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Introduction

An intriguing property of general multi-charged rotating black holes in four [1] and five [2]

dimensions is that their thermodynamic features, such as the entropy formula [1] and the

first law of thermodynamics [3-5], are strongly suggestive of a possible microscopic inter-

pretation in terms of a two-dimensional conformal field theory (CFT). Furthermore, the

wave equation for massless scalars in non-extremal black hole backgrounds exhibits an ap-

proximate SL(2,R) x SL(2,R) conformal symmetry at low energies, which is spontaneously



broken by the temperatures [4-6]. Thus, one may expect that at least the low-energy
dynamics of general black holes are described by a CFT.

Recently, [7, 8] advanced a concrete proposal — deemed “subtraction” — for how to
relate general black holes to CFTs. The subtraction procedure consists of removing certain
terms in the warp factor of the black hole geometry, in such a way that the scalar wave
equation acquires a manifest local SL(2,R) x SL(2,R) conformal symmetry. The horizon
area and the periodicities of the angular and time coordinates remain fixed. For this reason,
the subtraction process is expected to preserve the internal structure of the black hole.
Given that the geometry becomes asymptotically conical [9], rather than asymptotically
flat, the physical interpretation of subtraction is the removal of the ambient asymptotically
Minkowski space-time in a way that extracts the “intrinsic” SL(2,R) x SL(2, R) symmetry
of the black hole.

The subtraction procedure has been explicitly implemented both for five-dimensional
three-charge rotating black holes [7] and four-dimensional four-charge ones [8]. It works par-
ticularly well in the context of the four-dimensional STU model [10] and its five-dimensional
uplift, since in these cases the non-trivial matter field configurations that support the sub-
tracted geometries are still solutions of the same Lagrangian as the original black holes.
Moreover, one can use the extra dimensions available in the string theory embedding of
these models to show that the four-dimensional subtracted geometries uplift to AdS3x S? [8]
and the five-dimensional ones, to AdS3 x S [7], thus making the connection with two-
dimensional CFTs entirely explicit.

Nevertheless, the precise relationship between the CFT dual to the (uplifted) sub-
tracted geometry and the microscopic dual of the original, asymptotically flat black hole
remains unclear. Building upon the observation of [9] that the subtracted geometries can
be obtained as a particular scaling, low energy limit of the original black holes, [11] pro-
posed that the latter can be understood by turning on certain irrelevant deformations in
the dual CFT. Concretely, for the specific case of static charged black holes, they con-
structed a set of interpolating solutions between the original and subtracted geometries.!
Upon dimensional uplift, these can be interpreted as flows initiated by a set of irrelevant
(2,2) operators from AdS3 x S? to the uplift of the original black hole.

The authors of [11] argued that even though the deformations are irrelevant, they are
nevertheless predictive in the regime of large charges. However, this perspective does not
explain — especially when the charges are small and the deformations large — why the
Cardy-like formula for the black hole entropy holds. More structure is likely present.

An example that may be related is that of dipole theories [14-17], which have been
argued in [18] to be relevant for understanding the microscopic origin of the entropy of
extremal black holes [19]. These theories can be understood as irrelevant deformations of
a CFTq by a (1,2) operator; this explains for example the momentum dependence of the
conformal dimensions of primary operators [20]. Nevertheless, the irrelevant deformation
picture does not explain why the entropy of dipole black holes is described by a Cardy-like

IFor works that studied the interpolating flows for extremal black holes and their relationship to the
attractor mechanism please see [12, 13].



formula. Rather, this property of the entropy follows from the fact that dipole backgrounds
are related by string pseudo-dualities to backgrounds described by a CFT. These induce
a star-product deformation of the gauge theory dual to the background, which is in turn
known to not affect the leading entropy [21]. Thus, both complementary points of view
are needed to understand the properties of dipole black holes.

We believe that a similar story should hold in the case of subtracted geometries. In
fact, it was shown in [9] for the case of a Schwarzschild black hole — and in [22] for the
general four-dimensional case — that the original black hole and its subtracted geometry
are connected by certain “infinite boost” Harrison transformations.? While Harrison trans-
formations do not quite leave the black hole’s entropy invariant (a notable exception is the
Kerr black hole), they change it in a controlled way that preserves its Cardy-like form.

The goal of this paper is to further elucidate the relationship between general black
holes and their subtracted geometries. We use solution generating techniques to produce
a set of interpolating backgrounds between the two endpoints of interest. In the four-
dimensional case, the interpolating solutions are obtained via Harrison transformations,
whereas in the five-dimensional case we use STU transformations, which are closely related
to the generalized spectral flows of [25]. Using these techniques, we are able to reproduce
the static interpolating geometries found in [11] and to generalize them to the rotating case
and to five dimensions.

It is natural to ask what is the string-theoretical interpretation of the above trans-
formations. Interestingly, in the static case, this question has been answered a long time
ago by Sfetsos and Skenderis [26], who — building upon previous work [27, 28] — showed
that all non-rotating charged non-extremal four and five-dimensional black holes in string
theory can be related via pseudo-dualities to AdSs x S? and AdS3 x S3, respectively. In
the case of five-dimensional black holes, the pseudo-dualities that [26] employ agree with
the duality interpretation of STU transformations given in [29].

In this article, we extend the results of [26] to the general charged rotating case.
By slightly modifying their prescription, we are able to relate the subtraction procedure
for both four- and five-dimensional black holes to a relatively simple combination of T-
dualities and timelike Melvin twists. The Melvin twists do not preserve the coordinate
periodicities, and thus the transformations we use are strictly pseudo-dualities. As in the
dipole case mentioned above, each block combination of T-dualities and Melvin twists cor-
responds to turning on a particular (set of) irrelevant operator(s) in the dual CFT. Thus,
every non-extremal rotating black hole can be “untwisted” to AdSs times a sphere via the
above transformations.

This paper is organised as follows. In section 2.1, we review the subtraction procedure
for four-dimensional STU black holes, and Harrison transformations in 2.2. In section 2.3
we show that by applying only three of the four possible Harrison transformations, we
already obtain a geometry that uplifts to AdS3 x S?, and that the effect of the fourth

2Harrison transformations are particular solution generating techniques in the STU model reduced to
three dimensions along time. Restricted types of Harrison transformations can act within Einstein-Maxwell-
(dilaton) gravity only, and have recently been employed to study the physics — and especially the ergoregion
— of black holes immersed in strong magnetic fields [23, 24].



Harrison is that of a coordinate transformation in five dimensions. In 2.4, we discuss the
duality interpretation of the remaining Harrison transformations.

In section 3, we repeat the procedure for the case of five-dimensional black holes. Many
technical aspects and explicit solutions are relegated to the appendices. In particular,
appendix C.3 contains the five-dimensional uplift of the interpolating geometries for the
case of the Kerr black hole. The interpolating solutions for the case of five-dimensional
general black holes can be found in appendix D.

2 Un-twisting general 4d black holes

2.1 STU black holes and subtracted geometries

In this section, we will be working in the context of the four-dimensional STU model [10]
— an N = 2 supergravity theory coupled to three vector multiplets, characterized by the
prepotential®

Xtx2x3
B

As usual, the bosonic content of this theory consists of the metric, four gauge fields A%,

F= (2.1)

A ={0,...,3} and three complex scalars

d=2_  I1={1,23} (2.2)

All the couplings of the theory, as well as the relationship between the various fields are
entirely determined by the above N = 2 prepotential.

