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1 Introduction

In quantum field theory, correlation functions of local operators may contain d-function
singularities at coincident points. Such contributions are referred to as contact terms.
Typically, they are not universal. They depend on how the operators and coupling con-
stants of the theory are defined at short distances, i.e. they depend on the regularization
scheme. This is intuitively obvious, since contact terms probe the theory at very short



distances, near the UV cutoff A. If A is large but finite, correlation functions have fea-
tures at distances of order A~!. In the limit A — oo some of these features can collapse
into J-function contact terms.

In this paper, we will discuss contact terms in two-point functions of conserved cur-
rents in three-dimensional quantum field theory. As we will see, they do not suffer from
the scheme dependence of conventional contact terms, and hence they lead to interesting
observables.

It is convenient to promote all coupling constants to classical background fields and
specify a combined Lagrangian for the dynamical fields and the classical backgrounds.
As an example, consider a scalar operator O(z), which couples to a classical background
field \(z),

L =L+ MNx)O(x) + c\(z) + IN2)PN(z) + - . (1.1)

Here % only depends on the dynamical fields and ¢, ¢’ are constants. The ellipsis denotes
other allowed local terms in A(x). If the theory has a gap, we can construct a well-defined
effective action F'[A] for the background field A\(x),

e = (e [ P22y (1.2)

which captures correlation functions of O(x). (Since we are working in Euclidean signa-
ture, F'[\] is nothing but the free energy.) At separated points, the connected two-point
function (O(z)O(y)) arises from the term in (1.1) that is linear in A(z). Terms quadratic
in A(x) give rise to contact terms: ¢6®) (z —y) + 9?63 (z —y) +--- .

A change in the short-distance physics corresponds to modifying the Lagrangian (1.1)
by local counterterms in the dynamical and the background fields. For instance, we can
change the constants ¢, ¢ by modifying the theory near the UV cutoff, and hence the corre-
sponding contact terms are scheme dependent. Equivalently, a scheme change corresponds
to a field redefinition of the coupling A\(z). This does not affect correlation functions at
separated points, but it shifts the contact terms [1]. A related statement concerns redun-
dant operators, i.e. operators that vanish by the equations of motion, which have vanishing
correlation functions at separated points but may give rise to non-trivial contact terms.

Nevertheless, contact terms are meaningful in several circumstances. For example,
this is the case for contact terms associated with irrelevant operators, such as the mag-
netic moment operator. Dimensionless contact terms are also meaningful whenever some
physical principle, such as a symmetry, restricts the allowed local counterterms. A well-
known example is the seagull term in scalar electrodynamics, which is fixed by gauge
invariance. Another example is the trace anomaly of the energy-momentum tensor 7},
in two-dimensional conformal field theories. Conformal invariance implies that T}, is a
redundant operator. However, imposing the conservation law 0#T),, = 0 implies that T}/
has non-trivial contact terms. These contact terms are determined by the correlation func-
tions of T}, at separated points, and hence they are unambiguous and meaningful. This is
typical of local anomalies [2—4].

If we couple T}, to a background metric g,,, the requirement that 7}, be conserved
corresponds to diffeomorphism invariance, which restricts the set of allowed counterterms.



In two dimensions, the contact terms of T}, are summarized by the formula (T}) = sl
where ¢ is the Virasoro central charge and R is the scalar curvature of the background
metric.! This result cannot be changed by the addition of diffeomorphism-invariant local
counterterms.

The contact terms discussed above are either completely arbitrary or completely mean-
ingful. In this paper we will discuss a third kind of contact term. Its integer part is scheme
dependent and can be changed by adding local counterterms. However, its fractional part
is an intrinsic physical observable.

Consider a three-dimensional quantum field theory with a global U(1) symmetry and
its associated current j,. We will assume that the symmetry group is compact, i.e. only

integer charges are allowed. The two-point function of j, can include a contact term,

<jM(SC)]V(O)> =+ % 5uupap5(3) (l‘) . (13)

Here « is a real constant. Note that this term is consistent with current conservation. We
can couple j, to a background gauge field a,. The contact term in (1.3) corresponds to a
Chern-Simons term for a, in the effective action F'al,
Fla]=---+ ] By e"Pa, 0,0, . (1.4)
47
We might attempt to shift kK — x + dx by adding a Chern-Simons counterterm to the UV
Lagrangian,
07 = f—:e“”pauﬁyap . (1.5)
However, this term is not gauge invariant, and hence it is not a standard local counterterm.

We will now argue that (1.5) is only a valid counterterm for certain quantized val-
ues of dk. Since counterterms summarize local physics near the cutoff scale, they are
insensitive to global issues. Their contribution to the partition function (1.2) must be a
well-defined, smooth functional for arbitrary configurations of the background fields and
on arbitrary curved three-manifolds M3s. Since we are interested in theories with fermions,
we require M3 to be a spin manifold. Therefore (1.5) is an admissible counterterm if its
integral is a well-defined, smooth functional up to integer multiples of 27i. This restricts dx
to be an integer.

Usually, the quantization of dk is said to follow from gauge invariance, but this is
slightly imprecise. If the U(1) bundle corresponding to a,, is topologically trivial, then a, is
a good one-form. Since (1.5) shifts by a total derivative under small gauge transformations,
its integral is well defined. This is no longer the case for non-trivial bundles. In order to
make sense of the integral, we extend a, to a connection on a suitable U(1) bundle over a
spin four-manifold My with boundary Ms, and we define

1

d3xe'Pa,d,a, = d*z e"PAE,, Foy (1.6)

i 167 0,

. . . . d(d—1
'In our conventions, a d-dimensional sphere of radius r has scalar curvature R = —%.



where F,, = 0,a, — 0ya, is the field strength. The right-hand side is a well-defined,
smooth functional of a,, but it depends on the choice of My. The difference between two
choices My and M/, is given by the integral over the closed four-manifold X4, which is
obtained by properly gluing M, and M/, along their common boundary Mj. Since X, is
also spin, we have
| d*xePE,F\ =2min,  nel. (1.7)

167 Jx,
Thus, if 0% is an integer, the integral of (1.5) is well defined up to integer multiples of 27i.2

We conclude that a counterterm of the from (1.5) can only shift the contact term
in (1.3) by an integer. Therefore, the fractional part x mod1 does not depend on short-
distance physics. It is scheme independent and gives rise to a new meaningful observable
in three-dimensional field theories. This observable is discussed in section 2.

In section 2, we will also discuss the corresponding observable for the energy-
momentum tensor 7),,. It is related to a contact term in the two-point function of 7,
IKg

(T (@) T (0)) =1+ = 75

<<5up,\8’\(8,,8‘,—825w)+(,u o 1/)) o & a)) 5@ (z) . (1.8)

This contact term is associated with the gravitational Chern-Simons term, which is properly
defined by extending the metric g,, to a four-manifold,

1997 /M \/§d3:n VP Ty (wuaywp+3wuwywp> = 76877/M \/§d3x €,LLVp0'RMVH>\RpUH)\ . (1.9)
3 4

Here w,, is the spin connection and R, is the Riemann curvature tensor. Note that we
do not interpret the left-hand side of (1.9) as a Chern-Simons term for the SO(3) frame
bundle. (See for instance the discussion in [5].) As above, two different extensions of M3
differ by the integral over a closed spin four-manifold Xy,

1
768

/ \/§d3$ 6“”'0"RW,§,\RPU”’\ = 2min, newz. (1.10)
X4

Therefore, the gravitational Chern-Simons term (1.9) is a valid counterterm, as long as its
coefficient is an integer.? Consequently, the integer part of the contact term kg in (1.8) is
scheme dependent, while the fractional part x, mod 1 gives rise to a meaningful observable.

