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1 Introduction and summary of results

The AdS/CFT correspondence [1-3] has led to marvelous insights in quantum gravity and
large N gauge theories. Most progress has been made (see [4] and references therein) re-
lating weakly coupled gravity or string theories in AdS spaces of large radii to strongly
coupled gauge theories. On the other hand, a weakly coupled large N gauge theory is ex-
pected to be dual to a weakly coupled string theory in AdS space of small radius compared



to the string length scale (see for instance [5-15]). In practice, while it is straightforward
to understand a large N gauge theory at weak 't Hooft coupling perturbatively, the string
theory side involves a strongly coupled sigma model in the worldsheet description. It is
difficult in general to understand the string spectrum in the small radius limit, let alone
the full string field theory in AdS. In general, one expects the free limit of the boundary
gauge theory to be dual to a higher spin gauge theory in the bulk. In this limit, the bulk
strings become tensionless in AdS units [16-21], and the string spectrum should contain a
tower of higher spin gauge fields.

A remarkable conjecture made by Klebanov and Polyakov [22], closely related to earlier
ideas put forth in [5, 6, 23-27] and in particular [28], has provided the first example of
a potential dual pair that involves a weakly coupled (possibly free) large N gauge theory
on one side, and an explicitly known bulk theory on the other side. More precisely, the
conjecture states that Vasiliev’s minimal bosonic higher spin gauge theory in AdSy [31-33],
which contains gauge fields of all non-negative even integer spins, is dual to either the three-
dimensional free field theory of N massless scalar fields, in its O(NN)-singlet sector (we will
refer to this as the “free O(NV) vector theory”), or the critical O(N) vector model, depending
on the choice of the boundary condition for the bulk scalar field.! The bulk theory contains
one scalar field, of mass square m? = —2/R?, R being the AdS radius. Depending on the
choice of the boundary condition for this scalar, its dual operator has either dimension
A =1or A =2, classically. We will refer to them as A = 1 and A = 2 boundary conditions,
respectively. The conjecture is that Vasiliev theory with A = 1 boundary condition is dual
to the free O(N) vector theory, which contains a scalar operator of dimension 1, and the
Vasiliev theory with A = 2 boundary condition is dual to the critical O(N) vector model,
the latter containing a scalar operator of classical dimension 2 (plus 1/N corrections).

Thus far there has been little evidence for the conjecture of [22] beyond the N = oo
limit, which involves free higher spin gauge theory in the bulk. The only nontrivial piece
of evidence we are aware of that involves the detailed structure of Vasiliev theory has been
the observation of [37, 39] that the cubic coupling of the scalar field in the bulk theory
vanishes identically. This implies that, with the choice of A = 2 boundary condition, the
three-point function of scalar operators in the leading 1/N expansion of the dual CFT
vanishes. This is indeed the case for the critical O(N) model, that is special to dimension
3 (and is not the case if one works in dimension 2 < d < 4 with d # 3). One may then be
puzzled by the A = 1 case, where the dual CFT is expected to be the free O(N) vector
theory, in which the three-point function of scalar operators do not vanish. A potential
resolution to this, analogous to the “extremal correlators” of [41],2 is that the integration
over the boundary-to-bulk propagators on AdSy is divergent for the A = 1 scalar, hence
even though the bulk interaction Lagrangian vanishes, a subtle regularization is needed to
compute the three-point function. Such a regularization is not previously known in Vasiliev

'To be a bit more precise, the restriction to the O(N)-singlet sector in the dual boundary CFT should
be implemented by gauging the O(N) global symmetry, at zero coupling. In order to preserve conformal in-
variance, we can couple the scalars to O(IN) Chern-Simons gauge fields at level k, and take the limit k¥ — oo.

2The correlation function of the A = 1 scalar operator in the large N limit may also be understood in
terms of the A = 2 case using the Legendre transform [29, 30, 42].



theory. It will be explained in section 4 and section 6 of this paper, as a byproduct of our
results on three-point functions involving more general spins.

It has been shown in [27] that in a CFT with higher spin symmetry, if the OPEs of
the conserved higher spin currents (or equivalently, the three-point functions) have the
same structure as in a free massless scalar field theory, then all the n-point functions of
the currents are determined by the higher spin symmetry up to finitely many constants for
each n. It is however far from obvious, a priori, that the three point functions in Vasiliev
theory are those of a free field CFT. One of the main goals of our paper is to establish this.

In this paper, we will calculate tree level three-point functions of the scalar and higher
spin currents of Vasiliev theory in AdSs;. As we will review in section 2, this is highly
nontrivial because, while Vasiliev’s theory is formulated in terms of nonlinear equations
of motion, there is no known Lagrangian from which these equations are derived (see for
instance [40] and references therein for works on the Lagrangian approach to higher spin
gauge theories). Further, in Vasiliev’s formalism, each physical degree of freedom is in-
troduced along with infinitely many auxiliary fields, which are determined in terms of the
physical fields recursively and nonlinearly. We will develop the tools for the computation of
correlation functions in section 3 and 4. In particular, we will derive the relevant boundary-
to-bulk propagators in terms of Vasiliev’s master fields in section 3, and use the second
order nonlinear fields in the perturbation theory to derive the three-point functions. In
some cases, there are superficial divergences due to the nonlocal nature of Vasiliev theory,
and suitable regularization in the bulk will be needed.

More concretely, our strategy is as follows. For the three-point function of currents
Js1s Jsys Jsy, Of spin 51,52 and sz, we choose two of them to be sources on the boundary.
We will first solve for the boundary-to-bulk propagators of the master fields sourced by the
two currents, say J, and Js,. Then we will solve for the master fields at second order in
perturbation theory, using Vasiliev’s equations of motion. Finally, we examine the bound-
ary expectation value of the spin-s3 components of this second order field, and read off the
coefficient of the three point function (Js, Js, Js,). In fact, through this procedure, we can
only determine the ratio

(Js1Js2s3)
(JssJss)

with some a priori unknown normalization of Js. In particular, the coupling constant of

NC(Sl,SQ;Sg), (1.1)

Vasiliev theory must be put in by hand at the end, which multiplies all three-point func-
tions. The normalization of J, can be determined by comparing different computations of
the same three-point function, grouping different pairs of currents as sources.

Note that the spatial and polarization dependence of the three point function
(Js, JsyJss) 1s constrained by conformal symmetry and the conservation of the currents,
to a linear combination of finitely many possible structures [36].% All we need to calculate
is the coefficients, as a function of the three spins. Our C(si, s2;s3) will be defined us-
ing (1.1) in the limit where the first two currents, Jg, and Js,, approach one another. In
other words, we will be computing the coefficient of Jg, in the OPE of Js, with Jg,.

3We thank J. Maldacena and I. Klebanov for discussions on this point.



Throughout this paper, we will take our default boundary condition for the bulk
scalar field to be the A = 1 boundary condition. This is because classically, the higher spin
currents J; have scaling dimension s + 1; with the choice of A = 1 boundary condition,
the scalar field is treated on equal footing as the higher spin currents. The “standard”
A = 2 will be considered separately.

In section 4 and section 6.1, we will explicitly calculate C'(s1, s2;0) and C(0, s1; s2) for
$1 > S9. In our normalization convention, which will be explained in section 3 and 4, we find

1
C(51,52;0):—éﬂF<51+82+2>, (1.2)

and that .
\/71-2782 F(Sl + 2)

9 ! ) 81 > S2. (1-3)
2.

C(0,s1;82) = —

This are in fact precisely consistent with taking two different limits of the same three-point
function of conserved higher spin currents, which by itself is a nontrivial consistency check
on Vasiliev’s equations. The results allow us to fix the relative normalization of Jg, and
to determine the tree-level three-point functions of the normalized currents, involving one
scalar operator and two general spin operators, as we show in section 6.1. Much more
strikingly, we will find complete agreement with the corresponding three-point functions
in the free O(N) vector theory. We regard this as a substantial evidence for the duality
between the two theories.

In section 5, we study the same tree level correlators in Vasiliev theory, but with
A = 2 boundary condition on the bulk scalar field. We will find that the three point
function coefficient C'(sy, s2;0) in the A = 2 case is in precise agreement with that of the
critical O(NN) vector model, at the leading nontrivial order in the 1/N expansion.

Let us emphasize that from the perspective of the bulk higher spin gauge theory, the
computations of, say C(s1,$2;0), C(0,s1;s2) with s; > s9, and C(0, s1;s2) with s < s,
are very different. For instance, when the two spins coincide, C(s, s;0) is naively identically
zero from the nonlinear equations of motion. However, our result for C(sq,s2;0) with
general s1 # sg suggests that the seeming vanishing of C(s,s;0) is an artifact due to the
highly nonlocal and singular nature of Vasiliev theory, and in fact a proper way to regular-
ize the computation is to start with different spins s1, so, analytically continue in the result
and take the limit sy — s1. In section 6, we also attempt to calculate C(0,0;s), for s > 0.
Somewhat unexpectedly, this in fact involves a qualitatively different computation than the
cases mentioned above. Our result on C(0,0; s) appear to be inconsistent with the general
properties of the three-point functions, and we believe that this is because the computation
is singular, similarly to the case of C(s, s;0), where the spins of the two sources coincide.
We hope to revisit this and the more general C'(sq, s2;s3) in the near future.

The story has a few important loose ends. First of all, Vasiliev’s minimal bosonic higher
spin gauge theory, as a classical field theory in AdSy4, has an ambiguity in its interaction
that involve quartic and higher order couplings [35]. This ambiguity is entirely captured by
a single function of one complex variable. It does not affect our computation of tree level
three point functions, but will affect higher point correlation functions as well as loop con-
tributions. Presumably, this interaction ambiguity is uniquely determined by requiring that



the bulk theory is dual to the free O(N) vector theory. Further, it is conceivable that this is
the only pure bosonic higher even-spin gauge theory that is consistent at the quantum level.

Secondly, there is an important missing ingredient in the case of Vasiliev theory with
A = 2 boundary condition, which is expected to be dual to the critical O(N) vector
model. While higher spin symmetries are symmetries of the O(N) model in the N = oo
limit, and hence at tree level in 1/N expansion, they are not exact symmetries of the
theory at finite N. The bulk Vasiliev theory, on the other hand, has exact higher spin
gauge symmetry. One possibility is that at loop level, an effective Lagrangian is generated
for the scalar field, such that the scalar field will condense in a new AdS; vacuum, and
spontaneously break the higher spin gauge symmetries (see [43, 44]). We will comment on

these points in section 7, leaving the details to future works.

2 General structure of Vasiliev theory

In this section we shall review the construction of Vasiliev theory and set up the notations.
Throughout this paper we will be considering the minimal bosonic higher spin gauge
theory in AdS4, which contains one spin-s gauge field of each even spin s = 0,2,4,....
We will denote by 2# = (Z, z) the Poincaré coordinates of AdSy, and write 22 = &2 4 22,
x = a0, etc. Our spinor convention is as follows.

u® = eo‘ﬁu/g, Uy = uﬁeﬁa, €13 =€2=1, (2.1)

and the same for the dotted indices. When two spinor indexed matrices M and N are
multiplied, it is understood that the indices are contracted as M..*Ng.... TrM = M,".
We define V, 5 = V“UZB’ and hence V,, = —;Va -JE‘B, Vaﬁ-Vaﬁ = —Tr(V,ot)? = —2VHV,.
Following Vasiliev we introduce the auxiliary variables yq, &, 2o, Za, Where iy and Z are
complex conjugates of y, z. When there is possible confusion, we shall distinguish z, from
the Poincaré radial coordinate by adding a hat, and write 2, instead. While we will mostly
be working with ordinary functions of y, ¥, z, Z, in writing down the equations of motion of

Vasiliev theory we need to define a star product, *, through

fy,2)xg(y,2) = /d2ud2ve”a”“f(y +u,z+u)g(y + v,z —v), (2.2)

where the integral is normalized such that fx1 = f, and similarly for the conjugate variables
9, Z. The star product between functions of the unbarred variables and the barred variables
is the same as the ordinary product. In particular, for y and gy, we have

Yo * Yg = Yalys + €as,

y =y’ =y’ + e,

Ya *Ys = YalYs + €45

g5 = g+ e,

(2.3)

whereas z and z have similar *-contractions with opposite signs. Note that although z,
and yg *-commute, their x-product is not the same as the ordinary product, i.e. the x*-

contraction between z, and yg is €43 rather than zero.



It will be useful to define the Kleinian of the star algebra, K = e**% and K = e e

For convenience we will also define K(t) = e*"% and K(t) = €*"%. They have the
property under x-product
fly)« K(t) = f((1 =)y — t2)K(t),
K@)« f(y) = F((1 =)y + t2)K (), (2.4)
Fly, z) « K(t) = F((1 = t)y —tz,(1 — t)z — ty) K (1),
K(t) x F(y,z) = F(1—t)y +tz, (1 — t)z + ty) K(t)

In particular, K s-anti-commutes with 7,2, K *-anti-commutes with 7,Z, and
K«K=K«+«K=1.

We are now ready to introduce the master fields, W = Wy(z|y,vy,z, z)dz",
S = Su(xly, ¥, z,2)dz* + Sa(z|y, v, 2,2)dz%, and B = B(z|y,y,2,2). Here dz® and dz®
behave as ordinary 1-forms under x-product. Our convention is slightly different from
Vasiliev’s in that we will be writing z, + S, for Vasiliev’s S, and similarly for Ss;. We
begin by presenting a fully covariant form of Vasiliev’s equations of motion. To do this,
we shall further define

A=W + (24 + So)dz" + (Z4 + Ss)dz%,
A=W + S,dz® + Sadz°,

d=d, +dy, d=d,, (2.5)
U =BxK, U=PBxK,
O = Kdz* + Kdz?, R=KK.

where d, is the exterior derivative in z# and dz is the exterior derivative in (z4, Za),
dz? = dz%dz,, dzZ* = dz%dZ,. The equation of motion of Vasiliev theory can be written as

dA+ Ax A= f(U)dz? + f(V)dz?, 26)

U =VUx«R, [R,W], ={R,S}, =0. '

where f is a complex x-function of one variable, and A and ¥ are understood here as
otherwise unconstrained fields, A being a 1-form in (z, 2, 2). For instance, ¥ = ¥ * R is
just a rewriting of the statement that both W and ¥ are related to the real field B. (2.6)
the admits gauge symmetry

6A =de+ A €, = de+ A, €.,

oV = (U, el,. 27

With field redefinitions of S and ¥, one can put f(¥) in the form f(¥) =1+ ¥ +
icV W W+ ... where ¢ is a real constant and --- are a remaining *-odd function in W.
The *-cubic and higher order terms in f(W¥) will not affect the computation of tree level
three-point function, and may be ignored in most of this paper. We will comment on them
later. It was observed in [39] that if one imposes parity invariance one can in fact fix*

4We thank Per Sundell for pointing this out to us.



f(¥) =14 W¥. We will work with this choice in this paper, and refer to it as the “minimal”

Vasiliev theory [39].% In this case the equations of motion can be written simply as®

Fi=dA+Ax A=Bx0O. (2.8)
Note in particular it follows from (2.8) that dB+x©+[W, BxO], = 0 and [z4+S., BxK ], = 0.

In terms of W, S, B, in a more digestable form, the equations are
d: W+ W« W =0,
dzW +d, S +{W, S}, =0,
dzS+ 8«8 =BxKd*+ Bx Kdz?, (2.9)
d;B+WxB—Bxn(W) =0,
dzB+ S+ B— Bx7(S)=0.
Here m and 7 is defined by

©(f(y,y,z, 2,dz,dz2)) = f(-y,9,—=, z,—dz,dZz),
7(f(y, 9,2, 2,dz,d2)) = f(y,—y, 2, —Z,dz, —dZ).
Note that because of the constraints [W, R, = {S, R}, = [B, R], = 0, 7 and 7 in fact act
the same way on W, S and B. The gauge symmetry is now written as
OW = de + [W, €.,
0S8 =dge+[S, €, (2.11)
0B = Bx7(e) —ex* B,

(2.10)

for some e(zly, g, z, ).

Note that the overall coupling constant of Vasiliev theory is absent from the equations,
which will need to be put in by hand in computing correlation functions using the AdS/CFT
dictionary. While one may verify the consistency of the equations of motion, we do not
know the explicit form of the Lagrangian from which these equations can be derived.

The AdS, vacuum is given by

W=W, S=0, B=0. (2.12)

where Wy = wé; + ¢ satisfies the equation dWy + Wy « Wy = 0. Here wé; and eg are the
AdSy spin connection and vierbein written in terms of the x-noncommutative variables y
and g, in Poincaré coordinates,

L 1dz’ iz a, iz —& -3
Wy =g [0 )apy ™y +(07) 58707
i (2.13)
_ 4t 0Ty aj
€y — 4 5 U&By y-.

®We may assume that the scalar is even under parity. If the scalar is taken to be parity odd, the resulting
bulk theory was proposed to be dual to 3d free O(N) fermions/critical Gross-Neveu model [38, 39].

5This form of the equation of motion may appear similar to the string field theory equation of the form
QA+ Ax A = 0 [45]. However, due to the r.h.s. of (2.8), and the fact that B field transforms in the
twisted adjoint representation with respect to the star algebra, we do not see an obvious way to cast the
equation (2.8) in the form of a cubic string field theory equation with some BRST operator.



We will often use the notations
dr, =d+ wf, -],
Dy=d+ [W(), -]*, (214)
Dy=d+Wy* - — - xm(W).
Writing W = Wy + W, we can write the equations of motion in a perturbative form as
DQW = —W * W,
d2W + DyS = —{W, S}*,
dzS —Bx0© =—-5%85, (2.15)
DyB = _W*B—{—B*W(W),
dzB = —Sx B+ Bx*7(S).
The linearized equations are simply obtained from (2.15) by setting the r.h.s. to zero. The
strategy to solving the equations perturbations is as follows. First, using the last line
of (2.15) we solve for the Z-dependence of B. Then using the third equation of (2.15)
we solve for the Z-dependence of S in terms of B. One can always gauge away the Z-
independent part of S. Using the second equation, one solves for the 2-dependence of W

in terms of B. We shall write W = Q + W', where Q = 1474

zZ-dependent part of W. The first equation will now give a relation between ) and B,

:—3_0, and W’ contains the

either one will contain all the physical degrees of freedom (except the scalar, which is only
contained in B). Finally one can recover the equation of motion for the physical higher spin
fields from either the fourth equation (which is often easier) or the first equation in (2.15).

We will defer a discussion on the explicit relation between the linearized fields and the
“physical” symmetric traceless s-tensor gauge fields to the next section, where we will solve
for the boundary-to-bulk propagator for the master fields both using the “conventional”
symmetric traceless tensor field and directly using Vasiliev’s equations for the master fields.
For now, let us point out that that the physical degrees of freedom are entirely contained
in W and B restricted to zo = z4 = 0. In fact, writing the Taylor expansion

0o
Q= W‘z:E:O - Z Q((:‘Z7m;nﬁ16myal e yangﬁl . g6m7
n,m=0
o | . (2.16)
B‘Z:»?:O — Z Biz’moznﬁlﬁmyal . yangﬁl . gﬁm’
n,m=0

the spin-s degrees of freedom are entirely contained in QG=1Hms=1=n) (|| < 5 — 1),
B@stmm) and B(m:2s+m) (;m > 0). In particular, QG151 will be the symmetric s-tensor
field, and B9 related to up to s spacetime derivatives of QE~15=D  plays the role of
the higher spin analog of Weyl curvature tensor.

3 The boundary-to-bulk propagator

The goal of this section is to derive the boundary-to-bulk propagator for the Vasiliev master
fields corresponding to a spin-s current in the boundary CFT. In the first subsection, we



will derive the boundary-to-bulk propagator for a free higher spin gauge field described by
a traceless symmetric tensor. We will then recover the same result in the linearized Vasiliev
theory, while providing explicit formulae for the propagator of the master fields as well.

3.1 The spin-s traceless symmetric tensor field

Let us consider a traceless symmetric s-tensor gauge field ¢,,...,, in AdSy41. The equation
of motion is given by
RGRLELTEIR R RSN 6 S TR
(3.1)
where m? = (s — 2)(d + s — 3) — 2. This equation can be derived using the linearized form
of Vasiliev’s equation in AdSg4 for general d in the Sp(2)-invariant formalism [33, 34| (see
also [27]). In this paper we will not use this formalism. Instead we will directly recover

the result of this section by starting with Vasiliev’s master equations in AdSy in the next
subsections.

Under the gauge condition V¥, ..., _, = 0, (3.1) simplifies to
O- m2)@u1---us =0. (32)
A solution to this equation has the boundary behavior as z — 0,

Giyin (T, 2) ~ 20, (0+8)(0+5—d) —s=m> (3.3)

where the indices ij are along the boundary directions, running from 0 to d — 1. From this
we read off the dimension of the dual operator, a spin-s current J;,...i,,

d d\?
A:d—5—822—|— m?+ s+ 5 =d—2+s (3.4)

This scaling dimension also follows from the conformal algebra under the assumption that
Ji, ..., is a conserved current and a primary operator. In particular, in a free scalar field the-
ory in d dimensions, the currents of the form ¢0;, - - - 0;,¢+- - - have dimension A = d—2+s.

Now let us study the boundary-to-bulk propagator for ¢,,..,,. Using the traceless
condition on ¢, the gauge condition V"¢, ..,._;, = 0 can be written in Poincaré
coordinates explicitly as

d—1
<az - . )szul---ﬂs—l + al'soiﬂl"'#s—l =0. (3'5)

where the index ¢ is summed over 0,...,d — 1, while pu runs through 0,...,d.



The operator [J = V*V, acts on ¢, ..., as

—d+1
Oy e = [22 (az +° . > (@ + j) + 220,0; — s] v

= 2820, Ppiz-ps)z T 5(5 = 1)y o Ppag-pis) 2
— 8(d 425 = 3)0,(1y Ppg-pus)z T 282050 (11 Prs-pis)p

- [22 (az +°7 CZH 1> (az + D +220,0; — S] Gpro

= 25200, Ppypie)z T (8 = Vs o Ppasooopis)zz + 5(d = 28 + 1)02 1y Py opas) o+
(3.6)

where in the second step we used the gauge condition. Now splitting the indices according
to boundary and radial directions, (u1 - ps) = (i1 -+ ipz-+-2), 0 <r <'s, we have

— 1
O@iyiyzz = [22 <8z + s §+ ) <3z + z> + 220,0; — 2(s —1)z0,

+ (S—T)(d—S—T)—S} Piy i ez = 27200y Pig i)z H T (T = )15 P i) 2o
(3.7)
Define the generating function

@3($,Z|Y) — Zszspul.““s(x, Z)Y/Jfl ”‘Yﬂs
S ) A B
= Z (74) (Pi1~~~irz---z(.’ﬂ, Z)Y’l LY (YZ)S r’

with auxiliary variables Y#. We can express the equation of motion for ¢ in terms of the

(3.8)

generating function @4 as

[22 <6Z +°7 d+ 1) <8Z + 5) + 220;0; — 22Y?0.0y= + (d — 25 + Y?0y=)Y*Oy-
z z

(3.9)
—5—22Y"0,0y- + Y202, — mﬂ 20, = 0.

