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1 Introduction

Recently there have been tremendous progress in understanding of three-dimensional su-
perconformal field theories (SCFT). The key observation was made by J. Schwarz that
such theories could be described as Chern-Simons matter theories [1]. This led to the im-
portant development in AdS,/CFT3 correspondence for the supersymmetric theories with
N >4 [2-11]. However the same insight can be used to understand the SCFT with ' = 2
supersymmetry [12]. For these theories, there have been intense studies in the context of
AdS4/CFTj correspondence [13-18]. We are interested in a subset of such theories, i.e.,
three-dimensional supersymmetric QCD with Chern-Simons couplings. In the IR limit,
the Yang-Mills kinetic term is irrelevant and we are left with A/ = 2 Chern-Simons matter
theories. N/ = 1 supersymmetric QCD in four-dimensions was intensively studied in rela-
tion to Seiberg duality [19]. Down to three dimensions there’s an analogue of the Seiberg
dualities in Chern-Simons matter theories with N' = 3, NV = 2 supersymmetry [20, 21].
Some of the evidences were presented in [22, 23], evaluating the partition function on S3.
The purpose of the paper is to give additional evidences by working out the superconformal
index for dual pairs with N' = 2 supersymmetry. The index computation gives detailed
information of BPS states of the SCF'T of interest. Indeed the index matches perfectly
and this provides a strong evidence that Seiberg-like duality holds for three-dimensional
N = 2 super Chern-Simons matter theories of QCD type. The superconformal index for
QCD type theory without Chern-Simons term is computed by [24].



The content of the paper is as follows. After introducing the essentials of super-
conformal index in three-dimensions, we appply this for ' = 2 U(N),Sp(2N), O(N)
Chern-Simons theories with fundamental matters. It’s important to have the gauge group
U(N),O(N) instead of SU(N),SO(N) to have valid Seiberg-like dualities. In the main
text, we just keep track of the energy of the state while in the appendix we turn on the
chemical potentials for the flavor symmetries and redo the index computation.

2 Computation of the superconformal index

Let us discuss the general structures of the index. We consider the superconformal index
for 3-d N' = 2 superconformal field theory (SCFT). Superconformal index for higher su-
persymmetric theory can be defined using their A/ = 2 subalgebra. The bosonic subgroup
of the 3-d N = 2 superconformal algebra is SO(2,3) x SO(2). There are three Cartan
elements denoted by €, j3 and R which come from three factors SO(2). x SO(3);, x SO(2)r
in the bosonoic subalgebra. One can define the superconformal index for 3-d N' = 2 SCFT
as follows [25],

I =Te(~1)" exp(—8{Q. S )z [] yj” (2.1)
J

where @ is a special supercharge with quantum numbers € = %, J3 = —% and R =1 and
S = QF. They satisfy following anti-commutation relation,

{Q,S}=e—-R—js:=A. (2.2)

In the index formula, the trace is taken over gauge-invariant local operators in the SCFT
defined on R or over states in the SCFT on RxS2. As is usual for Witten index , only BPS
states satisfying the bound A = 0 contributes to the index and the index is independent of
['. If we have additional conserved charges commuting with chosen supercharges (@, S),
we can turn on the associated chemical potentials and the index counts the number of
BPS states with the specified quantum number of the conserved charges denoted by F; in
eq. (2.1).

The superconformal index is exactly caculable using localization technique [26, 27].
Following their works, the superconformal index can be written in the following form,

1 (0)
1-) — Z / da (Symmetry) —SCS ezbo(a quJ 20 exp Z ftot ma’y]n’ ) ) (2.3)
m

To take trace over Hilbert-space on S, we impose proper periodic boundary conditions
on time direction R. As a result, the base manifold becomes S' x S2. For saddle points
in localization procedure, we need to turn on monopole fluxes on S? and holonomy along
S1. These configurations of the gauge fields are denoted by {m} and {a} collectively. Both
variables take values in the Cartan subalgebra of G. Sy denotes the classical action for the
(monopole+holnomoy) configuration on S* x S2. ¢ is called the Casmir energy. If the
action contains the Chern-Simons terms, it gives the nonvanishing contribution,

ik

So = 4 /tr (AO NdAy — 2; Ag N Ag A A()) = ik‘tr(m a) (24)
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where £ is the Chern-Simons level. In (2.3), > is over all integral magnetic monopoles
charges, fiot = fehiral + fvector and (symmetry) = (theorderoftheWeylgroup). Each compo-
nent in (2.3) is given by

