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1 Introduction

The aim of this paper is to make precise the long anticipated connection between transfer
matrices of quantum integrable models and 7-functions of classical integrable hierarchies
of non-linear partial differential equations. We show that properly defined generating
function for commuting Hamiltonians of quantum models is a 7-function in the sense that
it obeys exactly the same bilinear identities of the Hirota form [1, 2] as the classical 7-
function does. Since the operator-valued generating functions commute for all values of
the auxiliary parameters (one of which being the familiar spectral parameter), there is no
problem with their ordering in non-linear equations.

A similarity between quantum transfer matrices and classical 7-functions was first
pointed out in [3] (see also [4, 5]), where a discrete integrable dynamics in the space of
integrals of motion of a quantum integrable model was introduced. This classical dynamics
was identified with the discrete 3-term Hirota equation with special boundary conditions.
It is equivalent to the so-called T-system which is a system of fusion relations among mu-
tually commuting transfer matrices for bosonic [6, 7] or supersymmetric [8, 9] quantum
integrable spin chains. Solutions to the Hirota equation carry full information about spec-
tral properties of the quantum model. The diagonalization of transfer matrices by means
of the nested Bethe ansatz technique was shown to be equivalent to an “undressing” chain



of Bécklund transformations for the discrete Hirota equation. Later this approach was
extended to supersymmetric integrable models [10, 11].

An important further step was recently made in [12], where an operator realization
of the Bécklund flow describing the “undressing” process was suggested and a commuting
family of transfer matrices (T-operators on different levels of the nested Bethe ansatz)
depending on a number of discrete variables (labels of representation in the auxiliary space)
and on the spectral parameter was constructed. These T-operators obey the discrete Hirota
equation not only for usual but also for supersymmetric integrable models, as it was directly
demonstrated in [13] for GL(M|N)-invariant spin chains.

The question which remained open after these works was how to embed these T-
operators depending on discrete variables into an infinite classical integrable hierarchy with
continuous time flows compatible with the discrete ones. In the present paper we suggest
an answer which is rather simple and natural. Below in the introduction we describe it in
a concise form.

In this paper we consider generalized quantum integrable spin chains with rational
GL(N)-invariant R-matrix [14]

N
RMu) =ul®I+ Z eji @ ma(eij) (1.1)
ij=1

which acts in the tensor product of the N-dimensional vector representation 7 and an
arbitrary finite dimensional irreducible representation my of the group GL(N) labeled by
a Young diagram A. Here e;; are standard generators of the algebra gl(IN), I is the unit
matrix and u € C is the spectral parameter. A family of commuting operators (quantum
transfer matrices or simply T-operators), shown in figure 1, can be constructed as

T () = trr, (RMNu—£1)®... 0 RNu— &)1 @ m(9))) (12)

where ; are arbitrary parameters (inhomogeneities at the lattice sites) and g € GL(N)
is called the twist matrix. The tensor product is taken over the quantum space (in the
first space of (1.1)). The trace is taken in the auxiliary space where the representation my
is realized. The T-operators act in the physical Hilbert space of the model H = (CV)®F
which is the tensor product of L local spaces CV of the vector representations. Formally,
our setting includes also models with higher representations at the sites because they
can be obtained by fusing several vector representations at the sites with properly chosen
parameters &. The Yang-Baxter equation for the R-matrix implies that the T-operators
with the same g commute for all v and A and can be diagonalized simultaneously. They
obey some functional relations which are given by the Cherednik-Bazhanov-Reshetikhin
(CBR) determinant formulas [15, 16]:

N1 B

T (u) = (H T@(u—k)) Cdet T (y— 1), (1.3)

e ig=1,...\,
where \] is the height of the first column of the Young diagram A and () is the empty dia-
gram. These relations mean that the transfer matrices for arbitrary diagrams functionally
depend on the transfer matrices corresponding to the 1-row diagrams.



Figure 1. T-operator for an integrable, inhomogeneous spin chain with twisted boundary condition.

We call such models “spin chains” in a rather broad sense, not implying existence of
any local Hamiltonian of the Heisenberg type (integrable local interactions in general do
not exist for inhomogeneous spin chains). However, even in the general case of arbitrary
parameters &; the model still makes sense as a generalized spin chain with non-local inter-
actions. The “spin variables” are vectors from the spaces C at each site. Instead, one
may prefer to keep in mind integrable lattice models of statistical mechanics rather than
spin chains as such. In either case the final goal of the theory is the diagonalization of the
transfer matrices of the type (1.2) which is usually achieved by the nested Bethe ansatz
method in one or another form (see, e.g., [17-19]).

The key point of our approach is dealing with all the T-operators simultaneously by
introducing their generating function of a special form which we will call the master T -
operator. This generating function depends on an infinite number of auxiliary parameters

t = {t1,ta,...} which we call times:!

T(u,t) = sa(t)TH(u). (1.4)
A

Here s)(t) are the standard Schur functions (2.13) and the sum goes over all Young dia-
grams A including the empty diagram. By construction, the master T-operators commute
for different values of the times:

[T(u,t), T(,t))] = 0. (1.5)

Our claim is that the master T -operator is the T-function of the KP hierarchy with the
times t1,ta, . ... In other words, the transfer matrices T (u) are Pliicker coordinates for the
element of the infinite dimensional Grassmann manifold corresponding to the 7-function
T'(u,t). This means that T'(u,t) obeys the Hirota bilinear equation

(22 — 23)T (us t + [7']) T (u,t + [25] + [251])
+ (25— 20)T (ust + [z ') T (u, t + [271] + [257]) (1.6)
+ (21— 22)T (ust + [z3 ") T (u,t + [27 ] + [251]) =0

n a different form such an operator was introduced in [12].



with respect to the t-variables with fixed u. Here the standard notation t + [z7!] =
{t; + 27ty + %2_2, t3 + %2_3, ...} is used. This functional relation encodes infinitely
many partial differential equations for 7" obtained after expanding the left hand side in
inverse powers of z;.

Moreover, when one incorporates the u-dependence of the master T-operator, the KP
T-function extends to the T-function of the modified KP (MKP) hierarchy with the times
to = u,ty,ta,.... This means that T'(u,t) obeys another Hirota bilinear equation

2T (u+1,t+ [ )T (ut+[25"]) — 21T (u+ 1,6+ [251]) T (u, t + [271])

+ (21 — 22)T (u+ 1,6+ [27'] + [251]) T(u,t) =0 .7

which encodes infinitely many differential-difference equations of the MKP hierarchy. In
fact this statement is very general and is independent of a specific functional form of T (u).
It also does not depend on particular features of the quantum models in question: they
can be lattice or continuous, bosonic or supersymmetric, with rational, trigonometric or
elliptic R-matrices, etc.

Most part of the paper is devoted to the proof of this statement. Our technical tools
are the realization of the KP hierarchy as a dynamical system on an infinite dimensional
Grassmann manifold [20] and the free fermionic construction of the 7-function [21, 22]
developed by the Kyoto school. The main idea of the proof is to identify the generating
series (1.4) for the master T-operator with the Schur function expansion of the 7-function
7n(t) of the MKP hierarchy:

T(t) = sa(t)ea(n). (1.8)
X

The key fact proven in section 3 with the use of the free fermionic formalism is that the
coefficients cy(n) (Pliicker coordinates) obey the determinant relations of the form

N —1
1 -1

ex(n) = (kljl cw(n—k)) z’,jz(il?'.:.,/\’l Cnmirg) (n—J+1). (1.9)

They mean that the Pliicker coordinates for arbitrary diagrams are expressed through the
basic ones, corresponding to the 1-row diagrams. Identifying n with the spectral parameter
u and cy(n) with the T*(u), one can see that (1.3) coincides with (1.9). So, the statement
that the master T-operator is the 7-function appears to be equivalent to the Cherednik-
Bazhanov-Reshetikhin (CBR) determinant relations for 7 (u).

For spin chains with rational R-matrices, one can say more. In this case, the master
T-operator has an explicit realization in terms of the co-derivative introduced in [13]. It
was also remarked in [13] that the basic bilinear identity for the gl(M|N)-characters? and
their co-derivatives, which was the key part of the direct proof of the CBR formulas, might
be related to the Hirota equation for a classical integrable hierarchy. Indeed, now we can
see that the “master identity” from [12] is a particular case of the bilinear equation (1.7) for
the master T-operator. Therefore, the master T-operator contains all Baxter (Q-operators

2Known as a particular solution to the discrete version of the KdV equation.



and T-operators on all levels of the nested Bethe ansatz. Presumably, this is also true
for models with other types of R-matrices. The most important characteristic property
of the master T-operators for finite spin chains with rational R-matrices is that they are
polynomials in u:

T(u,t) H(u—uj(t)). (1.10)

The class of 7-functions with this property is well studied in the theory of soliton equations
and can be characterized [23—-25] in terms of algebraic geometry of curves with cusp singu-
larities. Furthermore, the dynamics of the roots u; as functions of times ¢;, is known [26, 27]
to be given by the rational Ruijsenaars-Schneider model.

Sections 24 of the paper contain the necessary material on the classical KP and MKP
hierarchies and their 7-functions. Although the main result can be proved without using
the formalism of free fermions, we found it instructive to present all arguments in the
fermionic operator language of the Kyoto school. In section 2 the free fermion operators
and the vacuum states are introduced and the vacuum expectation values are defined.
In section 3 the 7-function is introduced as the vacuum expectation value of a group-like
element and bilinear identities for it are derived. In most cases we use the standard notation
and conventions from [21, 22]. Section 4 is devoted to a detailed review of rational solutions
to the MKP hierarchy. It is precisely the class of solutions relevant to quantum integrable
models with rational R-matrices. The core of the paper is section 5, where the master
T-operator is introduced and shown to satisfy the classical bilinear identities and Hirota
equations.

2 Free fermions

In this section we recall the formalism of free fermions [21, 22] used for construction of
7-functions of integrable hierarchies.

2.1 Fermionic operators

Let ¥n,9;, n € Z, be free fermionic operators with usual anticommutation relations
[y Yml+ = (U5, 05 ]+ = 0, [Yn, ¥} ]+ = 6mn. They generate an infinite dimensional
Clifford algebra. We also use their generating series
vz = e, YT =) v (2.1)
kez kez,
which can be regarded as free fermionic fields in the complex plane of the variable z.
Of particular importance is the operator

Tr=> tele,  Je=Y i, (2.2)
k>1 JEZ

where t, are arbitrary parameters (called times). It is convenient to denote the set of times
by t = {t1,t2,...} and to introduce their generating function

E(t,2) = Ztkzk.

k>1



It is easy to check that the fields 1(z), ¥*(z) transform diagonally under the adjoint
action of the operator e”+:

Pzl = fWp(z), et (R)e T = BN (), (2:3)
In terms of the symmetric Schur polynomials hy(t) defined by

ef62) — th(t)zk (2.4)

k>0

the corresponding formulas for 1,1, can be written as

elt eI =N " phy(t), eTryne T =y T hy(—t). (2.5)

k>0 k>0
2.2 Dirac vacua and excited states

Next, we introduce a vacuum state |0) which is a “Dirac sea” where all negative mode
states are empty and all positive ones are occupied:

Yn]0) =0, n<O0; ¥ 10) =0, n=>0.

(For brevity, we call the modes with indices n > 0 as positive). With respect to this
vacuum, the operators v, with n < 0 and ¢} with n > 0 are annihilation operators while
the operators 1) with n < 0 and 1, with n > 0 are creation operators. The dual vacuum
state has the properties

0]y, =0, n<O0; 0¥, =0, n>0.
We also need the “shifted” Dirac vacua |n) and the dual vacua (n| defined as
In) = {wn—l e ]0), n>0
YW 10), n <0

<n|:{<0|wswr... ‘i n>0
OlY1p—a...¢n, n<0

Similarly to the properties of the Dirac vacuum, for the shifted Dirac vacuum we have:

Ymn) =0, m<n; P |n)=0, m>n, (2.6)
(n|thm =0, m>mn; (n|y, =0, m<n. (2.7)
We will also use
Yn|n) =n+1), Unn+1) =1n), (2.8)
(n+ 1| ¢n = (n| (nfy, = (n+1]. (2.9)

Excited states are obtained by filling some empty states and creating some holes. Let
us introduce a convenient basis of states in the fermionic Fock space F. The basis states



|A\,n) are parameterized by Young diagrams A and numbers n of the Dirac vacua in the
following way. Given a Young diagram A = (A1,...,\s) with £ = £(\) nonzero rows, let
(0_2\3) = (a1,...,aq)|B1, -+, Baen)) be the Frobenius notation for the diagram A [28]. Here
d(A) is the number of boxes in the main diagonal and a; = \; — ¢, 3; = A, — i, where X is
the transposed (reflected about the main diagonal) diagram A. In other words, «; is the
length of the part of the i-th row to the right from the main diagonal and §; is the length
of the part of the i-th column under the main diagonal (not counting the diagonal box).
Then

IAn) ==, g1 w;fﬁd(x)fl Untaq - - Pntan i (2.10)

<)\7 n‘ = <n| w;;+041 cee w;kl+ad(>\) wn*ﬁdo\)fl s wnfﬂ1fl'

The definition of the vacua implies that e’+ [n) = |n) while the dual coherent states
(n|e’+ are expanded as linear combinations of the basis vectors as follows:

(n] e+ =3 "(=1)"Msy(t) (A, ], (2.11)
A
where the sum runs over all Young diagrams A including the empty diagram,

()
bA) =D (Bi+1) (2.12)

i=1

and sy(t) is the Schur polynomial corresponding to the diagram A. It can be expressed
through the functions hj(t) defined in (2.4) (which are Schur polynomials for one-row
diagrams) with the help of the Jacobi-Trudi formula [28]:

t)= det  hy_iri(t). 2.13
s(t)= det, Iy s(t) (2.13)

2.3 The expectation values and normal ordering

The vacuum expectation value (n|...|n) is a Hermitian linear form on the Clifford algebra
defined on bilinear combinations of fermions by the properties (njn) = 1, (n|¥;|n) =
(n| Y95 [n) = 0 for all 4,5 and

(n| i} [n) = 645 for j < n, (n| Y] [n) =0 for j >n.

One can see that the basis vectors (2.10) are orthogonal with respect to the scalar product
induced by the expectation value:

<)\a 7”L| ,u,m> = 5mn5/\p-

Expectation values of general products of fermionic operators are given by the Wick’s
theorem. Let v; = ) j v;7; be linear combinations of v;’s only and w} = Zj w5 be
linear combinations of ¥;’s only, then the standard Wick’s theorem states that

(n|vy...opwiy .. Wl n) = i,j:%(?f.,M (n] viwj |n) .



One may define the normal ordering ¢(...)¢ with respect to the Dirac vacuum |0): all
annihilation operators are moved to the right and all creation operators are moved to the
left taking into account their anti-commutativity under mutual permutations. For example,
it = —pf = Y — 1, and SYh bt = kb, — (0] ¥5,4n [0). More generally, for
any linear combinations fy, f1,..., fm of the fermion operators v, w; we have the recursive
formula

fortfifo o fms = foffoo fns 4D (V71O fof510) s fifae o foo s (2.14)
j=1

where f/ means that this factor should be omitted.

In fact a normal ordering can be defined with respect to any vacuum state. Another
useful normal ordering is the one defined with respect to the bare vacuum |oo), which is
the absolutely empty state. We denote this normal ordering by X(...)*. It means that all
1¥*’s are moved to the left and all ¢’s to the right, with taking into account the sign factors
appeared each time one operator is permuted with another. For example, Xy ¢, % =
Ui, Sihpabt < = —1bk b, which is equivalent to Xk X = b, — (00| Ypidy, |00). In
general, for this normal ordering equation (2.14) holds for the vacuum expectation taken
with respect to the bare vacuum.

2.4 Group-like elements

Neutral bilinear combinations ), bmnts, ¢, of the fermions, with certain conditions on
the matrix b = (by,,), generate an infinite-dimensional Lie algebra [22]. Exponentiating
these expressions, one obtains an infinite dimensional group (a version of GL(c0)). Ele-
ments of this group can be represented in the form

G = exp( Y bt (2.15)

i, kET

The inverse element can be written in the same way with the matrix (—b,y). An important
example is provided by the operator e/+ (2.2).

It is straightforward to see that the group elements of the form (2.15) obey a rather
special property that the adjoint action of such elements preserves the linear space spanned
by the fermion operators 1, and the dual space spanned by 1. More precisely, we have:

UnG = RuGir, G, =Y RiniG, (2.16)
l l

where the matrix R = (R,;) of the induced linear transformation is given by R = e’.

