and further directions 70

A Systematics of pin bundles for Riemannian and Lorentzian manifolds of
dimension up to eleven 70

1 Introduction

Computations involving Fierz identities in curved backgrounds for various dimensions and
signatures are a cumbersome ingredient of supergravity and string theories and their ap-
plications. As any student of the subject knows all too well, the very construction of
such theories relies in crucial ways on such identities, whose expert manipulation is often
essential for answering various questions.

So far, little progress appears to have been made in giving a conceptually unified and
computationally efficient treatment of Fierz identities in various dimensions and signatures,
though partial steps in this direction were taken from various perspectives. In the present
paper, we initiate such a unified treatment by using concepts and techniques borrowed from
a certain approach to spinors known as “geometric algebra”. Employing such methods, we
give a systematic and unified treatment of Fierz identities for form-valued pinor bilinears,
which can be applied in curved backgrounds (including flux backgrounds) of any dimension
and signature. We also show how various results which were obtained previously can be
recovered quite efficiently through our approach.



As typical in the geometric algebra approach to pinors (see [1] for our formulation),
we start by viewing a bundle S of pinors over a pseudo-Riemannian manifold (M, g) as a
bundle of modules over the (real) Kéhler-Atiyah bundle (AT*M, o) of (M, g), with module
structure specified by a morphism ~ : (AT*M,o) — (End(S),0) of bundles of algebras.
We give a uniform description of the image and kernel of this morphism using the Schur
bundle ¥, of v, which we define as the commutant sub-bundle of the image of v inside
the bundle of algebras (End(S),o0). When # is irreducible (which is the case of interest
in many applications), Schur’s lemma implies that the Schur bundle is a bundle of simple
associative algebras, thus — by the Frobenius theorem on the classification of such algebras
— having fiber isomorphic with either of the algebras R, C or H. It turns out that the
image of 7y equals the commutant sub-bundle Endy,_ (S5) of ¥, inside (End(S), o), while the
kernel of v equals a (possibly vanishing) sub-bundle A~7T™* M of the Kéhler-Atiyah bundle,
whose complement in the latter is denoted by AYT*M and whose construction we explain
in the main text. The bundle AYT*M plays the role of effective domain of definition of ~,
allowing us to define a partial inverse y~! : Ends, () — AYT*M of v which can be used

to transport sections of Ends_ (S) to inhomogeneous forms belonging to the subalgebra

QY (M) det- ['(M,\NYT*M) of the Kéhler-Atiyah algebra (Q(M),©) of (M, g). This general-

izes the ‘dequantization’ procedure which was used in [1] in a particular case. Using the
partial inverse y~! and the results of [2-6], we show how basic Fierz identities constraining
differential forms constructed as bilinears in sections of S admit a systematic formulation
in terms of so-called Fierz isomorphisms, thereby providing algebraic constraints on certain
systems of differential forms defined on (M, g). We also show how the algebra of constraints
on differential forms extracted in this manner can be formulated in a concise form which
allows for easy analysis of their structural properties.

The paper is organized as follows. In section 2, we systematize the basic properties of
pin bundles within the geometric algebra approach, taking the theory of representations
of real Clifford algebras as a starting point. The discussion is organized into the normal,
almost complex and quaternionic cases, according to the type of the corresponding Schur
algebra. Section 3 discusses admissible bilinear forms on such bundles using the language
and results of [5, 6]. Section 4 gives our treatment of basic Fierz identities for form-
valued (s)pinor bilinears in the normal, almost complex and quaternionic case. Section 5
illustrates our treatment by considering three examples, one for each of the three cases
mentioned above — while explaining how the more traditional treatment of the examples
used to illustrate the almost complex and quaternionic cases can be recovered within our
approach. Section 6 contains our conclusions while appendix A summarizes some properties
of real (s)pinors in those dimensions of signatures which are of most direct physical interest.

Notations. We work within the smooth differential category, so all manifolds, vector
bundles, maps, morphisms of bundles, differential forms etc. are taken to be smooth. We
further assume that our smooth manifolds M are connected, paracompact and Hausdorff.!

1 As is well-known, this implies that M is second countable, o-compact and admits countable atlases.
Furthermore, it implies that M has finite Lebesgue covering dimension, equal to its usual dimension as a
manifold. In particular, we have partitions of unity of finite multiplicity subordinate to any open cover and
the smooth version of the Serre-Swan correspondence applies for finite rank vector bundles over M.



If V is an R-vector bundle over M, we let I'(M,V') denote the space of smooth (C*)
sections of V. We also let End(V') = Hom(V,V) =V ® V* denote the bundle of endomor-
phisms of V', where V* = Hom(V, Og) is the dual vector bundle to V' while Or denotes
the trivial R-line bundle on M. The unital ring of smooth R-valued functions defined on
M is denoted by C*°(M,R) = I'(M, Or). The tensor product of R-vector bundles is de-
noted by ®, while the tensor product of C*°(M, R)-modules is denoted by ®¢e(psr); hence

[(M, V1 ® Vo) = T'(M, V1) ®ceo(arr) ['(M, V2). The space of R-valued smooth inhomoge-

neous globally-defined differential forms on M is denoted by (M) det. (M, NT*M) and

is a Z-graded module over the commutative ring C*°(M,R). The fixed rank components
of this graded module are denoted by Q¥(M) = I'(M, A\*T*M) (k =0...d, where d is the
dimension of M).

The kernel and image of any R-linear map T : T'(M,V;) — T'(M,Va) will be de-
noted by K(T') and Z(T); these are R-linear subspaces of I'(M, V1) and I'(M, V3), respec-
tively. In the particular case when T is C*°(M,R)-linear (i.e. when it is a morphism of
C>(M,R)-modules), the subspaces K(T") and Z(T") are C*°(M,R)-submodules of I'(M, V1)
and T'(M,V3), respectively — even in those cases when 7' is not induced by any bundle
morphism from V; to V5. We always denote a morphism f : V; — V5 of R-vector bundles
and the C*°(M,R)-linear map I'(M,V;) — I'(M, V3) induced by it between the modules
of sections through the same symbol. Because of this convention, we clarify that the no-
tations KC(f) € T'(M, V1) and Z(f) C I'(M,Vs2) denote the kernel and the image of the
corresponding map on sections I'(M, V;) ER I'(M,V3), which in this case are C*(M,R)-
submodules of I'(M, V1) and I'(M, V»), respectively. In general, there does not exist any
sub-bundle ker f of V; such that I(f) = I'(M, ker f) nor any sub-bundle imf of V5, such
that Z(f) = I'(M,imf) — though there exist sheaves ker f and imf with the correspond-
ing properties.

Given a pseudo-Riemannian metric g on M of signature (p, q), we let (e4)q=1..q4 (where
d = dim M) denote a local frame of TM, defined on some open subset U of M. We let
(€*)a=1...q be the dual local coframe (= local frame of 7" M), which satisfies e*(ep) = df
and §(e?, e?) = g®, where § is the metric induced on the cotangent bundle and (g?) is the
inverse of the matrix (gq). The contragradient frame (e®)# and contragradient coframe
(€q)4 are given by:

(e# = g%, (ea)s = gupe’ ,

where the # subscript and superscript denote the (mutually inverse) musical isomorphisms
between T'M and T*M given respectively by lowering and raising indices with the metric
g. We set %% def. eV A ... Ae and eq, .. q, def. €ay N ... Neg, forany k =0...d. A

general R-valued inhomogeneous form w € Q(M) expands as:

d

d
1 a a
w= Zw(k) =, Z Hwé’f?”ake Ll (1.1)
k=0 k=0

where the symbol =,, means that the equality holds only after restriction of w to U and

U



where we used the expansion:

o~ 1w aar (1.2)

U Hwal...ak

The locally-defined smooth functions wé’f)ak € C*(U,R) (the ‘strict coefficient functions’
of w) are completely antisymmetric in a; ...a. Given a pinor bundle on M with under-
lying fiberwise representation ~ of the Clifford bundle of T*M, the corresponding gamma
‘matrices’ in the coframe e® are denoted by v* def. ~v(e%), while the gamma matrices in the
contragradient coframe (e,)4 are denoted by 7, def. Y((ea)#) = gapry’. We will occasionally
assume that the frame (e,) is pseudo-orthonormal in the sense that e, satisfy:

g(ea,ep) (= gab) = Nab

where (74,) is a diagonal matrix with p diagonal entries equal to +1 and ¢ diagonal entries
equal to —1.

2 Real (s)pin bundles over a pseudo-Riemannian manifold

Let (M, g) be an oriented pseudo-Riemannian manifold of dimension d = p + ¢, where p
and ¢ are the numbers of positive and negative eigenvalues of the metric tensor g. Let v
be the (real) volume form of (M, g).

2.1 Basics

We start by recalling the basics of our approach to “geometric algebra” and spin geometry,
which is based on the theory of Kéhler-Atiyah bundles. We refer the reader to [1] for a
detailed discussion of this approach and for the derivation of some results which are used
in the present paper.

The Kahler-Atiyah algebra and Ké&hler-Atiyah bundle of (M,g). Recall that
the Kéhler-Atiyah bundle of (M, g) is a bundle of Zg-graded associative and unital R-
algebras (AT*M, <) whose underlying vector bundle coincides with the exterior bundle of
M (endowed with its natural Zg-grading induced by rank, namely AT*M = AT*M &
AT M) and whose fiberwise R-bilinear, associative and unital multiplication ¢ is the
so-called geometric product of (M, g) (see [1] for a detailed discussion). The fibers of the
Kahler-Atiyah bundle are unital and associative algebras which are isomorphic with the
real Clifford algebra Cl(p, ¢),?> which we view as a Zs-graded algebra in the usual manner.
Note that (A°VT™*M, o) is a bundle of unital subalgebras of the K&hler-Atiyah bundle, which
we shall call the even Kdhler-Atiyah bundle of (M, g).

Let m be the main automorphism (a.k.a. the signature, or grading automorphism), i.e.
that involutive automorphism of the Kéhler-Atiyah bundle which is uniquely determined

2Qur convention is that the canonical generators e, ..., ep1+q of Cl(p, q) satisfy e = +1fori=1,...,p
and e? =—1forj=p+1,...,p+ ¢. This is the same convention used in [1], to which we refer the reader
for further details.



by the property that it acts as minus the identity on all one-forms:

o

d d
n(w) E ST (1Re® | o =3"w® e (M), where w® e QF(M) (2.1)

k=0 k=0

and 7 be the main anti-automorphism (a.k.a. reversion), i.e. the involutive anti-
automorphism of the Kéahler-Atiyah bundle given by:

k(k—1)

rw) L ()T W, Ywe QF (M) . (2.2)

It is the unique anti-automorphism of (AT*M, <) which acts trivially on all one-forms.
The fact that the exterior product is recovered from the geometric product in the limit
of infinite metric (through a trivial direct computation®) implies that 7 and 7 are also
(anti-)automorphisms of the exterior bundle (AT*M, A) — see sections 3.2. and 3.3. of [1].
We have the relations:

mor=Tom , mom=T1o7 =Iidgy

The (real) volume form v = voly; € Q4(M) of (M, g) satisfies the following properties (see
table 1):

(-1)2" 1y, ifd=even
vov = (—1)l2l1,, = - (2.3)

(—1)" %1y, ifd=odd

and:
vow=n""w)orv , YweQM) . (2.4)

Hence v is central in the Kéhler-Atiyah algebra when d is odd and twisted central (i.e., we
have v o w = m(w) ¢ v) in the Kahler-Atiyah algebra when d is even.

Real pin bundles on (M,g). A bundle of real pinors on (M, g) is a real vector bun-
dle S over M endowed with a unital morphism of bundles of algebras v : (AT*M,o) —
(End(S), o) from the Kéhler-Atiyah bundle of (M, g) to the bundle of endomorphisms of
S, i.e. a bundle of modules over the Kéhler-Atiyah bundle of (M, g). The map induced on
global sections (which we denote by the same letter):

v : (Q(M), ) = (D(M,End(S)),0)

is a unital morphism of C°°(M,R)-algebras from the Kéahler-Atiyah algebra of (M, g) to
the algebra of globally-defined endomorphisms of S. For each point © € M, the fiber ~,
is a representation of the Clifford algebra (AT M, ¢,) ~ Cl(p, q) in the R-vector space S,

3Namely, take 1 < a; < ... < ax < d. Then, on a sufficiently small open subset U around any point, we
have e*t o...0e%% =% A...Ae% since e® is an orthonormal coframe. Since 7 is an automorphism of the
Kahler-Atiyah bundle, we have w(e® ¢...0e%) = m(e™)o...om(e*). Using the fact that w(e®) = —e®
and the previous observation, this gives m(e A ... Ae%) = w(e™ o...0e%) = (=1)fe® o... 0 €% =
(—1)ke* A...Ae® =m(e®) A... Am(e®). This implies that 7 acts as an automorphism of the restricted
exterior algebra (Q(U), A). Using a partition of unity, we find that 7 is an automorphism of the full exterior
algebra (Q(M), A). A similar argument shows that 7 is an anti-automorphism of the exterior algebra.



v is central 3(C),7(C)
v is not central | O(R),4(H) | 2(R), 6(H)

Table 1. Properties of the (real) volume form v according to the mod 8 reduction of p — ¢q. At the
intersection of each row and column, we indicate the values of p — ¢ (mod 8) for which the volume
form v has the corresponding properties. In parentheses, we also indicate the Schur algebra (see
subsection 2.2) S for that value of p — ¢ (mod 8). The real Clifford algebra Cl(p, q) is non-simple
iff. p—q =g 1,5, which corresponds to the upper left cell of the table and is also indicated through
the blue shading of that table cell. In the non-simple cases, there are two choices for v, which are
distinguished by the signature e, = £1; these are also the only cases when + fails to be injective.
Notice that v is central iff. d is odd. The green color indicates those values of p — ¢ (mod 8) for
which a spin endomorphism can be defined (see next page).

(the fiber of S at z). We say that S is a real pin bundle if this representation is irreducible
for each x € M, i.e. when the fibers of S are simple modules. Similarly, a bundle of real
spinors of (M, g) is a bundle of modules over the even Kéahler-Atiyah bundle (A®VT™*M, o)
of (M, g); it is called a spin bundle when its fibers are simple modules. Notice that any
bundle of pinors is a bundle of spinors in a natural way.* From now on, we let S be a pin
bundle of (M, g), so we assume that v is fiberwise irreducible.

Spin projectors and spin bundles. Giving a direct sum bundle decomposition S =
St @ S_ amounts to giving a product structure on S, i.e. a bundle endomorphism R €
['(M,End(95)) such that R o R =idg. Indeed, S+ determine R as that product structure
whose eigenbundles associated with the eigenvalues +1 and —1 of R equal S; and S_,
while a product structure R determines Si as the sub-bundles associated with its two
eigenvalues. We say that R is non-trivial if S, and S_ are both non-zero, i.e. if R differs
from +idg as well as from —idg. It is easy to see that the restriction:

Yov L | pevrenr 1 AYT* M — End(S) (2.5)

is reducible on the fibers as a morphism of bundles of algebras iff. there exists a nontrivial
product structure on S which lies in the commutant of v(Q°(M)), i.e. a globally-defined
endomorphism R € I'(M,End(95)) \ {—ids,idg} which satisfies:

R? =ids and [R,y(w)]-0=0, Ywe Q¥ (M) . (2.6)

Such an endomorphism (when defined) is called a spin endomorphism. When e, is
fiberwise reducible, we define the spin projectors determined by R to be the globally-

defined endomorphisms:

R def. 1

P = 5(1d5:|:R) ,

“Indeed, the restriction ey of ¥ to the sub-bundle A®T*M C AT*M makes any pinor bundle (S,+) into
a spinor bundle (S, Yev).



which are complementary idempotents in I'(M, End(S)). Then the eigen sub-bundles:
st pR(S) c §
corresponding to the eigenvalues +1 and —1 of R are complementary in S:
S=Sta S
and we have:
(W) (SE) C §F | Vw e Q% (M)

This gives a nontrivial direct sum decomposition v, = ¥ @+~ of Yey into morphisms of
bundles of algebras:

+
7= E R (AT M, 0) = (End(S%), ) .

Of course, the vector bundles ST are spin bundles with underlying morphisms given by
7. Such a nontrivial decomposition of v (and hence a spin endomorphism R) exists iff.
p—q =g 0,4,6,7. In the Physics literature, the sections of S* are addressed by historically-

motivated names. This terminology is summarized below:

e When p — ¢ =g 0, the sections of S* are called Majorana-Weyl spinors (of positive
and negative chirality).

e When p—q =g 4, the sections of ST are called symplectic Majorana-Weyl spinors (of
positive and negative chirality).

e When p — q =3 6, the sections of ST are called symplectic Majorana spinors.
e When p — q¢ =g 7, the sections of ST are called Majorana spinors.

Local expressions. Let e, be an oriented local pseudo-orthonormal frame of (M, g).

We set:

def.
YE™) E=N", Y = D" (2.7)

For A = (my,...,mg) with 1 <mj < ... <my <d, we let |A] %k denote the length of

A and:
eAdgf'eml/\.../\emk, ')/Ad;f'fymlo...o'ymk7 fyAd;f"ymlo...o'ymk . (2.8)

Since ;. = 4™ and [Ym, Ynl+,0 = 20mn, we have 5,1 o. ..oy, 1 = 4" o. . .0y™  which gives:

Al(JA|—1
AI0ALIZD

it = (- (2.9)

Also note the relation:
() =AWt 1y ol (2.10)



2.2 The Schur bundle and algebra
As before, let S be a real pin bundle with underlying morphism ~. We let:

N kg S (2.11)

denote the rank of S.

Definition. Let z be any point in M. The Schur algebra of ~, is the unital subalgebra
Y, » defined as the commutant of the image ~, (AT, M) inside the algebra (End(S;), oz):

5o DT, € End(Sy) | [Te, Ye(we)]—o = 0, Ve, € ATZMY}

It is easy to see that the subset:
27 = {(xaTax) ’ T e M; Tx € Ew,a:} = |—|$EME’Y,:E

is a sub-bundle of unital algebras of the bundle of algebras (End(S),o), which we shall
call the Schur bundle of . In particular, the isomorphism type (as a unital associative
algebra) of the fiber (2, ;,0,) is independent of z and is denoted by® S, being called the
Schur algebra of . Notice that the space I'(M, 3,) of globally-defined smooth sections of
the Schur bundle is a unital subalgebra of the C*°(M, R)-algebra (I'(M, End(S)), o), which
coincides with the commutant of v(Q2(M)) inside I'(M, End(S)):

T(M,,) = {T € T(M,End(S)) | [T,7(w)]—0 = 0, Yow € Q(M)} .

Since 7 is irreducible on the fibers, Schur’s lemma implies that S is a division algebra
over R and hence (by the Frobenius theorem on classification of such algebras) the abstract
fiber of 3, is isomorphic with R,C or H. Notice that S becomes a bundle of left .-
modules if one defines left fiberwise multiplication with elements of X, as evaluation of the
corresponding R-linear operator. On global sections, this gives:

ce L @) eT(M,S) , VeeT(M,S), YCeT(M,Y,) .

As a consequence, the dual vector bundle S* = Hom(S, Og) becomes a bundle of right
>,-modules with external multiplication given by postcomposition, which on global sec-
tions gives:

nC < noCeT(M,S%) , Wypel(M,S*) , YCeT(M,Y,) .