We would briefly like to comment on another possible definition of Chern-Simons coun-
terterms, which results in the same quantization conditions for their coefficients. It involves
the Atiyah-Patodi-Singer n-invariant [6-8], which is defined in terms of the eigenvalues of
a certain Dirac operator on M3 that couples to a, and g,,. (Loosely speaking, it counts
the number of eigenvalues, weighted by their sign.) Therefore, na, g] is intrinsically three-
dimensional and gauge invariant. The Atiyah-Patodi-Singer theorem states that inn[a, g]
differs from the four-dimensional integrals in (1.6) and (1.9) by an integer multiple of 27i.
Hence, its variation gives rise to contact terms of the form (1.3) and (1.8). Although 7[a, g]

2In a purely bosonic theory we do not require M3 to be spin. In this case §x must be an even integer.
3If M3 is not spin, then the coefficient of (1.9) should be an integer multiple of 16.



is well defined, it jumps discontinuously by 2 when an eigenvalue of its associated Dirac
operator crosses zero. Since short-distance counterterms should not be sensitive to zero-
modes, we only allow imn[a, g] with an integer coefficient.

In section 3, we discuss the observables kmod1l and rysmod1l in several exam-
ples. We use our understanding of these contact terms to give an intuitive proof of a
non-renormalization theorem due to Coleman and Hill [9].

In section 4 we extend our discussion to three-dimensional theories with N = 2
supersymmetry. Here we must distinguish between U(1) flavor symmetries and U(1)g
symmetries. Some of the contact terms associated with the R-current are not consistent
with conformal invariance. As we will see in section 5, this leads to a new anomaly
in N' = 2 superconformal theories, which is similar to the framing anomaly of [10]. The
anomaly can lead to violations of conformal invariance and unitarity when the theory is
placed on curved manifolds.

In section 6, we explore these phenomena in N/ = 2 supersymmetric QED (SQED)
with a dynamical Chern-Simons term. For some range of parameters, this model is
accessible in perturbation theory.

In supersymmetric theories, the observables defined in section 4 can be computed
exactly using localization [11]. In section 7, we compute them in several theories that were
conjectured to be dual, subjecting these dualities to a new test.

Appendix A contains simple free-field examples. In appendix B we summarize relevant
aspects of N' = 2 supergravity.

2 Two-point functions of conserved currents in three dimensions

In this section we will discuss two-point functions of flavor currents and the energy-
momentum tensor in three-dimensional quantum field theory, and we will explain in detail
how the contact terms in these correlators give rise to a meaningful observable.

2.1 Flavor currents

We will consider a U(1) flavor current j,. The extension to multiple U(1)’s or to
non-Abelian symmetries is straightforward. Current conservation restricts the two-point

function of j,. In momentum space,?
2 2 2 0
N P~ \ Pubv — PO P°\ Epvpl
(uP)jv(=p)) =7 <M2> W + K (M) = (2.1)

Here 7 (p2/u2) and kK (p2 / ,u2) are real, dimensionless structure functions and g is an
arbitrary mass scale.

In a conformal field theory (CFT), 7 = 7cpr and k = kcpr are independent of p?.
(We assume throughout that the symmetry is not spontaneously broken.) In this case (2.1)

“Given two operators A(z) and B(z), we define (A(p)B(—p)) = [ d*ze™* (A(z)B(0)) .



leads to the following formula in position space:®

G (@)3(0) = (0° = 0,0,) 22505 + T e,,076 P (@) (2.2)

This makes it clear that 7opr controls the behavior at separated points, while the
term proportional to Kcpr is a pure contact term of the form (1.3). Unitarity implies
that 7opr > 0. If 7opT = 0 then j, is a redundant operator.

If the theory is not conformal, then (p2 / /ﬂ) may be a non-trivial function of p?.
In this case the second term in (2.1) contributes to the two-point function at separated
points, and hence it is manifestly physical. Shifting x (p2 / ,u2) by a constant dx only affects
the contact term (1.3). It corresponds to shifting the Lagrangian by the Chern-Simons
counterterm (1.5). As explained in the introduction, shifts with arbitrary dx may not
always be allowed. We will return to this issue below.

It is natural to define the UV and IR values

2 2
kuv = lim K <]92> , Kir = lim k <p2> . (2.3)

p?—oo  \ M p’—=0  \ M

Adding the counterterm (1.5) shifts kyy and kg by dk. Therefore Kyy — Kig is not
modified, and hence it is a physical observable.

We will now assume that the U(1) symmetry is compact, i.e. only integer charges are
allowed. (This is always the case for theories with a Lagrangian description, as long as we
pick a suitable basis for the Abelian flavor symmetries.) In this case, the coefficient dx of
the Chern-Simons counterterm (1.5) must be an integer. Therefore, the entire fractional
part x(p?/u?) mod 1 is scheme independent. It is a physical observable for every value of p?.
In particular, the constant kKcpr mod 1 is an intrinsic physical observable in any CFT.

The fractional part of kcpr has a natural bulk interpretation for CFTs with an AdSy
dual. While the constant rcpr is related to the coupling of the bulk gauge field corre-
sponding to j,, the fractional part of kcpr is related to the bulk f-angle. The freedom to
shift kcpr by an integer reflects the periodicity of 6, see for instance [12].

In order to calculate the observable kcprmod1 for a given CFT, we can embed the
CFT into an RG flow from a theory whose x is known — for instance a free theory. We
can then unambiguously calculate x(p?/u?) to find the value of kcpr in the IR. This
procedure is carried out for free massive theories in appendix A. More generally, if the
RG flow is short, we can calculate the change in k using (conformal) perturbation theory.
In certain supersymmetric theories it is possible to calculate kcprmod1 exactly using
localization [11]. This will be discussed in section 7.

We would like to offer another perspective on the observable related to x(p?). Us-
ing (2.1), we can write the difference kyy — kg as follows:

KUV — KIR = — B2 e 0, (j, ()5,(0)) . (2.4)
6 Jro—{0}

A term proportional to €,,,0” |x|_3, which is conserved and does not vanish at separated points, is not
consistent with conformal invariance.



The integral over R? — {0} excludes a small ball around z = 0, and hence it is not sensitive
to contact terms. The integral converges because the two-point function e#*9,,(j, ()7,(0))

vanishes at separated points in a conformal field theory, so that it decays faster than ;%3

in the IR and diverges more slowly than ;13 in the UV. Alternatively, we can use Cauchy’s

theorem to obtain the dispersion relation

1 [>*d
KUV — KIR, = / as Imk (—2) . (2.5)
0 K

™ S

This integral converges for the same reasons as (2.4). Since it only depends on the
imaginary part of x(p?/u?), it is physical.

The formulas (2.4) and (2.5) show that the difference between kyy and kg can be
understood by integrating out massive degrees of freedom as we flow from the UV theory
to the IR theory. Nevertheless, they capture the difference between two quantities that
are intrinsic to these theories. Although there are generally many different RG flows that
connect a pair of UV and IR theories, the integrals in (2.4) and (2.5) are invariant under
continuous deformations of the flow. This is very similar to well-known statements about
the Virasoro central charge ¢ in two dimensions. In particular, the sum rules (2.4) and (2.5)
are analogous to the sum rules in [13, 14] for the change in ¢ along an RG flow.

2.2 Energy-momentum tensor

We can repeat the analysis of the previous subsection for the two-point function of
the energy-momentum tensor 7},,, which depends on three dimensionless structure func-

tions 7, (p?/p?), 7/(p*/p?), and ky(p*/11?),

Tg (p2/ﬂ2)

(T () Tpo (—p)) = —(Pupv — p25w)(pppa - p25pa) 7]
7 (0% /1)

- ((pupp - p25up)(pupa - p2dua) + (M e V)) |p‘

27,2
kg (P°/ 1
Jrg§927r) ((%MPA(FVPU —PP0u0) + (1 ¢ V)> +(p 0)> . (2.6)
Unitarity implies that 7o(p*/u®) + Té(pz//‘2> > 0. If the equality is saturated, the
trace T}, becomes a redundant operator. This is the case in a CFT, where Ty = —7-;

and kg are constants. The terms proportional to 7, determine the correlation function
at separated points. The term proportional to k4 gives rise to a conformally invariant
contact term (1.8). It is associated with the gravitational Chern-Simons term (1.9), which
is invariant under a conformal rescaling of the metric. Unlike the Abelian case discussed
above, the contact term g4 is also present in higher-point functions of 7),,. (This is also
true for non-Abelian flavor currents.)