Let us note, following the works of the Kyoto school [22, 29|, that the group ele-
ments can be equivalently represented as normal ordered exponents of bilinear forms. For
example, G given in (2.15) can be written as

G =7 exp( 3 Bl-w;‘wk) « = det(I+PyB) :exp( 3 Aiwmk); (2.17)

ikeZ i, kEZ



with the matrices A, B determined by the matrix b in (2.15) according to the formulas [29]
B=e¢"—1, B-A=AP.,B. (2.18)

Here I is the unity matrix and Py is the projector on the positive mode space ((Py ) = ik
for i,k > 0 and 0 otherwise). The product of two group-like elements is also a group-like
element:

X eXP( > Az‘kﬁiﬁk) oe eXp( > Bik?ﬁ?ﬁk) L= eXP( > Cikﬂﬁl/fk) of

ikEZ ikEZ i, kEZ

where C'= A+ B+ AB. As a slight generalization of (2.17), one can obtain the formulas
(n| x eXin Bubive < n) = det (I + B(")> , (2.19)

where B = (Bik)ik>n is the half-infinite matrix obtained from B by truncation up to
the n-th row and n-th column and

det (I—{—B(”)) [(1—!—3(”))71} ifr,s>n

<n’ w: x e2ik Birdy bk iwr ‘n> — s (2‘20)

0 otherwise.

Note that the r.h.s. of the last formula is the (rs)-minor of the matrix I + B™ (up to a
sign).

The general theory of normal ordering and the group elements in the the Clifford
algebra was given in [29]. What is important here, is that the normal ordering allows one
to represent in the form (2.17) not only the group elements but also some non-invertible
elements of the Clifford algebra that satisfy the same commutation relations (2.16) with
some matrix R.

We call the elements G of the Clifford algebra, such that the commutation rela-
tions (2.16) hold with some (not necessarily invertible) matrix R, the group-like elements.
If the matrix R fails to be invertible, so does GG, as an element of the Clifford algebra. In
this case it can not be represented in the exponential form (2.15). However, in general it
still admits a representation as a normal ordered exponent of bilinear forms in the fermionic
operators.

Let us give an example. Let ¥, ®* be arbitrary linear combinations of the fermion
operators 1, 1, respectively, and consider the element

G=e"" = 5V =1 4 0@V =1+ ay — a¥d,

where v := (00| ¥®* |oo) and a, B are related as 7’ = 14 ~a. For general values of o (and
for v # 0) this element is invertible and the two representations are equivalent. However,
at @ = —1/~ the invertibility breaks down and the element G becomes

U o
(00U d*|oo)”

which can not be written in the exponential form (2.15) but can be represented as the
normally ordered exponent.



From (2.16) it easily follows that any group-like element obeys the commutation rela-
tion

S uG oG = Gy ® Gy (2.21)

keZ keZ

which is equivalent to the bilinear identity

S UGG VYU G V) = (U Gy [V) (U | G [V (2.22)

k€EZ keZ

valid for any states |V), V'), (U], (U’| from the space F and its dual. This is the basic
identity for deriving various bilinear equations for the 7-function (see below).

2.5 The generalized Wick’s theorem

Let v; = Zj v;j%; be linear combinations of ;s only and w; = Zj w7 be linear
combinations of ¥7’s only, as before. A more general version of the Wick’s theorem given
in [21] is
(n|vy...opw}, .. . wiG|n) _ et (n|vjw!G ]n>’ (2.23)
(n| G |n) ij=1l,..m (n|G|n)

where G is any group-like element. Here we imply that (n|G |n) # 0 for all n but in fact
this restriction can be removed by multiplying the both sides by an appropriate power of
(n| G |n). The similar formula with the exchange v; <+ w; also holds. This statement can
be proved by induction using the bilinear identity (2.22) (see appendix A). The following
particular case is often useful in applications. Writing (n —m| = (n|¢n_1...¥p_pm with
m > 0, we get from (2.23):

(n—mlwy, ... wiG|n) det (n\wn_ij‘G|n>'

(n| G In) T ij=t.m  (n|Gn) (2.24)

For our purpose, it is important to note that there exists an alternative determinant
representation of the expectation value in the Lh.s. of (2.24), which is another form of the
generalized Wick’s theorem:

(n—m|w}, ... wiG|n) (n—jlw:G|n—j+1)

= det . 2.25
(n| G n) i,j:le,...,m (n—j+1|G|n—j5+1) (2:25)

Indeed, the first columns of the two matrices in the r.h.s. of (2.24) and (2.25) coincide and
one can show that the j-th column of the matrix in (2.24) is equal to the j-th column of
the matrix in (2.25) plus a linear combination of the first j — 1 columns (see appendix A).
We also note an equivalent form of (2.25):

(n|Goy...vopmn—m) (n—74+1| Gv; |In—7j)

= . 2.26
(n| G n) ij=1,..m (n—j+1|G|n—7j+1) (2:26)

which is obtained from it by conjugation of the states and operators.

,10,



3 The 7-function and the Baker-Akhiezer functions

As it has been established in the works of the Kyoto school, the expectation values of group-
like elements are tau-functions of integrable hierarchies of nonlinear differential equations.
In particular,

7(t) = (0] /+ PG |0) (3.1)

is the tau-function of the KP hierarchy depending on the times t = {t¢;,t2,...}, which
means that it obeys an infinite set of Hirota bilinear equations [1, 2]. More generally,
introducing a “discrete time” n via

ma(t) = (n| e+ ®G |n) (3.2)

one obtains a 7-function which solves the modified KP (MKP) hierarchy [30-33].> Equa-
tions of the MKP hierarchy are differential-difference equations which include shifts of the
variable n. At each fixed n, the 7-function (3.2) is a 7-function of the KP hierarchy, so the
n-evolution represents an infinite chain of Backlund transformations. The meaning of the
discrete variable n depends on the class of solutions. For some classes of solutions n can
be regarded as a continuous, or even complex, variable. The last point will be of a prime
interest for us since in section 5 n will be identified with the spectral parameter u of the
quantum transfer matrix of a spin chain.

3.1 Bilinear equations for T-function

3.1.1 The bilinear identity

The 7-function obeys a bilinear identity which is a direct consequence of (2.22). Setting

V) =n), [V') = |n) with n > n/, where |n) and |n’) are two shifted Dirac vacua, we have
> (UG In) (U'| 3G [n') =0 (3.3)
keZ

because either 1y, or ¢ kills the state in each term in the r.h.s. of (2.22). Now, setting

U] = (n+1]e+® (U] = (n' - 1] e+(t) | we can write

0= Z (n+1|e*®y. G |n) (n/ —1] e+ yra |n")
k

= TresS,—co {z_l (n+1]e+®y(2)G |n) (n' — 1‘ T+ y*(2)a ‘n'>}
— TeS.—o [eg(t—t’,z)zn—n’ <n| eJJr(t—[z*l])G |7”L> <nl‘ eJJr(t’-i—[z*l])G ‘n/>:| ,
where we have used the commutation relations of the fermion operators with e/+® and
the bosonization rules
(n|(z)e’*® = ;"1 (n — 1 e+ (t=[z71)

_ (3.4)
(n]*(2)e+®) = 27 (n 4 1] S+ (tH2 D

In [33] a slightly more general version, called there a coupled modified KP (cMKP) hierarchy, was
considered.
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established by the Kyoto school. Here and below we use the standard notation

1 1
t+z ) ={t1 2 ta £ 52*2,153 + gz*?’, .
In this way we arrive at the bilinear identity
f (EE=t2) =’ L 4 [ )dz = 0 (3.5)
C

for the 7-function valid for all t,t’ and n > n’/. It encodes all the PDE’s of the MKP
hierarchy.

The choice of the integration contour C depends on the type of the time evolution.
Formally, the evolution factor e€(t—t"2) ;n=n" hag an essential singularity at co, and the
contour should then encircle the whole complex plane (only the singularity at oo stays
outside the contour). This is the usual prescription and if only a finite number of times
t; are nonzero, then it is correct. However, in general, when the values of the times
are such that the factor e$(t=t2):7=n" hag singularities for finite values of z, then the
prescription is as follows: the contour C must encircle all singularities of the function
Tn(t =277 (£ 4 [271]), leaving all the singularities of e(t=t%) 27="" outside the contour.

Remark. There is a freedom to multiply the 7-function of the MKP hierarchy by an
exponent of any linear form of times with constant coefficients and by an arbitrary function
of n:

T() = C(n) exp (3 Cuty ) 7alt). (3.6)

E>1
Clearly, this transformation preserves the form of the bilinear identity. By noting that
C(n)

% €xp Zdjw;%‘ % n) =C(n)[n), dn = m*la
JEZ

we see that the transformation 7,(t) — C(n)7,(t) means G — Gjezj djwf*'d’ji for the
group-like element. In the MKP hierarchy, there are no restrictions on the form of C'(n).
Such restrictions appear in the more general 2D Toda lattice hierarchy, where this function
is constrained to be of the form C(n) = Ce“0™ with constant C, Cp.

3.1.2 3-term bilinear equations

Setting n’ = n and ¢} =t — %(sz+zgk+z§k) in (3.5), we see that the essential singularity
at oo splits into 3 simple poles at 21, 29, 23:

1
Q-0 -2)0-2%)

Taking the residues, we arrive at the 3-term relation

eg(tftlvz) —

(22 — 23)Tn (t — [271]) 7 (6 — [251] — [251]) + (231) + (312) = 0, (3.7)
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where the last two terms are obtained from the first one by the cyclic permutations of the
indices. Another choice is n’ =n and ), =t + 125" — £(27 " + 25" + 237), then
z
HLt—t'2) _ -3 '
(- 2)0-2)0-2)

This leads to a slightly more general equation

(20 — 21)(22 — 23)Tn (t — [zal] — [zfl]) T (t — [z;l] — [251]) +(231) + (312) = 0. (3.8)

Setting n’ =n — 1, t) =t — %(21—’i + z;k), we see that the essential singularity at oo
splits into simple poles at 21, zo:

Zef(t*t’,,z) — <

1-7)0-2)
Besides the residues at these points, there is also a contribution from the residue at oo, so
we obtain the 3-term relation

2T (8= [57]) 7 (6= [o7]) = 217 (6= [ 1) 7 (6= [25])

-1

3.9
+ (21— 22)Tap (B (b= [271] = [251]) = 0. 39

It can be formally regarded as a particular case of (3.8) in the limit z3 — oo, zp —
0. The limit z3 — oo is smooth while the other one requires to assign a meaning to
limO 7n(t — [25']). The form of the evolution multiplier, 2"ef(#2) suggests to set formally
zZ0—>

Jim 7 (6 2 1]) = T (8) (3.10)
which actually holds if the function 7, (t — [z7!]) for arbitrary n can be analytically contin-
ued from a neighborhood of co to a neighborhood of the point z = 0 and is regular there.
If it is singular, as in the case of solutions relevant to quantum spin chains, (3.10) should
be substituted by a more general prescription (for an example see (3.14) below) which,
however, also allows one to regard (3.9) as a particular case of (3.8).

3.2 Examples of 7-functions

Here we consider some particular cases of the general fermionic construction of 7-functions
which will be important for us in section 5.

Let us start from a very simple example. Set ¥ = (p) + a(q) and consider the
operator *efY¥" (") (with |r| < min (|p|, |q|)). Tt is a group-like element for any 3 but at
B = By = ((0] ¥*(r)|0)) ! it is not invertible and equals ByW)*(r). Therefore,

7a(t) = (n] O WY (r) |n)

is a 7-function of the MKP hierarchy. Then we would like to consider the limit » — 0. The
limit is singular and requires some care. From

PRy =) ) = Y T ) = [n - 1) + O(r)
l

<n—1
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we see that in order to get a well-defined limit, one should multiply the 7-function by "1

before tending r — 0 (this is just a transformation of the form (3.6)). Then we come to
the conclusion that

Talt) = (] O 0 — 1) = (] "+ O ((p) +av(@)) n—1) = p" 1) 1 agn = eflba)

is a 7-function. Indeed, it is the 7-function for the 1-soliton solution of the MKP hierarchy.
This example can be generalized. Fix a finite set of distinct points p; € C, i € I, and
construct a (finite) linear combination of the operators ¢ (z) and their z-derivatives at the

U= ) aim 07(2)

i€l m>0
Examples of the operators Wy are ¢(p), 1(p) + av’(p), ¥(p1) + atb(p2), ¥(p1) + ai’(p2) +
BY" (p2) ete, where o/ (2) = 9,1p(2). Clearly, (n| e/+®) 2eB¥1¥" (") ¢ |n) is a 7-function for any
fixed 8. Let us take 3 = ({0| U2*(r)|0))~L, then the group-like element is non-invertible
but (n|e’+®Wp*(r) |n) is still a 7-function. The limit 7 — 0 can be performed as in the
previous example and we conclude that

points p;:

(3.11)

Z=Di

Ta(t) = (n| e+ ®W; |n — 1)

is a 7-function.

This example can be further generalized by considering products of operators of the
form W;. Take N operators of the form W for different sets Iy, ..., In: Wr,... , V. As
before, we can construct the group-like elements :eﬁ i1 (T ): and consider a 7-function
(n] e+®) s BNVIy ¥ rn) e e BYLYT(M) e ) Note that if the auxiliary points r; are all
distinct from the points py labeled by the sets I;, r; # py for all j,k € I; U...U Iy, then
these operators commute. Again, we choose 3; = ((0| Uz,4*(r;) [0)) !, then each operator
becomes the product 3;¥ 1j¢*(rj) (non-invertible). Thus the above 7-function reduces to
a 7-function of the form (8 ---Bx) (n|e/+*®W; - W *(ry)---4*(r1)|n). In order to
implement the limit 7; — 0, we redefine r; — er; with ¢ — 0, then it is not difficult to
verify that

e=DN=3 NIN=Dy(cr )y o (er1) [n) = (r1 . ..rw) " An () [n — N) + O(e)

1 (3.12)
e NI NN usery) .. aplery) [n) = (r1...rn)" AN (i) [n+ N) + O(e),

where

An(r;) = det o H(TZ — 7))

ij=1,..,N * =

is the Vandermonde determinant. The first equation says that in order to get a well-defined
(n=DN=3 N(N=1) efore tending € — 0. The

ri-dependent factors (r1...7x5) ""tAn(r;) in the r.h.s. of (3.12) are irrelevant because

limit, one should multiply the 7-function by e

they can be eliminated by a transformation of the form (3.6). We thus conclude that
Ta(t) = (n| e+ ®OT; T, |n— N) (3.13)

is a T-function.
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In this case the prescription (3.10) is not directly applicable. The behavior of the
function 7(t + [25']) at 2o — 0 can be found by using the bosonization formulae (3.4) in
the opposite direction and moving the fermion operators ¢ (zy) or ¥V*(zp) to the very right
position. In this way we obtain a more general version of the prescription (3.10):

lim [(—zo)iNTn(t F [zo_l])] = Tpt1(t) (3.14)

z0—0

which is equally enough to deduce the bilinear equation (3.9) from (3.8) as a limiting case.

3.3 Pliicker coordinates

One may expand the 7-function in the Schur polynomials:

Ta(t) = ex(n)sa(b). (3.15)
A

The coefficients cy(n) (“Pliicker coordinates”) can be determined from the formula (3.2) by
inserting the complete set of states in between the operators e+ and G and using (2.11):

a(t) =Y (nle™ @A n) (A0 Gln) =Y (=1)"Vsx(t) (A n| G |n),
A A

SO

(=1 (An| G |n)
(_1)b()\) <’I’l| w;-{-al cee w:L—l-ad()\)d}n—ﬂd(k)—l o d}n—ﬂl—lG |n> 3

where b()) is defined in (2.12). The Schur function expansions of 7-function are also
discussed in [34-38].
The coefficients cy(n) generalize the characters of representations of the linear groups.

eln) (3.16)

Remarkably, they admit determinant representations of the Giambelli type as well as of
the Jacobi-Trudi type which express c)(n) for arbitrary A through cy(n) for the hook and
the one-row diagrams, respectively.

3.3.1 Formulas of the Giambelli type
Applying to (3.16) the Wick’s theorem in the form (2.23), we obtain the Giambelli-like

formula for ¢y (n):
exn) = (0" ((al G )N det (0] by aG )

(co(n)) et el (7)

(3.17)

Here c(q,|5,)(n) are the Pliicker coordinates corresponding to the hook diagrams (a;|3;) =
(o + 1, 1ﬁi). In the last expression, we have taken into account that

(n| G |n) = 7,(0) = cp(n).