Finally, End(S) ~ S ® S* becomes a bundle of ¥,-bimodules if one uses the module
structures on S and S*, i.e. if one defines left and right multiplication with elements of
¥, through composition from the left and right with the corresponding R-linear operators.
On global sections, this gives:

CiTC, Y CyoToCy , VT € T(M,End(S)) , VCi,Cy e T(M,S,) .

5Since « is fiberwise irreducible, it turns out that S depends only on p — ¢ mod 8.



The fibers of S are in fact free as left modules over the fibers of ¥, (since the latter is a
field or a skew-field), so we have an isomorphism of R-vector bundles:

5%27@)50 ,

where Sp is an R-vector bundle over M whose rank we denote through:

A Y kg Sy = kg S (2.12)

and call the Schur rank of S. We have the relation:
I“kRS = I“I{RE,y I“kEWS <— N = AdimRS .

The bundle of bimodule endomorphisms of S can be identified with the sub-bundle
Ends_ (S) of those endomorphisms of S which commute with all elements of ¥,. On
global sections, this gives:

(M, Endg, (S)) = {T € (M, End(S)) | [T, M]_. =0,
VM e T'(M,%,)} C I'(M,End(S)) , (2.13)
which is a unital subalgebra of the C*° (M, R)-algebra (I'(M, End(S)), o). Notice the bundle

isomorphism:
EndZW(S) ~ 27 & End(S()) .

In the following (and especially in sections 4 and 5) we will sometimes denote Endyg_ (5)
through Ends(S); this is justified by the fact that left multiplication with elements of X,
induces an S-module structure on each of the fibers of S.

2.3 The image and kernel of v

Twisted (anti-)selfdual forms. When p — ¢ =5 0,1,4,5, we have v ov = +1 and we
can consider the sub-bundles ATT*M C AT*M, whose spaces of smooth global sections:

def.

QF (M) = {we QM) |wov = +w} C QM)

are the C*°(M,R)-modules of twisted selfdual and twisted anti-selfdual inhomogeneous
differential forms of (M, g), respectively (see [1] for details). We have the direct sum
decompositions:

ANT*M = NTT*M @ N"T*M , QM) =Qt (M) e Q (M) ,
which corresponds to the complementary projectors:

P (155 L QFON) = P2QO) |

where % is the twisted Hodge operator of [1]:

~  def.

fw =worv , YweQM) . (2.14)
The latter is related to the ordinary Hodge operator of (M, g) though [1]:

¥=x%xoT . (2-15)



injective non-injective
surjective 0(R),2(R)
non-surjective | 3(C),7(C), 4(H), 6(H)

Table 2. Fiberwise character of real pin representations . At the intersection of each row and
column, we indicate the values of p — ¢ (mod 8) for which the map induced by « on each fiber of
the K&hler-Atiyah algebra has the corresponding properties. In parentheses, we also indicate the
Schur algebra S of v for that value of p — ¢ (mod 8). Note that « is fiberwise surjective exactly
for the normal case, i.e. when the Schur algebra is isomorphic with R. Also notice that ~y fails to
be fiberwise injective precisely in the non-simple case p — ¢ =g 1,5, which we indicate through the
blue shading of the corresponding table cells.

Image, kernel and signature of v. Well-known facts from the representation theory
of Clifford algebras imply the following:

Proposition.

1. The image of the bundle morphism 7 coincides with the sub-bundle Ends, (S).
This gives:
V(Q(M)) = I'(M, Ends, (5))

2. v is fiberwise injective iff. Cl(p,q) is simple as an associative R-algebra, i.e. iff.
p—q #s 1,5 (the so-called simple case).

3. When ~ fails to be fiberwise injective (i.e. when p—q =g 1, 5, the so-called non-simple

case), we have:
'Y(V ) = evidS )

where the sign factor e, € {—1,1} is called the signature of v. The two choices for
this sign factor lead to two inequivalent choices for . In this case, A“T*M is a
sub-bundle of algebras of the Kéhler-Atiyah bundle of (M, g) (see [1]). Moreover,
the kernel of the bundle morphism ~ equals AT*T*M, which implies the following
relation for the C*°(M,R)-modules of global sections:

K() = Q™ (M)

Furthermore, the restriction of v to its so-called effective domain N“*T*M gives an
isomorphism of bundles of algebras between (A“T*M,¢) and (Ends. (S),0).

The fiberwise injectivity and surjectivity properties of v are summarized in table 2.

2.4 The effective domain and the partial inverse of ~

The following notation allows one to treat fiberwise injective and non-injective cases

simultaneously:

QM) if ~ is fiberwise injective (simple case),
Qv (M) < (2.16)
Q< (M) , if v is not fiberwise injective (non — simple case)
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Lype Iflodq8 S
normal 0,1,2 | R
almost complex 3,7 C
quaternionic 4,56 | H

Table 3. Type of the pin bundle of (M, g) according to the mod 8 reduction of p — ¢. The pin
bundle S is called normal, almost complex or quaternionic depending on whether its Schur algebra
is isomorphic with R, C or H. The non-simple sub-cases are indicated in blue, while those cases
when a spin operator can be defined are indicated in green.

and:
0, if ~ is fiberwise injective (simple case),
Q (M) , if v is not fiberwise injective (non — simple case) .
(2.17)

With this notation, we always have:
K(7) = (M) , Q(M) = (M) & Q7 (M)

and the restriction of the (map on sections induced by) 7 to its effective domain Q7 (M)
is injective. Since y(Q7(M)) = ['(M,Ends, (5)), we can define the partial inverse v~ ! :
Ends._ (S) — AYT*M of 7 to be the (map of bundles which induces the) partial inverse of
this restriction:

1 def. I'(M,Ends. (S))\ ~1
1 ddf (’y won ) . (M, Endy, (S)) — QV(M) . (2.18)
Notice the relations:

’A'YT*M def. |/\€“/T*M
=P,

)

yoy = idgnds, ($) > v loy =P,
where in the right hand side we indicate explicitly the appropriate co-restriction.

Local expressions. Let e be a pseudo-orthonormal local coframe of M defined above
an open subset U C M. For later reference, we define:

¢S T () = Py(e™) e Q(U) , Vm=1...d (2.19)
as well as:
def. — — m — m m m
eé‘ = 47 ) =47 ™) oL oy (™) =eflo...oel™ e QV(U) (2.20)
for any increasingly-ordered k-uple A = (my, ..., mg).

2.5 Representation types

Recall that the Schur algebra S is isomorphic with R (the normal case), C (the almost
complex case) or H (the quaternionic case), where the terminology in brackets is due to [2—
4]. The results of [2-4] imply that the three types of real pin bundles occur according to
the mod 8 reduction of the difference p — ¢ as shown in table 3 (see also table 4). In this
section, we summarize some properties of the three types of real pin bundles.

— 11 —



AT* M Number of Fiberwise

s| P dq8 Clz( ) A N choices Yo (AT M) injectivity
mo ~
e for of ~

R 0,2 Mat(A, R) 28] = 2% 2l8] 1 Mat (A, R) injective
H| 4,6 Mat(A,H) | 2[8]-1 =28-1 | 2lg]H1 1 Mat(A, H) injective
c| 37 Mat(A,C) | 2181 —2%" | olfIt1 1 Mat (A, C) injective
H 5 Mat(A, H)®2 | 218171 = 2%2% | 2l8)+1 | 2 (e, = £1) | Mat(A, H)
R 1 Mat(A,R)®2 | 208l = 2% | 208 | 2(e, = £1) | Mat(A,R)

Table 4. Summary of pin bundle types. The non-negative integer N def. rkr S is the real rank of S
while A % ks S is the Schur rank of S. The non-simple cases are indicated by the blue shading
of the corresponding table cells.

2.6 The normal case

This occurs when S =~ R, which happens for p — ¢ =g 0,1,2. We have N = A = 2[%] and
the Schur bundle X, ~ Og is the trivial real line bundle generated by the identity section
of End(S). This implies:

T(M,5,) = C®(M,R) ids = {f ids | f € C®(M,R)} ~ C®(M,R) ,

where = denotes the obvious isomorphism of R-algebras. We have vov = +1 for p—q =g 0, 1
and vov = —1 for p — ¢ =g 2. Furthermore, v is central in the K&hler-Atiyah algebra of
(M,g)iff. p—qg=s 1.

2.6.1 Injectivity and surjectivity

The morphism + is always fiberwise surjective. It is fiberwise injective for p—q =g 0,2 (the
normal simple case) but fails to be fiberwise injective when p — ¢ =g 1 (the normal non-
simple case). When p—q =g 1, we have v(v) = €,idg, where e, € {—1,+1} is the signature
of v. The two choices of signature correspond to different fiberwise representations of the
real Clifford algebra Cl(p, ¢) and of the pin group Pin(p, ¢) C Cl(p, ¢), but induce equivalent
representations of the spin group Spin(p, q¢) C Pin(p, q).

2.6.2 Spin projectors

In the normal case, the restriction 7., is fiberwise reducible iff. p — ¢ =g 0, in which case
spin projectors can be constructed from the product structure R = (v), which determines
the eigen sub-bundles S* of Majorana-Weyl spinors, on which () has eigenvalues +1.
Sections of ST or S~ are called Majorana-Weyl spinors (of positive and negative chiralities,
respectively). We have:

T(M,S%) ={£ €T(M,S) | v(v)é = £}

The situation is summarized in table 5.
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_ v
£Odq8 Clp,q) is ianctive YOV | s central
0 simple Yes +1 No
1 non-simple No +1 Yes
2 simple Yes -1 No

Table 5. Summary of subcases of the normal case.

2.7 The almost complex case

This case occurs when S ~ C, which happens for p — ¢ =g 3,7. In this case, d is odd
d

and we have N = 2A = 2[z1*1, We also have v o v = —1 and v is always central in the

Kéhler-Atiyah algebra.

2.7.1 Complex structures and the endomorphism D

There exist two complex structures on the bundle S which lie in the commutant of the
image of v, i.e. two globally-defined endomorphisms J € I'(M, End(S)) which satisfy:

J? = —idg and [J,y(w)]_0=0, Ywe QM) . (2.21)
The two solutions J of (2.21) differ by a sign factor:
J—=—=J

and are given by:
J=2xv(v) .

In this case, the Schur bundle ¥, is the trivial rank two real vector bundle spanned by idg
and by any of these two choices of J. In particular, we have:

T(M,,) = C®(M,R)idg ® C°(M,R)J = {fidg + gJ | f,g € C°(M,R)} .

Each of the two choices of J determines an isomorphism of C*°(M,R)-algebras from
C*(M,C) toI'(M, X,):

os(f+ig)=f+gJ eT(M,,) , Vf,geC?(MR),

so ¢y and @_; are related through complex conjugation, which is an C*°(M,R)-linear
involutive automorphism of C*° (M, C):

o—y(u) =¢y(u) , VueC*M,C) .

A choice for J makes the Schur bundle into a trivial complex line bundle, the two opposite
choices being related through complex conjugation. When viewing S as a bundle of X,-
modules, opposite choices for .J correspond to two choices of complex structure on .S, which

,13,



p=dq Cl(p,q) | . . ,7 . €y D? | R (real spinors) | vov v
1S Injective
simple Yes N/A | —idg N/A -1 Yes

3
7 simple Yes N/A | +idg _ -1 Yes

Table 6. Summary of subcases of the almost complex case. In this case, v(v) defines a complex
structure J on S and we have imy = End¢(S). We also have an endomorphism D of S which
anticommutes with J (thus giving a complex conjugation on S, when the latter is viewed as a
complex vector bundle) and satisfies [D,7™]+ o = 0. The two subcases p—g=s 3 and p—q¢ =g 7
are distinguished by whether D? equals —idg or +ids. In both cases, 7 can be viewed as an
isomorphism of bundles of R-algebras from the Kéhler-Atiyah bundle (AT*M,¢) to (End¢(S), o),
while its complexification ¢ gives an isomorphism of bundles of C-algebras from the complexified

Kéhler-Atiyah bundle (ATEM, o) to (Endc(S),0). When p — ¢ =g 7, D is a real structure which

can be used to identify S with the complexification (Sy)c def. S+ ® Oc of the real bundle Sy C S

of Majorana spinors. When p—q =g 3, D is a second complex structure on S, which anticommutes
with the complex structure J = v(v). In that case, the operators J, D and J o D define a global
quaternionic structure on S — which, however, is not compatible with « since D anticommutes
with ™.

is central

are again related through complex conjugation.® The results of [2] imply that there exists
a globally-defined endomorphism D € I'(M, End(S)) which satisfies:

Dony(w) = A(x(@) oD , Ve (M) , (2.22)
_ _idSa lfp_q5837

D? = (-1)"F idg = (2.23)
+idg, ifp—q=s7,

[J,D]10 =0 (2.24)

and which is determined by these properties up to a sign ambiguity D — —D.

2.7.2 Injectivity and surjectivity

In this case, = is always fiberwise injective but non-surjective. The image of -y coincides with
the sub-bundle Endc(S) € Endy, (S) of End(S), which in turn is the bundle of complex-
linear endomorphisms of S, when the latter is viewed as a C-vector bundle upon using the
complex structure J. This sub-bundle of End(.S) is isomorphic through v (as a bundle
of R-algebras) with the Kahler-Atiyah bundle of (M, g). The situation is summarized in
table 6.

2.7.3 Spin projectors

The restriction ey is fiberwise reducible iff. p — g =g 7, so spin projectors can only be
defined when this condition holds, which we assume to be the case for the remainder
of this sub-subsection. When p — ¢ =g 7, the spin endomorphism in (2.6) is given by

6The two choices for J are exchanged when changing the orientation of M, since this maps the volume
form v into its opposite.
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R = D. Since D and J anticommute (see (2.24)), D can be viewed as a real structure
(complex conjugation operation) on the complex vector bundle obtained by endowing S
with the complex structure J. We then have J(£) = i€ for all £ € I'(M, S) and y(w) is an
endomorphism of S as a complex vector bundle:

v(w) € T'(M,Endc(S)) , Ywe QM) ,

because y(w) commutes with J. Since 7 is fiberwise injective in this case, we can thus view
v as an isomorphism of bundles of algebras from the real Kahler-Atiyah bundle of (M, g)
to the bundle (Endc(S5), o), where the latter is viewed as a bundle of R-subalgebras of the
bundle of R-algebras (End(S5),0):

v (AT*M, o) = (Endc(S),0) .

When this interpretation is used, we can denote the action of D by an overline, defining
the complex conjugate of a section of S through:

£ Do), veer(M,s) .

The spin projectors PL = %(ids + D) relate to taking the real and imaginary parts:

6L P = (6 £8) , Ve eT(M,S)

with:

Reg &y, Img = —J(6) «= & =Re¢ , & =J(Img) =ilm¢ .

The R-vector bundles Sy def- P+(S) give the decomposition S = S @ S_, while the fact
that J anticommutes with D implies:

J(S1) =8y = S=5r8J(54) .
sections of St can be characterized through:
D(M,Ss) ={£ €T(M,S) | D(¢) = ££ & £ = ££} C (M, 5)

and are called real and purely imaginary, respectively. In the physics literature, real sections

of S (i.e. sections £ of Sy ) are also called Majorana spinors. Since S can be identified with
def.

the complexification (Sy)c = Sty ® Oc¢ of Sy, this means that the bundle S of real
pinors can be viewed as the underlying R-vector bundle of the complex vector bundle
of complexified Majorana spinors. Since the latter are usually called complex spinors, it
follows that real pinors in this case are simply complex spinors for which one has forgotten

the complex structure J. We also have:

(M, S:) = {6 € (M, S) | Imé = 0} , T(M,S_) = {¢ € T(M,S) | Re€ = 0} .
In fact, the restrictions Ji g ]gi give isomorphisms of R-vector bundles:
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which satisfy J+ o Ji =idg+, so any section £ € I'(M, S) decomposes uniquely as:

§=8&++&6 =E&r+i&s
with €4 € T(M,Ss), €r=Ref € T(M,S;), & —=IméeT(M,S:) .(2.25)

As mentioned above, this decomposition corresponds to a bundle isomorphism which iden-
tifies the complexification (S4)c with the complex vector bundle S, mapping sections of
the former to sections of the latter via:

L(M, (S+)c) =T'(M,Sy) @il'(M,Sy) 3 Er + i1
— {=¢r+J(&) €T(M,S), Vg, & el (M,Sy).

Since D anticommutes with J, we have:

E=E&r—J(&) =Er—i& < Re(§) =Re(¢) , Im(§) = —Im(¢) ,

so D coincides with the complex conjugation induced by this presentation of S as the
complexification of S;. We define the complex conjugate T' of any endomorphism 7' €
['(M,End(S)) through:

T DoToDeT(MEnd(S)) , so T(€)=T(E) , V¢ T(M,S) ,

thus obtaining an antilinear involutive automorphism 7' — T of I'(M, End(S)). We say
that T is real or imaginary if T =T or T = —T, respectively. We have:

Sy, if T =real,

T(S:t) - {

St , if T' = imaginary .

For example, notice that D is real while J is imaginary. Also notice that the product of
two endomorphisms is real when both of them are either real or imaginary and imaginary
when one of them is real and the other is imaginary. Relation (2.22) takes the form:

Y(w) =7(r(w)) , YweQ(M) ,
and hence:

(2.26)

real , if we Q%V(M),
1(w) =

imaginary , if w € Q°(M) .

Local expressions for p — q =g 7. Let U C M be an open subset supporting both
a local pseudo-orthonormal coframe (e?),—1. 4 of (M,g) and a local frame (€4)a=1..A of
Si. Then (eq, J(€q)) is a local frame of S above U. Setting v* def ~v(e*) € I'(U,End(S)),

relation (2.26) shows that v* are imaginary:

¥4 = - <= Do~n’oD = —»
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while v4 = 7“1 o...ov% € I'(U,End(S)) for an ordered index set A = (a; ...ay) are real
or imaginary accordmg to whether the length k£ = |A| of A is even or odd:

A

real if |A| = even,
’y =

imaginary, if |[A| =odd .
In particular, we have:

Sy, if |[A] =even,

Y (S:) =Sx . v (Sz) C ,
S+, if |[A] =odd .

The matrix ['* = (f?,jzl...N) of v* with respect to the local frame (e,, J(€y)) of the R-

vector bundle S (a square matrix of size N x N with entries in C*°(U,R)) is given by

the expansions:

Z’Yﬁaeﬁ - Z [’Y?{,Baeﬂ + ’Y?ﬁa‘](eﬁ)] )
ﬁ 1

A
'Va(']( )) - J Z'yﬂa 65 Z FVR,ﬂa V?ﬁa‘%] ’
B=1

where we decomposed the complex-valued functions v§, € C>(U,C) into their real and
imaginary parts:

fyga = 7?%76a + ify?,ﬂa y with 710%,6007?,,811 S COO(U7 ]R)

and used the facts that J and v* commute and that the complex structure on S is defined
through i§ = J(&). It is convenient to encode the coefficients of the expansions above into
the following square matrices of size A x A with entries in C*°(U, C):
5o = (Yag)a,B=1..A

which are called the compler gamma matrices defined by the local coframe (e%),—1.. 4 of
M with respect to the local frame (€4)a=1..a of Si. Since (€4)a=1..A is also a local frame
of the complex vector bundle (S,.J), these are just the gamma matrices of e* with respect
to this local frame of S, when the latter is viewed as a complex vector bundle. With the
notations above, the real gamma matrices defined by (e%),=1..4 with respect to the local
frame (€q, J(€a))a=1..A of S are given by:

fa_ | A% 3
A7 AR ]

where 4%,4¢ € Mat(A,C>(U,R)) are the real and imaginary parts of 4*:

e ~a

=Y+, Yr= (’%l%,aﬁ)a,ﬁ:L.A ;AT = (;Y?,aﬁ)aﬁ:lmA
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A local section ¢ € T'(U, S) expands as:

A A
=) a=) [Ehea+ &P ()] (2:27)
a=1 a=1

where:

EY=¢ER +iF € C®(U,C) , with &£5,£¢ € C°(U,R) .
We let € denote the C°(U,C)-valued column matrix of size A with entries €. Since
4 commute with J (i.e. are complex-linear), we have y4¢ = Zﬁzl('y“l{)aea, the complex
coefficient functions (y4€)® € C*°(U, C) being given by the entries of the matrix 44¢, where:

ﬁAZVAA:@alo...O&a’“ € Mat(A,C*(U,C)) , Vordered A= (ay...ax) .