Repeating the logic of the previous subsection, we conclude that kg, uyv — Kgr is
physical and can in principle be computed along any RG flow. Moreover, the quantization
condition on the coefficient of the gravitational Chern-Simons term (1.9) implies that
the fractional part ry(p?/u?)mod1l is a physical observable for any value of p* In
particular x4 cpr mod 1 is an intrinsic observable in any CFT.



3 Examples

In this section we discuss a number of examples that illustrate our general discussion above.
An important example with N' = 2 supersymmetry will be discussed in section 6. Other
examples with AN/ = 4 supersymmetry appear in [15].

3.1 Free fermions

We begin by considering a theory of N free Dirac fermions of charge +1 with real
masses m;. Here we make contact with the parity anomaly of [4, 16, 17]. As is reviewed
in appendix A, integrating out a Dirac fermion of mass m and charge +1 shifts
by —3 sgn(m), and hence we find that

N

1
RUVv — RIR = 5 Z sgn (ml) . (31)
=1

If N is odd, this difference is a half-integer. Setting kyy = 0 implies that kg is a
half-integer, even though the IR theory is empty. In the introduction, we argued that
short-distance physics can only shift £ by an integer. The same argument implies that kg
must be an integer if the IR theory is fully gapped.® We conclude that it is inconsistent
to set kyy to zero; it must be a half-integer. Therefore,

N
HUV:%-FTL, nEZ,K}IR:HUv—%ZSgH(mi)EZ. (3.2)
i=1
The half-integer value of kyy implies that the UV theory is not parity invariant, even
though it does not contain any parity-violating mass terms. This is known as the parity
anomaly [4, 16, 17].
We can use (3.2) to find the observable kcpr mod1 for the CFT that consists of N
free massless Dirac fermions of unit charge:

0 N even

3.3
N odd (8:3)

keprmod 1l = {1
2

This illustrates the fact that we can calculate kcpr, if we can connect the CFT of interest
to a theory with a known value of k. Here we used the fact that the fully gapped IR
theory has integer wxiR.

We can repeat the above discussion for the contact term k, that appears in the
two-point function of the energy-momentum tensor. Integrating out a Dirac fermion of
mass m shifts kg by —sgn(m), so that

KgUV — KgIR = Z sgn(m;) . (3.4)

2

SWe refer to a theory as fully gapped when it does not contain any massless or topological degrees of
freedom.



If we instead consider N Majorana fermions with masses m;, then k4 yv — kg r Would
be half the answer in (3.4). Since rgyr must be an integer in a fully gapped theory,
we conclude that k4 uy is a half-integer if the UV theory consists of an odd number of
massless Majorana fermions. This is the gravitational analogue of the parity anomaly.

3.2 Topological currents and fractional values of x

Consider a dynamical U(1) gauge field A, and the associated topological current

. ip

Jp = % Ew/payApa peEL. (35)
Note that the corresponding charges are integer multiples of p. We study the free topo-
logical theory consisting of two U(1) gauge fields — the dynamical gauge field A, and a
classical background gauge field a, — with Lagrangian [12, 15, 18-21]

i
¥ = o (ke"?PA,0,A, +2pelPa,0,A, + qe"Pa,0,a,) , k.,p,qeZ. (3.6)
The background field a,, couples to the topological current j, in (3.5). In order to compute
the contact term ~ corresponding to j,, we naively integrate out the dynamical field 4, to
obtain an effective Lagrangian for a,,

1K >

Lo = EEIWPCZ“&,GP, R=g—" . (3.7)

Let us examine the derivation of (3.7) more carefully. The equation of motion for A, is
ketPo, A, = —petPo,a, . (3.8)

Assuming, for simplicity, that k£ and p are relatively prime, this equation can be solved
only if the flux of a, through every two-cycle is an integer multiple of k. When this is
not the case the functional integral vanishes. If the fluxes of a, are multiples of k, the
derivation of (3.7) is valid. For these configurations the fractional value of x is harmless.
This example shows that k is not necessarily an integer, even if the theory contains
only topological degrees of freedom. Equivalently, the observable xk mod 1 is sensitive to
topological degrees of freedom. We would like to make a few additional comments:

1.) The freedom in shifting the Lagrangian by a Chern-Simons counterterm (1.5) with
integer 0k amounts to changing the integer ¢ in (3.6).

2.) The value Kk = g — % can be measured by making the background field a,, dynamical
and studying correlation functions of Wilson loops for a,, in flat Euclidean space R?.
These correlation functions can be determined using either the original theory (3.6)
or the effective Lagrangian (3.7).

3.) Consider a CFT that consists of two decoupled sectors: a nontrivial CFTy with a

global U(1) current jﬁo) and a U(1) Chern-Simons theory with level k£ and topological

current 52e,,,0" AP. We will study the linear combination j, = jfLO) + %EWPOVAP .



Denoting the contact term in the two-point function of jflo) by kg, the contact term

corresponding to j, is given by

p?
K= ho— + (integer) . (3.9)

Since the topological current is a redundant operator, it is not possible to extract k
by studying correlation functions of local operators at separated points. Nevertheless,
the fractional part of x is an intrinsic physical observable. This is an example of a
general point that was recently emphasized in [22]: a quantum field theory is not uniquely
characterized by its local operators and their correlation functions at separated points.
The presence of topological degrees of freedom makes it necessary to also study various
extended objects, such as line or surface operators.

3.3 A non-renormalization theorem

Consider an RG flow from a free theory in the UV to a fully gapped theory in the IR. (Recall
that a theory is fully gapped when it does not contain massless or topological degrees of
freedom.) In this case, we can identify kg with the coefficient of the Chern-Simons term
for the background field a, in the Wilsonian effective action. Since the IR theory is fully
gapped, ki must be an integer. Depending on the number of fermions in the free UV
theory, kyy is either an integer or a half-integer. Therefore, the difference kyy — kiR is
either an integer or a half-integer, and hence it cannot change under smooth deformations
of the coupling constants. It follows that this difference is only generated at one-loop. This
is closely related to a non-renormalization theorem due to Coleman and Hill [9], which was
proved through a detailed analysis of Feynman diagrams. Note that our argument applies
to Abelian and non-Abelian flavor currents, as well as the energy-momentum tensor.

When the IR theory has a gap, but contains some topological degrees of freedom, x
need not be captured by the Wilsonian effective action. As in the previous subsection, it
can receive contributions from the topological sector. If the flow is perturbative, we can
distinguish 1PI diagrams. The results of [9] imply that 1PI diagrams only contribute to x
associated with a flavor current at one-loop. (The fractional contribution discussed in the
previous subsection arises from diagrams that are not 1PI.) However, this is no longer true
for kg, which is associated with the energy-momentum tensor. For instance, k, receives
higher loop contributions from 1PI diagrams in pure non-Abelian Chern-Simons theory [10].

3.4 Flowing close to a fixed point

Consider an RG flow with two crossover scales M > m. The UV consists of a free theory
that is deformed by a relevant operator. Below the scale M, the theory flows very close to
a CFT. This CFT is further deformed by a relevant operator, so that it flows to a gapped
theory below a scale m < M.

,10,



If the theory has a U(1) flavor current j,, the structure functions in (2.1) interpolate
between their values in the UV, through the CFT values, down to the IR:

TUV p2 > M?
TR Tepr m? <L p? < M?
TIR, p2 < m?

kuy  p? > M?
K~ kerr m? < p? << M? (3.10)

\HIR p2 < m2

Since the UV theory is free, 7y is easily computed (see appendix A). In a free theory
we can always take the global symmetry group to be compact. This implies that rkyy
is either integer or half-integer, depending on the number of fermions that are charged
under j,. If j, does not mix with a topological current in the IR, then 7igr vanishes
and kg must be an integer. This follows from the fact that the theory is gapped.