We consider non-extremal rotating black hole solutions of this theory that are magnet-
ically charged under three of the field strengths, with charges p’, and electrically charged
under the fourth field strength, with charge gg. The metric of these solutions can be

parametrized as
ds? = =2V (dt + w3)? + e 2Vds? (2.3)

The three-dimensional base metric only depends on the rotation (a) and mass (m) param-
eters of the solutions, and takes the form

ds3 = %dﬁ + Gdb? + X sin® d¢? (2.4)

X=r*-2mr+a*, G=r®—2mr+a®cos’f (2.5)
The dependence on the charges is encoded in the conformal factor U and the angular veloc-
ity w3, as well as in the gauge fields and scalars that support the geometry. Parameterizing

the charges as
go = msinh28,, p' = msinh2; (2.6)

and introducing the shorthands ¢; = cosh §;, s; = sinh §;, one finds that

2ma sin? 0
G

3Throughout this article, we will be using the conventions and definitions of [22].

wg = [(IT, — II5)r 4 2mlls]de (2.7)




where
Hc = CpCi1CaCs3 , HS — 50515283 (2.8)

The conformal factor U is traded for a new quantity A
A=GPe (2.9)

which has the nice property that it is polynomial in . For the above, asymptotically flat,
solutions

2

A = (a®cos® 0+ (r + 2ms3) (r + 2ms?)) (a®cos® 0 + (r + 2ms3)(r + 2ms3)) —

—4a2m2(50810203 — 00018283)2 cos® (2.10)

The black hole solutions are also supported by non-trivial gauge fields and scalars,* whose
explicit form can be inferred from the formulae in appendix C.1.

An interesting property of general black holes is that the wave equation for massless
scalar perturbations is separable, and moreover it has a low-energy approximate SL(2, R) x
SL(2,R) symmetry. In order to render this SL(2,R) x SL(2,R) symmetry exact, [8] have
introduced the so-called “subtracted” geometries, which differ from the original black hole
metrics only by a change in the conformal factor A

A — Ay = (2m)3r(I12 — T12) + (2m) T2 — (2m)?(T1.. — ,)%a® cos? § (2.11)

The rotation parameter ws in (2.7) is kept fixed. Since the asymptotic behaviour of A,y is
linear in » — as opposed to quartic — the new solutions are no longer asymptotically flat.
Rather, they are asymptotically Lifshitz with dynamical exponent z = 2 and hyperscaling
violating exponent §# = —2 (for definition and applications, see e.g. [31]). The physical
picture that lies behind this replacement is that the subtraction procedure corresponds to
enclosing the black hole into an “asymptotically conical box”, which isolates its intrinsic dy-
namics from that of the ambient spacetime, while preserving its thermodynamic properties.

In [8] it was shown that in the static case the matter fields AM, 2! supporting the sub-
tracted geometry are still solutions of the STU model, albeit with unusual asymptotics.
Furthermore, the explicit sources for the subtracting geometry of multi-charged rotating
black holes were obtained in [9] as a scaling limit of certain STU black holes. Uplifting the
subtracted geometries to five dimensions, one finds AdSs x S? [8], which realizes the confor-
mal symmetry of the four-dimensional wave equation in a linear fashion. In the following
we will try to better understand the relationship between the original, asymptotically flat
black holes, their subtracted geometries, and their five-dimensional uplift.

2.2 Solution-generating transformations

A powerful tool that we will be using extensively are solution-generating transformations
that relate backgrounds of the four-dimensional STU model with a timelike isometry. These

“The scalar and vector sources are related by a subset of U-duality transformations to the original
four-charge solution [2, 30]. The metric is the same.



solution generating techniques can be used to both generate all the charged black holes of
the previous subsection from the non-extremal Kerr solution,® and to relate these general
asymptotically flat black holes to their subtracted geometries.

The procedure is as follows. The four-dimensional STU Lagrangian itself has an
0(2,2) ~ SL(2,R)xSL(2,R) T-duality symmetry, which is enlarged at the level of the equa-
tions of motion to include a third SL(2, R) electric/magnetic S-duality symmetry. Upon re-
duction to three dimensions, it is well known [32] that the “naive” O(3, 3) three-dimensional
global symmetry is enhanced to O(4,4), since in three dimensions all one-form potentials
can be dualized to scalars. When reducing along time the scalar Lagrangian becomes a
non-linear sigma model whose target space is an SO(4,4)/(SO(2,2) x SO(2,2)) coset.

The four-dimensional origin of the sixteen scalars that parametrize the above coset is:

e four scalars, ¢, correspond to the electric potentials associated to the vector fields A*
e four scalars, f A, are Hodge dual to the magnetic potentials associated to A®

e six scalars, 2! and y!, correspond to the real and respectively imaginary parts of the
moduli fields 2’

e the scalar U corresponds to g4 in the dimensional reduction (2.3)
e one scalar, g, is Hodge dual to the Kaluza-Klein one-form ws

The reduction formulae can be found in appendix A. The symmetric coset space can be
parametrized by the following coset element [33]

1 I I _A _r 1
Y =¢ UHo. e—allogy)Hr  o—a'Br | =By —GEn | —50F0 (2.12)

1=1,23

where the Ea, E,, etc. are generators of the so(4,4) Lie algebra. An explicit parametriza-
tion of these generators is given in [22]. Thus, to any four-dimensional solution of the STU
model one can associate a coset element V via the above procedure.

The SO(4,4) symmetries act simply on the matrix M, defined as

M=VY, Vi=nTy (2.13)

where 7 is the quadratic form preserved by SO(2,2) x SO(2,2). Namely, if g € SO(4,4),
then the matrix M transforms as

M = ¢* Mg (2.14)

We will be interested in several specific types of SO(4,4) transformations.

® They were employed in [2, 30] to generate four charge rotating black holes in four dimension with
two magnetic and two electric charges. Here we are interested in the solution with one electric and three
magnetic charges.



Charging transformations

To each type of electric or magnetic charge that the four-dimensional back hole can have,
there is an associated so(4,4) Lie algebra element that generates it, while leaving the
asymptotics of the solution flat

an = Eqy + Fyy . p" = Epn + Fn (2.15)

The expression for the so(4,4) generators Fy, and Fa is again given in [22]. Then, the
charged black hole discussed in the previous section can be generated from the uncharged
Kerr black hole by acting with the following group elements

o ') = ¢ 0P ) R B ) (216)

where the various® §4 have been defined in (2.6). Thus,

M4fcharge = g,ﬁ;h MEerr Jeh (217)

In order to obtain the four-dimensional solution, one naturally has to re-dualize the three-
dimensional scalars into vectors using (A.2) and then uplift.

Rescalings

One can also consider the action of the so(4,4) Cartan generators Hy, Hy. Letting

gs = e~ ot ert (2.18)

one finds that they simply rescale the target space scalars as

U—sU+cy, o—e*g, ol se gl ol 2yl (2.19)

O e, ot Bl o BTG (2.20)

where we have let

A=c+Y ¢, B=c-)Y ¢ (2.21)
I

1

Harrison transformations

. . . AR A .
Harrison transformations are generated by Lie group elements e® "»* or e, In this

paper, we will only be interested in the following Harrison transformations’

ho = e w0  pp =ty (2.22)

The h; transformations, eventually accompanied by certain rescalings, have been shown to
relate non-rotating black holes to their subtracted geometries in [9, 22]. In this paper we

SQur notation is as follows. The index I € {1,2,3}, the symplectic index A € {0,...,3}, while the
non-symplectic index A € {0,...,3}.
"Note that we dropped the tilde on ao.



would like to study the effect of all four Harrison transformation on a given four-dimensional
asymptotically flat black hole, carrying arbitrary charge parameters &g, ;. Letting

g (oo, ar) = e *Fwt ity (2.23)
we compute
MH(OZ[), Oé]) = giiq M4—chaTge 9H (224)
The effect of the Harrison transformations on the conformal factor A defined in (2.9) is to
multiply the powers of 7 by various combinations of (1 —a?), where 4 € {0,...,3}
Agp=1-ad)(1-ad)(1—-ad)(1—-ad)rt+... (2.25)

in such a way that the coefficient of the r* term vanishes when any of the a4 equals one,
the coefficient of 72 is zero when any two of the a4 equal one, and so on. We give an
explicit example of such a Ay in (C.18). It is thus clear that by performing at least three
Harrison “infinite boosts” (a = 1), we will obtain the same degree of divergence of A with
r as the subtracted geometry has.