Notice that £ is real iff. the matrix é is real in the sense that its entries are real-valued
functions, i.e. £ € Mat(U,C(U,R)). Furthermore, 4 belongs to Mat(U,C>®(U,R)) when
|A| is even and to Mat(U,C>(U,iR)) when |A]| is odd. In the physics literature, one often
finds expressions written locally in terms of é and 4%; such expressions should be understood
in the sense explained above.

2.8 The quaternionic case

This occurs for S ~ H, which happens for p — ¢ =5 4,5,6. Then N = 4A = 215141 and 2y
is a bundle of quaternion algebras (the topology of such bundles was studied in [7]). We
have vov = +1 when p—q =g 4,5 and vor = —1 for p—q =g 6. Furthermore, v is central
in the Kéhler-Atiyah algebra iff. p — ¢ =g 5. When p — ¢ =g 5, we have y(r) = €,idg,
where €, € {—1,1} is the signature of v, which can only be defined in this subcase (known
as the quaternionic non-simple case).

2.8.1 The quaternionic structure of S

For any sufficiently small open subset U C M, there exist three local sections J; €
I'U,%,) c I'(U,End(S)) (j = 1...3) lying in the commutant of the subset v(2(U)) C
I'(U,End(S)), which satisfy the algebra of quaternion relations:
3
[Ty (@) -0 =0, YweQU) , JioJj=—0byids+ > eyrr , Vi,j=1...3, (2.28)
k=1

where ¢;;; is the totally anti-symmetric Levi-Civita symbol. In particular, we have JZ2 =

—idg|y. Setting Jy def- idg|y € T'(U,End(S)), we have:

3
D(U,5,) = @5 _oC®(U,R)J, = { > oo | o € €, R)}

a=0
In particular, the restriction 3, ¢ is topologically trivial as a bundle of algebras. The group
C>®(U,0(3,R)) of O(3,R)-valued functions defined on U acts transitively on the space of
solutions J; € I'(U, End(.S)) to (2.28) through:
3
J; — Z Riij where R = (Rij)i,jzll_.?, € COO(U, O(3,R)) . (2.29)
j=1
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b Cl(p, q) T R (real spinors) vov | .V
mod 8 is injective is central
4 simple Yes +1 No
5 non-simple No +1 Yes
6 simple Yes -1 No

Table 7. Summary of subcases of the quaternionic case. J denotes any of the complex structures
induced on S by the quaternionic structure.

The most general complex structure J € I'(U, X,) on the restricted bundle S|y which lies
in the commutant of v(Q(U)) takes the form:

3 3
J =Y fiJi where f; € C(UR) with » (f)*=1 . (2.30)
i=1 =1

Equation (2.30) says that J is a local section (defined above U) of the twistor bundle U,
of (S,7), which is the S?-sub-bundle of ¥, consisting of the imaginary units of the fibers
of X,:

Uy, = {(x, Je) | o €8y & JP=-1}C3, . (2.31)
Let jo (v = 0...3) be the canonical units of H, where jo =1 and j; (i = 1...3) are the

canonical imaginary units. For any choice of solution J = (Ji, Ja, J3) to (2.28) defined
above U, the morphism of R-vector bundles:

@j3H®0R|U_>E’y|U

which acts on sections through:

3 3
gof( S fuin ) N
a=0 a=0

is an isomorphism of bundles of R-algebras from H ® Oy to the restricted Schur bundle
¥, |u, which provides a local trivialization of ¥, (as a bundle of R-algebras) above U. Here,
Or|u stands for the restriction of Og to U.

2.8.2 Injectivity and surjectivity

The bundle morphism -~ is fiberwise injective iff. p — ¢ =g 4,6. It is always fiberwise
non-surjective, with image equal to the sub-bundle Endg(S) det- Endyg, (S) of End(S).
This sub-bundle of End(S) is isomorphic through v (as a bundle of algebras) with the
Kéhler-Atiyah bundle of (M, g) when p — ¢ =g 4,6 and with the sub-bundle A“YT*M when
p — q =g 5. The situation is summarized in table 7.
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2.8.3 Spin projectors

In the quaternionic case, the various possibilities for spin projectors are as follows:

o If p — g =5 4, then the restriction ey, is fiberwise reducible and we can use the spin
projectors defined by the product structure R = ~(v), which lies in the commutant of
['(M,%,). Sections of the sub-bundles S* = ker(vy(v)Fidg) C S are called symplectic
Majorana- Weyl spinors of positive and negative chiralities, respectively. They can
be viewed as those sections £ of S which satisfy the conditions:

§el(M,5:) = y(v)§==%£ .
We have S = ST @& S, so any section £ € I'(M, S) decomposes uniquely as:
=€+ ¢ with ¢ eT(M,S%)

Since J, commute with v(v), we have J,(S*) C S* and hence the sub-bundles S*
of symplectic Majorana-Weyl spinors inherit from S the structure of bundles of free
modules over the Schur bundle ¥, — in particular, each of S* carries a quaternionic
structure. The restricted morphism 7., can be viewed as an isomorphism of bundles
of algebras from the even Kéhler-Atiyah algebra of M to the sub-bundle of algebras
Endg(S™) @ Endg(S™) of (Endg(S),0):

Yev 1 (NYT*M, o) — (Endg(S™),0) ® (Endg(S™),0)

e If p — g =3 5 (the quaternionic non-simple case), then the restriction 7, is fiberwise
irreducible, so spin projectors cannot be defined. This is also the only quaternionic
non-simple subcase, i.e. the only quaternionic subcase for which « fails to be fiberwise
injective.

e If p—g =g 6, then the restriction 7. is fiberwise reducible and we can define symplectic
Magorana spinors using the product structure R? = v(v) o J induced by any global
section J € I'(M, U, ) of the twistor bundle U, of (S, 7).

2.8.4 The biquaternion formalism

Real pinors in the quaternionic case can be described indirectly by first complexifying the
real vector bundle S and then recovering it from its complexification by using the appro-
priate real structure. This approach is common in the physics literature, though its precise
relation with the direct construction of real pinors (on which we rely) is rarely clarified.

The complexified pin bundle and its biquaternionic structure. Recall that the
algebra of biquaternions (or complexified quaternions) is the C-algebra C ®g H, which is
isomorphic with the C-algebra Mat(2,C) ~ Clc(2) through the map:

wo + twy  wo + tws

) ) € Mat(2,C)
—wy + w3 W — W1

C®H > wojo + wij1 + waj2 + wsjs —
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where w, € C. This well-known isomorphism maps the imaginary quaternion units into ¢
times the Pauli matrices:

. 110 ) . 01 ) . {01 )
J1 =1 0 -1 =103 , J2 — 10 =102 , J3—1 10 =101 ,

where ¢ is, as usual, the imaginary unit of the field C of complex numbers. The complezified
Schur bundle:

(Sy)e & 8, ® Oc

is a bundle of biquaternion algebras over M. We let Sc g ® Oc¢ be the complexified

pin bundle, i.e. the complexification of the R-vector bundle S, which is a bundle of free
modules over the complexified Schur bundle and thus carries a biquaternionic structure.
Notice that S¢ is also a bundle of modules over the complexified Kéhler-Atiyah bundle
NTEM = NT*M ® Oc of (M, g), through the morphism of bundles of algebras given by the
complexification v¢ of v, which commutes with the biquaternionic structure of S¢. Using
the (3,)c-module structure, left multiplication by the complex imaginary unit ¢ gives a
globally-defined endomorphism J € T'(M, End(Sc)) whose action on sections is given by:

JE) =g, VEel(M, S5¢) ,

while the complexifications of Jj, (which we denote Ji) define fiberwise C-linear endomor-
phisms of S¢ |y which satisfy the quaternion relations. In particular, we have:

[3]€) j]—,o == O

and J, J1, J2, J3 form a local frame of the underlying R-vector bundle of (¥,)c above U. In
every fiber of Sc|y, the endomorphisms J, J1, J2, J3 represent the canonical basis 4, j1, j2, j3
of the biquaternion algebra, when the latter is viewed as an eight-dimensional associative
algebra over the real numbers. The complexification S¢ comes endowed with a natural real
structure — a globally-defined endomorphism 3 € I'(M, End(S¢)), which is C-antilinear:

and satisfies:

I'(M,S) = {£ e T'(M, Sc) | 3(§) =¢}
iT(M, S) = I(T(M,5)) = {§ e (M, Sc) | 3(§) = =&} -

We have:
3, Jk]—0 =0, (2.32)

since the locally-defined endomorphisms J; are obtained through complexification.
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The product structure induced by J;. Since J and J; commute and since both of
them square to —idg. |7, the opposite of their composition:

def. ~ A e
RE JoJ = —idy

is a C-linear product structure on Sc|y which anticommutes with 3|y:
9{2 = +idSC’U ) [9{73|U]+,o =0

and hence the C-linear endomorphisms of Sc¢|y defined through:

1.
Pi = §(ldSC|U +R)

are complementary in Endc(Sc|r). It follows that the complex sub-bundles S(c](i] of
Sc|u consisting of eigenvectors of R corresponding to the eigenvalues +1 give a direct
sum decomposition:

Sclu = Sclf @ Scly -

Notice the equalities:
3(Seli) = Sl » 3(Scly) = Sclf;

and the fact that S(CFUE are the eigen sub-bundles of Sc|y determined by the eigenvalues
41 of the complexified endomorphism J;. In particular, we have:

I'(U, Sclf) = {€ € T(U, Sclv) | 31(€) = +i€} .
Any ¢ € T'(U, Sc) decomposes uniquely as:
=&+ ¢ with €& eT(U, Sclf)

and we have:
J1(§)F = Figt .
Since J2 anticommutes with J1, it induces an isomorphism of C-vector bundles:

Scly
2’SC‘$

~

: S(c% = S(c‘[} ,

which can be used to identify Sc|;; with S(C|JUF. Using this isomorphism, we find that any
& also decomposes uniquely as:

§=¢ =3¢ , where ¢ E ¢t eT(USelf) and € =32(¢7) € (U, Scl)
We can thus describe £ through the column matrix:

: def. [51

§ = 52] € Mat(2, ,T(U, Sclf7)) (2.33)
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A~

and describe any endomorphism 7' € TI'(U,End(Sc|y)) through the matrix T €
Mat(2, 2; T'(U, End(Sc|f;)) defined by:

TE=TE, veeT(U,Se) , (2.34)

where juxtaposition in the right hand side stands for matrix multiplication. Since J;(£%) =
+i¢* and since Js is C-linear, we have J; (€)' = i¢! and J1(£)? = —i€2. On the other hand,
an easy computation gives:

Jo(O) =€, Fa(&)? = ¢ = F(O)' =i, ()P =it

where the implication displayed follows from the relation J3 = J1 0 J2. In terms of descrip-
tion (2.34), this amounts to:

:_Z,G_iO D i — 01 ”A—ia—Oi
J1 =103 = |, A2 =102 = 10 , J3 =101 = i 0

and implies:

1
R=03 — ‘Bizi(liag) .
We have:

3 =—30(6%) , 3(&)° = 30(¢")

—

_ 1
= 3(&) = —ioa(30€) = [3?0 (‘)30] [;] , ¥¢eI'(U, Se) ,

~ S U ) X S +
U U

phism of SC|J(§ which squares to _id5c|$' Hence the 3-reality condition for sections of S¢

€ I'(U,Endg(Scl{;)) is an antilinear endomor-

takes the form:
EET(U,5) < 3(§) =¢ <= ¢ =-30() <= &=30¢") ,

which can be viewed as a ‘generalized symplectic Majorana condition’ (see the example in
subsection 5.3) on the pair of sections (which are complex pinors) &1,& € D(U, Sclf).

The complex pin bundle and complex pinors of spin 1/2. Local sections of Sg¢
form a sheaf of left modules over the sheaf of sections of (X,)c. In particular, the space
I'(U, Sc) is a left module over the non-commutative ring I'(U, (¥4)c) for any open subset
U of M which supports a local frame of imaginary unit sections of ¥,. The discussion
above shows that this module structure is given by:

fotift  fotifs
—fotifs fo—ifi

~

f& = £, VfeT(U (2)c) , VE€T(U,Sc) , (2.35)

where we used the decomposition:

f= foidge|, + /131 + f2J2 + f333 € I'U,(%y)c) , with f, € C*(U,C) .
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In equation (2.35), any complex-valued smooth function g = gr + igr € C*°(U,C) (with
gr,1 € C®(U,R)) acts on { € I'(U, Sc) via the complex structure J:

gg = gRE + 915(5) ’ Vf € F(Ua S(C)
and we have gI'(U, Sc|f;) € T'(U, Sclfy).
Since the complexified operators v(w) commute with J and Ji, we have:
(W), R]—o =0 <= y(w)(D(U,SE)) C T(U,SE) for we QU)

~ ~ . def. Sc|t def. def.
and J2 0 7(w) 0 35" = 7(w). Defining 72(w) = y(@)[§ L and 71 (w) < 74(w), 12(w)

~ SC|?; ~ S‘C‘?}
ol 0 1-w)e ("2|Sc\5

have a decomposition:

-1
) , the last relation implies y2(w) = 71(w) = I'(w). We thus

YT=1+®r-<=1=18

-1
~ Sclf ~ 1Sclf;
<d2|5«:|U OFOJ2|SC|5

L: (AT*U,o) — (Ende(Sclf)). o)

where:

is a morphism of bundles of R-algebras. The morphism I' complexifies to a morphism of
bundles of C-algebras:

F(C : (/\T(EU, <>) — (Endc(SC|$),o)
whose fibers are irreducible representations of the complexified Clifford algebra Cle(p, ) =
Clc(d). This complexified morphism I'c is always fiberwise surjective, being fiberwise
injective iff. d is even, i.e. iff. p — g =g 4,6. Therefore, sections of I'(U, S(Cw) are locally-
defined complex pinors” of spin 1/2. We have:

— [F(w) 0

Y(w) = 0 T(w | Yw e QU) .

and hence (Sc|v,7) is equivalent with the direct sum (Sc|f;,T) @ (Sclf.T) as a bundle of
modules over the Kéhler-Atiyah bundle of (M, g). Similarly, (Sc|y,vc) is equivalent with
(Sclf,Tc)@ (Sclfr Te) as a bundle of modules over the complexified Kihler-Atiyah bundle
of (U,g|ly). In much of the supergravity literature, one constructs the bundle S of real
pinors by starting from such a direct sum of two copies of the bundle S¢ of complex pinors
and imposing the reality (‘generalized symplectic Majorana’) condition 3(§) = £. The
discussion above shows that this construction can always be applied locally.

Local expressions. If e is a local pseudo-orthonormal coframe of (M, g) defined above
U, we set v* def. ve(e®) € T'(U,Endc(Sc)) and T'* def. I'(e%) € I'(U,End¢(SZ)). We also
set 74 =41 o...0q% € I'(U,Endc(Sc)) and Tt =T% o... o T'% € T'(U, Endc(Sg)) for
any ordered index set A = (ay,...,ax). The relation above gives:

re o r4 o
~a SA _ s ~ak
ol [ , At =A4%o...0% [0 FA]

0 Ire
"These are often called complex spinors in the physics literature, which is justified since any pinor is

also a spinor.
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s| P9 | (p,q) R Terminolf)gy
mod 8 for real spinors
R 0 simple ~y(v) Majorana-Weyl
C 7 simple D Majorana
H 4 simple ~y(v symplectic Majorana-Weyl
H 6 simple | y(v)oJ symplectic Majorana

Table 8. The product structure R used in the construction of the spin projectors PR <" 1(1+R)

for those cases when they can be defined and the corresponding terminology for real spinors. When
p — q =s 6, the locally-defined endomorphism J € I'(U, End(S)) appearing in the expression for
R is any of the complex structures associated with the quaternionic structure of S. Notice that
Cl(p, ¢) is always simple as an R-algebra (and hence ~ is fiberwise injective) in those cases when
spin projectors can be defined.

2.9 Summary of spin projectors

The spin projectors in the three cases are summarized in table 8.

2.10 Relation to pin bundles over the complexified Kahler-Atiyah bundle of
(M, g)
2.10.1 General remarks

Let T¢M be the complexified cotangent bundle of M, endowed with the nondegenerate
fiberwise C-bilinear pairing induced by the complexification of g. The complexified exterior
bundle ATEM carries a structure of bundle of algebras whose product (which we again
denote by ¢) is obtained by complexfiying the geometric product induced on AT*M by
g. The bundle (ATEM, o) of unital associative algebras over C is called the complezified
Kdhler-Atiyah bundle of (M, g); it coincides with the complexification of the real Kéhler-
Atiyah bundle as a bundle of algebras. Its fibers are isomorphic with Clc(p,q) =~ C ®pr
Cl(p, q) = Clc(d,0), the complexification of the real Clifford algebra Cl(p,q). It is natural
to consider bundles of complex pinors, i.e. bundles S of modules over (ANTEM, o); these are
C-vector bundles S over M endowed with a morphism:

ve : (NTEM, 0) — (Endc(S5), o) (2.36)

of bundles of C-algebras. A C-vector bundle S over M can be identified with the pair
(S,J), where S is the underlying R-vector bundle while J € I'(M, Endg(S)) is the globally-
defined endomorphism given by multiplication with the imaginary unit in each fiber. This
satisfies J? = —idg, being the complex structure on S defining its original C-vector bundle
structure. The bundle End¢(S) of complex-linear endomorphisms of S identifies with the
commutant of J in Endgr(.5), being a bundle of R-subalgebras of the latter. On the other
hand, the complexified Kéhler-Atiyah bundle can be written ATEM = Oc ® AT* M, where
Oc is the trivial complex line bundle on M. It is now easy to check that there exists a
bijection between morphisms (2.36) of bundles of C-algebras and morphisms:

v (NT*M, o) — (Endg(S), 0) (2.37)
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of bundles of R-algebras, where ¢ is recovered from ~ through J-complexification, an

operation which takes the following form when applied to global sections:®

Ye((f+ig)ew) = (fidg+gJ)ov(w) = y(w)o(fids+gJ) , Vw € UM) , Vf,g € C*(M,R) .
(2.38)
We can thus view a bundle of complex pinors as a pair (S, J) where J is a complex structure
on S and S is a bundle of real pinors whose underlying morphism ~ has the property that
its image lies in the commutant of J. It is quite obvious that fiberwise irreducibility of
implies fiberwise irreducibility (over C) of y¢. Well-known results from the representation
theory of complex Clifford algebras imply that the converse is also true, i.e. we have:

Proposition. Let 7, v¢ be related through (2.38) as above. Then ~ is fiberwise irre-
ducible (over R) iff. 7¢ is fiberwise irreducible (over C).
As in [1], it is convenient to consider the complex-valued volume form:

Ve et jatlzly (2.39)

When fiberwise irreducibility holds (i.e. when (S, ) is a real pin bundle and thus (S,~¢)
is a complex pin bundle), the Schur algebra S must equal C or H (since J belongs to the
commutant of the image of v and thus J is a section of the Schur bundle X, of 7), so
the real rank N of S equals 215141 and hence its complex rank equals 2[%]; this agrees
with a well-known fact from the representation theory of complex Clifford algebras. Let us
consider the two cases in turn:

2.10.2 The case S =C

In this case, we have two choices for J, namely J = +7(v), leading through (2.38) to the
two J-complexifications:

((f +ig) ®w) = (fidg £ gy(v)) o y(w) , Yw € QM) , Vf g€ C®(M,R) ,

whose fiberwise representations are complex-conjugate to each other. They are distin-
guished by the property:
+ /. . + o .
¢ iv) = Fids <= 1z (we) = EVgldS ,

where we introduced the signature (see [1]) of 'y(:ct (as morphisms of bundles of C-algebras):

1)t ifp—g=g3
¢y def i(_l)%(pﬂ”[gb _ (=1) b—4qg=sg

(-1, ifp—q=s7

and we used the fact that yc(v) = y(v) = £J as well as the congruence:

d 2(¢+1), ifp—qg=s3
I+qg+ |5| =4
2 2q, if p—q=s7

®Notice that I'(M, ANTE M) = Qc(M) = C® (M, C)Rcoo (a,r) 2UM) = Q(M)®rC is the C* (M, C)-module
of complex-valued forms defined on M.
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Notice that (S,J = v(v),7¢) and (S,J = —v(v),7¢) are inequivalent but mutually
complex-conjugate complex pin bundles over (M, g) — this corresponds to the well-known
fact that the complexified Clifford algebra Clc(p, q) = Clc(d, 0) has two inequivalent (but
mutually complex-conjugate) irreducible C-representations when d is odd.