Formulas of the Giambelli type for the expansion coefficients, or Pliicker coordinates of the
7-function were given in [38]. Using the Jacobi identity for determinants, it is easy to see
that they are equivalent to the 3-term bilinear relation for the coefficients c) given in [22].
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3.3.2 Formulas of the Jacobi-Trudi type

Alternatively, we may apply to (3.16) the Wick’s theorem in the form (2.25). The details
are given in appendix B. The result is

-1

-1
exn)=| [[ coln=k)|  det ex_ipj(n—j+1), (3.18)
Pt} 1,5=1,..,A]

where cs(n) = cs_1)0)(n) = (n—1[¢;;,, G |n) are the expansion coefficients for one-row
diagrams and \] is the height of the first column of the diagram .

Therefore, the Pliicker coordinates of any MKP 7-function satisfy the determinant re-
lations (3.18) of the Jacobi-Trudi type sometimes called quantum Jacobi-Trudi formulas.
Note that the transformation cy(n) — C(n)cy(n) with arbitrary C'(n) preserves the deter-
minant formula (3.18). Clearly, this freedom corresponds to the possibility of multiplying
the 7-function by any C(n), see (3.6).

In fact the inverse statement is also true: given any set of quantities ¢ (n) that satisfy
the determinant relations (3.18), the function ), ex(n)sx(t) is a 7-function of the MKP
hierarchy. In order to prove this, it is enough to show that for any given set of quantities
co(n) = cp(n), cs(n) = cs—1)0)(n), s > 1, one can find a (n-independent) group-like element
G such that

cs(n+1) = (n|Yy, Gn+1) = (n|Y,, GYn|n), necZ s=0,12,... (3.19)

Let us give a sketch of proof. First of all we note that the element G, if it exists, is not
unique because * eXoi>k AV X |n) = |n) for any strictly lower triangular matrix A. This
means that we can consider only upper triangular matrices. For simplicity we assume that
cp(n) # 0 for all n. Then we can (and from now on will) put ¢o(n) = 1 without any loss of
generality because this is the matter of normalization due to the freedom to multiply the
MKP 7-function by an arbitrary function of n as in (3.6). It is convenient to formally put
ck(n) =0 for k < 0. Consider the infinite matrix Cy,,, = ¢pp—n(n+ 1) (m,n € Z). It is an
upper triangular matrix with 1’s on the main diagonal. One can see that for any matrix
C of this form there exists a strictly upper triangular matrix B such that

Com = (|5, exp (32 Bae) 3 In+1).
i<k

Indeed, according to (2.20), Cpp = [(I+B("))_1]nm. Set M = (I + B)™!, then for
strictly upper triangular B it holds M (n) — (I+B (”))_1, and so the matrix B is uniquely
determined as Bz = (C )ik — dip.

3.3.3 Example: characters

As an example, let us consider the 7-function corresponding to the coherent states

G |n) = exp kaJ,k In),

k>1
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where J_j, are given by equation (2.2), zy = +trg¥, g € GL(N). The r-function (3.2) is
explicitly given by

N
Tn(t) = exp Z ktpxr | = exp Z Ztkpf (3.20)

k>1 E>1 i=1

where p; are eigenvalues of the matrix g. This 7-function does not depend on n. Therefore,
the coefficients c)(n) are n-independent and coincide with GL(N)-characters evaluated for
the element g € GL(N):

(n) © x) deti<ij<n (pJA'i_HN) (3.21)
ex(n) = xalg) = sxx) = ) .
H1§l<k§N(pl — Dk)

The formulas (3.17) and (3.18) become the well-known determinant formulas for charac-
ters [28] (Giambelli and Jacobi-Trudi respectively).

Remark. This simple example may be somewhat misleading because in this case the
r-function (3.20) is simultaneously the 7-function with respect to the “negative” times
t_p = x. For more complicated solutions constructed below from the group element
g € GL(N) with z} = %tr ¢* this is not true in general.

3.4 Baker-Akhiezer functions and wave operators

The Baker-Akhiezer (BA) function and its adjoint are given by the Sato formulas

n e Tt —[27"]) _ (n+ 1] e M) n)

Un(t, 2) = 2"e - e (3.22)
Tn 21 n—1]e+®y* ()G |n
i) = et BT 0 U 00

In terms of the BA function and its adjoint, the bilinear identity (3.5) acquires the form
fqﬁn(t, 2k (t,2) dz = 0. (3.24)
C

An important role in the theory [39] is played by the wave operator (or dressing op-
erator) W (n,t) directly related to the BA functions. It is a pseudo-difference operator of

the form
W(TL, t) = Z wk(na t)e_kana ’LU()(TL, t) =1, (325)
k>0
and its formal inverse
Wn,t) =Y e *wi(n+1,t), wi(n,t) = 1. (3.26)
k>0
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The Baker-Akhiezer functions are obtained by applying the wave operators to the bare
exponent z"eé(6:2).

wn<taz) _ W(n’t)znef(t,z) _ (1 + wl(:,t) + 7~U2<Zg7t) + .. ) Zneg(t,z) (3.27)

w* (t, Z) _ (W_l(n—l,t))Tz_"e_g(t’Z) _ <1 + wT(th) + w;(Zwt) + .. ) Z—ne—f(t,z)
z z

(3.28)

(by definition, the adjoint operator for A = f(n)eko is AT = e7*9 f(n)). Using formu-
las (3.22), (3.23) we obtain

i (—0) 7 (8) " _ h(9)7al(t)

lUk(’I’L,t) = Tn(t) ) wk(nvt) - T(t)v

(3.29)

where the standard notation = {d;,, 301, %8,:3, ...} is used. These formulas allow us to
express the wave operator and its inverse in terms of the 7-function as follows (cf. [40]):

Win,t) =3 W ¢~hon (3.30)
k>0 "
Wl (n,t) = kz;oe—kan hk(jzn(:;(t) (3.31)

The (pseudo-difference) Lax operator of the MKP hierarchy is obtained by dressing
the shift operator e with the wave operators:

L=W(n,t)e?»Wl(n,t) = e + ap(n, t) + ar(n,t)e o + ... (3.32)
The Lax operator obeys the Lax equations
O L = [(L*)>0, L], (3.33)

where (L*¥)>( means the (finite) part of the series containing the shift operators /% with
J=0.

4 Rational solutions of the KP and MKP hierarchy

In this section we study rational solutions of the KP and MKP hierarchies. For these
solutions, the 7-function is a polynomial function of the times n and ¢; (possibly multiplied
by an exponential function of a linear combination of the times). Stressing the fact that n
for solutions of this class is not necessarily integer but can be any complex number u € C,
we change the notation n — u.

4.1 The construction of rational solutions

The general construction of rational solutions to the KP hierarchy was given by Krichever
in [23], see also [24, 25]. This construction can be directly extended to the MKP hierarchy.
In this section we show how it works starting from the bilinear identity (3.5). The solutions
are obtained in the Casorati determinant form which is a discrete analog of the Wronskian
determinant (see, e.g. [41]).

,18,



4.1.1 Baker-Akhiezer functions and bilinear identity

First of all, let us specify the bilinear identity for the case at hand. Since in the solutions
we are going to consider u is not necessarily integer, 0 and oo are in general branch points
of the BA function. In this case the appropriate form of the bilinear identity is

}{ ult, 200 (t, 2) dz = 0, (4.1)
Clo,00]

where [0, o] is an arbitrary cut between 0 and oo and the contour Cjg o is such that it
encircles the cut but does not enclose any other singularity of the BA functions.

According to the Krichever’s theory of rational and more general algebro-geometric
solutions, they can be characterized and explicitly constructed by fixing certain analytic
properties of the BA function on a Riemann surface. For rational solutions, the Riemann
surface is the Riemann sphere (compactified complex plane), which represents a genus zero
algebraic curve with singularities. Correspondingly, the BA function is, in this case, a
rational function on the complex plane multiplied by power-like and exponential factors
which give the required asymptotics (3.27) (the essential singularity at infinity). Let us
assume the following ansatz for the BA function:

bult, 2) = 2462 <1 + wi(u,t) o+ wN(u,t)> 7 (4.2)

z 2N

where the coefficients w; depend on the times w, t;. In fact this is just the truncated
series (3.27). The multiplicity N of the pole at z = 0 of the function z~%e~¢®2)q), (t, 2) is
a discrete parameter characterizing the class of solutions to be constructed.

Given the BA function of the form (4.2), an important dynamical information is con-
tained in the adjoint BA function. In general, it may have poles of arbitrary order at some
points p; € C (we assume that p; # 0). As we shall see soon, the bilinear identity is consis-
tent when the number of these points does not exceed N, and, in case of general position
their number is just equal to N. Let us adopt this and fix N distinct points p; € C, p; # 0,
and also assume that the adjoint BA function has poles of orders M; + 1 at p;. Therefore,
its general form is

(b, 2) = 2 ue €6 (1 + Z Z e o ZZL) (4.3)

zlmO

where @, (u, t) is set to be 0 for m > M; + 1. As we shall see in section 5, the 7-functions
of our principal interest (master T-operators for spin chains with rational R-matrices) are,
by construction, polynomials in w. This means that the coefficients @, (u,t) are rational
functions of u, so we assume this in the present section.

4.1.2 Krichever’s conditions from the bilinear identity

Since the poles at p; are the only singularities of the product 1,(t, )1, (t', z) outside the
contour C[g ], the bilinear identity (3.24) then implies that

N

Z 1€Sz=p; (@Z)u(tv 2)y, (t, z)) =0

i=1
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for all u,t;,/, t;-. Let us rewrite this identically in the form

sz (o, t/;u,t) =0, (4.4)

where the functions R; are

M;

Ri(v t/;u,t) = Z (/¢ )pt 8;”( _“,e_f(t/’z)qbu(t,z))

m=0

z=pi

From the polynomiality of the 7-function it is clear that they are rational functions of u’.
If so, the only way to satisfy (4.4) for all «’ is to put each term equal to zero separately
(because it is a sum of different exponential functions multiplied by rational functions which
can be identically zero if and only if all rational functions vanish identically). Therefore,
the bilinear identity is equivalent to N conditions

res.—p, (Vu(t, 2)05 (t',2)) =0, i=1,...,N, (4.5)

or, more explicitly,

M;
2 dim (i, )0 (Z*u"fff(t"z’wu(w)) =0, i=1,...,N, (4.6)
m=0 -
which hold for any values of u,u and t;,t ;- In particular, at u = t; — 0 we have
Z7]\7/{:0 aim (0, 0) 7"y (t 52)‘ =0or
Z=Pi
M;
> aim O u(t,2)| =0, (4.7)
m=0 Z=Ppi

where a;y, = ki@ (0,0) with arbitrary non-zero k; are parameters of the solution in the
Krichever’s approach. We call equations (4.7) the Krichever’s conditions [23].

Remark. In the Krichever’s approach, the parameters a;,;, can be taken arbitrary while
in our case a;,(0,0) appear to be constrained by N conditions of the form (4.23), as we
shall see below. That is why we prefer to work with the set of independent parameters a;y,.
The initial values of the adjoint BA function coefficients a;,,(0,0) are not independent and
differ from the a;y,, by the properly chosen N factors k;.

The set of conditions (4.7) yields a system of N linear equations for N coefficients
wy, which demonstrates the consistency of the bilinear identity for BA functions of the
assumed form and allows one to fix them. Then the 7-function associated with the -
function according to (3.22) solves the MKP hierarchy. The points p; and the entries of the
matrix a;,, are free parameters of the solution. The coefficients wy appear to be rational
functions of their arguments u,t; while the 7-function is a polynomial (multiplied by the
exponential function of a linear combination of times). From the algebro-geometric point of
view this solution is associated with a highly singular algebraic curve which is the Riemann
sphere with cusp singularities at the points p;.
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4.1.3 Solving the linear system

It is easy to see that conditions (4.7) are equivalent to the system of linear equations
N
Ai(u,t) + Y Ai(u =k, t)wy =0, (4.8)
k=1

where

M;
Ai(u,t) = Z im0 (z"eé(t’z)) (4.9)
m=0

Z=Pi
These functions are polynomials in u, t; multiplied by the exponential factor p;‘eg(t’pi). In
the case when all ¢; are equal to 0, they admit a more explicit representation:

Ai(u,0) = pj' (aiO + anp; 'u+ aop; *u(u—1) + aigp; Su(u—1)(u—2) + .. ) (4.10)

Note that A;(0,0) = ao.
The system (4.8) can be solved by applying the Cramer’s rule. This results in the
following determinant representation for the BA function:

1 21 .. 2N

Al(u,t) Al(u—l,t) Al(u—N,t)

An(u,t) Anv(u—1,t) ... An(u—N,t
balt, 2) = 2452 w{ut) An( ) - Anl iy (4.11)
Al(u—l,t) Al(u—N,t)

Anv(u—1,t) ... Ay(u— N,t)

From the definition (4.9) we have

My,
Ap(ut —[27Y) = Z::Oakmagn <C“e§(t’o (1 - g)) = Ap(u,t) — Ap(u+1,4)22

¢=pi

(4.12)
Using this, it is straightforward to verify that equation (4.11) agrees with the general
relation (3.22), with the 7-function being given by the determinant in the denominator:

Al(u— 1,t) Al(u—N,t)
Tu(t) = det Aj(u—j, t)= : : : (4.13)
1,j=1,...,N
Anv(u—1,t) ... Ay(u— N,t)

N N
It is a polynomial in u of degree > M; multiplied by [] ppet(®»:).
j=1 i=1
It follows from (4.11) that the last coefficient in (4.2), wy, is given by

N Tut1(t)

wn(u,t) = (—1) t)

(4.14)
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We also note the property
Oy Ai(u,t) = Aj(u+ 1, t) (4.15)

from which one can see that the first coefficient in (4.2), wy, is given by
wi(u,t) = —0, log 7, (t). (4.16)

4.1.4 The adjoint BA function
Similarly to (4.12), we have:

M
B k ot £(t,0)
Ap(u, b+ [z71) = g_:oakm@c <£C/Z>‘c=pk’ (4.17)

Note that this function regarded as a function of z has a pole of order My + 1 at z = p.
The principal term is

1 (¢
Mk‘akMkpZ’—i_ 65( 7Pk)

Ap(u, t + [Z_l]) = (2 — pp) Mit1

+0((z— pk)_M’“) : (4.18)

We also see from (4.17) that the function A (u,t + [z7!]) has a simple zero at z = 0.

In order to obtain a more detailed information about singularities of this function,
let us add and subtract the term z"e¢®2) in the numerator in (4.17) and separate the
nonsingular part as z — pg from the singular one:

My,
_ m! agm, o 2tes® et
At + 7)) = 2 5“”2 oot = #( 2 ama?) z_c
m=0

Z—pk m+1 C

(=pk
(4.19)

The first sum gives the multiple pole structure at the point p, while the second term is
obviously regular at p; and has possible (essential) singularities and branching only at 0
and oco. Note that Ay (u,t + [271]) is, by construction, a rational function of z with simple
zero at z = 0. This is obvious from (4.17) but not from (4.19). On the other hand, the
representation (4.19) explicitly shows the multi-pole structure of this function which is
rather obscure in (4.17).

Rewriting (4.12) in the form

Ap(u,t + [27Y) = Ap(u, t) + 2 Ap(u+ 1, + [271),
it is straightforward to check that
Ay (u—1,t+[z7Y) A(u—2,¢) ... Ai(u—N,t)
b 1) = Ay (u—l,'t—k[z_l]) Az(u‘—2,t) - Ag(qu,t) (420)
Ay (u—l;t+[z*1]) AN(u'—Q,t) AN(u;N,t).

Expanding (4.17) in powers of z, we get

Ap(u, b+ [271) = Ap(u,t) + Ap(u+1,8)27 + Ap(u+2,6)272 + ..
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and so the expansion of 7,(t + [27!]) around oo reads

~—

A (u—l—s 1L,t) Ai(u—2,t) ... Ai(u—N,t)
N

) iz U+3 1 t) AQ(U:_27t) A2(u_ ’t) . (4,21)

s=0 : '
An (u+s—1 t) Av(u—2,t) ... Ay(u—N,t)

We thus see that the adjoint BA function has the determinant representation

Aq (u—l,t—i—[z_l]) Al(u—2,t) Al(u—N,t)
Ay (u—l,t—l—[z_l]) Ag(u—Q,t) AQ(U—N,t)
) An (u—1,t+[z"1]) AN(u'—Q,t) AN(u;N,t)

1(u—1,t) Al(u—2,t) Al(U—N,t)
g(u—l,t) Az(u—Q,t) AQ(U—N,t)

it 2) = 2 e E 2 (4.22)

A
A

Ay (u—1,t) Ay(u—2,t) ... Axy(u—N,t)

It has multiple poles at the singular points p; of the algebraic curve which is the Riemann
sphere with complicated cusp-like singularities. The principal parts at the poles are easily
extracted from the determinant representation and equation (4.19).