The subtracted geometry

To obtain the subtracted geometry, to the My defined in (2.24), we need to further apply
a scaling transformation of the type (2.18). We find that when

s coshdp — I sinh &g

=1 = 2.26

o ’ @0 I1. cosh 69 — Il sinh & (2.26)
01+02+0: 20

6260 _ e 1+02+03 eQCI _ Q e2(c0751752*53) (2.27)
I1,. cosh §g — Il sinh &g 2m

we recover precisely the subtracted geometries of [8] in the general rotating charged case.
This result is very similar to that of [22], who showed that the subtracted geometry of a
general charged rotating black hole can be obtained by applying the h; Harrison transfor-
mations followed by a particular charging transformation and rescalings. We will further
comment on the relationship with the result of [22] at the end of the next subsection.
The set of solutions to the STU model encoded in the matrix Mg (g, ay) represent
a four-parameter family of interpolating solutions between the original black hole and
its subtracted geometry. In the non-rotating case, these interpolating solutions precisely
coincide with those of [11], which we review in appendix C.2. We also present the solution
interpolating from the Kerr black hole to its subtracted geometry in appendix C.3.

2.3 Discussion of the five-dimensional uplift

The microscopic interpretation of the subtracted geometry is clearest in the five-dimensional
picture, since its uplift is AdSs x S?, which is holographically described by a CFTs. In this
subsection we will consider the five-dimensional uplift of a slightly generalized version of
the subtracted geometries, namely the Harrison-transformed black holes with oy = 1 and
ag arbitrary. Interestingly, all these backgrounds uplift to AdSs x S2, irrespective of the
value of .



The uplift Ansatz is given by
dsg = f2(dz+ A+ f7ldst, f = (y'yPy?) (2.28)

where ds? is given in terms of the three-dimensional fields by (2.3) and A° by (A.1).
Plugging in the solution discussed above we obtain

qe—90—81—02—53 2
dst = ds3 + (* | dh* + sin” 0 (d¢ 5 (dt+ (a0 - 1)dz)> (2.29)
m
where
€ = 2m e3(01+0210) (2.30)

is the radius of the S2. The three-dimensional part of the metric, ds3, is AdSs of radius 2/
in an unusual coordinate system

€2dr2 6_%(51+62+63)
2 _ 2 —26 2 2y 772
ds3 = r2—2mr—|—a2+ p —(a”e™ "0 + 2mr — dm*cj) dt“+
+ 2(a®e2%0  4m2cysg) didz + (2mr — a’e™2% + 4m?s3) dz> (2.31)

The entire o dependence is encoded in the new coordinate ¢
t=t+ oz (2.32)

Thus, the effect of the hy Harrison transformation, which is non-trivial from a four-
dimensional perspective, corresponds to a simple coordinate transformation in five dimen-
sions.® In appendix B.1 we show that the effect of the ag Harrison transformation on the
five-dimensional uplift of any four-dimensional STU geometry with a timelike isometry is
that of the coordinate transformation ¢t — t + apz.
The above five-dimensional geometry is supported by magnetic flux through the S?,
given by
Al = 21 (%(dt + (g — 1)dz) e 00017020 _ 2md¢> cos 6 (2.33)
The associated magnetic charges are
p! = 2me® (2.34)

Note that they are different from the original charges (2.6). The Brown-Henneaux asymp-
totic symmetry group analysis [35] applied to the AdSs3 factor (2.31) yields a central charge

3(20) _ 1276° _ 48m’ (261 +52-+62)
2G'3 G5 Gy

8When ap = 1, the AdS; factor can be written as a U(1) Hopf fibre over AdS2, where the Hopf fibre
coordinate is the fifth dimension z. Also, the z component of the Kaluza-Klein gauge field in (2.29) vanishes.

(2.35)

Thus, for ag = 1, the four-dimensional geometry itself becomes AdS> x S2. This is in agreement with the
well-known result that when all s are equal, the resulting Harrison transformation acts within Einstein-
Maxwell gravity only, and that in the infinite boost limit it transforms the Schwarzschild metric to the
Robinson-Bertotti one. This type of transformation was recently employed in [34].



It is easy to check that ¢ = 6 p'p?p3, as expected.

Let us now understand the five-dimensional uplift of the subtracted geometry itself.

As explained, in order to get precisely the subtracted geometry one needs to perform

the additional rescaling transformations Hy, Hy, with coefficients given by (2.27). From

a five-dimensional point of view, these transformations simply multiply the metric by an
overall factor

dS;)Q = e%(cﬁcﬁ%)*%‘)dsg (2.36)

provided that we replace ¢ and z by the rescaled coordinates
th=e20t, =02ty (2.37)

Under the above rescaling, the radius of the AdSs becomes /445, = 2v/2m. The associated
Brown-Henneaux central charge is then

3
2

6(2m)
Gy

which only depends on the mass parameter. The action of the rescalings on the magnetic
fields is

CcC =

(2.38)

AI - e—co+01+02+03—201A1 (2.39)

which implies that all magnetic charges are now equal p' = p? = p? = v2m. One can
easily perform a coordinate transformation to put the metric (2.31) into BTZ form?

1 T2+ TR+ 2pdudo (2.40)
T u v wdy + ————— '
S ’ g 4(p? - T2T2)
where we have defined
m? —a?, N o= 61+ r ., S s s
= “goar (T (L a0))em 2w = ot (¢ (1 ag)) e 2
(2.41)
m2 — g2
- T 2.42
rEmt TP (2.42)

Requiring that w,v be identified mod 27 as z — 2z + 27 and plugging in the val-
ues (2.26), (2.27) for ag, ca fixes the temperatures to

(I, — Ig)\/m (I, + II5)vV'm? — a?

T, = , T_= 2.43
" 2v/2 2v/2m (2.43)

It is then trivial to check that the Cardy formula in the dual CFT
Scardy = 5 ¢(Ts +T-) (2.44)

with ¢ given by (2.38), reproduces the Bekenstein-Hawking entropy of the general rotating

black hole 9
S = 22, — IL) G+ /i ) + 21 (2.45)
4

9The parameters T« are related to the dimensionless left/right moving temperatures in the dual CFT
as Ty = 7T, T- = wTr. This redefinition slightly changes the form of Cardy’s entropy formula (2.44).

,10,



The central charge (2.38) does not agree with the Kerr/CFT central charge ¢ = 12J in the
extremal limit. This could be explained by the fact that we are using different “frames”
for computing the entropy. Nevertheless, we can bring the central charge to any desired
value while keeping the entropy invariant by performing any rescaling transformation with
co = 0. Under it, the central charge transforms as

c — cefrtertes (2.46)

while the temperatures transform in the opposite way, thus leaving (2.44) unchanged. We
further discuss these rescalings in the next subsection.

Finally, let us comment on the relationship with [22]. In that paper, the author applies
the three maximal h; Harrison transformations (followed by certain rescalings) to a black
hole with arbitrary magnetic charges 7, but with electric charge given by 50, where

i

rather than dp. Also, he does not use the hg Harrison transformation at all to reach the

sinh g = (2.47)

subtracted geometry.