2.10.3 The case S=H

In this case, let us assume for simplicity that we are given a global section J € I'(M,U,)
of the twistor bundle (2.31) of (S,7) (with slight adaptations of notations, the discussion
generalizes when such a section is given only locally). We then have a corresponding
morphism (acting on sections as in (2.38)) of bundles of C-algebras, which we denote
through ;. This satisfies:

o (ve) = (1) y(v), ifp—qg=s4,5 | (2.40)
yw)od, ifp—q=g6

where we used the congruence:
d 2(¢+1) , ifp—qg=s4,5
q-+ 5| =4 )
2qg+ 3, ifp—qg=g6
It is convenient to distinguish the following subcases:

e When p—q =g 5 (so that d is odd), we have v(v) = eyidg, which gives v;(vc) = €,,idsg,
where €,, = (—1)?"te,. The two choices for the sign factor €, correspond to the
two inequivalent irreducible C-representations of the complexified Clifford algebra
Cle(p, q) = Clc(d, 0) and lead to inequivalent complex pin bundles over (M, g).

e When p — ¢ =g 4,6 (so that d is even), equation (2.40) gives v;(vc) = (=1)4TIR,
where R is the corresponding spin endomorphism, which obviously commutes with
J. Hence v;(vc) is a globally-defined C-linear endomorphism of S, when the latter
is endowed with the complex structure induced by J — it plays the role of a spin
endomorphism acting on complex pinors given by sections of S.

3 Admissible bilinear pairings on the pin bundle

3.1 Basics

The %-transpose. For any non-degenerate fiberwise bilinear pairing % on S, we let T
denote the transpose of T' € T'(M, End(S)) with respect to %, which is defined through:

B(TE, €)= BET'E) , V6 eT(M,S) . (3.1)

This operation satisfies (T%)! = T and (idg)! = idg. The operation T' — T of taking the %-
transpose defines a C*° (M, R)-linear anti-automorphism of the algebra (I'(M, End(S)), o).
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Remark. Consider a fiberwise non-degenerate bilinear pairing % on S which is related
to # through:

B=RBo(dg®A) = B, &) =B(E AL , VEE eT(M,S) | (3.2)

where A € T(M, Aut(S)) is a globally-defined automorphism of S. Then the transpose T
of a section T € T'(M,End(S)) with respect to 4 is related to the transpose T* of T' with
respect to A through:

TE=A~toTto AL | (3.3)

Let us assume further that #(§,¢') = 0 B(¢, ) for all £, € T'(M ,5), with o € {—1,1} and
that A* = nA for some n € {—1,1}. Then (3.2) implies B(¢,£') = 6.8(¢',€), with & = 1o.

Admissible pairings on S. Recall from [5, 6] that a nondegenerate bilinear pairing %
on the pin bundle S is called admissible if it has the following properties:

1. & is either symmetric or skew-symmetric:

BE,E) =028 ,¢) , ¥, el(M,S), (3.4)
where the sign factor 0 = +1 is called the symmetry of %;

2. For any w € Q(M), we have:

V(W) =(13Ww)) = B1(W)E &) = BE(W)E) , V6§ €T(M,S), (3.5)

(3.6)

def. l-cq {Tv if e = +1
T = Tom 2 =

Tom, ifeg=—1

is the Z-modified reversion (an anti-automorphism of the K&hler-Atiyah algebra of
(M, g)) and the sign factor e € {—1,1} is called the type of £,

3. If p—q =3 0,4,6,7 (thus S = St @ S~ where ST C S are the real spin bundles),
then ST and S~ are either %-orthogonal to each other or %-isotropic. The isotropy
of A is the sign factor 1 € {—1,1} defined through:

i +
def.{ﬂ, if B(ST,57) = 57

0
Lp =
—1, if B(S*,S*) =0

When p — g £ 0,4,6,7, then g is undefined.

When p — ¢ =g 0,4,6,7, we have 1z = +1 iff. (S*)L = ST, where * denotes the %-
orthogonal complement of a sub-bundle of S. This case can occur for any symmetry o
of #. The case 1 = —1 can occur only when o = —1, in which case £ is a symplectic
pairing on S. In this case, the condition 1 = —1 implies that ST and S~ are Lagrangian
sub-bundles of the symplectic vector bundle (S, %).
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Remark. Recall that (when + is reducible on the fibers) the spin projectors are given by
PR = %(1 +R), where R is a product structure on S. It is easy to see that R satisfies the
following relation, where ! stands for the transpose with respect to an admissible pairing
P on S

R'=13R < (PR)'=PE_ . (3.8)

In fact, this relation can be used as an alternative definition of t5. In particular, an
admissible pairing on S has the property that R is either self-adjoint (1 = +1) or anti-
selfadjoint (1 = —1) with respect to Z. For later reference, we also note that (3.5) implies
the relation:

(@)t = (Dl ) | (3.9)

Local expressions. Let ¢™ be a pseudo-orthonormal local coframe of (M, g) defined
above an open subset U C M. Then property (3.5) amounts to:

(V") = ez = B(YEE) = enB(E ), Ym=1...d , (3.10)

which in turn implies:
A=) 4
0

(v = egl(-1) (3.11)

and:
(W) = dgla = BT E) = 5\ BE yal) , VEE eT(M,S),  (3.12)

where e!;‘ def. (693)|A|. If (£;)i=1..n is an arbitrary local frame of S defined above U (with
dual local coframe of S* denoted by (¢%);—1..n), then any T' € T'(M, End(S)) acts through:

N N
T‘Ué‘i = ZTjié‘j = Z&‘j(T&‘i)Ej
j=1 j=1

where Tj; 4 e'(T|yej) € C°°(U,R). This gives:

N N N
T(€) =, » & (T¢v)e; , YE€T(M,S) and tr(Tly) =D Tu=Y e (Tlve) -
= i=1 i=1

In particular, we have:

N
v E el (yley) € CO(ULR) and A (e) = (v
j=1
with similar relations for 'yAfl. The matrices (%T?)i,j:l... ~ are the gamma matrices of e™
(in fact, matrix-valued functions) with respect to the local frame ¢; of S.
Let us give more detail on the admissible bilinear pairings Z for each of the three types
of real representations. If one drops the non-degeneracy assumptions, bilinear pairings on

S satisfying properties 1. — 3. above for any fixed o, € and ¢ form a free C*°(M, R)-module
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whose rank depends on p and ¢ (see [5, 6]). A convenient basis of this free module is
provided by certain admissible bilinear pairings (determined up to multiplication with a
nowhere vanishing function) which were constructed in loc. cit. Below, we give more detail
on the properties of such admissible pairings.

3.2 Normal representation (p — q =5 0,1,2)

The spin projection exists only when p — ¢ =g 0, with R = ~(v). The situation for
admissible pairings is as follows.

When p — g =5 0, 2, i.e. the normal simple case. Up to multiplication by elements

of C*° (M, R), there are two admissible pairings %, and %_, which are distinguished by the

value € € {—1,1} of their type. Up to multiplication with a nowhere-vanishing function,
we can take:?

By = AB_o(ids @y(v)) (3.13)

- +%#4 0 (lds®v(v)), ifp—q=s0

B = (1) B, o (ids ©1(v)) = { | |
— A1 o0 (ids@y(v)), ifp—q=s2

where we used that d is even in this case and the relation v(v)? = (—1)q+%id5 = (-1)"Z"idg

(which holds for d =even). The symmetry o(e,d) of %, is uniquely determined by e and
by the mod 8 reduction of d according to the table:

d
(mod 8)

ole,d) | +1 | +e | =1 | —¢

0 2 4 6

The isotropy type ¢ of B, depends only on p and ¢ and is as follows:

e When p — ¢ =g 0, the restriction 7o, is fiberwise reducible and ¢ = (—1)2 =
41, ifd=0,4,
1, ifd=2,6.

fies Rt = (—1)%7% for any admissible pairing % on S due to (3.9). Hence ¢ = (—1)
(see (3.8)) for any admissible Z. Together with (3.13), this gives:

Indeed, we have R = v(v). Since d is even for such p, q, R satis-

d
2

1. When d =5 0, 4: <@_|_|Si®52F = ‘%—’Sﬂ@s; =0, e@+|gi®gi =+AB_|s,0s.
2. When d =8 2,6: 93_,_|5i®gi = ’%—‘Si®5i =0 s ¢@_|_|Si®sjF = :F%—’Si&?;;
where we used the fact that v(v)|s, = £idg=.

e When p — g =g 2, the restriction 7.y is fiberwise irreducible, so ¢ is not defined.

The pairing % (which is uniquely determined up to multiplication by a nowhere-vanishing
smooth function) will be called the basic admissible pairing and will also be denoted .

“Relation (3.13) implies (v™)'~ = v(v) "'+ o (™) oy(v)'+, where t+ denotes the transpose taken with
respect to the pairing %+. Since d is even in this case, it follows that () anticommutes with all 4™ and
thus (y™)!~ = —(y™)'+, so pairings related by (3.13) have opposite type, i.e. e~ = —e;. Furthermore, we
have y(v)™+ = (71)%7(1/), which implies via relation (3.13) that the symmetries o4 and o_ are related
through o = (—=1)20_.
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k 1 2 3
or/o0 | —(-1lE] | 41| (~)l5]
€k /€0 +1 -1 -1
Lk /Lo -1 +1 -1

Table 9. Characteristics of admissible bilinear forms in the almost complex case.

When p — q =g 1, i.e. the normal non-simple case. Then the admissible bilinear
pairing 4 is unique up to multiplication by a nowhere vanishing smooth function'” and
Yev is fiberwise irreducible, so 14 is not defined. The values of 0 and €4 are determined

by the mod 8 reduction of d as shown in the table below:

d

(mod 8) 13|57
o +1] =1 -1 +1
cs $1] =141 -1

3.3 Almost complex representation (p — q =g 3,7)

In this case, there are four independent choices %y, B1, B> and A3 for the nondegenerate
admissible pairing, which we can take to be related through:

B =RBpo(idg®@J) , $Bo=PByo(ids®@D) , Bs=RBpolids® (DolJ)] (3.14)

Here, %, (which we shall call the basic admissible pairing) is a particular choice of admis-

sible pairing (determined up to multiplication by a nowhere-vanishing smooth real-valued

function), with type g = —1, whose symmetry o is given by:
d
1 3 5 7
(mod 8)
00 +1| —-1|-11|+1

and whose isotropy ¢ is as follows [6]:
e When p — q =g 3, the restriction 7.y is fiberwise irreducible so ¢y is not defined.

o When p — q =g 7, the restriction 7,y is fiberwise reducible and we have (p = 1, i.e.
‘%0|Sj:®5:|: == 0

The symmetry oy, type € and isotropy ¢ (the latter being defined iff. p — g =g 7) of %
for k =1...3 are related to those of %, as shown in the table below.

10Recall that v(v) = e,ids in this case, so B o (ids ® v(v)) = €, is proportional to 2.
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PBo-symmetry properties of J and D. In all subcases of the almost complex case,
the globally-defined endomorphisms J = ~y(v) and D satisfy [2, 6]:

d(d+1) d(d—1)
2

Jt=(-1) J, D'=D = (DoJ)l=(~1)" 2 DolJ,

where ¢ denotes the transpose taken with respect to the basic pairing %y. In particular, D
is Ay-selfadjoint. It is easy to check that these relations agree with the first row of table 9
if one uses the congruence:

d(d—1) d d(d+1) d
— =9 | = —— =91 —
2 2 H — T2 21t 5
Relations (2.23) and (3.3) imply:

p—g+1 p—

D= (=1)"FTD = (D¢, ¢) = (-1)"F By(¢, D) (3.15)

3.3.1 Hr-symmetry properties

The symmetry properties of various endomorphisms of .S with respect to the other pairings
Py, (k=1...3) can be obtained using (3.14). Applying (3.3), we find that the transposi-
tions T of T' € T'(M, End(S)) with respect to the admissible pairings %, (k = 1...3) are
related to the transposition T% of T with respect to %, through:

T = J'oT oJl = —JoT'oJ
T2 = D~toTto Dt = (~1)* T DoTt oD | (3.16)

p—g+1

T3 =D " 'oJ 'oT'oJ'o D' = —(~1)"4 DoJoT'oJoD .

Relations (3.16) simplify further when 7T is C-linear or C-antilinear, i.e. if ' commutes or
anticommutes with J. In this case, we define:
aer. | T [T J]0 =0,
A = < ToJ=ApJoT
-1, if[T,J]4+,=0

and find:

p—q+1

Th = ATt T = (1) DoTtoD , TH = (1)t ArDoT' o D |

where we noticed that T* has the same (anti-)commutation properties with D as T. Sim-
ilarly, we find simplifications when 7' commutes or anticommutes with D, in which case
we define:

+1, if [T,D]_o =0
d“‘{ e ToD=06rDoT

op <
~1, if [T, D)4 =0

and find:
Th = —JoTloJ , T2 =6;T |, T = —6pJoT o J

noticing now that T? has the same (anti-)commutation properties with J as T. A case
often encountered in applications is when T is both C-linear/antilinear and commutes/anti-
commutes with D. In this situation, both Ay and dr are defined and we find:

Th = \pT , T2 =6;T0 , T% = \popT? .
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The %,-transpose of v4. A typical example of the last type mentioned in the previous
paragraph is T = v for some ordered multi-index A = (a1, ..., ax) of length |A| = k. Then

Aya = +1 (since v* commute with J) and 6,4 = (—1)14! (since 4* anti-commute with D).

Since €g = —1, equation (3.11) becomes:
()= (0T
and the relations above give:
Al AL+1) .
=17 A = ()=
Al AI=1) " u
(=) = ()=, (3.17)
|Al(AI=1) oL .
e =(-1)"2 = () =+
These identities agree with the second row of table 9. Relations (3.17) imply:
Zo(&71¢) = oo(=1) "2 Bo(€ )
\Al(\AHl)
%1(6-7’7146) 01( 1) 1(5 g) )
A |41(41=1)
%2(57'7 é) 02( 1) 2(5 5) ) (318)
A \AI(\AI 1)
#3(&,7°¢) = o3(-1) B3(&, 7€)

3.3.2 Thecasep—q=g7

Let us consider this situation in more detail, given that a spin projection can be defined
in this case (leading to Majorana spinors). Viewing S as a complex vector bundle (with
complex structure given by J), recall that in this case D is a real structure (complex
conjugation) on S, which we also denote by an overline. For p — ¢ =g 7, we always have
to = 1, which means that the basic admissible pairing %, satisfies:

Bolsswsy =0 = PBo(€x. &) =0, VE € (M,S) (3.19)

and hence it is determined by its restrictions to S;+ ® S+ and to S_ ® S_. In turn, the
second of these restrictions is determined by the first due to the first of identities (3.3),
which imply:

Bo(JE, JE) = (—1) 5

(£,¢) . V6 e (M,S)

d(d 1)

= Hols_es_ = (—1) %’0’&@& (J®J)|s_es_
Property (3.19) implies:

Bo(&,E") = PBo(&4,Ey) + Bo(E-. ¢

— Bolr,€p) — (—1)" 2 Bo(Er,€)) , VEE €T(M,S),  (3.20)

where we used decomposition (2.25) and the first of identities (3.3). Together with (2.7.3),
this gives:

)

/
)

d(d+ )

[ FolEr @)~ () T Bo(er, 1 @)D, it weae (M)
t@0(57 ’7(0‘))6 ): d(d+1)
Bo(Er, (Jov(w)En)+(=1) 2~ Bo(&r. (J 0 v(w))ER) , ifWGQOdd((M) a)
3.21
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where we used (3.3) and the fact that J and v(w) commute. On the other hand, we always
have ¢y = —1, which gives:

{ +y(r(w)), fweQV(M),
—y(r(w)), if w e Qodd(M),

thereby implying:
Ho(&7(w)E) = 00 %0 (&, (T om)(w))E) , VE,& €T (M,S) (3.22)

which in turn gives:

[AI(JA[+1)

Bo(&,7E) = 00(—=1)" 2 Bo(¢ 7€), VEL €T(M,S) . (3.23)

The other admissible pairings (3.14) can be expressed as:

Br(E,€) = Bol&,TE) = —Bo(er, &) — (—1) T Bo(En, &)
Bo(E.€) = Bo(€,F) = Boler. ) + (—1) T Bo(e1.€)) . (3.24)
By(€.€) = —Bo(&, J(E)) = —Bo(€r, &) + (—1) T Bo(€1,€5)

so in particular we have:

z@lfsi@gi =0 = L1:—1 s
‘@2|Si®5; =0 = 19=+41,

'%3’5}@5} =0 = 13=-1,
which agrees with the third row of table 9. Also note the relations:

Bols,ws, = PB2ls,0s, + Pols_es. = —PBals_ws_

Bils,0s. = Bsls,ws. » Pils_ws, = —B3|s_ws. -

When combined with (3.20), identities (3.24) give the following expressions which we list
for convenience of the reader:

Bolen k) = 51(E.€) + Bale.E)]

d(+1)
e &) = T e €) - #o(e. €. (3.25)
Boln. &) = 1 BEE) + Br(6,E)]

ld+1)
Aoer &) = T ale ) - e €] (3.26)

— 34 —



Relations (3.24) also imply the following relations which we list for completeness:

Bo (&, J ov(w)E)

_ { —Bo (1 (W)E)) — (1) Bo(€r, v(w)ER), if w e Qe (M),
Bo(Eny (T 0 1(w))ER) — (—1) " Bo(&r, (T o y(w))E)), if w € QN(M),
Bo(&, D ovy(w)E)
_ { Fo(er1()R) — (~1) 7 Bo(Er,7(@)E)). ifw e (M),
Bo(Er, (T o 1(w))E)) — (1) T Bo(er, (J o y(w))ep), if w € QOU(M),
Bo(€,J 0 D oy(w)e)
_ { Bo(Er A/ ()E7) — ()77 Boler 1 (@)ER). ifw € 0 (M),
— o€ (J 01 (@))ER) — (—1) T Bo(Er, (J 0 1(w))E)), if w € QH(M) |

The case of Majorana spinors. The expressions above simplify when &, ¢ are Majo-
rana spinors, i.e. sections of Sy (that is, real sections of S when the latter is viewed as
the complexification of S, ), which means that (g = &, §p = ¢ and & = & = 0, ie.
D(&) =& =+€ and D(¢) = & = +¢'. In this case, identities (3.21) become:

Bo(€,7(w)E") =0 for &¢ eT(M,Sy) and w e Q¥ (M) (3.27)
while (3.24) give:
B1(6,8) = B3(5,6) =0, Ba(&,¢) = Bo(6,¢) , V& €T(M,Sy) .