Now we perform a Fourier transform on the variables (#,Y?*), into (p,v), and write the
Fourier transformed generating function as ®,(7, z|Y,v). Then the equation of motion
simplifies to
(20, +v0y)% + (25 — d + 2)(20, + vy) — (2 — vY)?

_ ~ (3.10)

+s(s—d+1)+1—d— mQ}z_SCPS(ﬁ, z|Y,v) = 0.
In solving this equation, we must take into the traceless condition and the gauge condition,
which are expressed in terms of ®, as

v(z0, +1—4d)+ zp- 5y] 250, =0,
i (3.11)
(82 — v*) D, = 0.
(3.10) is essentially the Bessel equation, solved by
~ s R v oo oz,
O, =2 q/)s(|zp—vY|)f Z,Y_ Up’p (312)

,10,



for some arbitrary function f, where
bs(t) =275~ 1Kd+8 ,(t) (3.13)
solves the equation
[(t0))? + (25 —d + 2)t0, — t* + s(s —d + 1) + 1 — d — m®] ¢(t) = 0. (3.14)

To solve the gauge condition (first equation of (3.11)), we may take f to be of the form

1—-d
f<”,?— Zﬁ,ﬁ) — (”) F<Y— *ﬁ) (3.15)
z v z

Now we shall specializing to the case of AdSy4, i.e. d = 3. Replace the variable v by
u = v/z. Fourier transforming back, we can turn the integration over u into a contour
integral around v = 0, and write the generating function for the spin-s field as

s: s+1/d3—»f zperzquZ ]p—uY] F( >

_ s+1/ ﬁjé pr—i—lua:“Yuw( I F <—Z D+ ?) (3.16)

d a . . S+1
:jé . mmF< ,—z‘a+uY>yayl—25< L 2>
U U e+ z

The traceless condition, i.e. second line of (3.11), can be expressed as a condition on F (g, p),
q-9,F =(s—1)F, JF=0. (3.17)

We can therefore write F' as
o _ q .
F(q.p) = |a° IG<’q‘,p> (3.18)

and the generating function as

du uzhY, . 5 P > —s Z s
o, = j{ u8+16 HG<Z’8’ ,—10 + uY> 10| <m2 N 22> (3.19)

The traceless condition now says G(q/|q|,p) is a (singular) spherical harmonic on S? with
spin s — 1 (or 0 for s = 0).

Without loss of generality, we only need to consider the boundary-to-bulk propagator
corresponding to a spin-s current contracted with a null polarization vector . It turns out
that the solution that gives the desired boundary behavior is

(€0 (3.20)

p s+1
21
<x2 + z2> (3.21)

and so

— 11 —



for some normalization constant N,. Here |,s means to pick out the coefficient of v® in a
series expansion in u. Near the boundary z — 0, ®4(Z, z|Y") behaves as

2 T6=2) Z2S(s-?)353(f)]

s!

o 2) S () <2S> 2275(c - V)53 (7) (3.22)

2422

= s+1
where we have dropped terms of the form 0" [(f “Y)” ( z ) ] which vanish at order

2273 near the boundary. s will be assumed to be an even integer from now on. By requiring

the coefficient of 2275(2-Y)*63(Z) to be 1, the normalization constant Ny is determined to be

g o O’ (3.23)

It is sometimes convenient to work in light cone coordinates on the boundary ¥ =
(zt,27,2)), with #2 =22~ + 22 and &0 = 04, i.e. et = 1,67 = 0. We can then write
the boundary-to-bulk propagator for ®, simply as

o 1 5 s+1
__ ;s wurhY, (- 2s
g = " Nee™™ T (—i0y + uly) 03 <x+x+xi+z2>
N 1
_ ;878 iuxtY, 2s
! s! € H(—i0y +uYy) ztz— + ﬂ:i + 22 3.24
= ¢° Nyz5t1 2s etur Yy &2
sl(z=)s T ot + 22 + 22
u
~ 5Tl z*Y,,)?
_ Ns 23( H)

(S!)Q(xf)s + f2—|—Z2.
3.2 The boundary-to-bulk propagator for the master field B

In this subsection, we will begin with the linearized equation for B in Vasiliev theory, and
derive its boundary-to-bulk propagator. Recall that B contains the higher spin analogs
of Weyl curvature. One of the linearized equations, dzB = 0, simply says that at the
linearized order, B = B(z|y,y) is independent of z, and Zz.

The other linearized equation, DyB = 0, can be written explicitly as

dB + [wk, B, + {eo, B}«

dxt . . 5 dxH
_ _ iz\ B, « iz\ B=ag.
— dB |(0™)a"y" 05+ (0)a 50 B+

ab (o o .
9 I, <yay5 + 80{85) B (3'25)

:07
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or in components,

. o . 1
. ' (3.26)
Recall our convention da* = —;dxaﬁagﬁ. By contracting (3.26) with y®%° or by acting

on (3.26) with 9299, we obtain

0
. B+
8.%'045 2z

z afﬁ.
o oYY N . 1, . 4
Y9 0B— ", (W +7'0) B+, (470.)F°93)B =0, o)
5 azﬂaaaﬁ' _ ) ; '
o : * i o) o 720 _
0°0°0,,B+ 7 (y70, +7 37+4)B+2Z(y 0o +2)(579; +2)B =0,

or rather, expanded in powers of y and 7,

z a—B
3 Tag¥ Y 1 1,m+1
y 5770, B0 — (n+m) B 4 (n+1)(m + 1B <0,
z z
. o* . 0°9P 1
0°9°0,5B"™ + 0‘542 (n+m+4) Bm™ 4 o, (1) (m + 1)B=tm=1) —

(3.28)
The scalar field and its derivatives are contained in B (nn) - In particular, it follows from the
first line of (3.28) that B = —2zya§58a63(0’0), and from the second line of (3.28) that

. 307 00" 9
9989 .pLl) 4 o B 4 < p0,0)
B 2z z

~ - 2
— [ 9B . _ 35089 . (0,0)
< 2072005 =30 Oa ¥ z) b (3.29)

(w#au — 20, + 2) BOY)
z

0.

This is solved by scalar boundary-to-bulk propagator B0 = K (au,z)A for A =1 or
A =2, where K(z,2) = .} .
produces the correct boundary-to-bulk propagator for the scalar field B

This verifies that the linearized equation for B indeed
(0,0),

Further solving for the higher components B(™™ using (3.28), we recover the
boundary-to-bulk propagator for the scalar component of the master field B. The answer
for the A =1 scalar is

B = Ke Y0 =2xK) — [ oy¥y (3.30)

where we recall the notation x = zto, = zlo; + zo*. We also defined ¥ = 0% — iix. It
is straightforward to check that (3.25) is indeed solved by (3.30). The boundary-to-bulk
propagator for the scalar component of B field in the A = 2 case will be given in section 5.

Now let us generalize to the spin s components of B. Consider an ansatz to the
linearized B-equation of motion of the form

1 _
B = 2KenyyT(y)s + c.c. (3.31)

,13,



where T'(y) is a quadratic function in y, so that (3.31) indeed corresponds to the spin-s
degrees of freedom. Our normalization convention is such that for s = 0 (3.31) agrees with
the scalar component of the boundary-to-bulk propagator (3.30). This ansatz solves (3.25)
if T'(y) obeys

d K
dT — T+ 7 yxdxd,T = 0. (3.32)
z z
The solution is given by
K2
T= yxe - do*xy, (3-33)
z

for an arbitrary polarization vector € along the 3-dimensional boundary. We will verify in
the next subsection that this is indeed the master field corresponding to the boundary-to-
bulk propagator for the spin-s tensor gauge field derived in the previous subsection, with
polarization vector €. (3.31) together with (3.33) give the boundary-to-bulk propagator
for B of general spin.

Sometimes we will write C(z|y) = Bly—o. It is useful to invert this relation and recover
B from C, using (3.28). For the spin s components,

B(2s+m,m) — (2 1+ )y [Z@ + (S +m— 1)O'Z:| gB(2s+mfl,mfl)
m(2s +m
1
= — m(28 N m) Z2fsfm(yag)szrmle@ermfl,m—l) (3.34)
m (25)' —s—m/ .2 —\M S

where our convention for @ is é?ag = O’Z /38“ = —230{3. The entire spin s part of B is then

given by

G m (28)' —s—my 2 —\m S
B=>) (-) ml(@s by YIR"Claly) +ec (3.35)
m=0 : :

3.3 The master field W

As discussed earlier, our strategy of solving Vasiliev’s equations perturbatively is to
solve for the master fields and then restrict to z, = zZ; = 0 at the end to extract the
physical degrees of freedom. Writing W for the fluctuation of W away from the vacuum
configuration Wy, it will be useful to split it into two parts,

W (z|y, 9, 2, 2) = Qzly, 5) + W' (z|y, 7, 2, ), (3.36)

where () = W| 2—35—0, and W’ is the remaining 2-dependent part of W. At the linearized
level, W|.—o = Q will be expressed in terms of the traceless symmetric s-tensor gauge
fields and their derivatives, whereas W' is determined by B through the equations of
motion. Let us first consider 2. Expanding in a power series in y and gy, we will denote
by Q™) the part of Q of degree n in y* and degree m in 7% Recall the generating
function ®4(z[Y’) for which we derived the boundary-to-bulk propagator in section 3.1. If

we identify Y* = agﬁyagﬁ, then the component Q1571 ig related to @ by

dz#* 0

Q(sfl,sfl) ~ s
z OYH

(3.37)
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We will fix our convention for the relative normalization later. The linearized equation
DoW =0, or Do = —DoW' = —DoW'|,—5—0, relates the other spin-s components of
to Q6~1s=1) a5 well as to B.

Let us start with the linearized field B(x|y, ). Using the linearized equation dzS = Bx
Kdz*+BxKdz?, we can solve for the z-dependence of the master field S by integrating dz S,

1
S = —zadza/ dtt(B * K)|;—4: + c.c.
0

1 (3.38)
= —zadza/o dttB(—t2,5)K(t) + c.c.
where K (t) = e'*"¥». Define
s(y,y,2) = /01 dttB(—tz,q)K(t) (3.39)
so that we can write S = —z45(y,7,2)dz® + c.c. Note that although S may a priori

have a z-independent part, it can be gauged away using a z-dependent gauge parameter
e(x|y,y,z,z). Next, using dzW = —DyS, we can solve for W’ by integrating again in z*
and z%,

1
W' = za/ dt Dy Sas—i: + c.c.
0

1
= —/ dtz* ([Wo, za8|x|z—t2) + c.c.
0

1
= —/ dtz® <[8W0,5} |Zﬁtz> + c.c.
0 oy~ |,

a 1
_ - i(giz) B my By. 0
0, (dw (0%)a”0p + dx, (o) o 86) /0 dt s(y,y,tz) + c.c. (3.40)
«a 1
_c B (o, Z)Y . i
=5, [dwa ((96 + (o )“/587> - dz@a] /0 dt s(y,y,tz) + c.c.
P ﬁ 1
— : Z)Y . T
-, [dma ((954—(0 ) ﬁav) —dz@a] /0 dt (1 — t)B(~tz, §)K(t) + c.c.
zadxaﬁ

- /01 gt —1) (35 _ t(az)n;za,) B(—tz, ) K(t) + c.c.

In the above we used the notation 0, = 820’ Os = agd' The relation (3.40) between the
linearized fields W’ and B will be repeatedly used throughout this paper.
Now, we can write
Do = —DoW'|.=z=0
= _{WO’ W,}* ‘z:2=0

1 1 |
- a — . 2\ . _ _ 3
5. [Wo,z /0 dt (1—t) <8ﬁ t(o?) 5@) B( tz,y)K(t)L ZZE:O/\dxa tec
1 Jow, [t | o i y
=, [aya ’/0 dt (1 —t) <3ﬁ —t(o®) 52w> B(—tzwy)K(t)} J, A dx —i—(c.c. |
3.41
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Note that 9,W is linear in y or ¥; its *-commutator acts by taking a derivative on y or
y. In the first term in the last line of (3.41), the y-derivative only acts on K(t), and the

result is zero after setting z, = Z4 = 0. So we have

dxasy N P + c.c.

2=2=0

Dy = 822 [gﬁ,/oldt (1) (95— 10"z, B(—tz,g)K(t)]

B 1
822

*
[05013(0, 7)dx®? A dzo + 030, B(y, 0)dz® A dx'vd]

(3.42)
In other words, the linearized equation for the spin-s component of {2 takes the form

dmaﬁ
_ o (25-2,0) | ((0,25-2) 3.43
drQ ). (yaaﬁ +y56a> Q+C +C . (3.43)

where C(25-20) and C(925=2) are functions of only y and only 7, respectively, of degree
2s — 2. Expanding (3.43) in powers of y and y, we have

1
Qm)y -
(dL )CVB 24

1 57 n m— n—i,m
(dLQ(n’m))a[s = 9, [y(am(Q( o 1))75) +y78(d(§2( b))

[y(aa"y(Q(n—l,m—i—l))ﬁ);y _i_g"ya(a(Q(n—i—l,m—l))ﬁ);y} ’
(3.44)

7/3)} ’
for n,m > 1, where d;€) can be explicitly written in Poincaré coordinates as

1 . %) ,
@0y = 007 + 5 (007 + 7 05)a) = ) 09, + 909)| 035

(o)
(3.45)

s—1,5—1)

sflJrn,sflfn)’ forn=1-—s,...,s—1,n # 0, in terms of ol s

We will now solve for
or @, using (3.43). The following useful relations follow from (3.44),

n+1 , 7[39(71—}—1 m—1)
| b
2: Y o ’

o 1
989%(dr Q) 5 = m;;

Yy (dr Q) as = —
a afB o (n+1,m—1)
0“0 Qaﬁ )
aqfB (n,m) _ n+2 aqfB (n.—l,m—i-l) N _Ban (n.+17m—1)
y*oP (dp )ap L Y 0 Qaﬁ 1Y 0 Qaﬁ ,

m . B0 (n—1,m+1)
Y 0 Qaﬁ' .

(3.46)

o 2

_B a (n.+1,m71) .
o 4z y'o Qaﬁ

For now we will restrict ourselves to the spin-s sector. Define the shorthand notation
Qr = Qls=14ns—1-n) We will split Q. into four terms, Q% , defined as
aB

Qi-}— = yagﬁgzﬁ’
n Yo% 6 n.
ar_=0"0°ar,
ar, =g’0qn (3.47)
=y,

n 1 n ~ n n ~ On
QaB - s2 —n2 <aaaBQ++ B y68a9+_ B ya@BQ_+ + yayBQ__> '
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We can now invert (3.46) and express Q% , in terms of dj, acting on Q"+ or Q"1 as

2z
O = _ a, B d on—1 N
++ 5—{—n—1yy(L )67
2z .
Q= 0%0°(d ")

(3.48)
z _ . _
= 7 (s - mp 0 s + (s + mp0 () )
z s
Q=7 (s =m0 (dL s + (s + m) o7 (AL ) )
These relations allow us to raise or lower the index n, hence relating different components of
Q, all of which containing the spin-s field. To proceed we must now fix some gauge degrees of
freedom. The gauge transformations with a 2-independent parameter e(z|y, y) act on € as
SO = dre™ + dwaﬁ.(yaéﬁen_l + §58a6n+1),
= y“@ﬁ(dLsn)aB + (52 = n?)e" (3.49)

o0, = ggaa(dLE") + (5% = nHe" L,

afs
where we used the notation e” = eG—1tm5=1-1)  analogously to Q7. We can use
el, ..., e ! to gauge away Q7 for n > 0, and use e~ ', ...,e!7% to gauge away Qr, for

n < 0. In the n = 0 case, this is simply the statement that we can gauge away the trace

(s—1,s—1)

part of the symmetric s-tensor field obtained from (2 , which is a priori double

s—1,5—1)

)

traceless rather than traceless. This allows us to fix all Qs in terms of Q° = Qf
and hence in terms of ®,. Schematically, these relations take the form

Q" =T,.9" 1 n >0,
O =7 Qv n <0,
o o (3.50)
o <1+ng+sz> .
n=1 n=1
for some raising and lowering operators T.. More explicitly, for n > 0, we have
n 2z a, B n—1
Q++:_s—{—n—1y Yy (dLQ )aﬁ
. 2z a, 4 1 z A 1 —Y( =z (O-Z)Oé;y n—1
N _s+n—1y Y [&1 +22ya(0 %) +2,2:y (0°0)a— 4z (25-2) Qm
2z o [ S s—1 : 1
=— Yy 10T+ 4 (0%05)a — (0%) “’] Qr
s+ n2— 1 “ 2z 1 v 2z ¢ 7 (3.51)
z . -n . 1
z n—1 1
= 82_(71_1)2?/(3%— 5 0'Z> 8gQ$+
= I:++errjrl
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Recall that aaﬁ = 056(9 = _28045' The operator L can also be written as

. 1
L@V =

2 n2z1_"(y(? o EA (3.52)

Analogously, we can write down recursive formulae relating 2", and 2"  to those of
index n — 1, for n > 0,

2z s 4
Qn — & a3 d anl .
- S_n+166(L Jap
2z g 1 1 _ (0%)75 .
— &q8 | 57 . Y528 ) - A ZH-)Y — & o n—1
s—nt120 [a ity V(07 0)aty Galo™0) = (2s=2) |,
2z & lL=n n—1 3.53
= o q? [8’7@%— 5, (@ )Vd]ay_ (3.53)
z n—1
— z 8*(2”_1
s?—(n—l)zy@* z ") i
=Ly "7

and

Q= i [(5 — )y (AL ) ap + (s + n)g O (dL QY 5

_

S N BT Iy P Ny

C 5 1 1 s—1

G0 | AB=a | 97 . V(17 . (2 A=) — 2\ . |on—1
+ (54+n)(0%y"+0"y )[8 a+2zy (o ay)a+zzya(0 ay) 9 (%) a]QA{B }

z

. 1 . s—1
_ _ By TV (5%H-)8 —
= 25{(5 n) [8 + 0, Y (0*0y)

2z (UZ)B;Y] ng_l

Hsm o+ ) g - e
R LA R N R e
o« Ty a9y e My
4 52 — TLQ |:(O,z)aﬁQn—1 o (O,za )’\/Qn—1:|
2z af Yl Ty
s—1

z 2z
s—1
2z
s—1
2z

+ (s+n) [BW +, Y7 (0%9,)° —

— 1 z z n—
+(s+n)y [md + 2zyy(0 Oy)a — (o )va} Qv_l

. 1 _
R Rt e e

C n)(;z— n+2) [(UZ)aBQZ; (o ay)mg;l} }

— z ozB_ S 2\ n—1 s—n, , \Bon—1 s+n z f&i n—1
23{25[8 0T g g, R0+ (070

s
2z

_ a ¥ _
+(s—n)y [aa 5,

(O_Z)a"{:| Qr_z;l + $ nyo_zaggrill
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S

+ (s+n)y* [ma -
2z

(azm] Q!

: . _ _9
O L e O LS o A [
(s+n)(s—n+1)

s
0,0* 05"t
+ L0 9P + 5

zaﬁ n—1
(0%) Qaﬁ'}

:Z aB_S zyaf n—1 _ §—n za on—1 _ za n—1
28{23[3 22(0) ]Qaﬁ 2(8+n_1)2(0y0 Oy — yo oy
B s+n

2(s—=n+1)z

s—n

Dyo Oy
yO Oydly | 2(8—n+1

)y<¢f9 + za> (053 — garh
- S;Z”yazagm;l - (s T;Ln_ 1)y<<? + jaz>yﬂ’l‘_1

N 2(38__71?:— 1) % (‘79 N ZU> 05

B

(s+n)(s—n+1)

S
Dyo* 9yt
+ L0 Og iy + 5

(o%)*7 QZgl} (3.54)
where we have used Q7! = 0. Finally, we arrive at recursive formula for Q"
- +
(s —n)z s+1 1 (s+mn)z s—1 P
Qﬁ_i_:— )8y a— - O'z 8@Q¢+ +23 1)y a—i- 5 O'Z yQCLi

2s(s—n+1 (s+n—
(3.55)

In the case 925 ~ (90{(9/3@, Q" _ =0 for all n > 0 (and by the complex conjugate relations,

for n < 0 as well), and Q% + = 0. Therefore, to solve for Q" with n > 0 we only need the
recursive relations

n z n—1 z n—1
Q++=Sz_(n_1)2y<<?+ . U>ay9++’

n _ (S—TL)Z s+1 z on—1
ngL__25(5—71—|—1)ay P~ P Ot

(3.56)

Similarly, to solve for Q" with n < 0, we only need the analogous relations for {244 and €24 _.