Since we know kyy and k1R, we can use the flow to give two complementary arguments
that kcpr mod 1 is an intrinsic observable of the CFT:

1.) The flow from the UV to the CFT: Here we start with a well- defined kyv, which
can only be shifted by an integer. Since kyy — kcopr is physical, it follows that kcpr
is well defined modulo an integer.

2.) The flow from the CFT to the IR: We can discuss the CFT without flowing into it
from a free UV theory. If the CFT can be deformed by a relevant operator such that
it flows to a fully gapped theory, then kg must be an integer. Since kKcrr — KIR
is physical and only depends on information intrinsic to the CFT, i.e. the relevant
deformation that we used to flow out, we conclude that the fractional part of kcpr
is an intrinsic observable of the CFT.

Below, we will see examples of such flows, and we will use them to compute xKcpr mod 1.
For the theory discussed in section 6, we will check explicitly that flowing into or out of
the CFT gives the same answer for this observable.

4 Theories with N/ = 2 supersymmetry

In this section we extend the previous discussion to three-dimensional theories with N = 2
supersymmetry. Here we must distinguish between U(1) flavor symmetries and U(1)g
symmetries.

4.1 Flavor symmetries

A U(1) flavor current Ju is embedded in a real linear superfield 7, which satisfies D7 =
EQJ = 0. In components,

o _ 1 - 1— — 1
J = J+i0j +i6j + i00K — (6+"0) j, — 59297#aﬂj — 59207#% + z029282J . (4)
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The supersymmetry Ward identities imply the following extension of (2.1):”

/\

uP)in(=p)) = (oupr = 10) gL+ oL

U = 2 (4.2
(K@)K(p) = Dy,

) (—p) = L.

Here we have defined 77y = %7‘, so that 7y = 1 for a free massless chiral superfield of
charge +1, and we have also renamed ry = . The subscript ff emphasizes the fact that
we are discussing two-point functions of flavor currents.

As in the non-supersymmetric case, we can couple the flavor current to a background
gauge field. Following [23, 24], we should couple J to a background vector superfield,

_ _ I — 1 —
V= + (0v"0) a, — i00c — i0>OX + i020) — 5(92921) : (4.3)

Background gauge transformations shift V — V + A + A with chiral A, so that ¢ and D
are gauge invariant, while a, transforms like an ordinary gauge field. (The ellipsis denotes
fields that are pure gauge modes and do not appear in gauge-invariant functionals of V.)
The coupling of J to V takes the form

0.2 = —2/d49 JV = —jua* — Ko — JD + (fermions) . (4.4)

As before, it may be necessary to also add higher-order terms in V to maintain gauge
invariance.

We can now adapt our previous discussion to kf¢. According to (4.2), a constant value
of ks gives rise to contact terms in both (j,(p)j.(—p)) and (J(p)K(—p)). These contact
terms correspond to a supersymmetric Chern-Simons term for the background field V,

Ly = —% /d49 V= % (ie"Pa,0,a, — 20D + (fermions)) . (4.5)

Here the real linear superfield ¥ = %EDV is the gauge-invariant field strength correspond-
ing to V. If the U(1) flavor symmetry is compact, then the same arguments as above imply
that short-distance counterterms can only shift ¢y by an integer, and hence the analysis
of section 2 applies. In particular, the fractional part xyrmod1 is a good observable in
any superconformal theory with a U(1) flavor symmetry.

4.2 R-symmetries

Every three-dimensional ' = 2 theory admits a supercurrent multiplet S, that contains
the supersymmetry current and the energy-momentum tensor, as well as other operators. A

"Supersymmetry also fixes the two-point function of the fermionic operators j, and Jo in terms of Ty s
and kss, but in order to simplify the presentation, we will restrict our discussion to bosonic operators.
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thorough discussion of supercurrents in three dimensions can be found in [25]. If the theory
has a U(1) g symmetry, the S-multiplet can be improved to a multiplet R, which satisfies

D’ Rop = —4iDJ@ . D JH =D7% = . (4.6)

Here Rop = —274 BRH is the symmetric bi-spinor corresponding to R,. Note that [J (2) is

a real linear multiplet, and hence R, is also annihilated by D? and D°. In components,

Ry = 3\ — 08, — i0S,, — (07"0) (2T + icyp0° J9)

~i09(25\7) + ie 0”5 P) + - -, (4.7)

1 1- = . .
g9 = g2 _ 5(%,#5“ + ig,yugu + 00T — (07“9)]'/82) e

where the ellipses denote terms that are determined by the lower components as in (4.1).
Here j,(LR) is the R-current, S, is the supersymmetry current, 7),, is the energy-momentum
tensor, and j,SZ) is the current associated with the central charge in the supersymmetry
algebra. The scalar J(%) gives rise to a string current i€p0P J (Z) " All of these currents
are conserved. Note that there are additional factors of 7 in (4.7) compared to the formulas
n [25], because we are working in Euclidean signature. (In Lorentzian signature the
superfield R, is real.)

The R-multiplet is not unique. It can be changed by an improvement transformation,
t _ _
Rlaﬁ = Raﬂ — 5 ([DQ,D/B] —+ [Dﬁ,Da}) j,
s
T2 — 72 _ %DDJ, (4.8)
where J is a flavor current and t is a real parameter. In components,

G = 5 + 1,
t

T//w - T;w - g(auav - 5MV62)']7
JE = D 11K,

]#(Z) j/SZ) — 1te,0” 0 . (4.9)
Note that the R-current j,SR) is shifted by the flavor current j,. If the theory is su-
perconformal, it is possible to set J%) to zero by an improvement transformation, so
that J%) Tk, and j,SZ) are redundant operators.

We first consider the two-point functions of operators in the flavor current multiplet 7
with operators in the R-multiplet. They are parameterized by two dimensionless structure
functions 7y, and k¢, where the subscript fr emphasizes the fact that we are considering
mixed flavor- R two-point functions:

/\

Gu®)iS (=p)) = (pupv — p 5“V)8| |+ E o’ 2f
. j Kfr PITfr
<Jﬂ(p)]l(/Z)(_p)> = (Pupv _p25uu)# N 8lwppp| ’8f )
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)T D (-p)) = FE

(K (p)J ) () = 2T

<J(p)Tﬂ (_p)> = (pupu _p25,u1/)

(K(p)Ty(—p)) = (pupv — P*6)

Ty
16p|’
K fr

4

(4.10)
Under an improvement transformation (4.9), the structure functions shift as follows:

T =T+ 1757,
H}T = Kfr HERff . (4.11)

As explained above, in a superconformal theory there is a preferred R/, 8 whose correspond-
ing J"(%) is a redundant operator. Typically, it differs from a natural choice Rap in the UV
by an improvement transformation (4.8). In order to find the value of ¢ that characterizes
this improvement, we can use (4.10) and the fact that the operators in J'(4) are redun-
dant to conclude that ?}r must vanish [26]. Alternatively, we can determine ¢ by applying
the F-maximization principle, which was conjectured in [27, 28] and proved in [11].8

We will now discuss two-point functions of operators in the R-multiplet. They are
parameterized by four dimensionless structure functions 7y, Ts», K, and K.,

~

GO D) = Gue = PP o) g+ 2t 5
UL @I ) = Bubo = 1250) P P52
PG P)) = ~upo = P00 2= + 2 22
(IO @)1 () = PP
(SO @) (1)) = =7 (ubs = P*0) (4.12)
The two-point function (7)., (p)T,A(—p)) is given by (2.6) with
Ty = ?7”“;22?” Ty = —?””;2?”, kg =12 (Kpp + K22) (4.13)

(R)

The subscripts rr and zz are associated with two-point functions of the currents j,

and j,SZ). Note that 7, + Té = %Z, which is non-negative and vanishes in a superconformal

theory. As before, an improvement transformation (4.8) shifts the structure functions,

=~/

Trp = Trr + 2L‘§‘\fr + 12 7/:ff ,

8While the R-symmetry that is natural in the UV is usually compact, the fact that ¢ may not be an
integer means that this is not always the case for the superconformal R-symmetry in the IR. Therefore,
the superconformal R-symmetry in the IR is a linear combination of compact symmetries with generally
non-integer coefficients.
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T, = Tos — 27 — Ty,

/

Kpp = Kpp + 20K + t2 Kff,
K, = Kap — 2tk pr — 2 Kpp (4.14)

zZZ

Note that 7, and #, in (4.13) are invariant under these shifts.