Notice that (3.25) and (2.7.3) imply the following relations, which generalize (3.27):
Bo(&,7(W)E') = Ba(&,7(w)€) =0 for £, €T(M,S1) and w e QM) |
B1(&,7(W)E) = B3(6,v(w)€) =0 for §& €T(M,S1) and w e V(M) (3.28)

and which can be summarized as:

Bi(&,7(w)§) =0 for &¢ €T(M,S;) and we QP*®(M)

where:

aef. | €v, ifk=odd,
opar(k) =
odd, if k= even,
is the opposite of the parity of k. In particular, we have:
By(E,44€) =0 for £, eD(M,S,) unless |A|=pk . (3.29)
We also have:

%0(57’7(0‘])6/) %2(577((*])6/) fOI‘ é,gIEP(M, S+) a‘nd weQev(M) )
B1(E,7(w)E) = Bs(&,v(w)E) for €, € N(M,Sy) and we QM) . (3.30)
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For a single Majorana spinor ¢, relations (3.18) imply the following properties, which are
often encountered in applications:

\AI(\AI-H)

Bo(€,72¢) = 0 unless (—1) =0y ,
A LALAL+1)

B1(£,77€¢) =0 unless (—1) =0 ,
A \AI(\AI 1)

H$Ba(£,77€¢) = 0 unless (—1) =0y , (3.31)
A \AI(\AI 1)

PB3(&,77E) =0 unless (—1) =03

and which can be summarized as:
B(€,7€) =0 unless (—1)%62‘” =0y . (3.32)

3.3.3 Local expressions

Consider a pseudo-orthonormal local coframe (e*),—1. 4 of (M,g) and a local frame
(€a)a=1..A of Sy, both supported above an open subset U of M. Defining:

Bog S By(cares) €CO(UR) , Ya,=1...A

we let % denote the C*(U,R) square matrix of dimension A with entries %,3. The
symmetry property of % implies:

Boo = 00Bap , Y,B=1...A = BT =0y% ,

where 7 denotes the ordinary transpose of matrices. If £, ¢’ € I'(M, S, ) expand as in (2.27)
(with £ =0, £ = &% € C*°(U,R) and similarly for '), we have:

Bo(,€) =, ETBE € C(U,R) .

Remark. As mentioned above, one can view the complex vector bundle S as the com-
pexification S =~ S; ® O¢ of the real vector bundle Sy, where Oc¢ is the trivial complex
line bundle over M. With this interpretation, D is the complex conjugation of this com-
plexified bundle and we can consider the fiberwise C-bilinear pairing S on S obtained by
complexification of the restriction %y|s, ws, :

B(&, &) L Bo(Er, ) — BolEr, €)) + i [Bo(Er, €5) + Bo(Er, €R))
€ C®(M,C) , Ve, & eT(M,S), (3.33)

i.e. (using (3.24)):

( +1)

28(€.€) = Zo(6,€) + Bal&,€) + (-1) T (H(6,€) - Ba(6,€)
i [BEE) + Byle ) + ()T (B E) - Bo(6,€)]

This fiberwise C-bilinear form satisfies:

B(JE,E) = B JE) =iB(&,€) , V& €T(M,S) ,
B(&v&l) = %0(£>£l) ) Vgagl EF(Ma S+) :
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Using the relations above, it is easy to check we have the following local expression for any
pair of pinors &, & € T'(M, S):

B =M (3.34)

We stress that the fiberwise C-bilinear pairing 5 on S is often used in the physics literature
instead of the admissible form %, which is only fiberwise R-bilinear. The admissible forms
Py, can be reconstructed from S as follows:

d(d+1)

Bo(&,€) = Blr, €p) — (1) B(EL &) |
Bi(EE) = —BlEr &) — (~1) "7 BlérEh)
Bo(€,6) = Blér,€p) + (1) 7 BELED)
Ba(€,€) = —BEr, &) + (—1) "7 B(er.Er) -

3.4 Quaternionic representation (p — q =g 4,5, 6)

In this case, spin projectors can only be defined when p — ¢ =g 4,6. In order to simplify
notation, we shall assume that M is contractible, so that all bundles under consideration are
topologically trivial; in particular, J; are globally defined on M. Given that the discussion
below is local, this condition can always be removed by replacing M with a sufficiently
small open subset U. The situation for admissible pairings is summarized below [2, 5, 6].

3.4.1 The quaternionic simple case (p — q =g 4, 6)

When p — g =g 4,6, the morphism - is fiberwise-injective and we have eight independent
admissible pairings %, (e = £1, a =0...3), which are given by [6]:

By, = Bio(lds®@Jg) , VE=1...3, Vee {-1,+1} , (3.35)
where % are the two fundamental admissible pairings — which we can take to be re-
lated through:

By = By o (ids @ 7(v)) (3.36)

+%B§ o (ids ®(v)), ifp—qg=g4

= By = (-1)7T B o (idg @ 7(v)) = {
° 0 ~B§ o (ids®@v(v)), ifp—qg=s6

and have type €, symmetry og(€, d) given in the table below:

d
(mod 8)

oole,d) | =1 | —e | +1 | +e

and isotropy given as follows:
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o If p—q =g 4, then 7, is fiberwise reducible and v(v)? = idg. Chiral projectors can be
constructed from the product structure R = +(v), which satisfies R! = (—1)%73 with

d

respect to any admissible pairing % due to (3.9) since d is even. Thus ¢ = (—1)2
(see (3.8)) for any admissible Z and in particular 1f = (—1)% In this case, we
have E(Sy) = Si, where S1 are the bundles of symplectic Majorana-Weyl spinors
of positive and negative chiralities (which are defined as the eigenbundles of ~(v)
corresponding to the eigenvalues £1 of the latter).

e If p— g =g 6, then 7., is fiberwise reducible and v(v)? = —idg, so v(v) is a globally-
defined complex structure on S. Spin projectors can be constructed using the product
structure R = y(v) o J, where J € I'(U,Uy) is any locally-defined complex structure
associated with the quaternionic structure. The eigenbundles of R corresponding to
the eigenvalues £1 are denoted by S+ and S, is the bundle of symplectic Majorana
spinors. We have R! = —(—1)%72 where ! denotes the §-transpose and hence
= —(—1)% (independent of ).

The pairing %{f will also be denoted through %:
By L Bt

and will be called the basic pairing. The pairings % for k = 1...3 will be called the
derived pairings. Notice that relations (3.35) and (3.36) imply:

l—e¢

B, = PBpo(ids@v(v) 2 old,) , YVa=0...3, Ve==£1, (3.37)

so that it suffices to work with the basic pairing %,.

Properties of derived pairings in the quaternionic simple case. The type €(e, d)
and symmetry oy (e, d) of B (k=1...3) satisfy:

Gk(é, d) = 60(67 d) ) O'k(E, d) = 70’0(65 d)
while the isotropies of #; are as follows:

e When p — g =g 4, we have:

vl

=15=(-1)2, Vk=1...3, Vee {-1,1} .

e When p — ¢ =g 6, we have the following isotropies if we define spin projectors using
the product structure R = y(v) o Ji:

k 1|23
gy | 41| -1 ] -1

Also notice the relations J;(S+) = St and Jo(S1) = S+, J3(S+) = S+.
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3.4.2 The quaternionic non-simple case (p — g =g 5)

In this case, v is fiberwise non-injective and we have v(v) = e,idg, where e, € {—1,1}
is the signature of . We have four admissible nondegenerate bilinear pairings (up to
multiplication with a nowhere vanishing function), given by:

@k:%QO(ids(@Jk), Vk=1...3, (3.38)

where % is the basic admissible pairing, whose type €y(d) and symmetry og(d) are given
in the table below:

d
modsy | 1| 3| 0|7
eo(d | +1]|-1]+1]-1
oo(d) | -1]+1]+1]-1

In the quaternionic non-simple case, the restricted bundle morphism 7, is fiberwise ir-
reducible so the isotropy of admissible pairings on S is not defined. The type €x(d) and
symmetry oy (d) of By (k=1...3) are given by:

ex(d) = eo(d) , ox(d) = —oo(d) .
Note that relation (3.38) implies:
Bo = Byo (idg® Ja) , Ya=0...3, (3.39)
since Jy = idg.

3.4.3 The Hy-transpose of J,

In all sub-cases of the quaternionic case, the globally-defined endomorphisms J, are Zg-
orthogonal (see [2, 6]) for p — ¢ =g 4,6 and HBy-orthogonal for p — g =5 5:

(Jo) ' =Jo = Bo(J'6,8) = Bo(€,Jal’) , Ya=0...3, (3.40)
where ! denotes the Z§-transpose (for any € = 1) when p—q =g 4, 6 or the %-transpose,
when p — ¢ =g 5. Since J,? = —idg, we have Jk_1 = —J; and hence:

Jh=—J, Vk=1...3, (3.41)

which implies:
Jt=—J, VJ¢€ o u,) .
3.4.4 Admissible pairings in the biquaternion formalism

Possibly replacing M with a sufficiently small open subset, we assume for simplicity of
notation that M is contractible and hence .J; are globally defined. Passing to the com-
plexified bundle S¢ = S ® Oc, the bilinear pairings %, (for the quaternionic simple case)
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and %, (for the quaternionic non-simple case) complexify to fiberwise C-bilinear pairings
BS, and B, on Sc, respectively. Relations (3.37) and (3.39) give:

B, = Ao (ids. @ Jo) (for p—q=54,6) and [, = HBpo (ids. @ Jo) (forp—qg=55).

Of course, the complexified basic pairing Sy has the same symmetry oy as %By. Using a
Bo-orthogonal local frame of S¢ when o9 = +1 and a fp-symplectic (i.e. Darboux) local
frame of S¢ when oy = —1, the various relations given above translate immediately into
matrix identities familiar from the supergravity literature. We refer the reader to section 5
for an example of this.

4 Fierz identities for real pinors

4.1 Preparations

Given an admissible fiberwise bilinear pairing % on S, we define endomorphisms F¢ ¢ €
['(M, End(S)) ~ Homeeo (pr) (I'(M, S), (M, S)) through:

Beo(e") Y B(¢" €, ve, & eT(M,S) .

It is easy to check the identities:

Efl{z o E53,§4 = %(£3a£2)E§1,E4 , V€1,82,83,84 € F(M7 S) 5 (41)

as well as:

tr(T o Eegr) = B(TE,E) , VEE eD(M,S) . (4.2)

For later reference, note that the bundle End(.S) is endowed with the natural nondegenerate
and symmetric fiberwise bilinear pairing (, ) whose action on sections is the C*°(M,R)-
bilinear map given by:

(A,B) @ tr(Ao B) € C°(M,R) , VA,B eT(M,End(S)) . (4.3)

Notice that this pairing does not depend on any choice of pairing of the bundle S itself.
Given T € T'(M,End(S)), we define the operators of left and right composition with T to
be the following C>° (M, R)-linear operators acting in I'(M, End(S5)):

Lr(A) Y ToA | Rr(A) & AoT , VA e (M,End(S)) . (4.4)

Cyclicity of the trace implies that Ly and Ry are adjoint with respect to (, ):
(L7(A),B) = (A,Rp(B)) , VI,A,B € I'(M,End(S)) .

4.2 Fierz identities for the normal case

In this subsection, we consider the normal case, which corresponds to p—q =g 0, 1, 2. Since
this was already discussed in [1] and [8] (see also [2—4, 9]), we shall be brief.
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4.2.1 The completeness relation

We start from the local completeness relation (equation (2.7) of [3], see also [1, 2, 8]):

_ 24
Z (val)ik(vA)im = N‘Sjmdlk ,
A=ordered

(4.5)

where A runs over increasingly-ordered tuples of length |A| = 1...d. Multiplying both

sides of (4.5) by Ty; and summing over j, k gives:

Proposition. We have the completeness relation for the normal case:

N
T=,5 >, (' eTa . VT €T(MEnd(S)) .

A=ordered

Setting T' = E¢ ¢ in this relation gives the expansion:

N —1
Eee =y 5q > (02" o Beg)va
A=ordered
which also takes the following form upon using identities (4.2) and (3.12):
N A A
Beer =y 54 > D BE ANV
A=ordered
4.2.2 The geometric Fierz identities

Relation (4.7) implies that the inhomogeneous differential forms:

5 def. -1
Bee = (YVavon) (Beer) € Q1(M)
have the expansion:
Beo =, o o Ned |, Ve ¢ € T(M,S
&8 —u 9d Z €n (£a7A£ )en/ , VEE € ( ) ) )
A=ordered
where we used (2.20). We shall use the notation:
d
: NS gk
Beg =53 ) Fee
k=0

where: )
~ (k) def. a1 a
Egy 2, 56%%(57%1...%5’)%1 e QF(M)NQY (M) .

The geometric Fierz identities amount to:

Ee 60 Beye, = B(&3,69)Fe e, 5 Y€1,62,85,&4 €T(M,S)

(4.7)

(4.8)

(4.9)

(4.10)

an equality which holds in Q7(M). We refer the reader to [1, 8] for further details regarding

this case.
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4.3 Fierz identities for the almost complex case
This is the case p — ¢ =g 3,7 (which implies that d = p + ¢ is odd). In this situation, we
always have eg, = —1 (see section 3) and:

N =2A =lsl+1 (4.11)

The Schur algebra S is isomorphic with the R-algebra C of complex numbers, while the
C*(M,R)-algebra I'(M, £,) is spanned by the operators idg and J € I'(M, End(S)), where
J is a complex structure on S which lies in the commutant of the image of v:

JP=—1, [Jyml-o=0, VYm=1...d = [J,y4]_o=0 forall A . (4.12)

We have:
J =) =" (4.13)
and v o v = —1 (which, of course, implies the property J? = —idg listed above). As

shown in [2], there always exists a globally-defined endomorphism D € I'(M, End(S)) which
satisfies (2.22), (2.23) and (2.24). The space I'(M, S) admits a structure of C*(M,C)-
module defined through:

(a+iB)e E at +BI(E) , Ya,8 €CP(M,C) , VEeT(M,S) .

The module I'(M, Endc(S)) of C>°(M, C)-linear operators can be identified with the sub-
module of T'(M, End(S)) consisting of those C*°(M,R)-linear operators which commute
with J:

['(M,Endc(S)) = {T €e T'(M,End(S)) | [J,T]-0 =0} . (4.14)

The map:
v: QM) — T'(M,End(S))

is always injective, with image:
V(Q(M)) = T'(M, Endc(5)) -
Its partial inverse is given by:
7 (5| PR =1 1 (M, Ende(S)) — Q(M) (4.15)

4.3.1 Preparations
Consider the following C*°(M, R)-linear operator acting in I'(M, End(S)):

T JoToJ , VT e (M,End(S)) .
The identity J? = —idg implies:

J? = idr(asmnd(s))
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which shows that J is a product structure on the C*°(M,R)-module I'(M, End(S)). On
the other hand, direct computation using cyclicity of the trace shows that J is self-adjoint

with respect to the natural pairing (4.3) on End(S):
(T(A), B) = (A,T(B)) , A, B € (M,End(S))

It follows that the operators:
def. 1,.
Iy = 5(1dF(M,End(S)) +J)

are complementar -orthoprojectors on the space I'( M, End(S)). In particular, we have:
p Y proj p ) 1% )

H2 — Hﬂ: , H+ oll_=1I_o H+ s H+ + I = 1dF(M7EIld(S))

and the submodules:

(M, End(S))* < I (D(M, End(S)))
= {T €I'(M,End(S)) | J(T) =£T} C I'(M,End(S)) (4.16)
provide a (, )-orthogonal direct sum decomposition:

['(M,End(S)) = I'(M,End(S))" @ I'(M, End(S))~

Corollary. Every T € I'(M,End(S)) decomposes uniquely as:

T:THJLwmugznﬂﬂ:%@ijwnenMﬂmww: (4.17)
Proposition. We have:
['(M,End(S))” = {T € I'(M,End(9))|[J,T]- o =0} =I'(M,Endc(S)) , (4.18)

P(M, End(8))* = {T € D(M, End(S))|[, T)1.0 = 0} .
where, in the first relation, we used the identification (4.14).
Proof. 1t suffices to prove the first equality, since the second follows similarly. For this,

consider the two inclusions in turn:
= —T, so that T €

(C) If [J,T]-o = 0 then direct computation shows that J(7T')

['(M,End(S))~ (see (4.16)).
(D) T e I'(M,End(S))™, the relation J(T') = —T (see (4.16)) reads:

JoTolJ=-T,

which implies T'o J = J o T upon composing with J and using J? = —idg. Thus
O

[J,T]_0 = 0.
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Proposition. We have:
Lp(T'(M,End(S))*) = I'(M,End(S))T , (4.19)
where Lp is the C*° (M, R)-linear operator of left composition with 7" (see (4.4)).
Proof. Relation (2.24) implies:
Lpolly =T+ oLp ,
which immediately gives the conclusion. O
Since idg € I'(M, End(S))™ and Lp(ids) = D, the Proposition gives the following:

Corollary. We have:
D € T'(M,Endc(S9)"

as well as:
Corollary. Every T € I'(M,End(S)) decomposes uniquely as:
T=Ty+DoT, with Tp, Ty € T'(M,End¢(S)) , (4.20)
where we used the identification (4.14) .
Proof. Follows immediately from (4.17) and (4.19). O
Proposition. The following identities hold:
tr(y; oD oT) =0, VAT € '(M,Endc(S)) . (4.21)

Proof. Since J commutes with v4 (see (4.12)), we have y4 € T'(M,End(S))”. On
the other hand, we have D™ o T € Lp(I'(M,Endc(S))) = Lp(T(M,End(S))™)

['(M,End(S))" by (4.19). The conclusion now follows from the fact that I'(M, End(S))
and ['(M, End(S))* are mutually orthogonal with respect to the natural pairing (4.3). [

Proposition. For all T' € I'(M, End(S)) decomposed as in (4.20), we have:
tr(y; o T) = tr(y,' o Tp) and tr(y, oD ' oT) =tr(y; o Ty) . (4.22)
Proof. Follows immediately from (4.21). O

Notice the relations:
DoT =mn(T)oD (4.23)

where 7 is the parity signature acting in the Zg-graded C*° (M, R)-module I'( M, End¢(S)) =
~v(Q(M)) — the Zs-grading on the later being defined by transport from Q(M) through the
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isomorphism 7 : Q(M) — T'(M,Endc(S)). Consider the unital associative and commu-
tative (but not graded-commutative) Zs-graded algebra A = {« + Be|a, f € R} generated
over R by an odd element e which satisfies the single relation (cf. (2.23)):

_ -1, ifp—qg=53
622(_1)11 Z+11: pP—qg=s
+1, ifp—qg=g7
Since D satisfies (2.23), the results above show that I'(M, End(S)) is a free left Zs-graded

module over the Zs-graded ring A @g C>°(M,R) of A-valued smooth functions defined on
M, where left multiplication with e is given by Lp:

T Lp(T)=DoT , VI € T(M, End(S))

and the Zs-grading is given by the decomposition:
I'(M,End(S)) = I'(M, End(S))® @ I'(M,End(S))°% |

with:

T(M,End(S)” < DM, Ende(S)® ® Lp(D(M, Ende(S))°%) |

T'(M,End(S))°% < 1(01, Ende(S))° @ Lp(D(M, Ende(S))%) .