Sed =1y kp(m)p(a),

pERE
1
bo(a) = =, D > lo(m)lp(a),
o peRyp
yjoj _ y;é > ZpeRé ‘p(m)‘Fi(q))7
1 1
0= 0= 20) X olm)] - | 3 latm)l,
Y pPERS acl

F, zlP(m)[+Aq —F, zlPm)|+2-Aq

fchiral(eia7 Yj, .%') _ Z Z [eip(a)y] L g2 _ e—ip(a)y] | g2 ] (2.5)

¢ peRs
where > pERp > ¢ and Y .. represent the summations over all fundamental weights,
all chiral multiplets, all weights and all roots, respectively. F; are the Cartan generators
acting only on the i-th Flavor. In addition, exp [zzozl 111 fvector(ei”a, x”)] can be simplified

as follows:

exp [i 7%Lfvector(ein%-%'n)] = H exp [— io: ieina(a)ng(m)]
n=1

a€eG n=1

_ — ¢lala) pla(m)]
al;[Gexp [ln <1 e x )]

_ _ giela) pla(m)[ ) .
al;[G <1 e T ) (2.6)

2.1 Unitary case

We consider N = 2 U(N,) gauge theory with Ny (anti)fundamental chiral muliplets Q*, Qb
and a Chern-Simons term at level k. It’s magnetic dual is given by N = 2 U(|k|+ Ny — N.)
gauge theory with Ny (anti)fundamental chiral multiplets g, G® and N ¢ % Ny matrix of
singlets M;' with Chern-Simons term at level —k and the superpotential

W = Miq.d. (2.7)
The weights of the fundamental representation are €; where ¢ = 1,--- | N., and the roots
of U(N,) are ¢; — ¢; where 4,5 = 1,--- ,N; and i # j. The superconformal index without
the chemical potentials(y; = 1) is thus given by:
Ne
Sg)S) = ik Z a;myg, (2.8)
i=1
bo(a) = 0, (2.9)
Ne Ne
Ni(1—r) Z || — Z |m; — m;|, Electric
€0 = N, o (2.10)
Nyr Z || — Z |mi —mj|, Magnetic
i=1 i<j



A P Ne
Ny 1 g2 Z ™12 cos a; | | Electric
_(ia _ i=1
fchlral(e ,LCU) - xl—?"_xl—l—r N. :,327"_552—27" (211)
Ny - Zx‘m”Q cos a;|+ Ny TR Magnetic
i=1

Ne
= H (1 — 2cos(a; — aﬂx'mi*mi\ + :U2‘mi*mj‘) . (2.12)
1<j

Due to the flavor symmetry, one can assume that Q%, Q, have the same R-charge . Since
My is quadratic in @, Q it has the R-charge 2r. Since the superpotential has the dimension
2 in the IR limit, ¢4, ¢* has the R-charge 1 — r.

The index formula can be expanded order by order in terms of variables p and ¢ that
are defined by
p=a, qg=a'". (2.13)

The r dependence of the index can be restored by replacing p and ¢ in the index formula
expanded in terms of p and ¢ by (2.13). We computed the indices of all possible dual pairs
between the electric theory and the magnetic theory in the range 1 < N, |[k|+ Ny — N, < 2
with unfixed R-charge r, and confirmed the agreements up to at least O(p'?) and O(q'?).
We list a part of the result in table 1.

Note that the index matches for arbitrary assignment of the R-charge for Q,Q. To
determine the precise value of r we have to use the other method such as Z-maximization
proposed by [28].

