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1 Introduction

In the last decade, AdS/CFT correspondence has been demonstrated to be a useful tool

to study the strongly coupled gauge theories. One of the particular applications recently

attracting significant attentions is holographic hydrodynamics [1–3]. The hydrodynamics

that is particularly well described by this approach so far is relativistic in nature. By

applying this technique, various hydrodynamics transport coefficients of certain classes of

strongly coupled conformal field theories have been computed subject to the underlying

symmetry. According to this holography, the near horizon physics of the regular black hole

in an asymptotically AdS spacetime is able to describe the long wavelength dynamics of a

strongly coupled finite temperature field theory on the boundary.

It is well known that the conventional hydrodynamics can be constructed from the

underlying symmetry of the system without knowing much details about the microscopic

degrees of freedom. In the hydrodynamic regime, a system can be completely described

by a set of conservation equations, the relativistic generalization of the well-known Navier-

Stokes equations. If the system has some dissipative parts in the conservation equations,

their form are subject to the second law of thermodynamics. One interesting feature of the
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aforementioned holographic method [3] is that it turns out to incorporate the constraint of

positivity of entropy production, and successfully reproduces the relativistic hydrodynamic

equations without referring to this constraint. It has been conjectured by an explicit

example that the solutions of the relativistic hydrodynamic equations are in fact in one

to one correspondence with the regular long wavelength solutions of the bulk Einstein

equations in AdS spacetime. Afterwards, the holographic technique had been applied to a

wide range of strongly coupled systems dual to various kinds of asymptotic AdS black hole

backgrounds [4–9], and further generalized to describe the superfluid phase [10–12].

Besides being an elegant complimentary approach towards deriving the hydrodynamic

equations, the holographic approach provides us new transport coefficients which do not

appear in the conventional phenomenological construction. This essentially inspires us

to reconsider the whole approach of constructing the hydrodynamics from more general

perspective. Positivity of the local entropy production is an important guiding principle

for specifying the constitutive relations among the thermodynamic variables. It is first

pointed out in [13] that, in order to accommodate those new terms in the stress-energy

tensor and the global current, the entropy current has to be modified. Based on this,

attempts have been made to construct the most general relativistic hydrodynamics order

by order in derivative expansions, to incorporate various field theory anomaly- induced

transport coefficients [14, 15]. See also [16, 17] for the recent proposals of constructing

hydrodynamics from the field theoretic perspective without referring to the entropy current.

The holographic approach can be applied to the systems with parity violation [18–22].

Recently, parity violating transport in high energy theory has gained significant inter-

ests, due to the charge asymmetry observed in the heavy-ion collision experiments such

as STAR [23], PHENIX [24] and ALICE [25]. The parity violating chiral magnetic effect

(CME) was proposed to explain the aforementioned observation and subsequently under

intensive study during the past few years [26–36]. On the other hand, the low energy

transport properties of parity violating systems had long been the subject of interest in the

condensed matter research. Anomalous Hall conductivity is one of such effects which had

been measured experimentally, see [37] for recent review. The thermal Hall conductivity

in the presence of background magnetic fields is demonstrated to be a useful probe for the

quasiparticle transport in the high temperature superconductors [38–43]. There are also

discussions on the anomaly-induced thermal Hall effect in topological insulators [44]. A

unified field theoretic model had been proposed for the anomalous electric, thermoelectric,

and thermal Hall effects in the ferromagnetic materials [45]. In hydrodynamics, the Hall

viscosity, which is the parity violating analog of shear viscosity, is already studied in the

field theoretic approach [46–51].

When the parity of the underlying theory of a system is broken, extra transport co-

efficients arise in the long wavelength limit. For the strongly interacting fluids, these new

coefficients are difficult to evaluate from field theory perspective. One well-studied example

is the Hall conductivity. From the field theory point of view, the Hall conductivity may

originate from a bare Chern-Simons term in the fundamental theory, or the Chern-Simons

term induced by radiative corrections. Even in the lattice computation which is very use-

ful when the coupling is strong, there is a sign problem occurring to the Chern-Simons
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term after performing the Wick rotation. However, the AdS/CFT correspondence offers a

powerful non-perturbative tool to calculate these new transport coefficients. In this paper,

we use this method to compute all possible transport coefficients in first order derivative

expansion of a holographic, strongly coupled, charged fluid in 2+1 dimensions with parity

violation in the hydrodynamic limit.

This paper generalizes our previous construction in [19] by considering Chern-Simons

terms coming from the electromagnetic sector, FF̃ , and the gravitational sector, RR̃, both

coupled to a neutral pseudo scalar field. Our four dimensional gravitational background is

a charged black brane in the probe limit of the pseudo scalar. The parity of the boundary

fluid is broken by the operator dual to the bulk pseudo scalar field. Unlike [20] which

studies the holographic parity-violating hydrodynamics by means of the linear response

functions, we follow the standard fluid-gravity correspondence technique [3] to compute

the hydrodynamic transport coefficients, including those parity-odd ones, and found some

exotic properties of the latter which are yet to be understood from field theory perspective.

We employ two different parity breaking mechanisms in our system, corresponding

to two different boundary conditions for the bulk pseudo scalar field. In one scenario,

the pseudo scalar is sourceless on the boundary, and the parity is broken spontaneously

by the nontrivial vacuum expectation value of the dual scalar operator developed below

certain critical temperature Tc. As a result, all parity violating coefficients are related to

the order parameters for the second order phase transition of our system, and becomes

non-zero below Tc. In this case, the boundary theory is still conformally invariant, leaving

the bulk viscosity zero. Our result shows that, some of the parity-odd coefficients, such as

the electric Hall conductivity σ̃ and Hall viscosity η̃A, go to zero with the mean field critical

exponent (Tc−T )1/2, while others, including the thermal Hall conductivity κ̃ and the heat

Hall conductivity ξ̃, diverge with the critical exponent (Tc−T )−3/2 at Tc. These properties

are novel, and it would be interesting if they can be realized by field theory models.

In another scenario, the pseudo scalar is sourced on the boundary, and the parity of

the hydrodynamic system is broken by the externally applied source of the dual bound-

ary pseudo scalar operator. Moreover, the source also breaks the conformal symmetry.

Therefore, in the hydrodynamic limit, in addition to the parity violating coefficients in the

first scenario, new coefficients such as the bulk viscosity ζ, curl viscosity ζ̃A and magnetic

viscosity ξ̃B also arise. We explore the holographic realization of parity breaking with both

scenarios in detail, and study the finite temperature behaviors of various hydrodynamic

transport coefficients of a strongly coupled system.

Very recently, [63] constructs a holographic model for 2+1 dimensional fluids with

background vorticity Ω and magnetic field B. They obtain the classical Hall conductivity

inversely proportional to B, as expected. They also obtained the Hall viscosity inversely

proportional to Ω. These are different from our results, because in our model, we don’t

have non-vanishing external magnetic field and vorticity at the background level, i.e. in

equilibrium; instead they appear as the first order perturbations. Hence, our Hall conduc-

tivity exists without the presence of the background magnetic fields, and our Hall viscosity

does not depend on vorticity. Their results are obtained via the Kubo’s formula, and it is

interesting to realize them by the gravity-hydrodynamics correspondence.
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The structure of this paper is organized as follows: in section 2 we briefly review the

2+1 dimensional parity violating hydrodynamics, mostly following ref. [20]. The notations

subsequently used in our paper are also introduced here. In section 3 we present our

holographic model and the ansatz for the derivative expansions of perturbations. The

background solution, including two different boundary conditions for the pseudo scalar

corresponding to two distinct mechanisms of breaking the boundary parity, is given in

section 4. We further reproduce and analyze the transport coefficients of parity violating

hydrodynamics from the bulk gravitational theory, under the probe limit of the pseudo

scalar field. Our research is concluded in section 5. The first order perturbation equations

of motion of the bulk theory before taking the probe limit are listed in the appendices.