Of course, one can reinterpret this procedure as starting with a general black hole
with charge parameters dg, 7, to which one applies the h; Harrison transformations with
ar = 1, and then performs a charging transformation with parameter S0 — 0o, followed
by certain rescalings. It is not hard to check that the qg charging transformation simply
corresponds to a boost in five dimensions. Thus, Virmani’s procedure to obtain the sub-
tracted geometry and ours simply differ by a five-dimensional coordinate transformation
and some rescalings. Note that in both cases, the parameters of the transformations only
depend on ag, II; and II..

2.4 Duality interpretation

The uplift of the subtracted geometry is AdS3 x S2, supported by magnetic fluxes. This
is the near-horizon geometry of three intersecting M5-branes in M-theory [36, 37], each of
which wraps a different four-cycle on a six-torus 7'

M5 - . -
M5 | - - -
M5 | - - o - .

p -

Here z denotes the M-theory direction. The number of branes of each type is given by
the flux of the corresponding gauge field through the S?. Before the rescalings, we have

pt=2me* | p?=2me*2 | pP =2me®® (2.48)

whereas after the scaling transformations we have p' = p? = p? = v/2m. The dual CFT
(known as the MSW CFT), whose central charge ¢ = 6p'p?p® has been microscopically
derived in [38], describes the low-energy excitations of the M5-brane worldvolume theory.

— 11 —



The above AdS3 x S? geometry has been obtained by applying to the five-dimensional
uplift of a general non-extremal rotating four-dimensional black hole a set of h;y Harrison
transformations with oy = 1, followed by an «g Harrison with parameter (2.26) and a
rescaling. We will analyze the string/M-theory duality interpretation of each of these
transformations, in reverse order.

The rescalings

The action of the rescalings (2.18) on the five-dimensional geometry is given
by (2.36), (2.37) and (2.39). Since they change the radius of AdS3, the M5 magnetic
fluxes and the periodicity of the M-theory circle parametrized by z, these transformations
do not act within the same theory. Rather, they take us from a given MSW CFT to
another, of different central charge and defined on a circle of a different radius.

These transformations also do not generally leave the entropy invariant. On the AdSs
length and temperatures they act as

PR e%(01+62+63)_60 0. T. — eco—(c1tea+tes) T, (2.49)

Since the central charge ¢ o £3, they leave invariant Cardy’s formula (2.44) only if cq = 0.
It is interesting to note that the only case in which the rescalings are not needed in order
to match the entropy is that of the neutral Kerr black hole, which is also the one of most
phenomenological interest.

The o transformation

In appendix B.1, we show that the ag Harrison transformation always corresponds to a
coordinate transformation in M-theory, mixing the AdSs; boundary coordinates as

(1) (0) () o

Note that the above diffeomorphism is not part of the Brown-Henneaux asymptotic sym-
metry group, because it mixes the left- and right-moving coordinates u = z—t and v = z+t.
Thus, this transformation changes the metric on the AdSs boundary, and therefore it cor-
responds to turning on a source for the dual stress tensor. For aq infinitesimal, we have

Scrr — ScrT — ao/dtdz T (2.51)

This would be the entire story if the theory was defined on the plane. Nevertheless, in our
case the M-theory circle is identified as z ~ z+ 27, so the theory is defined on the cylinder.
The transformation (2.50) does not preserve the cylinder, and thus it is not a symmetry of
the theory. In particular, it changes the entropy of the black holes. It would be interesting
to precisely understand the holographic dual of this coordinate reidentification.
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The oy transformation

As we have discussed, the formula for the conformal factor A is completely symmetric
under the interchange of the a4. In the above, we have shown that the hy Harrison
transformation corresponds to uplifting to M-theory and performing a specific coordinate
transformation. It is then natural to ask whether the remaining «; can also be interpreted
as coordinate transformations in the appropriate frame.

That the answer should be yes is rather clear from the work of [26]. Those authors
showed that a general static black hole can be “untwisted” to AdSs by going to the duality
frame in which each of its charges becomes momentum and then performing an SL(2,R)
transformation in the (¢, z) directions.

The black holes that we are considering carry DO and D4 charges associated to various
four-cycles in the compactification 76. We have already observed that the ho Harrison
transformation corresponds to uplifting to M-theory (which turns the DO charge into mo-
mentum) and then performing the “shift” SL(2,R) transformation (2.50). The remain-
ing three Harrison transformations should then be identified with combinations of four
T-dualities (which turn a given D4 into D0, and thus M-theory momentum), the shift
transformation, reduction to type IIA, and four T-dualities back. In appendix B.2 we show
that, indeed, these combination of T-dualities and coordinate transformations has the same
effect on certain scalars as the corresponding Harrison transformation.

Thus, we have succeeded in extending the results of [26] to general rotating black
holes. While we only considered Harrison transformations represented by matrices of the
form (2.50), [26] also considered more general SL(2,R) transformations

(‘c‘ Z) ad—be =1 (2.52)

The entries were further constrained by a condition essentially equivalent to reducing the
degree of divergence of A. It was found that for the specific choice

a=cosh™'§, b=0, c=—-e?, d=coshd (2.53)

the entropy of the black hole is also preserved. As we have already discussed, all trans-
formations with ¢ # 0 do not preserve the cylinder that the theory is defined on, so they
generically change the entropy, as we saw explicitly in the previous section. It is thus very
interesting that — at least in the static case — there exists a choice of SL(2,R) transfor-
mations that leave the entropy invariant. It would be instructive to check whether this
choice persists in the general rotating case.

3 Un-twisting 5d black holes

3.1 Setup

Let us now turn to the analysis of five-dimensional black holes. We consider the non-
extremal rotating generalization of the D1-D5-p black hole, first presented in [2]. These
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black holes are solutions of N’ = 2 5d supergravity coupled to two vector multiplets. The

metric can again be written as a timelike fibre over a four-dimensional base space'”

ds? = —A~5G(dt + AN? + A3ds? (3.1)

The four-dimensional base space is spanned by the spatial coordinates {r, 8, ¢, 1}, and its
metric is given by (D.3). As before, the base metric does not depend on the charges, but
only on the mass and rotation parameters.'’ The remaining quantities are

A= f3HyH\Hs, G = f(f-2m) (3.2)
where )
2m sinh® §; .
Hi:1+mSl;,16, f=7r%+a*cos* 0 + b*sin? 0 (3.3)

As before, the parameters §; encode the electric charges of the black hole. As r — oo,
A o 7%, and the solutions are asymptotically flat. The main observation of [7] was that if
one changes the conformal factor A as
A = Ay = (2m) f(IF = TI) + (2m)°TI3 (3.4)
while keeping A’ and dﬁ fixed, the wave equation of a massless scalar propagating in
the black hole geometry has exact local SL(2R) x SL(2,R) symmetry and the black hole
thermodynamics is unchanged. In the five-dimensional case, the definition of II. and Il
has changed to
HC = CpC1Cs HS = 5051585 (35)

Moreover, [7] showed that the five-dimensional subtracted geometry uplifts to AdSs x S3,
thus geometrically realizing the hidden conformal symmetry visible in five dimensions.

In this section we will show that the “subtraction” procedure can again be implemented
using combinations of string dualities and coordinate transformations. As before, these
transformations act naturally in one dimension higher, in this case six dimensions. Thus,
we uplift the metric to a six-dimensional black string [39] using

dsg = Gyy(dy + A*)? + G;fdsg , Gy = _Hh (3.6)
VHHs
where the Kaluza-Klein gauge field A% can be found e.g. in [9]. This black string is a
solution of a very simple six-dimensional theory, namely

S = / dz\/g (R + (0¢)* — 112F(23)> (3.7)

10Tp this section we completely reset the notation of the previous one. Thus, the quantities A, G, II,, I1.., ¢
etc. have different interpretation from before. There is no simple relationship between the four-dimensional
black holes studied in the previous section and the five-dimensional ones we study now.

