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ABSTRACT: In hard collisions at a hadron collider the most appropriate description of the
initial state depends on what is measured in the final state. Parton distribution functions
(PDF's) evolved to the hard collision scale @) are appropriate for inclusive observables, but
not for measurements with a specific number of hard jets, leptons, and photons. Here the
incoming protons are probed and lose their identity to an incoming jet at a scale up < @,
and the initial state is described by universal beam functions. We discuss the field-theoretic
treatment of beam functions, and show that the beam function has the same RG evolution
as the jet function to all orders in perturbation theory. In contrast to PDF evolution, the
beam function evolution does not mix quarks and gluons and changes the virtuality of the
colliding parton at fixed momentum fraction. At up, the incoming jet can be described
perturbatively, and we give a detailed derivation of the one-loop matching of the quark
beam function onto quark and gluon PDFs. We compute the associated NLO Wilson
coefficients and explicitly verify the cancellation of IR singularities. As an application,
we give an expression for the next-to-next-to-leading logarithmic order (NNLL) resummed

Drell-Yan beam thrust cross section.
KeEyworDs: NLO Computations, Hadronic Colliders, Renormalization Group, QCD

ARrRX1v EPRINT: 1002.2213

© SISSA 2010 doi:10.1007/JHEP09(2010)005


mailto:iains@mit.edu
mailto:frank@mit.edu
mailto:wouterw@mit.edu
http://arxiv.org/abs/1002.2213
http://dx.doi.org/10.1007/JHEP09(2010)005

Contents

1 Introduction 1
2 Beam functions 6
2.1 Definition 6
2.2  Renormalization and RGE 11
2.3 Operator product expansion 15
2.4 Tree-level matching onto PDF's 17
2.5 Analytic structure and time-ordered products 18
3 NLO calculation of the quark beam function 21
3.1 PDF with offshellness infrared regulator 22
3.2 Quark beam function with offshellness infrared regulator 26
3.3 Renormalization and matching 31
4 Numerical results and plots 33
5 Conclusions 38
A Plus distributions and discontinuities 39
B Renormalization of the beam function 40
C Matching calculation in pure dimensional regularization 43
D Perturbative results 45
D.1 Fixed-order results 45
D.2 Renormalization group evolution 46

1 Introduction

The primary goal of the experiments at the LHC and Tevatron is to search for the Higgs
particle and physics beyond the Standard Model through collisions at the energy frontier.
The fact that the short-distance processes of interest are interlaced with QCD interac-
tions complicates the search. A schematic picture of a proton-proton collision is shown
in figure 1. A quark or gluon is extracted from each proton (the red circles labeled f),
and emits initial-state radiation (Z) prior to the hard short-distance collision (at H). The
hard collision produces strongly interacting partons which hadronize into collimated jets
of hadrons (J; 23), as well as non-strongly interacting particles (represented in the figure
by the £¢7). Finally, all the strongly interacting particles, including the spectators in



soft or Glauber

Figure 1. Schematic picture of a proton-(anti)proton collision at the LHC or Tevatron.

the proton, interact with soft low-momentum gluons and can exchange perpendicular mo-
mentum by virtual Glauber gluons (both indicated by the short orange lines labeled S).

The theoretical description of the collision is dramatically simplified for inclusive mea-
surements, such as pp — X/¢T¢~, where one does not restrict the hadronic final state
X. In this case, the cross section can be factorized as do = Hing ® f ® f, where each
f denotes a parton distribution function (PDF), which gives the probability of extract-
ing a parton from the proton, while all other components of the collision are gathered
together in a perturbatively calculable function Hi,.. However, inclusive measurements
do not necessarily contain all the desired information. Experimentally, identifying a cer-
tain hard-interaction process requires distinguishing between events that have a specific
number of hard jets, leptons, or photons separated from each other and from the beam
directions. Such measurements introduce new low energy scales and perturbative series
with large double logarithms. For these situations it is necessary in the theoretical descrip-
tion to distinguish more of the ingredients in figure 1, such as Z, J;, and .S. Monte Carlo
programs provide a widely used method to model the ingredients in the full cross section,
do=HRfRfRI®IX][]; J;i® S, using notions from QCD factorization and properties of
QCD in the soft and collinear limits. Monte Carlos have the virtue of providing a general
tool for any observable, but have the disadvantage of making model-dependent assumptions
to combine the ingredients and to calculate some of them. For specific observables a better
approach is to use factorization theorems (when they are available), since this provides a
rigorous method of defining and combining the various ingredients.

Here we investigate so-called beam functions, B = Z ® f, which describe the part of
figure 1 associated with the initial state. They incorporate PDF effects as well as initial-
state radiation via functions Z that can be computed in perturbation theory [1]. Below we
will describe a particular class of measurements, which correspond to pp — L+ 0 jets with
L a non-hadronic final state such as Z — ¢*¢~ or h — ~v. For these measurements, a
rigorous factorization theorem has been proven that involves beam functions [1]. We start
by describing the general physical picture associated with beam functions, which suggests
that they will have a wider role in describing cross sections for events with any number



of distinguished jets, e.g. pp — W/Z + n jets. That is, the beam functions have a more
universal nature than what has been proven explicitly so far for the 0-jet case.

The initial-state physics described by beam functions is illustrated in figure 2(a), and
is characterized by three distinct scales puy < up < pg. At a low hadronic scale pp the
incoming proton contains partons of type k whose distribution of momentum is described
by PDFs, fi(&',up). Here & is the momentum fraction relative to the (massless) proton
momentum. FEvolving p to higher scales sums up single logarithms with the standard
DGLAP evolution [2-6],

ud fi () Z/g, v g,,u)fk@ OF (1.1)

This changes the type & and momentum fraction & of the partons, but constrains them to
remain inside the proton. At a scale pp, the measurement of radiation in the final state
probes the proton, breaking it apart as shown in figure 2(a) and identifying a parton j
with momentum fraction § according to f;(&, up). Measurements which have this effect at
up < pp are those that directly or indirectly constrain energetic radiation in the forward
direction, for example, by distinguishing hadrons in a central jet from those in the forward
directions. The radiation emitted by the parton j builds up an incoming jet described by
the function Z;;, and together these two ingredients form the beam function,

Bi(t',x, up) Z/ € z] aMB)fJ(£ 1B) - (1.2)

The sum indicates that the parton 7 in the jet need not be the same as the parton j in the
PDF. The emissions also change the momentum fraction from £ to x and push the parton
i off-shell with spacelike (transverse) virtuality —t < 0. The evolution for u > pup sums
up the double-logarithmic series associated with the t-channel singularity as ¢ — 0. It
changes the virtuality ¢ of the parton 4, while leaving its identity and momentum fraction
unchanged,

d )
gy Bilt0) = [}t =) Bt ). (1.3)

This evolution stops at the hard scale uzr, where the off-shell parton i enters the hard
partonic collision. For u > pp the initial state is also sensitive to soft radiation as shown
by the orange wider angle gluons in figure 2(a). For cases where the beam function de-
scription suffices this soft radiation eikonalizes, and the corresponding soft Wilson line is
one component of the soft function S that appears in the factorized cross section.

In general, a beam function combines the PDF with a description of all energetic
initial-state radiation that is collinear to the incoming proton direction up to t < Q?. The
parton’s virtuality ¢ effectively measures the transverse spread of the radiation around the
beam axis. The specific type of beam function may depend on details of the measurements,
much as how jet functions depend on the algorithm used to identify radiation in the jet [7-9].
Our discussion here will focus on the most inclusive beam function, which probes ¢ through
the measurement of hadrons in the entire forward hemisphere corresponding to the proton’s



Soft

/,I,'A changing = ,L;JB changing ¢ I;H

(a) (b)

Figure 2. (a) Physics described by the beam function. Starting at a low hadronic scale uy the
proton is described by a PDF f. At the scale up, the proton is probed by measuring radiation in
the final state, identifying a parton j described by f;(&, up). Above up, the initial state becomes an
incoming jet described by Z;; (¢, z/&, 1) for an off-shell parton ¢ with spacelike virtuality —¢, which
enters the hard interaction at ug. (b) Schematic picture of the final state for isolated Drell-Yan.

direction. The utility of beam functions is that for a class of cross sections they provide a
universal description of initial-state radiation that does not need to be modeled or computed
on a case by case basis.

An example of a factorization theorem that involves beam functions is the “isolated
Drell-Yan” process, pp — X{T¢~. Here, as depicted in figure 2(b), X is allowed to contain
forward energetic radiation in jets about the beam axis, but only soft wide-angle radiation
with no central jets. The presence of energetic forward radiation is an unavoidable conse-
quence for processes involving generic parton momentum fractions x that are away from
the threshold limit # — 1. There are of course many ways one might enforce the events to
have no central jets. In ref. [1], a smooth central jet veto is implemented by constructing
a simple inclusive observable, called “beam thrust”, defined as

eYBI(Y)+e Y B (Y) 2B B (Y) + 2y Eem By (V)

B = = (1.4)
Q 7
Here, ¢% and Y are the total invariant mass and rapidity of the leptons, Q = \/ q?, and
Q y Q vy
Ty = e, Tp = e 1.5
“ Ecrn Ecrn ( )

correspond to the partonic momentum fractions transferred to the leptons. The hadronic
momenta Bg (Y') and B} (Y) measure the total momentum of all hadrons in the final state at
rapidities y > Y and y < Y, respectively (where the momenta are measured in the hadronic
center-of-mass frame of the collision and the rapidities are with respect to the beam axis).
Their plus components are defined as Bf (Y) = n, - Bo(Y) and B, (Y) = ny, - By(Y)
where ni = (1,0,0,1) and n}' = (1,0,0,—1) are light-cone vectors corresponding to the
directions of the incoming protons (with the beam axis taken along the z direction). The
interpretation of beam thrust is analogous to thrust for eTe™ to jets, but with the thrust



axis fixed to be the beam axis. For 7 ~ 1 the hadronic final state contains hard radiation
with momentum perpendicular to the beam axis of order (), while 75 < 1 corresponds to
two-jet like events with hard radiation of order () only near the direction of the beams. The
dependence of B:[,b(Y) on Y accounts for asymmetric collisions where the partonic center-
of-mass frame is boosted with respect to the hadronic center-of-mass frame. Requiring
B < exp(—2y3") essentially vetoes hard radiation in a rapidity interval of size y@* — 1
around Y, i.e. in the region |y — Y| < y§* — 1, while radiation in the larger interval y#* +1
is essentially unconstrained, with a smooth transition in between. Thus, interesting values
for y§* are around 1 to 2.

In ref. [1], a rigorous factorization theorem for the Drell-Yan beam thrust cross section

for small 75 was derived,

do )
dq2 deTB = UO;HZJ(Q ,:U’) /dta dthi(taaCUanu) Bj(tb,xbnu)
to +1 A
XQSB(QTB— 0 b,M) [H—O( Cé;D,TB>], (1.6)

using the formalism of the soft-collinear effective theory (SCET) [10-13], supplemented
with arguments to rule out the presence of Glauber gluons partially based on refs. [14, 15].
The sum runs over partons ij = {uii, tu,dd,...}. The hard function H;;(¢% u) contains
virtual radiation at the hard scale py ~ @. It is given by the square of Wilson coefficients
from matching the relevant QCD currents onto SCET currents (and hence it is identical
to the hard function appearing in the threshold Drell-Yan factorization theorem). The
beam functions B;(te, T4, 1) and Bj(ty, x, 1) describe the formation of incoming jets prior
to the hard collision due to collinear radiation from the incoming partons, as described
above. They are the initial-state analogs of the final-state jet functions J;(¢, 1) (appearing
for example in the analogous factorization theorem for thrust in ete™ — 2 jets), which
describe the formation of a jet from the outgoing partons produced in the hard interaction.
In contrast to the jet functions, the beam functions depend on the parton’s momentum
fraction  in addition to its virtuality. For eq. (1.6), the beam scale is set by up ~ /7BQ.
Finally, the soft function Sg(k™, 1) describes the effect of soft radiation from the incoming
partons on the measurement of 75, much like the soft function for thrust encodes the effects
of soft radiation from the outgoing partons. It is defined in terms of incoming Wilson lines
(instead of outgoing ones) and is sensitive to the soft scale pug ~ 75Q.

The cross section for 75 contains double logarithms In? 75 which become large for small
7B < 1. The factorization theorem in eq. (1.6) allows us to systematically resum these
to all orders in perturbation theory. The logarithms of 75 are split up into logarithms of
the three scale ratios u/um, p/pp, p/ps that are resummed by evaluating all functions at
their natural scale, i.e. H;; at uy, B; and B; at up, Sp at pug, and then RG evolving them
to the (arbitrary) common scale p.

In this paper we give a detailed discussion of the beam function, including a derivation
of results that were quoted in ref. [1]. We start in section 2 with a discussion of several
formal aspects of the quark and gluon beam functions, including their definition in terms
of matrix elements of operators in SCET, their all-order renormalization properties, their



analytic structure, and the operator product expansion in eq. (1.2) relating the beam
functions to PDFs. In particular, we prove that the beam functions obey the RGE in
eq. (1.3) with the same anomalous dimension as the jet function to all orders in perturbation
theory. (A part of the proof is relegated to appendix B.) This result also implies that
the anomalous dimension of the hemisphere soft functions with incoming Wilson lines is
identical to the anomalous dimension of the hemisphere soft function with outgoing Wilson
lines appearing in eTe™ — 2 jets.

In section 3, we perform the one-loop matching of the quark beam function onto
quark and gluon PDFs. Using an offshellness regulator we first give explicit details of the
calculations for the quark beam function and PDFs. We verify explicitly that the beam
function contains the same IR singularities as the PDFs at one loop, and extract results
for Z,q and Z,, at next-to-leading order (NLO). In appendix C we repeat the matching
calculation for the quark beam function in pure dimensional regularization.

Our results show that beam functions must be defined with zero-bin subtractions [16],
but that in the OPE the subtractions are frozen out into the Wilson coefficients Z;;. The
subtractions are in fact necessary for the IR singularities in the beam functions and PDFs
to agree. We briefly discuss why PDF's formulated with SCET collinear fields are identical
with or without zero-bin subtractions.

In section 4, we first give the full expression for the resummed beam thrust cross
section at small 7p valid to any order in perturbation theory. The necessary ingredients
for its evaluation at next-to-next-to-leading logarithmic (NNLL) order are collected in ap-
pendix D, which are the three-loop QCD cusp anomalous dimension, the two-loop standard
anomalous dimensions, and the one-loop matching corrections for the various Wilson coef-
ficients. (We also comment on the still missing ingredients required at N3LL order.) We
then show plots of the quark beam function both at NLO in fixed-order perturbation the-
ory and NNLL order in resummed perturbation theory. We also discuss the relative size
of the quark and gluon contributions as well as the singular and nonsingular terms in the
threshold limit z — 1. We conclude in section 5.