It’s worthwhile to work out the gauge invariant operators of the first few lowest orders.
We are working on U(NN) case but similar argument can be given to other gauge groups.
The easiest one is the chiral ring elements. For U(N) with Ny flavors, it is given by Q?Qé
where 7 is a gauge index running from 1 to N, and a, b are flavor indices running from
1 to Ny. The total number of the chiral primaries is NJ%. In the magnetic side, these
are simply given by M;'. Due to the superpotential terms ¢a@® turn out to be Q exact
operators. The chiral ring elements contribute +N?a:2r to the index. There are terms in
the index which do not depend on R-charges such as 22, 2% ---. For lowest such term one
can consider the operators involving fermions. The fermion operator " has R-charge 1 —r
and the spin ; as the lowest one. Thus, it gives the contribution of z%t% = 22=". For
U(N) case, we have Qawg or Qqt terms and each of which contributes (2")(—22~") to the
index. So the index get the contribution —2N?w2. This explains the index for the gauge
group U(2) and higher rank but for U(1) with & = Ny = 1 such term is missing. Thus
we have to look for additional operators. For that purpose, one can consider monopole
operators. For simplicity we consider U(1). One can consider the general U(N) but the
resulting monopole operators will contribute to higher orders. We use the operator-state
correspondence for conformal field theory and work out states on S? x R. If we turn on



Electric Magnetic
(Ng,k,N.)  U(N:) U(|k| + Ny — N.) Index (ris R-charge)

(1,1,1) U(1) U(1) 1 —at — 228 + 2% 4 2% + 20 4+ 2% +
2 (—x4 _ xS) 4.
(1,2,1) U(1) U(2) 1 — 222 — 32% — 22577 4 2% 4 25 +

% (1 — 2x4) + 2" (21‘3 + 2m5) +
22 (m4 + 2366) 4o

(2,1,1) U(1) U(2) 1 — 822 + 62* + 4820 — 42573 4+
4472 4+ 1625 + 12251 + 247 (9 — 2422) +
2?" (4 — 1622 — 162) +a 7" (4a® + 42°) +

(1,2,2) U(2) U(1) 1 — 222 — 3z — 22073 4 47 4 267 4
% (1 — 2x4) + (x4 + 2x6) +
x " (21‘4 + 2m6) 4+

(2,1,2) U(2) U(1) 1 — 822 + 28z* + 3225 + 24263 4+
20257 + 122273 4+ 27 (10 — 482?) +
o’ (422 — 44z*) + 27" (4 — 2427 + 322%) +
x2r (8x4 - 241‘6) + (—x4 — 8m6) +
x " (—161‘4 + 52x6) + -

(1,3,2) U(2) U(2) 1-222 =224 4242 424 427" (1 — 32%) +

(2,2,2) U(2) U(2) 1 — 822 — 223 + 28z* + 42*~%" 4+ 102% +
a?" (4 — 2422) + - -

(3,1,2) U(2) U(2) 1— 1822 + 1823 + 1982 + 924727 + 45247 +

% (9 — 1443:2) + -

Table 1. The index for various unitary groups.

the monopole flux n we have nonzero matter fields due to the Gauss constraints. The BPS
state can be represented as

|Qa1 QaQ e Qakn> : (2'14)

For each @, it has the R-charge r and the angular momentum 3. This is due to the

familiar fact that the charged scalar of charge e has the angular momentum |en| in the
presence of the monopole charge n on S2. Thus for each Q% we have e = R+ j = r + 5
We can count the number of such operators by the combination with repetition: n, Hg, =

(Nf+k"*1) — ((]]\\[[ijf)’?@i))!!. In addition, if the magnetic flux is negative, we have following

kn
gauge invariant operators in the same manner,
Qa1 th . Qak\n\ > (2.15)
Therefore, the contribution of this kind of operators to the superconformal index is given by
(Ny +klnl =) ka2 Nyl (e—Np)nlr (2.16)
(Ny = D(&[n])!



where the power of x is given by eg+e+j = Ny(1—7)|n|+k|n|(r4+2x ‘Z') = k|n|?*+ N¢|n|+
(k—Ny)|n|r. For the Ny = k =1 case, this contribution becomes 2"l two terms from
n =1and n = —1 give 222, which exactly cancels the contribution —2z2 from fermionic
excitations Qut and Q¢f. This explains the absence of z2 term for U(1) gauge group with
Ny = k = 1. Using the chiral ring elements and the monopole operators discussed above,
one can understand the numerical value of the index of the few lowest orders in x.