In a superconformal theory, the operators J @) T 7, and jfLZ) are redundant. However,
we see from (4.10) and (4.12) that they give rise to contact terms, which are parameterized
by kfr and k... These contact terms violate conformal invariance. Unless xy, and k.. are
properly quantized, they cannot be set to zero by a local counterterm without violating
the quantization conditions for Chern-Simons counterterms explained in the introduction.

This leads to a new anomaly, which will be discussed in section 5.

4.3 Background supergravity fields

In order to get a better understanding of the contact terms discussed in the previous
subsection, we couple the R-multiplet to background supergravity fields. (See appendix B
for relevant aspects of N' = 2 supergravity.) To linear order, the R-multiplet couples to
the linearized metric superfield H,. In Wess-Zumino gauge,

B L L
(eyua)(huy-iguy)—-ieec¢-%920¢M4-%929¢H4-§0292(Au-L@) . (4.15)

| =

HM:

Here hy, is the linearized metric, so that g,, = ., + 2h,,. The vectors C,, and A, are
Abelian gauge fields, and B, is a two-form gauge field. It will be convenient to define
the following field strengths,

V= —euwpd’CP, 0"V, =0,

1
H = Jeu,d"B” . (4.16)

Despite several unfamiliar factors of ¢ in (4.15) that arise in Euclidean signature, the
fields V), and H are naturally real. Below, we will encounter situations with imaginary H,
see also [11, 29].

If the theory is superconformal, we can reduce the R-multiplet to a smaller super-
current. Consequently, the linearized metric superfield H, enjoys more gauge freedom,
which allows us to set B, and A, — %Vu to zero. The combination A, — %Vu remains and
transforms like an Abelian gauge field.

Using H,, we can construct three Chern-Simons terms (see appendix B), which
capture the contact terms described in the previous subsection. As we saw there, not all
of them are conformally invariant.

o Gravitational Chern-Simons Term:

K o 2
Y = 19;7r <z€“ ’)Tr(wu&,wp + gwuwywp)

+45ehP (Au - 2Vu> Oy (Ap - ;Vp> + (fermions)> . (4.17)
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We see that the N' = 2 completion of the gravitational Chern-Simons term (1.9) also
involves a Chern-Simons term for A, — %Vu' Like the flavor-flavor term (4.5), the
gravitational Chern-Simons term (4.17) is conformally invariant. It was previously
studied in the context of conformal N = 2 supergravity [30], see also [31, 32].

o /-7 Chern-Simons Term:

1 1 1

jzzz—ﬁzz Pl Ay—=-V, |0, | Ap—2V, | +sHR A - - - + (fermions) | . (4.18)
4 2 2 2

Here the ellipsis denotes higher-order terms in the bosonic fields, which go beyond

linearized supergravity. The presence of the Ricci scalar R and the fields H, A, — %Vu

implies that (4.18) is not conformally invariant.

e Flavor-R Chern-Simons Term:

Ly = b <z‘s’“’palﬁy (Ap — 1Vp> + 1UR — 1DH +-+ (fermions)) . (4.19)
2m 2 8 2

The meaning of the ellipsis is as in (4.18). Again, the presence of R, H, and A, — %VM

shows that this term is not conformally invariant. The relative sign between the

Chern-Simons terms (4.5) and (4.19) is due to the different couplings of flavor

and R-currents to their respective background gauge fields.

Note that both (4.17) and (4.18) give rise to a Chern-Simons term for A,. Its overall
coefficient is k. = 7§ — K.z, in accord with (4.13).

It is straightforward to adapt the discussion of section 2 to these Chern-Simons terms.
Their coefficients can be modified by shifting the Lagrangian by appropriate counterterms,
whose coefficients are quantized according to the periodicity of the global symmetries.
Instead of stating the precise quantization conditions, we will abuse the language and say
that the fractional parts of these coefficients are physical, while their integer parts are

scheme dependent.

5 A new anomaly

In the previous section, we have discussed four Chern-Simons terms in the background
fields: the flavor-flavor term (4.5), the gravitational term (4.17), the Z-Z term (4.18),
and the flavor-R term (4.19). They correspond to certain contact terms in two-point
functions of operators in the flavor current J and the R-multiplet. As we saw above, the
flavor-flavor and the gravitational Chern-Simons terms are superconformal, while the Z-Z
term and the flavor-R term are not. The latter give rise to non-conformal contact terms
proportional to k.. and k.

The integer parts of k.. and k¢, can be changed by adding appropriate Chern-Simons
counterterms, but the fractional parts are physical and cannot be removed. This leads to
an interesting puzzle: if K., or k. have non-vanishing fractional parts in a superconformal
theory, they give rise to non-conformal contact terms. This is similar to the conformal
anomaly in two dimensions, where the redundant operator 7} has nonzero contact terms.
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However, in two-dimensions the non-conformal contact terms arise from correlation func-
tions of the conserved energy-momentum tensor at separated points, and hence they cannot
be removed by a local counterterm. In our case, the anomaly is a bit more subtle.

An anomaly arises whenever we are unable to impose several physical requirements
at the same time. Although the anomaly implies that we must sacrifice one of these
requirements, we can often choose which one to give up. In our situation we would like to
impose supersymmetry, conformal invariance, and compactness of the global symmetries,
including the R-symmetry. Moreover, we would like to couple the global symmetries to
arbitrary background gauge fields in a fully gauge-invariant way. As we saw above, this
implies that the corresponding Chern-Simons counterterms must have integer coefficients.’
If the fractional part of .. or k. is nonzero, we cannot satisfy all of these requirements,
and hence there is an anomaly. In this case we have the following options:

1.) We can sacrifice supersymmetry. Then we can shift the Lagrangian by non-
supersymmetric counterterms that remove the non-conformal terms in (4.18)
and (4.19) and restore conformal invariance. Note that these counterterms are gauge
invariant.

2.) We can sacrifice conformal invariance. Then there is no need to add any countert-
erm. The correlation functions at separated points are superconformal, while the
contact terms are supersymmetric but not conformal.

3.) We can sacrifice invariance under large gauge transformations. Now we can shift
the Lagrangian by supersymmetric Chern-Simons counterterms with fractional
coefficients to restore conformal invariance. These counterterms are not invariant
under large gauge transformations, if the background gauge fields are topologically
non-trivial.

The third option is the most conservative, since we retain both supersymmetry and
conformal invariance. If the background gauge fields are topologically non-trivial, the
partition function is multiplied by a phase under large background gauge transformations.
In order to obtain a well-defined answer, we need to specify additional geometric data.'”
By measuring the change in the phase of the partition function as we vary this data, we
can extract the fractional parts of x.. and k.. Therefore, these observables are not lost,
even if we set the corresponding contact terms to zero by a counterterm.

This discussion is similar to the framing anomaly of [10]. There, a Lorentz Chern-
Simons term for the frame bundle is added with fractional coefficient, in order to make
the theory topologically invariant. This introduces a dependence on the trivialization of
the frame bundle. In our case the requirement of topological invariance is replaced with

9Here we will abuse the language and attribute the quantization of these coefficients to invariance under
large gauge transformations. As we reviewed in the introduction, a more careful construction requires a
choice of auxiliary four-manifold. The quantization follows by demanding that our answers do not depend
on that choice.