In fact, relation (4.23) implies that (I'(M,End(S)),o0) it is a unital Zs-graded A ®g
C>°(M,R)-algebra with internal multiplication given by the composition o of C*>°(M,R)-
linear operators acting in I'(M,S). We have a unital isomorphism of A ®r C*(M,R)-
algebras (which maps D into e®pidg):

I'(M,End(S)) ~ A@rT' (M, Endc(S)) ,

Here, I'(M,Endc(S)) is viewed as a Zs-graded unital associative algebra with the Zo-
grading induced via 7 from that of (Q(M),o) and ®g is the graded tensor product of
Zs-graded R-algebras. In particular, an R-linear endomorphism 7" € I'(M, End(.5)) can be
identified with:

T=Ty+e®T, € Aogl'(M,Endc(9)) ,

where Ty, Ty € T'(M,Endc(S)) are the components appearing in the decomposition (4.20).

4.3.2 The partial and full completeness relations

The two identities below (which hold above any open subset U C M carrying a local
orthonormal coframe e™ of M and a local frame ' of S) follow immediately from the
results proved in [2]:

_ 24
> O (= 5 Gjmdin = Tjm ) (4.24)
A=ordered
and:
1 1 1 d+1
Z [(7,4 )jk(’YA)lm + Y4 (D )jk(D'YA)lm] = Téjmélk . (4.25)
A=ordered

These identities imply:
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Proposition. We have the partial completeness relation for the almost complex case:

2d+1 2d

N T = > tr(y3'oT)va , VT € T(M,Endc(S)) . (4.26)

A=ordered
and the full completeness relation for the almost complex case:
2d+1 2d 1 ) )
—T= ZT =, Z [tr(y; o T)va+tr(vy o D™ o T)Dovyal (4.27)

N
A=ordered
VT € T(M,End(S)) .

Proof. Multiplying both sides of (4.25) with T}j; and summing over j, k gives:

2—dH_(T) - Q—d(T—j(T)) = Y (vl oT)ya, VT €T(M,End(S)) , (4.28)

A N
A=ordered

which implies (4.26) for T' € T'(M,Endc(S)) = I'(M,End(S))”. On the other hand,
multiplying both sides of (4.25) with T}, and summing over j, k gives (4.27). O

Corollary. For any T € I'(M,End(S)), we have:
A

A _ _
TO =y ﬁ Z tr(’yAloT)fyA: ﬁ Z tr(’yAloTo)"yA s
A=ordered A=ordered
A _ _ A _
T =, 5 Z tr(y, oD 1oT)fyA:? Z tr(y o T)ya ,  (4.29)
A=ordered A=ordered

where Ty and T} are defined as in (4.20).

Proof. The equalities follow immediately from (4.27) and from the decomposition (4.20).
In the second form of the expansions, we used (4.22). O

4.3.3 The Fierz identities

Relations (4.20) show that we can decompose E¢ ¢ uniquely as:

(0) )
Beg=FEgg+DoEge
where:
0 A _
B =, 55 > i3 o Beg)va € T(M, Ende(S)) | (4.30)
A=ordered
A
1 _ _
Eé,f)/ =u ﬁ Z tI‘(’)/Al oD 1 e} E{f’)'YA € F(M, End@(S))
A=ordered
and (since Eg?, € I'(M,Endc(95))):
DoES) =n(ES)) oD | Ya=0,1, (4.31)
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where we used (4.23). Hence identity (4.1) takes the form:

(0

1) (0) a ) _ (0) (1)
g6 T Do Eﬁh&) (E es6a T Do E ) = %0(&, &) (E€1,£4 +Do E£17£4>

Using (4.31) and (2.23), this becomes:

p*ZJrl ) E(l)

(1)
(E 3,64

B .o Pepe, (1) s

§1,€2 7 763,86 + Do ( (E(O) )o E() +E() OE(O) )

£1,82 €3,84 1,62 €3,84
= Bo(&,62) (Bt e, + Do EY)
0163562 &1, &1,

Separating components according to the decomposition (4.20) gives:

(0) (0) p—q+1 (1) (1)
EY o BOe + (-1 n(BL, ) 0 B, = Bo(g3,6) B} 51 54 :
(0) (1) 1 (0)
Tr(thfQ) © EE3,§4 + E&,{g E§3 &4 '-@0(&%52) 51 §4 . (432)

Using (4.2), (3.12), (3.15) and the fact that ¢y = —1, we compute:

(=DM B0 (€4
(=1)WBo(D7', v 1¢) =

()" () (g, (Do)

tr(y3' o Beer) = Bo(v1'€,€)
tr(y;' o D7 o Begr) = Bo((v4' o D)EE)

which allows us to rewrite (4.30) as

A=ordered

A
Eeer =y od > ()R (E A A
a

—gq+1
Bl = o X ()T )y Do (4.33)
A=ordered

4.3.4 Geometric algebra formulation

Using the partial inverse (4.15), we define:
(o) def.
B Yy ES) eM) , Va=0,1 .

Applying 7! shows that identities (4.32) are equivalent with the geometric algebra form
of the Fierz identities in the almost complex case:

(0) (0) p=gtl V(l) (1)
Egle, © Beye, + (=1) 4 w(Beg,) 0 Be e, = = Bo(&3. &) E 51 54 ' (4.34)
(0) ) ( ) (0) '
(B e,) © By, + Bl e, © B, = Po(é3, ) B,
while (4.33) give the expansions:
E(O) A |A] n,A
co=u5a D, (DM Bo(Era8)e
A A=ordered B (435)
-~ (1 P—q
o =u g 2. (DT (CDMBE (Do)t
A=ordered
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Later on, we shall also use the notations:

- (0,k) def. 1

B’ =y (-1 B0(6 70, )™ € QM)
- (1,k) def. 1 p—q+1 o
Egg’ =y (=) (D B0(E (D 0 var.0)E e € QFOM)
so that:
o) A d BeR vl o (4.36)
I de ge o va=uUl . .
k=0

Consider the unital and associative Zs-graded C*°(M,R)-algebra defined through:

QA(M) def.

A@R(QUM),0)

where the Kéhler-Atiyah algebra of M is viewed as a Zs-graded algebra. Denoting the
composition of Q4 (M) again by ¢ for simplicity of notation, equations (4.35) can be written
in the equivalent form:

Eflny < E§3,§4 = %0(5& 52)E§17E4 )

where we defined:

~ d f ~ ~
Eeo S ES) +ew BY) e ou(M) (4.37)

4.4 Fierz identities for the quaternionic case

In this case, the Schur algebra is isomorphic with the R-algebra H of quaternions, being
spanned over R by four linearly-independent elements J, € I'(M,End(S)) (o« = 0...3),
which we can take to correspond to the quaternion units — where we once again (possibly
replacing M with a sufficiently small open subset — we assume for simplicity of notation
that M is contractible and J; are globally-defined. Hence Jy = idg while Ji, Jo, J3 satisfy:

J;o Jj = _5ij<]0 + eiijk , Vi,5,k=1...3 = [Ji, Jj]Jr,o =0 . (4.38)

This makes S into a left H-module through:

3 3
uf = ZuaJa(g) ) Vu = Zuaja el s
a=0

a=0

where u, € R and j, are quaternion units. The space I'(M, Endy(S)) of globally-
defined ¥,-linear endomorphisms of this module can be identified with the subspace of
those C*°(M, R)-linear operators acting in I'(M, S) which commute with Ji, Jo and J3:

(M, Endg(S)) = {T € T(M,End(S)) | [T, J]—o =0, Vi=1...3} . (4.39)
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4.4.1 Preparations
Consider the following C*°(M, R)-linear operators J, acting in the space I'(M, End(S5)):

T(T) S JooTody , Yi=1...3 .
We obviously have Jo = idr(asend(s))- Relations (4.38) imply:
L7i2:\70 3 [L7i7t7j]—7O:O ) VZ#.]

as well as:

JioJj = 0iJo — leiju| T Vi,j=1...3,
l.e.:
JioJo=Roli=—-T3, Jeodzs=T0To=-T1, J1oJza=T30T1=—-T> .
Let us define: ;
er. e.l
TEN T, RE (R +T) .

)
k=1
Using the relations above, we compute:
J?=30 20 <= R*=0 .

This shows that R is a product structure on the C*°(M,R)-module I'(M, End(S)). An
easy computation using cyclicity of the trace shows that J is selfadjoint with respect to
the pairing (4.3):

(J(A),B)=(A,J(B)) , VA,BeT(M,End(S)) .

It follows that the C°°(M,R)-linear operators Il. € Endcee(psr)(I'(M, End(S))) defined
through:

M J(B+R) = M= (3% +7) and T = (%o~ )
are complementary (, )-orthoprojectors. In particular, we have:
M2 =Ty , Hyol_ =1II_oll, =0, I, +1I_ =%
and the C*°(M, R)-submodules:

I'(M,End(S))* <" I, (D(M, End(S))
= {T € I(M,End(S))|R(T) = £T} ¢ T(M,End(S))

give an (, )-orthogonal direct sum decomposition of the C>°(M,R)-module I'(M, End(S5)):

I'(M,End(S)) = T'(M,End(S))" @ I'(M,End(S))” .
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Notice the characterizations:

I'(M,End(S))" ={T € T(M,End(S))|T(T) =T} ,
['(M,End(S))” = {T € T'(M,End(S))|7(T) = —3T} .

Using identities (4.38), we compute:
3
EJiOJjOJi:—Jj—FEiijkOJi , Vi,j=1...3,
i=1
a relation which implies:
J(J) =J; <= J; € (M,End(S)* , Vi=1...3 . (4.40)

For any T' € I'(M,End(S)), we define:

Te (T = T=T,+T_ .

Then:

T, — %(3T L)), T = i(T ~J(T) (4.41)

Proposition. We have:
[(M,End(S))” ={T e I'(M,End(S)) | [T, Ji]-o =0, Vi=1...3 } ='(M,Endg(9)) ,

where we used the identification (4.39).

Proof. (C) Direct computation using (4.38) gives:

JiOT_ = T_OJi
1
= (Tl +ejpjo T o J) . VT €T(M,End(S)) , Vij=1...3,

which implies:
[Ji,T-]-o =0, VI' e '(M,End(S)) , Vi=1...3 . (4.42)

For T € T'(M,End(S))~, we have T_ = T and (4.42) shows that 7' commutes with
all J;.

(D) Let T € T'(M,End(S)) satisty [T, J;]—-o =0, Vi =1...3. Using these commutation

relations as well as the identities J? = —idg, equation (4.41) gives T_ = T, i.e.
T =11_(T) € T(M, End(S))". 0
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Proposition. The C*(M,R)-submodules Ly (I'(M,End(S))) are contained in
['(M,End(S))", have trivial pairwise intersection and are mutually orthogonal with
respect to the pairing (, ). Hence they give the (, )-orthogonal direct sum decomposition:

I'(M,Endg(S))" = @}, Lj,(I'(M,Endg(S))) ,
where we have identified I'(M, Endy(S)) = I'(M, End(S5)) .

Proof. (Lyj,(T(M,End(S))) are contained in I'(M,End(S))"). For any T €
I'(M,Endg(S)), we have [T, Jy]— o =0, Yk =1...3, which gives:

3
1
(JioT)_ = 4<JioT—ZJjoJioTon>
i=1

1
= Z(J,- —J(J)oT=M_(J;)oT =0 = J;oT € T'(M,Endy(5))"
where we used (4.40), which implies II_(J;) = 0. Thus Ly, (I'(M,End(S))) are contained

in I'(M,End(S))*:
Ji(T'(M,Endg(S))) € T'(M,Endg(S))" .

(trivial mutual intersection). Let 1 < i # j < 3. If T € Ly (I'(M,Endg(5))) N
Ly, (T(M,Endg(S))), then T' = J;oA = J;j0B for some A, B € I'(M, Endy(S)). Composing
with J; from the left and using J? = —idg gives:

A=—J;oJjoB=¢jJyoB el (MEnd(S))" ,

where we used identities (4.38) (with ¢ # j) as well as property (4.40). Since A €
['(M,Endg(S)) = I'(M,End(S))™, this implies A € T'(M,End(S))” N T'(M,End(S))* =
{0}, where we used the fact that T'(M,End(S))~ and T'(M,End(S))" are complementary
submodules of I'(M, End(S)). It follows that A = 0 and hence T' = J; o A = 0. Therefore,

we have:
Ly, (D(M,End(S))) N Ly, (I'(M,End(5))) = {0}, VI<i#j<3 .

((, )-orthogonmality). For any A,B € I'(M,Endg(S)), we have tr(J;o Ao J; o B) =
tr(J; o Jj o Ao B) since J; and A commute. Using relations (4.38), we compute:

tr(JioJjoAoB) = dtr(Ao B) — ejptr(Jyo Ao B) . (4.43)
On the other hand, the left hand side is symmetric in ¢ and j:
tr(JioJjoAoB)=tr(AoBoJ;oJ;)=tr(JjoAoBolJ;) =tr(JjoJioAoDB)

where we used that fact that A and B commute with Ji, Jo and J3 as well as cyclicity of
the trace. Hence tr(J;0Jj0AoB) = $(tr(J;oJjoAoB)+tr(JjoJ;0 Ao B)) and (4.43) gives:

tr(J;oJjoAoB)=dtr(AoB) = tr(JioAoJjoB)=dtr(AoB) ,

for all A,B € I'(M,Endg(5)) and for all 4,j = 1...3. This shows that the subspaces
L, (I'(M,End(S))) are mutually orthogonal with respect to the pairing (, ). O
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The following consequence of the proposition is obvious.

Corollary. Any T € I'(M,End(S)) decomposes uniquely as:

3
T=Y JooTo=To+JioTi+Jp0Ty+J30T5 (4.44)

a=0

where T, € T'(M,End(S))” = I'(M, Endg(S)), YVa=0...3.

Hence End(S) is (as expected) a bundle of free modules over the Schur algebra, while
I'(M,End(S)) is a free left module over the algebra I'(M, ¥,) C I'(M, End(S)), where left
multiplication with u € I'(M, 3,) is given by Ly:

def.

uT L Ly(T)=uoT , VT € T(M,End(S)) .

In fact, (I'(M,End(S)),0) is a left I'(M, X, )-algebra whose internal multiplication is
given by composition of R-linear endomorphisms of S. We have a unital isomorphism
of I'(M, ¥)-algebras:

P(M, End(S)) ~ T(M, 2,) @cw () D(M. Endz(S))

which maps J,, into J, ® idg. In particular, any endomorphism 7" € I'(M, End(S)) can be

identified with:
3

T=> Jo®Ts € D(M, ;) ®coo(arp) I'(M, Endg(S)) |

a=0

where T}, € I'(M, Endg(S)) are the components appearing in decomposition (4.44).

Proposition. We have:

tr(J;oT)=0, VT € I'(M,Endy(S)) =T(M,End(S))” , Vi=1...3 . (4.45)
Proof. The statement follows immediately from the fact that J; € T'(M,End(S))"
(see (4.40)) together with the fact that ['(M,End(S))* and T'(M,Endg(S)) =
['(M,End(S))™ are (, )-orthogonal. The statement can also be proved directly through
the following argument. If 7' € I'(M, Endg(S)), then [J;,T]-o =0, Vi = 1...3. Rela-
tion (4.38) implies:

Ji o Jj + Jj e} JZ = —25ijid5 .
Multiplying the above with T from the left and taking the trace gives:
tI‘(T oJ;o J]) + tI‘(T o Jj o Jz) = —2(5,-jtr(T) .
This implies:
tI‘(T o Jz @) Jj) = tI’(T o Jj 9] Jz) = —5ijtr(T) s VT € F(M, EHdH(S)) s (446)

where we noticed the identity tr(7 o Jjo0 J;) = tr(J;0T o J;) = tr(J; 0 JjoT), which follows
from cyclicity of the trace and from the fact that 7' commutes with J;. Using (4.38),

we compute:
tr(T' o J; 0 Jj) = =04tr(T) + €ptr(T o Jy) .
Hence €;;,tr(T o Ji,) =0, Vi,j € 1...3, which implies tr(T o Jy) = tr(Jy o T) = 0. O
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4.4.2 The partial and full completeness relations

The two identities below (which hold above any open subset U of M supporting a local
pseudo-orthonormal coframe e™ of (M, g) and a local frame &' of S) follow immediately
from the results proved in [2]:

B 21 >
Z (vah)ik(vA)im = N <5jm51k - Z(‘Lz)jm(le)lk) (4.47)
A=ordered a=1
and
1 3 1 2d+2
Z (YA )jk(vA)im — Z(’Y,Z 0 Ja)jk(Ja o vA)im = T5jm5lk - (4.48)
A=ordered a=1

Proposition. We have the partial completeness relation for the quaternionic case:

2d+2 2d

~ T = Y tr(yy oT)va . VT € I(M,Endy(S)) (4.49)

A=ordered

and the full completeness relation for the quaternionic case:

2d+2 2d _ 3 _
5 T=%xT= Yoottt o Mva =Y. Y. tr(ygl o ko) Jroya . (4.50)
A=ordered k=1 A=ordered

for any T € I'(M, End(S5)).