2.2 Symplectic case

Now turn to N = 2 Sp(2N,) gauge theory with 2N chiral muliplets @* and a Chern-
Simons term at level k. Here k and Ny may be half-integral, but must sum to an integer.
It’s magnetic dual is given by N = 2 Sp(2(|k|+ Ny — N.—1)) gauge theory with 2N chiral
multiplets g, and a Chern-Simons term at level —k. In addition, there are N;(2N; — 1)
uncharged chiral multiplets M which couple through a superpotential that is given by

W = M%q,q. (2.17)

The weights of the fundamental representation are +¢; where i = 1,--- | N,, and the roots
of Sp(2N,) are +2¢; and +e; + €¢; where ¢, = 1,--- N, and 7 # j. The computation
is straightforward and we just list the results. We computed the indices of all dual pairs
in the range 1 < N, |k| + Ny — N, — 1 < 2 with unfixed R-charge 7, and confirmed the
agreements up to at least O(p'?) and O(q'?). Parts of them are listed in table 2.

2.3 Orthogonal case

The electric theory is given by N' = 2 O(N,) gauge theory with Ny flavors of chiral
superfields @Q%, a = 1,--- , Ny in the vector representation and no superpotential. Its
magnetic dual is given by O(Ny — N, + |k| + 2) gauge theory with Ny flavors of chiral
superfields g, in the vector representation as well as a singlet chiral superfield M which
is a symmetric Ny x Ny matrix. The superpotential in the magnetic theory is

W = M®q,q. (2.18)

Let us first consider O(2N) case. The index formula is given by (2.3). With facts that the
weights of the fundamental representation are +¢; where ¢ = 1,--- , N and that the roots
of O(2N) are +¢; £ ¢; whered,j =1,--- N and i # j,

N N

0 . .

Sés) =1, Z 2a;m; = ik Z a;m;, (2.19)
i=1 i=1

bo(a) = 0, (2.20)

N N N
Ny(1-r) Z \mll—z \mi—l—mj\—z |m; —m;|, Electric
Nfrz |m;| — Z |m; + mj| — Z |m; —mj|, Magnetic
i=1 i<j 1<J



Electric Magnetic
(Ng,k,N.) Sp(2N:) Sp(2(|k| + Ny — N.—1) Index (r is R-charge)
(1,2,1) Sp(2) Sp(2) 1—42? -5t 4425+ 1428 — 2827+
1.47’ +x6r +1.8r +x2r (1 _ 4.%.4) +
x 2 (31‘4 + 4m6) + -

(1,3,1) Sp(2) Sp(4) 1 —42? — 22* + 1625 + 322 +
1’4T—|—1’6T—|-1'2T (1_91.4) N

(2,2,1) Sp(2) Sp(4) 1 — 1622 + 88z* + 1925 +
502" + 2% (20 — 1602%) +
2% (6 — 6422 + 156z*) +

7 (102t — 742°%) + -

(1,3,2) Sp(4) Sp(2) 1 472 — 2% + 1225 +
1.47’ 4 x6r 4 x2r (1 _ 5.%.4) +
22 (3 4_4m6) 4o

(1,4,2) Sp(4) Sp(4) 1 — 42?2 + 2% + 32472 + 2% +
2% (1—102%) + - -

(2,3,2) Sp(4) Sp(4) 1 — 1622 + 1482* + 102*~%" +
21z 4 2 (6 — 802?) + - - -

(3,2,2) Sp(4) Sp(4) 1 — 3622 + 873z% + 212472 +
1202*" + 2% (15 — 50422) + - --

(4,1,2) Sp(4) Sp(4) 1 — 6422 + 28962 + 362472 +

4062%" 4z (28 — 17282%) + - - -

Table 2. Index for various symplectic groups.

(

" — x2—7" N
Ny 1 ) Zﬂ:‘m”Q cosa; |, Electric
-t i1
; 1—r _ 1+
(e, 1,2) = 3 7T [lewgcos ] 2
. S oo
N¢(N 1) " — g
| + st 2f+ )z 1_3;2 , Magnetic
00 1 N
exp LZ fvector(emg xn)] _ H (1 o ei(ai+aj)x|mi+mj|> <1 - e—i(ai-i-aj)x\mi-f—mﬂ)
n
=1 i<j

> <1 - ei(aifaj)x\mifmj\) (1 - efi(aifaj)x|mifmj\>
N
= H (1 — 2cos(a; + aj)ﬂ:‘mﬁmf‘ + x2‘mi+mf‘)
1<j

X <1 — 2cos(a; — aj)z™i—mil 4 x2|m"_mf|> . (2.23)