2 Beam functions

2.1 Definition

In this subsection we discuss the definition of the quark and gluon beam functions in terms
of matrix elements of operators in SCET, and compare them to the corresponding definition
of the PDF. The operator language will be convenient to elucidate the renormalization
structure and relation to jet functions in the following subsection.

We first discuss some SCET ingredients that are relevant later on. We introduce light-
cone vectors n* and n* with n? = 72 = 0 and n -7 = 2 that are used to decompose
four-vectors into light-cone coordinates p* = (p™,p~,p/| ), where p™ =n-p, p~ =n-p and
p'| contains the components perpendicular to n* and 7.

In SCET, the momentum p* of energetic collinear particles moving close to the n



direction is separated into large and small parts

I

- _ . n ~
pt=p'+pl=n-p_ +p, +pt. (2.1)

2
The large part p* = (0,p~,p ) has components p~ = n-p and p,; ~ Ap_, and the
small residual piece py = (p;F,p,,pl)) ~ p~ (A%, A%, A\?) with A < 1. The corresponding
n-collinear quark and gluon fields are multipole expanded (with expansion parameter \).
This means particles with different large components are described by separate quantum
fields, &, 5(y) and A, 35(y), which are distinguished by explicit momentum labels on the
fields (in addition to the n label specifying the collinear direction). We use y to denote the
position of the fields in the operators to reserve = for the parton momentum fractions. Two
different types of collinear fields will be relevant for our discussion depending on whether or
not they contain perturbatively calculable components. For the beam functions \ ~ 7';/ 2,
and the collinear modes have perturbative components with p?> ~ Q7 > Aqcp. Collinear
fields such as these are referred to as belonging to an SCET} theory. For collinear modes in
the parton distribution functions A ~ Aqcp /@ and the collinear modes are nonperturbative
with p? ~ AéCD. These modes are a subset of the SCET] collinear modes and we will refer
to their fields as belonging to SCET;. For much of our discussion the distinction between
these two types of collinear modes is not important and we can just generically talk about
collinear fields. When it is important we will refer explicitly to SCET; and SCETY.

Interactions between collinear fields cannot change the direction n but change the
momentum labels to satisfy label momentum conservation. Since the momentum labels
are changed by interactions, it is convenient to use the short-hand notations

SW) =D Gply),  Aky) =D AL (). (2.2)
70 5#0

The sum over label momenta explicitly excludes the case p* = 0 to avoid double-counting
the soft degrees of freedom (described by separate soft quark and gluon fields). In practice
when calculating matrix elements, this is implemented using zero-bin subtractions [16] or
alternatively by dividing out matrix elements of Wilson lines [17-19]. The dependence on
the label momentum is obtained using label momentum operators P,, or 735 | which return
the sum of the minus or perpendicular label components of all n-collinear fields on which
they act.

The decomposition into label and residual momenta is not unique. Although the
explicit dependence on the vectors n* and n* breaks Lorentz invariance, the theory must
still be invariant under changes to n* and n* which preserve the power counting of the
different momentum components and the defining relations n? = n? = 0, n - n = 2. This
reparametrization invariance (RPI) [20, 21] can be divided into three types. RPI-I and
RPI-II transformations correspond to rotations of n and n. We will mainly use RPI-I11
under which n#* and n* transform as

nt — e*nt | nt — e “nk, (2.3)

which implies that the vector components transform as p™ — e*™ and p~ — e “p~. In

this way, the vector p* stays invariant and Lorentz symmetry is restored within a cone



about the direction of n*. Since eq. (2.3) only acts in the n-collinear sector, it is not
equivalent to a spacetime boost of the whole physical system.
We now define the following bare operators

7

Oty ) = (7))
62“6(3}7,&)) _ e*iﬁ+y7/2 tr{ZLXn (yf,g> [5(0) - /Pn)in(o)] } )
6‘2&1«6(2]7,&)) = —w e*iﬁ+yi/2 B¢ (y7;> [(5((4) — /Pn)Bgi(O)] . (24)

[5(&1 - Pn)Xn(O)] )

nlu

Their renormalization will be discussed in the next subsection. The corresponding renor-
malized operators are denoted as O;(y~,w, ) and are defined in eq. (2.21) below. Here,
pT is the momentum operator of the residual plus momentum and acts on everything to
its right. The overall phase is included such that the Fourier-conjugate variable to y~
corresponds to the plus momentum of the initial-state radiation, see eq. (2.9) below. The
operator §(w—"P,,) only acts inside the square brackets and forces the total sum of the minus
labels of all fields in x,,(0) and B,,; (0) to be equal to w. The color indices of the quark fields
are suppressed and summed over, ¢ is an adjoint color index that is summed over, and the
trace in (5,; is over spin. The operators are RPI-III invariant, because the transformation
of the 0(w — Py,) is compensated by that of the 7 in (5(1@ and the overall w in @g.
The fields

) = Wi ealy), B, = ; Wiy)iD!, Wa(y)] . (2.5)

with iDF | = P! 4+ gAl' | are composite SCET fields of n-collinear quarks and gluons. In
eq. (2.4) they are at the positions y* =y~ n*/2 and y* = 0. The Wilson lines

W(y) = [Z exp(—g ﬁ-An(y)ﬂ (2.6)

perms n

are required to make x,(y) and Bl (y) gauge invariant with respect to collinear gauge
transformations [11, 12]. They are Wilson lines in label momentum space consisting of
n-Ap(y) collinear gluon fields. They sum up arbitrary emissions of n-collinear gluons from
an n-collinear quark or gluon, which are O(1) in the SCET power counting. Since W, (y)
is localized with respect to the residual position y, x»(y) and B (y) are local operators
for soft interactions. In SCET] the fields in egs. (2.4) and (2.5) are those after the field
redefinition [13] decoupling soft gluons from collinear particles. Thus at leading order in
the power counting these collinear fields do not interact with soft gluons through their
Lagrangian and no longer transform under soft gauge transformations. Hence, the opera-
tors in eq. (2.4) are gauge invariant under both soft and collinear gauge transformations.
The soft interactions with collinear particles are factorized into a soft function, which is a
matrix element of soft Wilson lines.

Note that our collinear fields in eq. (2.4) have continuous labels and hence are not the
standard SCET fields with discrete labels. They only depend on the minus coordinate,
y~, corresponding to the residual plus momentum, p;", and not a full four-vector y*. As



discussed in detail in the derivation of the factorization theorem in ref. [1], it is convenient
to absorb the residual minus and perpendicular components into the label momenta which
then become continuous variables. For example, for the minus momentum (suppressing
the perpendicular dependence)

YT s vy =) / R
p=

-

_ / dp~ e PV P (7). (2.7)

In this case, W, (y~n/2) can also be written in position space where all gluon fields sit
at the same residual minus coordinate, y~, and are path ordered in the plus coordinate
(corresponding to the label minus momentum) from y* to infinity.

Next, we introduce the Fourier-transformed operators

1 [dy™ p4u-/0 =
O;oare(’w‘bJr’w) = o /2’31)‘ elbﬂ/ /2 O;oare(yf7w)7 (2.8)
and the corresponding renormalized operators O;(|w|b™,w, i) [see eq. (2.22) below]|. For
example, for the quark operator

1 [dy™ p+r_p+)- it /2 Cista— 2\ T
bare + — ibT—pT)y=/2( ipTy™/2 ipty=/2 _
Ol ) = o [57 e (677 2 5u(0)e 7Y P30 = Pr)xa 0)]

= Xn(0) §(wb™ —wp™) Zi [6(w = Pr)xn(0)] . (2.9)

In the first step we used residual momentum conservation to shift the position of the field.
Here we see that the overall phase in eq. (2.4) allows us to write the b dependence in terms
of §(wb™ — wp™), which means that b measures the plus momentum of any intermediate
state that is inserted between the fields.

We divide by |w| in eq. (2.8) to make the integration measure of the Fourier trans-
form RPI-IIT invariant. Using the absolute value |w| ensures that the definition of the
Fourier transform does not depend on the sign of w and that the first argument of O,,
t = |w|b™, always has the same sign as b". The Fourier-transformed operators are still
RPI-III invariant and only depend on b through the RPI-III invariant combination ¢. The
beam functions are defined as the proton matrix elements of the renormalized operators

O;(t,w, p) in SCETY,
Bilt, 2 = 0/ P~ 1) = (pu(P7)|0()Os(t, w, 1) |pu(P7)) (2.10)

The matrix elements are always averaged over proton spins, which we suppress in our
notation. Note that part of the definition in eq. (2.10) is the choice of the direction n such
that the proton states have no perpendicular momentum, P* = P~ n*/2, which is why
we denote them as |p,(P~)). By RPI-III invariance, the beam functions can then only
depend on the RPI-III invariant variables ¢ = wb* and z = w/P~. The restriction 6(w)
on the right-hand side of eq. (2.10) is included to enforce that the x,(0), x»(0), or B, (0)



fields annihilate a quark, antiquark, or gluon out of the proton, as we discuss further at
the beginning of section 2.5.

The definition of the beam functions can be compared with that of the quark and gluon
PDFs. In SCET, the PDFs are defined [22] in terms of the RPI-III invariant operators

Qb (i) = 0(w') xn(o)ﬂ [6(w = Pn)xn(0)]

2
Q) = 0 tr{ B (O[3 ~ P)xa(0)] )
Qe (w) = /B B 1, (0) [0 — P)BLS(0)] (2.11)

as the proton matrix elements in SCETy of the corresponding renormalized operators
Q;(w', 1) defined in eq. (2.14) below,

fiw' /P~ i) = (pa(P7)| Qi ) [pn(P7)) - (2.12)

By RPI-II invariance, the PDFs can only depend on the momentum fraction £ = w'/P~.
Beyond tree level £ or w’ are not the same as x or w, which is why we denote them differently.
Without the additional f(w’) in the operators in eq. (2.11) the quark and anti-quark PDFs
would combine into one function, with the quark PDF corresponding to w > 0 and the
antiquark PDF to w < 0. We explicitly separate these pieces to keep analogous definitions
for the PDFs and beam functions.

It is important to note that the SCETy; collinear fields in eq. (2.11) do not require
zero-bin subtractions, because as is well-known, the soft region does not contribute to the
PDFs. If one makes the field redefinitions &, — Y&, and 4,, — YA, YT to decouple soft
gluons, then the soft Wilson lines Y cancel in eq. (2.11). Equivalently, if the fields in
eq. (2.11) include zero-bin subtractions then the subtractions will cancel in the sum of
all diagrams, just like the soft gluons. (This is easy to see by formulating the zero-bin
subtraction as a field redefinition [18] analogous to the soft one but with Wilson lines in a
different light-cone direction.) In contrast, the SCET] collinear fields in the beam function
operator in eq. (2.4) must include zero-bin subtractions. We will see this explicitly at one
loop in our PDF and beam function calculations in section 3.

The SCET definitions of the PDFs are equivalent to the standard definition in terms of
full QCD quark fields 1 in position space. For example, the quark PDF in QCD is defined
as [23]

el P = 00 [0 e 2 | [ ()W (57 .0) 0]

pn(P™ )> .
(2.13)
The square brackets denote the renormalized operator. Here, the fields are separated along
the 71 direction and the lightlike Wilson line W (y*7/2,0) is required to render the product
of the fields gauge invariant. The relation to the SCET definition is that the SCETyy fields
in eq. (2.11) (without zero-bin subtractions) involve a Fourier transform of + in y™ to give

the conjugate variable w’. The corresponding Wilson lines in eq. (2.12) are precisely the
W, contained in the definitions of y,, and BZ |- Hence, the QCD and SCET definitions of

,10,



the PDF are equivalent (provided of course that one uses the same renormalization scheme,
which we do).

Comparing eq. (2.11) to eq. (2.4), the difference between the beam functions and PDF's
is that for the beam functions the fields are additionally separated along the n light-cone,
with a large separation y~ > y* corresponding to the small momentum b" < w. Thus,
formulating equivalent definitions of the beam functions directly in QCD would be more
challenging, as it would require QCD fields that are simultaneously separated in the n and
n directions. For this case, it is not clear a priori how to obtain an unambiguous gauge-
invariant definition, because Wilson lines connecting the fields along different paths are
not equivalent. This ambiguity is resolved in SCET}, where the multipole expansion dis-
tinguishes the different scales and divides the possible gauge transformations into global,
collinear, and soft transformations, allowing one to treat the separations along the two
orthogonal light-cones independently. The large y~ separation corresponds to soft Wilson
lines and soft gauge transformations that are independent from collinear gauge transfor-
mations corresponding to the small ™ dependence. As already mentioned, the operators
in eq. (2.4) are separately gauge invariant under both types of gauge transformations.

2.2 Renormalization and RGE

The beam functions and PDF's are defined as the matrix elements of renormalized operators.
The renormalization of the operators immediately yields that of the functions defined by
their matrix elements. In this subsection we derive the RG equations and show that
the anomalous dimensions of the beam and jet functions are the same to all orders in
perturbation theory.

We start by considering the known renormalization of the PDF, but in the SCET op-
erator language. The renormalized PDF operators are given in terms of the bare operators
in eq. (2.11) as

o) =3 [ 2 (Gm) i m. (214)
J

In general, operators with different ¢ and w can (and will) mix into each other, so the
renormalization constant Zifj(w Jw', ) is a matrix in 4, j and w,w’. RPI-III invariance then

restricts the integration measure to be dw’/w’" and Zl-fj(w Jw', i) to only depend on the ratio
w/w'. Hence, the form of eq. (2.14) is completely specified by the SCET symmetries. The p
independence of the bare operators Q]Z?are (w) yields an RGE for the renormalized operators
in MS

1 Qi) = Z/d“fwz; ) Q).

dz’ d
(2 ) Z/ (2 ,,u> dMZ;fj(Z’,u), (2.15)
where the inverse (Z/);, Y(z, ) is defined as

/ (275 ,,u> 2L 1) = 6i58(1 = 2). (2.16)
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Taking the proton matrix element of eq. (2.15) yields the RGE for the PDF's
d _ ¢ (€ /
DWLCTEDS [ (o) 1m0, (217)

The solution of this RGE can be written in terms of an evolution function U/ which acts
on the initial PDF f;(&, o) and takes it to f; (&, p),

d /
e = [ UG (Gromono) € o). (218)

From eq. (2.17) we can identify the anomalous dimensions ’yif (2) in terms of the QCD

splitting functions. For example, in dimensional regularization in the MS scheme, the
one-loop anomalous dimensions for the quark PDF are the standard ones

!

) = W b P !

' O T R B R IO W B N CATY

T
with the ¢ — qg and g — ¢q splitting functions
3
Pu®) = Lal1 = )(1+ )+ 500 - 2) = o= |7
Pug(2) = 0(1 — 2)[(1 — 2)* + 2°] . (2.20)

1+22]
+

The plus distribution Lo(x) = [#(x)/x]+ is defined in the standard way, see eq. (A.2). For
later convenience we do not include the overall color factors in the definitions in eq. (2.20).