2 Hydrodynamics with broken parity in 2 + 1 dimensions

In the hydrodynamic limit which assumes local thermodynamical equilibrium, a system

with global U(1) symmetry under a non-dynamical external gauge field strength F ext
µν sat-

isfies the following local conservation equations:

∇µT
µν = F νµ

extJµ, ∇µJ
µ = 0, (2.1)

without referring to the microscopic degrees of freedom, where Tµν and Jµ are the energy-

momentum tensor and the conserved U(1) current respectively. In a 2+1 dimensional parity

violating hydrodynamic system described by the velocity uµ, temperature T , and chemical

potential µ, the most general constitutive equations of Tµν and Jµ in principle can be writ-

ten down in terms of all possible combinations of these local macroscopic variables which

respect the underlying symmetry and the constraint of positive entropy production [20]:

Tµν = ǫ0u
µuν + P0∆

µν − (ζ∇λu
λ + ζ̃AΩ+ ζ̃BB)∆µν − ησµν − η̃Aσ̃

µν , (2.2)

Jµ = ρuµ + σEµ − κ∆µν∇ν
µ

T
+ σ̃ǫµνρuνEρ + κ̃ǫµνρuν∇ρ

µ

T
+ ξ̃ǫµνρuν∇ρT. (2.3)

where the combinations of the local variables are

Ω = −ǫµνρuµ∇νuρ (vorticity)

B = −1

2
ǫµνρuµF

ext
νρ (external magnetic field)

Eµ = uλF
µλ
ext (external electric field) (2.4)

∆µν = ηµν + uµuν (projector to the direction transverse to uµ)

σµν = ∆µα∆νβ(∇αuβ +∇βuα − ηαβ∇ρu
ρ)

σ̃µν =
1

2
(ǫµαρuασρ

ν + ǫναρuασρ
µ).

Note that there is an ambiguity in interpreting the transport coefficients in the constitutive

equations unless a particular choice of out-of-equilibrium definition of energy density, charge

density, and local velocity is given, i.e. a frame is chosen. In our paper we choose the Landau
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frame,1 such that ui is identified to be the energy transport velocity T vi, i.e. Tµνuν = −ǫ0u
µ

and Jµuµ = −ρ. Then ǫ0, ρ, P0 are interpreted as the energy density, charge density, and

pressure respectively in the equilibrium configuration where B = 0, Ω = 0. The local

velocity is normalized as uµuµ = −1.

The coefficients in the constitutive equations are interpreted as follows. ζ and η are the

bulk and shear viscosities. σ is the electric conductivity ; κ = σT is the thermal conductivity.

All these above are the dissipative transport coefficients appeared in the usual parity-even

system, and they must be positive. The remaining coefficients (with tilde) arise from the

parity violating effect. They are dissipationless and there is no constraint on the signs of

their values. Among them, ζ̃A and η̃A are the curl and Hall viscosities respectively. A

cartoon depicting the physical pictures of ζ̃A and η̃A is given in figure 1 of [19]. In this

paper we call ζ̃B the magnetic viscosity. σ̃ is the Hall conductivity,2 which describes the

Hall effect without the presence of external magnetic field.3 We name κ̃ and ξ̃ the thermal

Hall conductivity and heat Hall conductivity respectively, which describe the transverse

current due to the gradients of µ
T and T without external magnetic field. [20] refers to ζ, η,

σ, η̃A and σ̃ as transport coefficients, and to ζ̃A, ζ̃B, κ̃ and ξ̃ as thermodynamic response

parameters. The difference is, in the Kubo’s formula formulation, the thermodynamic

response parameters are computed by setting zero-frequency before taking zero-momentum

limit, while for the transport coefficients, the order is reversed. In the rest of our paper,

however, we will call both of them “transport coefficients” for the sake of convenience.

3 The holographic set-up and the derivative expansion

Our bulk model dual to the 2+1 dimensional parity-odd hydrodynamics is described by a

3+1 dimensional Einstein-Maxwell-pseudo scalar Lagrangian with a negative cosmological

constant. The U(1) gauge field is sourced by the gravitational background, and the neutral

pseudo scalar couples to the gravitational and electrodynamical Chern-Simons terms:4

L =
1

16πGN

(
R+

6

L2

)
− 1

4
F 2 +

λ

4
θ F̃F − 1

2
(∂θ)2 − V (θ)− λ′

4
θ R̃R. (3.1)

where

R̃R = R̃M
N

PQRN
MPQ , R̃M

N
PQ :=

1

2
ǫPQRSRM

NRS ,

F̃F = F̃MNFMN , F̃MN :=
1

2
ǫMNPQFPQ ,

1Here {µ, ν} run through all indices of the 2+1 dimensional spacetime, while {i, j} only label the spatial

dimensions.
2We use different but equivalent parametrization in (2.3) compared to that in [20]. Our σ̃ is in fact

σ̃ + χ̃E in [20]. Their χ̃E is equal to our σ̃ − κ̃

T
.

3In [20], σ̃ is dubbed “anomalous” Hall conductivity to indicate this special feature. However, as this

name clashes with the conventional notion which implies the effect is induced by anomaly, we just call it

Hall conductivity to avoid confusion. Here, we remind the readers that, due to our holographic setup, all of

the transport coefficients describing the response transverse to the input, including the Hall conductivity,

the heat and the thermal Hall conductivity, exist without the presence of the background magnetic fields.
4The bulk electromagnetic coupling e2 is set to one.
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with ǫMNPQ being the usual 4-dimensional Levi-Civita tensor. We assume that the gravi-

tational and the electrodynamical Chern-Simons coupling constants are of the same order,

in order for the parity breaking effects arising from both terms to appear at the same order

of the probe limit we take later. For simplicity, we take λ = λ′ in (3.1).

An appropriate boundary action Sbdy can be added to the bulk action to make the

variational principle consistent on the boundary:

Sbdy = 2

∫
d3x

√
−h

(
K

16πGN
− λ

2
θ nAǫ

ABCDKB
E∇CKDE

)
. (3.2)

We define nA as the outward pointing normal vector to the asymptotic boundary of AdS

with unit magnitude. KAB = hA
ChB

D∇CnD is the extrinsic curvature tensor of the

boundary slice, with the induced metric hAB = gAB − nAnB, and K = hABKAB is the

trace of KAB. According to the prescription of the AdS/CFT correspondence, the on-shell

variation of the boundary action with respect to the induced metric gives rise to the energy-

momentum tensor of the dual field theory. Additional boundary terms involving θ origi-

nated from θR̃R in the bulk action in principle modifies the boundary energy-momentum

tensor [18, 52]. But as long as θ is a relevant perturbation, i.e. m2 < 0 such that θ is asymp-

totically normalizable, these additional boundary terms vanish and have no contribution

to the hydrodynamic transport coefficient arising from the energy-momentum tensor. See

the appendix of [18] for detail. In this paper we focus on m2 < 0, and set 16πGN = 1 in

the bulk action.

The 3+1 dimensional bulk coordinates are denoted by xM = (r, xµ), where xµ =

(v, x, y) are the coordinates labeling the boundary slice.

The parity in the bulk Lagrangian (3.1) is conserved. Parity violation in the boundary

theory can arise either spontaneously from the θ condensate corresponding to the bulk

solutions which satisfy the sourceless boundary condition, or “explicitly” from the bulk

pseudo scalar with a source on the boundary. The potential V (θ) in our model takes

the form5

V (θ) =
1

2
m2θ2 +

1

4
c θ4. (3.3)

The equations of motion arising from (3.1) and (3.3) are

RMN − 1

2
gMNR+ ΛgMN − λCMN = TMN (θ) + TMN (A),

∇MFMN = λ ∂Mθ F̃MN , (3.4)

∇2θ =
dV

dθ
+

λ

4
R̃R− λ

4
F̃F,

5It is known that with the potential (3.3), a neutral hairy scalar can only satisfy the sourceless boundary

condition in a chargeless AdS-Schwarzschild background for certain range of c in which the positive energy

theorem is violated [56]. Introduction of the gauge fields sourced by the gravitational background eliminates

this problem.

In this paper, for the case where θ is asymptotically sourceless, we focus on the regime − 9
4
< m2 < − 3

2
,

as in order for θ to have a non-vanishing vev on the boundary, it has to violate the Breitenlohner-Freedman

bound in the near horizon region, which is m2 = − 3
2
for our black brane background whose near horizon

geometry at T = 0 is AdS2. For the case where θ is sourced on the boundary, we take the m2 range such

that θ is dual to the relevant deformation in the boundary theory, i.e. − 9
4
< m2 < 0.
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where

TMN (θ) =
1

2
∂Mθ ∂Nθ − 1

4
gMN (∂θ)2 − 1

2
gMNV (θ),

TMN (A) =
1

2
FM

AFNA − 1

8
gMNFABF

AB,

CMN = ǫPQS(M∇SR
N)

Q∇P θ + R̃Q(MN)P∇P∇Qθ.

CMN is a symmetric traceless tensor analogous to the Cotton tensor in three dimensions,

and the symmetrization is defined as R̃Q(MN)P := 1
2(R̃

QMNP + R̃QNMP ).