Since the function Ay (u,t + [27!]) has a simple zero at z = 0, it is clear from (4.13)
that the function 7,(t 4+ [27!]) and thus the function z%e¢(t2)¢)* (t, z) have zero of order N
at z = 0, whence the coefficients a;,,(u,t) in (4.3) appear to be constrained by N relations

M'L
> "(m A4 n) @i (u, t)p; ™" =800,  n=0,1,...,N—1. (4.23)

=1 m:O
4.1.5 The multi-pole structure of the adjoint BA function

Let us introduce the notation

Ap(u,t) :=  det L Ailut 1=t (4.24)

for the minor M}, n of the N x N matrix A;(u+1—7), 1 <4i,j < N. Then, expanding the
determinant in the numerator of (4.22) in the first column, we obtain:

Z—ue—g(t,z) N 1« B
77@)2(—1) Ap(u—2,t) Ag(u— 1,6+ [277)).
v k=1

1/12(’57 Z) =

Using (4.19) we can extract the poles:

N - 1 Ak(u—2,t) Me Qo
Z (t) Z (= pr) T + terms regular at all p,.  (4.25)
k=1 Tu m=0
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Therefore,

resepy (2 = 1)U (8,9] = (1)l B (4.26)
for all n > 0, or, in terms of the 7-function,
res,—p, [(z — )"z e A (b 4 [z_l])} = (=D nlag, Ap(u —2,t). (4.27)

Note that the expression in the r.h.s. has the same structure as (4.13) and, therefore, is a
polynomial 7-function. This fact will be used below for the Backlund transformations.
We also note the factorization formula
k—1 121]@ (UI*27 t/)

res;—p, (z“ef(t’z)wzl (t, z)) =(-1) ()

which follows from (4.25). At u' = u =t =t; = 0 this formula gives the relation between

Ag(u, t) (4.28)

axo = axo(0,0) and ag: B
1Ay (-2.0)
7_0(0) kO-

4.2 Undressing Backlund transformations for the rational solutions

ako = (1) (4.29)

As it will be clear in section 5, the main relations of the Bethe ansatz method are naturally
built into the construction of rational solutions to the MKP hierarchy. In particular, the
functions Ay(u,t) and Ay(u,t) will be identified, up to some irrelevant factors, with the
(eigenvalues of) T-operators on the first and the last levels of nesting in the nested Bethe
ansatz scheme. The parameters p; will be identified with eigenvalues of the twist matrix
g. We will also see that all these formulas can be understood in the operatorial sense (in
the quantum space of the spin chain) since they involve only commuting T-operators.

The nested Bethe ansatz scheme itself appears to be equivalent to a chain of some
special Béacklund transformations of the initial rational MKP solution with Krichever’s
data p;, a;, that “undress” it to the trivial solution by reducing the number of singular
points in succession. Here we present the idea solely in terms of the MKP hierarchy
leaving the precise identification with objects from quantum integrable spin chains for the
next section.

Adding/removing a point p; to/from the Krichever’s data of a rational solution is
a Backlund transformation. It sends a polynomial 7-function to another one. The key
equation that allows one to implement such a transformation is (4.27). Let us start with
the n = 0 case. Specifically, consider the function

7 (t) = (—1)" res,_, (z_“_le_g(t’z)mﬂ(t v [z—l])) . (4.30)
According to the n = 0 case of (4.27), it is equal to
Ay (u—l,t) Ay (U—Q,t) Al(u—N+1,t)

i1 (u—1,t) ji_l(u—zt) coo A (u=N+1t) (4.31)

() = ai 4 ;
A; i+1(’u—2,t) Al+1<u_N+1ut)

An (’U,—l,t) AN(U—2,t) oo AN (U—N—l-l,t)
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i.e., to the minor M; of the matrix A;(u + 1 — j) multiplied by a;o. Therefore, it is a
7-function, i.e., it satisfies the same 3-term Hirota equation as 7,(t) does and 7 — 7 is
indeed a Bécklund transformation. Below we assume that a;g # 0 for alli = 1,..., N, then
the transformation is non-trivial.

Having at hand o (t), one can construct the BA function

[4] -1
. t —
P, 2) = 2ues(t?) M (4.32)
[4]
Tu (t)
which obeys the same Krichever’s conditions (4.7) at the points p1, ..., pyx except the point

pi, where no condition is imposed. Note that the BA function wm has the expansion around
the point z = 0 of the same form (4.2) but with a pole of order N — 1 rather than N, so
the number of conditions again matches the number of unknown coefficients of the singular
part at z = 0. The adjoint BA function is

et T+ [T
7 (t)
It has multiple poles at the points p1,...,pn except the point p;.

Yill(t,2) = 2 (4.33)

This process can be continued by taking the residue of z_“_le_f(t’z)ﬂﬂl(t +[z71]) at
some other singular point p;, j # i

Flid] (t) = (—1)j€¢jreszzpj (z_u_le_f(t’z)TQEi_]H(t + [2_1])>

u

= (=) ey res [(Zz‘zj)7“72675“’“)*5“’”)(Zj—Zz‘)Tu+2(t +z 1+ 57

Zi=Pi J

2j=pj
= ajajo  det [Ar(u - s,t)] . (4.34)
1<r<N #ij
s=1,....,N—2
Here and below ¢;; = 1 if 4 < j and —1 if ¢ > j.
We thus obtain a chain of Biicklund transformations 7 — 7litl — rlivi2l = The

general recursive formula at the n-th level is

Tl[Lil...in} (t) :(_1)in—1—Card{k\ik<z‘n,1§k§n—1}reszm:pin (Z'—u—le—f(t,zin)quii.l..infl](t I [Zi_nl]))

in
(4.35)
which leads to
) ] n n
Till...zn](t) = (_1)dnreszik =pi, <H Z;u_neié(t’Zi&))An(ziu C) zin)Tu-‘rn (t + Z[Zz_ﬁlD
1<k<n a=1 B=1
n
= (H aia()) det [Ar(u — s, t)}
= 1<r<N,#it,..in
o=1 s=1,....N—n
(4.36)

In the first line d,, = i1 +... 4+ i, + 3n(n + 1) and
An(zil, ceey Z,‘n) = H (21‘ - Zj) (437)

i>j
27‘76{7’1)77471}
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is the Vandermonde determinant. In particular, on the second to last level we have

N
TEQ"%'N](’“) _ ( H aiO)Aj(U —1,t) (4.38)
i=1,#]

and on the last level 75 %] (t) = Hf\il a;p = const. Note that a0 = A;(0,0).
By taking residues of the Hirota equations in the form (3.7), (3.9), one can obtain
bilinear relations for the 7-functions on the neighboring levels of this chain. In particular,

we have:
ey ()M (6) + e TP ()7 (6) + e (8) 7L (1) = 0, (4.39)
eyl (6)ru (t) = 70 (6) 7L () — 7 (6)7lL (b).
(4.40)

We can also rewrite the determinant (4.36) in terms of (4.38):

—N+4n+1
plitein] ( a ) det [“27 N )] 4.41
H a0 1<r<N,#i1,0sin Tu=s+1 () (441)

s=1,...N—n

Note that (4.39) and (4.40) are respectively the Pliicker and Jacobi identities for (4.41).

Equation (4.27) allows one to make the same Béacklund transformations by picking the
coefficients in front of higher order poles of the function 7,(t + [27!]) at z = p1,...,pN.
The results differ by normalization factors independent of u,t. For example, instead of
taking residues one may pick up the highest singularity (the pole of order M; + 1 at p;)
and define

7(t) = (—1)"'res.—p, ((Z—pz')M"z_"_le_S(t’Z)Tuﬂ(t + [z_l])>
= (—1)i*1p;“_1e’5(t’pi) res;—p, ((z p)MiT 1 (t+ [z 1])) (4.42)
= MZ' alMZ/L(u - 1, t).

In a similar way, one may define the “undressing chain” of such transformations as in (4.35)
and (4.36):

Tisuln)(t) _ (_1)in—1—Card{k\ik<in,1§k§n—1}
X vess,, —p,, (26, = pi,) Mozt E R D (6 4 (1)) (443)

which leads to

Flirein) (4 (H ta, Mia) det [A,,(u— s,t)] (4.44)
1<r <N il onsin
s=1,....N—n
The construction of the undressing based on the highest poles is somewhat more compli-
cated because it explicitly uses the multiplicities of the highest poles but the advantage is
that it always gives the non-vanishing result (because the coefficients in front of the highest

poles cannot vanish by their definition).
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4.3 Fermionic realization of rational solutions

Here we suggest a realization of the rational solutions as vacuum expectation values of
some fermionic operators.

As before, we fix N points p; and the coefficients a;,,. Let us introduce the following
fermionic operators:

M;
= i OTY(2) (4.45)
m=0

The operators W;(p;) are particular cases of Uy, (3.11) when each set I; contains just one
element N 4 1 — 4. Therefore, we already know that the matrix element

7a(t) = (n] e’ W1 (p1) ... Uy (px)|n—N) (4.46)

is a 7-function.
On the other hand, we can calculate it using the Wick’s theorem in the form (2.26).
We get:

ma(t) = det | (n—j+ 1" Oilp) In - j)

- Zamam[ 9 (n—j 41|95 In—j+1)]

z=pi

_ Zzamam |4 (n— 1| s In—ji+1)] (4.47)

’J N 0 kez,

M;
_ _agm| n—j &(t,2)
a i,j:dle,.t..,N z:oa”"a” {Z € }
m=

= det A;(n—7,t
z‘,j:f...,N i(n=7t)

Z=Ppi

Z=Pi

which coincides with the 7-function (4.13) after the change n — u. Let us also note the

formulas
o (t—[271]) = 27" S0 (n 4 1 e+ Oy (2) Ty (p1) . .. Un(pw)| n—N) (4.48)
7 (b [27Y) = 212 (0 — 1] e Oyt ()T (p1) ... Uy (pn)| n—N) (4.49)

which directly follow from the bosonization rules (3.4).
The simplest example is M; = 0 when ¥;(p;) = 1(p;) (we take a;o = 1) and

M=) = (n] e’ p(p1) . p(pn) | n—N)

which is easily calculated to be 7, (t) = Hﬁj (p; ' — Py DY T, ptesttme),

In the same way as (4.46), we have a fermionic realization of the intermediate 7-
functions for the Backlund transformations. The 7-functions corresponding to (4.36) have

the form
Ainle) = ([L o) ale™® [ wieln-N+m),  (450)
a=1 j:177£il,~~-,inz
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where m is a non-negative integer (0 < m < N). The 7-functions corresponding to (4.43)
have the same form except for the prefactor (---). These 7-functions reduce to (4.46) for
m = 0. The determinant formulas (4.36) for these 7-functions follow from the Wick’s
theorem (2.26) in the same way as m = 0 case (4.47). The BA functions for (4.50) are
defined by

[i1...im] _
Plitiml(g ) = ;neft:2) ! | (t, — [z 1})_

The BA functions for (4.43) are defined exactly in the same way. In addition, both of them
coincide under the condition that the prefactor of the T-functions are not zero. By using a

(4.51)

formula similar to (4.48), we obtain

(1] O TN L (o) =N +m)

(| e+ O T iy i) n=N +m)
Then the Krichever’s conditions for the Backlund transformations
My,
> agdllimlt,z)] =0 for ke {l,2,... NP\ {ir,. .. im} (4.53)

=0 =Dk

follow straightforwardly from (4.52) and the relation (¥ (py))? = 0.

5 The 7-function in quantum integrable models

5.1 T-operators

We consider generalized quantum integrable spin chains with rational GL(N)-invariant
R-matrix. The R-matrix acting in the tensor product of the N-dimensional vector rep-
resentation of GL(N) and an arbitrary finite dimensional representation 7y (labeled by a
Young diagram A) has the form

N
R)‘(u) =ul®l+ Z eji®7r)\(eij), (5.1)
ij=1

where u € C is the spectral parameter? and ej; are standard generators of the algebra
gl(N) with matrix elements (€;j)a3 = dia0;3. In the second term, the vector representation
(the one for the Young diagram with one box) m(ej;) is abbreviated to ej;.

A large family of commuting operators (quantum transfer matrices or simply 7-
operators) can be constructed as

T(w) = trr, (RN =€) @ .. 0 BNu— &) @ m(9)) ) (52)

where &; are arbitrary parameters (inhomogeneities at the lattice sites) and g € GL(N) is
called the twist matrix. For technical simplicity, we assume below that the twist matrix

“Our definition of the spectral parameter differs from that in [10, 11, 13] by a factor of 2.
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has distinct, non-zero eigenvalues. The trace is taken in the auxiliary space where the
representation ) acts. The T-operators act in the physical Hilbert space of the model
H = (CN)®L. The Yang-Baxter equation implies that the T-operators with the same g
commute for all uw and A and can be diagonalized simultaneously. It follows then from (5.1)
and (5.2) that all their eigenvalues are polynomials in u of degree < L.
It is natural to define the T-operator for the trivial representation (empty Young
diagram) as
L
T(u) = [J(w - &), (5.3)
i=1
where the multiplication by the identity operator in the r.h.s. is implicit. We introduce a

special notation
L

$(u) = [J(u— &) (5.4)

i=1
for the polynomial in the r.h.s. This polynomial characterizes the model through its zeros
&. Another normalization, sometimes more convenient, is to set

TMu) = : (5.5)

In this normalization all T-operators are rational functions which may have poles only at
the points & and T?(u) = 1.

5.2 Determinant formulas for T-operators

The T-operators for different representations in the auxiliary space are known to obey
an infinite number of functional relations which follow from the fusion procedure and,
eventually, from the Yang-Baxter equation.

First, there are determinant formulas which express T*(u) for arbitrary A through
T-operators for symmetric representations Ty(u) := T(s)(u) corresponding to one-row di-
agrams (s) [15, 16]. They are called Cherednik-Bazhanov-Reshetikhin (CBR) formulas or
quantum Jacobi-Trudi identities. In our normalization they have the form

—1
A —1

T w) = | J] é(u—k) det T _irj(u—j+1). (5.6)
k=1

BG=1,0N]

A direct proof “from the first principles” for the models with the rational GL(N|M)-
invariant R-matrix was given in [13]. The proof uses the operation of co-derivative with
respect to the twist matrix g (see below). When the dependence on the spectral parameter
disappears (say, in the limit u — oco) one obtains the standard Jacobi-Trudi formulas (2.13)
for characters. We note in passing that the determinant formula for the generalized Schur
functions (constructed in terms of the Gauss decomposition of a matrix (resp. orthogonal
polynomials)) obtained in [42] (resp. [43]) has a structure similar to (5.6).
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Second, there are determinant formulas of the Giambelli type which express T*(u)
for arbitrary X through the T-operators T} ;(u) := T (H'l’lk)(u) corresponding to the hook
diagrams (I + 1,1%) [44]:

T (u) = TN et Ty (w). 5.7

(W) = (@) det Ty () (57)

Note that there are no shifts of the spectral parameter here. In appendix C we prove

that the determinant representation of the Giambelli type (5.7) follows from the quantum
Jacobi-Trudi identities (5.6).

In the normalization (5.5) the pre-factors cancel and the determinant formulas look
simpler:

TA(u) = ij—%et N T,\i_iﬂ-(u —j+1)= z‘jf?etd(k) T/\i—i«\;-—j(u)' (5.8)
s =Ly A J=1,...

Below we will argue that these formulas allow one to establish a close connection with
classical MKP integrable hierarchy and to recover a hidden free fermionic structure in the
auxiliary space.

5.3 The master T-operator

Let us introduce a generating function of the T-operators (the master T-operator) depend-
ing on an infinite number of parameters t = {t1,%2,...}:

T(u,t) = sa(t)TH(u). (5.9)
A

These operators commute for different values of the parameters: [T'(u,t), T'(u/,t’)] = 0.
The T-operators T (u) can be restored from the master T-operator according to the formula

TMNu) = sx(0)T(u, t)| (5.10)

t=0

where 0 = {04, %@2, é@tg, ... }. In particular, T(u,0 + [z7!]) is the generating series for
T-operators corresponding to the symmetric representations:

T(u,[z7) =Y 2 Ti(u). (5.11)
s>0

5.3.1 The master T-operator as a 7-function

Comparing formulas (5.6) with (3.18) and (5.7) with (3.17), one can see that they coincide
after the identification u <+ n and T*(u) <+ cx(n). According to section 3.3.2, this implies
that there exists a fermionic group-like element G (an operator in the quantum space of
the model) and a u-dependent operator C'(u) such that

T w) = (=) () (A, u| G |u) (5.12)

(which makes sense at least for integer values of u), and thus the master T-operator is the
7-function of the MKP hierarchy:

T(u,t) = Cu) (u| e’ O G |u) . (5.13)
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Setting t; = 0, we get T'(u,0) = T%(u) whence
C(u) (u| Glu) = ¢(u) (5.14)

(multiplication by the identity operator in the quantum space of the model is implied in
the r.h.s.)