We now go through an analogous discussion for the beam functions. The renormalized
operators (5i(y*, w, i) are given in terms of the bare operators in eq. (2.4) by

0P (™) = Zis( 5, 1) Oty ) (2:21)
where Z}é(y* /2|wl|, i) is the position-space renormalization constant. In appendix B, we
give an explicit proof that the beam function renormalization is multiplicative in this way
to all orders in perturbation theory.! The underlying reason is that the renormalization of
the theory should preserve locality, so renormalizing the nonlocal beam function operator
should not affect the y~ separation between the fields. For example, mixing between
operators with different y~ would destroy locality at distance scales within the validity
range of the effective theory. RPI-III invariance then implies that Z’B can only depend on

"With our definitions of b* and t = |w|bT, they are always positive irrespective of the sign of w
(i.e. for both beam and jet functions). Since y~ is the Fourier conjugate variable to b", the Fourier-
conjugate variable to t is w = y~ /2|w|. The proof in the appendix, which is for w > 0, shows that 4p
only depends on u through Infi(u — i0)]. Its most general RPI-III invariant form is 4p(u,w/|w]). From
eq. (2.4) <6EareT(y_7w)> = <(5§)are(—y_7—w)> for any forward matrix element. Since the renormaliza-
tion does not change the analytic structure, the same is true for the renormalized matrix elements so
Y5 (u,w/|w]) = Y8(—u, —w/|w|), and also 45 can only be a real function of w/|w|. Because of its simple
u dependence, we can conclude that 4 = 4p(u) only. With the tree-level boundary condition this then
implies Ip = ZB(u).
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the ratio y~ /2|w| (the factor of 1/2 is for convenience). In principle, one might think there

could also be mixing between operators with different ¢ or w in eq. (2.21) [as was the case

for the PDF's in eq. (2.14)]. Our derivation in appendix B shows that this is not the case.
Taking the Fourier transform of eq. (2.21) according to eq. (2.8), we find

Olbare(t,w) _ /dt, Z]i_:;(t — t/”u) O@'(t’,wa:u) )

. 1 dyi o = (Y
Zis(t, 1) = /2 7 ( ). 2.22
B( HU’) o /2’&)‘ e B 2’w‘ﬂu’ ( )

Since the bare operator is p independent, taking the derivative with respect to u, we find
the RGE for the renormalized operator

d A
udMOi(t,w,u) = /dt'vfg(t —t', 1) Ot w, ),
) 7\ — d 7
Wt == [ (Z)7 ¢~ g ZhEm). (2.23)

where the inverse of Z4(¢, i) is defined as usual,

[t ) e = Zi(t ) = 860, (2.24)

Taking the proton matrix element of eq. (2.23) we obtain the corresponding RGE for
the beam function,

d 7
g, Bilt o) = /dt’vB(t —t', 1) Bi(t',x, 1) (2.25)

As discussed in appendix B, to all orders in perturbation theory the anomalous dimension

has the form ;

VZB (t7 :u') - _QFéuSp (045) :2 [’0 (,U'Q) + ’Y%(as) 5(t) ’ (226)

where Lo(z) = [0(z)/z]4+ is defined in eq. (A.2), T (av) is the cusp anomalous dimension
for quarks/antiquarks (i = ¢) or gluons (i = g), and y};(c) denotes the non-cusp part.
Since there is no mixing between operators O;(t,w, ) with different i or w, the beam
function RGE only changes the virtuality £ but not the momentum fraction x and does not
mix quark and gluon beam functions. By rescaling the plus distribution,

:2£°(;2> - :g£0<:3> - 21n:o5(t) (2.27)

we can see that 'yj}_;(t, 1) has logarithmic u-dependence, which means that the RGE sums
Sudakov double logarithms.

The solution of the RGE in eq. (2.25) with the form of the anomalous dimension in
eq. (2.26) is known [24-26]. It takes the form

Bi(t’ €, M) = /dt/ Bi(t - tl’ €Ly NO) U;_'%(t/’ Ho, :U’) ) (2'28)
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where the evolution kernel can be written as [27]
. eKp=7E 1y ni i (1
bt o) = g (o | "2 (( ) +600)]. (2.29)
7 T(1+mp) Leg ™ \id

The distribution £7(z) is defined in eq. (A.2), and the RGE functions K4 = K% (uo, 1)
and n% = 0 (uo, 1) are given in eq. (D.7).
The SCET quark, antiquark, and gluon jet functions are given by [13, 28]

Jolwp +wh, )

- (2m)? /dy Py /2 tr<0‘ [ﬂxn <y_ n> [0(w + Pn)*(wy + PM)X"(O)HM‘O> 7

N, J 2] 2 2
Jalwpt+wi, p) (2-30)
(2m)?

= O oy e (ol (o) 6+ P + P a)]] Jo),

Jo(wp®+ i, )
__ J(vz;_)21 ¥ / (21121)\ eip+y*/2<o( B:,(v ;‘) (3w + Pa)d*(wy + Pu1)BL (0)] ] ﬂ‘0> ,

where the notation [...], again denotes the renormalized operators. Here, we used the
same conventions as for the beam functions where the large label momenta w and w, are
continuous, so the only position dependence of the fields is in the minus component. RPI
invariance requires that the jet function only depends on the total invariant mass of the jet,
p? = wpt + wﬁ_. When the jet function appears in a factorization theorem, the direction
of the jet is either measured (e.g. by measuring the thrust axis in ete™ — 2 jets) or fixed
by kinematics (e.g. in B — Xy the jet direction is fixed by the direction of the photon)
and n is chosen along the jet direction, so one typically has w; = 0. Taking the vacuum
matrix element of OP*(t,w), we get

(27T)2 are
N, <0‘05 (t’ _w)|0>
T 2 - n
= O [, [ @ (ol (57 ) 6w + Puor - Pus)ra(0)]o)
- / d%@ Pt — &7 ) = JPue(t) = JPe(t). (2.31)

In the last step we used that the quark and antiquark jet functions are the same. The
analogous relation holds for the antiquark operator, Og(t,w, it). The &, integral is bounded
and does not lead to new UV divergences, because the jet function only has support for
nonnegative argument, 0 < (D'i < t, and t is fixed. Similarly, for the gluon operator we

have
(2m)?

N2 L1 (0]OF#e(¢t, —w)|0) = / 423 JPe(t — @2, ) = TPt (2.32)

The renormalization of JP*¢(¢) does not depend on the choice of w; in eq. (2.30). Since

j;bare(t) is simply an average over different choices for w, it has the same renormalization.

— 14 —



Hence J;(t, 1) and J;(t, 1) have the same anomalous dimension,
d - - i - i - -
,udluJi(t,,u) :/dQWL ds~y(t — &2 — s, 1) Ji(s, ) :/dt/wj(t —t' ) /dQWL Ji(t' — 3%, )
= /dt’m’}(t— t' 1) Ji(t, ) (2.33)

On the other hand, taking the vacuum matrix element of eq. (2.23) we get
d - Iy / T4
udMJi(t,u) = [dt' vt =t ) Lt p). (2.34)

We thus conclude that the beam and jet function anomalous dimensions are identical to
all orders in perturbation theory,

Vo (t, 1) = V5 (t, 1) - (2.35)

For the cusp part this result already follows from our explicit one-loop calculation, since
Féusp is universal and its coefficients are the same at one loop. Our one-loop result provides
a cross check for the identity of the one-loop non-cusp part of the anomalous dimension,
which agree. Furthermore, v9(c,) and hence 7% (c) can be obtained to three loops from

refs. [29, 30], and for completeness the result is given in appendix D.

2.3 Operator product expansion

The difference between the beam function operators in eq. (2.4) and the PDF operators
in eq. (2.11) is the additional separation in the y~ coordinate between the fields. Hence,
by performing an operator product expansion about the limit y~ — 0 we can expand the
renormalized operators (f’)vi(y*,w, @) in terms of a sum over Q;(w’, p),

Oty o) = (5 ,u1+2/ 2y Somestm o’ ). 2

For completeness we included the identity operator on the right-hand side. The form of the
matching coefficients fij and J; is again constrained by RPI-III invariance so the structure
of the OPE is completely determined by the SCET symmetries. Equation (2.36) encodes
a matching Computatlon between the operator O; in SCET], and the operators 1 and Q;
in SCETy, where J; and LJ are the corresponding Wilson coefficients.

Fourier transforming both sides of eq. (2.36) with respect to y~ we get

Oi(t,w, 1) = Ji(t, 1+Z/ ,,,u)Q](w ”)+O(w ) (2.37)

Taking the vacuum matrix element of both sides, and using (0[Q,|0) = 0, we just get the
coefficient of the identity operator on the right-hand side, which from egs. (2.31) and (2.32)
is thus given by j;(t,,u). Taking the proton matrix element of eq. (2.37) with w > 0
according to eq. (2.10), this first term drops out, because the jet functions only have support
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for —w > 0 (or alternatively because the corresponding diagrams are disconnected), and
we obtain the OPE for the beam function

Bittow) =3 [ 2567 0) iem |1+ 0 Aaeoy]. (2.38)
— ] ¢ ¢ t

For By this equation was first derived in ref. [31] using a moment-space OPE for the matrix
element (modulo missing the mixing contribution from the quark PDF). The higher-order
power corrections in eq. (2.38) must scale like 1/¢ and are therefore of O(A?QCD /t) where
AQQCD is the typical invariant mass of the partons in the proton. Equivalently, one can think
of the scaling as (AQQCD Jw) /bt where A?QCD Jw is the typical plus momentum of the parton
in the proton. These power corrections are given in terms of higher-twist proton structure
functions. Since eq. (2.37) is valid for ¢ > A?QCD, this also means that we can calculate
the matching coefficients in perturbation theory at the beam scale :“23 ~ t. This SCETy
to SCET; matching calculation is carried out in the usual way by computing convenient
matrix elements of the operators on both sides of eq. (2.37) and extracting the Wilson
coefficients from the difference. This is carried out at tree level in the next subsection, while
the full one-loop matching calculation for the quark beam function is given in section 3.
On the other hand, for ¢ ~ A?QCD the beam functions are nonperturbative and the OPE
would require an infinite set of higher-twist proton structure functions. In this case, the
beam functions essentially become nonperturbative b™-dependent PDFs.

The physical interpretation of the beam function OPE in eq. (2.38) leads exactly to
the physical picture shown in figure 2(a) and discussed in the introduction. At the beam
scale pp ~ t, the PDFs are evaluated and a parton j with momentum fraction £ is taken
out of the proton. It then undergoes further collinear interactions, which are described by
the perturbative Wilson coefficients Z;;(t, z, ). By emitting collinear radiation it looses
some of its momentum, and the final momentum fraction going into the hard interaction
is ¢ < & In addition, the sum on j indicates that there is a mixing effect from terms
without large logarithms, e.g. the quark beam function gets contributions from the quark,
gluon, and antiquark PDFs. For example, when an incoming gluon from the proton pair-
produces, with the quark participating in the hard interaction and the antiquark going into
the beam remnant, then this is a mixing of the gluon PDF into the quark beam function.
These are the physical effects that would usually be described by the PDF evolution. The
difference is that once we are above the beam scale these effects only cause non-logarithmic
perturbative corrections, which means the parton mixing and z-reshuffling now appears in
the matching, while the RG evolution of the beam function only changes ¢, as we saw above.
In section 4, we will see that these matching corrections are still important numerically
and must be taken into account. For example, since the gluon PDF at small £ is very large
compared to the quark and antiquark PDFs, it still gives an important contribution to the
quark and antiquark beam functions.

The consistency of the RGE requires that the p dependence of the Wilson coefficients
Z;j(t,z, pu) turns the RG running of the PDFs into the proper RG running of the beam
functions. Taking the p derivative of eq. (2.38) we find the evolution equation for the
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Figure 3. Tree-level diagram for the quark PDF (a) and the quark beam function (b). For the
latter, the y~ coordinate separation in the operator is indicated by drawing separated vertices for
each field.

Wilson coefficients
d dz z ;
:U‘dIuIZj (t, Zs :U’) :Z/dtl o i (t_tl’ o7 :U’> |:r}/B (t/a //J) 5]9]6(1—2/) _5(t/)7£](zla //J) : (239)
k

The solution to this RGE can be easily obtained in terms of the evolution factors for the
PDF and beam function in egs. (2.18) and (2.29),

dz’ z 4
Zij(t, 2, p) = Z/dt/ o Lik (t —t Z,,Mo) Ub(t', o, 1) UL (2!, 1o, 1) - (2.40)
K

Hence as expected, the RGE running of Z;;(t, z, ) cancels the running of the PDFs and
adds in the running of the beam function.

2.4 Tree-level matching onto PDFs

To illustrate the application of the OPE, we will calculate the Wilson coefficients Z;; at tree
level, starting with Z,,. We can use any external states for the computation of the Wilson
coefficient as long as they have nonzero overlap with our operator. Thus, we pick the
simplest choice, n-collinear quark and gluon states, |g,(p)) and |g,(p)), with momentum
pH = (pT,p~,0) where p~ > 0 is the large momentum. In the following section we will use
a small p* < 0 as an IR regulator, but otherwise p™ is set to zero. The tree-level diagrams
with an external quark for the quark PDF and beam function are shown in figures 3(a)
and 3(b). They give

(00| Q0(' )]0 (2))”) = 0 T )3~ 57) ) = 00 801 — ' ).

<Qn(p)|OQ(t’w’ N)‘Qn(p)>(0) = ﬂn(p) 6(t) 5(w - p_) ?un(p) = 6(t) 5(1 - w/p_) . (2'41)

Here and in the following the superscript (i) indicates the O(a’) contribution. Note that
the results in eq. (2.41) are the same whether we use a state with fixed spin and color
or whether we average over spin and color. Taking the matrix element of both sides of
eq. (2.37) and using eq. (2.41), we can read off the tree-level matching coefficient

IOt 2, 0) = T (t, 2, 1) = 6(8) (1 — 2). (2.42)
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Similarly, the tree-level results for the gluon PDF and beam function are

(90 (P)]| Qg (s 1)| g () = (') 6(1 — o /p7)

<gn(p)‘(’)g(t,w,u)!gn(p)>(0) =—we'edt)d(w—p )=0(t)0(1—-w/p), (2.43)

leading to
0 _
I (t, 2, 1) = 6(t) 6(1 — 2) . (2.44)
Finally, since at tree level the quark (gluon) matrix elements of the gluon (quark) operators
vanish,
/ 0) _ ! 0 _
(9n(9)|Qq(«', 1)[9n(0))" = (4n (D) Qo (s 1) |an ()™ =0,
0 0

(D) O t,0, 1) gn(0))” = (4n(p)| Oy (1,0, 1) |an(p))” =0, (2.45)
we obtain

Tt 2, ) = T3 (t,2,1) = 0. (2.46)

To summarize, the complete tree-level results are
It 2 ) = 6,00 6(1 — =), BO(ta,pm) = 6(0) fila, ). (247)

The interpretation is simply that at tree level the parton taken out of the proton goes
straight into the hard interaction. However, even at tree level the OPE already provides
nontrivial information. From our general discussion we know that the matching should be
performed at the beam scale :“23 ~ t to avoid large logarithms in the O(a;) terms, and this
determines the scale at which the PDFs must be evaluated to be = pup.