This index formula holds for SO(2N) case. We should consider the additional projection
for Zs element of O(2N) not belonging to SO(2N) group. This kind of projection was



considered before in the superconformal index computation for N’ = 5 super Chern-Simons
matter theories [29] and we adopt the procedure to our purpose. We choose the specific

Z5 action,

Zy = . (2.24)

Under this Z5 action, the eigenvalues of the holonomy and the monopole are projected into
et 41, +m; — 0. (2.25)

The other variables are not affected. Thus, fepiral turns into

" — CCQ_T

N ¥ 1 a2 Electric

)

N
I+ (-1)") + Zx‘mib COS a;
i=2

. N
fenirar(€', 1, ) = Ny [(1 +(-1)") + Zx'mib cos ai] (2.26)

=2

Magnetic

\ 2 1—.%'2 ’

and the vector term changes into

00 N
1 .
exp E Jvector (€, ™) ] H <1 2isin(a;)z ‘mil—xmmil) (1 + 27 Sin(ai)xlm"‘—xmm”)
n
n=1

=2

N
H <1 — 2cos(a; + aj)x gmitmsl 4 x2|mi+mj|>
1<i<y

X (1 — 2cos(a; — aj)ﬂ:‘mi_mj‘ + xQ‘mi_mﬂ'l) . (2.27)

Other terms are obtained simply by setting m; = 0.

Let us turn to O(2N + 1) theory. With facts that the weights of the fundamental
representation are f+e¢; where i = 1,--- | N and that the roots of O(2N + 1) are +¢; and
+e; +¢; whered,j =1,--- ,N and i # j,

N
See = ik > am, (2.28)
bo(a) = 0, (2.20)
f(1—r Z ]mz\—Z\ml\—Z\ml—i—mﬂ—Z |m;—m;|, Electric
€0 = 1<j z<] (2 30)
NfTZ|mZ| —Z|mz| —Z|mz—|—m]| —Z|ml m;|, Magnetic
1<j 1<j



(

" — 2 N
Ny 1 ) Zx'm"|2(:osa,~+1 Electric
-
i=1
; 1—r _ d4r [ N
Fenirar(e", 1, 2) = § 1r g r S lgcosa; + 1 (2.31)
—x
i=1
N+A(N 1 2r _ .2—2r
+ sNs+ 1)z * Magnetic
2 1 — 22

Note that we have to understand e??(®) in the chiral letter index as the eigenvalues of the
operator €', which are e*% and 1 where i =1,--- , N.
In addition, exp [220:1 Tll fvector (€M, xm)] can be simplified as follows:

0 N
1 )
eXp Z nfvecwr(elma’ xm)] - H (1 — 2cos aw'm” + x2|mi|>
n=1

1

7

(1 — 2cos(a; + aj)x‘m“rmi‘ + xQ\mHmﬂ)

==

A
<

X <1 — 2cos(a; — aj)zlmi Ml 4+ x2|m"_mf|> :
(2.32)

Again we have to consider the further projection due to proper O(2N +1) elements. Under
the Z5 action,

Zy = - : (2.33)
-1
an eigenvalue 1 of the holonomy in the fundamental representation is projected by
1— -1 (2.34)

while the others are not influenced. Furthermore, eigenvalues e**% of the holonomy in the
adjoint representation are projected by

eTiai — otiai | _, Fiar (—1) (2.35)

while the others, which are in the form of e!(Fei®a;) = eFiai . oFiai are not influenced.

Thus, the projected index is obtained from

Nf 1 —x2 [Z 2™il2 cos a; + (—1 )"] , Electric
; 1— 1+
Fonral (€9, 1, 2) = fo 1” _g; Zx‘ml‘QCOS ai + (—1)" ] (2.36)
—x
Ny(Nj + 1) 2% — g22r
+ sy + ) v , Magnetic
2 1— a2



Electric Magnetic
(Ng,k,N.)  O(Ne) O(Jk]+ Ny — N.+2) Index (r is R-charge)
(1,1,1) 0(1) 0(3) 1—2%—2x% — 220 — 228 4 24 4 207 +
x8r+x2r (1 o 1.6) +m72r (.%'6 + .%'8)+

(1,1,2) 0(2) 0(2) 1—at =228 + 22" 4 2 + 267 4 287

2 (—x4 _ x8) 4.