" This suggests that one should be able to generate the general solutions of [2] by only reducing to four
dimensions along time, rather than along both time and 1 as it was originally done.
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which contains a three-form gauge field and a dilaton in addition to the metric. This theory
is a consistent truncation of the type IIB supergravity action on 7% with only Ramond-
Ramond three-form field.

Given that the uplifts of both the original and the subtracted geometry are solutions of
the theory (3.7) that share the same base metric d3?, it is natural that they be related by a
symmetry that the six-dimensional action acquires upon reduction to four dimensions along
{y,t}. The symmetries of the resulting four-dimensional action are nothing but the STU
SL(2,R)3 symmetries. The action of STU transformations directly on the six-dimensional
geometry has been worked out in [29]. In the following subsection we will briefly review
these transformations and show that they indeed connect the uplifts of the original and
subtracted five-dimensional geometries.

3.2 Subtraction via STU

STU transformations are the symmetries of the " = 2 four-dimensional supergravity theory
with prepotential (2.1). This theory can be understood as the dimensional reduction of
the six-dimensional action (3.7) on a two-torus. From the six-dimensional perspective, the
STU transformations relate solutions of (3.7) which can be written as T2 fibrations over
the same four-dimensional base. We parametrize the metric as

ds§ = ds} + Gag(dy® + A")(dy” + A%) . y* = {y.t} (3.8)
The six-dimensional C? field can be similarly decomposed as
C) = Ceas,  CF =Buo — Coph’

o

C2) = Cuy — AL Byjo + A5 Cap Al (3.9)

and there is additionally the dilaton ¢. We will be interested in the general rotating black
string solution of [39]. We give the expressions for the four-dimensional fields A%, B,, Go3,
ds?, ¢, ¢ that characterize this solution in appendix D.1.

Let us now briefly review the interpretation of the STU transformations in the type
IIB frame, which is discussed at length in [29]. The last one, U, simply corresponds to a
coordinate transformation in six dimensions, of the type

() ()0

The T transformation corresponds to a type IIB S-duality, followed by a T-duality

where ad — bc = 1.

along y, then by a coordinate transformation as above, a T-duality back on the new y
coordinate, and finally an S-duality back. At least when a = d =1 and b = 0, it was shown
in [29] that it can alternatively be interpreted as

e a T-duality along y

e a timelike Melvin twist with ¢ — t + cx!!
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e a T-duality back.

The S transformation is the same as the T transformation, both preceded and followed by
four T-dualities on the internal 7%, whose role is to implement 6d electromagnetic duality
on the initial and final geometries.

The T transformation

The first transformation that we will apply to the black string solution (D.2)-(D.5) is a
T-type transformation, given by the SL(2,R) matrix

10
T = <A1 ) ) (3.11)

This transformation acts on (3.8) as

Gus
V1

where €3 is the € symbol (é,; = 1) and 3 is given by

dsg — /31 dst + === (dy™ + A% + eV B,) (dy” + A7 + 167 B,) (3.12)

Y1 =14+ M0O)*+ Me 2 det Gop (3.13)

The scalars ¢, ¢ and the determinant det G, are inputs of the original geometry, which

read
1-— me_l 2 Hy 2msicy
detGogp = —————F7— == = 3.14
Plugging in, we find that X, takes the form
Am?s3(s1 4+ caM)? + 2 (1= A7) + 2fm (25 + 2c151 0 + A?)
Y1 = (3.15)

(f + 2’ms%)2

where the function f is given in (3.3). Whenever \; # £1, the quantity ¥; asymptotically
approaches a constant. Nevertheless, when A\; = +1, then ¥; ~ O(r~2). This fact has a
direct consequence on the asymptotic behaviour of the conformal factor A, which under T'
transforms as

Thus, for A\; = 1, we can reduce the degree of divergence of A from 7% to r*. For precisely
this value, > is

2me?%

Piln=r = g Ay = 2me* f2HyHj (3.17)

and A; remains polynomial in r. The details of the above manipulations are given in
appendix D.2.
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The S transformation

We can also act with the S transformation, whose action on the metric is very similar
o (3.12)

dsg — /X ds? + \ﬁ

The four-dimensional gauge field B/, is — roughly speaking — the Hodge dual of B,. The

(dy® + A” + 20 B) (dy” + A° + X26"7B.,) (3.18)

quantity 3o is given by
Yo = (14 Xa¢)? + A3 e* det Gup (3.19)

where the scalar ¢’ is (roughly) the four-dimensional Hodge dual of the two form C,,. On
the original black string background,

2msscs
! = 3.20
(= (320)
With these, we can compute Yo explicitly. It is given by
Am?s2(s5 + c5A2)? + 2 (1= A3) + 2fm (252 + 2c55502 + A3)
Yo = (3.21)

(f + 2m3§)2

Note that, again, for Ay = 1 the asymptotics of ¥ change from O(1) to O(r~2). The
intermediate steps of this calculation can be found in appendix D.3.
To summarize, the combined effect of the S and T transformations on A is

When Ay = Ay = 1, the final value of A is
Apin = 4m® f Hy 2011205 (3.23)

This has the same large r asymptotics as Ay in (3.4), but it is not equal to it. Just like it
is true of the subtracted geometries of the previous section, the uplifted black hole metric
after an S and a T transformation becomes locally AdSs x S3. Consequently, there exists
a coordinate transformation and a rescaling that takes it into the uplift of the subtracted
geometry. We describe this transformation in the next subsection.

3.3 The final geometry
Setting A\; = Ao = 1, we find that the final metric is locally AdSs x S3

ds? = ds3 + (% |df? + sin” O(d¢ + A®)? + cos® O(dy + AY)? (3.24)

where
(2 = 2meitos (3.25)

The three-dimensional Kaluza-Klein gauge fields are constant and read

A® = —(adt + bdjj), AY = —(adj + bdi) (3.26)
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and the three-dimensional metric is

27,2
2 _ g2 |,20772 72 2 12 2 P redr
dsiz = 0° |r*(dy* — dt*) — (a® 4+ b* — 2m)dt* — 2abdtdy + 2 a2 1 5) = 2
(3.27)
The new coordinates ¢ and § are related to t,y via
t=10"2(cot — s0y), §=~L"2(coy— sot) (3.28)

Thus, the dg dependence of the six-dimensional metric can be trivially undone via the above
coordinate transformation. The geometry (3.24) differs from the uplift of the subtracted
geometry in two aspects: one needs to replace §y by a new &g and ¢ by £, given by

- 1I -
sinhdg = —————, % =2m/I12 — 112 3.29
T VmE-TE o

This replacement amounts thus to a coordinate transformation and an overall rescaling.
The metric can again be put in the form (2.40), by defining

1
p:r2—m—i—§(a2—|—b2), u=y—t, v=y+t (3.30)

The temperatures that we can read off are

om— (@Eb? ;
Ty = mQé(: S (3.31)

Pugging into Cardy’s formula (2.44), we again get perfect match with the Bekenstein-
Hawking entropy of the five-dimensional black hole which, in units of G5 = 7/4, reads

S =2mm+/2m — (b — a)? (I, + II) + 27rm~/2m — (b + a)? (I, — 1) (3.32)

Note that the coordinate transformation 69 — 50 and the rescaling ¢ — ¢ were abso-
lutely necessary in order to match the entropy in general. The only case in which these
transformations are not needed is the neutral case §; = 0, for which just the S and T

transformations are enough to produce the subtracted geometry.

4 Discussion

In this paper, we have shown that all non-extremal four- and five-dimensional black holes
with general rotation and charges can be “untwisted” to AdSs times a sphere, thus gen-
eralizing the work of [26]. While it is possible that the untwisting may be done in several
different ways [26] — i.e. by using different choices of SL(2,R) matrices — our particular
choice is universal (it does not depend on any of the black hole parameters) and has a very
simple duality interpretation. Moreover, the powerful solution generating techniques that
we use allow us to easily construct solutions that interpolate between the original black
holes and their subtracted geometries, generalizing the work of [11].