2.5 Analytic structure and time-ordered products

In this subsection we discuss the analytic structure of the beam functions. For the OPE
matching calculation we want to calculate partonic matrix elements of Ogy(t,w, p). For
this purpose it is convenient to relate the matrix elements of the products of fields in
Oy(t,w, 1) to discontinuities of matrix elements of time-ordered products of fields, since
the latter are easily evaluated using standard Feynman rules. For notational simplicity we
only consider the quark operator O,(t,w) and suppress the spin indices and ;1 dependence.
The discussion for the antiquark and gluon operators are analogous.

We are interested in the forward matrix element of O4(t,w) between some n-collinear
state |pn) = |pn(pt,p”)) with large momentum p~ and small residual momentum p*.
Inserting a complete set of states D | X)(X]|, we get

<pn‘0q(ta w) ‘pn> = Z<pn
X

= 3ot~ wlpk) 8w — p +p3) (pn
X

() 80— 16| X)) (X] 50— Paxa(@) ) (248)

2

%)) (X[ 0) )

The 6(w — Py) by definition only acts on the field inside the square bracket, returning its
minus momentum, which by momentum conservation must be equal to the difference of

,18,



the minus momenta of the external states. Since w = p~ — pJ, requiring w > 0 implies
pyx < p_. This means that the action of the field reduces the momentum of the initial
state so it effectively annihilates a parton in the initial state |p,). Similarly, for w < 0 we
would have py > p~ and the field would effectively create an antiquark in (X|. Also, since
|X') are physical states, we have pi >0sow<p andt=|wlpk >0.

Hence, for the beam function, where |p,) = |p,(P~)) is the proton state, the restriction
to w > 0 in its definition, eq. (2.10), enforces that we indeed take a quark out of the proton.
(Note that w < 0 does not correspond to the anti-quark beam function.) Taking the states
|X') to be a complete set of physical intermediate states, the beam function has the physical
support
p;(min

p-

where p§ min > 0 are the smallest possible momenta (which are strictly positive because

0<z<1- <1, t>wpk,,>0, (2.49)

with an incoming proton |X) can neither be massless nor the vacuum state). For the jet
function the external state is the vacuum |p,) = [0) yielding d(w + py), so the matrix
element in eq. (2.48) vanishes for w > 0.

Next, consider the following time-ordered analog of <pn‘9(w)(’)q(t,w)| pn>,

ot )= [ sl o (572) om0

).

(2.50)

Writing out the time-ordering,

T{)Zn <y* Z) 7 [6(w — P)xn(0)] } (2.51)

2
= 67 (5 2) ] [0~ Puxal0)] — (-9 60 — Pu)xa®)] % (52 )
using o
_ i eFiky
W)= /d“ K40 (2.52)

inserting a complete set of states, and translating the fields to spacetime position zero, we
arrive at

(pn|Ty(wb™, w)|pn)
i0(w dy~ dk (¥ —pt - _
~ o ] ZX:[GI@ A )

2w k410
! >
9 Pn

%)) (X xa0) 1)

4 0T Pk )y /2 S(w+p~ —px) <pn‘xn(0)|X><X Xn(0)

_ i0(w) Z[é(w —p- +p})<pn
X

21w bt — pk +10

%)) (X xa0) )

i
2

Sw+p~ —py)
~ +];)+( _]Zg (pn|xn(0)\X><X

Xn(0)

pnﬂ . (2.53)
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Figure 4. Cuts in the complex b* plane for the time-ordered product in eq. (2.53).

The first term creates a cut in the complex b+ plane for b > p}min. This cut is shown as
the dark red line in figure 4. The second term produces a cut at bT < —p}min, shown as
the light blue line in figure 4.

The beam function matrix element in eq. (2.48) can be identified as precisely the
discontinuity of the first term in eq. (2.53) with respect to b*. Thus, for the beam function
we have

Bg(wb™,w) = Discyr g (pn(P7)|[Ty(wb™,w)|pn(P7)). (2.54)

Taking the discontinuity only for b+ > 0 ensures that we only pick out the cut due to the
first term in eq. (2.53). Here, the discontinuity of a function g(z) for x > z¢ is defined as

Discysz, g(x) = éli]% 0(z — x0) [g(x +1iB) — g(z —iB)], (2.55)

and we used eq. (A.7) to take the discontinuity of 1/(b™ — p¥),

i 1 1
Disc = S(bT —pt) =6(wb™ —wpt). 2.56
bt >0 27T|CU| b+—p} |w| ( pX) ( pX) ( )
Since we explicitly specify how to take the discontinuity, we can drop the i0 prescription
in the denominators. (Alternatively, we could multiply by i and take the imaginary part
using the i0 prescription.) Since bt and ¢ = |w|b™ always have the same sign we can also
take the discontinuity for ¢t > 0, so

<pn{9(w)(9q(t, w)‘pn> = Discy~0 <pn‘Tq(t, w)‘pn> . (2.57)

For the matching calculation |p,) is a partonic quark or gluon state. For any contri-
butions with real radiation in the intermediate state, i.e. diagrams where the two y, or
B, fields in the operator O; are joined by a series of propagators and vertices, we can
use the standard Feynman rules to evaluate the time-ordered matrix element of T} (¢,w).
However, with partonic external states, we can also have the vacuum state as an interme-
diate state, because the fields in the operator are spacetime separated. For such purely
virtual contributions it is simpler to directly start from Oy,(t,w), insert the vacuum state
between the fields, and then use standard Feynman rules to separately compute the two
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pieces <pn{)2n(0)77£/2‘0> and <O{Xn(0)‘pn>. In fact, this is exactly what we already did in
our tree-level calculation in section 2.4, and we will see another example in section 3. Thus,
we will obtain the total partonic matrix element as

<pn|9(w)(’)q(t, w)‘pn> < n‘e t w ‘pn>virtual + <pn|9(w)(’)q(t, w)‘pn>

= 6(t) 6w —p7) (b xn(O)z(0>
+ Disci~o <pn{Tq(t7 w)|p">

radiation

<O|X"(O) ‘p">connected
(2.58)

connected

connected *

The virtual contribution must be kept, since it only looks superficially disconnected because
the operator itself is spacetime separated. As always, we still disregard genuinely discon-
nected diagrams, e.g. diagrams involving vacuum bubbles, when calculating the matrix
elements in the second line.

3 NLO calculation of the quark beam function

In this section, we compute the matching coefficients Zy4(t, 2z, 1) and Zy4(t, 2, 1) in the
OPE for the quark beam function in eq. (2.38) to next-to-leading order in ag(p). As
explained in section 2.3 and section 2.4, this can be done by computing the partonic
matrix elements of both sides of eq. (2.37) to NLO. We use the same n-collinear quark and
gluon states, |gn) = |gn(p)) and |g,) = |gn(p)), as in the tree-level matching in section 2.4,
with momentum p* = (p*,p~,0). Since only Z,,(t, z, ) is nonzero at leading order, we
will only need the NLO matrix elements of the quark operators, Oy (t,w, 1) and Qq(w, ).
We write the results for all matrix elements in terms of the RPI-III invariant variables (in
this section we will always have w > 0)

t=wb", t'=—wpt =—2pTp, 2= (3.1)

p

Here, 2z is the partonic momentum fraction of the quark annihilated by the operator relative
to the momentum of the incoming quark or gluon, and will coincide with the argument
of Zi;(t, z, ).

To regulate the UV we use dimensional regularization with d = 4 — 2¢ dimensions
and renormalize using the MS scheme. Since the matching coefficients in the OPE must
be IR finite, the matrix elements of O, and Q, must have the same IR divergences, i.e.,
the beam function must contain the same IR divergences as the PDF. To explicitly check
that this is the case, we separate the UV and IR divergences by regulating the IR with a
small p™ < 0. This forces the external states to have a small offshellness p™p~ < 0, and
since pTp~ = —t//z the IR divergences will appear as Int’. This also allows us to directly
obtain the one-loop renormalization constants and anomalous dimensions for O, and Q,
from their one-loop matrix elements.

We first compute the renormalized one-loop matrix elements of the quark PDF operator
Q, in section 3.1. This calculation of the PDF for general z using the SCET operator
definition and with an offshellness IR regulator is quite instructive, both by itself and in
comparison to the beam function calculation, which is why we give it in some detail. In
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Figure 5. Nonzero one-loop diagrams for the quark PDF. The minus momentum w enters the
vertex through its outgoing fermion line and leaves through its incoming fermion line. Diagram (c)
represents the inclusion of the wave-function renormalization constant for the renormalized fields
together with the corresponding residue factor in the LSZ formula for the S-matrix. Diagrams (b)
and (c) have symmetric counterparts which are included in their computation.

section 3.2, we compute the renormalized one-loop matrix elements of the quark beam
function operator O,. Finally in section 3.3, we use these results to extract expressions for
Tgq(t, z, 1) and Zy4(t, z, ) valid to NLO.

Assuming that the IR divergences in the beam function and PDF will cancel, the
matching calculation can be performed more easily using dimensional regularization for
both UV and IR. We do this as an illustrative exercise in appendix C, which, as it should,

yields the same result for the matching coefficients.

3.1 PDF with offshellness infrared regulator

We start by calculating the bare S-matrix elements

(an(0)| Q0™ (W)]|an(®)) . {ga(p)| QL™ (w)|gn(p)), (3.2)

using Feynman gauge to compute the gauge-invariant sum of all diagrams. The relevant
one-loop diagrams are shown in figure 5. Since Q, is a local SCET operator, we can use the
usual time-ordered Feynman rules in SCET (without any of the complications discussed in
section 2.5 for O,). The collinear ¢, g9, vertex factor is

g TV, ' with wmo_w+Mﬂ+ﬁ@ Pifign, (3.3)
2 P l 4

where p# and ¢# are the label momenta of the outgoing and incoming quark lines. (Because

we have a single collinear direction the computation can also be done with QCD Feynman

rules, still accounting for zero-bin subtractions, with the only difference being the Dirac

algebra in the numerator of the loop integral. We checked that the final results for each

diagram are indeed the same either way.)

The diagram in figure 5(a) is

@ L (PH2\e A% T (P)V (p, O) Vi (£, 9) hun (p) (€7)?
il ==y )P f s e Loy
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where g = g(p) is the renormalized MS coupling. The Dirac algebra for the numerator
gives

iV (0, Vo (60) S D)) = B b ual) = p(a =22 (35)

To compute the loop integral we write d%¢ = detde—ad-2e, /2, where 7, is Euclidean, so
? = —a. The /T integral is done by contour integration as follows. For £~ < 0 all poles
are above the axis and for £~ > p~ all poles are below the axis, so both cases give zero.
Hence, the ¢~ integration range is restricted to 0 < £~ < p~, where there is a double pole
below the axis from the 1/(¢?+i0)? and a single pole above the axis from the 1/[(£—p)?+i0].
Taking the single pole above amounts to replacing the second denominator by 27i/(£~—p™)
and setting

t=pt + (3.6)

~ e
everywhere else. After performing the contour integral the i0 have served their purpose
and can be set to zero everywhere. The ¢ integral is trivial using the 6({~ — w) and
turns the ¢~ limits into an overall (w)f(p~ — w). The remaining ¢, integration is done in
d —2 =2(1 — ¢) Euclidean dimensions as usual. Putting everything together, we obtain

(gn] QP ()] g )

(RN C @2 —w) Gl
= (T4 ) OO0 ) amp~ /(27r)d‘2 2+ (1 - 2)t)
o, eVE 2\ ¢ .
_ (;‘;CF H(Z)H(l—z)F(e)( tf‘ ) (1—2)7(1 — ¢)?
= as(;zCF 0(2)0(1 —z) (1 — z){i —1In /j; —In(1-2)— 2} , (3.7)

where in the last line we expanded in e.

In the diagram in figure 5(b), the gluon is annihilated by the Wilson line inside one of
the x,, fields. The contraction with the one in Y, is & §({~ — w) and the contraction with
the one in y, is x 0(p~ — w). The 1/P,, in the Wilson lines [see eq. (2.6)] contributes a
factor 1/(¢~ — p~) with a relative minus sign between the two contractions. (There is also
a diagram where the gluon connects both Wilson lines which vanishes because the Wilson
lines only contain 7-A gluons and we use Feynman gauge.) Adding figure 5(b) and its
mirror graph, which gives an identical contribution, we get

(gn] Q2 (w)] g )

NN dde Ty (p) Vi B (p) - -
=2 )P [ gt (e 0 g 410 ) =)

i (R Iy L T S PR L R )

™ —ptp- (1—0= /p=)i+e
as(u)C BN [0(2)0(1 — 2)z (2 — ) (—¢
- (/;) Fr(e)< tlﬂ ) { ((1)_(Z)H€) 51— 2) (F(2_)2(€) )}‘ (3.8)

,23,



In the first step we used 7,V;' = 2 and u,,(p)itu,(p) = 2p~, performed the ¢ integral by
contours and did the £ integral as usual. The ¢ integral has the same pole structure as in
figure 5(a) (except that the double pole at £T = 0 is now a single pole), which restricts the
¢~ integral to the finite range 0 < ¢~ < p~. Expanding eq. (3.8) in ¢, using the distribution
identity in eq. (A.3), we get

<Qn‘Q2are(w)‘qn>(b) = () Cr T'(e) (ewlﬂ)e{ﬁ(z) [—1 5(1—z)+£0(1—z)z—eﬁl(l—z)z}

h t’
+5(1—z)[i+1+e(2—7§)”

= 6(2’){(1 —In /j;)[ﬁo(l—z)z—i—é(l—z)] —L1(1-2)z

+5(1—z)(2—7:>}, (3.9)

where £,,(z) = [#(z)(In" z)/x]+ are the usual plus distributions defined in eq. (A.2).

In the last step in eq. (3.8), the ¢~ integral produces an additional 1/e pole in each
of the two terms corresponding to real and virtual radiation from the two different Wilson
line contractions. It comes from the singularity at £~ = p~, where the gluon in the loop
becomes soft. (This soft IR divergence appears as a pole in € because the offshellness only
regulates the collinear IR divergence here.) The soft IR divergences cancel in the sum of
the virtual and real contributions, as can be seen explicitly in the first line of eq. (3.9)
where the 1/e poles in curly brackets cancel between the two terms. One can already see
this in the ¢~ integral in eq. (3.8), because for {~ = p~ the two ¢ functions cancel so
there is no soft divergence in the total integral. Thus, in agreement with our discussion in
section 2.1, we explicitly see that contributions from the soft region drop out in the PDF.
As a consequence, the PDF only contains a single 1/e pole and correspondingly its RGE
will sum single logarithms associated with this purely collinear IR divergence.