Now using the (2s — 2,0) component of (3.43), C(z|y) = B|y=o is related to Q by

1 : 1
d stl o 8’)/98—.2 —(d stl of — o QS—Z
(dr Jap + 9, Y@ o) (dr Jas (25_2)22?/ Ypri— (3.57)

1
= 42 aaaﬁc(x’ Z|y)
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and so

C(x,zly) = S(;Szi 3 Y (A s
- s(;ﬁ ¥’ [W #1704 (070~ (JZ” (25 —2)| 033!
= S(;Szi Y [aoﬂ - 52_21(034 Q)
- s(2§2— 1)y(@ +° ; 103)3@79111-

(3.58)

We will choose a normalization convention for Q1571 in terms of ®,, such that the
boundary-to-bulk propagator for C(z|y) takes the simple form in the previous section,
C(zly) = KT (y)*. This is given by

s 1 08D,
IN,(2s)! sz P

(sh? s
IN,(2s5)! 2

52° 2s(ng)S
22s)(z=)s T a2

(s—1,s—1)
Qa/? =

), = (3.59)

We can then express the generalized Weyl curvature C(z|y) in terms of ®g,
<z -1
Claly) = L4035
(1)

= 2[5 279
2N, (2s)1 tHT

I C) R S s —1 (3.60)

= (29! (23)!2 (2°yd 0;)° 2 @y

_ (S!)Q s! Zlfsez2y$8nglq)
N,(2s)! (25)! °

7=0
Using the boundary-to-bulk propagator for ®, derived in the first subsection, we have

s! —s,22yd 0y ,—1 %
C(zly) = ((28)!)221 e V00 1(.%' )
— (e OO0 )’

s!

st 628 (yxg)s
—\s + .%'2

§=0

25 1

(z-)s 22
! Cenns | 1 s 2°

= (@sp? OF g2 ) <x—>s}

Recall that we are now working in the light cone coordinate, with the polarization vector

(3.61)

=0

given by et = 1,6~ = e+ = 0. To proceed, observe that

n ZnJrl

(zQyXay) (;_)n =n(yx(x~ 0 — zo07)y) (- )t =nQ (z- )t (3.62)
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where @ is defined by

Q=yx(x 0" — 20~
Yy Yy
L, B (3.63)
=, (@Yo "y — yxo~"xy)

We shall also make use of the property [zzyxay, Q] = 0. Continuing on (3.61), we can write

1 ZS+1 0 Qs
2(2s)! ()25 1 22
- 27571 zs+1 o (yxo,fzxy)s

C(xvz‘y) =

T (28)! (z)2 T z?
271 ZS+1 —z 592s 1
= (2)! (-2 (yxo~*xy)®07 22 (3.64)
ZS+1

=27 (yxo "xy)® (22)2s+1

1 z 51
= K -2 = KT(y)®
) [2 (22)2Y%7 Xy} ZKT(Y)

where T'(y) is defined as in section 3.1. We can then recover the entire spin-s part of the
linearized master field B,

[e.9]

— 1 1 2 —\N S
Blely.d) = 291D 1y 9oy g (F2480)"2°Claly) + e
e % ) (3.65)
1 2n yxo xy)® _
—_ 25)! 2 _ 2 n K2s+1 .
S oy BT ) e
The following relations are useful,
(—2*ydy) K (z) = (—2yZ9) K (x),

(n+m—1)! (3.66)

(—2*ydy)" K (2)™ = (—zy¥y)" K (z)™,

(m—1)!

where we used the fact (—z2y@y)(—2y%y) = (—2y3y)%. Now we arrive at the expression

1 o= 1 (Ayxo—?xy)* B
5 Z ol 2 nts (—zySy)" K>+ cc.
n=0 " (3.67)

1 (yxoxy\" o1 _ymy
=5 5, K e + c.c.

Bz, z|y,y) =

This is the result we claimed in the previous subsection, the boundary-to-bulk propagator
for B.
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Finally, let us derive the formulae for the boundary to bulk propagator of " for
n=1,...,s— 1. Using (3.59), we obtain

(s —n)!

Oty = s(s+n— 1)!an(z2y‘?az?)n99r+
s—n)! i a2s ne s 2001
_ (S - ’I’L)' (_)HS! —n 92s —\s—n 2 n z° 1
= 9@s)(s b — Dl (s —np® X @Dy L (3.68)
_ (_)n z* 2s —\S—n Qn
T 425 — 1)! (= )s+n8 (xg)™" 2
27”72 2° -z n 02s (yxg)87n
= (25 — 1)1 (g ) WXO XY
Recall QQ = %(xzya*zy —yxo~ *xy). On the other hand, for Q" ,
Wy = 28(8 n+ 1) 0y(@ — o)
_ 2- n(s - n) 82528+2(8 aa*)(yxg)s_n+1(yXO'_ny)n_1 271
C28)(s—n+1) T vy (z—)s+n—1z2
27" 1(8 - n) 2s _s+2 —\S5—n —z n—1 Z_l (369)
T (2s) 0725728, dxy) (yxy)* " (yxo ™ *xy) ()12
_ 2—n(5 - ’I’L) 2s s+2 —\s—n —z n—1 Z_l
= (28)' 8+ z 8;1 x“(yXy) (yXU Xy) ($7)8+n71$2

=0.

So in fact the boundary-to-bulk propagator for Q" , vanishes identically for all n. We can
therefore recover the boundary-to-bulk propagator for €2 entirely from Q7 |

4 Three point functions

In this section we will study three point functions of currents dual to higher spin gauge
fields in AdS4, at tree level in Vasiliev theory. While we do not know the explicit
Lagrangian of Vasiliev theory, we can compute the correlation functions directly using
the equation of motion, up to certain normalization factors. In general, an n-point
function (Ji(&1)--- Jp(Z,)) can be computed by solving for the expectation value of the
field dual to J,, ¢n(Z,2), at & = T, near the boundary z — 0, sourced by the currents
J1(#1), ...y Jn—1(Zp—1). Strictly speaking, this computation gives the n-point function up
to a normalization factor that depends only on the field .

Let us analyze this more closely. Suppose a boundary operator J (&) is dual to a bulk
field p. We can express the AdS/CFT dictionary in a Schwinger-Dyson form

(o)) d3fJ(f)¢(f)>:/d3f(J(m )J (L)) ree (T /D‘P‘W /d g Ko (@ );ﬁf(mt)
(4.1)
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Figure 1. C(s1, s2;s3) will be computed by sewing two boundary-to-bulk propagators, correspond-
ing to sources of currents of spin s; and ss, into a spin-ss field via the nonlinear equations of motion.

where (---)|s refers to the boundary condition ¢(#, 2z — 0) — 2°-¢(F), 6_ being the
appropriate scaling exponent associated to the boundary source of the field ¢. K (z;2))
is the boundary-to-bulk propagator for ¢. We have separated the bulk action S into a
free action for ¢ and the interaction part Siy; (J(Zo)J(Z))fee stands for the two-point
function computed from the free action in the bulk. Here we assume that ¢ (&) is supported
away from Zy. On the other hand, the expectation value of ¢ near the boundary point
(Zo,z = 0) is given by

5Sint
dp(x')

where Gy (z; ') is the bulk propagator for ¢. The boundary-to-bulk propagator is related
by

(o(Zo,2))p = /dgf'Kw(fo,z;f'M(f') - /Dap]¢e_s/d4m'\/g Go(Zo, 23 2") (4.2)

Gy(,2 — 0,4, 2) — 24 K, (7,2 7). (4.3)
Therefore, we have
(p(Fo, 2 — 0))g — 27 (J (Fg)e] T/ @) (4.4)

In Vasiliev theory, however, we do not know a priori the normalization of the kinetic
terms of the spin-s gauge fields, in terms of components of the master fields. Each spin-s
field pg is dual to the current J; in the boundary CFT with a certain normalization
constant as;. Here the currents J; are understood to have appropriately normalized
two-point functions. Furthermore, we have chosen an arbitrary normalization for the
boundary-to-bulk propagator for ¢,. So the boundary expectation value of ¢ in the
presence of sources is related to the correlation function of the currents by

(0s(Z0,2 — 0))g — 2°T1Cs(J4 (o) 4 J PEL@DG (@) o (4.5)

or for the n-point function,

n—1
<st(fo, z = 0)>(si;f¢), i=1,...n—1 2511 (Cs H as¢> <Js(fO)J31 (fl) T an—l (fnfl»CFT-
i=1
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Here C, is an undetermined normalization constant that depends entirely on the normaliza-
tion of the field 5. By comparing with the boundary-to-bulk propagator K, one deduces

<903(j’ z— 0)>(8i;fi), i=1,...,n—1 R H?gll s, <JS(£’)J51 (fl) T J8n71(fn—1)>CFT (4 7)
<908(f7 = O)>(s;f/) Qs <Js(f)JS(£”)>CFT . .

Combining various expectation values of ¢ with sources, we can determine all the
normalized correlation functions of the currents up to an overall constant, which may be
identified with the coupling constant of Vasiliev theory.

The spatial and polarization dependence of the three point functions of the form
(Js, (Z1,€1) sy (T2, 69) sy (T3, €3)) is fixed by conformal symmetry and the conservation of
the currents up to a linear combination of finitely many possible structures. The coeffi-
cients characterize Vasiliev theory, and we would like to compute them and compare with
free and critical O(N) vector models. In the current paper, as a first step toward verifying
the conjectured duality, we will assume that the spatial and polarization dependence of
(Js, Js,Jss) is proportional to that of free or critical O(NN) vector models, and compute the
overall coeflicient as a function of the three spins, which we denote by Cs, s,s,. A general
argument has been provided in [27] stating that if the three point functions of the currents
(in other words, the OPEs of the currents) have the same structure as in the free scalar
field theory, then the structure of the n-point function of the conserved higher spin currents
(Js, (Z1) - - Js, (Z)) is determined in terms of the corresponding currents ¢pd,,, - - - 0, ¢+ -
in the free scalar field theory, with the fields ¢ contracted in a cyclic order, and summed over
permutations of these free field currents, with constant coefficients A, that may depend
on the particular permutation o € S,,. It is far from obvious, a priori, that the assumption
of [27] that the three point functions have the same structure as in free field theory, holds
for the currents in Vasiliev theory. To demonstrate this is the main goal of this paper.

What we can compute using Vasiliev’s equations of motion is the Lh.s. of (4.7). For
three-point function (Js(Z,e)Js, (71,€1)Js, (F2,€2)), where €,e1,62 are null polarization
vectors, it suffices to consider the case e; = €5 = ¢, and in the limit #1o — 0. The Lh.s.
of (4.7) in this limit, after stripping off the standard & and polarization dependence, will be
denoted C(sy, s2;s). This is computed by the Witten diagram with two boundary-to-bulk
propagators corresponding to spin s; and sg respectively, sewed together using the
interaction terms in the equation of motion, and solving for the outcoming second order
field of spin s near the boundary. We will now carry out this computation explicitly.

4.1 Some generalities

(s—1,s—1)

We have seen that at the linearized level, 2 contains the symmetric traceless s-

(25.0) contains the generalized Weyl curvature. Either field can

tensor gauge field, and B
be used to extract the correlation functions of the spin-s current in the boundary CFT. It

(25.0) Our strategy for computing C(s1, 82; s3) will
(2s3,0)

will be more convenient to work with B
be to compute the expectation value of B at the second order in perturbation theory,
with two sources on the boundary corresponding to the currents Jg, and Js, respectively.

To do so, we make use of the equation of motion

DoB=—W * B+ Bxn(W), (4.8)
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While the linearized field B does not depend on z,, Z4, at the second order the B field in
general does. From now on we will use the notation B to indicate the 2-dependence, and
write B = B|,—s—¢. It suffices to consider (4.8) restricted to z = z = 0,

DoB|,—s—9 = =W % B + B« (W) =JY (4.9)

2=2z=0

In order to solve for B at the second order, we split B into B and the z-dependent part B,
DoB._s—o = DyB + DyB’ |.=z—0. B’ is solved from the equation

dzB' = —S % B+ Bxn(S). (4.10)
We will write JZ = —DyB’|.—z—o, and so
DoB=JY +J%=J = J,dz". (4.11)

This allows us to solve for B(z|y,y) from J,. More explicitly, in Poincaré coordinates,
1 1 rd —
Vajt o, Wall + 0a03) | Blaly, §) = J,5(zly, 7) (4.12)

where we have split Dy into the Lorentz derivative VX = d + [wg, ... ]« and {eg, - }.. We
have previously encountered the homogeneous form of (4.12) in solving for the boundary-to-
bulk propagator, but now with source J. By contracting (4.12) with yagB , and extracting
the degree (2s + 1,1) term in the expansion in y and g, we obtain

: 2s+1 :
A N (4.13)

On the other hand, by acting on (4.12) with 9°9°, we have
Y @s+1,1) , 205+ 1) 5260) _ sans 7(2s+1,1)
00PNV ;BT 4 T T B0 = 9090 (4.14)

(2s,0)

Putting them together, we obtain a second order differential equation on B only,

(s+1)(2s+1)

00‘35Voﬁ-zgﬂg‘ivw-s - B(25,0)
: (4.15)
= 804(:)5V L J(280), 78 _ 2s + 1aaaBJ(2§+171) — J(y)
af ~6 y'y 9 af = Y).

The following formula for the first term on the r.h.s. of (4.15) will be useful,

00N ) By

1 . s+1 25,0) ~ §
0 (T ads + o (0075300 =" 07| 210y

5+3 2 25,0 5
(90 3y)} I8y

; 1
_ ga b .
= 0% [30{64-
. (4.16)
= [8 0 8a6—

_ % _s+22 (2s,0)
S (R T
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We will defer the solution to B0 from (4.15) to the next subsection. Now we will
consider the computation of J(y) at the second order in perturbation theory, from the
boundary-to-bulk propagators of the linearized fields. As clear from (4.15) we only need
to know J,|y—o and 80‘35Ja5\g:0.
Explicitly, JZ is expressed in terms of B’ as
1 z
Uaﬁ((?z@y + 0:05)B|.=2=0

gz - 1
4z (4.17)

af T 9, Oz (02)7367 + 625(02)04&/87] Bl.—z—0 —

1 _
+ 22 (azayﬁ + agﬁ'ya’ - aZa 8§B)B’Z:270

In components, (4.10) can be written as
O0,aB=—S,% B+ Bx7(Sy)

1
= /0 dtt[(2a B(=t2,9)K()) * B = B * (2o B(~tz, —y)K(1))],

04B =-S5+ B+ Bxn(S;)

:/0 dtt [<ZBB( —t2)K(t )) * B — Bx (EBB(— ,—t2) K (t ))}

(4.18)

where we have used the linearized relation between S and B, (3.38), and we have suppressed
the spacetime dependence of the fields in writing the above equations. Note that 0,.0_38 =
0 at the second order. Also observe that 0,0,8|.—0 = 050:B|:=0 = 0, where the indices are
contract, i.e. 9,0, = %@ 9 990 O 9, ete. It follows that

aaaﬁjz |0 =0, (4.19)
in fact, without the need to set y to zero. If we further set y = 0, it is not hard to see that

0.0 BB ,—5—g—0 = 0. (4.20)

This is because z,z and y are completely contracted under *-product in the first equation
of (4.18); while the y® in K (t) are not entirely contracted with B, we may replace either
(2%Ya) * (- )|z=0 or (--+) * (2%Ya)|z=0 by YaOy (- -+ )|.=0. One then observes that the two
terms in the integrand in the first equation of (4.18) in fact cancel each other, when z, z,y
are all set to zero at the end. Note however that 3258 |;=z—g=0 does not vanish, according
to the second equation of (4.18). Collecting these properties of B’, we can simplify (4.17)

when 7 is set to zero,

1
Jfﬁ'h}:o: 25 (y+0- (9) (9 B|z z=y=0, (4'21)

and therefore

1
a‘]fg' =0 = 0y (yo®05)0,4B|.=z=g=0

_ 212 /01 att(yo*dy) [ (25B(y,—t2)K (1)) + B — B+ (5,B(—y, ~t2)K (1))
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:—;%Aﬁu%wﬂvK%%B@,¢@R@D*B_B*(%%B@%—mﬂaoﬂZyc
+;é£wﬁwﬁﬂ{@#mh4aK@0*%B—&ﬁh(%Bbyf¢aK@D]%_0

-~ /0 Latiyoy {t [99:B(, —0). B] —{u:B(. —ty)ﬁﬁ}*}'

- a1~ D) 73380, —19).B], . (422)

In the above manipulation, we have frequently replaced the star product with y or z by
derivatives on y and Z, or vice versa, as these variables are set to zero in the end. (4.22)
and (4.19) are all we need for the J# contribution to J(y) in (4.15).

Now let us turn to JY. It can be split into to terms, J¥ = J% + JY, where

JY=—Qx B+ Bx7(Q),

4.23
JY = —W’*B+B*7T(W/)|z=2 | |

=0
We will also write J' = JZ + J¥, and J, = Jf} + J,-
Let us examine the structure of J'¥'. At the linearized order, recall from (3.40)

sody, B

W' =
2z

/01 di (1 — t)(% - t(UZ)Vgéy)B(—té, g)K(t) + c.c. (4.24)

We have
J;}gb:odxaﬁ =W xB+ Bx W(W/)‘z=2=37=0

1

1
:_QLAch—ﬂhMM@de@ﬂ%%—w%Bhbo

(4.25)

It immediately follows that 9298 JZ;’@:O = 0, as in the case of JZ, because it involves
expression of the form

Oy [(=°1(2,5,29)) » B
and the analogous complex conjugate expressions. On the other hand, when restricting
JY itself to § = 0, we have

=0

z=z=0

1 !
a 7Y | _ _ a | 42 s
Tl =y [ a=0 0" (5500, — t B B] | @)
Combining this with (4.22),
z I
YT gm0 = Zxé dt (1~ t)y” (50" 0)a B, ~19).B] | . (4.27)
we obtain the contributions from J,
1 1
ya‘]/'7:0: / dit(l —t ya [gaBy7_tgaB:| ’
iilo= g, f, =0 (10080 =9.5] | .
007 J! sl =0 = 0.
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Suppose we have two sources on the boundary, at points ¥ = 0 and ¥ = #1, of spin and
polarization (s,e) and (§,€) respectively. We will denote & = x — 77, I =1—7, and

similarly use the “~” notation for all the variables associated with the spin § current.

Recall the expressions for the spin-s boundary-to-bulk propagator for the master field B,

1 _
B(zly,y) = 2K€7y2yT(x]y,€)s + c.c.,

2z
— x2 X7
2

K 1
T(aly,e) =" yxfoixy = (y(1 - So*)A)2

S =o* (4.29)

In the last step above, we traded the null polarization vector e for a spinor A, defined by
2(£02)as = AaAg, 2(;{02)@6- = 5\@5\5, with A = 0?\ (the factor of 2 here is just our choice of
convention). Similarly, we must include the boundary-to-bulk propagators for the source
of spin § at 7. Plugging these into (4.28), we arrive at the expression

1
a gl _ z _ a | = tyXy s T 47\S
Vgl = a4 =00 (5500 {7 (T + T(-t9))}

: (4.30)
e Yy (T(y)§ + T(g)g)]*,g:o +(z =T, s 3).

We will defer the explicit computation of Jﬁl to later. For now, let us point out that
998 Ji}ﬁb:o in general does not vanish, unlike for J L

Now we would like to compute C(s, $;s’), by extracting the (2s’,0) term in the (y,7)
expansion of J(y). By counting powers of y while contracting all g’s, it is not hard to see
that J;, contributes to the spin s field if s’ > [s — 3|, while Jﬁl contributes if s < s+ 3.
We may encounter three different cases:

(1) s > s+ 3. Only J' contributes.

(2) s < |s—3|. Only J® contributes.

(3) |s— 3| <8 < s+35 Both J' and J contribute.
There is also a special exceptional case:

(4) s=35,5¢=0.

In this case, the contributions from both J’ and J vanish, so that naively we would
conclude C(s,s;0) = 0 for all s. We will see later that this is in fact not the case, by
“analytically continuing” from C'(sy, s2;0) for s; # so. This is presumably due to a singular
behavior related to the nonlocality of Vasiliev theory, which we do not fully understand.
There is a particularly simple case, when the triangular inequality among the three
spins is strictly not obeyed: if 8 > s+ 5, then § < s’ — s, and s < s’ — 5. So C(s,5;5)
receives contribution only from J’, while C(s,s’;3) and C(8,s';s) receive contribution
only from J. We expect
(sq

C(s1,52;83) (4.31)

0818283 -
AgqQg,
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to be the coefficient of the normalized three-point function, which should be symmetric in
(51,52, 83)-

In this section, we will compute explicitly C(s, §;0), which receives contribution from
J? only. They determine the three-point function coefficients Cpss up to a normalization
factor of the form a(s)a(§). We will find agreement with the conjecture that the dual CFT
is the free O(N) vector theory, or the critical O(N) model when the boundary condition
for the scalar field is such that the dual operator has dimension A = 2 instead of A = 1.

Later, in section 6, we will consider the case when the outcoming field is of nonzero spin.
In particular, we will compute C(0, s; ') in the case s > s, which receives contribution from
J only. The result will allow us to determine the ratio among the normalization factor
a(s)’s, when combined with our result for C(s,s’;0). We will find that the two results
are consistent with the structure of the three-point function constrained by higher spin
symmetry, and further, strikingly, in complete agreement with the free O(N') vector theory.

At the end of section 6, we will also consider the computation of C(0,0;s) for both
A =1 and A = 2 boundary conditions on the bulk scalar field. This coefficient receives
contribution from .J' alone. Our result for C2=1(0,0;s) is however inconsistent with
the other three-point function computations, and our result for C2=2(0,0;s) simply
vanishes. We believe that this is an artifact due to the singularly nonlocal behavior of
Vasgiliev theory, which requires a subtle regularization which we do not fully understand.
Presumably, the correct answer will be obtained if we take the two source spins to be
different, then analytically continue in the spins, and take the limit when the two spins
coincide (both being zero in this case).

4.2 Solving for B at second order

In this section, we will solve for B(Z, z|y,y) near the boundary z — 0, from (4.15). Let us

write the Lh.s. of (4.15) explicitly in Poincaré coordinates. First, using our formula for wé ,

2 2z

_; S _
= (v°5°0,5 + ,_yo*y) B2,

F y 1 s
YV B =y [% + ., (0°) 5uady — "Zs] B

(4.32)
and then
: —' S (6% ; —. S Z 7 S
aaaﬁva[gzyvyévvsB(? 0 =9 85Vaﬁ~z (yvy‘sﬁvg + Qz’yU y) B0

; 1 1 . s+1 ; S
_ aaqf . Z\T . Z\ T=.9. z Y09 . Z- (2s,0)
= 0%0 80!6_'_22(0 ) ﬁyaaT+22(J )a yﬁ(%— 9, O'a6:| z<y J (975+2zy0 y> B

[ fe} 3 s+ 3 z 5 S Z = S
= 0°0°0,; — o (940 ay)] z (yvyéaﬂg + ., YO y) B(2s.0)
[ ; 3 1 3
- _aayyaaﬁz%- _st Dyo*Py + Zﬁy@azy + sls+ 2)2(8 + )] B(2s0)

o : 1., P s+3, s . S(s+1)(s+3 s
= |—20 y'*@aﬁ673+26 y'(o )aﬁayﬁ— 4 Oyo $y+43y¢% y+ ( 2); )]B(Q 0
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1 2 1 3
= [_S—; 2010, — SZ Oyo Py + Zﬁyé’azy+ sls+ D+ )} B(2s0)

2z
1 1 - 3
=(s+1)|—_20"0, + 0, — _yo @D, + S5 E3) ] pso) (4.33)
2 2 2z
Note that our convention for @ is 9, 5= ot 8 = — @aﬁ The equation (4.15) is now
5 2
[228“(9“ — 220, + 2yo” POy — (s — 2)(s + 1)} B(2s0) — ~ :1J (4.34)

The solution takes the form

22
® J(z0. z0ly0) (4.35)

d32od
B0z, 2|y) = / x04 ZOG(f, 2320, 20y, Oy, ) [—S 11

0
where G(&, 2; ¥o, 20|y, 0y, ) is the Green’s function for B, Define
L = 22010, — 220, + zyazé Oy — (s —2)(s +1). (4.36)
The Green’s function obeys
L-G(z, 22,2 |y, 0y) = (2/)*0(z — )6 (7 — )eYoy |y =0- (4.37)
In momentum space, we can write (4.37) as
292 2.2
[z 05 — 220, — (s —2)(s+ 1) — z°p” +izyo pa] (z z,p|y, )

/ / (yay’)25 (4.38)
— ()t - )

The small z, 2’ limit is equivalent to the p — 0 limit, where the equation reduces to

2s
(2202 — 220, — (s — 2)(s + 1)] G(z,2;0ly,0,) = (2)*5(z — &) (yg;))' ; (4.39)
The solution is . 5 2
G(Z7ZI;O‘y7 ay/) = : 28(_)1 (y(zi))' z < Z/;
G( /O‘ a )_ 2’2 s( )s+1 (yayl)2s - , (440)
DEEGIT g 1 asy 0 T

Fourier transforming back to position space, it follows that in the limit z, 2" — 0, z > 2/,

s 3(7 _ & (ya )
a ) (29)!