The most interesting application of our work would be to find the detailed microscopic
interpretation of general non-extremal black holes. Using the duality interpretation of
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the Harrison and S,T transformations that we gave, both the four- and five-dimensional
problems can be reduced to understanding the effect of the timelike Melvin twists, followed
by several T-dualities, on the D0-D4 system. As usual, the five-dimensional case seems
simpler, because only two Melvin twists are required, rather than three. Given that the
effect of a spacelike Melvin twist on D4 branes is understood [40] — it simply corresponds
to a mass deformation of the corresponding five-dimensional SYM theory — it is possible
that also the timelike twist has a simple interpretation.

A different perspective on understanding the microscopic properties of general non-
extremal black holes is obtained by interpreting the backgrounds that interpolate between
the uplifts of the original and subtracted geometries as irrelevant deformations of the CFT
dual to AdSs. Infinitesimally, irrelevant deformations can be studied using the AdS/CFT
correspondence [41, 42] and they can be predictive in a certain regime of parameters [11].
Similar ideas have been promoted in [18, 43] for understanding four and five-dimensional
rotating extremal black holes. In that case, the deformations are null and have a special
structure that allows one to even study them at finite level [20]. The case of non-extremal
black holes is complicated by the fact that the starting AdSs is at finite temperature
and the deformation is not null [11], but it would be interesting to further study and
understand these irrelevant deformations using the explicit interpolating solutions we have
found . It would also be interesting to study various limits of the general black holes —
e.g. the extremal limit and the connection with Kerr/CFT [19] — and check whether the
deformation simplifies in any case.

As we have discussed in sections 2.4 and 3.3, the Harrison and timelike S and T
transformations do not leave the entropy of the black holes invariant. It would be interesting
to understand microscopically why this is the case, and whether there exist analogues of the
transformations used in [26] that do preserve the entropy. It would also be very interesting
to better understand the thermodynamic properties of the “twisted” solutions, as well as
the fate of the ergoregion of these black holes, along the lines of [23].

The Melvin twists and the irrelevant deformations are two complementary ways to
understand the microscopic description of general asymptotically flat black holes in string
theory, starting from the subtracted geometry. Nevertheless, it would be very interesting
to understand how to adapt our use of the subtracted geometries to understand realistic
black holes in realistic theories, such as pure Einstein or Einstein-Maxwell gravity. To
this effect, the work of [23], who studied the action of Harrison transformations in pure
Einstein-Maxwell theory, is of particular interest.
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A Useful formulae

The 3d — 4d — 5d lift

Here we describe the relationship of the four-dimensional fields that appear in the STU
Lagrangian to the three-dimensional fields and dualized scalars, as well as their uplift to
five dimensions.

The four-dimensional gauge fields can be reduced to three dimensions via

A, = Mt 4 ws) + A (A1)
Next, the three-dimensional gauge fields are dualized into scalars via

—dCp = Y (ImN) zx %3 (dA3™ + (Fdws) + (ReN)axdC*
—do = 2% w3 dws — (Mdla + CpdCt (A.2)

The relationship between the five-dimensional gauge fields and the four-dimensional ones is
Al = —al(dz + AYy) + Aly (A.3)
The real scalars in the five-dimensional N' = 2 Lagrangian are given by
W =fty P =yl (A4)
and the uplift of the metric is given in (2.28).

The 5d — 6d lift

Here we describe the relationship between the five-dimensional black hole geometries and
the six-dimensional black string ones that we use in section 3. The reduction from six-
dimensional Einstein frame to five dimensions is

1

N W

dsg = Gyy(dy + A2)* + Gyidst ,  Gyy = hy (A.5)
In terms of the four-dimensional fields that we have introduced in (3.8), we have
3 Gyt t
Asg =AY + = (dt + A") (A.6)
Gyy

and ) det &
ds2y = Gy ds? + 22 (dt + A')? (A7)

Gy

Comparing this expression with (3.1), we find that
A=GQG f(f —2m) : (A.8)

U | det G '

which is the equation we used to derive (3.22).
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B The Harrison transformations as dualities

B.1 The oy transformation

The action of the ag Harrison transformation on the various three-dimensional fields in the
theory can be read off from the transformation of the matrix M and reads

1

AU Eal AU g = =2 Yl S0 = (1 + ag(®)? — af f 32V
A 0 A £—3,2U
1 _
ch y U Fa0CT) —aoa” [ 2l = 2T (14 ap®) — agc! (B.1)
=0
where we have introduced 20 = 1. The transformation rules for {y and ¢ are rather

cumbersome; instead, we can use (A.2) to compute the transformation of the Hodge dual
fields ws, Aé\, which behave simply as

w3 — W3 — Oé()Ag s Aé} — Aé\ (B.Q)

We would like to understand the effect of the ag Harrison on the five-dimensional uplifted
geometry. In terms of three-dimensional fields, the five-dimensional metric reads

ds* = f2(dz + Co(dt +ws) + A3")? — eV (dt + w3)? + e 2V f 1 ds;y? (B.3)
and the accompanying supporting gauge fields are
Al = —2T(dz + CO(dt + ws) + AY) + ¢F(dt + w3) + AL (B.4)

Upon re-completing the squares in the required order, it is rather easy to see that the above
transformations are induced by a simple change of coordinates

t—=1+apz (B.5)
in the five-dimensional background (B.3).

B.2 The o; transformations
We will concentrate for concreteness on ag, which acts as

1
-1 —5 pe pe
etV =) el y1 a=h T !l — xl(l —a1(1) — a1

B = (1-a1G)? = of f72e (a3 + 3) (23 + 43) (B.6)
Other fields that transform simply are

Co(1 — a1lr) — agate®V 323 + y3) (23 + y2)
=1
G(1—a1G) + a1 eV f73(a3 + y3) (a3 + y3)

—
—

1
(1 — a1G) + a1z®e?V f3(a3 + 43)
=
Gl —a1G) + a12?e?V f3(a3 + 42)

s
=1

C~oﬁ

51—>

¢ =

¢ =
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The transformation rules for the remaining fields are rather complicated, and we will not
include them here. The claim is that the above transformations are equivalent to four

3,456 directions, a coordinate transformation as in (B.5), followed

T-dualities along the w
by four T-dualities back.

Uplifting to ten dimensions, the type ITA string frame metric is
dsiy = dsj + y' (dw? + dw3) + y*(dwj + dw}) + y* (dwE + dwg) (B.8)
and the NS-NS B-field reads
B = —z'dw! A dw? — 22dw® A dw® — 23dw® A dw® (B.9)

Under four T-dualities along w*%°6 the fields transform as

2 y? 2 a?
Ve, = 7 (B.10)
Y5 + 3 vs + 3
and similarly for 23, 33. The action of the four T-dualities on the Ramond-Ramond fields
is roughly to interchange A, with (minus) the Hodge dual of A, and A? with —A3. At
the level of the three-dimensional scalars, we expect these exchanges to act as

-G, ¢t=dbh, E--¢ (B.11)

while U and w3 stay invariant.

Back to the general formulae, it is easy to check that combining the replace-
ments (B.10)—(B.11) with the coordinate transformation (B.1)—(B.2), we obtain precisely
the ay Harrison transformation formulae (B.6)-(B.7). Thus, for the subset of fields that
we checked explicitly, this interpretation is correct.

C Explicit “four-dimensional” examples

In this appendix we present explicit formulae for various four-dimensional black holes and
interpolating geometries. The quotes above are due to the fact that we present the four-
dimensional geometries either in terms of the three-dimensional scalar data, or in the form
of the five-dimensional uplift.