The background solution to the bulk equations of motion (3.4), which describes a

uniform ideal fluid on the boundary with velocity uµ, temperature T and chemical potential

µ, is given by the following boosted charged brane ansatz

ds2 = −2H(r,M,Q)uµdx
µdr − r2f(r,M,Q)uµuνdx

µdxν + r2∆µνdx
µdxν := ds2 (0),

θ = θ(r,M,Q) := θ(0), (3.5)

A =
[
A(r,M,Q)uµ +Aext

µ

]
dxµ := A(0),

Aext
µ = (Aext

v , Aext
x , Aext

y ),

where uµ is the three-velocity on the boundary with uµu
µ = −1, µ is given by the difference

between the boundary and the horizon value of Av, T is the black hole temperature,

and ∆µν = ηµν + uµuν is the projector to the directions transverse to uµ. Here we also

turn on the constant external gauge fields Aext
µ , besides the dynamical ones. Since Aext

µ

are constants in our setup, they have no contribution to the background bulk dynamics.

However, the external electric and magnetic fields will arise from perturbing Aext
µ , which

will be clear shortly. The superscript (0) denotes the background ansatz with respect to

the perturbations and corrections introduced later. (See (3.9).) We also choose the Landau

frame for our bulk background.

For 2+1 dimensional point of view, by promoting the uniform local variables uµ, T and

µ to slow-varying functions of spacetime without breaking local conservation laws, one can

add dissipative and non-dissipative correction terms with various transport coefficients to

the energy-momentum tensor and the current of the uniform ideal hydrodynamics. One can

also turn on external electric and magnetic fields which also contribute to the corrections

to Tµν and Jµ.

In terms of the dual gravity, this is equivalent to promoting the constant bulk quanti-

ties M,Q, uµ and Aext to slow-varying functions of the boundary coordinates xµ, and then

determining their effective dynamics. Due to this field promotion, the original bulk fields

undergo derivative expansions, which together with the correction ansatz solve the equa-

tions of motion order by order. By solving all the equations of motion at each order, the

boundary hydrodynamics in terms of these slow-varying fields are realized by the standard

AdS/CFT correspondence, and the transport coefficients are extracted from the asymp-

totic behaviors of the bulk field solutions [3]. For the charged fluid case, the holographic

description is summarized in [8, 9]. We will apply this approach to our bulk theory (3.1)

to study the dual parity violating hydrodynamics on the boundary.
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In the co-moving frame, at the origin of the boundary coordinates xµ = 0 we have uµ =

(1, 0, 0). The promoted slow varying fields uµ(xν),M(xν), Q(xν), Aext
µ (xν) are expressed in

terms of the Taylor expansions with respect to the origin:

uµ(xν) = (1, xν∂νβ
i) = (1, δβi),

M(xν) = M + xν∂νM, (3.6)

Q(xν) = Q+ xν∂νQ,

Aext
µ (xν) = Aext

µ + xν∂νA
ext
µ .

As a result, the bulk metric components f(r,M,Q), H(r,M,Q), dynamical gauge fields

A(r,M,Q), and pseudo scalar θ(r,M,Q) also receive derivative expansions,

δF (r,M,Q) =
∂F

∂M
xµ∂µM +

∂F

∂Q
xµ∂µQ, (3.7)

where F = {f,H,A, θ}. Since such perturbed ansatz is no longer a solution to the original

equations of motion, the following corrections to the bulk fields must be introduced to

compensate the deviation from the original solution due to derivative expansions (3.6)

and (3.7) :

ds2 (1) = r2k(r) dv2 + 2Hh(r) dvdr + 2r2ji(r) dvdx
i − r2h(r) dxidxi + r2αij(r) dx

idxj ,

A(1) = av(r) dv + ai(r) dx
i , (3.8)

θ(1) = ϕ(r) ,

where αij is symmetric traceless.

Combining (3.5)–(3.8), the overall charged black brane ansatz up to first order pertur-

bation reads

ds2 = ds2 (0)

+ ǫ
[
−r2δf dv2 + 2 δH dvdr − 2 r2(1− f(r)) δβi dvdxi − 2H(r) δβi drdxi

]

+ ǫ ds2 (1), (3.9)

A = A(0) + ǫ (−δA dv +A(r) δβi dxi +A(1)),

θ = θ(0) + ǫ (δθ + θ(1)).

The parameter ǫ is introduced to keep track of the orders of derivatives and corrections.

The superscripts (0) and (1) in equations (3.5) and (3.8) label the O(ǫ0) and O(ǫ1) ansatz

respectively, and the whole ansatz (3.9) solve the bulk equations of motion up to O(ǫ1).

The same procedure can be generalized straightforwardly to the higher order calculation.

In the next section, we will present the solutions at the probe limit of the pseudo scalar

field, and extract the corresponding transport coefficients for the boundary fluid.

4 Transport coefficients of parity violating fluids in 2 + 1 dimensions

from gravity

In this section, we will solve the bulk equations of motion up to O(ǫ) perturbations, and

extract the first order transport coefficients of the dual hydrodynamics.
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It is clear from (3.4) that the gravitational background receives backreaction from

nontrivial pseudo scalar profile. Despite that the full analytic solution with backreaction

is not yet known, we can still explore the dual hydrodynamics in the probe limit of the

pseudo scalar field

θ → λθ , V (θ) → λV (θ) , λ → 0 . (4.1)

We will see that, in vector and tensor modes, by taking the probe limit as in (4.1), we

are able to separate parity-even transport coefficients which can be see at O(λ0), from the

parity-odd transport ones which only appear at higher order in λ.

We first present the background solution in the probe limit. In the Einstein and

Maxwell equations, since the leading order term are of O(λ0) while the θ terms contribute at

O(λ2), the pseudo scalar decouples at the leading order of the λ expansion. The background

is therefore a charged black brane in AdS4,

ds2 (0,0̃) = 2 dvdr − r2f(r)dv2 + r2(dx2 + dy2),

f(r) = 1− M

r3
+

Q2

r4
, H(r) = 1, (4.2)

A(0,0̃) = −2Q

r
dv,

where another superscript (ñ) is employed to label the order of λ, while the untilded one

(n) denote the order of ǫ. The horizon is at r = rH , and6 M , Q are the black brane mass

and electric charge respectively. The metric is asymptotically AdS4 with the AdS radius

taken to be 1. The temperature and the chemical potential are

T =
3rH
4π

(
1− Q2

3r4H

)
, µ =

2Q

rH
. (4.3)

The probe limit (4.1) implies that the scalar field is in fact θ = θ(0,1̃). Since (4.2) gives

rise to vanishing R̃R and F̃F terms, the Klein-Gordon equation in (3.4) reduces to

θ′′ + (
f ′

f
+

4

r
) θ′ − dV/dθ

r2f
= 0. (4.4)

Since f(r = rH) = 0, it follows straightforwardly from the above equation that on the

horizon θ is subject to the condition

θ ′(r = rH) =
dV/dθ

r2f ′

∣∣∣∣
r=rH

. (4.5)

6The action and equations of motion have the following scaling symmetry:

r → b r, (v, x, y) →
1

b
(v, x, y),

Q → b2Q, M → b3M,

θ → θ, A → A, f → f.

One can make use of this invariance to rescale the horizon to rH = 1 by setting b = 1/rH , M = 1+ 3κ and

Q2 = 3κ, but the independence between temperature T and the chemical potential µ (or the charge Q) in

the boundary theory will be lost.
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Figure 1. (〈O〉(0))1/∆+

ρ/µ as a function of T/µ with linear scale (on the left) and log scale (on the right)

for various m2. In these figures θ is asymptotically sourceless, i.e. J (0) = 0 in (4.6). (〈O〉(0))1/∆+

ρ/µ

vanishes at and above the critical temperature, with a critical exponent equal to 0.5, as being

indicated by the right plot.

On the other hand, the pseudo scalar behaves asymptotically as

θ =
J (0)

r∆−

+
〈O〉(0)
r∆+

+ · · · , ∆± =
3

2
±
√

9

4
+m2. (4.6)

For −5
4 < m2 < 0, J (0) is identified as the boundary source of θ, while 〈O〉(0) is the response

(or, condensate) on the boundary dual to the source J (0). For −9/4 < m2 < −5/4, one is

free to choose either J (0) or 〈O〉(0) as the source and the other as condensate [57]. In this

paper we choose J (0) as the source and 〈O〉(0) as the condensate.