We will not need the explicit form of G(&, z; %o, 20|y, Oy, ), since we are only interested

G(&, 2,7 |y, 0y) — (). °

4.41
2s — 1 ( )

in the behavior of B259 near a point Z on the boundary. In the 2/ — 0 limit, the Green’s
function reduces to,

G(F, 57,2 ly,0y) — ()T K(F - &, 21y, ), (4.42)

,30,



where K is understood to act on a function homogenous in y!, of degree 2s. It satisfies the
equation and boundary condition

L- K(f7Z’yaay') = 07
2—s

- z 3/ (YOy
/C(m,z]y,ay/) - 25 — 15 (.%') (28)' )

)2s . (4.43)

Importantly, we note that while in the case s = 0, I is the boundary-to-bulk propagator
for the scalar field, for s > 0 K is not the same as the boundary-to-bulk propagator
of BZ0)(Z, z|y) we derived earlier. While the latter is also annihilated by L, it does
not obey the boundary condition of (4.43), and in particular its integral over & vanishes
(unlike ®4(Z, 2|y, 7)).

Working in momentum space, we have

1 7 IR
0> —23@2 —p? - Zypaz | 2° YK (p, 2|y, \) = 0,

e (4.44)

K. 2ly.A) = o (25

z — 0.
We may write ;ypaz y = D~ lz where £ acts on K as an angular momentum operator of
total spin s. The “states” of angular momentum p-¢ = m along p = g direction is given by

(YA + iypo® )* T (YA — iypo )T (4.45)

On each ﬁ-Z = m state, the equation (4.44) is solved by confluent hypergeometric functions
of the second kind. The p - F=m component of K takes the form

-~ 2725,275¢7P2 U (m+1—s5,2—25|2pz) (YA + iy,’;/ﬁUz)\)erm (yA — iy]?iaz)\)sfm

Y (P, 2ly, A) = 2s—1 U(m+1-s,2—2s/|0) (s +m)! (s —m)!

_ 925 ,2-s /°° gt e—p2(1420) tmTS(1 4 t)"mE (YA + iy};)az)\)”m (yA — iy};)az)\)s_m

2s—1 Jo B(m+1—s,25—1) (s +m)! (s —m)! ’

(4.46)

for m = —s+1,...,s. When m # s, the integral representation in the second line should

be understood as defined by analytic continuation in s. The m = —s case is special. In

momentum space, there seems to be no solution with the desired boundary condition (4.44)

s+1

at z = 0. Rather, there is a solution that dies off at 2 — oo and behaves like 257 near z = 0,

(yA — iy};)az)\)%

(29 (4.47)

LB, 2y, A) = 2T e f(p)
where f(p) is an arbitrary function of the momentum. For f(p) = p?*~!, the Fourier
transform of ¢_g gives

1 s+l (y(%O,Z)\)2s 1 _ 22s+1 s+1

or2” (2s)! 22 q?

z

Z\\2s
(yxo*X) (22)2s+1°

UL (E 2ly, A) = (4.48)

This is nothing but the boundary-to-bulk propagator for B2*9)(Z, z|y) we derived
previously.
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Let us return to (4.46), and Fourier transform back to position space,

2—2522—3 00 tm—s(l + t)—m—s
m (T, 2|y, A) = dt
Ym(@ 2y A) =" /0 Bim+1—s2s—1)
(=91 YO+ yPo X T (= L YO A — ydoa)e / d3p e prIH2)HipE
(s +m)! (s —m)! (2m)3 p*s

B 223225/02 tmfs(l_i_t)fmfs [(yaza)\)sqtm (yaO,Z)\)sm/ d3ﬁ efpz+iﬁ-f
B (

25 — 1 B(m+1-s,2s—1)| (s+m)! (s —m)! 2m)3  p2s (2041
—25,2—s 00 m—s —m—s
_ 27 / g D
2s—1 Jo Bm+1—-s,2s—1)
z s+m zZY\s—m _ 2\s—1 =
X{(yo ) | (ydo*2) | [—F@ 22)(_,33 ) sin <2(s — 1) arctan |x|>]}
(s+m)  (s—m)! 2m?|Z| z 2 (2041)2

(4.49)

Note that although the factor I'(2 — 2s) seems to diverge for positive integer s, the above
expression should be understood as defined via analytic continuation in s; upon taking 2s
derivatives (yo*@A\)*T™(yPo?A\)*~™, the divergent term vanishes, leaving a finite result at
integer values of s.

The behavior of the outcoming spin-s field near the boundary is now given by

B(sto)(f, z — 0)—>z§+1 / dzoci xOIC(:c — 20, 20y, Oyy) | — 220 J(Zo, 205 1, T2|yo)
2y s+1
(4.50)
where Z'1, Zo represent the positions of the two boundary sources. Here we have suppressed
the polarization of the source currents. We will see that the three point function coeffi-
cient of the spin-s current, (Jg---), receives contribution from only the helicity-s part of
B(2s0) (Z,z — 0). This is extracted from the p- ¢ = s part of KL above. We will denote the

helicity-s part of the propagator K by K(,), which is given explicitly by

K@ 2ly N =225 [ a4
0

_ - 4.51)
z 2s T2 -2 2\s—1 (
X { (yo @);) [— ( 82)(_? ) sin (2(3 — 1) arctan mﬂ }
(25)! 212 |z z Z2—(2t+1)2

Away from 7 = 0, K(,) has an expansion around z = 0 of the form

Kio)(Z, 2|y, A) = 2278 Z al®)(Z)y, \)2" + 2°T 1 log (= Z b (Z|y, A) (4.52)

n=0 n=0
Importantly, b ( 7y, \) is given by
(5) /= - (y)A(O,Z)\)2s _ 223718

where X = 7. The other helicity components K,,), for m < s, when expanded near z = 0,
will only have the first branch of (4.52) and not the second branch with the log(z) factor.
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The scalar field is a special case. For s = 0, the dual operator can have dimension

A=1or A=2. K is simply given by

_ 1 z
A=1/=>
Koy @2 = gra o 4 o0
L e (4.54)

A=2/> o
IC(O) (7, 2) = 72 (2 + 22)2’

The three-point function coefficient C(s1, s2;s) will be computed from

J(Zo, z0; 1, T2|yo) | -
(4.55)

A particularly interesting limit is when the two sources collide, §=F— 7 — 0. We
can extract the coefficient of the three-point function from this limit alone. Let us rescale
the coordinates by defining 6 = 6/8, 2o = 62/, o = 6&. Then

3 =
. —s—11(25,0) /= - dZ(]d Zo N N 2ZO
ll_)r%z By (w,z)—/ 4 K6 (& — %o, 20|y, Oy,) T st

s 25 [dedF
lim 21 B0 (7 2) = / O K (& = 87,62 |y, 0,) T (OF 62/ @1, Taly)

z—0 = - s+1 (Z/)?’
2675175272 A P oy oA
- s+ 1 / (z,)g ,C(S) (.%', 9z ’ya 8?/)‘](m , 250, 5‘y )
(4.56)
in the 6 — 0 limit. In the second step we used the scaling property of J which follows from
our boundary-to-bulk propagators, and we used translational invariance to set #; = 0.

For the scalar, this is given by

575178271 R
lim z_lBg)’_Oi(f, Z) = = i /dz'd?’f'(z')_QJ(f',z';O,é),
z—0 - s ’1"

s A (4.57)
liir(l) zilBg)’:O%(f, z) = — 2|4 /dz'd?’f'(z')1J(f’,z';0,6), 60— 0.

On the other hand, in the s > 0 case, it will turn out that in the § — 0 limit, the only
term in (4.52) that contributes is the term of order z**1log(z),

s 1p(28,0)
lim z7° 1B}(l:ss)(az,z|y)

z—0
258—81—82—1 _ . (y)’\(O'Za ,)28 ~ .
N, (5 + 1)(@2)2sH1 /dz/d?’x'(z') 2log(z') (25)3; J(:c' z/;0,5|y') (4.58)
258_81_82_1 ! 330 2 ! =) Cla
= —Nj (5 +1)(@2)2+ /dz &’z (2" log()J (2, 2';0,0|%0%y), 0 — 0.

We will see that the terms of order (2/)7*~1, ..., (2)*~2, multiplied by .J, integrate to zero.
In particular, K(,) for m < s will not contribute to (4.58) in the limit J/|#| — 0, and
it is sufficient to consider the m = s component alone. Note that the scaling in § and
|Z] of (4.57) and (4.58) are the ones expected of the three-point function of spin si,s2
currents are 1 = 0, Ty = 6 with a spin-s current at & in the boundary CEFT. To extract

,33,



the coefficients C'(s1, s2; s), it remains to compute the integrals

1A=1(5) = / B ()2 250,5),
(4.59)
I2=2(5) = / B d () LI(E,Z50,0),

in the s = 0 case, and
I,(0,y) = /d?’f/dz'(z/)s2 log()J (&, 2';0,6|y) (4.60)

in the s > 0 case. In the next subsections, we will carry out the computation of three-point
functions in detail. The formal consistency of the AdS/CFT dictionary for Vasiliev theory
is discussed in appendix A.

4.3 The computation of C(0, s;0)

In this subsection, we will carry out the explicit computation of the three-point function
of two scalars and one spin-s current. More precisely, we will take the spin-s field to be
the outcoming field, i.e. we will compute C(0,s;0). As discussed before, this coefficient
only receives contribution from J, and is simpler than the computation of C(0,0;s),
which we will defer to later sections.

We will take the spin-s source to be at £ = 0 on the boundary, and the scalar
source at & = 5. When we write the first fields B , etc. we mean the boundary-to-bulk
propagators sourced by the spin-s operator. On the other hand, we write T = x — 5, and
denote by B’(fv]y, y) etc. the fields §ourced by the sAcalar operator. We shall first compute
Judat = —W x B+ Bx7w(W)—W % B+ Bxn(W), and then J(W)ly=0 = J© which is
the source for the outcoming scalar master field B at the second order. As we have seen,
there is no contribution from the terms involving W'’ and W' to the scalar components of
J© and the only contribution comes from J{}dx“ = —Q6) « BO) 4 BO) 4 7(Q)), where

the superscripts indicate the corresponding spins.
. . . (s—1,5—1) _ n, ) o (s!)2 1
Recall our normalization convention Qa 5 =" aa(?ﬁ@S, where ng = O (25)! 5
3 1
2 T(s—3)  1(0) _
7515 s! 2 Jaﬁ -

J,SO) O’Z 5 is given by

0) _ Ms ) . ) e -1 > r 1 -1
7o =" <6a66<I>S*B B*w((?a@ﬁ(l)S)) QL+ ) B+ Ber(l,+07)+

= =" 000,04, Bl — (0L + Q1 Bl

(4.61)
where - -+ stands for terms that appear only at degree (2,2) and higher in (y,¥), and will
not contribute in our computation of J(y) below. In the second line, we used the fact that
®, is of degree (s, ) in (y,y), hence aaagés is odd under 7, for even spin s; Q(lw- = QS/’;72)
and Q;ﬁl, on the other hand, are even under m. Note that the term [Qi 5t Q;E,B]*
only contributes at degree (1,1) in (y,y), via the term 80‘85[954-3 + Q;é,B]*\y:gzo ~
[Qi__F + erfr, Bls|y=g=0. By counting powers in y and g, one sees that the latter vanishes
identically. So in fact only the first term in the second line of (4.61) will contribute to J(y).

,34,



Now from the definition of J(y) (4.15), we have

©0) _ aaabo . 700 ap  Laans (1)
JW =0% Vaﬁszs Yy 28 0 Jaﬁ-
1 .
= ;@,(a— aZ>Jy— 23“65Jaﬁ
1 P of a 0B
= —ng |- (§- {0.0,9,, B} (0,0,3,,0°0° B}
L y=y=0

qm
N———
N
|
w
N
—_ ‘
E
kS
5
?
<l
S~—

- |1
_ /d4ud4 eUutuY e~ Uwv—u) [2au <a_

3
z
/d4ud4 UV | D) [11)(3— 302>v - 52] B, (z|u, 1) B(i|v, 7)
2 z 22| ° ’ ’
(4.62)

In the second line we used the notation J = J,o#, and the formula (4.16). Note that
unlike in J’, here 9208 Jg- does not vanish. In the last two lines above, we used the
integral representation of the star product, and traded 0, for v via integration by part.
Recall the boundary-to-bulk propagators for ®(x|y,7) and B(Z|y,7),

_ Ny 2t o (yxy)°
@S(.%"y,y) = (8!)2 (1__)8 +

x? (4.63)

Blily,g) = Ke ™.
Using these, (4.62) becomes

1 - aon | 1 3 s27 252 S5 0 (UXT)®
) _ d4 Ao (ewvTuv —UV—UT _ z )\~ —v30 92s
/ 25(28)!/ udv(e e )[22}(&9 27 >v 22:| (:U*)si“Qe o x?

(4.64)
In order to extract the three point function, we only need to calculate the integral (4.59),

I2=1(6) = /d?’fdzz_zJ(O)(f, 20,0)
12 )' / d:;fglz /d4ud4v(euv+uv+euvuv)(vo_zv+s2)( Z_S;{Zevivais (UX;_L)S
S). z X X X
1 ddeZ 4 44 wv+uv —uv—Uv\  —VOFU Z= 2 Zs+2 %; VXU 028 (U,Xﬂ)s
23)!/ 5,3 /d ud v(e +e Je (vo*v+s )(x_)sgpex o 2
(4.65)

where in the first step we have integrated by part on z. To proceed, we need a generating
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function

I)\ — /d4ud4v(6uv+uv_|_e—uv—uv)(vo_zl—)+82)6Auxu—viv

= (ajUZ&j + S2)|jj0/d4ud4v(euv+uv + efuvfﬂﬁ)e)\uxﬂfvflﬁqtjvqtj@
2 e
= (0:070- 4+ 82| eNx(1=AEx) T
det(1 — A\Xx) (05070 )|J=J=0 (4.66)
2 -
= - —ATr [ox(1 — AXx) 7| 4 52
det(1 — ASx) (-3t [o7x( ]+ #)
B 2 ) -1,
 det(1 — AEx) det(1 — A\Xx)

In the fourth line, Tr is the trace over chiral spinors. Later on when there is ambiguity,
we will denote by Try the trace over chiral indices and Tr_ for the trace over anti-chiral
indices. Similarly, det here is understood as the determinant of 2 x 2 matrix. Further define
_ ~ xr-X 2 92
E=det(l —A\¥Xx)=1-2\z+4)\z 5 + Nz,
. r (4.67)
§=1-2 z+4 2 _, .
z

We can write the integral (4.65) as

Aet gy 8! Brdz 25T L, (1
7=00) = 23(23)!/ 223 (x_)sicz&“ x2 Dl

2

s! 3 AP | z—A?(1-2%)
= vd fomi —2) v

25(2s)! / TOZ (p=ysz2 %o g2 e

(s —1)! / R N | Az s?

= d’2zd 073 -2

225) ) CTF ey G2 TR T e
where |ys means to take the coefficient of A*, when expanded in powers of . In the second
and the third line, note that d,+, as opposed to d,, by definition acts on ™ only and not

on Z7. In the last step we made use of the simple fact that no polynomials of degree > 2s
in x appear on the r.h.s. of 83%:";. So, we have

1A=1(8) = (5_1)!/d3*d 2 g L (10 BT s (19 EY
= 2(29)! PO ()2 Pt g2 |70 72 8 72
2s

o (5 - 1)' 3 = ZQS_l 2s 25—n 1 n
- 2(2s)! /d xdz(:vf)szi2 nZ: n Ot 22 ) et

=0

~\ s—1 ~\ S
x [—325 (1 - 2x~2x> + 5720 (1 - 2”{235) ]
T T

(s —1)! L aeine [(8) (@)rTET)n
=" /d?’mdz Z251 nZ% (n) (22)25—nH1(52)n+1
1

S

)

S
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2s—1 — _ ~ o
_ 1 1\=z x (r-2)
_ 225 1 ! d3—*d z _ _
s / T2tz [\2 7 as ) a2 T a2 T oo
[w = (z-2) & ]81
X

222 232 272

25—1 - ~2 — s—1
s—1 3 - z T T _| [z _
o fwa, B0 L[5 (-T) - ()T e

Using the integral formula derived in appendix B,

g zQSfl(wf)k 0
d°zdz (22)+1+k(32)s+ Lo =J2s—1,s+1+n,s+1+k,k,0)(5 )", (4.70)

with J(---) given by (B.7), we arrive at
5

12=1(6) = 2—5—17r31“<s + ;)w—)s = ﬂ; F(s + ;) (6-8)". (4.71)

In the last step we restored the null polarization vector & of the spin-s current. Now
using (4.57), we find the behavior of the outcoming scalar field near the boundary z — 0,

A=1/8) §—s—1
lim 2~ BOY(z 2) — _I7T )0

-0 2 7|2
’ m (g‘xt)s (4.72)
s
= C(0,s;0) (7202041
in the limit 6/|Z| — 0. The coefficient C(0, s;0) is given by
: 1
2
C(0,5;0) = _”2 r<s + 2). (4.73)

Let us compare (4.72) with the boundary behavior of the boundary-to-bulk propagator
for BOO)(z, 2),

1
o —11(0,0) (2
ll_)r%z Bérop) (Z,2) — 72 (4.74)

The relative coefficient between (4.72) and (4.74) determines the coefficient of the three-
point function up to certain factors that depends only on our normalization convention
of the boundary-to-bulk propagators. More precisely, in the limit where the two sources
collide, the corresponding three-point function in the boundary CF'T has the form

-8 0

5. = 9 i
<J0(0)J8(57E)J0(.%')> - C(O,S,O) ’f‘2528+1’ ‘f’

S

0. (4.75)

where the position dependence on the r.h.s. is fixed by conformal symmetry. More
generally, before taking the limit Lf;‘ — 0, the structure of the above three point function,
up to the overall coefficient, is fixed by conformal symmetry, which we will derive explicitly
using free field theory. The factor as in (4.75) is a normalization factor associated to the

boundary-to-bulk propagator for the spin-s current. This is a priori not determined, since
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we do not know the normalization of the two-point function of the operator dual to the
spin-s gauge field. g is the overall coupling constant of Vasiliev theory, which must be put
in by hand, since we have been using only the bulk equation of motion, and not the action.

While (4.75) does not by itself give the three point function (Jy(0)Js(8:&)Jo(Z)), due
to the ambiguity in as, we note that as is a normalization factor that has to do with only
boundary-to-bulk propagator. We will be able to fix the relative normalization of as’s by
computing, say, C(0,0; s), which is related to C(0, s;0) by the symmetry properties of the
three-point function of higher spin currents.

4.4 C(C(s,50)

We will now compute the three-point function coefficient of one scalar with two higher
spin currents, in particular C(s,$§;0). Alternatively, we could also consider C(0,s;3),
whose computation is more involved and will be deferred to later sections. Note that as
in the previous subsection, even though we have not yet fixed the normalization factor
as, knowing C'(s,§;0) we will be able to determine the normalized three-point function
coefficient up to a factor of the form f(s)f(8), i.e. factorized normalization factors. The
comparison of the non-factorized part of C(s,$;0) to that of the free O(N) theory would
provide a highly nontrivial check of Klebanov-Polyakov conjecture.

We have seen that only J contributes to the computation of C (s,5;0). Without loss
of generality, let us assume s > 5. We are interested in the outcoming scalar field near the
boundary. For this purpose we only need to consider the (0,0) and (1,1) components of

Ji%) (superscript 0 indicating the scalar component) in its (y, §) expansion.

Jﬁ? ::—4226>kfﬂs’1+§ﬁ’1’§)+—Eﬂs’1+§ﬁ’1’§)*7rﬁliﬁ)
_ Q;; w Bl—1-85=145) | pB(s—1-55-1+35) *W(Q;é) ... (4.76)
= {2l B e
where - - are terms involving other components of €2 /4> which do not contribute to .J (y)

for the same reason as discussed in the previous subsection. In particular, the analogous
terms with the spin s and § fields exchanged do not contribute. By our gauge choice,
0 = Q:; =0, and so

2
JO = —28y<(?— ZJZ Ty —

y=y=0

z s s o~ 1 - 5~ 1 . - ~
_ 5 -5 « 5 o Yol -5 g
-2 < Uop Qaﬁ’B}* * 2(9 {Qaﬂ’a B}* + 2a {Qaﬁ’a B}*

_ y=y=0

z 2 ab - - 1 L 1 .
— _ z s —s le S e} -5

2(3 P Qaﬁ+Qaﬁ’B}*+28 [QO‘*’B]*+28 [Qw’BL .