Since the gluon in the loop is supposed to be collinear, the soft gluon region must be
explicitly removed from the collinear loop integral, which is the condition p # 0 in eq. (2.2).
For continuous loop momenta this is achieved by a zero-bin subtraction. However, since the
soft region does not contribute to the PDF, it also does not require zero-bin subtractions
in SCET. (If we were to include separate zero-bin subtractions for the virtual and real
contributions, they would simply cancel each other.) We will see shortly that the situation
for the beam function is quite different.

The last diagram with external quarks, figure 5(c), is

<Qn|Q2are(w)|qn>(C) =0(1—-2)(Ze—1) = _as(Z;CF 51— z){i —1In ;,2 + 1} . (3.10)

Here we used the result for the one-loop on-shell wave-function renormalization with an
offshellness IR regulator, which is the same in SCET and QCD.

Adding up the results in egs. (3.7), (3.9), and (3.10) we obtain for the bare one-loop
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quark matrix element

(4| Q2 (w)|gn) " = O‘S(Q‘;CF 9(2){ (1 _— ;;)qu(z) — L1(1 - 2)(1 + 22)

+8(1— z)(; _ 7;2) _9(1— 2)2(1 — z)}, (3.11)

where

P(2) = Lo(1 —2)(1 + 2%) + ; 0(1—2)= [6(1 —2) 11—EZZT (3.12)
-

is the ¢ — qg splitting function, see eq. (2.20).

Next, we consider the matrix element of Q, between gluon states |g,) = |g,(p)). The
only relevant diagram is shown in figure 5(d),

0l —w).

(3.13)
Here € = e(p), V' = Vii'(0 — p,£) and V¥ = VV({, £ — p). Since the physical polarization
vector is perpendicular, n-e(p) = n-£(p) = 0, we only need the perpendicular parts of the

e )|y @ i (€5HY o [ 4 eV P =)
(i@ lon) =) e e gl 0

collinear vertices. The numerator then becomes

alvpve e e —m=Ju| (SO0 (R ) e -

o, ( D % — o 1 4z N
_267_1)7@‘% + 8001 = 2g" (1_Z d_Q)Q.
(3.14)

In the last step we used that under the integral we can replace {~ = w = zp~ and Eif“ =
(% ¢ /(d — 2). The remaining loop integral is exactly the same as in figure 5(a), so the
bare one-loop gluon matrix element becomes

2\ €

as(u)TF erp ) (1—2)7¢(1—22+22% —¢)

o 0(2)0(1—2)F(6)( ,

as(;zTF 9(2){ E —In ;; —In(1 - z)}qu(z) —-0(1— z)} . (3.15)

(gn] QP™®(w)] )

Here
P(2) =0(1 —2) (1 — 2z + 22%) (3.16)

is the g — ¢g splitting function from eq. (2.20).

Note that the diagram analogous to figure 5(d) with the two gluons crossed can be
obtained from figure 5(d) by taking p* — —p*, which takes z — —z. The limits resulting
from the /1 integral are then —1 < 2z < 0 or —p~ < w < 0, and since we require w > 0 for
Qy, this diagram does not contribute. The diagram involving the SCET vertex with two
collinear gluons vanishes because here the ¢+ integral does not have poles on both sides
of the axis.
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From the bare matrix elements in egs. (3.11) and (3.15) we can obtain the renormal-
ization of Q,. Taking the quark and gluon matrix elements of eq. (2.14) and expanding to
NLO,

(0] Q™ (@) gn)™
d
:Z/ " [ f(l ,,u (4n] Q5 (&, 1) 4 )" +Zf()< ,,u><qn\Q]w 1)) ]
j
= ZJ (2, p) + <Qn‘Qq(W7ﬂ)‘Qn>(l) :
<gn ‘ Qbare ‘gn>(1)
d
—Z/ “ [Zm ,7u> (gn] Q; (', 1)] ) +Zf(0)( ,,u)<gn\Q] o m)|ga) }
= ZI0 (2, 1) + (90| Qulw, 1) 9)" . (3.17)

O ) =
;5 6(1—2). The MS counter terms required to cancel the 1/e poles in the bare PDF matrix

where we used the tree-level matrix elements in egs. (2.41) and (2.45) and Zifj

elements are then

LI by, = W

Z({q(z) =d0(1—2)+ 0(2)Pyg(2). (3.18)

Expanding eq. (2.15) to NLO, the one-loop anomalous dimensions are obtained by
d _ra
vl (zpm) = —p duzﬁ o), 4, () = —2€s () + Bl (40 (3.19)

which with eq. (3.18) yields the anomalous dimension for the quark PDF in eq. (2.19),

as(n)Cr as(u)Tr
T T

!

qu(z, DES 0(2)Pyq(2), ng(z, W) = 0(2)Pyy(2) - (3.20)

Finally, the renormalized NLO PDF matrix elements, which we will need for the matching
computation in section 3.3 below, are

(anl@ufe)| i) = =0 6 Pt 'y + 220 1+
7'['2
—s1 —z)<; - ) 1 O(1— 2)2(1 —z)},
(gn| Qg )] gn)M = —OZS%QTF a(z){qu(z) [m ;/2 +In(l - z)} o1 — z)} . (3.21)

3.2 Quark beam function with offshellness infrared regulator

Next, we calculate the bare beam function S-matrix elements,
(0n(0)|0(@)OF™ (t,w)]an (),  (90(p)]0()OF™(t,w)| 90 (P)) , (3.22)

to NLO. The corresponding one-loop diagrams are shown in figure 6. The matrix elements
are calculated as explained in section 2.5 in eq. (2.58): For the virtual diagrams with
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Figure 6. One-loop diagrams for the quark beam function. The minus momentum w is incoming
at the vertex and the bt momentum is outgoing. Diagram (d) denotes the wave-function
contribution. Diagrams (b), (c), and (d) have symmetric counterparts which are equal to the ones
shown and included in the computation. Diagram (f) and the diagram with the gluon connecting
both vertices vanish.

vacuum intermediate state we explicitly insert the vacuum state, while for the real-emission
diagrams we use eq. (2.57). In the latter case, we first take the Disc, then expand in € to
extract the UV divergences, and at last take the ¢ — 0 limit to isolate the IR divergences
into In#’ terms. Some helpful formulas for calculating the discontinuity and taking the
limit ¢ — 0 are given in appendix A.

For the beam function calculation the p™ < 0 actually plays a dual role: For the UV
divergent piece we can treat the calculation as in SCET], and so pT ~ bt ~ A?p~, which
allows us to explicitly check the structure of the convolution in eq. (2.22). The renormalized
result contributes to the matching onto PDFs, matching from SCET; onto SCETy;. In the
matching, —p™ < b plays the role of the IR regulator, since we are required to use the same
states as in the PDF calculation. We will see that the IR divergences Int’ match up with
those present in the PDF calculation, and hence drop out in the matching coefficients Z;;.

The diagrams in figure 6 have the same Dirac and propagator structure and overall
factors as the corresponding PDF diagrams in figure 5, so we can reuse those parts from
the previous subsection. The difference compared to the PDF calculation is that for the
real-emission diagrams, instead of doing the ¢T integral by contours, /T is fixed by the
additional & function in b, and since we use time-ordered perturbation theory we must
now take the discontinuity. This also alters the structure of the remaining v | integral, for

which we now use Feynman parameters to combine the denominators. After carrying out
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the £, integration, we will need the following two Feynman parameter integrals

B 1 e (_B)fe _Afe
Il(A,B,e)—/O da[(1 —a)A—aB]™17¢ = €A+ B)
(_B)l—s — Al—e A€

T (1-(A+ B2 (A+B)’

The first diagram, figure 6(a), has real radiation in the final state, so we use eq. (2.57)
for the computation,

(3.23)

1
I,(A, Bye) :/0 da(1-a)[(1 —a)A - ozB]*lf

(gn]0(@)OP™ (£, )| g )

(EEEINE 5 B(w) /ddﬁ p(d—2)3 - o
_ — D — —

1< " )g Cr ) Discisof i oie—pp i) O T+ —p")
o eEERNe 5 0(2)(d - 2) d4-27 (1—a)f?
= —1< A ) g Cr (2r)22 leCt>0/ da/ 22 (72 (- a)A—aBp?
_ aS(M)CF H(Z) YE,,2\€(1 _ \2|__ :
=TI s ety e)[ QWDISCDOIQ(A,B,E)], (3.24)

where we abbreviated
1—=z

t
A=t+t, B = t, A+B= +t. (3.25)
z z

Since ¢ > 0 and z > 0, the only discontinuity in I3(A, B,€) for ¢ > 0 arises from (—B).
Using eq. (A.7) to take the Disc, we obtain

i i (-B)'— sinme 6(B)B'~¢
- D I,(A,B,e)=_ D =
o 1SC¢>0 2( ) 76) o 1SCt>0€(1 _ E)(A+B)2 ( )7T€(1 _ 6) (A+B)2 5
_ 9(1 - Z)H(t sinme  [(1 — 2)t]—€xtte
z me(l —€) (t + 2t')?
Note that there is only a discontinuity for B > 0, so taking the discontinuity for ¢ > 0
requires (1 —z)/z > 0, and since z > 0 we obtain the expected limit z < 1. Since there are
no UV divergences, we can let € — 0, and eq. (3.24) becomes

(4a]6() O (t,0) )™ = QS(;‘;CF 0(=)0(1 — 2)(1 - 2)

(3.26)

O(t)t
(t 4 zt')?
The above result has a collinear IR singularity for ¢ — 0 which is regulated by the nonzero
t'. We can isolate the IR singularity using eqs. (A.2) and (A.5) by letting 3 = 2t/ /u® — 0
while holding £ = ¢ + zt' fixed,?

6(t)t Ot—zt') O(t—=zt')2t'] 1 t - t
Ot _ (t—zt) _0(t—=t)z }: 2£0< 2)—5(t)<ln22—|—1>. (3.28)
M M

11m = 11m
=0 (t+ 2t')?  2t//u2—0 t t2

(3.27)

The final result for figure 6(a) is thus

(o0 lan) = 0 s -0 -] Leo( 1) -0 (w7 +1) )

2w
(3.29)

2We keep the dependence on I in our calculation as it will be useful for checking the structure of the
renormalization in the following subsection.
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Next, we consider the real-emission diagram in figure 6(b). It corresponds to the
(¢~ —w) term in eq. (3.8). Together with its mirror graph, giving an identical contribution,
we obtain

(4| 0(w) 0L (¢, ) [ g )"

L (EEpENE O(w) . A% 2p= 0= 6({~—w) (LT 4+ bt —pT)
- 21( At ) g°Cr " Discrso / (2r)d (6= — p=)(£2 +i0)[(€ — p)2 + i0]

_ a(w)Cr 0() el
= - 1_ZF(1—|-6)(€ w) [ 27TDlscboll(A,B,e)]
as(u)Cr

B’YE,U,Q)ESiIlT('E O(t) (1 — z)z'*e (3.30)

B 0<Z)F(1+6)< t me t+z2t! (1—z)lte

7T
where in the second step we performed the loop integral as before, and in the last step we
used eq. (A.7) to take the discontinuity. As for figure 6(a), the loop integral produces no
UV divergence. However, as in the PDF calculation for figure 5(b), there is a soft gluon
IR divergence at z — 1 or £~ — p~ producing a §(1 — z)/e IR pole when expanding the
last factor using eq. (A.3). In contrast to the PDF calculation, the soft gluon region must
now be explicitly excluded from the collinear loop integral. In dimensional regularization
with an offshellness IR regulator the relevant zero-bin integral is scaleless and vanishes.
Thus, including the zero-bin subtraction removes the 1/e IR divergence and replaces it by
an equal 1/e UV divergence such that all 1/e poles in the final result are UV divergences.
Expanding in €, we have

(0] 0(w)OP (2, 0) | 0a)® = O‘s(‘;)CF 0(z) ti(’;)t, {50~ z)<—1 +ln :2) +Lo(1—2)z},
(3.31)
and taking the same limit as in eq. (3.28) to isolate the IR divergences,
oy (j_(tz)t/ = zt’}i;gl—@ ot _5 #) Mlz Lo </fz) —4(t) In Zl;l , (3.32)
iy 2 = T = () e ),
the final result for figure 6(b) is
(a0t w)a)”
_ O‘s(’;)CF a(z){ {:250(;2) — 5 ;’;] [—1 5(1— 2) + Lo(1 — 2)7]
+ [:2£1<:2) —5(5)(;1112 ;’2 —|—7:>]5(1—z)}. (3.33)

For the diagram in figure 6(c) (and its mirror diagram) we insert the vacuum interme-
diate state between the fields in O, as in eq. (2.58), resulting in a one-loop virtual diagram
involving a single field. The calculation is exactly the same as for the §(p~ — w) term in
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eq. (3.8) times an overall §(t),

(4n]0(@) O (£, w) | g )"
NI _ dde 2l
- _21< A ) §°CrdDip —w) /(%)d (6= p=)(£2 +10)[(£ — p)2 + 0]

Qg e’E 2 € —€ —¢
=0 pia (7 Yo - T 0
a . / / , 9
- s(/;)CF 8(t)6(1 — z){ 612 n 1 (1 T ;2) n ; In2 ;2 1 ;2 Lo 12}  (3.34)

In the last step we expanded in € and took the IR limit. To be consistent we have to use
the same IR limit in the virtual diagrams as in the real-emission diagrams above, which
simply turns the overall §(¢) into a (%),

lim 6(¢) = i 5(t— 2zt =6(t). 3.35
Yim o) = lim (7 2t) = o(0) (3.35)

As in the PDF calculation, the UV divergence in the loop produces a I'(¢) and the soft IR
divergence a I'(—e€). The latter is converted by the zero-bin subtraction into a UV diver-
gence, producing the 1/¢? pole. The 1/€? poles do not cancel anymore between figures 6(b)
and 6(c) as they did for the PDF in figure 5(b), because the phase space of the real emission
in figure 6(b) is now restricted by the measurement of b* via the 6(¢* + b — p™). For the
same reason figure 6(a) has no UV divergence anymore, while figure 5(a) did. The (1/¢) In#’
terms in eqs. (3.33) and (3.34), which are a product of UV and collinear IR divergences,
still cancel between the real and virtual diagrams, ensuring that the UV renormalization
is independent of the IR, as should be the case.
The final one-loop contribution to the quark matrix element, figure 6(d) and its mirror
diagram, comes from wave-function renormalization,
/
(gn]0() O™ (8, w)| @) = 5(£)5(1—2)(Ze —1) = —O‘S(Z;CF 5(H)5(1 —z){ i ~In ;2 + 1} .
(3.36)
Adding up the results in egs. (3.29), (3.33), (3.34), and (3.36), we obtain the bare beam

function quark matrix element at one loop,

(00]6) O 1, ) = @1 e(z){ [6(5)(622 ro)-2 :2&)(:;)]5(1 —2)

2 t 1 t
+ M2£1<;2>5(1 )+ MQLO(/;)EO(I — )1 +2%) (3.37)

2t

(D) [qu(z) In ", — 001~ z)<;—7;2> —l—@(l—z)(l—z)} } .