Proof. Multiplying both sides of (4.47) with T}; and summing over j, k gives the equiva-

lent form:
2d 2d

FI-(1) = <

X T-TJ(T) =, Y, tr(yz oT)a . (4.51)

A=ordered

This gives (4.49) for T' € I'(M, Endy(S)). On the other hand, (4.48) implies (4.50) upon
multiplying with the components T}; and summing over j, k. O

Corollary. For Va =0...3 we have the expansion:

A _ ,
T ~v 27d Z tr(7A1 © Ja o T)’YA
A=ordered
A _
= o > tr(yy'oTu)ya , VT € T(M,End(S)) . (4.52)
A=ordered

Proof. Combine the previous proposition with the identity:
tr(y; o JyoT) = —tr(y ' o Tw) (4.53)

which follows from (4.44) upon using (4.38) and property (4.45). O

— 53 —



4.4.3 The Fierz identities

Relations (4.45) and (4.52) show that the operators E¢ ¢ € I'(M, End(S)) have the unique
decompositions:

Byg = ZJ o Ege
where Eg?, € I'(M,Endg(S)) for all « =0...3 and:

A _ —
Eéas’ v 9d Y gt oyt o Bee)a (4.54)
A=ordered

Relation (4.2) gives:

tr(vy o Jy o Eee) = Bo((vy 0 I NEE)

which in turn implies:

o A 1
ES) =, 52 F(i e e - (4.55)
A=ordered
Thus:
B0 =, 5 Y @) (4.56)
¢ TU 9od 0\V4 &S )7A .
A=ordered
i A _ _ ,
EY), =, S Bol(ra' e &, Vi=1...3 (4.57)
A=ordered
which leads to the expansion:
3 A 3
Bee =y JaoBla=0p 2, 2 A5 e JaN6) aora - (458)
a=0 A=ordered a=0

Using (4.54) in (4.1) and relations (4.38), we find the Fierz identities for the quater-
nionic case:

(0) £
B, © By, ZE Doy 0 ED, = Bol€s, )EL, | (4.59)
(0) (4) (2) (0) (k) o
Be e, © By T By © Bgya Z ik BY, 0 Beve, = Bo(€s, ) B, (i=1...3).

7,k=1

Let us write (4.56) and (4.57) in an equivalent form which is more convenient in
applications. Starting from relations (3.12) and (3.40), we compute:

Bo((731 0 IV )EE) = eyl Bo(J 16,7 1E) = eyl Bo(€, (Ja0rM)E) |, Va=0...3 .

This allows us to write (4.55) as

a A A
ES) =, =Y ol Bo(€, (Jaor™M)E)va . Ya=0...3, Ve,& €T(M,S) .
A=ordered
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Thus:

A A
Bgo =, od Yo Bo(& v A
A=ordered
i A .
Eéé’ ~v 9d Z e 3,50 (&: (JioyMeNya , Vi=1...3 (4.60)
A=ordered

and we have the expansion:

A
Eeer =y 54 > Zeggle%’o (JaovMENJaova .
A=ordered a=0

4.4.4 Geometric algebra formulation

Since Eécé), € I'(M,Endg(S)) = v(Q(M)), applying v~ to (4.59) gives:
; (i) (#)
E€1,£2 53,£ Z E§17E2 N E§3 &4 = %o(&, 52) 51 §4 ’

(0) (4) (%) =(0) () (k) .
Be ey, 0 B e, + B, © Beye, + Z B, 0 BS = Bo(€, &)EL,, (i=1...3),
k=1

while (4.60) gives the expansions:

pe _ A Sl Bo(€, (Jaoa))e |, Ya=0...3, V&€ eT(M,S)

& TU d
A=ordered
i.e.: A
~ 0 A
Eés)’ v 5d > 6!93(',@0(5,7A§')6§‘ , V&€ eT(M,S) ,
A=ordered
L (s A A .
Eézg’ ~v 5d > e l«@o(é, (Jioya)f)ed , Vi=1...3 .
A=ordered

Later on, we shall also use the notation:

1
EON U B0(€, Yay.an &)l € OF(M) N QY(M)

U k'
~(i,k) def 1 ai...a
B A, 56’230%’0(& (Ji © Vay.a )€ )L "% € QF (M) N QY (M)

so that:

Consider the C*°(M,R)-module of ¥,-valued forms:

(M, %) L T(MAT*M @ %,) = T(M, S,) @ ar gy AM)

which we endow with the noncommutative Zs-graded algebra structure (with product de-
noted once again by ¢) induced through the tensor product of algebras from the algebra
structures of I'(M, ¥,) and of (2(M),):

(QM, ,),0) © (T(M, £,),0)@coe (a1 (M), 0) .
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Thus
(uw)o(ven) = (uov)® (won) Yw,ne QUM), Yuvel(M,3,)

We define: s
Bee SN T, @ B € QM%) (4.61)

a=0

Then (4.61) is equivalent with:

E51,§2 < E§37§4 = ‘%0(&’” 52)E£1,E4 )

5 Examples

In this section, we illustrate our approach to Fierz identities with three examples belong-
ing to the normal, real and quaternionic types. In previous work, we have already briefly
exemplified the simple and non-simple normal cases of our formalism with two other ap-
plications — namely one real pinor in eight Euclidean dimensions [1] (simple normal type)
and two real pinors in nine Euclidean dimensions [8] (non-simple normal type), giving some
hints on the computer algebra implementation used to perform the computations. As in
our previous work, the explicit form of the Fierz identities in the geometric algebra for-
mulation can be extracted and analyzed by using a symbolic computation system such as
Ricci [20].1

5.1 One real pinor in nine Euclidean dimensions (non-simple normal case)

Consider first a single real pinor on a nine-dimensional Riemannian manifold (M, g), i.e.
p=d=9, qg=0. Wehave p— ¢ =g 1, so this example belongs to the normal non-
simple case, for which the properties of pinors were treated in subsections 2.6 and 3.2.
This situation arises, for example, when using the cone or cylinder formalism [8] to study
N = 1 compactifications of M-theory on an eight-dimensional manifold by lifting the
problem to the nine-dimensional metric cone or metric cylinder (M, g) constructed over the
compactification space.'? The pin bundle S is an R-vector bundle of rank N = ols] = 16.
The real pin representation v : AT*M — End(S) of (M, g) is fiberwise surjective but not
fiberwise injective and we have v(v) = eyidg, where e, € {—1,+1} is the signature of ~.
We shall choose €, = +1. Since d =g 1, the discussion of subsection 3.2 shows that — up
to multiplication by a nowhere-vanishing smooth function — there is only one admissible
pairing % on S, which is symmetric (0 = +1) and of type e = +1. Upon multiplying
with an appropriately-chosen nowhere vanishing function, one can assume without loss of
generality that % is positive-definite and thus a scalar product on S. We will henceforth

"Tn contradistinction with the case studied in [8] (where direct computation is prohibitive), some of the
examples discussed below can also be analyzed directly. However, we have used our implementation in order
to speed up and check some of the computations. Given the space limitations and the focus of the present
paper, we prefer to discuss the details of the implementation as well as other technical and mathematical
aspects in a separate publication.

2Such a construction was alluded to — though not implemented — in [10].
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denote the corresponding norm by || ||. The isotropy tg is not defined, since no spin
projection exists in this case.

Choosing the pin representation v with signature e, = +1, we realize the Kahler-
Atiyah algebra (Q* (M), o) of (M, g) through the truncated model'® (Q<(M), ), where
Q<(M) = &}_,QF(M). We are interested in pinor bilinears:

e 1 0,9
E® B Yoy € (M) | VR €D,9, (5.1)

where £,¢ € T'(M,S). From a single pinor ¢ € T'(M,S) (which we normalize through
[|€]] = 1) we can construct — up to twisted Hodge duality on (M, g) — the following
nontrivial bilinears (a scalar, a one-form and a four-form):

BEo=1, VL EY =5En0¢ , 8D BY = ZB(6 v, 0, (52)
where we used identity (3.11) with ez = +1, which implies that Z(§, v *¢) and thus
E™ vanish unless k(k—1)=40<k=40,1<k=0,1,4,5,8,9. We have also used the
identity v(v) =7 =4'o...09® = idgs (which holds since e, = +1), which implies the
relations EOM 3B for all k = 0,1,4,5,8,9, where * is the twisted Hodge operator.
This means that the inhomogeneous differential form:

9
e
BB
k=0

is twisted selfdual and thus belongs to the effective domain of definition Q7(M) = QT (M)
of the morphism of C*°(M,R)-algebras v : Q(M) — I'(M,End(S)). The lower truncation
of E is the inhomogeneous differential form:

4
é}j M o14 V43 eQs(M)
k=0

The truncated model of the Fierz algebra'* admits a basis consisting of the single element:

) N. 1
B giBc= 1tV +2) .

We remind the reader of the relations:
w=wov , xw=T1(w)or , Ywe QM) ,

where * is the ordinary Hodge operator. Since in this case the volume form v is central
(i.e. vow = w o v for any inhomogeneous differential form w) and since v o v = +1,, the

13See [1] for a detailed description of truncated models. Here, ¢4 : Q<(M) — Q<(M) denotes the
reduced geometric product, defined through wen = 2P (Py(w) ¢ P+(n)), for any inhomogeneous forms w
and 7, where Py (w) = 2 (w + #w) and P<(w) = w<.

HSee [1] for the definition and properties of the Fierz algebra. This applies here since we are in the
normal case.
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truncated Fierz identity (where — for simplicity of notation — we write ¢ instead of &)
reads (see [1]):

. . 1 . .
E_eE_ = 5E< (< EoE=F)
and amounts to:

VoV + Ded+ Ved+ DoV =15+ 14V + 140 . (5.3)

Expanding the #-product into generalized products (see [1] for the definition of the latter),
we find:

VeV = ||[V]]?, (5.4)
Ved = DoV =+(VAD) , (5.5)
Db = [|D|2+#(PAD) — DNy D . (5.6)

Equality (5.5) holds since ¢y ® vanishes.!> Using relations (5.4)—(5.6) and separating (5.3)
into its rank components gives:

VP4 18P =15, *«(@AD) =14V , 2%« (VAD)— D Ay d = 14F . (5.7)

Let us define non-negative real-valued functions a,c € C*°(M,R) through:

a VI, ol . (5.8)
Since any expression quadrilinear in £ expands into &-bilinears and since (5.2) and their
Hodge duals generate the C*° (M, R)-module of globally-defined inhomogeneous differential
forms on M which can be constructed as bilinears in £, there must exist functions b, f,e €
C*°(M,R) such that the following relations hold:

«(VA®) =0bD | (5.9)
«(PAD) = [V, (5.10)
DNyD = ed . (5.11)

Using equations (5.8)—(5.11) in (5.7) gives:
atc=15, f=14, 2b—e=14 . (5.12)

In what follows we shall use associativity of the geometric product. Multiplying (5.4) with
® from the right in the truncated model:

(VeV)ed = ||V|]*®

and using (5.8) gives:
VeVed =ad . (5.13)

'5Indeed, the three-form 1y ® should be a bilinear in ¢ due to the Fierz relations but — as shown above
— one cannot construct any nontrivial three-form bilinear in £ in this example.
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One the other hand, ¢-multiplying (5.5) with V' from the left:
Ve(Ved)=Ve(x(VAD)) ,
and using (5.9) and then again (5.5) and (5.9) gives:
VeVed =bVed =bx(VAD)=bD |
which upon comparing with (5.13) lead to:
a=0 . (5.14)
Finally, e-multiplying (5.5) with ® from the right:
(Ved)ed =x(V ND)eD

and comparing to the relation obtained through e-multiplication of (5.6) with V' from
the left:
Veo(Ded) = ||DPV + Ve(x(PAD)) — Ve(d Ay D)

gives, upon using (5.8)—(5.11):
bf=c, bc= fa . (5.15)

Relations (5.12)—(5.15) imply a second order equation for b:
b +14b—15=0 ,

which has the solutions b = 1 and b = —15. The solution b = 1 further givesa =1, e = —12
and ¢ = 14, while the second solution b = —15 gives ¢ = —210, which cannot be the case
since c¢ is the square of the norm of ® and hence must be non-negative. We conclude that

the Fierz relations (5.3) are equivalent with the following system of conditions on the forms
V and &:

viF=1, ][> =14 , (5.16)
w® =0, «(® A D) =14V L x(VAD) =0 | ®Ny® =120 .

Via the cone formalism of [8], these relations provide a synthetic encoding of the Fierz
identities used in [10, 11].

5.2 One Majorana spinor in seven Euclidean dimensions (almost complex
case)

Consider a Riemannian seven-manifold (M,g) (d = p =7, ¢ = 0). Since p — q =g 7,
this belongs to the almost complex case, for which the properties of pinors were treated
in subsections 2.7 and 3.3. The case of a single pinor (more precisely, that of a Majorana
spinor) on a Riemannian seven-manifold arises, for example, in the well-studied case of
N = 1 compactifications of M-theory on 7-manifolds [12-14], which admit a geometric
description through reductions of the structure group of TM from O(7) to G3. In this
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case, the bundle morphism ~ is fiberwise injective but not fiberwise surjective, having
image equal to Endc(S) C End(S). As an R-vector bundle, S has rank rkgS = N =
olgl+1 = 16, while as a C-vector bundle (with complex structure given by J = (v), where
() =~4® =4lo...047) it has rank rkcS = A = 2l2] = 8. One has a spin endomorphism
given by R = D, which is a real structure (complex conjugation) on S when the latter is
viewed as a complex vector bundle. The D-real sections £ of S (those satisfying D(&) = &)
are Majorana spinors, while D-imaginary sections can be obtained by applying J on such
spinors. Since S = S; @& S_ = Sy & J(S4+) (where Sy is the sub-bundle of Majorana
spinors), any section £ € I'(M, S) decomposes uniquely as § = {r + i€ = g + J (&), with
Er =Re€ € T'(M,Sy) and {5 = Im¢ € T'(M, S4).

Up to rescaling by nowhere-vanishing smooth functions, there are four admissible bi-
linear pairings %y, B1, B2, #3 on S (see subsection 3.3) which can be used to construct
form-valued pinor bilinears. Since all these pairings are related through the action of J
and D, we choose to work with the basic pairing %, which is symmetric (o9 = +1) of
type €0 = —1 and isotropy tg = +1. In the following, we consider only the particular case
when ¢ € T'(M, S;) is a Majorana spinor — a case which was studied through less formal
methods in [12-14].

Form-valued bilinears constructed using v and D. For £ € I'(M,S,) a Majorana
spinor, (3.21) reduces to:'6

Bo(€,%ar...a,€) =0 unless k =even <= E®" — 0 unless k = even ) (5.17)

where E”* is defined as in (4.35)—(4.36). On the other hand, we have (v,)! = —~, since

€g = —1. This implies:
k(k+1)

(')’al...ak)t:(_l) 2 Yaj...ay

k(k+1)

Together with the symmetry of %, this shows E® Vanishes unless (=1) 2 =o0p=+1
(cf. (3.18)), i.e. unless k(k + 1) =4 0 & k = 0,3,4,7. Combining this with (5.17), we
conclude that — for £ a Majorana spinor — the forms E(O’k) vanish unless k£ = 0,4. When
¢ is normalized through %y(&, &) = 1, this gives B0

=1 and the form-valued &-bilinear:

ef. =(0, 1 ai...a
¢d: E(O 4 = ﬂ%0<£7’}’a1...a4§>6 Loda

which in turn form the components of the first generator E(© of the Fierz algebra (cf.

expansions (4.35)):
1

EO = 5(1+0)
Notice that %y(&, D 0 vq,..q,&) (Which equals Ba (€, Ya,..a, &) by identity (3.24)) coincides
in this case with (—1)*%(&, Vay..a,€) and hence leads to the same two bilinears written
above. Using (4.35), this shows that the second generator of the Fierz algebra coincides
with the first:
ED = B0

%Indeed, the locally-defined endomorphisms v, € I'(U, End(S)) are D-imaginary, so Yai...a;, is D-real or

D-imaginary according to whether k is even or odd. Since g = +1 and £ is D-real, this implies that E™

vanishes unless k is even (cf. subsection 3.3).
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The Fierz identities. Using the observations above, we find that the Fierz identi-
ties (4.34) are mutually-equivalent in our case and amount to the following relation:

B0 6 O 4 2(BO) 6 5O = 5O

Since £ has only components of even rank, we have m(E(®) = E©) and hence the Fierz
relations further reduce to:

2EO o EO = O s (14¢)o(1+6¢)=8(1+¢) . (5.18)
Expanding the geometric product into generalized products, we find:

pop =0l —p L2, (5.19)

where we used the identity'” ¢ Ay¢ = ||¢||?. Substituting (5.19) into (5.18) and separarting
into rank components shows that the Fierz identities are equivalent with the following
two conditions:

16]>=7 and ¢ Ly¢=—6¢ . (5.20)

Form-valued bilinears constructed using v and J or JoD. As usual in the almost
complex case, one can construct further form-valued &-bilinears using both ~ and either J
or JoD. As we shall see below, these bilinears contain no new information in our example,
but it is instructive to discuss them nonetheless.

Since ¢ is a Majorana spinor, the &-bilinears %y(§,J © Vay..0,&) (which equal
B1(&,YVar...a,€) by virtue of (3.24)) give the same differential forms as %y(&, JoDovg, . )
(which equals —%3(€, Va,..a,§)), due to the ‘selection rule’:

Bo(&,J 0Yay..al) = —Bo(§,J 0D ovgy. q,6) =0 unless k=odd . (5.21)
The first of identities (3.3) takes the form J¢ = J since w = 28 is even in our case.

Together with (3.11), this gives:
k(k+1)

(J ° 701---ak)t = (_1) 2 Jo Yai...ar > (522)
where we used ¢y = +1 and the fact that J commutes with 7,. Relation (5.22) implies that
the differential form %%’(5, J 0Ya;...a,&)e % vanishes unless k(k+1) =4 0 <= k =40, 3.
Together with (5.21), this shows that the nontrivial homogeneous form-valued bilinears

constructed using J and « have ranks k = 3 or kK = 7 and can thus be written as follows,
up to multiplication by elements of C>°(M, R):

def. 1
¢ % 5%0(63‘]orya1...a3§)6a1ma3 )
def. 1

n = ﬂ'@O(&JO’Ya1...a7§)ealma7 .

Using the case d = 7 of the well-known formula:
k(k—1)

1=z
Yaq..an = ((d)_k)!eal“.akak+1---ad,yakﬂmad,y(d—&-l) (5.23)

17One has w Ay, w = ||w]||? for all w € Q*(M) and any k£ =0...d.
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and the fact that J = ~v®) we find:
1

'Yal...ag = _Ieal...agblmbzlfyby..b;;J )
70,1.‘.(17 = —Eal.‘.a7'7(8) = _Eal...a7<] .
Since J commutes with v* and J? = —idg, substitution of these relations into (5.23) gives:

1 ~
V= E%O(g’%1'--1’45)%1~--a3b1'"b4€al"'a3 — ) =%¢ =% ,

n= eal‘..a7%0(£,§)€alma7 = n=v,
where we noticed that ¢ = *¢ since rk¢ = 4 implies 7(¢) = ¢. This shows that the

&-bilinears constructed using v and J or J o D contain no information beyond that already
contained in ¢.

Some identities for ¢ and @ = *¢. The identity || * w|| = ||w|| (which holds for any
w € Q(M)), implies that the norm of ¢ equals that of ¢:

ol =gl -

Since d = 7 and ¢ = 0 in our example, we have:
rox = (—1)20% = Hidgy and vor = (=1)7tl = —1,, .