Yy=y=
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z 2 \* . . L

+; [QL + 057, B} A+ ; {QL + Q575 B}*'y:yzo (4.77)

where we have repeatedly traded 0,,0; with y,y under * product, as y,y are set to zero
in the end. Let us split J into two parts, J© and J—, with

Jt— 2(822_52)@—ZUZ>afaaaﬁ-Qi+—yaaﬁ-Qi+,B}*Jr; [QL,BLJF; {Qi_HB}*

Yy=y=
(4.78)
and J~ the analogous expression with § — —5, y and y exchanged. Note that

[
* y:g:O
for Q" | are zero in our gauge choice, and so

= 0. In fact, as we have seen earlier, the boundary-to-bulk propagators

af
+ z 2, 08 P Lo 5
AR, (&— o ) {aaaﬁ9++,3}* +, {Q++,B}* 7 (4.79)
y=y=0
Now we shall make use of the formula
~ 9—58-2 =5 (yxy)s—§
0%, = ~(yxa zxy)sa2s ’
T (25 — 1)1 (275 Toa? (4.80)
1~ e o
B = QKenyy(T(y)s +T(H)*),

for the boundary-to-bulk propagator of the spin-s field at & = 0 (be aware that in our
notation, Q° = QG~1+55-1-9) i5 5 spin-s component of the W master field, with grading
§), and for the B master field of the spin-5 field at & = 5. Using the integral representation
of the star product, J* can be written as

1 _ z 2, 3 —\ 7 —vSD 3
Jt = _2/d4ud4vcosh(uv + av) [3u82_§2 <(‘/‘f—za >0u—1] O (x|u,u)Ke E07(v)

9—5§-3 i 5 9
= ~ (25— 1)1 /d ud™v cosh(uv + uv) [v R, (a _ 0_z>1—) B 1]
§— 1) 54 —35 z
S5t+3+1 e ) o (uxi)
x (m*)5+5(552)25+16 " (vx/e0"xv)* (uxo T xu) 07 2

(4.81)
For simplicity, we will now assume that the polarization vector £ of the spin-s current
coincides with the polarization vector g, namely € = ¢, and therefore in the light cone

coordinates, ¢ = %0‘. This is all we need in order to extract the coefficient of the
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corresponding three-point function. Now we have

2—25—3 > 9
Jt = (25— 1)1 /d4ud4v cosh(uv + uv) [v 5 = (@ - O'Z>2_} - 1}
s—1)! s2—3 z
Z5t+5+1 S - e g 3 o (uxﬂ)37§
X (x*)3+§(552)2§+16 Y= (vxo X)) (uxo T xu) 07 2 s
_ 9 '
=—5- 2_8_8_2/d4ud4v cosh(uv + uv) |v |d—-"0")o -1
s? — §2 z
s+i+1 - ) B N
X (x2)2j+1(g2)2§+1 e U2 (vko %) (uxo*xu)® (uxoxa)* 5.
Then, the integral (4.59) is given by
12716) = /d?’gzcalzz_zfr
N s+5—1 P
—5.2757572 /d3mdz (x2)2j+1(52)2§+1 /d4ud4v cosh(uv + uv) (S;}U_ 22 + 1)
X e ”26(vfm*ziv)g(uxafzxu)g(uxafxﬂ)sfg
+5—1
_ u9—s—§-2 = 12 3 2
22 (5 §)1((23)) /d xdz (222541 (72)2541
6]»0363 4. 4 _ N N4 ju+jo  C(vR+ux)A n(uxo” xa)
x| 5 5+l /d ud™v cosh(uv+uv)e JUTIVe e’
§4—=S j:_;:O C4§ 5—35
(4.83)

In the first step above, we integrated by part in z. In the second step, we turned the
integral into a generating function that involves a Gaussian integral only, and extract the
coefficient of (**n*~* in the end. We have also introduced a “polarization spinor” X, or

A = 0%\, which are related to the polarization vector by 0;5 = 5\@5\5, or equivalently
a;; = 5\@5\5. For instance, we can then write (uxo~*xu) = (ux\)2.

After performing the Gaussian integral, we have

R - s+5—1 1
I2=1(8) = s275752(5 — 5)1((25)! 2/d3xdz “ s -
T (0) ( )H((28)!) (22)25+1(72)25+1 det(1 — nxo—x5)

X (2]20_523 —|—1>
52 2 (s 5)1((25)))? / dede L
(22)2+1(22)%5+ det(1 — nxo—xX)
X exp [C25\5&(1 - nxafxi)flxj\} {1 e 2 2 Tr_ {O’Z(l - nxafxi)flxafx}
- i AX(1 — nxo~x%) txo x0%(1 — nxaxi)lxj\}

e(j—i—(;&)(l—nxa*xi)*lnxoij cosh |:

(j—l—C;\)"()(l—nxa_xi)_lng\}

j=Jj=0 Clsps—s

52_§2

44577575

5 s+5—1 1
= 82757572 (5 — 3)I((23)! 2/d3xdz “ e -
( )1((28)!) (22)25+1(72)25+1 det(1 — nxo—x5)
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n

s2 —

X exp |:<2Tr+ ((1 — nxa_xi)_lxa_ziﬂ {1 —

2
— ¢ 77§2 Try {(1 — nxafo)flxafxaz(l — nxafxE)flxafzi} }

a1, —
§2Tr, [(1—77)(0 xX) X0 x0”°

o (4.84)

<4§ns—§
where Tr; and Tr_ stand for the trace over the chiral and the anti-chiral sector, respectively.
To proceed, let us collect the following useful formulae,

2 =det(l —nxo x¥) =1 —n{Z,x0"x}
2zx
—1— z _ 207X — 2 _—
n{o o 20 X =20 }

227 (z - ) x2£}

=1-4 i
zn [m 2 + 52

2 - 7 2\ _ 2 B
:1+%nK}—szx+fJAmﬁA—iA&0J
z z z
2z < Y 2V ¢ 2y
=1+n_, ()\XJ A — 2 Mo )\),

z
Try {(1 — nxa_xi)Txa_zi] =Try {xa_zi - nf)xa_xxa_zi} = XX,
Tr {(1 - nxafxi)Txafxaz] = 22Tr {(1 - nxafxi)Txaf] =dzx™,

Try {(1 - nxa_xi)Txa_xaz(1—77XJ_X§])TXU_Z§(] =Tr; (x0~ x0°x0 *X) =42z~ (AXXN).

(4.85)

Using them, we can simplify the expression for [ _%:1(3) drastically,

A=1,% 5—2 | ne [ 3 it 1

IP7(0) = s275757%(s — 5)1((25)! d’xdz I -

47109 (5 = I [ e o7 i it )

2Y 2w ) - 232w )
Xexp( CPAXXA ) >[1_ 277~2 dzx ) <1+ CEAXXA ] )]
det(1—nxo—xX) 5% —5%det(1—nxo~xX) det(1—nxo~xX) /| casys—s

5 sté-l 5\ 5\ 25 2 5\ 25\
:32_8_8_2(3—5)!(25)%{3mdz < ( x4 ) [1 82?7 z2(Axo* )

(22)25+1(32)25+1 22541 = (1—1—25)}

_52 ns—s

z2371 (5\X¢§E\)2§

—25-2 : 3 T ?Y 23 42T )58
= 52 (s+ s)!/d xdz (22)2541 (32)3 41 [(Axa A —2°Afo*N)

52 5\ zj\ _ _ _ =
_ T x7 ) (Axo*X — 22 M\o*N)" " 1]
S+ s

N N

_ 2—23—25—27T3P<8 + §+ 2)(}\602)\)84‘8.
(4.86)
In the last step, we have again used the integration formulae in appendix B. Similarly,
we have an identical contribution from I2=1(§) = 2‘28—25—2773F(5 + 5+ 1) (Ao A)sts.

Putting them together, we find

IA:l((;) _ 2232517r31‘<5+ i+ ;>(5\¢3‘0z5\)s+§
5 (4.87)

1\ - <
:W;F<S+§+2>(5'g)s+s
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where in the last step we replaced A\ by 0=% = 2¢0%. Now we have the boundary behavior

of the outcoming scalar field B(%:0)(Z, z),

) B . . (5’ 5)5+§
llir(l)z B9 (#2) — C(s, 5;0) (F|2g2e 251 (4.88)
in the 0/|Z| — 0 limit, where the coefficient C(s, §;0) is given by
1 1
2
C(s,5,0) = _7; F<s+§—|— 2) (4.89)

Note that even though we have assumed s > § in the computation, the result for C(s, 5;0)
is symmetric in s and § by a naive “analytic continuation” in the spins. A particularly
intriguing case is when § = s. Naively, the three point function C(s,s;0) vanishes
identically, as discussed earlier. In fact, there are no such cubic couplings in the bulk

Lagrangian! But a formal extrapolation from C(s,3;0) for s # § suggests that in fact
1

C(s,s;0) = —="'T(2s 4+ ). We believe that this is a singular feature of Vasiliev theory.
For instance, if we assume that there is a non-derivative cubic coupling involving three
scalar fields, with boundary condition such that they have dual dimension A = 1, then
the corresponding tree level three-point function would diverge, from the integration of
the product of three A = 1 boundary-to-bulk propagators over AdS,. While it is a priori
unclear how to regularize such a computation, we have seen that by a formal analytic
continuation we can compute such three point functions in Vasiliev theory. Similarly,
we suspect that there are “vanishing” derivative couplings involving a scalar and a pair
of spin-s fields, together with a divergent bulk integral gives the nonzero coeflicients
C(s,s;0). Potentially, if one can extend Vasiliev theory to AdSy; for d = 4 — €, such
three-point functions could be computed using dimensional regularization.

We expect that corresponding three-point function in the dual CFT to behave as

N T(F AT (% ao ooy (0-8)FF 5
<J3(0’§>J§(575)J0(x)> - gasa/gC(S’S’O) ‘f’2523+2'§+1 Y ‘f’ - 0 (490)

In the next section, we will compare our result (4.89) to that of the free O(N') vector theory
in three dimensions.

4.5 Comparison to the free O(N) vector theory

In this section, we consider the free CF'T of N massless scalar fields in three dimensions, in
the O(N) singlet sector. We may alternatively think of the theory as defined by gauging
the O(N) symmetry and then taking the gauge coupling to zero. We will first examine
the spectrum of operators, which consists of higher spin currents, and compute their
correlation functions.

Let us denote the N massless scalar fields by ¢!, i = 1,...,N. A class of primary
operators are spin-s currents of the form

Ty = 00y -+ 0@’ + -+ (4.91)
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where - -+ stands for similar terms with the derivatives distributed in various ways on the
two ¢'’s. We demand that J, are conserved currents, with the indices j1, . .., 15 symmetric
and traceless. These conditions fix J,,...,, up to an overall normalization. It is convenient
to introduce a polarization vector & and write J5(€) = J,.....&) - - - €h, or J, for short. The
explicit form of Js will be determined shortly. Note that in the O(NN) theory only the even
spin conserved currents exists; the ¢’ bilinear operators with an odd number of derivatives
are always descendants of the even spin currents.
The currents can be packaged in a generating function

. P — i ° 1 s
Of(T;) = ¢(2) f(ens Oy 049" (T) = ZJM1~~MS (Z)eht - - - el (4.92)
s=0
The conservation and traceless condition on the currents can be implement on the function

f(&it, ) as

(@+7)-8.f =2f =0. (

e~

93)

Further, by the massless equations of motion, we may assume u? = v? = 0 in f(&,, 7).
The equations (4.93) can be solved in three dimensions by

. )
etE di=u—7v+ \/ U X U. (4.94)
u-v
In particular, we may take the function f to be
.
f(&u,v) = ¢ —; ¢ = (7)€ ¢osh [\/Z(U v)e? —4(u-g)(v-e)|. (4.95)

Correspondingly, the generating operator O(Z; &) is given by

00 (282(535 . 5} —4(e - 396)(8 . 5)96))”

O(#:8) =¢*(x —e) Y (20)! ¢'(x+¢)
n=0 ’
=§16/(2) + ¢'(2) D o (2)e"
b [0 906 (@) 20,6 (0006 (2) + 20,06 (2)2,6' ()] e + -+

(4.96)
In the second line, we exhibited the spin 0, spin 1 (which vanishes identically in the O(N)
theory) and spin 2 (the stress-energy tensor) currents explicitly. The connected n-point

functions of the currents can be easily computed via

<H O(fl, e’::;)> = anlN Z Pgﬁ[COSh <\/2€?<5Z . 52 — 4(51' . 3@)(51 . 31)

i=1 €S i=1

1
X |
|; — Tig1 + € + €iq1]

where P, stands for the permutation on (Z;;£;) by o, and the product is understood to
— —
be of cyclic order; d and O act on their neighboring propagators only. In particular, the
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two-point function can be written as

L. L 1 — - — —
<O($1;61)O($2;62)> :2N‘.%'12 e+ 52‘ cosh <\/26% 0 1 0 1 — 4(61 -0 1)(61 . (91))
\/ o5 R — — 1
X cosh 26282' 82—4(62' 82)(62' (92) |$12—€1—62|.
(4.98)

It is not immediately obvious that by expanding this expression in powers of 1 and &9, we
will find an orthogonal basis of currents. Without loss of generality, we can assume that e
is a null polarization vector. We will sometimes work with the light cone coordinates, such

that e = 1,6~ = e+ = 0. Then the current J, can be written explicitly as
5/2 (_4)n s—2n (_)k iy y
Jo(Z,8) =) (20)] > k(s — am — g OG0T (4.99)
n=0 T k=0 ’

We will assume s is even from now on. The two-point function is then evaluated as
<J81 (57 _,1)‘]82 (0’ 6_‘2)>
1 5] =1
= 92N = elerte2) 0 g (2\/61 : 361 . 5) cos <2\/€2 : 362 . 3) e~ (e1te2)- 0

] ]

51 _89
€1 &2

| | Im) — —n)! — — |
— (2k)!(2¢)! = = nlml(s; — 2k n)!(sg — 2¢ —m)!

1
|z

X [(51 - 0)F T (eg - 9)HFT ] : [(51 L)1 R 2y - )=t 1 ]

||
5152 gkt S12ks2720 (—)mtnth+ath ktnsi—k—n

=22 D oo n;) mzo ntml(s1 — 2k — n)!(s5 — 2 — m)! Z:O D

k=0 £=0 b=0

A 9s1+s2—a—b 1
X<k+n><81 k 7”L> F<n+m+k+f—a+2> (4.100)

a b m
1 (£ +m)! (sg — € —m)!
2> (l+m—a)l(sg—€—m—0>)!
(81 -62)a+b(61 -x)sl_a_b(eg X x)SQ—a—b
(x2)31+327a7b+1 ?

XF<51+52—n—m—k—€—b+

The summation can be performed, giving the result

2357T_§I’(s+ ;) (61 ceqx? — 26 -:csg-:c)s

(Js(Z,€1)J5(0,8%)) = Nszcs ol (£2)25+1

(4.101)

Here ¢ = 1 for s > 2 and ¢y = 2. It is often easier to work under the assumption
€1 = €9 = ¢, in which case we simply have
QQSﬂ_éF(S +3) (z7)*

<Js(£7§)JS(O7§)> - NCS s! (x2)23+1’

(4.102)

where we used the light cone variable = = 2¢ - «.
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Now we will calculate the three-point functions of these conserved currents. As a
warm up, let us first consider the correlation function of two scalar operators and one
spin-s current,

B . L L1 45, =~ = T, L
(Jo(Z1)Jo(72)Js(0;€)) = 8N 10| 22| € O (2)\\/8+ 8+> ‘ |z1] | 5o
22S7T_ér(s+ 1) S (_)n 1 1
=8N 2 <83” > (8" >
|x12] nzzo (2n)!(2s —2n)! \ |ao ]
1
-7 1 s _\s—n (ST
™ (s+2)z (-) ()" (3) (4.103)

!9612! : n!(s — n)! ‘x1‘2n+1‘x2’2372n+1

wféf(,s%—%) P
=8N 2 7 2

sllarol[z|lea] \ 2] a3
ZSW_éP(s + %)

g A)*
asgllerflas] & A

=8N

—

where in the first line, d; is defined to act on both #; and #5. In the last line, A = i; -
1 2
In the limit where the two scalar operators collide, 15 = § — 0, we have
1
. L= 287T_2F(S—|—%) (= 25z \]°
(Jo(Z)Jo(& — 6)J5(0;€)) — 8N A[5] (2251 [a : (5 - x)} (4.104)

This will be compared to C(0,0;s) in Vasiliev theory. On the other hand, in the limit
where one scalar collide with the spin-s current, say Zo = § — 0, we have

Sﬂfé s+ 1 o
(o(E)Jol8)1,(0;2)) — SN i (gg);w 5" (4.105)

This coefficient should be compared to C(0,s;0). Note the different polarization depen-
dence in the two limits (4.104) and (4.105). These indeed agree with the structure of the
propagator KC(Z,z|y,d,) we used to compute the boundary expectation value of the B
master field. We can normalize the two point function (4.102) to cs(£- #)?*(2?) 2571, by
defining a normalized current

1
1 m2s!
JROT (5 &) = N 72272 Jo(Z; 8). (4.106)
S ( 4) F(S+ %) 5( _)

The normalized three point function coefficients Cygs for the free O(N) theory are given by

1

s!
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Next, let us examine the three-point function of one scalar operator and two higher
spin currents.

(51 (Z1, 1) Js, (%2, €2) Jo(0))

1 — — 1 — —
=8N =191 cos (2 61-<8_161-8_1>> ef10 e €292 ¢og <2 62'5_262'52)) ec202
|$1| |$12| |$2| S1 ;2
25142 1 1 o (=)mtm
= N2 2521
i <81+2> (32+ >ZZ 2n)1(2m)! (251 — 2n)!(2s5 — 2m)!
X |:(€1 . 81)31711 1 ] |:(€2 . 82)82*m 1 :| [(51 . 31)n(€2 . 82)m 1 :|
|21 |22 |712]
1 s1 82 9s1+s2+n
=8Nz '’
. <31+2) <32+ )zmz e e

(€1 1) T (e2 - m2)™™ [(51 o))" (g2 - 12)™ }

|x1|25172n+1|x |25272m+1 |£C |2m+1

1 s1  S2 951+s24n (51 '1’1)31771(82 . x2)32*m
=8Nz T
™ <S1—|—2> <82+ )Z Z 2n 'm' 81_ ) (52_ )! |x1|23172n+1|x2|23272m+1

n=0m=0
" (=) /n m!)*(2m + 2k)! ce9)" R (eq - 212)k(eq - myg)™ I HE
8 Z (2"2 ( > m)!((m )—{—(k:)'(m - 7)1 + k)! e (|6€'3112|21’§J)r2l(<“‘i21 !

(4.108)
Let us focus on the special case e = g9 = ¢,

<J81(fla‘€_)‘]82(f?’g)‘]0(0)>
S1+82 _— & (2m+2n)
— gN2s1FS2y 1F<81+ > <32+ >ZZ o) 2m (51— )l (2 ) (n4-m)! (4.109)

(- @1)51 (e wg)52 ™ (g - ;)™
|x1|23172n+1|x2|23272m+1|x12|2m+2n+1

In the limit where the two higher spin currents collide, 12 = 5 — 0, corresponding to the
coefficient C'(s1, s2;0), we have

. - aT(si+sa4 1)) (8-8)nt
(Jsy (7, 8) S5, (¥ — 6,€)J0(0)) — BN TR s1!s9! i x2|5|231+252+1

(4.110)
Observe that, modulo the factorized normalization factor associated with each current,
this three-point function has precisely the same dependence on s; and sy (namely,
['(s1 + s2 + 5)) as the tree-level three-point function coefficient C(s1,s92;0) of Vasiliev
theory! We would like to emphasize that the computation of C(sy, s2;0) in the previous
section was highly nontrivial: a priori, it wasn’t even obvious that C(sq,s2;0) would be
an analytic function in s; and s9. Also, recall C(s, s;0) is naively zero in Vasiliev theory,
and we argued that its appropriately regularized answer should be given by the analytic
continuation from C'(s1, s2;0) for s1 # so. As expected, the coupling constant g of Vasiliev
theory scales like NV =2 of the free O(N) vector theory. Let us emphasize that the relative
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normalization on the spin-s currents in Vasiliev theory can be fixed independently, through
the computation of C(0,s1;s2), as we will perform in section 6.1. We will then see a
complete agreement with (4.110), and will determine the precise relation between g and N.

On the other hand, in the limit 7y = 5 — 0, corresponding to C(0, s1;s2), we expect
(Jo, (Z,€)Js, (6,€)J0(0)) to scale like |z|~251-2|§[51—52~1 To simplify the expression let us
further restrict to the case ¢ - x = 0, so that (4.109) becomes

o 1 1
Ty (2,2) Ty (52 2)J0(0)) g = 8N281+827r—1r(sl + 2)r<82 + 2)

52
(=)"™(2m + 2s71)! (g §)srts2
. mzo (250)1(2m)!(s5 — m)l(s1 + m)! |a]|§[2s2—2m+1 | — gpzsr42mer (4111

I'(s1+ ;)F(SQ + ;) (g §)srts2

s1+s2,_—1
— 8N2 T s115] [p[25142 5|22 41

We will consider the corresponding computation in Vasiliev theory in later sections.
Finally, let us consider the case of three general spins (s1, s2, $3), but with the simpli-
fication that all the polarization vectors are the same.

<J51 (fla 6_‘1)!]82 (525 é)JS'g, (f3a 6_)>
=8N e 1% cog <2 €1 -29_161 5{) e e €292 cog (2 62-5262-8_)2>652'82
|21 |z12] | o]

51_592
€1 €2

Si

3 |
_3 Si 1 -
—avet ST (s ) o)y

n;=01i=1

oo e oeap Ll e

‘-%'12’ ‘.%'23‘ ‘x?,l‘
si 3
_SNW*S ZH22SZF<S+1> 1
B 7
ni=0i=1 2/ (2n)!(2s; — 2n;)!
! 1
x |(e- O ni1—n2+s2 :| |: €0 na—n3+s3 :| |: - 83 n3—mni+s1 :| ‘
[( ) 212 =) |23 (€ 05) 231

(4.112)

Further, writing 1 = &, ¥ = & — 0, 3 = 0, and assuming &- Z = 0, we find the answer

)
3 O 1 1
=8N7~ 2% ( s
BN Zl:[ (S +2>(2n,~)!(23i—2ni)!
o

n;=01i=1
1 1 1
X (8 . 05)n1*n2+82 } [(5 . w)n27n3+33 } [(_5 . 8£)n37n1+sl
[ 0] |z — 0| |z|
5 1\ & 1 1
=8N7 "2 225iF<5i + > 4.113
21_]1: 2 nQZ:O (27@)!(282 — 2712)!(281)!(283)! ’1" ( )

S1—n2+s2 1 no+s 1
<Jerarremr | o, Ly
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3 62s; 1
_3 2 ZF(Si + 2) 1 S1459 1 s3 1
BRI § ST [“a‘s) o) €% g

i=1
3 ﬁQgSiI‘(sﬂ- D1 T(s1+s2+2) (e-8)5t52 D(sz+ 1) (- 6)s

— 8N7™ 2

e (25)! || r(}) |6|2s1+2s2+1 (L) g f2sat
_ gygsiteatss D1 H 2+ o) (s34 5) (- g)rteatss
B m(s1)!(s2)!(s3)! |z |283+2|§ |21 +252 41

5 The A = 2 scalar and the critical O(IN) model

In this section we consider the alternative boundary condition for the bulk scalar field, such
that its dual operator has dimension A = 2. The boundary-to-bulk propagator for the
scalar field has the form C(Z,2) = K? = 22 /(%2 + 22)%. Let us now solve for the boundary-

to-bulk propagator for the scalar component of the master field B, analogously to section 3.