In our model, we consider two types of asymptotic boundary conditions for θ, corre-

sponding to two mechanisms to break the parity in the boundary theory:

(i) Boundary condition with a source: one can turn on the boundary source J (0)

for θ, such that the condensate 〈O〉(0) is determined by the regularity condition on the

horizon. In the analysis throughout this paper, We set J (0) = 1 for convenience. In this

case, the boundary parity and conformal symmetry are broken by the source J (0).

(ii) Sourceless boundary condition: the other scenario is, the source J (0) can be

switched off consistently, such that the parity and conformal symmetry in the boundary

theory are broken spontaneously by the nontrivial vev of 〈O〉(0) developed below certain

critical temperature depending on m2. In this case, from the Klein-Gordon equation (4.4),

one can derive the mean field description of 〈O〉(0) ∼ (Tc−T )0.5 near Tc. This is confirmed

by the numerical results7 in figure 1.

Having the unperturbed background solution in hand, in the following we solve the

O(ǫ) equations of motion, in terms of the scalar, vector, tensor modes with respect to

the boundary spatial SO(2) symmetry in the probe limit. The full O(ǫ) equations with

backreaction are presented in the appendices for interested readers. We will denote the O(ǫ)

Einstein, Maxwell and Klein-Gordon equations by E
(1)
MN , M

(1)
N , and KG(1) respectively.

7We take c = 0.5 in the potential V (θ) throughout the numerical analysis in this paper.
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4.1 Scalar mode

In the probe limit (4.1) and ϕ → λϕ, there are four dynamical equations for the scalar

modes arising from E
(1)
rr , H(r)Mv(1), r

2f
H E

(1)
rr +E

(1)
vr andKG(1). The first three equations are

1

r4
(r4h′)′ = O(λ2),

1

r2
(r2av

′)′ + 2A′h′ = O(λ2), (4.7)

1

r2
(r3k)′ +

1

2r2

(
(r4f)′h

)′

− 1

2
A′av

′ =
2

r
∂iβi +O(λ2).

Substituting f(r) and A(r) from O(ǫ0) solution (4.2) into the equations above, one obtains

h(r) = c1 −
c2
3r3

+O(λ2),

av(r) = c3 −
c4
r

− c2Q

3r4
+O(λ2), (4.8)

k(r) = −2c1 +
c5
r3

+
c4Q

r4
− c2M

6r6
+

c2Q
2

3r7
+

1

r
∂iβi +O(λ2),

where c1, . . . , c5 are arbitrary constants.

In our model, the integration constants c1, c3 are set to zero by choosing the normal-

izable boundary conditions for h(r) and av(r). c4, c5 takes zero value due to the fact we

choose the Landau frame such that πµλuλ = 0 and νµuµ = 0, where πµλ, νµ are O(ǫ)

corrections to the energy momentum tensor Tµλ and the current jµ respectively [20]. c2
can be absorbed by redefinition of the coordinate r and set to zero [3, 8, 9]. Hence,

h(r) = 0, av(r) = 0, k(r) =
1

r
∂iβi. (4.9)

With (4.9), the constraint equations (A.5) and (A.6) arising from grrE
(1)
vr + gvrE

(1)
vv and

M r(1) reduce to

∂vQ = −Q∂iβi +O(λ2), (4.10)

∂vM = −3M

2
∂iβi +O(λ2).

By substituting in (4.9) and (4.10), the fourth dynamical equation, i.e.KG(1) of O(λ), reads

1

r2
(
r4fϕ′

)′ − d2V

dθ2
ϕ =

[
1

r
(r2θ′)′ +

3M

r

(
r
∂θ

∂M

)′

+
2Q

r

(
r
∂θ

∂Q

)′]
∂iβi

+

[
1

4r2
(
r4f ′2

)′ − 2AA′

r2

]
(∂xβy − ∂yβx)−

2A′

r2
B, (4.11)

where B = F ext
xy = ∂xA

ext
y − ∂yA

ext
x . Note that unlike (4.8), the KG(1) equation (4.11)

describes parity violating effects.

To solve KG(1), we decompose ϕ into the “bulk”, “curl”, and ‘magnetic” parts which

are proportional to ∂iβi, ǫij ∂iβj , B respectively, as they are independent from each other:

ϕ(r) = ϕb(r) ∂iβi + ϕc(r) (∂xβy − ∂yβx) + ϕB(r)B. (4.12)
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such that

1

r2
(
r4fϕ′

b

)′ − d2V

dθ2
ϕb =

1

r
(r2θ′)′ +

3M

r

(
r
∂θ

∂M

)′

+
2Q

r

(
r
∂θ

∂Q

)′

,

1

r2
(
r4fϕ′

c

)′ − d2V

dθ2
ϕc =

1

4r2
(
r4f ′2

)′ − 2AA′

r2
, (4.13)

1

r2
(
r4fϕ′

B

)′ − d2V

dθ2
ϕB = −2A′

r2
.

ϕb, ϕc and ϕB are subject to the regularity condition on the horizon,

ϕb
′(rH) =

1

r2f ′

[
1

r

d

dr
(r2θ′) +

3M

r

d

dr

(
r
∂θ

∂M

)
+

2Q

r

d

dr

(
r
∂θ

∂Q

)
+

d2V

dθ2
ϕb

]

r=rH

,

ϕc
′(rH) =

1

r2f ′

[
1

4r2
d

dr

(
rf ′2

)
− 2AA′

r2
+

d2V

dθ2
ϕc

]

r=rH

, (4.14)

ϕB
′(rH) =

1

r2f ′

[
− 2A′

r2
+

d2V

dθ2
ϕB

]

r=rH

,

and asymptotically it behaves as

θ = θ(0,1̃) + ǫ θ(1,1̃) =
J

r∆−

+
〈O〉
r∆+

=
J (0) + ǫ(J

(1)
b ∂iβi + J

(1)
c ǫij ∂iβj + J

(1)
B B)

r∆−

+
〈O〉(0) + ǫ(〈O〉(1)b ∂iβ1 + 〈O〉(1)c ǫij ∂iβj + 〈O〉(1)B B)

r∆+

=
1

r∆−

+
〈O〉(0) + ǫ(〈O〉(1)b ∂iβ1 + 〈O〉(1)c ǫij , ∂iβj + 〈O〉(1)B B)

r∆+
, (4.15)

where θ(1,1̃) = ϕ, and we have chosen the boundary condition {J (0) = 1, J (1) = 0} such

that {〈O〉(0) , 〈O〉(1)} are determined by the regularity condition of θ and ϕ on the horizon

respectively. The boundary conformal symmetry and the parity are broken by the source

J (0). We choose J (1) = 0, because the source on the the boundary is specified by O(ǫ0)

background and we don’t want to be modified by the bulk perturbation.8 Then, the bulk

viscosity ζ, curl viscosity ζ̃A, and magnetic viscosity ζ̃B can be extracted from the following

expression of the trace of the boundary energy-momentum tensor [58, 59]:

〈Tµ
µ〉(1) = ∆−

(
J (0) 〈O〉(1) + J (1) 〈O〉(0)

)

= ∆−J
(0)

(
〈O〉(1)b ∂iβi + 〈O〉(1)c ǫij ∂iβj + 〈O〉(1)B B

)
(4.16)

= 2 ζ ∂iβi + 2 ζ̃A ǫij ∂iβi + 2 ζ̃BB,

8On the other hand, if one chooses both J(0) = 0 and J(1) = 0, the viscosities arising from the scalar

mode are just trivially zero in (4.16).
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Figure 2. ζ/s versus T/µ for various m2. The right figure is for the very small T/µ. The boundary

conditions of θ and ϕ underlying these numerical results are summarized below equation (4.15).
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Figure 3. ζ̃A/s versus T/µ for various m2. The right figure is for the T/µ range close to zero.

The boundary conditions of θ and ϕ underlying these numerical results are summarized below

equation (4.15).
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Figure 4. ζ̃B
ρ/µ versus T/µ for various m2. The right figure is for very small T/µ. The boundary

conditions of θ and ϕ underlying these numerical results are summarized below equation (4.15).

where

ζ =
∆−

2
〈O〉(1)b , (bulk viscosity)

ζ̃A =
∆−

2
〈O〉(1)c , (curl viscosity) (4.17)

ζ̃B =
∆−

2
〈O〉(1)B . (magnetic viscosity)
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The numerical results for the dimensionless combinations ζ
s ,

ζ̃A
s and ζ̃B

ρ/µ are in figure 2–

4. Our numerical analysis shows that ζ/s is positive, and diverges at T/µ = 0. ζ̃A/s is

negative, and becomes more negative toward smaller T/µ before it starts to increase and

eventually flips sign at very small T/µ, tending to certain finite value at T/µ = 0. The point

at which ζ̃A/s crosses the T/µ axis in figure 3 turns out independent of m2. This property

is novel and the underlying physics remains unclear. However, since the curl viscosity is

dissipationless, the change of sign is allowed, as there is no constraint on the sign of ζ̃A. On

the other hand, ζ̃B
ρ/µ is negative and decreases monotonically as T/µ reduces, until it hits

certain finite value at T/µ = 0. Note that all of ζ
s ,

ζ̃A
s and ζ̃B

ρ/µ vanish as T/µ → ∞. This

is expected because they are related to the asymptotic behavior of θ. As the temperature

is much higher than the scales set by the source J (0) and the chemical potential µ, i.e.