This implies that relation ¥ = %¢ = ¢ © v is equivalent with ¢ = *ip = —¢ o v. Since
rk¢ = 4, we have m(¢) = ¢, which implies v ¢ ¢ = ¢ o v. Using these observations, we
compute: o) = (x@)o(xp) = povopor = popovor = —pop, which gives Yoh) = —poo.
Combining this with (5.19) and the generalized product expansion:

porp=—|[|*+ v Ay (5.24)
gives:
v =0L2¢ . (5.25)

Similarly, we have ¢ o ¢ = —(¢ o) ov = ||[¢||?v — *(¢p A1 ), where we noticed that
(Y A1) = x(¢ Ay 1) since (¢ Aq 1)) has rank 4. Comparing this with the generalized
product expansion:

YPoo=9p Ao+ D1 —YP Lo -9 D3 (5.26)
and separating ranks gives:
AG=|[YIPr, vA1¢=0, pDygp=xW A1), bA3s=0 . (5.27)

Combining (5.25) and (5.27) with the Fierz identities (5.18) gives the following system of
relations for the four-form ¢ and its Hodge dual ¥ = x¢:

ol|* = [|y|]> =7 WA =d Do p=—66 (5.28)
YAG=Tv WA =10 Ngp=0 , Ny p=—61 . (5.29)
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Comparison with the literature. As discussed at the end of subsection 3.3, the spinor
bilinears can also be written using the fiberwise C-bilinear paring 8 on S obtained by
complexification of the restriction %y|s, ws, (cf. (3.33)):

16(576/) = f%)()(g’g/) - 7“930(57 ng) ) vé\’gl € F(M’ S)

For J¢ = i€, this gives:'®

BE&) =B(&8 = é=1,
/8<€77a1...a3 o Jg) = <@0(57’)/(11...113 o J§) <~ ié‘T;YaL..agg = 1/1a1...a3 s
ﬁ(ga 70,1...(145) = '@0(57 7&1...6145) <:> éT’?al...Cug — ¢a1...a4 9
18(67 ’Ya1...a7 S Jg) = ‘@()(577&1---@7 o Jg) < Z‘éT’AYaL..CWg = nal...(m
The authors of [12] use the bilinears w def- —, def. —¢ and € def. —n, Le.

Way...a3 = _iéTﬁ/aL..agé = _iﬁ(&’)/m---agg) )
Spal...cu - _gT;}’alA..mf - _B(Eafyal“.(ulf) 9
€at...ar = _Z{T;}/al...mg = _iﬁ(&'}’ay..mf) .

The minus sign in the correspondence ¢ < —p, ¥ <> —w, n <+ —e arises from the fact
that [12] use the complex structure J' = —y(v) = —J on the bundle S, which is the
conjugate of the complex structure J = +v(v) on S used in the present paper. This
translates into the relation J'vy(v) = +idg and implies J'¢ = —i¢ if multiplication by i is
defined using J. Notice the Hodge duality relation:

1 1 def.
wal...ag :/8<£7 4'6(11...a3a4ma7’ya4...a77(y)OJ£> = _16(57 €a1...a3a4ma7'}’a4...a7£) % *(Soa4“.a7) .
The Fierz identities listed in [13, page 4]:
wabew%d = _Qoade + 253?;! 5
wabfsofcde = _65[[Zwb]de} 5
(pabCQ(pdefg = 6632; - 9()0[ab[d66£]] - wabcwdef (530)
imply the relations:
o ecd __ cd 2500! A _
abe™W =—Qap T204h — W wW= 6@7
0 tage = dwpge = w9 = 6w ,
(pabcgspdecg = 42(52? — 2@abde — 2 AQ Q= —6@ y (531)

which indeed agree with (5.28)—(5.29).

¥ The expressions in the right hand side hold in a local frame (ea, J(ea)) of S defined above an open
subset U of M, where (€q)a=1,...,a is a local frame of S+ — see subsection 3.3 for details.
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5.3 One real pinor in five dimensions with metric signature (p,q) = (1,4)

(quaternionic case)

Consider one real pinor on a psedo-Riemannian five-manifold (M, g) with the mostly minus
signature (p,q) = (1,4). We have p—q =g 5, which places this example in the quaternionic
non-simple case (see sections 2.8, 3.4). This situation occurs in the study of (gauged) N' =1
supergravity in five-dimensions (see, for example, [15-18]). The morphism v : AT*M —
End(S) is neither injective nor surjective, having image equal to Endg(S). It satisfies
v(v) = €idg, where €, € {—1,1} is the signature of . We choose to work with e, = +1,
ie. v(v) = idg, and with the basic admissible pairing %y out of the four independent
admissible pairings (%, %1, P2 and H3) which exist in this case. Notice that A is
symmetric (09 = +1) and has type €9 = +1. The restriction 7y is fiberwise irreducible, so
chiral projectors cannot be defined in this case.

Choosing the pin representation v with signature e, = +1, we realize the Kahler-

Atiyah algebra (Q7 (M), o) through the truncated model (Q<(M), ¢, ), where Q<(M) el
EB%:OQ’“ (M). In the case where there is only one globally-defined pinor ¢ € T'(M, S), we
are interested in the following pinor bilinears:

. 1 N

E(U,k) d;f. E%O(&7a1...ak£/)ea1mak e Qk(M) , Yk € 0’2 ’

i 1 - -

E(z,p) def. H‘%}O(& Jio ’Yal.“apfl)ealmap ceQP(M) , Vpe0,2, Viel,3.
Form-valued bilinears constructed using only ~. The symmetry o9 = 1 of %,
implies:

<@0(67 7145) = ‘@0(71457 E) .

Since %y has type eg = 1, we also have:

[AlJAI=1)

Bo(va&,8) = (1) = Bo(§,74E) »

which further implies that EOP

1) =4 0. The latter holds when k£ = 0, 1,4,5, which gives the non-trivial pinor bilinears:

= %%0(5, Yar...a, &) % vanishes unless k satisfies k(k—

f=%0(&,€), V = Bo(€,7al)e”
W= %'@0(5770,1...@4§)eal.“a4 ; v= é%o(i,’}/@l_,,asf)eal“'% , (5.32)

Form-valued bilinears constructed using v and J;. Since oy = +1 while J; com-
mutes with ~,, we have:

Bo(&, Ji 07AE) = Bo(Ji 0 v4E,€) = Bo(va o Ji&, ) .

Using the fact that the %y-transpose of J; is given by J! = —J;, we find:

[Al(A

Bo(va 0 Ji€, &) = (1) 210 (€, Ty 0 1a8)
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(i,p)

The last two identities imply that the bilinears £’ vanish unless p(p — 1) +2 =4 0, i.e

unless p = 2,3. This gives the nontrivial bilinears:
1 , 1 .
= 5330(57*]107(11(125)6&“12 , U= ?'%O(f,f07a1...a3§)€a1“'a3 , Vi=1,...,3 .

Identity (5.23) and the relation % = * o 7 imply that the form-valued bilinears of rank
greater than two can be written as:

v=xf=%f , W=V =3V, ¥ =—xd =id

and are thus dual to the scalar, vector and two-forms respectively. As expected, this means
that the non-truncated inhomogeneous forms:

. 1 iy 1 . .
E<0):¥(f+v+w+u) and E(Z):2—4(<I>l+\1ﬂ)

are twisted selfdual. The factor of 2%1 comes from the prefactor ;Ad in the general expressions
for the generators of the Fierz algebra, where we have substituted A =2 and d = 5.

Since for the truncated model we only need the form bilinears of rank less than or
equal to 2:

f = %0(575) ’ V= ﬁo(fﬁmf)em
O = Bo(&,J" 0 ymnl)e™, Vi=1,...,3, Ym,n=1,...,5, (5.33)

we build the truncated generators of the Fierz algebra as:

. 1
E(<0):2—4(f+\/) and EY = gqﬂ (5.34)

Analysis of Fierz relations for the truncated algebra (2<(M), ;). In what
follows we shall omit the subscript ‘+’ of #,. Using the expression [1]:

EO —2p (EY) and E® —2p (BY)

and the relation Py (wen) = Py (w) o Py (n) (where Py = £(1+ %)), the Fierz identities for
the truncated generators become:

. 1 .
EVeE ZE oEY = 5%(5,5)1@9) , Vi=1...3,

- 2(1) | ), =) s £ 1 = (i
EVeEY + EDeEY 4 Z B 8BS = S A& OEY

7,k=1
ie.:
(f+V)e(f+V)— Zqﬂoqﬂ =8f(f+V),
(f+V)ed! + Dla(f+V) +Zeijkq>wbk = 8fd" . (5.35)
i,k
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The latter simplify to:

VeV —> dled! = Tf2+6fV , (5.36)
VoD + DoV + ) €D 00k = 6f0 . (5.37)
7.k

The various terms on the left hand side expand as:

VeV = |[V||*,
D 0ledt =N (R0 A DY) — [0
Ved' + eV = 2%(V A DY) | (5.38)

S diedt =3 e (;(cbj ABR) — B A BF — BT A, @k)

Jk Jik
We have ty®" = 0 since V is the only non-trivial pinor bilinear which can be constructed
at rank one and ¢y ®’ is a rank one bilinear, which must therefore be proportional to V:

wd =1V = 1y ® = ||V
for some constant ¢;. However, we have:
vaV(I)i = LV/\V(I)i =0
since V AV = 0, which implies that ¢1||V||*> = 0 and thus ¢; = 0, which means that ¢y ®"
vanishes. This further leads to:
Ved' = dleV =%(VAD) . (5.39)
Let us introduce the following notations:
VIP=a, > @ =c, D HOAD) =V, (VA = bd,
i i
Zﬁz‘jk;(@j A q)k) = sz y Zﬁijkq)j Al @k = ’LL(I)I 5 Z Eijkq)j AQ ‘I)k = li,
Ik gk gk
(5.40)
where a,b,c, e, u,l’, w’ are non-negative smooth real-valued functions on M. Using rela-
tions (5.38) in (5.36)—(5.37), we find:
a+ec=Tf*, e=—6f, 2b—u=6f, w'=0'"=0 . (5.41)
With (5.39)—(5.41), the system (5.38) simplifies to:

VeV =|[V|*=a, (5.42)

D dledt = —6fV —c, (5.43)
Ved' = dleV = bd' | (5.44)
D cijp® 0" = —(6f — 2b)P . (5.45)

Jk
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In what follows we use associativity of the reduced geometric product . First notice that

¢-multipling (5.44) with ®° from the right and summing the result over i = 1...3 gives:

D (Ved)ed' =1 Dled’

3 (2

which upon using (5.43) leads to:

D Vedied' = —6bfV — 6be .
i
Furthermore, ¢-multiplying (5.43) with V' from the left gives:
v.(Z qﬂ'«pi) = —6fVeV —6cV
i

which takes the following form upon using (5.42):

Ved ded = —6fa—6eV .

()

Subtracting (5.47) from (5.46) gives:

c=6bf , a=0b% .

From (5.48) and the first relation in (5.41), we find a second order equation for b:

V+6bf—7f2=0 ,

(5.46)

(5.47)

(5.48)

which has the solutions b = f and b = —7f. The solution b = f further gives a = f?2,
¢ =6f2 and u = —4f, while the second solution b = —7f gives ¢ = —42f2, which cannot
hold since ¢ = Y, ||®?]|? must be non-negative. We conclude that the Fierz relations (5.36)—
(5.37) are equivalent with the following system of conditions on the forms V and ®*:

3
WVIE=r2 , Y 9P =6f2, we =0,
i=1

F(VAD) = fd = 1p3d = fO! = 1y xP' = —fO! |

3

M

=1 =1

€ijk;l:(q)j/\¢)k):0 - q)j/\(I)k:(), Vj,k:13, ]7&]{7

=

j7

D ep® Ly ®F =0 = 1 =0, Vik=1...3, j#k,

ak

D ep® Ay BF = —4fO = &N OF = —2fFDT | VWijk=1...3 .

gk

To arrive at the equations above, we made use of the definitions:

fw=wov , *xw=7W)ov =1,V
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and of the properties * o * = % o x = idg(s) as well as of the following identities (see [19])
which hold for homogeneous forms w € Q" (M) and n € Q°(M):

wAxn = (—1)7"(8_1) * LT(w)T] s when r <s s
tw(*n) = (=1)" % (r(w)An) , when r+s<d . (5.50)

Comparison with the literature. Using one ‘generalized symplectic-Majorana spinor’
(see below), which appears in the literature as a pair of spinors of real dimension N =
olz] = 4, the authors of [15-18] construct a scalar, a vector and three two-forms as spinor
bilinears. Specifically, writing the symplectic Majorana spinor as the spinor-pair (£1,&2),
these bilinears are written in [18] as:

s =168 vm =i§TnE Py = gj(‘Tr)ijmnék ,
forall j,k€ 1,2, mne0,...,4, rel,...,3 and where o" are the Pauli matrices.
Using the biquaternion formalism of subsection 2.8 for the case p =1, ¢ = 4, we have
(T2 = _idsg and I is a complex structure on S¢. Furthermore, one can choose I'* such
that [30,I'*]_ o = 0, where the endomorphism 3o € I'(M,Endr(S{)) was defined in sub-
section 2.8, and hence the endomorphism p € I'(M, Endc(Sc)), which has the matrix form:

Jdef. . 1 0 I
p =0l = [—I‘4 0]

satisfies [3, p]- o = 0. Recall the notation of subsection 2.8: 3 is a natural real structure on
Sc, R is a C-linear product structure anticommuting with 3 and Jo is the complexification
of the endomorphism Jo € I'(U, Endc(Sc)). It is easy to check that p satisfies:

PQZidSC ) [Pagﬂ—ho =0 ) [p;sZ]—,OZO :

We can thus define another real structure * on S through:

since the properties listed above insure that * is antilinear and that it squares to +idg,.
We have:

& =T"030(¢) < 30(§) =-T*¢") , VEeT(M,SE) .

Condition [3,p]-o = 0 is equivalent with (I'*)* = T, i.e. (I* o T*)* = T* o T for any
T € I'(M,End(S{)). Since 3 anticommutes with R and commutes with Jo, it follows that

*

the real structure * commutes with SR and with Jo and hence it satisfies:

(€h)*
(SN

The restriction of * to Sy is a real structure on SE . It follows that 3 can be expressed as:

_ 1y*
30 = ple) = 3 = [_OF FO] [gi]

~

E)'=E), €)P=E) = &= [ ] , VEeTl(M,S) .
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The reality condition £ € I'(M, S) <= 3(§) = £ can be written as:
pE) =¢ = () =T"¢ = (&) =-T¢ . (5.51)

Condition (5.51) is sometimes called the ‘(generalized) symplectic Majorana condition’ in
the literature on supergravities in five dimensions (see, for example, [15-18]). In those
references, one also chooses the morphism I' : AT*M — Endc(Sg) such that T°,... T3
are purely imaginary with respect to the complex conjugation * on Sg , l.e. :

(FO)* _ _I-\O ’ (I-\l)* — —Fl , (F2)* _ _I—\Q ’ (F3)* — —FS , (F4)* — +F4 )
The matrices of I'™ with respect to a local frame of Sg are the (complex) ‘gamma matrices’
used in [15-18].
The ‘generalized symplectic Majorana’ pinors (£1,&2) therefore correspond to those

denoted by (£4,&_) in [15-18], where {4 € T'(M, S(éc). Using the correspondence between
the endomorphisms Ji € I'(U, Endc(Sc)) and the Pauli matrices:

J1—>i0'3, J2—>i0'2, J3—>i0'1 s

the fact that [15-18] defines the Majorana conjugate (using the charge conjugation matrix
C = 4iI'°T'*) through the relation £ = £7'C and expressing % (€, &) as £7C¢" = €€/, we can
re-write the definitions of s,v and ¢" as:

5 = z%(f,é) =is

v = i,%’o(é, Fmé)em =,
¢! = —iB(E, J3 @ D)™ = —ig |
¢% = iB(E, Ty @ Tipnl)e™ =i’ | (5.52)
¢® = —iB(E,Jy @ D)™ = —ig'!

for all m,n € 1,5. For future reference, we identify the form-valued bilinears corresponding
to our notations by decorating them with primes.

One can compare (5.49) with the Fierz identities given in [15, 16, 18], in particular
with those of [17, page 35], which read:

2
VeV =8 ) Ua(z)rab =0, Ua(*gbr)abc = _Sd)rbc s
2
P = =" (Naps® — vave) — € sdlap
1
¢T[ab¢scd] = _ZS(STSGCLbcde'Ue .

The latter can be written as follows in terms of the redefined forms s’,v" and ¢’

U(/zvla:_SIZ — ||,U/||2:_S/2 ’
VT =0 = 1, =0, (5.53)
U/a(*(;s/r)abc — _S/QS/Tbc = Ly ¥ q)/r — _S/¢lr ,
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¢/rac¢/scb — _57’s(nabs/2 o 'U;Ué;) + 67’5158/¢ltab — (b/r Al ¢/S _ _26rst$/¢/t ’
H(I)ITHZ — 68/2 ,
1
gb/r [ab¢,scd] — _Zslfsrseabcdevle — ¢/r A ¢/s — —28/5TS(*U/)

These agree with (5.49) (which was derived through geometric algebra techniques) upon
identifying f <> s, V < v/ and ®° < ¢".

6 Conclusions and further directions

We gave a geometric algebra reformulation of Fierz identities for form-valued pinor bilin-
ears in arbitrary dimensions and signatures, which displays the underlying Schur algebra
structure in a conceptually transparent manner. This approach to Fierz identities uncovers
the underlying reason for phenomena which occur in various applications and allows for a
unified and efficient treatment of Fierz identities in various problems of interest in super-
gravity and string theory. In particular, this formulation opens the way for unified studies
of flux vacua and of other questions arising in string and M-theory compactifications. Our
approach is highly-amenable to implementation in various symbolic computation systems
such as Ricci[20] (and we have carried out such implementations as illustrated in our
previous papers [1, 8] and briefly touched upon in section 5). Using this implementation,
we illustrated our approach by recovering certain well-known results within our formalism.
Further applications of our methods will be discussed in forthcoming publications.
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A Systematics of pin bundles for Riemannian and Lorentzian manifolds
of dimension up to eleven

In table 10 and table 11, we systematize the properties of real pinors for pseudo-
Riemannian manifolds (M, g) of dimension up to 11 and such that g has Euclidean or
Minkowskian signature.

For the name of (s)pinors we used here the following abbreviations: M=Majorana,
MW=Majorana-Weyl, SM=symplectic Majorana, SMW=symplectic Majorana-Weyl,
DM=double Majorana.
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d mod 8

Cl(p, a)

Mat(2, R)

Irrep.

image

Mat(2, R)

No. of

R—irreps.

Injective ?

Chirality
operator
R

N/A

Name of
pinors

(spinors)

Mat(2,C)

Mat(2, C)

N/A

Mat (2, H)

Mat (4, H)

Mat (2, H)

Mat (4, H)

Mat(8, C)

Mat(8, C)

Mat (16, R)

Mat (32, R)

Mat (16, R)

Mat (32, R)

Table 10. Clifford algebras, representations and character of (s)pinors for Riemannian manifolds.

In this case, one has ¢ =0 and d = p.

Chirality Name of
d—2 Irrep. No. of ) (d+1)
d Cl(p, q) Injectve 7 operator v pinors
mod 8 image R—irreps. .
R (spinors)
1 7 Mat(1,C) Mat(1,C) 1 yes D
2 (o] Mat(2, R) Mat(2, R) 1 yes
4 2 Mat(4,R) Mat(4,R) 1 yes
5 3 Mat(4,C) Mat (4, C) 1 yes N/A +J SM

Mat (4, H)

Mat (8, H)

Mat (4, H)

Mat (8, H)

Mat (16, C)

Mat (16, C)

Mat(32, R)

Mat(32, R)

Table 11. Clifford algebras, representations and character of (s)pinors for Lorentzian manifolds.
In this case, one hasp=d—1,¢g=1and p—qg=d — 2.
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