A weaker statement, that the master T-operator is the 7-function of the KP-hierarchy
if 7*(u) in (5.9) has the CBR-determinant representation, can be proved independently in
the following way. Suppose T (u) has the CBR determinant representation (5.6). Then
it can be expressed as the Giambelli determinant (5.7) in the Frobenius notation for the
Young diagram A = (a, ..., 4|01, ..., Bq) (see appendix C). For any k,1 € {1,2,...,d(\)},
k < I, the Jacobi identity for this Giambelli determinant reads:

T(al7---7dk7---7dla---704d‘61,---7Bk7---7él7---76d)(U)T(Oéla---vad‘ﬁla---vﬁd)(u)
_T(a17"’7dk7""ad|ﬂl7"‘7Bk7"'7ﬂd)(U)T(a17"’7&l7“'?ad|ﬁl7"'7Bl7"'7ﬁd)(u)
+T(al,~~~,dk,~~~,ad|517~~~,Bz7~~~75d)(U)T(Oél,~~,O?z,~-~,ad|517~~~7Bk,-~~75d)(u) =0, (5.15)

where dy, (resp. ;) means that ay, (resp. £;) is removed from the original diagram

(a1, ...,aq|B1, ..., Bq). This is nothing but the 3-term relation given in [20], which is
known to be the necessary and sufficient condition that 7'(u,t) solves the KP hierarchy.’
Therefore, T'(u, t) is a 7-function. In other words, the functional relations (5.6), (5.7) mean
that the T-operators T (u) are Pliicker coordinates for the 7-function T'(u,t).

We emphasize that the notion of the master T-operator is independent of the specific
form of the R-matrix.® The key point is that 7*(u) in (5.9) is the transfer matrix obtained
by the standard fusion procedure in the auxiliary space (the horizontal leg) labeled by
the Young diagram A. The master T-operator is thus well-defined for spin chains with
trigonometric and elliptic R-matrices as well and the statement that it is a 7-function still
holds. The statement is also applicable to the T-operator corresponding to any higher
representation in the quantum space of the model. It can be also applicable to the g¢-
characters of representations of quantum affine algebras [47].

ay and B here are related to the parameters in page 959 of [22] as iy = g, jxr = — B — 1,7 = d.

SFor the trigonometric case (or the rational case), we can define the “universal master T-operator”. Let
R be the universal R-matrix associated with Uq(él(N)). R is considered to be an element of By ® B_,
where By are Borel subalgebras. Let m(u) be an evaluation representation of U,(gl(N)) based on a
tensor representation of U,(gl(N)) labeled by the Young diagram A. This representation depends on the
spectral parameter u since the evaluation map does. We can define the universal T-operator (cf. [45]) as
T (1) = (Tr®id) (7 (u)®id) (9@ 1) R), where g is a twist element (a function of the Cartan elements). Then
our universal master T-operator is obtained by substituting this into (5.9). Now (5.9) is an element of B_.
One can obtain a master T-operator on a particular quantum space V' if we consider a representation of B_.
For example, if we consider V = m(1) (1) ®@ m(1y(€2) ® -+ @ m(1y(€L), where {m(1)(&;)}}=; are fundamental
representations we obtain the master T-operator for a lattice model in section 5.3.3 (as a limit ¢ — 1). If
we consider a space of the vertex operators of CFT for V, we will obtain a master T-operator for CFT.
It is tempting to rewrite the universal master T-operator as a kind of determinant over some function of
(1) (u) ® id)(R), where m(1)(u) is the fundamental representation. This should be a generalization of a
generating function of transfer matrices (cf. [46]).
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5.3.2 Hirota equations for the master T-operator

As any 7-function, the master T-operator satisfies the bilinear identity
jq{ St vy ¢ — )T, + [27])dz =0 (5.16)
C

for all u,u,t,t". Here the integrand should be interpreted as a formal power series on
z and the contour C should encircle z = co. By standard manipulations, one can derive
from (5.16) the infinite KP and MKP hierarchies of differential equations. Making the shift
of variables t — t+a, t' — t—ain (5.16), where a = (a1, ag, ... ) and setting u—u’ € Z>,
one obtains, in the usual way, the following Hirota-type bilinear differential equation for
the MKP hierarchy:

> hn(28) A g1 (— D)= WPUT (u, ) - T (', £) = 0. (5.17)

m=0

Here D; = (Dy,, %th %Dt37 ...), where Dy, is the Hirota derivative with respect to ;. For
example, the first equation of the MKP hierarchy reads

T(u+1,t)

Tt (5.18)

8, log M) _

a2
= tog (T(u + LOT(w,0)) + (21, log 5 43

The bilinear relations (3.7), (3.9) for T'(u,t) can be written as
(22— 23)T (u,t + [27']) T (u,t + [25'] + [25']) +(231) + (312) =0 (5.19)
2T (ut+ 1,6+ 27 T (ut + [251]) — 217 (w+ L6+ [25']) T (u, t + [2171])
B B (5.20)
+ (21— 22)T (u+1,t + [z N4 (2 1]) T(u,t) =0

(comparing to (3.7), (3.9), we have made the overall shift of the time variables t — t +
ey + (251 + [23 1] in (5.19) and t — t + [27'] + [25 1] in (5.20)).

For any positive integer K and any subset {i1,da,...,i,} C {1,2,..., K} where all i
are different, we introduce the operator

Tlivizeind (4 t) = T(u, t + Z[Zz';l])' (5.21)
k=1

Solving (5.20) for (5.21) recursively, we obtain the determinant formulas
detlgk’jgn (lek_nT{Zk}(u —J+ 1,t))

deti<k j<n (Zf,f") [Th2) T(u—k, t)

deti<p j<n (ka_nT{l’Q"“’K}\{i’“}(u +j- 17‘5))

T{il’iz"“’i"}(u, t) = (5.22)

T2 KN\ li182,0in} (4 ) = ,  (5.23)

Sernen () T TOR M k0

Note that (5.19) is a Pliicker identity for (5.22) and (5.20) is the Jacobi identity for (5.22).
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5.3.3 The master T-operator in models with rational R-matrices

For models with rational R-matrices, the T-operators T*(u) (5.2) admit a more explicit
realization in terms of the co-derivative operators acting on functions of the twist matrix

g € GL(N) [13]:

TNu) = (u— & +D)®...& (u—E& + D)xalg)
(5.24)

®h

(u—& + D)xalg),
=1

where xx(g) = trmy(g) is the character of g in the representation 7. All necessary infor-
mation about the co-derivative D is given in appendix D.

Set
t) = exp (Ztk trgk>. (5.25)

k>1

As immediately follows from its definition, the master T-operator (5.9) can be written in
terms of the co-derivative as follows

(u— & + D)Fy(t). (5.26)

&)=

T(u,t) =
i=1

Note that each term in the direct product introduces a spin into the underlying quantum
spin chain.
Alternatively, using the fact that (det g)~“D(det g)* = D + u, we can also write it as

T(u,t) = (det ) ™ Q) (D — &) Fy(u, t), (5.27)
hiding the spectral parameter into the trivial 7-function (with no spins)

Fy(u,t) = (det g)"F,(t) = (det g)" exp (Z th tr gk>.
k>1

In this form it is clear that the spectral parameter is naturally combined with ¢; into a
hierarchy of times u = tg, t1,t2, .. .:

k .
g" itk>0
Fy(u.t) = exp(3ttrg™),  where g = { log g if k = 0, (5.28)
k>0

The explicit form of the simplest T-operators for a chain of length L = 1,2 is:

Tip=ny(u,t) = [ (u—E)I+ Z ktig® | exp (Z ttr gl), (5.29)

k>1 1>1
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Tip=o)(u,t) = | (w=&)(u—&)T@T+ (u—E&) Y ktr T g" + (u—&) Y kirg" @1

k>1 k>1
k—1
+ Z Z kK tite ¢° © ¢F + Z Z kt, P (g% ® g") exp(z t trgl),
k>1k'>1 k>1a=0 1>1

(5.30)

where P is the permutation operator (see appendix D for definitions). For clarity, the unit
matrix [ is everywhere written explicitly.

Using the method of [12], it is possible to show that the master T-operator contains the
whole family of Baxter QQ-operators as well as the T-operators that emerge on intermediate
levels of the nested Bethe ansatz. This will be explained in section 5.5.

It follows from (5.26) that

L
T(u,t — [271]) = ) (u—&+ D) [(det(T — =1 g)) Fy (t)] .
o (5.31)
T(ut+[z7")) = Q) (u—&+ D) [(det(I - 271 g)) "' Fy(t)] .
i=1
Using these formulas, one can explicitly verify that
lim [(—2)™ T (u,t ¥ [z71])] = (det g) ' T(u £ 1,¢). (5.32)

z—0

Comparing with the prescription (3.14), we see that there is an extra factor (det g)*! which
is due to a slightly different definition of the 7-function: in our case it is a pure polynomial
in « while in (3.14) it is a polynomial multiplied by an exponential function.

Denoting Dy (u) == QX (u—&+ D) and w(z) = (det(I — zg))~! for brevity, we can
rewrite (5.19), (5.20) in the form

(29 — 23) (ﬁL(u)w(zl_l)Fg) (ﬁL(u)w(zgl)w(zgl)Fg> + (231) + (312) =0, (5.33)
2 (zSL(uH)w(z;l)Fg) (zSL(u)w(zgl)Fg) n (f)L(u+ 1)w(z;1)Fg) (ﬁL(u)w(zfl)Fg>
+ (21 — 22) (ﬁL(u + l)w(zfl)w(zgl)Fg> (ﬁL(u)Fg) = 0. (5.34)

In the second equation, one can recognize the “master identity” from [12] (to iden-
tify them, the redefinition z; — 1/z; is required). The relation (5.32) implies that equa-
tion (5.34), which is the Hirota equation for MKP hierarchy, follows from (5.33), which is
the Hirota equation for the KP hierarchy, in the limit z3 — 0. Note that at ¢; = 0 (i.e.,
Fy=1)and v = & = --- = £ = 0, the third term in equation (5.34) vanishes since

D1, -1 =0 and the equation becomes the “basic identity” (5.9) from [13]

. ((1 +D) o w(z)> (D% u()) = < ((1 +D) o w(z')) (D°"u(2).  (539)

where we put z = 27,2 = 25 '
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When z — 0, (5.35) reduces to the following identity [13] linear in w,
. .\ ®L
D®Lw(2) = 2/ (¢1P1..1) <(1 + D) w(z’)> , (5.36)
where we used w(z) = 1+ ztr g + O(2?) and

D®L tr g = 91771__1,. (5.37)

Here Pi..1, = P12Pa3 - - - Pr—1,1, is the full cyclic permutation in the quantum space stem-
ming from (D.3) and from the repeated use of (D.7) (see appendix D). The subscript in
g1 means that it acts, as a matrix, in the space number 1 of the spin chain. Note that the
order of operators in (5.35) is irrelevant due to the commutation of transfer-matrices with
arbitrary auxiliary representations. Similarly, for 2z’ — 0, in the first order in 2z’ we obtain:

2 (1+D) w(z) = (D% (=) (@rP1 1) " (5.38)

It is a direct consequence of (5.36) if we recall that the two factors in (5.38) commute:
both are particular cases of the same family of commuting transfer-matrices. Egs.(5.36)
and (5.38) were proven in a combinatorial way in [13]. Multiplying the left hand sides and
the right hand sides of (5.36) and (5.38) we restore again the relation (5.35) which served
there as the main tool for the direct proof of the CBR formulas.

As is explained above, equation (5.38) was proven in [13] in a combinatorial way. Let
us now show how the case F; =1 of (5.34), i.e.,

29 (@L(u + 1)w(z1_1)> (@L(u)w(zz_l)> —21 (ﬁL(u + 1)w(z2_1)> (@L(u)w(zl_l))
(21 — 22) (@L(u n 1)w(z;1)w(z;1)) (ﬁL(u)l) =0. (5.39)

can be deduced from it. First we notice that when L > 1, equation (5.35) is the particular
case of (5.39) when & = w for all i = 1,... L. Next we notice that although (5.35) only
holds if L > 1, the third term in (5.39) is such that (5.39) also holds (trivially) when L = 0.
Since the left hand side of (5.39) is polynomial in the variables u; := u — &;, this allows
for a recurrence procedure which proves that the term with an arbitrary degree in each
u; = (u— &) in (5.39) is equal to zero. See appendix E for a detailed proof on this.

5.3.4 Proof of the determinant representation and the Hirota equation for the
master T-operator

A chain of arguments in [12, 13] allows one to give a self-contained proof “from the first
principles” of the central claim of this paper: the master T-operator for rational spin chains
is a tau-function of the MKP hierarchy. Here we give a direct proof of this statement using
the representation of the master T-operator through the co-derivatives.

The master identity in the form (5.20) or (5.34) directly follows from the determinant
formula (5.22) by applying the Jacobi identity. So in order to prove the master identity it
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is enough to prove (5.22). In fact, for this proof we can assume, without loss of generality,
that t = 0. Indeed, the product”

Fg <t + Z[Zk])
k=1

can approximate Fy(t) for any set of t with any needed accuracy, if K is sufficiently large,

K
=[] wiz) (5.40)
k=1

t=0

by an appropriate choice of the parameters z1, 29, ..., 2. In other words, we change the
variables from t to z1, 29, ..., 2z (which is the Miwa change of variables):

K ) K
T2} () = T (“72[2’90 =Dy (u) H w(z) (5.41)

k=1

or, for a subset {i1,d9,...,in} C {1,2,..., K},

k=1

K n
Tlivizein} () .= T (u Z[zik]> =Dy (u) H w(zi,) . (5.42)
k=1

Then, in order to prove (5.34) for arbitrary t, it is sufficient to prove (5.34) for arbitrary
t=0+ fo:l[zk], which is equivalent to proving (5.22) when t = 0. Therefore, we only
have to prove the identity

L . detlgkﬂ'gn (ch_jﬁL<u —j + 1) w(zzk)>
T{zl,'LQ,...,ln}(u) — — 7 , (543)
deti<k,j<n <Zik ]) ot I (w =& — k)

This formula expresses the general T'111:2:in} (1) through T4} (u) with only one index (the
generating operator for transfer matrices in symmetric representations). The proof goes
along the same lines as the proof of the CBR formula in [13]. It consists of two steps:

1. We should prove that T{t2-in}(y) is a polynomial operator of the power L, as it
is clear from the definition;

2. We should prove that the coefficients of polynomials in the r.h.s. and the Lh.s.
of (5.43) are equal.

In order to prove the first statement, it is enough to show that the determinant in the
numerator vanishes at all zeros of the denominator, namely at w = §+5, (=1,...,L, j =
1,...,n—1. For that, let us compare two consecutive columns, the j’th and the (j+ 1)’th,
of the matrix in the numerator. If the 2 x 2 minor determinant

Cia . C i 1A . 5.44
AP (- j+ Dwlzy,) 20 Dy ) w(z,) (5.44)

det (ZZC_jZA)L(u —Jj+Dw(z,) z;i_j_I@L(u —7) w(zik)>

[

"Here we change all z, — i for convenience.
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built out of any two arbitrary rows k and k' of these two columns are zero, then the whole

determinant vanishes.® Indeed, the corresponding operatorial identity
2 (Drig+Dw(=)) (Pr@w()) = # (Prle+ Du()) (Pr@w(z)) =0 (5.45)

appeared in [13] in relation to the proof of the CBR formula. This identity can be deduced
from (5.39), where the third term is equal to zero at position u = &. The identity (5.39) it-
self is, as shown above, deduced from the relation (5.35) (which is proven diagrammatically
in [13]) by recurrence over the size L of the spin chain.

The proof of the second statement, about the equality of coefficients in polynomials
on both sides of (5.43), can be achieved by comparing their large u; = u — &; asymptotics.
First, we can rewrite (5.43) as follows:

wug - - - up deti<g j<n (z;i_j ®le1 (1 + ul+117jD) w(zik)>

det1<k,j<n (Zn_j)

1k

T{il,iz,...,in}(u) — (546)

The r.h.s. must be a linear polynomial in each of the variables u;. We can then reconstruct
this polynomial from the large u; asymptotics. For example, for large u; we find

UUZ * + UL(Ul + ﬁ) detlgkﬂ'gn (anj ®lL:2 (+ul+711—]b) w(Zlk)>

i

: n—j
deti<k,j<n <Zik )

itz ind () ~ , (5.47)

where we used the fact that at large u; the co-derivative in the bracket (1 + ﬁf)) ~

(1 + u—llf)) can occur only once in each of L! terms of determinant and the Leibniz rule to
give the right overall asymptotics u; x 1/u; = 1. Expanding in this way for each of the
remaining u;’s we recover in the r.h.s. the original definition (5.42).