T ≫ J (0) and T ≫ µ, J (0) and 〈O〉(1) become negligible compared to T , and therefore

these three transport coefficients vanish.

4.2 Vector mode

4.2.1 Parity-even part

For the O(ǫ) vector mode perturbations, there are two dynamical equations from Eri(1)

and r2M i(1). In the probe limit they reduce to

1

2r2
d

dr

(
r4j′i

)
− 1

2
A′a′i = −∂vβi

r
+O(λ2), (4.18)

d

dr

(
r2fa′i

)
− r2A′j′i = −∂A′

∂Q
∂iQ−A′∂vβi +O(λ2), (4.19)

where r2ji = g
(1)
vi . The dynamical equations (4.18) and (4.19) describe a parity-even system.

In the probe limit, the constraint equation from r2f
H E

(1)
ri + E

(1)
vi reads

∂iM = −3M ∂vβi + 2QEi +O(λ2), (4.20)

where Ei = F ext
vi is the external electric field.

ai and ji can be solved analytically from (4.18) and (4.19). After integrating both

equations once, one can write down the decoupled differential equation for ji:

(r6f)j′′i + (4r5f)j′i − 4Q2ji = (−2r3f +
4Q2

r
)∂vβi +

4Q

r
∂iQ+ 2Qb, (4.21)

where b is an undetermined integral constant. Observing that the left hand side can be

written into a total derivative r2(r4f2(ji/f)
′)′, one obtains the solution for ji,

ji = −f

∫ r

∞

ds

{
1

s4f2

[(
Q2

s2
+

2M

s
+ s2

)
∂vβi +

2Q

s2
∂iQ

]
+

2Qb

s5f2

}
, (4.22)

where we have integrated from ∞ to r to derive the solution ji from (4.21) [61]. At the

asymptotic infinity where f → 1, the closed form for ji expression can be written down

(where the i index on the right hand side is supressed):

ji
r→∞→ ∂vβi

r
+

b4
r4

+O

(
1

r5

)
, (4.23)
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where b4 = M
2 ∂vβi +

bQ
2 . This is consistent with the normalizable boundary condition

which demands vanishing r0 coefficient, and the requirement of the Landau frame choice

that r−3 coefficient (i.e. the boundary expectation value corresponding to ji) has to vanish.

Finally, b is fixed by the regularity condition on the horizon,

b = − 1

rH

(
1− 2Q2

3M

1

rH

)
(4Q∂vβi + 2∂iQ), (4.24)

and ji(r = rH) is

ji(rH) =
1

rH

(
1− 4Q2

3M

1

rH

)
∂vβi −

2Q

3M

1

r2H
∂iQ (4.25)

Next, ai(r → ∞) is obtained from integrating equation (4.18) from infinity to r:

ai(r → ∞) =
1

2Q

∫ r

∞

ds
{
(s4j′i)

′ + 2s∂vβi
}
=

1

2Q
[s4j′i + s2∂vβi]

r
∞

=
1

2Q

{
r4
(
− ∂vβi

r2
− 4b4

r5

)
+ r2∂vβi

}

= −1

r

2

Q
b4. (4.26)

With the standard AdS/CFT correspondence, one can derive the boundary current

from the bulk solution by

〈
J i
〉
= lim

r→∞

δS

δAi

∣∣∣∣
λ0

= lim
r→∞

√−g F ri = Ei +
2

Q
b4

=

(
1− 4Q2

3M

1

rH

)2

Ei +
2

rH

(
1− 2Q2

3M

1

rH

)(
2Q

3M
∂iM − ∂iQ

)
. (4.27)

This equation exactly corresponds to the current of the fluid

J i = σ

(
Ei − T∂i

µ

T

)
, (4.28)

if we identify the temperature T , chemical potential µ as in (4.3), and the electric conduc-

tivity σ, thermal conductivity κ as

σ =

(
1− 4Q2

3M

1

rH

)2

=

(
4πr2HT

3M

)2

,

κ = σT =
1

4π

(
1− 4Q2

3M

1

rH

)2(
3M

r2H
− 4Q2

r3H

)
. (4.29)

The thermodynamic relation of the current for the fluid in (4.28) is reproduced from gravity.

Note that in σ, T is also a function of rH and M , and it is straight forward to conclude

from the above expression that σ → 1 as T → ∞ and σ → 0 as T → 0. The temperature

and rH dependence in σ is exactly the same as that derived in [60] by Kubo’s formula.

The numerical behaviors of dimensionless σ and κ
ρ/µ as functions of T/µ are displayed

in figure 5. This figure shows that under fixed chemical potential, the electric conductivity
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Figure 5. σ (the top figures) and κ
ρ/µ (the bottom ones) versus T

µ , for the ranges of high T
µ (on

the left) and low T
µ (on the right). κ and σ are related by κ = σT . The value of σ and κ

ρ/µ depend

only on the charged black brane background but not on θ.

decreases as the temperature is reduced which is different from the usual metal property.

Eventually, σ drops to zero at T = 0. This agrees with the result in figure 1 of [61] in

3+1 dimensions. It turns out that our model predicts an “insulator” at zero temperature.

However, this is not a conventional insulator. In general, the insulator is gapped, i.e.

the conductivity is effectively zero when the temperature scale is below the energy gap.

However, the smooth behavior of the conductivity reducing to zero as T/µ → 0 in the top

right plot of figure 5 indicates that our model describes an exotic ungapped insulator at zero

temperature. Since in our model, σ depend only on the charged black brane background

but not on θ, the zero temperature behavior has nothing to do with the break down of

the pseudo scalar probe limit. [53] demonstrates that the scalar sector undergoes a smooth

phase transition at T = 0, and according to our figure 5, it turns out such phase transition

related to the black brane background is also smooth and continuous. figure 5 also displays

different low temperature behavior of σ compared to that in [54], in which σ is temperature

independent in 2+1 dimensions. This is because our gvv has a second order zero at zero

temperature, while the analysis in [54] only applies to gvv with a first order zero.

On the other hand, with ρ = 2Q, at high temperature σ → 1 and κ
ρ/µ → 3

4π . This is

different from the results obtained via linear response formalism in [55] where the electric

conductivity in 2+1 dimensions is temperature independent, because the gauge fields in

their analysis are in the probe limit, while our background is charged and already includes

the backreaction. Our result match theirs at Q → 0.
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4.2.2 Parity-odd part

The equations (4.18) and (4.19) implies that ji(r) and ai(r) take the form

ji = j
(0̃)
i + λ2j

(2̃)
i +O(λ3), (4.30)

ai = a
(0̃)
i + λ2a

(2̃)
i +O(λ3),

The full vector mode equations (B.1) and (B.2) in the appendix show that, in the

probe limit, the leading order O(λ0) equations satisfied by j
(0̃)
i , a

(0̃)
i as in (4.18), (4.19)

describe only parity-even dynamics,. The subleading O(λ2) equations satisfied by j
(2̃)
i and

a
(2̃)
i are composed of the parity-even and parity-odd parts. The former is regarded as the

higher order correction to the leading order parity-even physics. The latter, however, gives

rise to the leading order parity-odd effect in the vector mode.

As a result, j
(2̃)
i , a

(2̃)
i can further be decomposed into j

(2̃)
i = j

(2̃)
i(even) + j

(2̃)
i(odd) and

a
(2̃)
i = a

(2̃)
i(even) + a

(2̃)
i(odd), where the subscripts (even) and (odd) label the parity. In order to

study the parity violating hydrodynamics on the boundary, we have to solve the O(λ2)(odd)

bulk equations. We will denote j
(2̃)
i(odd), a

(2̃)
i(odd) by j̄i

(2̃)
, āi

(2̃) in the following.