We now consider the beam function matrix element with external gluons. The corre-
sponding diagrams are shown in figures 6(e) and 6(f). For figure 6(e), which is analogous
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to figure 5(d), we find

(9n]0(w) O™ (¢, ) | g )

CemANe 5 Gw) 1 4z N\ . A% 2% 50— w)s(Lt+ bt —pt)
=i("yy )T (- ) lsct>°/(27r)d (€2 £ 10)2[(£ — p)2 + i0)

_ as(;ZTF H(Zz) T+ 6)(@%2)5(1 :; _ 22> [_ ;ﬂ_DiSCDO I>(A, B,e)
_ay(w)Tr o(t)t
= 0(2)Py(2) (4ot (3.38)

The loop integral and discontinuity are exactly the same as for figure 6(a). The diagram
in figure 6(f) does not contribute to the quark beam function. It can be obtained from
eq. (3.38) by replacing p* — —pt, which takes ¢’ — —t' and z — —z. Doing so, the only
contribution to the discontinuity is still from B = —(1 4 2)t/z for B > 0, which for ¢ > 0
requires —1 < z < 0. Hence, figure 6(f) does not contribute. Using eq. (3.28) to take ¢’ — 0
in eq. (3.38), we get the final result for the bare one-loop gluon matrix element

/

bare (1 as(M)TF 1 t~ ~ zt
(gn]0() O (t,0)]ga)™ = T 0(2) Py (2) 2 50<M2) —6(t)<ln 2 +1) . (3.39)
As for figure 6(a), it has no UV divergences because of the measurement of b, which
means that the renormalization does not mix O, and O,.

3.3 Renormalization and matching

Using the bare matrix elements calculated in the previous section, we can extract the
renormalization of O,. We first take t =t + zt’ — t in the bare matrix elements. Then,

expanding the quark matrix element of eq. (2.22) to one-loop order,

(an] 05 (1. 0)] a0
= /dt/ [Z%(l)(t — 1, 1)(4n Oyt w0, 1) a)” + ZE" (¢ t',M)(qn\(?q(t’,w,u)\qw(l)}
= 28V (1) 6(1 — 2) + (4| O, w, 1) |4 (3.40)

we can then read off the MS renormalization constant from eq. (3.37)

Zh(t,p) =6(t) + ozs(;z;CF [5(t)<€22 + 236) — 3:2&)(:2)} . (3.41)
The fact that the gluon matrix element is UV finite and the UV divergences in the quark
matrix element are proportional to 6(1 — z) confirms at one loop our general result that
the renormalization of the beam function does not mix quarks and gluons or change the
momentum fraction.

In egs. (3.40) and (3.41) we used that we already know the structure of the renor-
malization from our general arguments in section 2.2, i.e. that Z% only depends on the
difference t — t’. Alternatively, we can also use the dependence on z and the finite depen-
dence on t' via t to explicitly check the structure of the renormalization. In this case, we
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must use the same IR limit also for the tree-level result in eq. (2.41), which using eq. (3.35)
becomes

(gn]0(w) Oy, w0, 1) gn)® = Tim 5(£) 5(1 — 2) = 5(F) 5(1 — 2) . (3.42)

t'—0

Taking Z}(t,t',w/w', 1) to be a general function of ¢, ¢’ and w/w’, we now get for eq. (3.40)

(ao|op(t. o)

/ /
_ /dt”(ijj 710 <t,t”, :j,,u) St + 2t 5(1 - :_) + {n| O (t, w, 1) | )

— ZID (1, —t', 2) + (ga] Oy, w0, 1) ] 3 ) . (3.43)

In the first step we used eq. (3.42) and Z%(O) (t,t',z) =6(t—1t")0(1 — z). From eq. (3.37) we
now find

21,1 2 ) = {5(t—t’)+a5(5;CF [5@—#) (622 +23€) - z :2 c0<t ;2’5')} } S(1—2), (3.44)

thus explicitly confirming at one loop that Z%(t,t',z,pu) = Z%(t —t', 1) 6(1 — 2).

The one-loop anomalous dimension for the quark beam function follows from eq. (3.41),

bt = = g 280 = T H eof )+ 2’6@)] S (3a9)

It is identical to the one-loop anomalous dimension of the quark jet function. The coefficient
of Lo(t/p?)/u? can be identified as the one-loop expression for —2I'¢ys,. Thus, eq. (3.45)
explicitly confirms the general results in egs. (2.26) and (2.35) at one loop.

Taking the bare matrix elements in egs. (3.37) and (3.39) and subtracting the UV
divergences using eqs. (3.40) and (3.41) gives the renormalized one-loop beam function
matrix elements,

t
112

1) _ as(u)Cr

2 t 1
(an]0()Oy (1,0, )| ga) V= 1 e<z>{ﬂza(ﬂz)6<l—z>+Mzco( Jeo(1=2)(1+2%)

2t 7T 7w

—5(t) [qu(z) In " — a1 - z)<2 -5 ) —1—9(1—2)(1—2)} }

(gn]0(@) Oy (£, 0, 1) ] g = O‘S%QTF H(z)qu(z){ :2 Lo (:2) —5(t) (1n Z’;/ +1) } . (3.46)

For the matching onto the PDFs, we must take ¢ — 0 and have therefore set ¢ = ¢
everywhere, only keeping t' in the IR divergent Int’ terms.
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Expanding the OPE for the quark beam function, eq. (2.38), to one loop, we have

(4a]0(@) Oy (t, 0, 1) )"
:Z/(?j [Ié;) t "'u><q"‘QJ < H {Qn +I( )( /’/‘)<qn{9j(w/,#){Qn>(1)}

= Zq(;) (t’ 2y M) + 5(t)<qn| QQ(wv M)|Qn>(1) )

(gn]0(w) Oyt 0, 1) gn)!
:Z/(?j [Iéyl-) (t ) (ga Qi 1) 9 + 723 (1 w,,u)<gn|Qj<w',M)|gn><1>]
j
= T30 (2, 1) + 6(8) (90| Qg w, 1) 9)" - (3.47)

Thus, the one-loop matching coefficients, Iéil)(t,z,u), are obtained by subtracting the
renormalized PDF matrix elements in eq. (3.21) from those in eq. (3.46). Doing so, we see
that the In#’ IR divergences in egs. (3.21) and (3.46) precisely cancel, as they must, such
that the matching coefficients are independent of the IR regulator and only involve large
logarithms that are minimized at the scale u? ~ t. The final result for the NLO matching
coeflicients is

Toq(t,z, ) = 0(t) 0(1 — 2) (3.48)

] (s - o) [ o)

+4(t) [L’l(l —2)(1 4 2?) —

Lyt = "9 0] ol )Pt + 00| o) (7 = 1) +00-2)] .

5(1—z)+0(1—z)<1—z— 11+22 lnz):},

—Z

2
6

4 Numerical results and plots

Including the RGE running in eq. (1.6), the full result for the resummed cross section for
isolated Drell-Yan differential in ¢2, Y, and 75 is

do 4o 2
dg2dY drg 3NE2 QZHUQ i) U (0%, i, ) [ dtq dty,

X /dt:lBi(ta — 1, a, i) Up (th, 1B, 11) /dtZBj(tb — th, xp, o) U (th, 1, 1)

x / ak*QSp(Qrp - t”gt” ks ) Us(k® is ). (4.1)
where the sum runs over quark flavors ij = {u, @u,dd, ...} and the additional contribu-
tions from the leptonic matrix element are contained in the hard function. Equation (4.1)
is valid to all orders in perturbation theory. The all-order solutions for the evolution fac-
tors in terms of the respective anomalous dimensions are given in appendix D. The hard,
beam, and soft functions are each evaluated at their natural scales, ugy ~ Q, up ~ \/78Q,
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matching Ve Ceusp 1]
LO 0-loop - - -
NLO 1-loop - - -
NLL 0-loop 1-loop 2-loop 2-loop
NNLL 1-loop 2-loop 3-loop 3-loop

Table 1. Order counting in fixed-order and resummed perturbation theory.

s ~ 7@, and are then evolved to the common arbitrary scale y by the evolution kernels
Ugr, Ugj , and Ug, respectively. With the one-loop results for the beam function presented
above, eq. (4.1) can be evaluated at NNLL order in resummed perturbation theory, which
requires the one-loop matching corrections, the two-loop standard anomalous dimensions,
and the three-loop cusp anomalous dimension (see table 1). All the necessary ingredients
are given in appendix D. If we let vg —i0 be the Fourier conjugate variable to 75, then
the NNLL cross section resums the following terms

do

In d2dYdos Invg (s nvp)* + (s Invg)F + ag(as Invg)F (4.2)

for all integers k > 0.

In the remainder we will focus on the beam functions, which are the topic of this pa-
per. Below we compare results for the quark beam function at LO and NLO in fixed-order
perturbation theory as well as at NLL and NNLL in resummed perturbation theory. Our
conventions for the o loop counting are given in table 1. To evaluate the required convolu-
tions of plus distributions at NNLL we use the identities from appendix B of ref. [27]. We
always use the MSTW2008 [32] parton distributions at NLO for as(mz) = 0.117 and with
two-loop, five-flavor running for a4(u). The uncertainty bands in the plots show the per-
turbative uncertainties, which are estimated by varying the appropriate scales as explained
in each case. They do not include the additional uncertainties from the PDFs and a,(my).

The order of the running of a,(u) deserves some comment. Working consistently to
NLO in the matching corrections requires us to use NLO PDFs, for which the two-loop
running of o was used in ref. [32]. On the other hand, the double-logarithmic running of
the hard function and beam functions at NNLL requires the three-loop running of cs, which
poses a slight dilemma. Ideally, we would need NLO PDFs using three-loop running for
as(p), which as far as we know is not available. The numerical difference between o run at
two and three loops is very small, at most 2%. Hence, we use the following compromise. To
be consistent with our PDF set, we use the above as(mz) and two-loop, five-flavor running
to obtain the numerical value of a at some required scale, and to be consistent with the
RGE, we use the two- and three-loop expression for the QCD [ function in the RGE solu-
tions at NLL and NNLL. (For simplicity we use the same NLO PDFs and «a; also at NLL.)

To illustrate the importance of the various contributions to the quark beam function,
we also consider the beam function in the threshold limit and without the gluon mixing
contribution. In the threshold limit we only keep the terms in eq. (3.48) which are singular
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as z — 1,

T ) 5061 — ) + as(;zCF a(z){;cl(;)au —2)+ ;250(:2)@(1_2)

2

+6(t) [251(1 —2) - ”6 5(1 - z)] } ,
Tt (¢, 2, 1) = 0. (4.3)

The gluon mixing term Z,, contains no threshold term (which reflects the fact that in
threshold Drell-Yan the gluon PDF does not contribute). For the result without the gluon
mixing contribution we keep the full Z,, but set Z,, to zero, which corresponds to adding
the remaining non-threshold terms in Z,, to the threshold result. In the plots below, the
results in the threshold limit are shown by a dotted line and are labeled “x — 17, and the
results without the gluon contribution are shown by a dashed line and are labeled “no g”.
The full result, including both Z,, and Z,,, is shown by a solid line. Hence, the size of the
non-threshold terms in Z,,, and therefore the applicability of the threshold limit, is seen
by the shift from the dotted to the dashed line, and the effect of the gluon mixing is given
by the shift from the dashed to the solid line.

To be able to plot the beam function as a function of the momentum fraction x in-
cluding the virtual terms proportional to §(¢), we consider the integral over ¢ up to some

maximum £,y
Bi(tmax, T, j1) = /dtBi(t,m,u)G(tmaX — 1), (4.4)

where B;(t,z, ) is given by egs. (2.38) and (2.28). In the plots, we always choose tmax =
(re~27TeV)?, which one should think of as tyax = (e*ycuthcm)Q. Hence, this choice of
tmax corresponds to a rapidity cut y“** = 2 for E.,, = 7TeV or equivalently y“** = 2.4 for
FEem = 10TeV. This is motivated by the upper bound y“** = y%"* £V, which follows from
the factorization theorem eq. (4.1) when we integrate 75 < exp(—2y$").

Figure 7 shows the integrated u and u-quark beam function xéi(tmax, x, pupr) evaluated
at the hard scale pug = @ = x 7TeV. For the fixed-order results at LO (lowest gray band)
and NLO (wide green band), the bands are obtained by varying up by factors of two, since
this is the scale at which the perturbation series for the matching coefficients in eq. (2.38)
is evaluated. At LO, the resulting variation is entirely due to the scale dependence of
the PDF. At NLO the sizeable variation indicates the presence of large single and double
logarithms of #,.x/@? when the fixed order beam functions are evaluated at jug.

For the resummed results at NLL (blue band) and NNLL (orange band) the beam
function OPE, eq. (2.38), is evaluated at the beam scale M2B ~ tmax, and the beam function
is then evolved to pp using its RGE, eq. (2.28). In this way, the large logarithms of
M2B / ,u%{ ~ tmax/ /ﬁq are resummed. Here the bands correspond to perturbative uncertainties
evaluated by varying the matching scale pp while keeping pup fixed. The dependence on
the scale up cancels between the fixed order perturbative result for the beam function and
its evolution factor, up to higher order corrections. An estimate for these higher order
corrections is given by the NLL and NNLL bands. These uncertainty bands show the
minimum and maximum variation in the interval \/timax/2 < pp < 2¢/tmax (Which due to
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Figure 7. The u (left) and @ (right) beam functions at the hard scale pg = x7TeV at LO,
NLO, NLL, and NNLL, integrated up to tmax = (ze~27TeV)?. The bands show the perturbative
uncertainties estimated by varying py for the fixed-order results and the matching scale % ~ tmax
for the resummed results, as explained in the text.

the double-logarithmic series do not occur at the edges of the interval) with the central value
given by the center of the bands. The NLL result is close to the NLO result, showing that
the large logarithms make up by far the biggest part in the NLO corrections. Consequently,
the corrections from NLL to NNLL are of reasonable size and within the NLL uncertainties.
Hence, for the beam function at the hard scale, fixed-order perturbation theory is not
applicable. Resummed perturbation theory is well-behaved and should be used.