0\ ore precisely, the phase of the partition function depends on the choice of auxiliary four-manifold,
which is the additional data needed to obtain a well-defined answer.
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superconformal invariance and we sacrifice invariance under large gauge transformations
rather than invariance under a change of framing.

Finally, we would like to point out that the anomaly described above has important
consequences if the theory is placed on a curved manifold [11]. For some configurations of
the background fields, the partition function is not consistent with conformal invariance
and even unitarity.

6 A perturbative example: SQED with a Chern-Simons term

Consider N/ = 2 SQED with a level & Chern-Simons term for the dynamical U(1), gauge
field and Ny flavor pairs @);, @; that carry charge +1 under U(1),. The theory also has a
global U(1), flavor symmetry under which @, C}; all carry charge +1. Here v and a stand
for ‘vector’ and ‘axial’ respectively. The Euclidean flat-space Lagrangian takes the form

Dsf:—/d‘* <Q Q4 Qe Qs — 722+ kvz) (6.1)

where e is the gauge coupling and )A) denotes the dynamical U(1), gauge field. (The hat
emphasizes the fact that it is dynamlcal ) Note that the theory is invariant under charge
conjugation, which maps V — V and @Q; « Q~ This symmetry prevents mixing of
the axial current with the topological current, so that some of the subtleties discussed in
section 3 are absent in this theory.
The Chern-Simons term leads to a mass for the dynamical gauge multiplet,
ke?

M==. (6.2)

This mass is the crossover scale from the free UV theory to a non-trivial CFT labeled
by k and Ny in the IR. We will analyze this theory in perturbation theory for £ > 1. In
particular, we will study the contact terms of the axial current,

= Qi + G417, (6.3)
and the R-multiplet,

2 ~ .~ ~ o~
= (DaZuDp2y + DXy DaXu) + Ry

Z 2
TP = @DD(Z ). (6.4)
Here Rp; is associated with the matter fields and assigns canonical dimensions to @);, C};
In the IR, the R-multiplet flows to a superconformal multiplet, up to an improvement by
the axial current 7. Therefore, at long distances J(%) is proportional to iDD.J.

We begin by computing the flavor-flavor contact term & ¢y cpr in the two-point function
of the axial current (6.3), by flowing from the free UV theory to the CFT in the IR.
Using (4.2), we see that it suffices to compute the correlation function (J(p)K(—p)) at
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Figure 1. Feynman diagrams for flavor-flavor. The solid dots denote the appropriate operator
insertions. The dashed and solid lines represent scalar and fermion matter. The double line denotes
the scalar and the auxiliary field in the vector multiplet, while the zigzag line represents the gaugino.

——— e
,” N\\ ,’/ \\ ,’
4 \ p) 4
4 \ I ] !
]
‘ ® | ®
! \ \
\ J \ ! N
\\\-_—’, \‘~-_", \‘-
Figure 2. Feynman diagrams for flavor-gravity. See 1 for an explanation of the diagrammatic rules.

small momentum p? — 0. In a conformal field theory, the correlator (J(x)K(0)) vanishes
at separated points, and hence we must obtain a pure contact term. More explicitly, we have

T=lal +1G7, K =it — iy . (6.5)
There are two diagrams at leading order in %, displayed in 1. The first diagram, with the
intermediate gaugino, is paired with a seagull diagram, which ensures that we obtain a

pure contact term. The second diagram vanishes by charge conjugation. Evaluating these
diagrams, we find

TNy 1
I K(—p)) = 2 ~ .
T U)K =T +0 (5] (6.
and hence 2y
T 1
Kff.CFT = 4kf +0 <k3> : (6.7)

We similarly compute the flavor-R contact term & ¢, cpr by flowing into the CFT from
the free UV theory. It follows from (4.10) that it can be determined by computing the
two-point function (J(p).J?)(—p)) at small momentum p? — 0. Using (6.4), we find

1 ~ | =<~
(O — <3va - ;AW) . (6.8)

o2

Since J4) is proportional to iDDJ at low energies, the operator .J (2) fows to an operator
proportional to K. The coefficient is determined by the mixing of the R-symmetry with
the axial current J, which occurs at order 1%2 Since (J(z)K(0)) vanishes at separated
points, the two-point function of J and J?) must be a pure contact term. Unlike the
flavor-flavor case, several diagrams contribute to this correlator at order % (figure 2). Each
diagram gives rise to a term proportional to ﬁ. However, these contributions cancel, and
we find a pure contact term,

i ()79 () =~ +0 (5 (6.9)
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so that

2k k3

Since this value is fractional, it implies the presence of the anomaly discussed in the

N 1
cprern =51 +0 (5 ) (6.10)

previous section.

We have computed kf¢crr and kg, cpr by flowing into the CFT from the free UV
theory. It is instructive to follow the discussion in subsection 3.4 and further deform the
theory by a real mass m < M. In order to preserve charge conjugation, we assign the same
real mass m to all flavors Q;, @; This deformation leads to a gap in the IR. Even though
a topological theory with Lagrangian proportional to ie#**v,,0,v, can remain, it does not
mix with J or R, because of charge conjugation. Therefore, the contact terms rys
and k. must be properly quantized in the IR. (Since the matter fields in this example
have half-integer R-charges, this means that xy, should be a half-integer.)

For the axial current, we have

2N p* > M?
Tif R A Trrorr = 2N; — O (&%) m? < p? < M? (6.11)
0 p? < m?

The fact that 7;y = 0 in the IR follows from the fact that the theory is gapped. Similarly,

0 p? > M?
N
Kip R Rprorr = gt + O (75)  mP < p? < M? (6.12)
—Nysgn(m) p? < m?

Note that parity, which acts as k — —k, m — —m, ks — —ksy, with Ty, invariant, is a
symmetry of (6.11) and (6.12).
For the two-point function of the axial current and the R-multiplet, we find

0 p? > M?
?fr,« ~ ?fr,CFT =0 (k%) m2 < p2 < M? (613)
0 p? < m?

Here 7y, cpr measures the mixing of the axial current with the UV R-multiplet (6.4).
For the superconformal R-multiplet of the CFT, we would have obtained 7y, cpr = 0, as
explained after (4.11). Similarly,

0 p? > M?
N
Kfr & Kfrcrr = — 51 + O (k%) m? < p? < M? (6.14)
%sgn(m) p? < m?

As before, (6.13) and (6.14) transform appropriately under parity.
Let us examine the flow from the CFT to the IR in more detail, taking the UV
crossover scale M — oco. In the CFT, the operator J%) is redundant, up to O (k%)
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corrections due to the mixing with the axial current. Once the CFT is deformed by the
real mass m, we find that

1 1
Z) _
J )mJ+(’)<62,k2) : (6.15)
where J is the bottom component of the axial current (6.3), which is given by (6.5). (As
always, the operator equation (6.15) holds at separated points.) Substituting into (4.10),
we find that

Kfr  KfrCFT 11 Kfr,CFT , M 11
= e J(p)J(— o=, =)= — O—=,—). (6.16
s = SO =)+ 0 (g ) = T 4 0 (g ) - (610
Here it is important that the two-point function of J does not have a contact term in the
CFT. Explicitly computing 7y, we find that

R {QNf -0 (% p? > m? 617)

B )
TTNEE (1 Lsmm) +O () <

lm[

This is consistent with (6.14) and (6.16).

7 Checks of dualities

In this section we examine dual pairs of three-dimensional N' = 2 theories, which are
conjectured to flow to the same IR fixed point. In this case, the various contact terms
discussed above, computed on either side of the duality, should match.

First, as in [33-37|, the three-sphere partition functions of the two theories should
match, up to the contribution of Chern-Simons counterterms in the background fields.
Denote their coefficients by k.

Second, as in the parity anomaly matching condition discussed in [24], the fractional
parts of these contact terms are intrinsic to the theories. Therefore, the Chern-Simons
counterterms that are needed for the duality must be properly quantized. This provides
a new non-trivial test of the duality.