In appendix C.1 we present the scalar fields that yield the geometry of the general
four-charge rotating black holes with three magnetic and one electric charge. To our best
knowledge, the complete solution for all fields has not been published in the literature.?
In appendix C.2 we rederive the solution presented in [11] and relate our notation to theirs.
Finally, in appendix C.3 we present the five-dimensional uplift of the interpolating solution
from the Kerr asymptotically flat black hole to its subtracted geometry. Since the formulae
are rather cumbersome to write down, we present only the special cases a1 = as = ag = «
and as = a3 = 1, both with ag set to its subtracted value ag = 0.

12The general solution with three magnetic charges can be found in [22], whereas the explicit solution
with two electric and two magnetic charges has been written down in [30], minus the gauge potentials.
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C.1 The general four-charge black hole

We write herein the general four-dimensional asymptotically flat solution. The scalar field
U is given implicitly in (2.10). Note that, despite the way it is presented, the expression
for A is completely symmetric under interchanging the charges. The other scalar fields are

gl = VA . 5 (C.1)
a?cos? 0 + (r + 2ms3)(r + 2ms3)

given by

1 2am cos 9(00015233 — 80810203) (C 2)
€T = :
a?cos? 0 + (r + 2ms3)(r + 2ms3)

The formulae for the remaining z°, y* are obtained by permutations of the above. The next
simplest scalar is

-2 0
Co = 2Am oSy [80616263(a2 cos® +r(r+2msd)) —cos15253(a® cos? 9+(r—2m)(r+2m5%))}

A
(C.3)
The formulae for the ¢* are simply obtained from the above by replacing &y <+ &;. Next,

we have

1
0= X [4m2a® cos® 0 ((cf + s§)s1c180c283¢3 — S0c0(2518555 + 5185 + s353 + s357)) +

+2msoco (ra2 cos? 0 4+ 113, (r + 2msl2))] (C.4)

The expressions for the Q:Z are given by minus the above expression, after replacing §g <> 0;.
It may be useful to also note that (33 can also be written as

= e e 2msaca(r + 2m52)
* 1,3 * 2€2 3
=(y + ) = — C.5
2=6 e © a?cos? 6 + (r + 2ms§)(r + 2ms§) (€:5)

and similarly for 53, with the obvious replacements. Finally, the expression for o is given by

4am cos O(I1, — I1)
o =
a?cos? 0 + (r + 2ms3)(r + 2ms3)

— (% — MG+ 221G+ G+ 3G (C6)

The fields o and Q: A should be dualized to the one-forms ws and A%, which upon uplift yield
the four-dimensional matter fields. It should be possible to check that w3 has the simple
expression (2.7).

C.2 The static charged interpolating solution

The solution in the non-rotating charged case has been already given in [11]. We include
a re-derivation of it in our notation. After four Harrison transformations with parameters
a4, the scale factor A takes the form

A=¢§&&E (C.7)

where

1 2
€q = (1—a?4)r+§m625‘4 (1+aA+e_25A(aA— 1)) , Ae{0,...,3} (C.8)
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The relationship between the parameters a4 and the ones — called a4 — used to
parametrize the interpolating solutions in [11] is

B “a (C.9)

~ sinhéy + aq coshdy

Note that the values of the parameters a4 which correspond to the subtracted geome-
try in [11] match precisely with the values quoted in (2.26). Omne small advantage of
our parametrization is that — unlike that of [11] — it is not singular when one of the
charges vanishes.

The uplifted five-dimensional geometry takes the form

i = (et (93 + ) + (ntat) o) (10
where
ds2 = &o(dz + A%)? — gdt2 (C.11)
and the Kaluza-Klein gauge field reads
AY = ¢t (—aor + %m(l + ¢2%0) (1 + ap 4 e 20 (a — 1))> dt (C.12)

As before, the o dependence of the above metric, which is present only in the last paren-
thesis, ds2, can be completely gauged away via the coordinate transformation (B.5). The
3d Einstein metric reads

2 2
dr ds; ) (C.13)

r(r —2m) " §16283

When a; = 0, this spacetime is AdS3 of radius ¢ = Ames (O1+32463) When at least two
ay are non-zero, including the asymptotically flat case, it is asymptotically conformal to

ds3 = (£1£283)* (

AdS3. It would be interesting if holography could be understood for this spacetime.
We also list the remaining five-dimensional fields, for completeness. We have

hl = (ggflg)l , A{5d) = —%m [(1 +ag)2e®r — (1 — a1)2e_25[] cos 0d¢ (C.14)
16263) 3

C.3 The neutral rotating interpolating solution

While it is straightforward to generate the geometries that interpolate between the general
charged rotating black holes and their subtracted geometry, the resulting formulae are
rather uninspiring. Thus, we will limit ourselves to presenting only the simplest such
rotating solution, for the neutral Kerr black hole. Introducing the notation

ea=1-0a% (C.15)

and
I14 = egeqenes II3 = egereo + perms (C.16)
Il = eger + perms Il = e+ €1 +e9 + €3 (C.17)
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we find that the resulting warp factor is

A = Tyt + (2mIl3 — 8mlIly) 73 + [4m2Tly — 12m>113 + (24m? 4 242 cos? 0)T14] 72 +
+[8m3T; — 16m>Ty + (24m3 + 2a®m cos? O)II3 — (32m> + 8a®m cos® O)II]r +
+4m?(a? cos® O —4m?)TT; +16m* Ty —4m? (4m? +a® cos? )3+ (a? cos® O+4m?)?T1, +

+16m* + 8a*m2agay asas cos® 6 (C.18)

Note that it has all the properties that we have mentioned in section 2.2. Turning on
€1,2,3 corresponds to turning on certain irrelevant deformations of the subtracted geometry.
Since the solution for the remaining fields is still rather cumbersome, we will be focusing
on two special cases:

e equal deformations: €] = ey = €3 = 1 — /2

e one nonzero deformation: ¢ =1 — oz% and eo = €3 =10

Since for neutral black holes we do not need to perform a hy Harrison transformation in
order to reach the subtracted geometry, in both cases we will set ag = 0.

Equal deformations

In this subsection we present the uplifted five-dimensional geometry after a deformation
with a; = ag = a3 = a and ag = 0. As a useful intermediate step, we write the three-
dimensional one-forms

.2 _ 3 in2
oy — 2amr sin® 0 6. A)= 2am(r — 2m)a” sin® 6 do (C.19)
G G
2mX
AL = A% = a3 EmXacost (C.20)

G

To write down the final interpolating solution, it is useful to introduce some shortcuts.
Thus, we let

p=0—-aHr+2ma®, e=1-0a>, Y =p*+d’cos’f (C.21)

but we still don’t replace a by € when it appears with an odd power. The five-dimensional
gauge fields then read

AL — —QmTa[a(adz _dt) + (p* + a2)dg] cos b (C.22)
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The components of the five-dimensional metric read

Y 4a’m?a3 cos? 0
Grr = X goo =Y , G- = vz (C.23)

2am(p3 + a? cos? 0e?(2m(—1 4+ €) + p)) sin? 4
gtd) - Y2

(C.24)

it = —?[pg(—Qm + p) — 2a%e(2m*(—1 + €) + mep — €p®) cos® 6 + a'e? cos? 6
€

1
Gor = W[p3(2m(—1—i—e)—&—,0)—20,26(27712(—1—1—6)2—m(—l—i—e)ep—e,oz) cos? O4a’e* cos” 6]
€

2 3
96 = —raz[(2m = p)p* (2m(=1+ €) + p) = 2% (4m’ (=1 + €) +m*(6 — 4e)p +
+m(—=3 4 €)p* + p?) cos® 0 + a*e*(2m — p) cos® 0] sin? 0
sin® 6