To study the perturbative corrections to the beam functions in more detail, we consider
them at the scale :“23 ~ tmax, Where there are no large logarithms and we can use fixed-order
perturbation theory. The v and d beam functions at LO and NLO are shown in figure 8, and
the @ and d beam functions in figure 9. The top rows show xgi(tmax, x,up). The bottom
rows show the same results but as relative corrections with respect to the LO results.
At LO, the only scale variation comes from the PDFs and the minimum and maximum
variations are obtained for up = {\/tmax/2, 2v/tmax } With the central value at pup = /tmax-
For the NLO results, the maximum variation in the range tmax/2 < pp < 2v/tmax 18
approximately attained for up = {0.7v/tmax, 2.01/tmax } and the corresponding central value
for pp = 1.4\/tmax. To be consistent we use the same central value pup = 1.4y/tmax for the
NLO results in the threshold limit and without gluon contribution. In all cases the NLO
perturbative corrections are of O(10%) and exhibit reasonable uncertainties.

The integration limits < ¢ < 1 in the beam function OPE, eq. (2.38), force z = x/§ —
1 in the limit x — 1. Hence, the threshold terms in eq. (4.3) are expected to dominate over
the non-threshold terms at large values of x. This can be seen in figures 8 and 9, where
the threshold results shown by the dotted lines approach the full results towards large x
values where the beam functions vanish. For the quark beam functions in figure 8, away
from the endpoint, x < 0.5, the threshold corrections give a poor approximation to the
full NLO corrections. For the antiquark beam functions in figure 9, the threshold result
turns out to be relatively close to the full result even for small x. However, the reason for
this is a relatively strong cancellation between the non-threshold terms in the quark and
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Figure 8. The u (left column) and d (right column) beam functions at the beam scale % ~ tyax
at LO and NLO, integrated up to tmax = (ze~27TeV)2. The top row shows the functions times
2. The bottom row shows the relative differences compared to the LO result. Also shown are the
NLO beam functions in the threshold limit (dotted) and without the gluon contribution (dashed).
The bands show the perturbative scale uncertainties as explained in the text.

gluon contributions Z,, and Z,, at one loop. As shown by the result without the gluon
contribution (dashed lines) the non-threshold terms in the quark and gluon contributions
each by themselves are of the same size or larger than the threshold contributions. Note
also that for the d beam function the threshold result approaches the no-gluon result rather
than the full result at large . A similar but less strong cancellation can also be observed
at small z in the quark beam functions. These appear to be accidental cancellations, which
depend on both the relative size of the (anti)quark and gluon PDFs as well as the relative
size of the non-threshold terms in 7,4, and Z,,. Therefore one must be careful when applying
the numerical dominance of the threshold terms to cases where it is not explicitly tested.

It has been argued [33, 34] that the steep fall-off of the PDFs causes a systematic
enhancement of the partonic threshold region z — 1 even away from the hadronic threshold
limit « — 1. This likely explains why the threshold terms in figures 8 and 9 start to
dominate already close to the x values where the PDFs are close to zero, rather than
strictly near x = 1 [35]. However, our results show that the same arguments do not apply
in the relevant region of x where the PDFs and beam functions are substantially nonzero.
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Figure 9. The @ (left column) and d (right column) beam functions at the beam scale. The
meaning of the curves is analogous to figure 8.

5 Conclusions

At the LHC or Tevatron, the appropriate description of the initial state of the collision
depends on the measurements made on the hadronic final state. The majority of mea-
surements trying to identify a specific hard interaction process do so by finding a certain
number of central jets, leptons, or photons that are distinguished from energetic initial-state
radiation in the forward direction. These measurements effectively probe the proton at an
intermediate beam scale up < @ and the initial state is described by universal beam func-
tions. The beam functions encode initial-state effects including both PDF effects as well as
initial-state radiation forming an incoming jet around the incoming hard parton above up.

We have discussed in detail the field-theoretic treatment of beam functions using SCET.
We discussed their renormalization properties and showed that they satisfy an RGE with
the same anomalous dimension as the jet function to all orders in perturbation theory. The
beam function RGE determines the evolution of the initial state above pp. It resums a
double logarithmic series associated to the virtuality ¢ of the incoming parton, while leaving
the parton’s identity and momentum fraction x unchanged.

We gave a general discussion of the operator product expansion for the beam functions
that allows us to match them onto PDFs f;(&, up) convoluted with matching coefficients
Z;j(t,x /&, up). The latter encode the effects of the initial-state radiation and are pertur-
batively calculable at the scale . We performed this matching at one loop for the quark
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beam function onto quark and gluon PDFs. Our calculation explicitly confirms at one loop
that the quark beam function contains the same IR singularities as the PDF's, and this
required a proper handling of zero-bin subtractions.

In section 4, we presented an explicit expression for the resummed beam thrust cross
section for Drell-Yan production, pp — X/¢T/~, with the necessary ingredients for its
evaluation at NNLL collected in appendix D. An analysis of the cross section at this order
is left to a separate publication [36]. Here, we discussed in detail numerical results for the
quark beam function at NLO and NNLL. The gluon beam function is important for Higgs
production at the LHC. The one-loop matching of the gluon beam function onto gluon
and quark PDFs is discussed in a separate publication and used to calculate the Higgs
production cross section for small beam thrust at NNLL [37]. Another application is to
define a py dependent beam function to study the pp-spectrum of the Higgs [38].

So far, effects of strong initial-state radiation that go beyond the inclusive treatment
via PDFs have only been studied using Monte Carlo methods and models for initial-state
parton showers. The physical picture behind the beam function and initial-state parton
showers are in fact in close correspondence. Beam functions and the beam thrust factoriza-
tion theorem provide a complementary field-theoretic approach to study these effects ana-
lytically. Hence, they provide a crucial tool to obtain an accurate description of the initial
state, which is mandatory to obtain precise and realistic theory predictions for the LHC.
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A Plus distributions and discontinuities

The standard plus distribution for some function g(x) can be defined as
d x
[9(m)g(m)]+ =lim = [0(z — B)G(2)] with G(x) = / da’ g(2'), (A.1)
1

satisfying the boundary condition fol dz [6(z)g(x)]+ = 0. Two special cases we need are

_[0@)In"x] . [0z —-B)ln"z In" 3
En(:c):[ x L_}?l—%[ x +(S(x_ﬁ)n%—l ’
_ 0@ ] _ . [0x—p) al—1
L(x) = |:x177:| X = [lali%[ I +0(x —0) . . (A.2)
In addition, we need the identity
0(x 1
1-5"1‘)5 = 0(z) + Lo(x) — eLy(z) + 0(62) , (A.3)
the Fourier transform q
Lo(z) = — /2y e Infi(y —i0)e7] (A.4)
m
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and the two limits

0z — B)In(z — 2
0(x —
lim (@ xf)ﬁ = 8(z). (A.5)

Away from & = 0 these relations are straightforward, while the behavior at x = 0 is obtained
by taking the integral of both sides. General relations for the rescaling and convolutions
of L, (z) and L7(x) can be found in appendix B of ref. [27].

The discontinuity of a function g(x) is defined as

Discs g(z) = lim |g(z +16) — g(= ~iB)] . (A.6)

If we are only interested in the discontinuity in some interval in z, we simply multiply
the right-hand side with the appropriate 6 functions, as in eq. (2.55). If g(z) is real then
Discgg(z) = 2iIm g(x +10). Two useful identities are

i . 1 (=)™ 5 i n_1SinTE

27TDISCm el = (z), o Discy (—2)" ¢ = (-1) i

O(x)z" . (A7)

To derive the last identity, note that (—x — i0)" ¢ = exp[(n — €)In(—x — i0)] =
|z|"€exp[—im(n — €)f(x)], so taking the imaginary part gives Im(—z — i0)"™¢ =
(—=1)"sin(me) O(z) €.

B Renormalization of the beam function

In this appendix we derive the general structure of the beam function RGE in eq. (2.25) to
all orders in perturbation theory. The two essential ingredients will be the known all-order
renormalization properties of lightlike Wilson lines [39-42] and the factorization theorem
for the isolated pp — XL cross section, where X is the hadronic and L the non-hadronic
final state. In ref. [1] we proved that to all orders in perturbation theory and leading order
in the power counting this cross section factorizes as

-3 st Vo) [ Q] S0 0

X q Bi[wa( a k;)axaaM]Bj[wb(Blj_ - k;_)vxh,u'] . (B'l)

dq2deB+dB+

The sum over ij runs over parton species ij = {gg,uti, uu,dd,dd,...}. The soft function
does not depend on the quark flavor, and its superscript only refers to the color representa-
tion. The variables ¢> and Y are the total invariant mass and rapidity of the non-hadronic
system L, x,p = \/QZeiY/Ecm and w,p = 2qpEem. The hadronic variables B;b are the
hemisphere plus momenta of the hadronic final state X with respect to the directions ng and
ny of the incoming protons. Their precise definition will not be relevant for our discussion.

The three ingredients in eq. (B.1) are the renormalized hard, beam, and soft functions,

H@'j(QQ, Y> :U’)’ Bl'(ta x, M)’ S

1hem1<k+ k:+ ). Their dependence on the renormalization scale
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w must cancel in eq. (B.1), because the cross section must be p independent. The structure
of the RGE for the hard and soft functions thus uniquely determines the allowed structure
of the beam function RGE.

The hard function is a contraction between the relevant leptonic matrix element
squared and the square of the Wilson coefficients of the color-singlet ¢q and gg local SCET
currents

Oaﬁ _

—« /3
qq Xnm—wa anywb ’

Oy = Vwawy By | Biv o, 1 (B.2)
where av and ( are spin indices. In each collinear sector, total label momentum and fermion
number for each quark flavor are conserved. Thus, the currents cannot mix with each other
and are multiplicatively renormalized. Furthermore, RPI-III invariance implies that the
RGE for the currents can only depend on ¢? = wawy. The renormalization of these SCET
currents also does not depend on their spin structure, so the RGE for the hard function
must have the same structure as for the currents. Therefore, to all orders in perturbation
theory we have (with no sum on ij)

d
udMsz(q2,Y, 1) =5 (q* 1) Hij (Y, ) . (B.3)

Next, the incoming hemisphere soft function, S (kT k:;r , 1), is given by the vacuum

ihemi
matrix element of incoming soft lightlike Wilson lines along the n, and n; directions. In

position space,

~ij
Sihemi

(ya_ayb_7,u) = /dk:;'d]g;r e_i(k;ry;-i-k;ry;)/Q gl

ihemi

(kd ks 1) (B.4)

has two cusps, one at spacetime position 0 and one at y = ¥y, n4/2 + ¥, ns/2. The renor-
malization properties of lightlike Wilson lines with cusps [39-42] then imply that to all
orders in perturbation theory,

Tij

d - U
L dMSihemi(ya Uy 1) = Wa Yy o 1) Sipemi Wa > Yy » 1) 5 (B.5)
N ; Ly, — 10 Yy, —1i0 i
00 35 = o) [ (1% ) (i 8 ) ] 4 ),

where I'¢,q, is the cusp anomalous dimension for quarks/antiquarks or gluons, and

’yg [as(p)] and T% . [as(1)] depend only indirectly on p via ag(p). Dimensional analy-

cusp
i

cusp Scales like

sis and RPI-III invariance imply that the single logarithm multiplying 2I"
In(y, v, ©?). (The additional dimensionless factors are chosen for convenience. Any change
in them can be absorbed into Wg(as).) The correct overall sign and i0 prescription for the

logarithms can be deduced from the explicitly known one-loop result [1, 26, 43].

Taking the Fourier transform of the cross section in eq. (B.1) with respect to B, and
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BI;L and differentiating the result with respect to p yields

y S New o
0= Md [Z sz i (2: xa7ﬂ>Bj <2wb’xb"u’>sizlj1emi(ya Yy ’M):|

a
= ZHl] q ) 7Iu’ 1hem1(ya ’yb ’M)

x [Vﬂ(wawb, 1)+ 54 (Wa 1) + “dﬂ B; <2yja , Ta M) B; (;/f)b , T, u) - (B6)
The factorization theorem for the cross section neither depends on the choice of L, which
affects the form of H;; for different ¢j, nor the type of the colliding hadrons. This implies
that each term in the sum over ij must vanish separately. (For example, choosing Drell-
Yan, L = ¢T¢~, there is no contribution from ij = gg, so the quark and gluon contributions
are separately zero. Then, by assigning arbitrary electroweak quark charges, the contri-
bution from each quark flavor must vanish separately. Finally, the ij = gq and ij = gq
contributions for a single quark flavor ¢ must vanish separately by choosing various dif-
ferent incoming hadrons.) Therefore, the RGE for the product of the two beam functions

is
a Tq /L)E( yb Ty /L) - 0 (B l)
2 a,, ) J 2 b’ ) 9

which shows that the beam functions in position space renormalize multiplicatively and

i, VO d1~/y-
Vi (wWawp, 1) + 5 Yo > Yy » 1) + “du]Bi(

independently of z,;. The RGE for each individual beam function can only depend on the
RPI-IIT invariant y~ /2w and obviously cannot depend on the variables of the other beam
function. Hence, we find that to all orders in perturbation theory
d = ry— i (Y y—
Bi((g,, ) = A (5,0 ) Be(, ) BS
M Bilgy @) =B g, H e (B.8)

which is the result we set out to prove in this appendix. Using eq. (B.8) together with
eq. (B.7), the anomalous dimensions must satisfy the consistency condition

) wé(;”’ ). (B.9)

.. i _ - . yi
0 = v (wawps 1) + 58 Yo > Yy + 14) +739<2£ :
a

Given the form of ﬁg in eq. (B.5), it follows that the anomalous dimensions are given to

all orders by

Wg(wawb, )_ 211cusp( )11’1 ZQ +7g(as),

iOMQBPYE) + 7;3(043) 9
v (as) = =i () — vi(as) — vh(as) . (B.10)

Taking the Fourier transform using eq. (A.4), the momentum-space anomalous dimensions

i (Y Y-
T (5 1) = 2hpla) (i

become

. + +
WL 10 = 2Ty (0)| | ﬁo(ku)5(k+)+5(k ) o
).

Y]+ sanang).

V(b 1) = —2Mhep (e0) LO(MQ)H;(@S) ot (B.11)
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The same all-order structure of the soft anomalous dimension as in eq. (B.11) was
obtained in ref. [26] for the hemisphere soft function with outgoing Wilson lines in ete™ — 2
jets using analogous consistency conditions. In fact, the hard SCET currents here and there
are the same and in section 2.2 we proved that the anomalous dimensions for the beam and
jet function are the same, ’yfg = ’yf]. Hence, the hemisphere soft functions with incoming
and outgoing Wilson lines have in fact identical anomalous dimensions to all orders.

C Matching calculation in pure dimensional regularization

Here we repeat the NLO SCET; to SCETy; matching calculation from section 3 using
dimensional regularization for both the UV and IR. Since we only change the IR regulator,
the final results for the matching coefficients Z;;(t, z, ;1) should not be affected.