Finally, these counterterms can often be determined independently. Whenever different
pairs of dual theories are related by renormalization group flows, the counterterms for these
pairs are similarly related. In particular, given the properly quantized Chern-Simons coun-
terterms that are needed for one dual pair, we can determine them for other related pairs
by a one-loop computation in flat space. This constitutes an additional check of the duality.

In this section we demonstrate this matching for N/ = 2 supersymmetric level-rank
duality and Giveon-Kutasov duality [38]. We compute some of the relative Chern-Simons
counterterms, both in flat space and using the three-sphere partition function, and verify
that they are properly quantized.

7.1 Level-rank duality

Consider an N' = 2 supersymmetric U(n) gauge theory with a level k& Chern-Simons term.
We will call this the ‘electric’ theory and denote it by U(n)g. In terms of the SU(n) and
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U(1) subgroups, this theory is equivalent to (SU(n)x X U(1),) /Zy, where we have used
the conventional normalization for Abelian gauge fields. This theory flows to a purely
topological U(n) Chern-Simons theory with shifted levels, denoted by U(n)zgi(k) (k| =n), kn”
The first subscript specifies the level of the SU(n) subgroup, which is shifted by integrating
out the charged, massive gauginos (recall that their mass has the same sign as the level k),
and the second subscript denotes the level of the U(1) subgroup, which is not shifted.

The dual ‘magnetic’ theory is a supersymmetric U(|k| —n)_j Yang-Mills Chern-Simons
theory. It flows to the purely topological theory U(|k|— n)?ggn(k)n,—kﬂk\—n) . This theory is
related to the other topological theory described above by conventional level-rank duality
for unitary gauge groups [39].11

These theories have two Abelian symmetries: a U(1)p symmetry under which
all gauginos have charge +1, and a topological symmetry U(1l);. The topological
symmetry corresponds to the current j, = #quTrF YP on the electric side, and
to ju = — 5=, TrF"P on the magnetic side.

We can integrate out the gauginos to obtain the contact term k,, in the two-point
function (4.12) of the R-current. On the electric side, we find k. = —3 sgn(k)n?, and on

the magnetic side we have k., = 3 sgn(k)(|k|—n)?. We must therefore add a counterterm

OKpy = —% sgn(k) ((|k| - n)? + n2) , (7.1)

to the magnetic theory. Taking into account possible half-integer counterterms that must
be added on either side of the duality because of the parity anomaly, what remains of the
relative counterterm (7.1) is always an integer.

In order to compute the contact term associated with U(1) s, we follow the discussion in
subsection 3.2 and integrate out the dynamical gauge fields to find the effective theory for
the corresponding background gauge field. In the electric theory, this leads to kjj. = — %,

and in the magnetic theory we find k5., = ‘k‘k_ " Hence we need to add an integer

Chern-Simons counterterm to the magnetic theory,
5/%]] = — Sgn(k) . (72)

7.2 Giveon-Kutasov duality

Consider the duality of Giveon and Kutasov [38]. The electric theory consists of a U(n)g
Chern-Simons theory with Ny pairs Qi,@; of quarks in the fundamental and the anti-
fundamental representation of U(n). The global symmetry group is SU(Nf) x SU(Ny) x
U(1)a x U(1); x U(1)g. The quantum numbers of the fundamental fields are given by

Fields|U(n);|SU(N;) SU(N;) U(1)4 U(1); U(1)g
Q O O 1 1 0

(7.3)

Q ] 1 0 1 0

NI—= N[—=

“The authors of [39] restricted n to be odd and k to be even. This restriction is unnecessary on spin
manifolds. Furthermore, we reversed the orientation on the magnetic side.
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The magnetic dual is given by a U(n = Ny + |k| — n)_; Chern-Simons theory. It
contains Ny pairs qi,&i of dual quarks and N]% singlets M;’, which interact through a

superpotential W = qiMﬁZij. The quantum numbers in the magnetic theory are given by

Fields|U(7)_x [SU(Ny) SU(Ny) U(1)a U(1)y U(1)r

q O O 1 -1 0 3 (7.4)
q 0 1 O -1 0 :

M 1 O O 2 1

As before, the topological symmetry U(1); corresponds to j, = ﬁaw,pTrF YP on the
electric side, and to j, = —5-€,,,TrF"”? on the magnetic side. Note that none of the
fundamental fields are charged under U(1).

This duality requires the following Chern-Simons counterterms for the Abelian sym-
metries, which must be added to the magnetic theory:!?

draa = —sgu(k)Ny(Ny — |k]),
drgg = —sgn(k),

1
OKAp = isgn(kz)Nf(Nf + |k| — 2n),

1
Otiyr = —7 sgn(k) (2k* — 4|k[n + 3|k|Ny + 4n® — 4nNy 4+ N7) . (7.5)

This was derived in [37] by flowing into Giveon-Kutasov duality from Aharony duality [40]

via a real mass deformation.!?

Note that these Chern-Simons counterterms are properly
quantized: k44 and 0k are integers, while 0k 4, is half-integer and dk,. is quantized in
units of %. This is due to the presence of fields with R-charge %

We can also understand (7.5) by flowing out of Giveon-Kutasov duality to a pair
of purely topological theories. If we give a real mass to all electric quarks, with
its sign opposite to that of the Chern-Simons level k, we flow to a U(n)iisgn(m)n;
theory without matter. The corresponding deformation of the magnetic theory flows
to U(|k| —n)_(risgn(r)n,). Level-rank duality between these two theories without matter
was discussed in the previous subsection. Given the counterterms (7.1) and (7.2) that are
needed for this duality and accounting for the Chern-Simons terms generated by the mass
deformation, we reproduce (7.5).

7.3 Matching the three-sphere partition function

As explained in [11], we can read off the contact terms sy and k. from the dependence
of the free energy Fgs on a unit three-sphere on the real mass parameter m associated
with the flavor symmetry:
1 9 10
K,ff:—%mlmFsﬁ s HfrziiRerii . (76)

m=0

12Similar counterterms are required for the SU(Ny) x SU(N;) flavor symmetry [34-37].
3The R-symmetry used in [37] assigns R-charge 0 to the electric quarks Q;, Q7. Therefore, our results
for dkar and 0k, differ from those of [37] by improvements (4.11) and (4.14).
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We can use this to rederive some of the relative Chern-Simons counterterms in (7.5).
Let us denote by m and & the real mass parameters corresponding to U(1)4 and U(1);.
(Equivalently, £ is a Fayet-Iliopoulos term for the dynamical gauge fields.) Using the
results of [41], it was shown in [36] that the difference between the three-sphere partition
functions of the electric and the magnetic theories requires a counterterm

0Fgs = sgn(k) (miNy(Ny — |k|)ym? + mig® + mN(Ny + |k| — 2n)m) + -+ . (7.7)

where the ellipsis represents terms that are independent of m and £. (Our conventions
for the Chern-Simons level & differ from those of [36] by a sign.) An analogous result was
obtained in [37] for a different choice of R-symmetry. Using (7.6), we find the same values
for 0k a4, 0Ky, and 0k 4, as in (7.5). Note that the counterterm (7.7) does not just affect
the phase of the partition function, because the term linear in m is real.