[e.e]

B B 1 1 .
BA(zly,g) = (n1)2 Zn(—Zany) C(x)
n=0 ’
> 11 5.1
=y e oy
n=0 ’
= K%(1 — yXg)e ¥V,
A=2

When the outcoming field is a A = 2 scalar, we must also use the propagator IC(O) as
in (4.54) and (4.57). In the next two subsections, we will repeat our previous computation
of C(0,s;0) and C(s, §;0) with the A = 2 scalars (note that for the A = 2 scalar, C(0, s;0)
is not a special case of C(s, §;0)), and then compare with the leading 1/ V/N three-point
functions of the critical O(N) model.

5.1 C(0,s;0)

Now let us compute the three-point function coefficient C(0, s;0), where spin-0 refers to
the A = 2 scalar, and s > 0. Note that unlike the A = 1 case, where the scalar is treated
on equal footing as the higher spin fields, the A = 2 scalar is distinguished from the higher
spin fields.

Analogously to the A = 1 case, we need to compute the integral (4.57), or (4.59).
I2=2(4) is given by

I%72(6) = / B d (I, 250,6)
1 d3zd - -
— 28(28)! / 21'222 /d4ud4v (euv—l—uv 4 e—uv—uv) (21}0,21—) + 82)
ZS+3 _ 27 ) (52)
X (;,;*)8(552)2(1_2}20)6 vEr e
= s! /dgfdz Z8+3 625 1 IA:2| )
28(25)! 9222 (x*)s(j2)2 zt 72 A As |-

(uxu)®
2
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Note the additional factor of 2 in front of vo*v in the second line, coming from integration
by part in z. Be aware that in the last line, d,+ acts only on x and not . The generating

function f:2 is given by

I>\A:2 _ /d4ud4v (equrm’; + efuvfﬂz’;) (QUO'ZT) + 82)(1 _ Uiﬁ)efvfh’ﬂr)\(uxﬂ)

2 ) R
= ~ 1 — az& 28 Za,' _|_ 2 )\jx(l—)\Zx) 7
det(1 — )\EX)( j305) (20,0705 + 57)e
= 2 . { [1 + ATr(Ex(1 — )\ix)fl)] [32 — 22Tr(0*x(1 — AXx) ™)
det(1 — ASx)

j=j=0

2T [Ex(1 - ABx) ox(1 - A8x) 1]}

T-T 22
_ i{ [1 s % )_w] [52 LA )]

— —_—
(= —
— —

2 = 2
- 23\2 [422 <1 - 23:~23:> —ddz2® +2(\%2% — 1)a2? <1 - 2~Z >] }
= z

where we define, as before,

==1-2X\z+ 4)\2$-21' + \222,
e (5.4)

E=1-2xz+4r:" "

When acting on with 83%?;, we can equivalently replace = by £ in [ /\AZQ, and write

1 A_ 1 [(s2+4Xz  8\z
2s A=2 o 2s
aﬁ <x21>\ > =2 aﬁ 22 ( £2 B &3 ) 3o

95,8 2 -7\ ° 22 -7\ !
_ 2 2 2
—20% o [S -(s+1)<1— . ) — 925 <1— o ) .

Now continuing on the integral I4=2(3),

S

R ! 28228+1 1
IA=2 5 = S /d3—‘d 2s
()= 95050 | 4T (1 mya (5202 % 2

« [32 s + 1)<1 B 2@:;3})5 - 232<1 B 2:255)81]
x xr
s 20 i 5 () ()
X Oy [32 “(s+1) <1 - 29;.2%)9 — 257 (1 — 23;;%)8_1]
=2 Z! /d%ﬁdz 2t NZS% (2) (xg)x;s)_iz_jl(é;;:—ﬂ (5.6)

9 20-2\" s—mn , 20 - F\ "
X |s-(s+1)(1— —y -2 Cl
z s T
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sl [ 2541
_ 9s—1°" =
=2 /d xdz(x2)s+1(j2)s+2

_ s —~9 _ s—1
2 0% _s5) o2t T (T s
x[s (s + )<x2 8 SRR (O )
—5—2_5 1 —\s
=2 w28l 5—|—2 (67)
5

1\ .
= 7T42 5F<5+ 2>(5-5)5.

Using (4.57), we find the boundary expectation value of the outgoing A = 2 scalar,

o —21(0,0) - 267N Ala i _ acagy Ly (008)°
lli%z BA:Q(CEa Z) - = 7_‘_2‘53’4 I (6) =C (Oa 55 0) ’f‘4(525+1 (57)
in the 6 — 0 limit. The coefficient C2=2(0, 5;0) is given by
1
- 1
CA=2(0,5;0) = _7722 s <s + 2). (5.8)

Taking into account the still undetermined normalization factors on the boundary-to-bulk
propagators, the corresponding normalized three-point function in Vasiliev theory is

related by
ana _ _
Z,OSCA*Q(O, 5;0) = ga,C*7%(0, 5;0) (5.9)

where af, is the normalization factor associated with the A = 2 scalar operator. Here g

A=2
Coos =9

and as are the same coupling constant and normalization factors as in the A = 1 case.

5.2 ((s,5;0)

Next, let us turn to the computation of C(s, §;0), where s and § are nonzero spins, and the
outgoing spin-0 field is subject to A = 2 boundary condition. Without loss of generality,
we will assume s > 5 > 0. The expression of the source J(g) of for the spin-0 component of
B(Z, z|y, y) at second order is identical to the A = 1 case. The only difference occurs when
we integrate Jg) with the propagator a—2 to obtain the boundary expectation value. We

perform the computation in the case where the polarization vectors € of the the spin s and
s

spin § currents are identical, with § = £- 0 = %a*, i
«

A 4 Now we simply need to

replace the integral Ile(g) in section 4.4 by
(#,20,0)

1872(6) = / d*7dz 2" )

+3 v
- s . p 4 o 2vo*v
.93 /d rdz (22)251 (52)251 /d ud™v cosh(uv + uv) <52 2 + 1>
X e’”if’(viafziv)g(uxafzxu)g(uxafxﬂ)sfg

S xfh)B
(x2)28+1(§j2)2§+1 EQ§+1

20 2z(Axo*\
[ a0 )

= 527557 2(5 — §)1(25)! / d3xdz

77575
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225 (AxfN) 2
(22)25+1(F2)s+5+1
2% (Ax0*))
s+ 8
= 2725752026 (5 4 3) (Ao N)*TE

= 12 sT(s + 8)(8 - &)+ (5.10)

= 52725 2(5 4 5)! / d3xdz (Axc* X — :C25\g50z5\) .

(AxoX — 22 Ao )"

In the second line, we again note the factor of 2 in front of vo*v, from integration by part
in z, which is different from the A = 1 case. Similarly, there is an identical contribution
from I2=2(§). Tt then follows from (4.57) that

0 (0,0), 4 2075% Aloan  aia, - o (6-8)5FF
;%z BpAN(#,2) — — 2|7 I77%(0) = C*77(s, 5;0) PTPEAEs (5.11)
where the coefficient C2=2(s, 5;0) is given by
C27%(5,5,0) = —sT'(s +3), s> 3. (5.12)

C2=2(s,5;0) is by definition symmetric in s and , and so is given by 380 (s+38) for s < 5.
Note that unlike the A = 1 case, C*=2(s, 5;0) is not formally an analytic function in s and
S, as one takes s across 5. However, our result does suggest a “regularized answer” for the
naively singular three-point function coefficient C*=2(s, s;0), as the two spins coincide.

As we will see in the next subsection, in the critical O(N) vector model, it is more
convenient to compute the three point function (J(Z1)Js(Z2)a(Z3)) with Z3 integrated
over the three-dimensional spacetime; here « is the scalar operator of classical scaling di-
mension A = 2. To make the comparison, we would like to consider the same computation
in Vasiliev theory, namely

[ ##1.6.8550.05-2(2)). (5.13)

For this purpose we can no longer take the §/|Z| — 0 limit, but instead must use the full
expression of a—a(Z, z). We have

G ) 2
31 9 (0,0), = B 25553 1 3o de/dZ/ P ~ ‘ R
/ I B @)= 0 JTE o |-z (app] TOE2500)

e A3z dz . .
=26 57° 1/ (/)2 J(O)(x’,z';O,é)
(5.14)
The integral in the last line is in fact identical to that in the computation of C(s, §;0) in

the A =1 theory. We then obtain the result

e 2 (0,0) = 5 L (et
/dgmi%Z QB(A:%(l',Z) =—m2[(s+5+ 2) §25+254+1 - (5.15)

asag
[
g

function fd?’f(Js(g,g)Jg(O,é)OA:g(f)) in Vasiliev theory.

Combined with the normalization factor g¢ this gives the integrated three-point
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5.3 Comparison with the critical O(N) vector model

In this subsection, we will consider the critical O(N) vector model in dimension 2 < d < 4,7

and calculate the three-point function of the scalar operator and higher spin currents to

leading order in the 1/N expansion, namely N ~2. While the computation described in this

subsection have already appeared in [46-50], the explicit results are not immediately avail-

able. The goal of this subsection is to extract the three-point function coefficients and com-

pare to the conjectured dual Vasiliev theory, following the approach of Lang and Riihl [47].
The O(N) vector model in d-dimensions can be defined by the path integral

/D§Daexp {—N/dd:c B(aﬁ)? + ;a <§2 - ;)]}
:/Daexp{—];[ [Trln(—AJra)—;/dde,

where § = (S1,...,Sn) are N scalar fields, and a(x) is a Lagrangian multiplier field. g is a

(5.16)

coupling constant that will be taken to infinity at the critical point. In the second step we
integrated out S to obtain an effective action in . At the leading order in 1/N expansion,
the expectation value of «, which plays the role of mass square of the scalar fields g, is
given by the critical point of the a-effective action,

dp 1 1
2
p— pr— ‘1
o =m>, /(27?)dp2+m2 g (5.17)

2

where m~ is solved to be

2
d T d-2
m? = [(477)—51“(1 - 2>g} (5.18)
by analytic continuation in dimension d. In d > 2, the critical point m = 0 is achieved
by sending ¢ — oo. The authors of [47] considered a field & related to a by a = ia,
which should be thought of as a real field in the path integral description. From the
CF'T perspective, it will be more convenient to work with «, which has positive two-point

function in position space. The effective propagator for «, after integrating out 5, is®

~ . d
~ y 9\9_d - d SII F(d— 2)
G e 2, = 2 4 2 s 519
D)= 0 g=2uam i LT (519)
or in position space,
G = [ D appere = LETIET(RN 1 1 (5.20)
(2m)d N -2 (@%)? N(@?)

Note that for d = 3, ¥ = —16, 7, = 713 > (. The propagator for S is the standard one,

Sap 1 S T (4 —1 1 )
ab . or ab (2 ] ) ] = s afi) : (521)
N p N grs (az2)2*1 N (az2)2*1

"We will only need the results in d = 3 to compare with Vasiliev theory in this paper. It is nevertheless

useful to have the formulae in general d.
8Note that our 7 differs from the notation  in [47] by a sign, since we are working with « instead of &.
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X4

Figure 2. The 1-loop contribution to (awa«). The dotted lines represent the effective propagators
G(z) of e, while the solid lines are propagators of S.

and the oS, Sy vertex comes with coefficient —NJ,p.

We want to compute the three-point functions involving a(x) and higher spin currents
Js(x,€), to the first nontrivial in the 1/N expansion. While in general we don’t know a
priori the expression of J; in terms of the fundamental fields, we will extract them from
the OPE of a pair of S,(x) fields.

Let us start with the 3-point function (a(x1)a(ze)a(xs)). Our convention is such that
the two-point function of «(x) scales like 1/N. The leading contribution to (a«aa) is of
order 1/N?, and so if we normalize the two-point function of a, the corresponding 3-point
function will scale like 1/4/N. This comes from a 1-loop diagram as shown in figure 2. It

is evaluated as

(a(z1)a(z2)(3))
1 / d d vévd
= — d%y1d"y2d"y3
2 d__ d__ d__
N (331 - y1)4(x2 - y2)4(x3 - y3)4(y%2)2 1(?/%3)2 1(931)2 !
3 3 d d 2 1 (522)
— TSy, — 1,0 — 1) w2, 1,d=3) , ,
N 2 2 T{9T53T5,
i Wl -2 rE-) 1
N? F(‘é —1)4r'(d - 3) 96%236%396%1

where we have used the graphical rules of [51] in the second line. We have used the
definitions in [51] for the coefficients

a(t) = ,
Q I'(t) (5.23)
d
U(tl, to, tg) =T2 a(tl)a(tg)a(tg).
Note that (5.22) vanishes at d = 3. This has been observed in [39] to match with the fact
that there is no scalar cubic coupling in the bulk Vasiliev theory.

Next, we will investigate the three point function of a with two higher spin currents,
Js and Js. The idea is to consider the five point function (S, (x1)Sp(2)Sc(3)Sqa(xa)(z5)),
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X4 Xy

X4 - X, X4 : X2
! 1
| Xg===-=-=--- \
1
Xg=====--- 1
5 <
X5~ N |
1 S o 1
1 A 1
1 i 1
X4 X3 X4 X3 X4 X3

Figure 3. The leading 1/N contributions to (SSSSa), from which we will extract (JsJs ).

expanded around the limit 212, 234 — 0. The three point function (Js(z1, 1) J5(z3, &)a(xs))

will be extracted from the channel d,40cq(c - 212)°(€ - 234)%.2 The scaling in N in the SS9

OPE is of the form SS ~ N~2 > Js. The leading nontrivial contribution in the 1/N ex-

pansion of (S5SSa) is of order N™4, corresponding to the normalized three-point function

(JJ(VNa)) at order N ~2. The relevant diagrams are a 1-loop triangle diagram (figure

3(a)), a disconnected tree diagram (figure 3(b)), and a connected tree diagram (figure 3(c)).
The one-loop diagram in figure 3(a) is evaluated as

0,10
= e / dy1dPyrdysd®zidz
1
X 4 4 4 d—2 d—2 d—2 d—2,d-2, d—2
(x5 —y3) (Y1 —21) (g2 — z0) (w1 —21) T2 (w2 — 21) =2 (23— 22) =2 (24— 22) 92y “W53 ~Ya
5 0,
= ‘;*\’,4%3 vLv(2,d/2 — 1,d/2 — 1)*v(2,1,d — 3)
1
A%z d%
/ 2 (25— 21)2 (w5 — 20)228 (w1 — 21)472 (w0 — 21)42 (25 — 20)d2 (24 — 29)d2

(5.24)
where we write 2™ for (22)"/? for short. We are interested in comparing the overall
coefficient of (JsJsa) to that of Vasiliev theory. For this purpose, it is sufficient to consider
the three-point function with the position of a(x) integrated out. Integrating over s
drastically simplifies (5.24); it reduces to

E)
- (}%fd'yg’;ysv(Q,d/Q —1,d/2 - 1)%v(2,1,d — 3)v(1,1,d — 2)
1
X ddzlddZQ
/ 20y (w1 — 21)82 (w2 — 21)02 (23 — 22)72 (24 — 29)42

(47T)d/22d76
a(d — 3)

S (5.25)
— C}v: V3vdu(2,d/2 —1,d/2 — 1)*0(2,1,d — 3)v(1,1,d — 2)

X P I(x91, P)I (234, P)(P?)3~deit @13
(27r)d 21, 34,

?Note that the higher spin primary currents in the critical O(N) model are not expressed in terms of
S bilinear in the same way as in the free O(NN) theory, even at leading order in 1/N, due to the exchange
of a. As pointed out in [46], even in the large N limit, the currents of the critical O(N) model cannot be
embedded in the Hilbert space of the free O(NN) CFT.
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where we have Fourier transformed z15 into the momentum variable P, and defined

ddk eik-m
Iz, P) = / (27)d k2(P — k)2

(Y / e g1 — g2 a9
0

€1-g)a2p?\ 2 £1-¢)z2pP2\"
I'(k+3- d/2)< 4 > —F(k:+d/2—1)< 4 )

_ (47T)fd/2 ™

szv

sin

(5.26)
where in the second line, we have integrated out k using Feynman parameterization, and
expanded the resulting Bessel function in powers of P?. As pointed out in [47], the higher
spin currents Js arise from only the second branch, involving integer powers of x for
general non-integer values of dimension d. In fact, the correlation function involving the
primary fields Js come from the £ = 0 terms in the second branch only, whereas the k£ > 0
terms are contributions from the descendants of J;. The spin-s component is therefore
extracted from the k =0, O((z - P)®) term in I(z, P), which we denote by

71'7d/2 T d 1 p iPa(l— s
(e, P) == 10 a2 [Caglea - g2 U =)

(4 —1)sin 7 s!

9=dpl=5]
=2 TG D ey sy pys
sin("")s!l(d 4 s — 2)

(5.27)

The contribution to the integrated three-point function [ d9Z( Jo(6,€)J5(0,8)a(T)) is
extracted from (5.25) to be

(47T)d/22d76
a(d —3)

dabOc
= OB du(2,d/2 = 1,d/2 = 1)*0(2,1,d — 3)o(1,1,d - 2)

dd
X /( ny JLs)(e, P)I(5)(E, P)(P?)*¢ iPo

d/26d—6 o-2d_2-d
6‘}%‘}%375@(2@/2—1,d/2—1)2v(2, 1,d—3)v(1,1,d—2) Mzzd_é) : QSmQZng)
D +s—1) TE+5-1) o [TE-1) 1
S!F(d—i-S—Q) §!F(d+§—2)(€.a) (5.8) 47T§ (52)3—1 )
(5.28)
Next, we consider the contribution from the disconnected tree diagram in figure
3(b), of the form (Sy(x1)Sc(23))(Sp(x2)Sa(x4)a(xs5)). There are 4 such diagrams, related
by exchanging S,(z1) with Sp(z2), and S.(x3) with Sy(z4). After integration over the
position of a(x5), they give

e, d/2  1df2 ~ 1u(1,1,d ~2)
[ (e ainn ) #30 ( s = )]
ac9bd ad%bc

(z33)Y271  (23,)%/271 (z3g)271  (a33)%/21
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Since we are only interested in O(N)-singlets, we will restrict to the §2°6°? channel of (5.29),
which is obtained as N 20,4004 > p(Se(@1)S(23))(Se(22) S (24)0(25)) + 3 more, namely

_ 5“}51”74@1}(2, d/2 —1,d/2 —1)v(1,1,d — 2)
» 1 n 1 n 1 n 1
(23)%271 (w13 + @21 +234)2) 4270 (w13 + 234)2) 7270 (213 + 221)%) 72!
(5.30)
The contribution to [ d%x(Js(6,¢)J5(0,8)a(x)) is extracted as
6ab5cd 3 1 s/~ 3 1
= (2 d/2 - 1Ld/2 = e(L,1,d - 2) | (e-9)(E-9) (i (5.31)

Finally, let us consider the contribution from the 4 connected tree diagrams in figure 3(c).
After integrating out the position of a(z), applying repeatedly the graphical rules of [51],
we obtain

abOcd 2 3 2 (47T)d/2
— 2,d/2 —1,d/2 -1 1,1,d — 2
N4 '70475(0( 7d/ 7d/ ) U( ) 7d )4a(d/2 . 1) (5 32)
dip ‘ ‘ 4 . '
[ g (P (Twas, PYET 4 670) 4 gy, P50 4 P20
Extracting the contribution to [ d?z(Js(d,e)J5(0,&)a(z)), we have
SabOcd (4)d/?
2_d7717(2i ddP F(g + s — 1) - 6iP~$13
P - S(iP - § S
. sin(’;d)s!g!/(%)d D(d+s—2) (0 @) (P o)+ (s o au o mn) - p
dabbed o 3 9 2941 (d/2 — 1)
2,d/2—1,d/2 -1 1,1,d —2
N4 ’Ya'YSU( 7d/ 7d/ ) U( ) 7d ) a(d/2 . 1)
2-dpl=% [D(?+s-1) I(¢+5-1 (rEd -1 1
x 7; 2~ (2 s )+ (2 ‘f ) (68)3(56)5 (2 . ) ) ‘
s1n(7r2 )5!5! F(d—{—S—Q) F(d+5—2) Ara (62)271
(5.33)

Putting these together, the total contribution from the diagrams in figure 3 is given by

dd:n<Js(6, £)J3(0,8)a(x))

C ) 1 (5.34)
= WIOEE O
where .
T2 d
Cy= T -1,
’ <2 > (5.35)
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Here the notation J4(z) standards for the primary currents Js together with a linear
combination of descendants of lower spin currents, which appears on the r.h.s. of the OPE

da
Sa(@)Sp(0) ~ g @ aH Ty (0) 4 -+ (5.36)

N2

If we further set £ = € to be null, and d = 3, we obtain

[ #FE 0@ =, [ 60
. N (5.37)
\9s+35 = €
— 27T§Nf(s)f(s)Q + P<s +5+ 2) §25H25+1)
where f(s) is now given by
1
F(s) = 51! [1 - QP(S;'2) (5.38)

The mixed currents Js are related to the primaries in a general form Jg(z,e) =
Js(x,e) + Zi;g c(s,r)(e - 0)* " J.(x,e). In order to determine the operator mixing,
we consider the two-point function of J,, by extracting from the four-point function
(Sa(71)Sp(w2)Se(23)Sq(24)), expanding it in the channel d,40.4O(755)O(x5,). At leading
nontrivial order in 1/N, there are two disconnected tree diagrams related by exchanging
x3 and x4, and a connected tree diagram with an a propagator. The total contribution in
the 0,404 channel is

2
o 1 1
dabOcd [ +
3 Yabl d_ d_ d_ d_
N (233)2 7 (agy)2 ™" (2f)2 (ad5)2 (5.39)

4
YaVs d_ d 1
+ Oab0, d/d 21d% 2 .
N3 e 2%2 (1‘1 — Zl)d72(1‘2 — Zl)d72(.%'3 — 22)d72(.%'4 — 22)d72

As before, we can turn the integration over zi,2s in the second line into a momentum
d .

integral of the form [ (gi];d I(xo1, P)I(x34, P)(P%)?"2¢"®13, Expanding this in x19, 34,

we can extract the two-point function

i) = 5 Lacoreor L+ eor L] e b))

s!s! 2
224-8P(d—2)[(4—2) 2720724 T(s+ 9 —1) T(5+9-1 ;1
+,_Ya ( ) (2 ) i (S 2 ) R (S~ 2 ) (86)3(58)3
re-9 sin?(74) s'(s +d—2)3T(5+d —2) g2d—4
(5.40)
Restricting to d = 3, and setting £ = ¢, we have
25T AP (s+ (54 s+ 3)! wl(s+5+1 g.x)sts
<JS(CC,€)J§(O,6)>: (3 ZN) ( 2) 1_2( ~ ) \/ (1 B 21) ( ) J)rurl'
358! s1s! L(s+5)T(54,) | (z2)5®
(5.41)
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This allows us to determine the operator mixing,

1 T(s+ 1) & (2r)! .
Telee) = VN  or3 2 Z; (s —2r)!(s + 27")!(5 9) i Jor(@,€) (542)

where Js(x,¢) are normalized such that

T(s+3) (- o)

(Jo(2,€)J5(0,€)) = 6,5 N2¥m 2 a2yt (5.43)

i.e. the same normalization convention as the current Jy in the free O(N) theory in section
4.5. The normalization factor f(s) in (5.38) can be written as

2
ar(s+ 1) & 1
fis) =TT > . (5.44)
VT = (s +2r)l(s —2r)!
From this, we determine the integrated three point function of the primary currents,
- 32 ;1
[ #3650 a(@) = T 0
sls!
5+3 ||~ 1y (2. 5\s+3 (5.45)
oy 2 TE I E O
sls! §2s5+25+1
To make comparison with our result (5.15) in Vasiliev theory, let us define
1
Ji(@) = Nva?a(Z), so that the two-point function of J|(#) is normalized in the
same way as Jg’s. Now we expect
[ d32(J,(5,€)J5(0,€).J(Z)) al 31 —9(0,0)
_ 71 B\ (2 5.46
oI Iogas | CTERF Baa@2), (5:46)

where (J)Jj) = N is the coefficient of the two point function of J) (follows from (5.20)).
Recall that a, is the normalization constant associated to the spin-s boundary-to-bulk
propagators, and q( is that of the A = 2 scalar. We will determine in section 6.1 that
as/ag = 27°s!, and that g/ag = —16/7. We then see that (5.46) precisely holds provided
the identification af = 5&0. We conclude that our result for the integrated three-point
function of two higher spin currents with the A = 2 scalar from Vasiliev theory indeed
agrees with that of the critical O(N) model.