In this way we have proved the determinant formula (5.22). It amounts not only to the
proof of the master identity (5.20) but also to the fact that the master T-operator satisfies
the whole general Hirota bilinear identity (5.16) for the MKP hierarchy.

Let us note that the commutativity of two general master operators (1.5) follows,
in virtue of the determinant representation (5.22), from the commutativity of generating
functions of T-operators for the symmetric tensor representations

(ﬁL(u)w(z)) (ﬁL(u')w(z')) - (zﬁL(u')w(z')) (zﬁL(u)w(z)) . (5.48)
A proof of this last relation can be also found in [13].

5.3.5 Analyticity properties of the BA functions related to the master 7-
operator

Equations (5.31) also allow us to characterize the class of solutions of the classical Hirota
equations relevant to the quantum spin chain. First of all, it is obvious that the master

80f course these minors vanish only under the constraint that w = & + j, where [ =1,...,L, and
j=1...,n—1
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T-operator is a polynomial in u of degree L. Second, consider the (operator-valued) BA
function and its adjoint:

T(u,t —[z7Y)

o) Tlut +[z71)
T(u,t) '

* _ —u,—E(
wu(taz) =z e T(U,t)

Yu(t, 2) = 24862 (5.49)
From (5.31) it is clear that the function 1 is of the form (4.2) while the function ¢* is of
the form (4.3) with the poles at the points p; which are the eigenvalues of the twist matriz
g (assumed to be all distinct and nonzero). This means that in the appropriate basis g can

be diagonalized:

g =diag (p1,p2,...,PN) - (5.50)

The maximal possible order of each pole is L + 1. Indeed, the T-operator for the empty
spin chain (at L = 0) gives first order poles at p;:

N

Tip—o)(u,t +[z7]) = (ﬂ = exn (DD k), (5.51)

.
i=1 pi i=1 k>1

and each co-derivative increases the order of each pole by 1. Note also that (5.51) (and
thus the adjoint BA function) has zero of order N at z = 0.

5.4 The wave operators as non-commutative generating series

The wave operators (3.30), (3.31) for the master T-operator are of the form

W(u,t) = ;J W e—ad (5.52)
W u,t) = Z;esau hS(j(?zf(f:tl),t)' (5.53)

Expanding both sides of (5.31) in powers of z, we get

hi(9)T (u, t) (u=&+D) [xi(9) Fy(t)] (5.54)

®-

1

(2

hi(=O)T(u,t) = Q) (u—&+D) [(-1)x*(9) Fy(8)] (5.55)

®-

i=1

where xx(g), Xk (g) are characters of symmetric and antisymmetric representations respec-
tively. From (5.55) it is clear that hq(—9)T(u,t) = 0 for a > N because the antisymmetric
GL(N) character x%(g) vanishes. Therefore, the series (5.52) is truncated:
N ho(—0)T(u, t)
Wi, t) =) ~S 22 emadu, 5.56
() = 3 PeCOTLE) (5.56)
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Moreover, since for GL(N) x”" (g) = det g, we have from (5.55):

L
hn(=0)T(u,t) = ) (u—&+D) [(—1)N det gFy(t)]
=1

L
= (—1)V det g (X) (u+ 1—&+D)Fy(t)

=1
= (—1)N detgT(u+1,t),

and so the coefficient in front of the last term in (5.56) is equal to (—1)" det g T(q“erl)t) as

it should, as soon as the points p; are identified with eigenvalues of the matrix g (compare
with (4.14) and recall that the 7-function from section 4 and the master T-operator from
this section should be identified as 7,(t) = (det g)“T'(u, t)).

We conclude that the 7-function (5.9) corresponding to the GL(N )-invariant spin chain
on L sites must obey the following two conditions:

e [t is a polynomial in u of degree L multiplied by exponential function of a linear
function of times,

e The series for the wave operator (or, equivalently, the expansion of the Baker- Akhiezer
function) truncates at the N-th term.

At last, we remark that the wave operator (5.52) at ¢; = 0 is nothing else than the
“non-commutative generating series” of T-operators for antisymmetric (fundamental) rep-
resentations 7%(u) := T (u):

N

Wiw0) = W) = Yo (-1 e
a=0

Similarly, W~!(u) is the “non-commutative generating series”? of T-operators for symmet-
ric representations Ty(u) := T (u) (cf. [3]):

(5.57)

o0 o0
T, u+1 U— s+1
W)=Y e 50 e 50, 5.58
() z% Put1) Z¢u s+1) (5.58)

The operator TV (u) = det g T?(u+1) = det g ¢(u+1) is known as the quantum determinant
of the quantum monodromy matrix. These formulas become more simply looking in the
normalization (5.5):

N

W(u) =Y (—=1)"T*u)e ®, W lu) =) e Ty(u+1). (5.59)
s=0

a=0
It would be interesting to clarify the role of the classical Lax operator (3.32) in the quantum
spin chain.

9Tt is known that one can generate the T-operators for infinite-dimensional representations just by
changing the expansion point of the non-commutative generating series [48, 49]. It will be very interesting
to see how this phenomenon shows up for the master T-operator and to realize formulas for T-functions
in [50] as operators.
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5.5 Undressing Backlund flow and Baxter ()-operators

The construction of Q-operators originally introduced by Baxter [51] in his solution to the
8-vertex model is now generalized and developed in the literature in various directions (see
e.g. [45, 52-67]). In this section, we explain how the Baxter Q-operators emerge from the
master T-operator using the approach of [12].

5.5.1 Preliminary remarks

We will construct a set of Q-operators which can be identified with the Baxter ()-operators
in the sense that:

1. The Q-operators are building blocks for the T-operators meaning that the latter are
written in terms of the former in the Wronskian form. The Wronskian formulas
resolve functional relations for the T- and Q-operators known as T'Q-relations.

2. The Q-operators satisfy bilinear functional relations (the QQ-relations). With the
additional input of analytical properties of the Q-operators (which are polynomials
in u in our case), they imply the system of Bethe equations for their roots.

Our construction of the Q-operators is directly related to the undressing chain of Backlund
transformations from section 4.2. In our approach, the nested Bethe ansatz is represented
by this undressing chain, where the size of the matrices involved in the Wronskian-like
solution is successively reduced, as in equation (4.36). As it was shown in section 4.2,
the undressing procedure basically consists in picking the singular terms of the function
T(u,t + [271]) (in this section it is an operator) at the poles at z = p1,p2,...,pn. Since
the poles are in general of a high order, there are different versions of this procedure
according to the possibility to consider different terms in the singular part of the Laurent
expansion. As it was argued in section 4.1.5, they are essentially equivalent and differ by
certain normalization factors only. Below in this section we consider in some detail two
distinguished choices: picking the coefficients in front of the highest and the lowest poles.

As it was already mentioned, the master T-operator introduced in section 5.3.3 is a
polynomial 7-function in the variable u while the 7-functions from section 4 are polynomials
multiplied by the overall exponential factor Hf\il py, so that the definition of the master
T-operator differs from the 7-function (4.13) by the factor (det g)~“. More precisely, let
|w) be a basis of eigenvectors of the master T-operator and let (w| be the dual basis such
that (w|w’) = d,.). Then

(W[ T(u,t) |w) = (det g) ™ 7u(t; [w)), (5.60)

where the 7-function in the r.h.s. depends on the state |w). According to this, the undressing
procedure should be slightly modified in order to preserve polynomiality of the 7-functions
at each level.

In this section we will work in the basis e, where the twist matrix ¢ is diagonal:
g€aq = Pata, @ =1,2,... N:
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A basis of eigenvectors of ¢®F = ¢® ¢ ® ... ® g is then given by
—_—
L

larag...ar) =eq, ®eq, ®...Qeq,

with eigenvalues p,Pay - - - Pa; = HjV: 1 pf”", where M; is the number of indices a; in the
vector |ajay...ar) equal to i. These numbers can be regarded as eigenvalues of the
opemtor10

L
Z(]I@)(’“ D @ m; @ 19— k>), where m; = diag(0,0,---,0,1,0,---,0) = e; ‘e;
———

———
k=1 i—1 N—i

(5.61)

on the states |y ... ar), so one can write g®% = p'{/“p'v|2 . .p]'\\/l,'\‘. It directly follows from

the definition that SN M; = LT®% and thus Y% | M; = L.

In [12, 13], it is shown that the T-operators can be explicitly written through dia-
grammatic expressions, and T'(u,t) is then a combination of permutations and diagonal
operators. As a consequence, the operators M; commute with all the T-operators. In
fact this follows from the GL(N)-invariance of the R-matrix and means that the eigen-

states |w) of the T-operators can be classified according to the set of quantum numbers
M; = M;(|lw)) = (w| M; |w) and

(w] g% |w) = HpM“‘” .

For what follows it is important to note that M;(|w)) is the multiplicity of zero at z = p;
of the eigenvalue of the operator (21— g)®” on the state |w). More precisely, the following
operator identity holds:

(21— g)®L =(z —pl)Ml(z — pg)M2 (2= pN)MN. (5.62)

5.5.2 The undressing procedure

For our purpose in this section the most convenient version of the undressing procedure
is picking the coefficient in front of the most singular term of the Laurent expansion of
T(u,t + [27!]) around its poles. As is shown in section 4.2, this version differs from the
one based on taking residues by a normalization factor (which is an operator in the present
section).

Applying the undressing procedure based on the highest poles, we note that there
are N different ways to define the T-operator at the first level of nesting by choosing
i€ {l,...,N} and picking the coefficient in front of the highest pole at p;:

TO(u,t) = (~1) " det g py e O xes, o, [(2 = p)™ T+ 1,6+ 7)), (5.69)

ONote that m; is a Cartan element e;; of gl(N) in the fundamental representation and M; is its co-product
ALY (¢e;;). In addition, g can be written as g = eXp(z:f.v=1 log pieii) = Hl L Pt with respect to the above
eigenbasis.
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where M; is the operator defined in (5.61). This “operator multiplicity” reflects the fact
that the order of the highest pole depends on the sector of the Hilbert space where the
diagonalization is performed and is equal to M; + 1. This expression (5.63) is nothing but
the equation (4.42) with an extra factor

<w‘T(i) (u, t)‘w> = H | 7Ot , (5.64)
k=1,#i |w)
which ensures the polynomiality of 7 (u,t). Here we introduced a notation ||y to denote

the state dependence of the function.
As the simplest example, consider the case L = 1. From (5.29) we find:

g 62121 tytr gt
—g | det(T—2"1g)"

Tiny(u,t+ [z71) = | (u— &)1+ ) ktrg" + . (5.65)

k>1

As z — p;, the r.h.s. has a double pole in the subspace spanned by the basis vector e; and
a simple pole when restricted to the subspace spanned by e, with a # 7. In the former
subspace the eigenvalue of (z — p;)Mi is z — p; while in the latter it is 1. The explicit
calculation of (5.63) gives:

(0 PR b, P pacttre)
Tip—y)(u,t)=(=1)""p; Z(u+1—£1+2ktkpj +— )eJJ—I—pZe” 11 .
j=1,#i k>1 i—Pj 1<a<N Pa/Pi

“ai

(5.66)
where e;; are the standard generators of the algebra gl(N).
At the next level of the Bécklund nesting chain, one should choose 7 € {1,..., N}\{i}
and define:

T (u, 1) = (1)) (det g)2 (pip;) ~2e=SEPI=EEP) (p; — ;)

X res, [(zl —p)Mi(z; —p)MT (u +2,6+ [z ]+ [z;l])} :

2j=Dj

(5.67)

The sign factor is (—1)#) = (—1)"*"+1e,; where ¢; = 1if i < j and —1 if i > j.
With this sign convention 7 (u,t) is symmetric in the indices i, j, or, equivalently, the
transformations T — T#) — T@) and T — T — TUD commute for any 4, j, namely,
T() = 70U, The expression (5.67) is nothing but the n = 2 case of (4.43) with an extra
factor

<w‘T(ij)(u,t)‘w>: H pit | i) (5.68)
S )

This factor is necessary to make 7% )(u, t) a polynomial of the variable w.
In order to proceed to higher levels, one should fix a subset I = {iy,i2,...,1,} C
{1,2,...,N} and denote by .J its complement: J = {1,...,N} \ {i1,i2,...,i,}. The
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“nesting level” is defined to be the number n of indices in the set {i1, i2,...,7,}. In complete
analogy with the cases n = 1,2 considered above, we define T-operators T’ (iliQ"'i")(u, t) on
all intermediate levels by the formula (cf. (4.43)):

T(uln)(u’t) _ (_1)inf17Card{k|ik<in,1§k§n71} det g <H > (t,pin)

cress, g, [ = oM TS Lo+ ()] (5.69)

which leads to

T('Llln)(u, t) = (—1)dnAn(pi17 tee ’pln detg (H pla tpla )
(5.70)
X res

[ (T imp™ ) (bt S )]

where A, is the Vandermonde determinant (4.37) and d,, is defined in section 4.2. The
T-operator at level n = 0 is the master T-operator defined in (5.26). According to this def-
inition, the correspondence of eigenvalues of the T-operators at level n and the 7-functions
at level n given by (4.44) is as follows:

(w|rtviz=i(u,t)|w) = (TTpy* )7l (0)| (5.71)

jeJ
/ |w)

The 7-function in the r.h.s. is obtained by the undressing procedure from 7,(t; |w)) ac-
cording to the rules presented in section 4. Note that the eigenstate |w) is common for
all the T-operators. One can also introduce “Pliicker coordinates” for the T-operators on
intermediate levels by the expansion

Tliia-in) (y, t) ZS,\ Tliiain) A (y) (5.72)

whose form is identical to (5.9). The diagrams A correspond here to representations of the
subalgebra gl(N —n) C gl(N).

It is clear that the bilinear relations of the form (4.39), (4.40) (cf. (5.19), (5.20)) hold
for the T-operators T(1-n) (4, t) at any level and relate T i) (y, t) to T(1-nk)(y, t)
and T01-n) (4, t):

Efuplle(“lnl])(u,t)T(“lnk)(U‘i‘ 1 )+5Jkpz 1T(Z1 lnjk)(u t)T(lllnl)(U—i‘ 17t)

o o 5.73
+ gkipj—lT(zl...znkz) (u’t)T(n...sz)(u + l,t) _ 0, ( )
pj—lT('len'L) (u’ t)T(’Ll’LnJ) (u +1, t) - pi—lT(il...inj) (U, t)T('len'L) (’LL + 1, t) (5 74)
= gy T30 (g, )T 00) (4 41,8, '
where 4,5,k € {1,2,..., N} \ {i1,t2,...,in}, i # ji £ k,j # k.
We thus have the undressing chain that terminates at the level N:
T(u,t) = T (u,t) — TO2) (4, t) — ... = TN (4, t) — 0. (5.75)
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It can be shown that the last (the completely undressed) member of this chain is an
invertible operator which does not depend on u, t: T(12-N) (u,t) = T(12--N) * An advantage
of the undressing at the highest poles is that this operator has a simple explicit form:

N

N
T(2..N) _ g®" M.l — (det g)N g®*

— ! M;!, (5.76)
deti1<; j<n D, J — H1§l<kz§N(pl — Dk) paiey

which follows from the comparison of the large u asymptotics of (4.13) and (5.26). Namely,
from (4.13) and (4.9) it follows that

N
Tu(t) = (det g)* uXics Mi H (ajM et (EPi ) 1<l§$}<N (p,;m_Mk> +0 (u™) (5.77)

while for T'(u,t) we have
T(u, t) = ulT2FeXizt €6P0) 4 O (4271 (5.78)
Then (5.76) follows from (5.77), (5.78) , (5.71) and the expression for the eigenvalues of

the T-operator on the last level of nesting (follows from (4.44) and (5.71) for n = N):

N
(w] TU N wy = TT(M;! ajar,)
7=1

|w)
Set
Qy(u,t) = (P02 102 AN ). (5.79)
In the notation of section 4 (see eq. (4.44)), we can write
_uAj(u—1,t)
(W Qj(u,t) |w) = p; " ———=| (5.80)
J J Mj! aij |w)

where the r.h.s. should be evaluated for the 7-function corresponding to the state |w).
Similarly, one can define

Qy(u,t) = (TU2-N)=tplin)(y ¢y J={1,...,N}\I. (5.81)

In this general notation, the previously defined operator is Q;(u,t) = Q;;(u,t). From
equation (4.44) we have, for J = {j1,72,...,iN-n}:

Qs(u,t) = det (pjle]k(u—l—i—l t)) (5.82)

1<k,<N-n

In particular, at J = {1,2,..., N} this yields

N detlgk,lgN (piv—i_l_le(u — 141, t))

T(u,t) = g® (H I\/IZ-!)

i detlgk,lsN(pgil)

: (5.83)
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where we have used (5.76). These Wronskian-like determinants can also be obtained by
taking residues of (5.23) at z;, — p;,. The Jacobi identity for the determinant (5.82) gives
the so-called QQ-relations, from which the Bethe equations follow.