Many other dualities have been shown to require relative Chern-Simons countert-
erms [33-37, 42, 43]. It would be interesting to repeat the preceding analysis in these
examples.
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A Free massive theories
Consider a complex scalar field ¢ of mass m,
£ = 10,0 + m?|f? (A1)

This theory is invariant under parity and has a U(1) flavor symmetry under which ¢ has
charge +1. The corresponding current is given by

j,u =1 (55;@ - ¢aﬁt$) . (A'2)
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In momentum space, the two-point function of j, is given by (2.1) with
2 2
2 4 2 2
T <p2) = — [(1 + WZL) arccot <|m|> — |m|] )
m m p [l |
k=0. (A.3)

The fact that x = 0 follows from parity. The function 7(p?/m?) interpolates between 7 = 1
in the UV and the empty theory with 7 = 0 in the IR,

Im| 2 2
i ﬁ _ 1+(’)<‘p|) pe>m ™
m? 2el 4 0 <ﬂ> 2 < m? '
8re|m] [mf® b
Now consider a Dirac fermion v with real mass m,
& = —iﬂv“@uw +imapr) . (A.5)

The mass term explicitly breaks parity. The U(1) flavor symmetry that assigns charge +1
to 1 gives rise to the current

j,u = _avulb? (AG)

whose two-point function is given by (2.1) with
2 2
2 4 2 2
. <p2> _2 Kl _ 7@) arecot <Im\> N !mq |
m ™ p | Pl

2

D m 2|m|>
k| — | = ——arccot [ —— ] . AT
<m2> Pl <|P| A0

Note that m — —m under parity, so that 7 is invariant and k — —k. Again, the func-
tion 7 (p2/m2) interpolates between 7 = 1 in the UV and 7 = 0 in the IR,

#y_[1ro(3) P> m’ AS
g m2 41p| ) Ip[® 2 2 (A.8)

The function k (p2 / m2) interpolates from x = 0 in the UV, where the theory is massless

and parity invariant, to K = —% sgn(m) in the empty IR theory,
m|m| 2 2 2
p2 B 20 +0 (%) pT>=>m
k| =5 | =segn(m) ) > ) ) (A.9)
m ~5+0( %) PP <m

The function 7 (p?/m?) in (A.3) for a free scalar and the functions 7 (p?/m?) and  (p?/m?)
in (A.7) for a free fermion are shown in 3. At the scale p? ~ m? these functions display
a rapid crossover from the UV to the IR.

In theories with A/ = 2 supersymmetry, we can consider a single chiral superfield ® with
real mass m. This theory has a global U(1) flavor symmetry, and the associated conserved
current j,, which resides in the real linear multiplet J = 6@2”"95@, is the sum of the

currents in (A.2) and (A.6). Therefore, the function 7 (%) is the sum of the corresponding
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s 0 is 5 [PI/IM]

Figure 3. Function 7 for the free scalar (blue, dotted) and functions 7 and || for the free fermion
(red, dashed and solid).

functions in (A.3) and (A.7). Since k (%22) only receives contributions from the fermion 1,

it is the same as in (A.7). From (A.4) and (A.8), we see that the total 7 (%) ~ 2
when p? > m?. In supersymmetric theories it is thus convenient to define 7 = 5, so that

that 7 (%) ~ 1 when p? > m? for a chiral superfield of charge +1 and real mass m.

B Supergravity in three dimensions

In this appendix we review some facts about three-dimensional ' = 2 supergravity, focus-
ing on the supergravity theory associated with the R-multiplet. It closely resembles N = 1
new minimal supergravity in four dimensions [44]. For a recent discussion, see [45, 46].

B.1 Linearized supergravity

We can construct a linearized supergravity theory by coupling the R-multiplet to the
metric superfield H,,,

0L = 2/d49 R H! . (B.1)
The supergravity gauge transformations are embedded in a superfield L,
6Hap = 2 (DaLs — DgLa) + (o > B) . (B.2)
Demanding gauge invariance of (B.1) leads to the following constraints:
DD’Lo+ D*D?Ly =0 . (B.3)

In Wess-Zumino gauge, the metric superfield takes the form™

1 - R — i— 1 —
~00C,, — 5929% - 5929% - 59292 (A, —V,) . (B4)

1 — .
Hy = B (97”9) (huw — iBuy) — 5

' As in (4.7), the metric superfield contains factors of i that are absent in Lorentzian signature.
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Here h,,, is the linearized metric, so that g,, = ., + 2h,,. The vectors C, and A, are
Abelian gauge fields, and B, is a two-form gauge field. The gravitino v, will not be
important for us. We will also need the following field strengths,

Vi = —€up0”C?, 0"V, =0

1
H = Seuw,0"B” . (B.5)

We can now express the coupling (B.1) in components,
. 3 .. .
0L = —T,h" +]£R) <A“ - 2V“> — zleZ)C“ + JP H + (fermions) . (B.6)

Since the gauge field A* couples to the R-current, we see that the gauge trans-
formations (B.2) include local R-transformations. This supergravity theory is the
three-dimensional analog of N’ = 1 new minimal supergravity in four dimensions [44].

It will be convenient to introduce an additional superfield,

1 _
Vi = Z’Yﬁﬁ[DOn DglH", (B.7)

which transforms like an ordinary vector superfield under (B.2). Up to a gauge transfor-
mation, it takes the form

Vi = (04"6) (A, — %Vﬂ) —i00H + %92@ (0°h*, — 90" hyy) + (fermions) . (B.8)

The corresponding field strength Yy = %DﬁVH is a gauge-invariant real linear superfield.
The top component of V4 is proportional to the linearized Ricci scalar,

R=2(0h", — 9"0"hy) + O (h?) . (B.9)
With this definition, a d-dimensional sphere of radius r has scalar curvature R = —d(‘i;l)

In a superconformal theory, the R-multiplet can be improved to a superconformal
multiplet with 7(4) = 0, as discussed in subsection 4.2. In this case the superfield L, is
no longer constrained by (B.3), and hence #, enjoys more gauge freedom. In particular,
this allows us to set H and A, — %Vu to zero. The combination A, — %Vu remains and
transforms like an Abelian gauge field.

B.2 Supergravity Chern-Simons terms

We will now derive the Chern-Simons terms (4.17), (4.18), and (4.19) in linearized super-
gravity. We begin by considering terms bilinear in the gravity fields,

0. = -2 / d*OH'W,(H) . (B.10)

Here W, (H) is linear in H. By dimensional analysis, it contains six supercovariant
derivatives. Comparing to (B.1), we see that W,(H) should be invariant under (B.2)
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and satisfy the defining equation (4.6) of the R-multiplet. It follows that the bottom
component of W, (H) is a conserved current.
There are two possible choices for W, (H),

. —_ ., 1, —
W) =i (8,,0° — 8,0,) DDH” + ﬂ/? (Do, Dg| %y
zz 1 « )
W) = gwﬁ[pa,pg]zﬂ : (B.11)
The first choice W,(f]) leads to the N' = 2 completion of the gravitational Chern-Simons
term (4.17),

] 2
L9 = %z—:‘“’pTr (wuaywp—l—gwuwl,wp) +ighvP (A#—Z)V/J Oy <AP_2VP> +(fermions) . (B.12)

Here (wy)vp = Ouhpy — Ophyy + O(R?) is the spin connection. Note that we have included
terms cubic in w,, even though they go beyond second order in linearized supergravity,
because we would like our final answer to be properly covariant. Both terms in (B.12) are
conformally invariant and only the superconformal linear combination A, — %V# appears.
This is due to the fact that (B.12) is actually invariant under the superconformal gauge
freedom (B.2) without the constraint (B.3).

Upon substituting the second choice W;(fz), we can integrate by parts in (B.10),

L) = _ / d*0Vy Sy, (B.13)

to obtain the Z-Z Chern-Simons term (4.18),

1 1 1
R <AM — 2VM> Ay <Ap — 2V,,> + GHR+ -+ (fermions) . (B.14)

Here the ellipsis denotes higher-order terms in the bosonic fields, which go beyond
1

linearized supergravity. This term contains the Ricci scalar R, as well as H and A, — 5V},
and thus it is not conformally invariant.

It is now straightforward to obtain the flavor-gravity Chern-Simons term (4.19) by
replacing ¥4 — ¥ in (B.13). This amounts to shifting the R-multiplet by an improvement
term 0R,, = %’yﬁﬁ [Deo, Dg]E. In components,

(1) — & _wp 1 1 1 ;
RS 3¢ a0y Ay — §Vp + gaR — §DH + - + (fermions) . (B.15)
As above, the ellipsis denotes higher-order terms in the bosonic fields and the presence

of R, H, and A, — %VM shows that this term is also not conformally invariant.
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