(1,2,2) 0(2) 0(3) 1—a2—22% + 25727 — 25" 4% +
267 p2r (1 _ $4)+xr (x?, + x5)+, .

(1,3,2) 0(2) 0(4) 1— 2% —22% — 28 4 2672 22 +
AT + 267 4+

(1,3,3) 0(3) 0(3) 1— 22 —20% + 25 + 2672 4 2% 4
267 4 2 (1—x4) +...

(1,4,3) 0(3) O(4) 1— 22 — 224 + 2572 4 g4 4 267 +
281 2% (1—x4—2x6) + -

(2,1,4) O(4) O(1) 1 — 42 + 102 — 2% +

20472 4+ 2% (6 — 1222 — 192) +
(3 —8x? —9a*) 4 - -
(5,1,4) 0(4) O(4) 1—2522 +4752* +10242" + 120247 +
(15 — 3502%) +

Table 3. Index for various orthogonal groups.

and

=

(1 4+ 2cos a; lmal x2|ml‘)

=1
ina n
exXp E nfvector(e , L =
n=1

@
Il
-

=

(1 — 2cos(a; + aj)zlmitmil 4 mQ‘mﬁmJ")

A
.

X <1 — 2cos(a; — aﬁx'mi*mf' + x2|mi*mf") .
(2.37)

We computed the indices of all dual pairs in the range 1 < N, k| + Ny — N.+2 < 4
with unfixed R-charge 7, and confirmed the agreements up to at least O(p'?) and O(q'?).
It is crucial that we have O(N) gauge group instead of SO(V) to have the agreements in
index for the proposed dual pairs. Parts of them are listed in table 3.

3 Conclusions

We work out the superconformal index for Seiberg-like dual pairs in three-dimensional
Chern-Simons matter theories with gauge group U(N)/Sp(2N)/O(N) with matters with

,10,



N, 2N, N-dimensional representation, respectively. We find perfect agreements as far as we
can carry out the numerical computation. It would be interesting to attempt the analytic
proof for the equality of the index for the dual pairs. Related discussion appears at [30—-33].
Certainly the method adopted in the current work is applicable to other dualities. It would
be interesting to carry out the similar index computation for various proposed dual pairs.
The index computation is a useful tool to confirm proposed dualities as demonstrated in
the current work.
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A Index computation with chemical potentials

In appendix, we list the results of index computations, turning on the chemical potentials
for the flavor symmetry. When the chemical potentials are turned on, only the flavor charge
terms y?of and the chiral letter index fenira are different from those in the main text. These

can be read off from the universal formula eq. (2.5)

A.1 Unitary case

Besides the R symmetry, the (global) symmetries of the unitary case are given by U(Ny) x
U(Ny) = U(1)a x U(1)p x SU(Ny) x SU(Nf). We introduce the corresponding Cartan
generators F; and G for which the charge assignments of the matter contents on each of
the electric side and the magnetic side are as follows:

Fi(Q") = Fi(Qa) = dia, Gi(Q") = —G;(Qa) = 6ja, (A.1)
E(Q(z) - E((ja) - _5ia7 E(Ml?) - 5ia + 5ib7 (Az)
Gi(q) = —G;(q") = —bja, Gj(My) = 6ja — 6jb, (A.3)

where 4,5 = 1,2,--- ,Ny. U(1)4 and U(1)p are generated by Ejvzflﬂ- and EjyzflGj respec-
F;

- and z]Gj then contribute

tively. Note that U(1)p is a gauged symmetry. The operators y

— 11 —



to the superconformal index as follows:

qoj
J

fchiral(em, Yjzj, x) =

—3 Yo Xperg (M) Fi(®) y zé 228 2perg 1P(M)|G5(P)

g j
(4 LN Imal(141) =2 SN mgl(1-1) Ny —SNe |y
Hyj ’ ' XZ; Bt :Hyj Lz Imi , Electric
1
A " (A.4)
DI \mil(—l—l) LS Ne Imgl(1-1) Ne |m;
Hyj2 ' j2 - H iy il , Magnetic
j:l _] 1
Ny 1.r —1
Z ’ 1_;2 [lemzl jei — 71 wl)], Electric
j=1
Nro 1y 1,14+r [ Ne
Y; -y L
Z J L [lemZI 1gia; _ z; 2l zal)] (A5)
j=1
Ny Ny o111 2z “1.1.9-9r
Y;Yyiz Y, y~ R ‘
+Z;Z; o 1_Zx2] t . Magnetic
i=1j