In fact the operators @ j(u,t) introduced in the way explained above are the (spe-
cially normalized) T-operators on the intermediate levels of the undressing procedure. The
Baxter Q-operators @ (u) are then defined as their restrictions to zero values of t:

Qy(u) = Qy(u,t =0). (5.84)

We see from the above formulae that @Q;(u) is expressed as a residue of the master
T-operator. Moreover, if we restrict (5.80) to t = 0, and expand it similarly to (4.10) then
we see that the coefficients a;p, in (4.9) can themselves be expressed from the residues of
the master T-operator.

Comparing (5.11) to the equation (4.21) (restricted to t = 0) and using the defini-
tion (5.72), we conclude that for the symmetric representation A = (s) = (s,0,0,...) the
following formula holds:

A ) 702N det (B Qu(u— 14+ N +1)) | (5.85)
ki1 ,i2,...,in
1<I<N-n
The Jacobi identity for this determinant is known as the T'Q-relation. For all other repre-
sentations this result can be plugged into an analogue of the CBR-formula (1.3):

A -1

L L -1 C L
T(zl...zn),)\<u) _ (H T(u...m)(,u_k)) ij,dlet N T(“”Jn)’()‘i_ﬁ'])(u—j—l—l), (5.86)
k=1 R

to get that the determinant formula (5.85) actually holds for arbitrary Young diagrams
with at most N — n rows (if it has more than N — n rows, then the T-operator vanishes
identically). In the particular case I = () equation (5.85) yields the Wronskian determinant
representation of the T-operator at fixed representation:

) deti<p <y (p]kVH_HAZQk(U I+ N+ 1))

_ (5.87)
deti<pi<n(pp )

N
() =g®* (T W
i=1
At L = 0 the pre-factors and the operators Q(u) become simple (equal to 1/p;) and this
formula coincides with the determinant representation (3.21) for characters. By construc-
tion, all the Q-operators are polynomials in u and the determinant formula (5.87) at A = ()
must give the fixed polynomial ¢(u) = H§:1(U —&;). This requirement implies the system
of Bethe equations for roots of the Q-operators (or rather their eigenvalues).
The undressing procedure is schematically illustrated in figure 2 for the case N =
2. The green double arrow corresponds to the Béacklund transformation (5.91), which
“undresses” the T-operators by gradually decreasing the size of the matrices at each site of
the lattice (which is the maximal possible height for the Young diagrams giving rise to non-
zero T-functions). The blue arrow shows how the original T-operators are reconstructed
by “dressing” with the Q-operators.
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«

Figure 2. Bécklund flow for the GL(2) spin chain.

5.5.3 On other versions of the undressing procedure

The undressing procedure and the Q-operators can be defined in a number of equivalent
ways. Here we mention some of them.

Lowest poles. Instead of picking the highest order pole, one might consider another
version of the undressing procedure, based on taking residues at other poles (not of the
highest order), as in section 4.2. For example, at the first level (cf. (4.30)), we may define:

7 (u,t) oc res,—p, ((z/pi)_u_le_g(t’z)T(u +1,t+ [z_l]) . (5.88)

This definition does not use the operators M;, at the price of less transparent normaliza-
tion factors. In particular, the definition (5.88) with the unit pre-factor leads to a more
complicated operator T7(12--N),

Construction of [12]. At last, let us compare our present construction with the one
_ L
introduced in [12]. On the first level, noticing that (z — p;)Mi = %, we can
[Tj=1,2i(z—ps)"d
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rewrite (5.63) as

T (u, t) = detgpi_le_g(t’pi)Niresz:pi (21— 9L T(u+1,t+ [z_l])] , (5.89)
where N; = (—1)"1 H (pi —p;) ™. (5.90)
J=1,

The normalization factor N; is independent of u and t, and commutes with all the T-
operators. For this reason it was disregarded in [12].
On higher levels (5.70) can as well be written as:

.. Z")(U t) = (det g)" (le §(t.pia) ) A\

(5.91)

n

n
X reszik:pik H(ZZW]I — g)®L T(’LL +n,t+ Z[Z;l]> >

1<k<n |~=1 a=1

where N;, ;, is an operatorial normalization factor which we don’t specify here. Let us
now show that (5.91) coincides with equation (32) from [12].

1. In [12], the set of times t was not introduced. But as it can be seen from (5.31),
the transformation t — t + [27!] is equivalent to the insertion of w(z~!) = (det(I —
271g))~! to the right of the co-derivatives.

2. The limit z; — 1/z; used in [12] has the same effect as taking residue at the point
zj = p; if we change notations z — 1/z, p; — x;, and notice that res,—,f(z) =
lim,,,(z — p)f(z) for a function f with a simple pole.

3. In [12], depending on the representation, an overall factor is necessary to convert
characters of g = diag (pi\1<i<N> € GL(N) into characters of g; = diag (pj|jeJ> €
GL(|J]). In our current notations, this amounts to changing Fy(t) to Fy,(t). One

can easily see that this is exactly what the factor e~ 2o=18tPia) does. Indeed,

e~ La=1€tpia) = F, () /F,(t).

This comparison shows that the undressing procedures of [12] and the one of the present
paper are essentially equivalent. But in the setting of our present paper this undress-
ing procedure has a transparent connection to the classical integrable hierarchy and its
polynomial 7-functions.

Our construction clarifies the combinatorial structure of the set of the 2V Q-operators
on the Hasse diagram found in [68]. Moreover, it naturally takes into account the fact
that all these Q-operators, as well as all the T-operators, are polynomials in the spectral
parameter u. As a consequence, the Bethe equations are automatically contained in this
analysis, as it was explicitly demonstrated in [12].

5.6 Dynamics of zeros of the master T-operator

As we have seen, for a GL(N)-invariant generalized spin chain on L lattice sites the master
T-operator T'(u,t) is essentially a polynomial in u of degree L. It can be represented in
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the form

L
T(u,t) H(u — u;(t)) (5.92)

where the roots u; depend on all other times ¢; (we have omitted an irrelevant exponential

function in front of the product). In some special cases'!

one or more roots u; can tend
to infinity and so the degree of the polynomial can be less than L. Note that we treat
equation (5.92) as an operator relation and the roots w;(t) are (commuting) operators.
Another possibility is to treat (5.92) as a relation for eigenvalues of the master T-operator,
then the roots of each eigenvalue have their own dynamics in the times ¢;. This dynamics
is known [26, 27] to be given by the rational Ruijsenaars-Schneider model. A solution of
the spectral problem for the master T-operator in terms of the integrable dynamics of its
zeros and a connection with Bethe equations will be given elsewhere. As is well known, the
Ruijsenaars-Schneider model contains the Calogero-Moser system of particles as a limiting
case. In this connection let us note that a similar relation between the quantum Gaudin
model (which can be regarded as a degeneration of quantum spin chains or vertex models
with rational R-matrices) and classical Calogero-Moser system was found in [69, 70] from
a different reasoning.

An important remark is in order. As is seen from (5.3), the inhomogeneity parameters
&; are coordinates of the Ruijsenaars-Schneider particles at t; = 0: & = u;(0). Clearly, they
provide only a half of the initial data necessary to fix the dynamics. The other half is initial
values of momenta which are implicitly determined by the above mentioned conditions on
the 7-function (5.9). Since the quantum transfer matrix for the spin chain is of the size
NEXNT | it has not more than N’ different eigenvalues. This means that the system of
equations that fix the initial momenta has only a finite number of solutions, corresponding
to common eigenstates of the transfer matrices.

6 Concluding remarks

Our main result in this paper is the identification of the generating function of commuting
integrals of motion in generalized quantum spin chains (called here the master T-operator)
with the 7-function for integrable hierarchies of classical soliton equations. Among other
things, this result means that quantum integrable models have a hidden free fermionic
(Grassmann) structure in the auxiliary (“horizontal”) space. It would be very interesting
to relate it to the hidden Grassmann structure uncovered in [71-74] in the quantum (“ver-
tical”) space of quantum integrable models. Another context where 7-functions of classical
integrable hierarchies enter the theory of quantum integrable models and associated 2D lat-
tice models of statistical mechanics is calculation of scalar products and partition functions
with domain wall boundary conditions [75-77].

Many things remain to be done in order to further clarify and generalize this classical-
quantum correspondence and, possibly, to use it for inventing new methods to solve both
kinds of problems. Here we list some obvious directions of further development:

" For example, when the boundary twist parameters tend to 1.
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— To construct the Bethe vectors within this formalism (which does not use the standard
algebraic Bethe ansatz) and to clarify their role in the classical MKP hierarchy and
its polynomial reduction according to Krichever.

— To extend the results to quantum integrable models with trigonometric R-matrices.
This is more or less straightforward and clear how to do. Whether the approach
based on the co-derivative is applicable is not quite clear at the moment, however.
Instead of rational solutions of the MKP hierarchy one should consider solutions with
trigonometric dependence on the spectral parameter. The Krichever’s construction
is directly extendable to this case. Zeros of the master T-operator move as particles
of the trigonometric Ruijsenaars-Schneider model.

— To extend the results to quantum integrable models with elliptic (Belavin’s) R-
matrices. This is the most general and most interesting case. Zeros of the master
T-operator move as particles of the elliptic Ruijsenaars-Schneider model. The rel-
evant class of MKP solutions is a special subclass of general elliptic (two-periodic)
solutions. One of the interesting problems here is to characterize this subclass in
algebro-geometric terms through the corresponding algebraic curves. Elliptic solu-
tions in general position correspond to smooth curves which are coverings of elliptic
curves. Presumably, the solutions relevant for quantum spin chains are not of general
position and the corresponding algebraic curves are singular.

— To extend the results to supersymmetric GL(N|M )-invariant integrable spin chains.
The general definition of the master T-operator and the Hirota equation remain the
same. The realization through the co-derivative is known from [12], and can certainly
be related to Krichever’s rational 7-function.

— The fact that the Baxter Q-operators and T-operators on intermediate levels of the
nested Bethe ansatz are contained in the master T-operator seems to be general and
not restricted to models with rational R-matrices. One can try to find a general pro-
cedure to obtain these objects from the master T-operator applicable in all the cases
listed above. The example of rational solutions suggests that such a procedure should
be formulated in terms of Baker-Akhiezer functions on singular algebraic curves.

— A development of this work might also contribute to representation theory of quantum
affine algebras and, in particular, to the theory of ¢g-characters introduced by Frenkel
and Reshetikhin [47] as a spectral parameter dependent version of usual characters.

— We also expect that our result can be extended to quantum models associated with
more general Lie algebras. This is in accordance with the fact that the KP hierarchy
has analogs for Lie algebras other than Ax_q [22].

— Our classical interpretation of the quantum integrability should be also applicable to
the 2-dimensional integrable quantum sigma models, where the operatorial formal-
ism is almost unexplored. The most interesting case of such applications could be
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the construction of an operatorial form of the AdS/CFT Y-system (and the associ-
ated T-system) [49, 78-80] and clarification of its relation to the classical integrable
hierarchies.

A more ambitious goal is to suggest an alternative approach to diagonalization of
quantum transfer matrices which would not use the Bethe ansatz at any step. This does not
seem hopeless because the quantum problem appears to be reducible to a purely classical
integrable dynamics of Calogero-like systems of particles.
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A The generalized Wick’s theorem

Let v; = Zj v;j7; be linear combinations of ;s only and w} = Zj w;;Y7 be linear
combinations of ¢;’s only. The following version of the Wick’s theorem holds:

(n|vr...vpw}, ... wiG|n) (n| v;w!G |n)
— et WU
(n| G n) ij=l..,m (n|Gn)

(A1)

where G is any group-like element. This statement can be proved by induction using the
bilinear identity (2.22). Indeed, suppose (2.23) is valid for some m > 1 (it is trivially valid
at m = 1). Set

(Ul = (n|w}, (U'|=n|vvs...vmprwy, qw, .. wy, V) =|V")=|n).
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Plugging this in the bilinear identity, we see that its r.h.s. vanishes while the rest yields,
after some transformations:

(n| G n) (n|vi ... vmp1wp, iy .. WG |n)
m+1 '
= > (=17 n|vwiG n) (nfvr ... # . Omawh - w3G n)
j=1

(here #; means that v; is omitted). But the r.h.s. is the expansion of the determinant for
m + 1 in the first column.
To show that the two determinant formulas (2.24) and (2.25) are equivalent, let us
take
(Ul = (n+ 1wy, (U]=nl, [V)=n), [V)=|n+1) (A.2)

in the bilinear identity (2.22). Using the relations (2.6)—(2.9), we see that only one term
in the r.h.s. remains:

D+ UG n) (n] YiG n + 1) = (n + 1w G [n + 1) (n| G n)
k

In the Lh.s. we plug w} = Zj w;;¢ and move vy in the first factor to the left position.
Using the anti-commutation relation for the fermion operators, and transforming the sum
> whr back to w) in the second factor, we arrive at the 3-term identity

(n|GIn) (n+ 1| Yw;Gn+1) = (n+ 1| G In+ 1) (n| Yw;G |n)
+ (n+ 1 %G |n) (n|wiG |n+1). (A.3)
Let us divide it by (n|G|n) (n+ 1| G |n + 1), take a sum over the values of n equal to
n—j,n—j+1,...,n—1, and then put | =n — j. Then we obtain the relation
(n| Yn—jwiG|n) _ (n—jlw!Gn—j+1)
(n| G n) (n—j +1|G[n—j +1)

+J§ (n—k +1|9pn_;G [n—k) (n—k|w*G [n—k+1)
(n—k|G|n—k) (n—k+1|G|n—k+1)"

(A.4)
k=1

which shows that the columns of the matrix in (2.24) are the linear combinations of the
columns of the matrix in (2.25) and their determinants are thus equal.