The two O(λ2)(odd) equations of motion arising from E
(1,2̃)
ri and r2M i(1,2̃), after the

constraint (4.20) is applied, are

1

2r2
d

dr

(
r4j̄i

(2̃)′
)
− 1

2
A′āi

(2̃)′ = −ǫij ∂jQSQ + ǫij ∂jM

[
1

3M

1

4r2
d

dr
(r4f ′θ′)− SM

]

−ǫij Ej

(
2Q

3M

)
1

4r2
d

dr
(r4f ′θ′) :=

S1

2r2
, (4.31)

d

dr

(
r2fāi

(2̃)′
)
− r2A′j̄i

(2̃)′ = −4 g′Qǫij ∂jQ− 4Q

3M
g′M ǫij ∂jM + 2 g′Eǫij Ej

:= S2 , (4.32)

where S1
2r2

and S2 denote the sources of these differential equations, and

SM =
1

2r6f ′

(
r7f ′2

)′ ∂θ

∂M
− 1

4

(
r2f ′

)′ ∂θ′
∂M

+
1

4r2

(
r4θ′

∂f ′

∂M

)′

,

SQ =
1

2r6f ′

(
r7f ′2

)′ ∂θ
∂Q

− 1

4

(
r2f ′

)′ ∂θ′
∂Q

+
1

4r2

(
r4θ′

∂f ′

∂Q

)′

,

g′Q(r) =
θ′

r
+

Q

r2
∂θ

∂Q
, (4.33)

g′M (r) = −θ′

r
+

3M

r2
∂θ

∂M
,

g′E(r) =

(
1− 4Q2

3M

1

r

)
θ′ .

It is clear from above that the functions gQ, gM , gE are no more dominant than O( 1
r∆−

)

as r → ∞.
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Integrating (4.32) from rH to r on both sides and then substituting ā
(2̃)
i into (4.31),

one arrives at the differential equation for j̄i
(2̃)

:

d

dr

{
r4f2 d

dr

(
j̄i
(2̃)

(r)

f

)}
= −4Q2

r2
j̄i
(2̃)

(rH) + f S1 +
2Q

r2

∫ r

rH

S2 (4.34)

The solution is obtained by integrating the above equation from ∞ to r on both sides twice,

j̄i
(2̃)

(r) = f

∫ r

∞

1

s4f2

{
4Q2

s
j̄i
(2̃)

(rH) +

∫ s

∞

[
f S1 +

2Q

u2

∫ u

rH

S2

]}
. (4.35)

Then we can write down the expression of j̄i
(2̃)

on the horizon:

j̄i
(2̃)

(rH) = − 1

3M

∫ rH

∞

{
f S1 +

2Q

r

∫ r

rH

S2

}
. (4.36)

This expression is consistent with the regularity condition. On the other hand, careful

analysis shows that j̄i
(2̃)

behaves asymptotically as

j̄i
(2̃)

(r → ∞) ∼ b̄4
r4

+O

(
1

r∆−
+4

)
+ · · · , (4.37)

where · · · are terms of higher order than O( 1
r∆−

+4 ), and

b̄4 = −Q2j̄i
(2̃)

(rH) . (4.38)

Since we limit ourself to 0 < ∆− < 3
2 , the leading order in (4.37) is r−4. Moreover, (4.37)

is consistent with the boundary conditions stated below (4.23).

Then, we can evaluate the large r behavior of ā
(2̃)
i by integrating (4.31) on both side

from ∞ to some large r as in (4.26),

ā
(2̃)
i (r → ∞) ∼ −1

r

2

Q
b̄4 + . . . . (4.39)

The coefficients of 1/r in ā
(2̃)
i (r → ∞) is interpreted as the expectation value corresponding

to ā
(2̃)
i on the boundary. Indeed, this is given by

〈
J̄ i
〉
= lim

r→∞

δS(1,2̃)

δAi

∣∣∣∣∣
(odd)

= lim
r→∞

√−gF̄ ri(2̃) =
2

Q
b̄4

= K̄E ǫijEj + K̄Q ǫij∂jQ+ K̄M ǫij∂jM . (4.40)

After some algebra, one obtains

K̄E = −2

{
r4Hf ′|rH
3M

gE |rH − 4Q2

3M

∫ rH

∞

gE
r2

− Q2

9M2

∫ rH

∞

(
r2f ′

)2
θ′
}

,

K̄Q = 4

{
r4Hf ′|rH
3M

gQ|rH − 4Q2

3M

∫ rH

∞

gQ
r2

− Q

3M

∫ rH

∞

r2fSQ

}
, (4.41)

K̄M =
4Q

3M

{
r4Hf ′|rH
3M

gM |rH − 4Q2

3M

∫ rH

∞

gM
r2

−
∫ rH

∞

r2fSM − 1

12M

∫ rH

∞

(
r2f ′

)2
θ′
}

,

– 18 –



J
H
E
P
0
9
(
2
0
1
2
)
0
9
6

2 4 6 8 10 12

T

Μ

0.2

0.4

0.6

0.8

1.0

Σ
�

-1.3

-1.6

-1.9

-2.2

Mass square m2

0.1 0.2 0.3 0.4

T

Μ

0.2

0.4

0.6

0.8

1.0

Σ
�

-1.3

-1.6

-1.9

-2.2

Mass square m2

Figure 6. σ̃ versus T/µ for various θ mass m2, under the sourced boundary condition for θ. The

right figure is for small T/µ while the left one is for a wider range of T/µ.

in which we have carried out integration by part for the term
∫ rH
∞

f(r4f ′θ′)′.

Let’s compare the expression (4.40) with the parity violating part of the constitutive

equation of the boundary current J i in (2.3):

J i = σ̃ǫij Ej + κ̃ ǫij∇j
µ

T
+ ξ̃ ǫij∇jT . (4.42)

Substituting in T , µ from the bulk theory in (4.3), one can identify the Hall conductivity

σ̃, thermal Hall conductivity κ̃, and heat Hall conductivity ξ̃ in terms of K̄E , K̄Q and K̄M :

σ̃ = K̄E ,

κ̃ = − 1

4πr2H

3MrH − 4Q2

6MrH − 4Q2

(
2QK̄M + 3MrHK̄Q

)
, (4.43)

ξ̃ =
4πr3H

3MrH − 4Q2

(
3MK̄M + 2QK̄Q

)
.

Since K̄M , K̄Q and K̄M contain integrals of functions of θ and θ′, their values are

subject to the choice of the boundary condition for θ. In the following we present the

numerical result of σ̃, κ̃, and ξ̃ according to the two different types of boundary conditions

we choose:

(i) Asymptotically sourced θ: as the source of θ on the asymptotic boundary is turned

on, the numerical results summarized in figure 6–8 shows that: σ̃ is positive and finite

throughout who range of T/µ; κ̃
ρ/µ is also positive and increases as T/µ reduces from large

value before it starts to decrease below some small T/µ. It eventually vanishes at T = 0

as predicted by (4.43); ξ̃ is positive, increases monotonically as T/µ reduces, and diverges

at T/µ = 0.

(ii) Asymptotically sourceless θ: for the case where θ is asymptotically sourceless and

the boundary is parity spontaneously broken by the nonzero vev of the dual pseudo scalar

operator, figure 9–11 display the numerical results of the three parity violating coefficients

from the vector mode: σ̃ is nonvanishing and positive below the critical temperature Tc,

with a critical exponent 0.5 near Tc.
κ̃

ρ/µ and ξ̃ both diverge at T = Tc and T = 0, both
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Figure 7. κ̃
ρ/µ versus T/µ for various m2, under the sourced boundary condition for θ. The right

figure is for small T/µ while the left one is for a wider range of T/µ.
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figure is for small T/µ while the left one is for a wider range of T/µ.
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Figure 9. σ̃ versus T/µ with linear scale (on the left) and log scale (on the right) as θ is asymp-

totically sourceless. The left figure shows σ̃ vanishes at and above the critical temperature which

depends on m2, and the right one indicates the critical exponent is 0.5.

with critical exponents -1.5 close to T = Tc. These critical exponents, however, cannot be

derived from (4.43), as we don’t have an analytical expression of θ.