We checked again every case discussed in the main text, turning on the chemical

potentials. Here, we simply give one example since writing down the full results is rather
cumbersome. For (Ny, k,N.) = (2,1,1), the electric U(1) and the magnetic U(2),

I (x,y1,Y2,21,%2)

=1+ (—4 —

tat <—2 0

5
+x472r < 1
Y1

+a?r <yf +y5

_ 2Y1y221

Z9

+x <y1 +y1y2+y2+

Y Yim 2yipz yizm yies y%%))

Yz Y221 Y1z y222>
Y222 Yiz2 Y221 Y121

+2+ 0+

9 2 9
z z z z z y4
Y5 oY1z Y221 Y122 Yazo 2 )
Yo 23z iz Yem1 o nia A

1 Al Z9 3_p 1 Al 1 z9
9+ 5+ + +x + + +
Y3 Y1Yy2z2 Y1Yy2z1 Y221 Y2 Y122 Al

2.2 2.2 3

z z z z z
Y1Y221  Y1Y222 72 < Qy% 2y% y121 y221 Y121
22 z1 29 Z) Y222

Yiz2 Y221 21 vz 2 22
3 3 3 3 2,22
z z z z z
y1yz 1 + Y1Yy221 1 Y1Ys =1 + Y1Y222 4 Y1Ysz2 4 y1y§ 2)
22 Z9 Z9 Al Al Zl

=1—2? (x1(u) + x1(v) +2) + 2 (x1(u)x1(v) - 3)
+at ™ yg My (w)xa (v) + 27y <20X§ (w) + 25 ' X1 (U)>
+2yax s (wx (v) (1 + 2% (a(u) +xa(v) - 2))
+2'ys (a (w)xa(v) = 1) + - (A.6)

where x,,(u) = v +u " 4 ... 4w x,(u) is the character of SU(2). A set of variables

Yo = (y1y2)1/2,

2o = (z122)

12 gy = Z;Z and v = Z;zf correspond to the chemical potentials

for the symmetries U(1)4 x U( )B X SU(2)q x SU(2)4

- 12 —



A.2 Symplectic case

Besides the R symmtery, the global symmetries of the symplectic case are U(2Ny) =
U(1) 4 xSU(2Ny). We introduce the Cartan generators F; for which the charge assignments
of the matter contents are the followings:

E(QQ) - 5iaa E(Qa) - _5iaa E(Mab) - 5ia + 5@'b (A7)

where ¢ = 1,2,--- ,2Ny. U(1) 4 is generated by EfivlfFZ The operators yZFi then contribute
to the index as follows:

i SN md) T -5
[T 2= """ =]y, =", Blectric
qo05 __ j=1 j=1
Y; ) = 2Ny 2N N (A.8)

— 1 3oNe j2mg| (-1 Ne |m; .

H y; ° oz Bl (=1 H yjzz_l " l, Magnetic

Jj=1 j=1

(2Ny 1 _» —1_2—r [ N¢

Yt — Y mil9 cos :

Z 1 a2 [Zx 2cosa; |, Electric

j=1 i=1

2Ny —1 1—r _ 1147 [ Ne

i Yy, T —Y;T .
Jeniral (€% yj, ) = Z ’ 1— x2j [Z ™12 cos ai] (A.9)

j=1 i=1

2Ny 2Ny 11,20 _ ,—1 —1_2-2r
Yyt =y oy ,
+ . Magnetic

22 :
=1 j=1+1

We checked every case discussed in the main text, turning on the chemical potentials,
and give one example: (N, k, N.) = (1,3,1), the electric Sp(2) and the magnetic Sp(4),

I (x’yl’y2)

22 4 4 292
:1+m2<_2_y1_y2>+m6<4+ 921+ yl+ y2+ 3122>
Y2 W1 Y2 Y2 (A1 Y1

1 1 3 3
A2 <1 + L+ > 42 <y1y2 e <—2y% A ~ 3y1y — ng B y2>>
A Y2 Y

et ytys + 2yt
=1 — 2% (xa(u) + 1) = 22" + 22° (xo(u) + x1(w)) + 2* g5 X1 (u)
+a?yf (1= 2 (ea(w) + x1(u) + 1)) + a7y +ayf + - (A.10)
where yo = (ylyg)l/ 2 u= Z; correspond to the chemical potentials for global symmetries
U(1)a x SU(2) respectively.
A.3 Orthogonal case