6 More three-point functions

In this section, we will compute the tree level three-point function coefficients of Vasiliev
theory via the boundary expectation value of a higher spin outcoming field at second
order in perturbation theory. These computations are more involved than the cases we
considered previously, where the outcoming field is a scalar. In particular, the computation
of C(0,s;s’) for s > ' in section 6.1, combined with earlier result on C(s,s’;0), will allow
us to determine the relative normalization of the boundary-to-bulk propagators in Vasiliev
theory that correspond to the spin-s currents with normalized two-point function, and
consequently fix the normalization of all three-point functions up to one overall constant,
namely the coupling constant g of Vasiliev theory. We will find complete agreement with
the correlation function of one scalar and two higher spin currents in the free O(N) theory.
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6.1 (C(0,s;s") with s > s/, and fixing the normalization

Let us revisit the computation of the three-point function coefficients of one scalar operator
with two higher spin fields, but take the scalar operator to be a boundary source, rather
than the outcoming field. There are two distinct cases, C'(0, s;s) for s > s" and for s < §'.
The former receives contribution from the source J%(y) only (recall (4.23)), whereas the
latter comes entirely from J'(y). It turns out that the computation in the first case, s > ¢/,
is easier, as we shall perform in this subsection.

To compute the spin-s’ component of J&)(y) = JQ(y)]yQS/, we need the (2s,0) and
(2s' +1,1) components of J,5 in its (y,y) expansion,

2 o y2s' =0
s
z s+2 N .
= 2[(%(&9— >] Y [QQB*B—B*W(QQB)]
25"+ 1, .5
+7 )00 Q5B = Ber(9,,)] o

v =0
s’ 5 S/+2 ; "/B o " ~ 251_|_1 . e
- ) s2_n2 a_ P g 8“/|:y (8aagQ++*B)]+ R 8OCQ++>I<8 B
A y2s' =0
s’ ,
__ 2 _
=_ Z /d4ud4veuv+uv{82jn2 dy (@— s :‘ UZ>U [(yv)QﬁJr(x\y—i—u, ) B(z|y+v, qj)]
n=-—s
uv + 2 -
+(2¢' 4+ 1) Qﬁ+(:c|y—i—u,ﬂ)B(x|y+v,1‘))}
s+n 42!
(6.1)

In the third line, we have made the replacement —B+x W(Qa6)|y25/g:0 by Qa/i * B|y25/7:l/7:0.
This is because the contribution comes from taking the star product of QS._HS “rs—l=stin)
and BG—1=s"+nms—1=s"+n) 1n| < ¢/ where s — s’ — 1 pairs of y’s and s — 1 — s’ +n
pairs of §’s are contracted to get a term of order y2¥. The sign is such that
—B x W(Qa/?”y%’,gzo = Qa/i * B|y25/7g:0. Similarly, for our gauge choice, QZB ~ OQOBQZ‘HF,
an %B) =Q . x B, and so the same argument can be applied to the secon
d 0°0°(Q, 5+ B) = Q,5%0*0" B, and so th t can be applied to th d
term in the third line of (6.1). In the fourth line, note that the sum is over n = —s',... ¢,

(s—1+n,s—1—n) to J(Sl), '

as these are the only components among the spin-s field 2%,

Let us recall the formulae for the boundary-to-bulk propagators of the relevant master
fields, Q% , and Q. with n > 0 for the spin-s field sourced at # = 0, and B for the scalar
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field sourced at & = 9.

27n72 s

(2s — D) (z—)stn

(yxy)* ™"

o, =
++ 22

— 2
(yxo~xy)" 02

=251 (yxo~*xy)" (yxo~x7)* ",
(£2)25+1 (6.2)

Qyf =s27 (22)25+1 (yxo™"xy)" (yxo~xg)*™",

Here we have worked in the light cone coordinates in which the null polarization vector

of the spin-s current is et = 1, e~ = e- = 0. Let us decompose J©) according to the
contributions from the components Q7 , JG) = ZZ/:_S, J,SS ). For each n > 0, we have
/
’ _s—1 4 4 z S+2 _ (u—y)(v—y)—i—?
JE) = —g97¢ /d ud™v [sz_nQ({“)y((?— . o®)o(yv) + (28" + 1) sim
- i) STy -y an 2
X (uxo ™ *xu)" (uxo~xu)’ e Ve YUY TUY (22)2152 |

z S—n
ZS+1
(.%'2)25—"1.%2

s "4+ 2 - - 2
T = _gpmst / d*ud*v [Sanzay(a—s T2 () + (25 + 1) TV E ]

X (ixo*xu) " (uxo~xi)* e VT e(umy) (vy)+un 7
2s/
y

(6.3)
where we have shifted the integration variables uw,v in comparison to (6.1). We will
calculate (6.4) from a generating function. As before, we introduce a polarization spinor
A = o), with 0;; = 5\@5\5, so that (uxo *xu) = (ux\)?. We will make use of the
generating function

I(jus Jos Ja» Jo) = /d4ud4vem”+“”e_”i”+"“’“’_X“+ju“+jv”+jﬂ“+ o0

~ by | (o) (270)(2) »

1 1 - 1 nxox\ [(T —nExo~x)j,
- E(7) P =(7) (Jv’ Jﬂ) (—f} ! -7 > <(7’ - nxaxi)j})]

where Z(7) = det(r — nxo~x%) = 72 — 7yTr(xo~xX). Now for n > 0, (6.4) can be
rewritten as

/
J,(f,) = —(2n)!(s—n)!ls275! [32 f 2 Oy <(3— ° j203>33(y3j)+(2s'+1)281%] i
_ _ Zs+1 ,
XI(Ty - CX)‘v —-TY + ja 07j)|y2s’g2n7]s—n (1-2)28-{-1.%2 )
, /
T — Z(2m)1(s — n)ls2 ! [szanay (a—s :—202>35(y3j)+(2s/+1)2;;?;] -
_ zs+1 ,
XI(Ty7 —-TY + ja _CX)\Mj)‘y?S,Canan (.%'2)28+1£'2 . (65)
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To proceed in the n > 0 case, we shall collect some useful formulae involving special cases
of I(ju’jvajﬂ,jﬁ)a

I(Ty - CXSV —TY +]7 075)
1 1 ~ - -

exp { (r) (j —Ty) [(T —n¥xo x)(1y — (xX\) + nxo” x(T — nxafxE)j} }

=(7) =

—

I(ty — (x\, —7Y,0,0) = 5(17_) exp {— ?j_)y [(7’ — nixafx)y — CXS\] }

[1]

T2I£

— ) exp [E(T) AMknExo~x + Cxaz))\]
= oty [T (e o) ).
(6.6)

and its derivatives,

_ =1 2 - T} S —Z)_ 2kx ™ (knTry (Exo %))
(07 +2) (Ty—CxA, —Ty,O,O)‘T:1_> . [1+ k™ (knTry (Xxo™7?) C)]e "y

(6.7)
(ayo-zai)(yaj)I(Ty - CX)‘a —-TY + j, Oa.]) ‘T:Ljijio

1 S < - 1 S - -
= —_,(0y0%0;)y <n2xa Xy+(xA—nxo Xj) exp { —Y <n2xa XY+ (xA—nxo xg)}

n Y (nixa’xy + ij\) y(nixa—xy+<xx)
= (8yazx07xy) 1+ e =

—
—
—

—_—

(+2)
2+ _ |e=

dnza~ A -
= <1+ ) e — Ime_ {xa_xaz (nn[E,XJ_X]—i—CXJZ) O'_Z} 2

{yxa_xaz <n[f}, xo x|y + ij\) }

[1
w

|
|
W
3
Ny
S
7 N
—
+
-
N~
)
>
|
3

+
[ >
N~
o
[ >

dnzx~ A2 =E—-1 A
=— Uf;ﬂ [1—1—_—1—_(%235_ 5 +/<;Cx_+A> (2—1—_)] eIE\,
= = = z =
(6.8)
where we wrote 2 = Z(1) = 1 — yTr(x0~xX). A is defined as
A = y(nExo~xy + (x\
y(n y+xA) (6.9)

— 2ka (knTry (Zx0 %) — (),

In the second step, we restrict ourselves to the case that the null polarization vector of the
spin-s current source is the same as the polarization of the outcoming spin-s’ field. This is
also the special case we considered in the computation of C(s, 3;0) in the previous sections.

“” here stands for identifying y = k), with A = 0%\, Aarg = 0;5; and we will extract the
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coefficient of k2* in the end. Note that we can only make this substitution after taking the
derivative on ¥, as in J®)(y), and not in Jgﬁ-. Now we shall compute the integral (4.60),

for the n > 0 component of J). It will be useful to consider a more general expression,

1$7(6,y5€) = / Tz 22T (7, 20,0]y)

e L. st e 25’ +1+¢ ;
— -tz [ [— S @)
7'1:|

2 +1=2—1 A
Ui s 02
s+n Z=2 =

25" +1 4 - A 2 =—1 A
—|—S+ Te njm 1+ _ + - (&% +rCx” +A) 2+
52 —n? =2 = B 2z

j=3=0
O-+2
sS+n
Zs—l—s’—l-i—s

(22)2s+152°

XI(y - CXS" ) +]a 0’5) + (25/ + 1) I(Ty - CXS" —-TY, 0’0)

>

= —(2n)!(s —n)!ls27*71 /d3fdz

;
K28 Cans—n

—
— — —

(6.10)
where € is not assumed to be an integer. Recall that
1
= —2)\xoz)\,
2
A = Kk(Axc® ) [fm <)\ng)\ + jz)\xé)\> + (] , (6.11)

2
= =149, (Ax0*A — 22 A" ).
xr

We have then

—_—
=
—

1)y 6):_(271)!(3_71)132*8*1 /d?’f " gots =l CANSE (254 1) (s +n+1) E—1
o (s'"+n)! (x2)2s 172 s+n =2
2s'+1+€4dnzx™ 2

— =1 _
K=z +KCx
s2—n? E? [5/+n+1+2(51+n)(51+n+1)< 2zA ‘ ‘|‘1>}}

/ —
K28 Cans n

— (S_n)!SQ_S_l 3= ZS+S/_1+E z z 2z v zZy)\2n 1
= ) d’zdz (22)25+1 72 AxoZ )\ Axo )\+j2 AxPA )| (Axo® ) S 2 .

/ /
X { (@2s"+ (s +n+1)22 (Axco* X\ — 22 \fo*\)

s+n 2
28" +1
+ 52+ t€4zx[s'—i—n—i—l—i—?(s’—i—n)(s'—i—n—i—l)
s2—n

(s’ —nx~  (Axo*A — 22N\ Jo*)N) n 2n oz~ n 1>} }
s'+n 22 (Axo?\)(Axo*\ + ;g AxgA) 8+ nAxoFA
—s'=1(c _ )l 1\ 25—14€
_ 82 (s—n)l(s+n—1)! /dgfdz a ,
(5 — = D —m(s 4t | T e g

s'—n

/ 2 /
x (Axc®\)*Tn <)\va>\ + xj AX,SA> (AxoZ\ — 2 M\fo? NS L
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ZY _ .2 z !

" { —(23’—1—1))\){0 A N;c MoZ n 2s +1+€()\XJZ)\)
T s—n
" —n (Axc*A — 22 Mo )

< |2y 1= H 6.12

[ s 2 (A\xo*A + gg)\xﬁ)\) (6.12)

The evaluation of Iésl)(g,y; €) is now straightforward using our integration formulae, and

a tedious one. The result is

I(Sl) (5 . 6) _ 2—2—28—38/—2571_; F(2S + E)F(S =+ 5’ + E)F(S + 156) (_)n
L I@2s)I'(s—sI'(s"+1+5) (s +n)l(s' —n)! (6.13)

“I(s 5—(781:_—2)%— €) [2(s + 1) (28" + 1) + (35" + n + 2)e] .

In particular, we have at ¢ =0

—25—3s'—1__5 n
I Ge— = 2 @ AN ) (" gy
n \0,¥; §'\T(s — &) (s"+n)!l(s" —n)!

For the integral (4.60), we will need 3617(18/)(5 Y5 €) o whose expression is too tedious to

write explicitly here.
Let us now turn to 1 (,S,;)(S ,y;€), with n > 0. We have the analogous formulae for the

generating function

I(Ty7 —-TY + ja _CX)‘vj)
1 1 ‘ 1 nxo~x\ [(T —nEx0~ %)y
~E(7) o [E(T) (J G CAX) <—i -7 ) < (1 — nxo=x%)j >] ’

1 T

I(ty, —Ty, —(x\,0) = =(r) exp |:E(T)

-2

(—1y — C)\XS)(T — nixax)y}
(6.15)

yEx(no xy + C/\)]
AEx(kno~x + C))\]

! exp [ T (2kmz~ + C)TrJr(ixaz)] ,

E(r

~—

as well as its derivatives

ch ANRY
(0r +2)I1(Ty, =7y, =CxA,0)| -y — <1 + :> e, (6.16)
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and

(8y0"05) (W)L (ry. —ry + . ~CxX )|y ;s

TSR CTE e

—_ [Byazxaxy—

1
EQ =

Anza~ AxoTxEN\ o -
— — 77;35 <1—/<277 XU:X )eAE —|—m7{4gzx_)\x2)\

3
n [2/47731 + Cn

—

Iyo*x(no~xy + C)\)(yxaxf]y)} o 2UEX (o~ xy+C)

[1]

—

i

(Axo~x2\) — 4:6_] Axo® (kn[2, xo~x] + Cix))\}eAE

A/

®

=2 =)
= =

Anza— 2120z~ Tr, (Nx0~? S
(T

A 2z =1 -
+ 2z~ < _ + 2> [ g (26mz™ + () + 4m7,szr+(Exaz)] }eAE
= K n

4 - A/ 1 A/ =—1 - i
= - ng {1 + -+ (H +2> |:2AI+(2I£277$+I€<) 5 —KCTr+(Exaz)] } es.
= E E\E zn
(6.17)
Here we are writing A’ = yXx(no~xy 4+ (\) — k(2knz~ 4+ () Try (Xxo—?).
The integral I(fn)(& y; €) can now be computed as (n > 0)
I(_S;L)(g,y;e) = /d3fdz zstJFEJSS,;)
o 5 Zers’fl
=—(2n)!(s —n)!s2 /d Zdz (22)25+152 o
2s' +1+¢ ; . = '
XN = oo (80" 05) W) Iy, —y +J —CxA )
s j=j=0

O- +2

sSs—n

+ (25" +1) I(ty, —Ty, —(xA,0)

T=1:|
Using the formulae (6.16) and (6.16), we find

FAPES s+s’'—1+4€ ’ 2 / 1 E 1 A/
1) (5, y:6) = —(2n)!(8—”)!5231/d3fdz : E { - <1+ >

(22)2s+152° s—p T2
28" + 1+ ednza— A1 9 _ =-1
T = [Mrgtg (@ R0,

—
—
—

[1]

—

(=
—

—k(Try (Ex0™%) + 2AI> (2 * 15)] }

I{QS/CQ"?]S_"
) (s — n)s2—5—1(g 1 st+s'—1+e [ A/ s'+n =_1
__Colls=mts2 2 L) [y 2 N (25 +1)7_
(s"+n)l(s —n) (2)2s+1z2 \ = 52
+2S/+1+6 dnzaz~ }

s+n =2 L (s"+n)

((2/-@2773:_ +rQ) 5227/]1&,— kCTry (Sxo %) +2>

! —
K28 Cans n
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o 1)e2—s—1( s’ — 14
:_(s n—1)s2 (s"+n+1) Bids - )
(s' —n)! (22)25+172
E—1 2¢+1+e€ =-1 1
x (28 +1 + dzx™ [28'4—1—}— s'+n - ]} .,
{( ) n s+n ( )2277Tr+(EXJ*Z) ge'tntl
—n—=1) 159~ —1
= (s =n—=1ls+n)s /d?’fdz - ,

(s —s' = 1)(s" —n)!(s' +n)! (x2)2sH1(32)s—s'+1
’ 2z s'4n /
x (Axa®A)* " <)\va>\ + AX,SA) (Axa*X — 2 Afo?N)" "
z

25’ +1+¢ 25"+ 1 S n
i o) | 22 _ 6.19
X{( s'+1) s+n e [m AXOZX — 22Mfo*N Axo#A + 9233)"(‘5)‘]} o

}s/qtn

{qu(ixa_z) (207)% "

nsfslfl

Z2sfl+e

This is precisely the same analytic expression as Ir(LSI)(S ,y; €) derived earlier for n > 0, with
n now replaced by —n.

Now I(Sl)(g, A;€) is given by

S/

106, x6) = > IF(5, Ae) (6.20)

n
n=—sg’

In particular, one can show that at integer values of €, [ (S/)(g , A; €) has the property
IG5 Ae) =0, e=-2¢+1,-2¢+2,...,—1,0. (6.21)
This means that the first branch of the small z expansion of Ky (Z, 2|y, A) (4.52), involving

integers powers of z, starting at O(z2~%") up to O(z**1), do not contribute to the integral
with J). Therefore, only the term in K(s)(Z, 2y, A) will contribute, as claimed. We have

Io(6,7) = 01 (8,5 €)

e=0
272723738/ 5/2 I+1 I'(s+ 1 )
_ " S/(SS,! TG+ 2) (g ayts (6.22)
2_2_8/7'('5/2(8/ + DI'(s + ;) A ,
_ +
N s's’ (68

Let us consider the boundary expectation value of the spin-s’ component of B field, in the
limit 6/|Z] — 0, and for the special polarization vector ¢ such that £- & = 0. The latter
implies that A is an eigen-spinor of Xo*, with Xo*\ = i|Z|]\. We then have

1 p(28,0), 26% —571 . .
fim 2™ IB’S:SS' @2l =2) = N (s + 1)(22)2'+! Iy (0,y = Xo“A; )

23/727.‘.; 1 (5’ §)S+s/
== I(s + 2) (f2)5/+1525+1°

s’

(6.23)
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Taking into account the normalization factor from the z — 0 limit of the boundary-to-bulk

propagator of B2s"0)(Z, z|y) with one source,'? we conclude that
225172 1
C(0,s;8") = — o I'(s+ 2). (6.24)
Recall our earlier result )
1
C(s,8;0) = —7T22 [(s+s + 2). (6.25)

Let Oy be the operator dual to the spin-s field in the boundary CFT, and denote by
(O50;) the two point function coefficient, after we strip off the polarization dependent
factor.!’ In the 6/|#| — 0 limit, we have

<OO (O)Os(& e’?)@s/ (fa §)>
(05 Oy)

<Os(0’ g)os’(g’ g)(90 (j)>
(©oOo)

(52
(f’?)s’+1525+1 )

(52
(5’2)525+2s/+1 '

— gC(0,s; ")
(6.26)
— gC(s,5";0)

where ¢ is the coupling constant of Vasiliev theory. Under the identification Oy = asJs, the
three-point functions of Jg’s completely agree with that of the free field theory computed
in section 4.5, provided
=9, (6.27)
ao
Comparison with free field theory fixes the relation between the normalization factor ag

and the coupling constant g in terms of IV,

1 16

a = 5 = — .
TN YT T uN

(6.28)

6.2 ((0,0;s), and a puzzle

Now let us turn to the computation of the three-point function coefficient sewing two
scalar sources into one outcoming spin-s field, C(0,0;s). Unlike all the computations we
have explicitly so far, which involved only the contribution from J(y), C(0,0;s) receives
contribution from J'(y) alone.

Recall that we have derived in section 4.1 the expression for yO‘J(’I B|g:0’ which for a
pair of scalar sources takes the form

1 ~
ayE|  — F / dtt(l —t 0‘[2‘ ‘-etyzg,e—yzﬂ] + (v =7
Yo g=0 22232 J, ( W | (0)aT *ly2s =0 | !
. .
_ szjQ / g (1 — t)/d4ud4v eI (ySa)u el TR 4 ) (6.29)
0

1
z u—y)(v— uv 7 uSa—v30 ~,
= 352552/0 dtt(l—t)/d4ud4ve( V=T () 4 (@ o F).