4.3 Tensor mode

For the tensor mode, there is one dynamical equation due to HE
(1)
xy . In the backreacted

case it reads

d

dr

[
−1

2

r4f

H

d

dr
αxy

]
− r(∂xβy + ∂yβx)−

λ

4

d

dr

(
r4f ′θ′

H2

)
(∂xβx − ∂yβy) = 0. (4.44)

– 20 –



J
H
E
P
0
9
(
2
0
1
2
)
0
9
6

0.0001 0.0002 0.0003 0.0004 0.0005

T

Μ

-0.004

-0.002

0.002

0.004

Κ
�

Ρ�Μ

-2.07

-2.09

-2.11

-2.13

-2.15

Mass square m2

-4 -3 -2 -1
log 1-

T

Tc

-15

-10

-5

log
Κ
�

Ρ�Μ

-2.07

-2.09

-2.11

-2.13

-2.15

Mass square m2

Figure 10. κ̃
ρ/µ versus T/µ with linear scale (on the left) and log scale (on the right) as θ is

asymptotically sourceless. The left figure shows that κ̃
ρ/µ diverges at the critical temperature, with

a critical exponent −1.5 as being indicated by the right one.
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Figure 11. ξ̃ versus T/µ with linear scale (on the left) and log scale (on the right) as θ is

asymptotically sourceless. The left figure shows that ξ̃ diverges at the critical temperature, with a

critical exponent −1.5 as being indicated by the right one.

4.3.1 Parity-even part

After taking the probe limit θ → λθ and ϕ → λϕ, the O(λ0) part of the above

equation becomes
d

dr

[
−1

2
r4f

d

dr
α(0̃)
xy

]
= r(∂xβy + ∂yβx), (4.45)

in which the source only contains the shear mode. This equation can be analytically solved

by integrating on both sides twice, with first integration being indefinite and the second

one from ∞ to r:

α(0̃)
xy = −

∫ r

∞

∂xβy + ∂yβx
r2f

−
∫ r

∞

2α3

r4f
. (4.46)

The asymptotic behavior of α
(0̃)
xy is

α(0̃)
xy (r → ∞) ∼ ∂xβy + ∂yβx

r
+

2α3

3r3
+O

(
1

r4

)
, (4.47)

which is consistent with the sourceless boundary condition that the O(r0) coefficient van-

ishes. The O(r−3) coefficient gives rise to the expectation value,
〈
T (0̃)
xy

〉
=

3

16πGN

2

3
α3, (4.48)
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from which the shear viscosity η can be extracted. The constant α3 is determined by the

regularity condition on the horizon for α
(0̃)
xy

d

dr
α(0̃)
xy (rH) = −2(∂xβy + ∂yβx)

r3Hf ′(rH)
(4.49)

and (4.46):

α3 =

(
rHf(rH)

f ′(rH)
− r2H

2

)
(∂xβy + ∂yβx). (4.50)

Then one immediately obtains the shear viscosity,

η =
r2H

16πGN
. (4.51)

With the entropy density s =
r2
H

4GN
, the η/s ratio match the universal bound,

η

s
=

1

4π
. (4.52)

4.3.2 Parity-odd part

Next, we proceed to O(λ2) order of the tensor mode equation (4.44). For this purpose we

consider the αxy ansatz up to O(λ2),

αxy = α(0̃)
xy + λ2α(2̃)

xy , (4.53)

and substitute to (4.44). Then it is easy to see that the O(λ2) equation is composed of

parity even and parity odd part, which implies that α
(2̃)
xy can further be decomposed into

two independent modes

α(2̃)
xy = α(2̃)

xy (r)(∂xβy + ∂yβx) + ᾱ(2̃)
xy (r)(∂xβx − ∂yβy), (4.54)

where the shear mode is parity even and regarded as the O(λ2) correction of the shear

viscosity, while the Hall mode (proportional to ∂xβx−∂yβy) is the leading order parity odd

effect. In the following we focus on the parity violating mode, α
(2̃)
xy (odd) = ᾱ

(2̃)
xy (r)(∂xβx −

∂yβy) and extract the Hall viscosity from bulk gravity.

The O(λ2) parity odd equation is

d

dr

[
−1

2
r4f

d

dr
ᾱ(2̃)
xy

]
= −1

4

d

dr
(r4f ′θ′) (4.55)

Integrating both sides twice, with first integration being indefinite and the second one from

∞ to r, one can write down the analytic solution for ᾱ
(2̃)
xy ,

ᾱ(2̃)
xy (r) =

∫ r

∞

f ′θ′

2f
−
∫ r

∞

2ᾱ3

r4f
. (4.56)

The asymptotic behavior is

ᾱ(2̃)
xy (r → ∞) ∼ 2ᾱ3

3r3
+O

(
1

r∆−
+4

)
. (4.57)
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Figure 12. η̃A/s versus T/µ for asymptotically sourced θ. The right figure is for small T/µ, while

the left one for a wider range of T/µ.

This is consistent with the normalizable boundary condition. According to (4.48), the

Hall viscosity η̃A is encoded in ᾱ3 which is determined by demanding (4.56) satisfy the

regularity condition on the horizon,

d

dr
ᾱ(2̃)
xy (rH) = −1

2

1

r4f ′

d

dr
(r4f ′θ′)

∣∣∣∣
r=rH

. (4.58)

Then ᾱ3 is fixed to

ᾱ3 =
f

4f ′

(
r4f ′θ′

)′
∣∣∣∣
rH

+

(
3M

4
− Q2

rH

)
θ′(rH), (4.59)

such that [18]

η̃A = −r4Hf ′(rH)θ′(rH)

32πGN
= − r2H

32πGN

dV

dθ

∣∣∣∣
rH

= − r2H
32πGN

(
m2θ + cθ3

)∣∣∣∣
rH

, (4.60)

η̃A
s

= − 1

8π

dV

dθ

∣∣∣∣
rH

= − 1

8π

(
m2θ + cθ3

)∣∣∣∣
rH

.

In the above expressions we have applied the regularity condition on the horizon for θ

in (4.5). It is clear from (4.60) that the Hall viscosity is controlled by the value of θ on the

horizon as the mass square of the pseudo scalar. Since θ(rH) is affected by the choice of

the asymptotic boundary condition, so is Hall viscosity:

(i) Asymptotically sourced θ: figure 12 displays η̃A/s as a function of T/µ, as θ is

subject to the condition that the asymptotic source on the boundary is turned on. The

numerical analysis shows that, as the temperature reduces, η̃A/s increases monotonically

until the temperature is below some small value, and then η̃A/s decreases along with the

temperature and eventually reaches some finite value at T = 0.

(ii) Asymptotically sourceless θ: figure 13 shows the numerical results of η̃A/s versus

T/µ when θ is sourceless on the boundary. In this case, the Hall viscosity acquires non-

vanishing value only below the critical temperature Tc depending on m2. The critical

exponent near Tc is 0.5, as expected from the analysis of θ.
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Figure 13. η̃A/s versus T/µ with linear scale (on the left) and log scale (on the right) for various θ

mass m2, as θ is asymptotically sourceless. The left figure shows the Hall viscosity vanishes at and

above some critical temperature, and the right figure indicates the critical exponent equal to 0.5.

We close this subsection by recalling the analytic solution of αxy for the general case

with backreaction studied in [19]:

αxy(r) =

∫ ∞

r

2H(t)dt

t4f(t)

∫ t

rH

dz

[
z(∂xβy + ∂yβx) +

λ

4

d

dz

(
r4f ′θ′

H2

)
(∂xβx − ∂yβy)

]
. (4.61)

The above results of the shear and Hall viscosities are consistent with those derived

from (4.61) in [19].

5 Discussion and conclusion

We have constructed a 3+1 dimensional holographic model with a charged black brane

and neutral pseudo scalar field θ, dual to the parity violating hydrodynamic system in 2+1

dimensions. We have extracted all the transport coefficients from the scalar, vector, and

tensor modes of bulk perturbations, and reconstructed the hydrodynamics to first order in

derivatives in the probe limit of θ. In our model, the parity violating effect is contributed

from the neutral pseudo scalar θ, coupled to the gravitational and electrodynamical Chern-

Simons terms.

The potential term in (3.3) allows the parity of the system to be broken spontaneously

by the non-trivial vev of the boundary operator dual to θ developed below Tc, such that all

parity transport coefficients are the order parameter for the second order phase transition

and are switched on below Tc. They exhibit certain critical exponent behavior very close

to Tc. Alternatively, one can choose the sourced boundary condition at asymptotic infinity,

such that the parity and the conformal symmetry of the system is broken by this external

source. The finite temperature behavior of all the transport coefficients arising in these two

mechanisms are studied and presented. This paper generalize our previous work in [19].