9o = 35 10" (0° +a? € (=2m(=2+€)+p)) + 207 (p* (m(=2+¢) +p) +a’e* (2m* (=1 +€)
—m(=2+€)p+p?)) cos? O+a'e* (—am? (—1+¢€)+a’e® +2m(—2+€)p+p?) cos 6]
(C.25)

We were unable to find much structure in the above solution, but it would be interesting
if it existed. To reduce to three dimensions, we write the metric as

dst = 6_20_2Vd8§ + 4m2e2U d6% + 4m2e?V sin? 0(dp + A)? (C.26)
and find that, to first order in €,
; —2
62U:e2vzl+w+... (C.27)
m
- a 3a(r —2m)e - a 3a(m —r)e
A = — e A, = ... (C.2
! amz " 8m?3 tees amz " 8m?3 .- (C28)

The r-dependence of the three-dimensional vector field indicates the presence of a (1,2)
operator (in addition to the (2,2) ones found in [11]), whose coupling is proportional to
the rotation parameter a. Note that unlike in the static case, beyond the leading order
in e, U and V will no longer be equal. The deformation of the three-dimensional Einstein

metric reads

_ 2mr—4Am?4a® 3(r —2m)e _2mr—a®  3(r? — 2mr + a®)e
it = 4m? 4m? T T Ty 4m?
2 2 2
a 3a”e dm*  12m(r —2m)e
- _ = C.29
9= 4m2 ” 8m2 I =Ty X (C.29)

There are also additional massive vector fields coming from the dimensional reduction of
the five-dimensional gauge field (C.22).

Single deformation

To study the effect of a single deformation, we set as = as = 1. The angular velocity ws
stays the same, whereas the gauge fields change to

2am(r — 2m)aq sin? 6

G )

2mXaq cos 6
G )

40 2mX cos 0

A= A= A=

(C.30)
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The five-dimensional gauge fields read

A%:_@mmw+dﬁ—mﬁgmw (C.31)

2m

A2, = A3, = <_2md¢> + “(dt_aldz)) cos 0 (C.32)
P1

where we have again introduced the shorthand
pr=(1—a})r+2ma? (C.33)

Note that the magnetic flux through the sphere is decreased. The metric takes the
form (C.26) with U = V, where

. 3 ; dz — dt
ew:(ﬁgs, 4 = aadz —dt) (C.34)
2m 2mp
(1 —a}) +2mr(2af — 1) + @ — 4mPad G
it = A2 v Gtz = A2
o = r2(1 — a?) + 2mra? — a%a? Gy = pj (C.35)
zZz 4m2 ) Tr X .

The scalars that support the geometry are

2 L

= (), et <2m> ’ (C.36)
2m P1

It would be interesting if one could construct a consistent truncation of the five-dimensional

action to three-dimensions, that contains this solution and then perform a detailed holo-

graphic analysis.

D Details of the spectral flows

D.1 The general black string solution

The Einstein-frame metric of the general six-dimensional black string solution [39] is
given by
ds? = ds? + Gop(dy® + A%)(dy® + A®) (D.1)

where y* = {y,t} and

2a%m sin® 6 202 20
dsi = H{H; [<a2 +7r? 4 %) sin? 0d¢? + <b2 + 7?2 + frr_zc;;) cos? Odip®+

2abm sin® # cos? 0 Sdodis + fridr?
f—2m (r2+a?)(r2 +v%) —2m

5+ fcw?] (D.2)

The four-dimensional base metric is related to d3? that appears in (3.1) by the rescaling

ds? = f/HHsds> (D.3)
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The Kaluza-Klein gauge fields read

AY = 2m <a ;001265 - bco‘}l‘%) sin? 6d¢ + 2m (b}foclf - ac0?55> cos? Ody)
—2m —2m
At = 2m <a;001;5 - 6505;55> sin? 0d¢ + 2m <bfc0012c5 - asos;s‘“’) cos? 0dip (D.4)
— zM — 2z
1 H, __msinh 2§g 1— 2mf,1
Gaﬂ - m (_msinh 200 2m coshQJ;O -1 ) det Gaﬂ == H,H; (D5)
! !
We have defined
2m sinh? §;
Hizl—i-%, f=7r%4a*cos’ 0 + b*sin® 0 (D.6)

The solution is also supported by the ten-dimensional dilaton, which in RR frame reads

Q20

Hs

and by the Ramond-Ramond two-form field, which can be found in [44]. Using (3.9), we
also decompose the six-dimensional C'®) field to four dimensions, obtaining

(D.7)

a? 4 r? n a?+12—2m
f f—2m

By, = 2m <a fc()jl;; — bsocf135> sin? 0d¢ + 2m (b;()jl;; — asocfl%) cos? Odap

B = 2m <—a;0_5126; + bcoc;'%) sin? 0de + 2m <—b;0_8126; + acocj}sf’) cos? dip (D.9)

For our future manipulations, it is useful to introduce the scalar ¢’, defined as

2msicq

¢ = , C:m8505c0820<

. ) dep A dap (D.8)

1 1
d¢’ =v?\/|det G| x4y H® | HO®) =qdc - gAY NdBo = 5By N dA (D.10)
where v? = ¢?? is the volume of the internal four-torus. We simply find
2msscs
= D.11
o= T (D.11)

D.2 The T transformation

The action of the T transformation on the four-dimensional fields is

_ ¢+ M (4 e 2% det Q)

62¢1 = 62¢§]1 ’ Cl n )
1

¢ =AY+ M B (D.12)

where ¥ is given by
Y1 =14+ 0%+ Me 22 det G (D.13)

Note that in Lorentzian signature, the transformation of A% differs by a sign from its
spacelike counterpart, due to the different definition of é*?. The fields B, and ¢’ are
unchanged, and

Go
Gly = \/zil dst® = /T ds? (D.14)
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D.3 The S transformation

Let us now perform the S transformation. Its action on the four-dimensional fields is

X
22 = 716201 — i e, =G, AF=Af+ e8] (D.15)

The factor 3o is given by
Yo = (14 X2+ M2 e® det Gy = (14 M)+ A2 e det G (D.16)
The four-dimensional gauge field B, is determined by

Vvdet G

Note the sign difference with respect to the Euclidean signature formulae in [29]. To solve

B, = ¥ 6" x4 dBg + ('éap d AT — Glag *1 dA] (D.17)

for B!, it is useful to rewrite the above expression in terms of the fields before the T

transformation
G
dB, = ¢ 28 (&0 wy dB, — ( x4 dA®) + (' eapdA” + D.18
\/m( 4 C *4 ) (' éap (D.18)
26 2B (2 20 8 /
+A1 e detG (CE *4 dB, (" +e det G) *4 dA ) +¢ dlga]
Writing

B, =B + \BW (D.19)

and integrating the above equation, we find

B — 9, <a000185 — bsOSlCS) sin? 0d¢ — 2m <a$08165 — chClSS) cos? Odyp

4 f—2m f f f—2m
0 aspc18;  begsies )\ . acpsics  bspeiss
Bt() = —2m (f—Qm_ 7 >sm29dgb+2m< 7 _f—Qm) cos? Odi)
(D.20)

and

5O _ om <acosls5 B bsoclc5> sin? 6de — 2m <asoclc5 B bcosls5> cos? Odi

4 f—2m f f f—2m
% asps1Ss  begeies ) . acpcics  bspsiss
Bt() :_2m<f—2m_ 7 )Sln29d¢+2m< 7 _f—2m> cos? Od)
(D.21)

Finally, the metric becomes

G! G
G2, = \/ﬁ \/% . ds? = \/Tadst’ = /12, ds? (D.22)
1442
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