%Tn the z — 0 limit and upon replacing yy — A\ = o7, the boundary-to-bulk propagator (3.67) of
B0 (Z, z|y) goes to 3% 15 41 (g?jil (assuming ¥ is away from the origin).

"1n our conventions, we define the polarization dependent factor to be c¢s(€- Z)%*/(2z*)** ™!, namely
2

(Os(2,6)05(0,8) = (0:0s) - cs (S')x;)sjl. Here ¢ = 1 for s > 2 and ¢y = 2, see eq. (4.101).
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where in the second line, we used the fact that s is even. The integration over u,v can be
performed as
ya

1
JO = Z / dtt(1 —t) (y%0- aﬁ-(
af 5=0 1252 0 ( ) (y j) 38 5=0

X /d4ud4v exp [(u, T)) (712 ’E) (Z)] ey(u=v)tju (x < )

- szgp /01 dt dett((ll—_tti)li) (4%0;)0;5 ‘3:0 exp |:(_ya 5) <,lj i%)il (g)] + (z < T)
(y + 52)(1 — tiz)y

— ]+(m<—>§c)

det(1 — tX%)

z 1 t(1—t)
= | a - y20:)d., ‘ e
352352/0 det(1 — t25) (20)95];_ &P

z 1 - - -
o /0dtt(é(t):f)(yzzy)((il—tZ)y)Bexp {Qt

yizy] + (z < )

272 (t)
z Lol —t)? - SN
— dt S4+X)y) s (yXXy) .
T (s — 1)12232 /0 ez (EFEW)g <y y)
(6.30)
In the above, we have defined
~ 2
Qt) = det(1 — 155) = (1 —£)> + 4t . (6.31)

x272’
Here we have used # = 2 — 6, 6> = 1. In the last line of (6.30), we have restrict to the
O(y?s*t1), which contribute to the outcoming spin-s components of the B field. Also recall
that

—0, (6.32)

%08 J' .

and that J©)(y) is given by
T () = =20, ((29 -~ * 2&) JE0y, (6.33)
Let us now consider the generalized integral of (4.60),
I,(0,y;€) = /dgfdz 272 JO(Z, 20, 6y)

2 1 s A
= 8+2 +€/dgfdzzs_2+5(9yazJ( )(x,z;0,5|y)y

2 1 s—1+e B B 1 t5(1 — ¢t 2
_ st /d?’fdzz [8y02(2+2)y] (yEEy)S/ T =) (6.34)
0

2(s —1)! 272 Q(t)st+2
9 1 s—1+e 1 s(1 — 2
_ 2+ +6/dgfdzz ] /dtt( t)
2(s —1)! z2z? ) Q(t)s+2

X [Tr (UZ(E + 2)) (YESy)* + s (y(z 1905, z]y) (yizy)sfl] .

We will make use of the formulae

2 2
T (o*(2+ %)) =4 (1 - - f2> ,
oo (6.35)
- 1\ 2z 422 '
Yoy = 2Z<x2 - j2>yxazy + 2 ydo*y + 2272 yxpy.
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and

o 222\ < - . 422 .
yXof[N Xy =4(1- ", Jy¥¥y —2y(X - X)o'y — ,_,y¥o’y,
x 22z
S e 222\ - ~ 422 .
yXo®[E, Xy = 4(1 - ;2 )yZEy —2y(X = X)o*y + xZZ:EQ yXo’y, (6.36)

~ ~ 22 52\ 52 ~
y(E+X)o*[E, By = 8<1 T2 £2>y22y - 4<1 - xz;@)ﬂ(z —X)o%y.

The integral over ¢ in the last line of (6.34) can formally be expanded in powers of z as

/Oldt t;;(lt)_sfgz = i(—)"<s+z+1>B(s+n+1,—23—2n— 1) ( 42”22 >n

vt x232
1 [s+n+1 B 1 1 422 \" (6.37)
——27;) N (s+n+1l,s+n+1) 2252 )

where we have performed analytic interpolation in s. We may now write

N _28+1+€OO s+n—+1
= . N

BowO =" ) >B<s tndLs+n+ DA,G e, (6.39)

with A,, given by the integral

R g y5+2n—1l4e B _ ~ 5
An(8,yse) = /d B2 i g2y [Tr (a (= + 2)) (yETy) o
+5 (42 + )0 [5,2y) (155y) ]
Using our integration formulae, we find that An(g, y;e =0) =0, and
. 21=5r2(s + DI (s + DT (n + 1)
DeAn (6, y; = 2 2 “y)*. 6.40
(0. 53€) e=0 s(s+n)(s+n+2) (udo*y) (6.40)
After performing the sum over n, we have
Is(&y) = 86-[5(8??/; 6) —0
_ B 6.41)
2) 387.(.2:[‘(8 + 3) (
- 2 (ygoy).

s(s!)?

Finally, we arrive at the boundary expectation value of B, in the limit where the two
scalar sources collide, 0/|Z| — 0,

. —s5—11(25,0) /5 268_1 S oz
i:r%z Bh:s (ﬂc,z\y) - _Ns (5 + 1)(52)23-1-1[5(57}(0 y)
- s INE (6.42)
T sl(s+1)! (72)2s+1§ '
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This is however a different expression from with our previous result on C(0,s’;s), for
s’ > s. In particular, it is mot consistent with the three-point function interpretation
when the normalization leg factors are taken into account, as opposed to our results
on C(s1,s92;0) and C(0,s1;82) (s1 > s2) which are consistent. We believe that this is
because the computation of C(0,0;s) is singular, and one may need to examine the more
general C(s1, s2;5) case for s; # s and take the limit s;2 — 0 in the end to recover the
regularized answer. This subtlety was already seen in the computation of C(s, s;0) earlier.
We hope to return to this issue in future works.

6.3 (C(0,0;s) in the A =2 case

In this subsection, we consider the three-point function coefficient for a spin-s outcoming
field with two scalar sources with A = 2 boundary conditions. Using the boundary-to-bulk
propagator for the A = 2 scalar, we can compute J'(®) as

3 1
a 7/(s) — < _
= s = 00+ Ol 1+ Dlm)
* ya [(leg)agﬁeTlty2g7 eiTQyig:| s 1y2s+1 =0 + (1’ A i’)
YT Y=

53 1 ) N
= dt (1 — t)(1 + t3) (1 + 10,2 a[z* 7 ST —yZy]
2@2)2(@2)2/0 ( YL+t (1 4 t0)t= y™ |( y)ayﬁe , e e g
+ (z < )
23 s S
= a =\ o YET YRy ~
= 2(:62)2(552)2 Yy [(Ey)ayﬁe , € L{ S+ go + (:C — gc)
(6.43)

where in the last step we have integrated by part in ¢, and picked up only the boundary
term at t = 1. Using the results from the previous subsection, we see that the two terms
in the last line, related by exchanging = and Z, in fact cancel. Therefore, the contribution
from J' to C2=2(0,0; s) vanishes identically. This is of course not the case in the critical
O(N) model, at leading order in the 1/N expansion. For instance, the s = 2 case gives the
three point function of the stress-energy tensor with the scalar operator, which is nonzero.
Just like in the previous subsection, we suspect that our result CA:2(0, 0;s) = 0 is due to
a singular behavior of Vasiliev theory when the two sources are both scalars, and should
be regularized in some way that we do not understand.

7 Discussion

We have computed the three-point functions of Vasiliev theory that involve one scalar
operator and two currents of general spins, with the A = 1 boundary condition for the
bulk scalar field, and found complete agreement with the free O(N) vector theory. To be
precise, what we have computed is C(s, s;0) with s # s’, and C(0, s; ') in the case s > .
The results can be extrapolated to s = s’ by a formal analytic continuation in the spins.
The coefficient C(0,s;s’) with s < s’ will presumably give the same answer, although
it involves a qualitatively different computation (contribution from J’ rather than J%),
which we have not performed in this paper.
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In the case of A = 2 boundary condition on the bulk scalar field, we have computed
C(s,s';0). On the critical O(N) vector model side, we considered the corresponding
three-point function, with the simplification that we integrate out the position of the
scalar operator. This is sufficient for extracting the coefficient of the three-point function.
We needed to extract the higher spin primary currents from the SS OPE by analyzing the
operator mixing at leading order in 1/N. After doing so, the result from the critical O(N)
vector model precisely agrees with that of Vasiliev theory with A = 2 boundary condition.

In conclusion, we have found highly nontrivial agreement of the tree level three-point
functions of Vasiliev theory with free and critical O(N) vector model, at leading order in
their 1/N expansion. We have also been able to identify the relation between the coupling
constant of Vasiliev theory and N of the dual CFT.

Our computation of tree level three-point functions is not yet complete, as we have
not treated the most general case C(s1, s2;s3). This case requires a lengthier calculation,
which is left to future work. We expect the general answer for s; # so to provide a way to
regularize the case s; = s, when the computation in Vasiliev theory appears to be singular.

Let us emphasize that we only expect this duality to hold in the O(N)-singlet sector of
the dual CFT, for either A =1 or A = 2 boundary conditions. In other words, the O(N)
symmetry of the boundary theory is gauged (with zero gauge coupling). An interesting
generalization is to couple the O(N) symmetry to a Chern-Simons gauge field at level k,
and fine tune the mass terms so that we obtain a family of CF'Ts parameterized by N and k
(see [52] for discussions on supersymmetric versions of such theories). The duality discussed
in this paper would be obtained in the k& — oo limit. Vasiliev’s minimal higher spin gauge
theory in AdSy should then be a degenerate limit of a more general dual bulk theory.

As pointed out in [35] and in the introduction, however, Vasiliev’s minimal higher spin
gauge theory is subject to an ambiguity in its quartic and higher order interactions. These
are encoded in the function f(V) =14+ U +ic¥« W% ¥+ ... asin (2.6). Demanding that
Vasiliev theory is dual to the free O(N) vector theory should determine f() entirely. This
requires analyzing higher point correlation functions. We have so far been considering only
the classical theory. In general, one may expect a nonlocal field theory, such as Vasiliev
theory which has arbitrarily high order derivatives at each given order in the fields, to have
poor UV behavior. However, on the other hand, the structure of Vasiliev theory appears to
be highly constrained by the higher spin gauge symmetry. While we do not have a proof,
it is conceivable that the loop corrections in Vasiliev theory can only modify the function
f(¥). The conjecture that one of such f(¥) leads to a holography dual of the free O(NV)
theory is remarkable in that, it implies that such a nonlocal gauge theory in AdSy is UV
complete and make sense as a full quantum theory of interacting higher spin gauge fields.

As shown in [27], once it is demonstrated that the three-point functions of the higher
spin currents have the same structure as in the free field theory, the n-point functions
are determined up to finitely many constants at given n. More concretely, the n-point
function takes the form

<J31 (xl) te an (xn)> = Z AaGfree,cyclic(xa(l)a cee ,xa(n)), (71)
gESy
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where G free cyctic(T1,- -, @p) is the term in the correlation function of the corresponding
currents in the free field theory, with the scalar fields ¢ in the n currents contracted in a
cyclic order. A, are undetermined constants. Working at tree level, one can in principle
calculate A, in the boundary CFT of the Vasiliev theory with higher order interactions
specified by the function f(¥). By comparing this with the free field theory correlators,
it should be possible to fix f(¥) in the bulk theory dual to the free O(N) vector theory,
to leading nontrivial order in 1/N.

Another important aspect is the duality with the critical O(/N) model. The latter does
not have exact higher spin symmetry at higher order in its 1/N expansion, and hence the
bulk dual should not have exact higher spin gauge symmetry either. Classically, there is
no known AdSy solution of Vasiliev theory in which the scalar field acquires a vacuum
expectation value and spontaneously break the high spin gauge symmetries. However,
it has been suggested [43, 44] that the loop corrections in Vasiliev theory will generate
an effective action, such that the bulk scalar field may condense in a new AdS; vacuum,
breaking all of the higher spin gauge symmetries. It is clearly essential to understand this
mechanism in detail. We hope to report on it in future works.
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A Consistency of the correlation function computation: B versus W

Our approach to computing the three point function coefficient C(s, §;s) is by solving the
boundary expectation value of the master B = B|.,—z—( at the second order, using the
equation DgB = —W % B + B % w(W). At the linearized level, the spin-s gauge field is
contained in both B and Q = W\ 2—z—0 (for s > 0). Their relation has been described
in the previous section. In computing the correlation function, we could a priori extract
the answer from either B or Q at the second order. As long as the sources (r.h.s. of the
perturbative equations (2.15)) are localized in the bulk, we expect the linearized relations
among B,S and W still hold near the boundary at nonlinear orders. However, Vasiliev
theory is highly nonlocal, and it is a priori not at all obvious that the sources in (2.15) are
localized away from the boundary in the appropriate sense. In this appendix we will argue
that this is indeed the case, by examining the equations in some more detail.
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The equations of motion for the second order master fields are

DoB® = —wW « BY 4 Byg(w),

dyB® = —5M 4 B 4 BO) 4 7(5M),

dz8%) = g 4« g1 1 B@) & (Kd2? + Kdz?), (A1)
dyWw'® = {5 w1}, — DySA?),

Dy = —wW o« w® _ pyw'®,

To begin, recall the relations among the fields at linear order

1
s — _Zadza/ dttBW (—tz, ) K (t) + c.c.,
0

: (A.2)
Wit = 20 / dt Wo, S8V +ee
0 z—tz
The 2-dependent part of B® is solved from the second equation of (A.1),
1
B — _Za/ dt [Sg{l) « B _ ), ﬁ-(Sgll))] + c.c. (A.3)
0 z—tz

As before we will use the notation B = 8(2)| »,—3—0. We now solve the third equation
of (A.1), and find

z—tz

1 ol
I {Za/o dtt (—Sél) « SWB_B2) 4 K) + ;Zﬁ/o dt [S&l), Sél)} i} ’z—>tz}+C.C.
(A.4)
The 2-independent part of S is gauged away, as before. Now using the fourth equation
of (A.1), we can solve for the s-dependent of W (%),

1 1
W@ = o / dt{ - [S&”,Wm] + Dy [za / duu (—Sg) « S8 _ B *K)
0 * 0

i 1—5/161 [5(1) 5(1)] |5z +
22 ; U a 5 . zZ—uz e c.C.
1 1 ;
_ _Za/ dt [S&l)’w(l)] + 1 |:8W07/ du [Sél)wg(l)ﬁ} ’z—>uz]
1
o T Y R e T R
0 z=uz ], )|y
= 2%, + 2%, AS
(A.5)
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We will shortly need the expressions for w, and g restrict to 2 = 2 = 0,

zzO:|
*

Wo|p=z=0 = — [S(g}), W(l)}

1 [8W_0 [5(1) 5(1)3]
z=z=0 2 agﬁ’ @’ *

*

LIoWo o), s @)
2 |:aya ’ S,B *.S R + B ‘y%o,z%—y72:0 )
= - {S&l),W“)} 1 [awp’ [ngs(l)ﬂ'] ]
wle=z=0 2| 9pF #le=z=0], (A.6)
1[ oWy (1) (1)8 :
B 2 |:8ya ’ Sﬁ = 2=z=0

1
byl /0 dt [$+ BO — B0+ 2(59)|
1 [ow,
2 | oy’

y—0,z——ty,z=0 :| %

B®)(o, y)}

*

In the end, we would like to consider the equation that relates 22 to B® as in the lin-
earized relation, plus additional source terms that are expressed in terms of first order fields,

DyOQ® = — w4 w® — pyw’2

z=2z=0

— WO w® g, W«z)}*‘
z=z=0

J— 8ya’ z=2z=0 . 8@‘5‘7 z2=z=0 .

1 oWy | OW 1 45 ) OWo [OW
= A® af 0 O @ 7 aB 0 e

(A.7)
where A®) represents the “corrections” to the linearized relation between Q) and B®.

As shown in the previous subsection, the three-point functions C(s, §;s’) are extracted

— w4 w®

using the spin-s’ component of the boundary expectation value of B(2)|g:0. The latter
scales like 251 as the boundary coordinate z goes to zero (z is not to be confused with 2
which is the noncommutative variable in the master fields). We could alternatively extract
the three-point functions using (%), which scales like z* near the boundary. They would
be consistent only if A vanishes at this order in z, so that the linearized relation still
holds between Q) and B® near the boundary.

To illustrate this, let us examine A explicitly in the case s = § = 0, i.e. in computing
the three-point function C(0,0;s’). Given any function f(y,y), we may write

oWy
[aya 7f

] __ 21Z [dx(9y + 0%0,) — d=0,).. 1,
* (A.8)
oW, 1

[ag;’f] * ==, [dx(0y + 070y5) — dz0g]; f.

In the (0,0; s) case, where both sources are scalars, the linearized fields have boundary-to-
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bulk propagators
BW = Ke v>¥,

1
SO = _Kz,dz /0 dt te!*WHED 4 e (A.9)

1
wh = W' = f / dtt(1 — ) (2dx(X — 07)2)e* W0 4 ce.
zJo

for the field sourced at & = 0, and similarly for the other source at ¥ = g, given by the
same expression with x replaced by & = x — 9, and ¥ = 0% — igx by 3 etc. Note that the
scalar does not enter Q). In the z — 0 limit, the spin-s’ component of B(2)(y,0) scales
like 25"+ to leading order in z. Correspondingly, from section 3.3, Q% are of order 2,
whereas DyQ® is of order z*'~1. We are thus asking if there are terms in A®) of order
Zs’—lys’—l-l—ngs/—l—n’ In| <s—1.

Let us consider one of the terms in A®)] of the form
{(%VV, [(90‘1/1/, Sg) * 3(1)5|2:§:0]*}*, coming from w,. Using the second line of (A.9), we
have

S 4 §a

1 1 ~ ~
~ KK / dt / 1T (el 5 (o450
z=z=0 0 0 J—

1 1 .
= —Kf(/ dt/ dftf/d4ud4ve””+””(uv)et“(y+2(y+”))et”(erE(er”))
0 0

(A.10)

where we used the integral representation of the star product. After performing the Gaus-
sian integration over u and v, we find

tt < - _
~ ! 1 exp e (Y=X) (T —10EX) (y+27)
0 0

) det(r — ttXX)

L2l I eXp{det(TZEEi) [—tfyiﬁy—r@fmg—i—(T—i—tf)y(E—f))g]}
- 2~2/ dt/ dE 0, | v .
=Jo  Jo det(r — tt¥%)

z=z=0

52 1 I exp {— (Tz_zg)Q [tfyAaZy + TyActy + (1 + tf)yAg] }
- / dt/ dE 70, |1
2232 J, 0 (1 — tt)?

+ higher order in z.

(A.11)

where det(r — %) is understood to be the determinant of a 2 x 2 matrix. We have defined
x X

A= -, (A.12)

Note that x and z? contain z by definition, although they do not matter in the last line
of (A.11). There are potentially divergences from the ¢ and f integral near t = ¢ = 1.
Such divergences, if present, will be regularized using Gamma function regularization, as
discussed in section 6.

Now extracting the spin-s’ components of {(%VV, [8°‘W, Sé,l) * Séli)gio} } , we need
- * J %

the y* 4% ~" components of (A.11). By expanding the exponential in the last line
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of (A.11), we see that such terms in S * S|._z_, are of order 222 for # away from
0 and . Therefore to leading order in z, {(%W, [BO‘W, S[(;) « S8 ] } scales like

2=2=0
zs/ysl*1+"§3/*1*”, one power of z higher than the terms in DyQ®), and hence do not
affect the computation of the three-point function.
Similarly, the other terms in A®) do not contribute at order zslflyslangs/*l*" either.
We conclude that to the leading nontrivial order in z, the linearized relation between €2 and
B holds for the second order fields Q) and B® near the boundary, therefore one would
get the same answer for the three-point function from the boundary expectation value of

cither field. In practice, it is simpler to consider B(?), as we analyzed in the section 4.2.

B An integration formula

In this section, we give some formulae for Feynman type integrals that we encounter
repeatedly in the computation of the three-point functions. These are integrals over & and
z that arise in (4.59) and (4.60).

In the following we use the notation X = ¥ - &, as opposed to x = z"0,,. We will also
write § = § - &. 4 is a unit vector, with its norm factored out. We will need the integral

Sk

I(k,m,n,a,b) = /d?’fdz (22)n(32)m (y%o*y)* (yxdy)°

Zk S~~~ a
:/ PHE 2 | oyn((a— by 4 oy VT )
_ T(n+m) ! w1 -t | Bds 2k o ) (sl
- I‘(n)I‘(m)/O d (1-u) /d d ((j_u3)2—|—z2+u(1—u))"+m(y y)* (yxdy)
_ Tn4m) [* . B Sk ) o
- P(?”L)F(m)/o dun™ (1 - w) 1/d3xdz(.f2+z2+u(1—u))n+m (y(X+ud)oy)* (yxby)®

(B.1)
Here a and b are assumed to be positive integers. We will need to apply it to the case
where k is a non-integer, in order to extract the integral with a log(z) factor in the
integrand. We observe that

k
3 = z 52,0\ b _
/d Tdz (24224 1) (y%o*y)*(y%fy)’ =0, for a # 0. (B.2)
Therefore
T(n+m) [! . _ 2 (ydory)* (yxdy)®
I(k b) = duu™ 11 — M/d?”d
(o) = ptio o aur e [ TR
(B.3)
It remains to compute
k
3 - z ~ a __ Z,. \a
/d Tdz (4 22 4 1) (y&y)* = J(k,n,a)(ypo*y) (B.4)
where J(k,n,a) is a numerical factor. It vanishes for odd a; for even a, using
k..a Fa+lrk+lr _a+k_2
/dedz_szl :7T(2)(2)(n 2 )’ (B5)
(@24 22+ 1)n 2I'(n)
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we have N i
a 71'F(“‘2F )T( ‘5 T'(n — ‘”2' —2)
= (— . B.6
Thm,a) = ()} o (B.6)
Plugging these back in (B.3), we arrive at
_ Pn+m) [! m—14a n—1 { bt 2z, ya+b—¢
Mmoo = 0 it ) > () o
k+b—0(, & l
% /d?’fdz z (yxé‘y)
(22 + 22 + u(l —u))ntm
T'(n+m) , k+b k+b
= (=) (yﬁazy)“+3<2—n+a+ 2 —m+ >
I'(n)T(m) 2 2 (B.7)
b
b
X HZ <€)J(/€+b—£,n+m,€)
B2 —n+a+ b 2 —m 4+ F0(m+n—F —2) .
= (=)! ’ ’ ? (ypoy)***
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