One comment we would like to remind the readers is, in the case where the par-

ity is spontaneously broken by θ, our result doesn’t violate the Coleman-Mermin-Wagner

theorem which states that in 2+1 dimensions the global continuous symmetry cannot be

spontaneous broken, otherwise the correlation of the massless Goldstone boson would have
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infrared divergence. Since the spontaneous broken parity in our model is a discrete sym-

metry, no Goldstone boson is created. Moreover, our result shows that σ̃ and η̃A/s go to

zero at Tc with the same mean field exponent as the order parameter, (Tc−T )0.5. However,
κ̃

ρ/µ and ξ̃ exhibit (Tc − T )−1.5 behavior near Tc, which is novel and quite different from

the usual systems. It would be interesting if these properties can be realized in the simple

field theory models.

Our bulk model has a U(1) gauge symmetry. It is interesting to generalize our analysis

to the non-Abelian case, and construct dual hydrodynamics with non-Abelian gauge sym-

metry. In 2+1 dimensions, the Hall conductivity can arise from a bare Chern-Simons term

in the underlying theory, or from the induced one due to the quantum loop correction. It is

known that the coupling constant of the non-Abelian CS term at T = 0 has to be quantized

in order to maintain the gauge invariance. But in the finite temperature case, the coupling

of the non-Abelian induced CS term is temperature dependent, and the gauge symmetry

cannot be preserved for arbitrary temperature, unless all orders of quantum corrections are

taken into account [62]. Therefore, non-perturbative methods are important in comput-

ing the Hall conductivity. Since we have used the gravity-hydrodynamics correspondence

as an non-perturbative approach to derive the Hall conductivity, our analysis may shed

new lights on the non-perturbative calculation of the Hall conductivity for the boundary

non-Abelian gauge theory, provided the planar diagrams are all we need for its quantum

corrections, due to the nature of AdS/CFT correspondence.

The equations (1.8a)–(1.8d) of [20] point out that the magnetic viscosity, curl viscosity,

thermal Hall and heat Hall conductivities are not independent quantities; they satisfy four

thermodynamic relations which can be derived from the constraint of positive entropy

production. In the case where θ is sourceless on the boundary such that ζ̃A = 0, ζ̃B = 0,

the remaining thermodynamic equation becomes

∂P0

∂ǫ0
T ξ̃ +

∂P0

∂ρ0

(
σ̃ − κ̃

T

)
= 0. (5.1)

We have numerically checked that this relation is indeed satisfied in our model. This

provides another supporting evidence that the bulk theory turns out to incorporate the

second law of thermodynamics in the boundary on in AdS/CFT correspondence.

Finally, we would like to point out that, in 2+1 dimensional (or more generally, in odd

dimensional) quantum field theory, there exists the parity anomaly [64–66] analogous to the

even dimensional axial anomaly. As the case that the gauge anomaly induces new transport

coefficients in the hydrodynamics [13], we expect to see the effect of this odd dimensional

parity anomaly in the hydrodynamic transport too. We are studying the holographic

realization of this effect in detail, and will present our result in the near future.
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A Calculation of the first order scalar mode

The equations of motion of the our bulk theory are given in (3.4). The general ansatz of

black brane background with backreaction from the pseudo scalar field is (3.5). The stan-

dard gravity-hydrodynamics approach requires to perturb the bulk system by promoting

uµ,M,Q,Aext
µ to the slow-varying functions of the boundary coordinates xµ. Under the

derivative expansions of the ansatz as in (3.9) without taking any probe limit, the O(ǫ0)

ansatz satisfies the O(ǫ0) equations (3.4). The O(ǫ) part of the ansatz satisfies the O(ǫ)

equations of motion which are given in this and the next section.

For the scalar modes, there four dynamical equations at O(ǫ), arising from E
(1)
rr ,

H(r)Mv(1), r2f
H E

(1)
rr + E

(1)
vr and KG(1). By applying the zeroth order equations of mo-

tion which also imply their derivatives by Q and M vanish, these four first order equations

take the form

H

r4
d

dr

(
r4h′

H

)
− θ′ ϕ′ =

λH

2r4
d

dr

(
r4f ′θ′

H2

)
(∂xβy − ∂yβx) , (A.1)

1

r2
d

dr

(
r2a′v
H

)
+

2A′h′

H
= λ

2Aθ′

r2
(∂xβy − ∂yβx) +

2λ θ′

r2
B(ext) , (A.2)

1

r2
1

dr

(
r3k

H

)
+

1

2r2
1

dr

[
1

dr

(
r4f

) h

H

]
+

A′

2H
a′v −

1

2r2
1

dr

(
r4fθ′

H
ϕ

)
+

r2fθ′

H
ϕ′

=
2

r
∂iβi +

λ

4H2
r2f ′2θ′ (∂xβy − ∂yβx) , (A.3)

− 1

r2H

d

dr

(
r4θ′k

H

)
+

1

r2H

d

dr

(
r4fϕ′

H

)
− d2V

dθ2
ϕ− 2

r2H

d

dr

(
r4fθ′

H
h

)
(A.4)

= − θ′

H
∂iβi + λ

[
1

4r2H

d

dr

(
r4f ′2

H2

)
− 2AA′

r2H

]
(∂xβy − ∂yβx)

− 2

rH

[
d

dr

(
r
∂θ

∂M
∂vM

)
+

d

dr

(
r
∂θ

∂Q
∂vQ

)]
− 2λA′

r2H
B(ext),

where ′ denotes the derivative by r. There are also two constraint equations due to grrE
(1)
vr +

gvrE
(1)
vv and M r(1) which describe the relations between ∂vM, ∂vQ and ∂iβi:

(
r

H2

∂f

∂M
− 2 rf

H3

∂H

∂M
+

r2f

2H2

∂θ

∂M
θ′
)
∂vM +

(
M → Q

)
∂vQ =

r2f ′

2H2
∂iβi , (A.5)

(
1

H3

∂H

∂M
A′ − 1

H2

∂A′

∂M

)
∂vM +

(
M → Q

)
∂vQ =

A′

H2
∂iβi . (A.6)

To proceed, we go into the probe limit

θ → λθ, ϕ → λϕ, λ → 0 .

Then it follows the solutions in section 4.1.

– 26 –
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B Calculation of the first order vector mode

For the O(ǫ) vector mode perturbations, there are two dynamical equations arising from

Eri(1) and r2M i(1):

− 1

2r2
d

dr

(
r4ji

′

H

)
+

A′

2H
a′i

=
∂vβi
r

−
[
r2

2

d

dr

(
1

r2H

∂H

∂M

)
+

1

2
θ′

∂θ

∂M

]
∂iM −

[
M → Q

]
∂iQ

+λ

{
H

2r6f ′

d

dr

(
r7f ′2

H3

)
∂θ

∂M
− 1

4H

d

dr

(
r2f ′

H

)
∂θ′

∂M

− 1

4r2
d

dr

(
r4f ′θ′

H3

∂H

∂M

)
+

1

4r2
d

dr

(
r4θ′

H2

∂f ′

∂M

)}
ǫij ∂jM

+λ

{
M → Q

}
ǫij ∂jQ+ λ

[
1

4r2
d

dr

(
r4f ′θ′

H2

)]
ǫij ∂vβj , (B.1)

− 1

H

d

dr

(
r2fai

′

H

)
+

r2A′

H2
ji
′

=
A′

H
∂vβi +

1

H

∂A′

∂M
∂iM +

1

H

∂A′

∂Q
∂iQ

+λ

{
2

H

(
∂θ

∂M
A′ − ∂A

∂M
θ′
)}

ǫij ∂jM + λ

{
M → Q

}
ǫij ∂jQ

−λ
2Aθ′

H
ǫij ∂vβj − λ

2θ′

H
ǫij F

ext
vi (B.2)

For both equations, the first line on the right hand side is parity-even, and the rest is

parity-odd. After taking the probe limit, the leading order (O(λ0)) terms contain only

parity-even part, while the subleading (O(λ2)) terms contain both parity-even and parity-

odd contribution.

There is one constraint equation from r2f
H E

(1)
ri + E

(1)
vi :

{
− 1

2H

d

dr

(
r2

∂f

∂M

)
+

1

2H2

d

dr

(
r2f

) ∂H

∂M
+

A′

2H

∂A

∂M
− r2fθ′

2H

∂θ

∂M

}
∂iM

+

{
M → Q

}
∂iQ =

1

2H
(r2f ′ −AA′) ∂vβi −

A′

2H
F ext
vi . (B.3)

By taking the probe limit and making use of f,H,A solutions, one can continue to the

analysis in section 4.2. The leading order gives rise to the parity-even transport coefficients

σ. The parity-even part of O(λ2) equations are higher order corrections to the leading order

hydrodynamics. The parity-even part of O(λ2) gives rise to the parity violating coefficients.
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