B Proof of the quantum Jacobi-Trudi formulas for the Pliicker coordi-
nates (3.18)

In this appendix we prove the “quantum Jacobi-Trudi” formulas (3.18) for the coefficients
ex(n) (3.16).
Let us begin with the case when A\ = («|3) is a hook. We have:
calp)(n) = (=1 (0] ¢ on—p1G |n)
= (=1 n=B—1|9 g 1. s U a¥np—1G 1)
= (n—p—1] WL—B . '1/1;:711/}:L+01G ).
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Applying the Wick’s theorem in the form (2.25), we get

(n=B—1¢}_g5... U 150G ln) dot (=313, _iynGIn—j+1)
(n| G |n) ij=l,f+l  (n—j+1|Gln—7j+1)
where A\ = a+ 1, Ay = A3 = ... = Ag1 = 1. The numerator in the r.h.s. can be easily

identified with c(y,—itj—1j0)(n — j + 1), so we finally obtain

Cou—itj—1j0)(n —J+1)

Calp) (n) = Tn(O) det

BG=1,0 N, Tn—j+1(0)
A, -1 -1 (B.1)
= H cp(n — k) o det en—igi(n—j+1),
hel 1,5=1,..,A]

where c5(n) := ¢(s_1)0)(n) are the expansion coefficients for one-row diagrams.
In a similar way, one can prove that the determinant formulas of the Jacobi-Trudi type
hold for arbitrary Young diagrams. Let us rearrange (3.16) as follows:

N —
d(X) d(\)
C)\(')”L) n‘ H¢n+a1H¢n ﬁjflG‘n>
=1
H
ICIESERLTEN] 1)d(>\) d(})
— (= 1)PH)+ !H% ﬂj—IHﬂ)malG!n
<— — «—
(CIESERLIEY Pit1 d(}) d(\)
= ()P = gy — 1 [ v [ [ n 5]_1H¢n+%(;‘n> (B.2)
k=1 j 1

By using the relations ¥4, = 1 — 00, and (n—F1—1| ¢, =0 for m € {n— ﬁ]—l}J 1
we obtain

= TP TN
ex(n) = (n— 1 — 1| H Vi [] ¥iaGln) . (B.3)

=1
kewﬁl}f »

Taking into account the following relations for the Frobenius notation: {i — )\i}?i/\l) =

{- ozl}l O fi—=N };31;(1)\ ={1,2,...,5+1}\{Bi+ 1}?2), we can rewrite this as follows:
%
B1+1

ex(n) = (n—p1 =1 [] ¢n_iir,Gln) . (B.4)
i=1

Applying the Wick’s theorem in the same way as for the A = («|3) case, we finally obtain
the desired result (3.18).
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C Proof of the quantum Giambelli formula

The quantum Giambelli formula was proposed in [44] in relation to the analytic Bethe
ansatz for finite dimensional Uq(B](\})) modules. It was also mentioned there that this
formula follows from Sylvester’s theorem without detailed calculations. To make the text
self-contained, we will give a proof of (5.7) based on the CBR formula (5.6). Here we
follow [28, page 88, example 22], where the classical case (without spectral parameter) is
discussed. In this section, we will use Frobenius notation for a Young diagram mentioned
in section 2.2. We introduce the following notation: t; ; = T;_;(u—j+1), n = X}, d = d()),
d(u—k+1) = To(u—k+1) =ty . We also introduce tuples I = (—aq,...,—aq,1,2,...,n),
J = (1,2,...,n). We will use the following relations for the Frobenius notations: {i —
NI = {—a}, {i— Aititgrr = 1L,2,..,np \ {Bi + 1}¢_,. Then (5.6) can be written
as

n -1 n -1
T™(u) = (H tk,k> et (tioag) = (H tk,k> det (tij).  (C.1)
k=2 -

k=2 ie]\{ﬁk-ﬂ}ﬁ:pje«]

Next we introduce the following matrices:

My = (tij)(ij)en xJs My = (tij)(ij)erxs U= (0i;+1)(,j)esxns  (C2)
4= [Taxa (0)axn ’ B (0)axa My 7 (C.3)

U M2 U M2
where I} = (—aq,...,—aq), J1 = (1,2,...,d), and [5x4 is a d x d unit matrix and (0)gxn,

is a d X n zero matrix. Then we find

det (tig) = (~1)Xi=1 Bt det B, (C.4)
i€N{Be+1}¢_,.jeJ

Let us replace j-th row of A with i-th row of B and write the determinant of this matrix
as ¢; ;. We will consider a matrix C' = (cij)1<i j<d4+n. Taking note on the relations ¢;; =
dijdet Aford+1<i,j5<d+nandc;=0ford+1<i<d+n,1<j<d, weobtain

1§i%%td+n(ci’j) = 1§(%,ej%d(ci’j)(det A)". (C.5)

We will use det A = H?:l tj;. Expanding the j-th row of the determinant c; ;, we obtain

n+d

Cij = Z(_l)]Jrkbi,k 1<p((11§2+d (apq) (C.6)
k=1 itk

n+d
= bin(A g det A= (BA™Y);;det A (C.7)

k=1

Then we obtain an identity
) — d—1

13%3%d<cld) det B(det A)*~". (C.8)
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We can calculate (C.1) for the hook diagram A = (a + 1, b):

b1 Ly
T (1) = Ty p(u) = (H t/ak) DD det  (tpg) (C.9)
k=2 k=1 T

For 1 <4,j <d, we can calculate explicitly

n

i+k
Cij = Z(‘DBﬁ_ t—aik 1<§‘3£n (tp.q) (C.10)
k=1 p#ﬁj-’&-fyq;’ék
Bi+1
_ Bj+k
= Z( )Pk o die<q<@ . H tp.p (C.11)
k=1 gk p=P5;+2
n
= (_1)Bj+1TC¥1:,Bj (u) H tpps (C.12)
p=2

where we used (C.9). Based on this identity, we obtain

) = (— 2421 6j+d
1§%§2d(cw) (=1)= 1§C}3‘t<d T, (u H tp,p (C.13)

Hence, from (C.4), (C.1), (C.8), (C.13) we get

TA(U) = (t171)—d+1 1<(%?jt<d(Tai76j (u)). (C.14)

This is (5.7).

D The co-derivative

In this appendix we summarize formulas on the co-derivative introduced in [13].

The (left) co-derivative is the operator that acts on any function f of a group element
g € GL(N). Before we provide its complete definition (in terms of components), let us
introduce it symbolically as follows:

D& 1(g) = 5 @ (e 9|, (D.1)

Here!'? ¢ - e = Z ¢Geap is a general element of the Lie algebra gl(N) parametrized by
a,f=1
gég, with e, being the matrix with only one nonzero (equal to 1) matrix element at the

place (af): (eas)l = daudsy- To put this more precisely, let us start from scalar functions.
In this case, we do not need the symbol ® and get:

Dtrg" = ng" (D.2)
Ddetg=detg-T, (D.3)

1211 this paper, we assign the left matrix suffix to the superscript and the right suffix to the subscript.
For example, (i,j) element A;; of a matrix A = (A;;) is written as A}.
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where [ is N x N unit matrix. If f is a N x N matrix valued function, the result of (D.1)
belongs to N? x N? matrix. In particular, if f(g) = g, we have in components:

o B N2 ,
(Dw 9% = Do = 5o (79) .| = Onad
11 ¢:0
In invariant form, this formula can be written as
Deg=PlIxg) (D.4)

where P is the permutation operator defined as P(A® B) = (B ® A)P for any N x N
matrices A, B. Explicitly, we have P = fob:l €ab X €pq-

In the main text, we considered actions of the co-derivative on functions in (CV)®%. In
this case, it is convenient to define the co-derivative in the following way. Let us consider
an embedding of any matrix A on CV into (CV)®’, and introduce the following notation:

Ai=1® IRARI® - ®1. (D.5)
SN—— S——
i—1 L—1

The action of D; on any function of g € GL(N) in (CN)®” is defined as

N

bzf(g) = Z ab a¢b f( “9)le=0; (D.6)

a,b=1

where egb) = 120D @ ey, @ 122~ In components, (D.6) reads

o3 - S (1)

$=0

For example for f(g) = g;, we obtain a generalization of (D.4):
Dig; = Pijg;, (D.7)

where Pj; = >, e((lb) eéfl) For i = j case, the permutation operator reduces to the second
order Casimir, and in this case, it is Py = ), eggel(;) = Zab e((fg NI®L since we are
considering the fundamental representation. Then we obtain D;g; = Ng;. In particular for
L = 2 case, D1gy = P12g2 stands for (D.4), while Dag; = Payg1 stands for (I® D)(g®1) =

P(g®1). Now the Leibniz rule for any functions A(g), B(g) of g € GL(N) can be written as

— = . = -
[[DiawB@0 = > ([IDAw)| | [1D:B)

el I=JUuK,JNK=0) LieJ €K

(D.8)

where I = (i1,42,...,%n), J = (lar,las,--»lay), K = (i8,,18y,---508, ,) (1 < -+ <
ag; b1 < -+ < Bn_p) are, as sets, subsets of {1, 2, ..., L}, which satisfy I = JUK, JNK = ()
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The ordered product on any indexed operator {A4;};cr is defined as ﬁie 1A = A - A
The Leibniz rule can be used, for example,

n*

Digj = _ g} (Digy)g; ! Zg] Pijgi)g; ! Z Pugigl ™", (D.9)
k=0

where n € Z>g. Let us introduce commutative element acting in (CV)®F

¢’ = > ITg™ (D.10)

D ier mi=n,mi€Lxq i€l

where I C {1,2,...,L}, n € Z>o, Cgo) = I®L and Cg") = 0 for n < 0. Note that this
commutes with any permutation indexed by the I. (D.9) can be written as

WL n—1 n—1
Dig; :ngj}) i9j _CF{”})Pijg] PWCF{”})g] (D.11)

This can be generalized for example as

DiDjgi = C ) (Digy) (Dige) + C ) DiDjgy

gk {i.jk}
- Cf{i,j,k)}Pijngikgk + Cg;,?}ijﬂka (D.12)

Let S (”)(J ) be a subgroup of the permutation group over the set J whose elements have
exactly n cycles: any element ¢ of S(™(.J) has a cycle decomposition o = 71 ---7, ({7}
are mutually disjoint cyclic permutations on J). Then we have the following formula

z ) .
H(ul + Dj)w(x)* = Z HuiHDjw(x)o‘
i=1 IUJ={1,2..,.L} i€l jeJ
Card(J e(k_o_fl(k))
gki') @
= Z l_IuZ Z Z Ps T w(z)®.
IuJ={12..L}yiel  n=1  oegm(J)  keJ
(D.13)

Here P, is a matrix in the space (CV)®Z with the matrix elements

[Py ]“ = 511]};(1) 0

J1-JL LJo(L)"

The action of ¢ € S™(J) on i € {1,2,...,L}\ J is formally defined as o(i) = i. The
summations are taken over all the decompositions of {1,2,..., L} into two disjoint sets [
and J. The above identity can be proven by induction in L and using the Leibniz rule.

Yang-Baxter equation and commutation of co-derivatives. One can check that
these co-derivatives obey the following commutation relation

Dibj — ﬁjbz (D ﬁ])Pz] = _P’L](ﬁl - f)j)v (D14)
Py

where the last equality comes from D
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This relation can be understood from the following Yang-Baxter equation :

H
L
(u; — ui + Pij) H up + Di) = [ [ ey + Dry) (5 — wi + Pyj) (D.15)
k=1 k=1
i ifk=j
where 7(k) =< j ifk=1 and i < j. (D.16)

k  otherwise

For instance, if we write (D.15) when L = 2, and ug = 0, then the coefficient of degree one
in u; gives exactly (D.14). Multiplying (D.15) by P;; from the left, we can rewrite (D.15)
in the notation of the tensor product used in the main text:

L

L
(1 + (uj — uwi)Pij) ®(uk + b) = ®(u7(;€) + D) (1 + (uj — wi)Pij) - (D.17)
k=1

k=1

The equation (D.15) can either be proven “from scratch” by proving explicitly the
property (D.14) of co-derivatives, or it can be deduced (when the co-derivatives act on
linear combinations of characters, which is sufficient for this paper) from the usual Yang-
Baxter Identity.

E Proof of (5.39)

The left hand side of (5.39) is a polynomial of w1, ug, ..., ur. The degree of this polynomial
with respect to each u; (1 <4 < L)is 0,1 or 2. Taking note on this fact, we will prove (5.39)
using the induction with respect to the length of the chain L. The proof that (5.39) holds
for L = Lg, consists in the following three steps:

(i) First we will see that the terms of degree two in one of the variables u; are zero under
the hypothesis that (5.39) holds for a chain with length L = Ly — 1.

This step is easy since the term of degree two in u; is obtained by the Substltutlons
DLo( )~ &iZ (uz+D)®U9H®®z j+1(uz+D) and DLo(u+1) i= 1(uz+1+
D)oulo Q) —j+1<“1 +1+ D). We see that the operator obtained from the action of
these co-derivatives is a trivial operator on the j*™ space times an operator acting on
a spin chain with Ly — 1 spins (corresponding to all sites except the site j). We can
then recognize that the coefficient of u? in the left-hand side of (5.39) at L = Lg is
equal to the left-hand side of (5.39) at L = Lo — 1 (up to a relabelling of the spaces),
which is zero by the recurrence hypothesis.

(ii) The other terms have degree one in some variables w;, , u;,, ..., u;, and degree zero

in the other variables w;,, uj,, ..., u;, _, (where {ji,...,jr,—n} denotes the comple-
ment of {i1,...,i,}). We can show that all the terms where 1 € {iy,...,4,} vanish,

assuming that (5.39) holds for a chain with length L = Ly — 1.
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To perform this step, we have to investigate the coefficient of degree one in uq, in
each term of the left-hand-side of (5.39). For instance, in the operator

(BroCu+ D) (Bro(wyu(zz") |

the term of degree one in u; is given by

Lo Lo
((H +D) @ Q(ui+ 1+ f))w(zll)> (m ® Q) (ui + ﬁ)w(221)>

1=2 1=2

Lo Lo
+ (m ® (X (ui + 1+ ﬁ)w(z;1)> (f) ® (X (ui + f))w(z;l)>

=2 =2

Lo Lo
(®(ui+1+f3)w(zl_1)> (@(ui—l—f))w(z;l))] , (E1)

=2 =2

=u(I+D)®

where the right-hand-side is obtained by the Leibniz rule. The same analysis
is easily performed for the other terms (f?,;o (u+ 1)w(z2_1)> (ﬁLO(u)w(zfl)> and

(ﬁLO (u+ l)w(zfl)w(zz_l)> (ﬁLO (u)), (appearing in (5.39)) and we obtain that the
coefficient of degree one in u; is obtained by the action of (I+ D) on the left-hand-side

of the identity with L = Lo — 1 spins. Hence the recurrence hypothesis shows that
they vanish.

(éi1) Finally, we will deduce the vanishing of the term of degree one in the vari-

ables Uiy y Ujgy - ooy Uy

n

and degree zero in the variables wu;, ,uj,,... s Ujng s where
{j1,---,jLo—n} denotes the complement of {iy,...,4,}. We will prove this vanishing
by recurrence over n (i.e. we will assume that it holds for n — 1, and we will deduce
it for n).

First, let us assume that the terms with degree one in uj and degree zero in wujy;
(i.e. the terms where k € {i1,...,in} and k + 1 € {j1,...,J1,—n}) do vanish, and let us
deduce that the term with degree zero in u; and degree one in w41 (i.e. the terms where
ke {j,...,jro—n}y and k+ 1 € {i1,...,i,}) also vanish. To this end, we can use a Yang-
Baxter equality (D.17) for each term in the identity (5.39). For instance for the first term

(i.e. for zo (ﬁLo (u+ 1)w(zl_1)> (ﬁLO (u)w(z;1)>) we write

Lo Lo
22 (14 (ukt1 — ug) Priy1) <®(Ui+1+ﬁ)w(21—1)> (@(UiJFD)w(ZQ_l))

i=1 i=1

Lo Lo
— 2 <®(ua(i)+1+ﬁ)w(zl_1)> (®(ug(i)+f))w(zz_1)> (14 (ups1 — ug) Prrs1)

i=1 i=1
=0 (E.2)
k+1 ifi=k
where o(i) =<k ifi=~k+1 (E.3)
) otherwise
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If we sum this Yang-Baxter identity for each term in (5.39) and we keep only the terms of de-
gree one in the variables w;, , wjy, . . ., u;, and degree zero in the variables w;,, uj,, ..., w5, .,
then we get an identity for the sum of the following terms

e First, the terms which contain Py ;1. As the total degree in uy is one and the total
degree in uy41 is zero, these terms do not have any occurrence of ug or ug4q in the
factors containing co-derivatives. One can easily see that (up to multiplication by
Pri+1) these terms are exactly the terms of (5.39) with degree zero in the variables
Ujy, Ugy - U, and ug, and degree one in the other variables. By the hypothesis
of the recurrence over n, these terms vanish.

e Next, the terms of the first line in (E.2) which do not contain Py j41. If we sum
them for the three terms of (5.39), we exactly obtain the terms of degree one in the

variables u;, , u;,, . . ., u;, and degree zero in the variables uj,, uj,, ..., u;, _, of (5.39)
(with k € {i1,...,in} and k+1 € {j1,...,J0o-n}). By hypothesis these terms do
vanish.

e Finally, the terms of the second line in (E.2) which do not contain Py, 1. If we sum
them for the three terms of (5.39), we exactly obtain the coefficient of degree one in
ug+1 and degree zero in uy (and with degree one, resp zero in the other variables i,
resp jm). These last terms vanish (because the sum of expressions of the form (E.2) is
zero, and because the other terms vanish). Here we used the fact that the coefficient

of u,lcug_H in a polynomial f(uq(1), Us(2); - -, Us(r)) coincides with the coefficient of
ugukﬂ in a polynomial f(u1,us,...,ur), where f(uy,us,...,ur) is any polynomial
inuy,uo,...,u.

This shows that if the terms with degree one in wu and degree zero in wugiq (i.e. the
terms where k € {i1,...,i,} and k+ 1 € {j1,...,jro—n}) do vanish, then the term with
degree zero in wuy and degree one in ugy; (i.e. the terms where k € {ji,...,jr,—n} and
k+1 € {i1,...,i,}) also vanish.

The same result is easily obtained if replace k + 1 with k — 1, and by iterating this
argument, we obtain that the term of degree one in any set of n variables u;,, ui,, ..., u;,
(and degree zero in the other variables) do vanish. Indeed, the above argument allows to
reduce these term where 1 € {iy,...,iy,}, treated above. This proves the equation (5.39)

by recurrence.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License which permits any use, distribution and reproduction in any medium,
provided the original author(s) and source are credited.
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