Besides the R symmtery, the global symmetries of the orthogonal case are given by U(Ny) =
U(1)4 x SU(Ny). We introduce the Cartan generators F; for which the charge assignments
of the matter contents are the followings:

E(QQ) - 5iaa E(Qa) - _5iaa E(Mab) - 5ia + 5@'b (All)
where : = 1,2,--- , Ng. U(1) 4 is generated by EZJ-V:’IIFZ-.
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A.3.1 O(2N) theory

The operators yZF ¢ contribute to the index as follows:

N e Ny N
H y;2 Doimy 12mg|(1) _ H y]_ i \m1\7 Electric
i =N, T (A.12)
CISN g1~ N o
H Y; 2 Li=1 [2mal(=1) — H y;:“:l ‘ml|, Magnetic
j=1
( Ny ylz N
-y ) .
Z v 1— ij [Z z™il2cosa; |, Electric
: =1
' f flxl yl 1+r N
feniral (€', Y5, @) = Z 1 xzj Z 2™il9 cos a; (A.13)
- Ny 1.1 22— —1,.2-2r
Z Z Vil Yi yj Magnetic
1 — a2
=1 j=i
By the projection, the chiral letter index changes into
(N oo1or -1 21 N
Y;ro—Y; X n [m;| . :
Z a2 (1+(— )—i—Zx 2cosa;|, Electric
_]:1 1=2
, Ni gl oyl N
Jenirar (€', Y5, ) = Z ! 1 2J (I+(-D)™) + Zx'mib oS a;
j=1 t i=2
Ny 1.1 22— —1,.2-2r
+ Z Z Yids yz 2y / Magnetic
=1 j=i -t
(A.14)
A.3.2 O(2N + 1) theory
The operators yiF ¢ contribute to the index as follows:
( Ny Ny
H . T2 Zz 1 |2m7'|(1 H yi Zi\]:l ‘ml‘ Electric
Y; J ’
Y = N, (A.15)
I e N oy
H y] 2 Zz:l [2m;[(—1) — H yjz,Zl ‘mz‘, Magnetic
j=1 J=1
Ny 1.r . —1 29 [N
yjah —y; . :
Z J 1-— 232 [Z 2™il2 cos a; +1 Electric
j=1 i=1
A Ny yla! ylaltr [
feniral(€"*, yj, ) = Z J - xQJ Z 2™il2 cos a; + 1 (A.16)
J=1 =1
Lola2r -1 p2-2r
Yy e =y, y .
+ Z Z ke L 2 J Magnetic
=1 j=1i
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By the projection, the chiral letter index changes into

Ny ooar -1,2-r [ N
it -y | ,
Z ! 1 ]2 [Zx'mlbcosai%—(—l)"], Electric
j=1 -t i—1
Nty Lyd+r [N
e oy yp oyt ] ()
feniral (€, yi, x) = Z 1 a2 Zx 2cosa; + (—1) (A.17)
j=1
1,1 2r -1 2 2r
Yy, — y y
+ZZ ©ed C . Magnetic
—x
=1 j=1i

We checked every case discussed in the main text, turning on the chemical potentials,
and give one example: (N, k, N.) = (2,1,2), the electric O(2) and the magnetic O(3),

I (z,y1,92)
4—2r
1 1
:1+x2<_2_y1_y2>+x4<_1+y1+y2>+3€ +x3—r< . >
Y2 Y1 Y2 Y1 Y1y2 Y1 Y2
y3 ys
+2% (Y2 + yrys + ys + 2 (—2?/% - yl — 2y1y2 — 2y3 — y2>>
2 1

+2' (yi + ylye + 20705 + viyd +us) + -

=1— 22 (Xl(u) + 1) + ot (X1(U) — 2) + x4_27"y72 + xg_ryalxé (u)

+a?yh (x(u) — 2% (xa(u) + x1(w)) + 25 (xa(w) + 1) + -

(A.18)

where yg = (ylyg)l/ 2 u= Z; correspond to the chemical potentials for global symmetries

U(1)a x SU(2) respectively.
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