In pure dimensional regularization all the loop diagrams contributing to the bare matrix
elements of Q, vanish, since by dimensional analysis there is no Lorentz invariant quantity
they can depend on. Hence, including the counter terms in eq. (3.18) to subtract the UV
divergences, the renormalized matrix elements consist of pure IR divergences with opposite
signs to the UV divergences,

<qn|Qq(w,u)|qn>(1) = _1 OCS(;QCF H(Z)qu(z) )
(nlQu(emlon)” =~ T 4yp, (). ()

This shows explicitly that the conventional MS definition of the PDFs in QCD, which
also yields eq. (C.1), is indeed identical to the SCET definition used in our OPE for the
beam function.

Considering the beam function matrix elements, the bare results for figures 6(c)
and 6(d) now vanish, because their loop integrals are again scaleless. For the remain-
ing diagrams we can reuse the intermediate results from section 3.2 before carrying out the
Feynman parameter integrals and taking the discontinuity. Setting ¢’ = 0 the denominator
in the Feynman parameter integrals in eq. (3.23) becomes (1 —a)A —aB =t(1 —«a/z). In
this case it easier to carry out the integral after taking the discontinuity. The discontinuity
we need is

i —1—¢ i —1—¢

Loaf(1 1)) e
where we used eq. (A.7). Since we require z > 0, the first 6 function becomes 6(a — z),
and so we have

. . 1 e
—0(2) Q;Discbo Ii(A,Bye) = —0(2) sine 6(t) /0 daf(a — z)<a - 1)

T thte z
sinme O(t . e
=6(z) e t1(+z O(1 — 2)2'Te(1 — 2)7¢,
sinme  0(t)

_6(2) 2;Disct>0 (A, B,e) = 0(z) (1= ) (1=, (C.3)

me(l —e) tite
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For figure 6(a), using egs. (3.24) and (C.3) we obtain

(gn]0(w) 0P (£, )| g )

= IO gy (em (1 - 2] Discis B4, B.o)

2T
= IO g1 - 21 - r @ — o™ (2 Y
O‘S(N)CF

= H(z)H(l—z)(l—z){:zﬁo(/;)+5(t)(—1+1n122+1>}, (C.4)

where in the last step we used eq. (A.3) to expand in e. For figure 6(b), we start from the
third line in eq. (3.30) and using egs. (C.3) and (A.3) we get

<qn|6(w)05are(t’ w) ‘Qn>(b)

_ as(u)Cr 0(z) T(1 + €)(7% 12)¢ [—2;Disct>ofl(A7B76)]

T 11—z
s sin e — z)zlte
_ (/;—)CF H(Z)F(l =+ 6)(67]3#2)6 e 51(42 921 _ Z;lJre
=W s [-Law+ o )] Lo -0+ o0

+ :2£1(:2>5(1 —z)+ (1) [El(l —2)z—Lo(l —2)zlnz — 7;;5(1 — z)} } . (C.h)

Adding up egs. (C.4) and (C.5), the bare quark matrix element in pure dimensional regu-
larization becomes

(gn]0()OP™ (t,0)[ g )"

= QS(SZCF e(z){ {6@)(; + i) — 3 :2&)(:2)}5(1 —z)— 15(7§)qu(z)

* 5251<:2)6(1 —2)+ :250(:2)50(1 —2)(1+2%)

2 1422
+5(t) [51(1 =142 = a1 2) + 001 - z)(l —z- 7 lnz)} } . (C.6)
We can now proceed in two ways to obtain the matching coefficient Zyq(¢, 2, it).

First, we can subtract 0(¢) times eq. (C.1) from eq. (C.6) to obtain the bare matching
coefficient. This simply removes the (1/€)0(t)P;q(2) in the first line of eq. (C.6). Assuming
that the IR divergences between the PDF and beam function cancel (and including the
vanishing zero-bin) the remaining poles in the first line are of UV origin and determine the
necessary MS counter term, reproducing our previous result for Z% (¢, i) in eq. (3.41).

Alternatively, we can use our general result that the beam function has the same
renormalization as the jet function. In this case, we subtract the one-loop counter term
for Ogare in eq. (3.41) (which is already known from the jet function’s renormalization)
from eq. (C.6) to obtain the renormalized quark matrix element, which equals eq. (C.6)
without the [...]0(1 — 2z) term in the first line. The remaining 1/e pole must then be of
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IR origin, so we again have an explicit check that the IR divergences in the beam function
match those of the PDF in eq. (C.1). Either way, the finite terms in the last two lines of
eq. (C.6) determine the renormalized matching coefficient Z,,(t, z, 1), which agrees with
our previous result in eq. (3.48).

For the gluon matrix element, figure 6(f) again does not contribute. For figure 6(e),
starting from the third line of eq. (3.38), we find

(onl0()05 (1)) 9n)" (€7)
= as(;zTF G(ZZ) 1+ e)(e'YEMQ)e(i : i - 22) [— 217TDisct>0 I,(A, B, e)]
O‘S(N)TF

= SO 000 — AP+ OE (1 =2 422 =9 T AR

as()Tr 1 t 1 1—=2
_ (i a(z){MQEO(MQ)qu(z)—i—é(t) P (= m ' T ) woa )| b
The same discussion as for the quark matrix element above can be repeated for the gluon
matrix element. The (1/€)d(t)P,q(2) term matches the IR divergence in the PDF in
eq. (C.1). Since there are no further poles, no UV renormalization is required and the
quark and gluon operators do not mix. The finite terms in eq. (C.7) then determine the

matching coefficient Zy4(¢, 2, it), reproducing our previous result in eq. (3.48).

D Perturbative results

In this appendix we collect perturbative results relevant for the Drell-Yan beam thrust
cross section in eq. (4.1).

D.1 Fixed-order results

The one-loop Wilson coefficient from matching the quark current from QCD onto SCET
was computed in refs. [44, 45],

Cr —q¢% —i0 —¢% —i0 72
Clgtp) =1+ “WOr[_ 2( ) +3In( )-8 D.1
(@ p) =1+ """ e )l P (D.1)
in agreement with the one-loop quark form factors. The hard function is given by the
square of the Wilson coefficient [1]

(v2 + a2) (v} + a2) — 2Qquque(1 — m% /¢?)

Hog(q? 1) = Hgg(q?, 1) = [QZ +
“ " ! (1= m/e?)? + mzT% /¢!

] C(¢®, w7,
(D.2)
where we included the prefactor from the leptonic matrix element, (), is the quark charge
in units of |e|, vy 4 and ay 4 are the standard vector and axial couplings of the leptons and
quarks, and myz and 'z are the mass and width of the Z boson.
As discussed in ref. [1], the one-loop result for the beam thrust soft function can be

extracted from the one-loop incoming hemisphere soft function [26, 43], yielding

Splk™, ) = 6(k*) + =W OF [_8£1<k:> L

o . ) 5(1#)] . (D.3)

,45,



Our one-loop results for the matching coefficients in the beam function OPE in
eq. (2.38) are given in eq. (3.48).

D.2 Renormalization group evolution

The RGE and anomalous dimension for the hard Wilson coefficients are [44, 45]

d —q¢% —i0
1, O m) =7 W O 1), (@) =T (as)n = 5 4. (D)
The anomalous dimension for the ¢g hard function in egs. (B.3) and (B.10) is given by
v (g%, 1) = 2Re[v% (g% p1)]. The expansion coefficients of T'ép(as) and 7% (a) are given
below in egs. (D.15) and (D.17). The solution of the RGE in eq. (D.4) yields for the
evolution of the hard function

qu(QQHUJ) = qu(QQHUJO) UH(qQ,,U’OHUJ) ) UH(QQ’,U’OHU’) =

)

I r (1o, 11) (_q2 — iO)WH(uo,ﬂ)‘Q
3
KH(:u'Oau) = —QKE(MOMU') + K«/}IJ(MO,M) , nH(MOaM) _ ng(uo7u) ’ (D5)

where the functions K& (uo, 1), 74 (po, 1) and K., are given below in eq. (D.11).
The beam function RGE is [see egs. (2.25) and (2.26)]

d 4
gy Bilt 0 = [t =) Bt ),
) ) 1 t ;
Vil 1) = ~2Whp(05) 5 Loy ) + () 300) (D.6)
and its solution is [24-27] [see eq. (2.28)]
Bz(ta z, M) = /dt, Bz(t - t/7 xz, /’LO) UZB(t,7 Ko, /’L) )
K=y} i )
. e*B B AN api (T
Ug(t, po, i) = ) [ ﬁnB( > +5(t):| ,
b P +ny) Lud~ \ud
Ki(po, 1) = AKp(po, ) + Ki (po,p) . nplpo, 1) = —2np(po, 11) - (D.7)
The beam thrust soft function is given in terms of Sipemi by

SB(k+’M) :/dk;dk;r Sihemi(k;a kljruu) 6(k+_ k(—z’— - k;r) : (D8)

Its RGE is easily obtained by integrating egs. (B.5) and (B.11),

d
gy ST 1) = [ A€ 50 = € ) Sa(E" ). (D.9)

1 kT
186" ) = ATh(e) Lo ) +s(es) 86T) () = =2 () = (e
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whose solution is completely analogous to eq. (D.7),
SB(k+a //J) = /der S(k+ - £+’ :U’O) US(€+5 1o, //J) )

Ks—vrns Lt
U k+7 ’ _ € ["75[’775 46 k+ ] ’
s(k7 pio- 1) L(1+mns) [ro <M0> ")

Ks(po, ) = 4K (1o, i) + K (1o, 1) ns(po, 1) = 4ni(po, 1) - (D.10)

The functions Kb (po, 1), mh(1o, 1), Ko (1o, 1) in the above RGE solutions are defined

as
: W) da, @ do/ : ) day,

Kp(po, :/ ° Féus Qs / Ty nr(to, p :/ ° Féus Qs),
F( 0 ) as(po) ﬁ(as) p( ) as(po) ﬁ(a;) F( ’ ) as(po) ﬂ(as) p( )
) = [ 4 st D.11)
Ho, 1) = Y&s) - .

K as(po) B(as)

Expanding the beta function and anomalous dimensions in powers of ag,

s Qg n+1 i ©© i Qg n+1 ©© Qg n+1
ﬁ(as) = _QQSZBH(ZL]T) ’ Fcusp(O‘S) = Zrn(4ﬂ_> ) '7(053) = Zr}/n(4ﬂ_> )
n=0 n=0 n=0
(D.12)

their explicit expressions at NNLL are (suppressing the superscript i on K}, n% and I'?),

Kr(po, ) = Lo { in ) <1—1—lnr)—|—<rl —61>(1—r—|—1nr)+ b1 In?r

483 Las(po T To  Bo 260
as (o) Kﬁ% B Bz) 1—r? <61P1 B B?) B
+ il 63 5o < ) —{—lnr) + 50T 68 (I—r+rlnr)
B (Tz B 51F1> (1- 7“)2] }
Lo Bolo 2 7
T . r
nr(po, 1) = _2600 [lnr+ O‘ZL’”:O) <P; - Z;)(r —1)
az (o) <F2 AN ﬁz) r? — 1}
1602 \To  fBolo B3 Bo) 2 |’
% as(po) (M B
K= = 70 [ S0 (). (D.13)

Here, r = as(p)/as(po) and the running coupling is given by the three-loop expression
1 X B

_ as(po) [ B2 1 g2 /X 1
as(1)  as(po) + 4B In X + 1672 [ﬁo <1 - X) + ﬂ§< b% + x 1)] ,  (D.14)

where X = 14 a(uo)Bo In(p/po)/(27). As discussed in section 4, in our numerical analysis
we use the full NNLL expressions in eq. (D.13), but to be consistent with the NLO PDF's we
only use the two-loop expression to obtain numerical values for as(t), hence dropping the (32
and 32 terms in eq. (D.14). (The numerical difference between using the two-loop and three-
loop ;s is numerically very small and well within our theory uncertainties.) Up to three
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loops, the coefficients of the beta function [46, 47] and cusp anomalous dimension [29, 40]
in MS are

Bo = 131 Ca— gTF ng, (D.15)
B = 3; o (230 O +40F> Tpny,
By = 2?27 c3 + (c% - 21085 CrCa — 1§15 CA) OTpny + (191 Cp + ;Z CA) AT 0’
Y = 40, (D.16)
rf= 4CF[(697 — 7;;) Cy— 290 Tan] )
e[ B (4 ey

+ (—535 + 16§3) CpTpny — ;7 T2 n?c] .

The MS anomalous dimension for the hard function can be obtained [48, 49] from
the IR divergences of the on-shell massless quark form factor which are known to three
loops [30],

’Y?{o = —6CF,
Y41 =—CF [(892 - 52C3) Ca + (3 —4n® +48(3)Cp + <695 + 772>ﬁ0} :

66167 68672 3027t 782(3  44m3(3
by = —2x( _ _ - 136¢; ) C3
T2 FIlU 324 7 81 135 g T g T106)C%
151 20572 2477 844(¢3  8n%(3
_ _ 12 )
<4 9 135 73 g T12065)CrCa
1672
+< g2y ST +68¢s — 7;<3—24o<5)c%
10781 4467T 4497*  1166(3
— C
+< g1 T 270 9 ) Ao
2953 1372 7rt 128¢ 2417 5w 243
— - - D.17
+<108 18 27 T 9 )ﬁ ( 324 6 )BO} (D.17)

Denoting ’y;{ the coefficient of the §(1—z2) in the quark PDF anomalous dimension, eq. (2.17)
(which gives the non-cusp part of the anomalous dimension in the threshold limit z — 1),
the factorization theorem for DIS at threshold implies that 27, (cvs) +~%(cw) —}—vjqf(as) =0,
which was used in ref. [49] to obtain % at three loops from the known three-loop result for
7? [29]. As we showed in section 2.2, the anomalous dimension for the beam function equals
that of the jet function, v = 73, so the three-loop result for yjqf together with eq. (D.17)
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yields the non-cusp three-loop anomalous dimension for the beam function,

Vho = 6CF,
146 121 272
’Y%lch{( 9 —80C3>CA+(3—4772+48C3)CF+( g T 7?: > 0],

52019 84172  827%  2056(3 8872(3

4 90 [( — — _ 932 >C2

B2 I\ 162 81 27 o T g T22:)C4
151 20572 247x%  844(s  8n%(3

_ _ 12 )
( 4 9 135 T o3 T og T1206)CaCr
29 8t 1672
+(2+%M-g+%@— W@—%mﬁ%

7739 325 , 617 1276C3>
+‘(“ 51 Ts1T T oag T g Ok

3457 572 16(3\ ,, (1166 872 41wt 52(3
( )i+ (o -

_ — . (D1
324 T 9 T 3 27 9 135 7 9 )ﬂl] (D.18)

At NNLL, we only need the one- and two-loop coefficients of 7§ and ~},. The three-loop

coefficients, ~v§,, and v%,, are given here for completeness. They are required for the

resummation at N3LL, where one would also need the four-loop beta function and cusp

anomalous dimension, the latter of which is has not been calculated so far. In addition,

the full N®LL would also require the two-loop fixed-order corrections, which are known for

the hard function, but not yet for the beam and soft functions.
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