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1 Introduction

The Laser Interferometer Space Antenna (LISA) is expected to open the door to observations
of binary black holes systems with long inspirals and extreme mass ratio inspirals, both of
which can be approached fruitfully from an analytical point of view [1-3]. The non-relativistic
limit of these binaries in the center of mass frame is the Kepler problem. The properties
of the latter are, even among classical systems, very special. It is one of only two central
potential problems whose bounded orbits are all closed, the other being the isotropic harmonic
oscillator, a result known as Bertrand’s theorem and going back to 1873 [4, 5]. This is a
consequence of the large, ‘hidden’ so(4) symmetry of the system, leading to maximally
superintegrable dynamics.

General Relativity breaks this enhanced so(4) symmetry down to so(3) (or even further in
case of spinning objects), as do most other relativistic theories. However, there exist relativistic
dynamical systems with the same symmetry group as Kepler to all orders. The simplest of
these are test-particle limits' and include the ‘branonium’ systems identified in string theory
[6, 7]. More recently, the same hidden symmetry was found in A/ = 4 super-Yang-Mills [8, 9]
and N = 8 supergravity [10]. Additionally, in the latter theory, the two-body system is known
to possess the symmetry to first order in the Post-Newtonian expansion, while it preserves
the related non-precession of orbits to third order in the Post-Minkowskian expansion [11].
Finally, also the Kaluza-Klein monopole scattering of [12, 13] should be noted.?

As we have shown recently by explicit construction, Bertrand’s theorem can be extended
beyond classical central potentials: at least up to and including 5th PN order, there exists a
unique class of relativistic two-body Hamiltonians with the appropriate classical limit that

!This is to be expected: while it is far from trivial to write down the Hamiltonian for a multi-worldline
system explicitly, the test-particle case can be viewed as a one-body problem, as the large mass is taken to be
non-moving.

2 Another relativistic so(4)-conserving two-body system is the time-asymmetric scalar-vector theory studied
by [14].



displays additional symmetry. Moreover, all elements of this class can be related to functions
of the Kepler Hamiltonian through canonical transformations [15]. An all-order argument
was subsequently put forward by Davis and Melville in [16] and will be outlined below.

In the present work, we further investigate this class of relativistic Hamiltonians possessing
Keplerian symmetry to all orders, having the correct special-relativistic and non-relativistic
limits. Our focus will be on three examples of the class, for which we propose a realisation
in terms of fundamental forces. We find that all these can be lifted to 5D systems, and
subsequently linked to classical theories via the Eisenhart lift. This provides for a geometric
interpretation of the link® with Keplerian dynamics.

The 5D formulation also allows for a connection between the three examples via the
double copy. Known primarily as a relation of scattering amplitudes in gravity appearing as
the ‘square’ of gauge theory amplitudes [17], we will instead employ the so-called classical
double copy, similarly linking background solutions of these theories [18]. More specifically,
we will use it to connect dynamical systems in the sense of [19]. Interestingly, the three
examples of relativistic dynamics with Keplerian dynamics are exactly linked in this way.
This provides a precise sense in which hidden symmetries and maximal superintegrability*
carry over under the classical double copy.

2 Relativistic Bertrand’s theorem

It is natural to wonder what lies beyond the celebrated Bertrand’s theorem of classical
mechanics, once moving into the realm of relativistic physics. For reasons that will be
outlined in what follows, we will consider the following (implicit) definition for our class
of relativistic Hamiltonians:

1
H? = m?c* + p*c? — () F (m02 + H) , (2.1)
T

where F'(x) is a continuous and smooth function that encodes the nature of the attractive force.
Note that this class of Hamiltonians reduces, in the absence of the attractive force (F' — 0),
to the special relativistic free particle. When perturbatively including the attractive force,

1
F($)=f0+f1$+§f2$2+--- : (2.2)
we see the coefficients must have dimensions [f;] = M=) [B=9T70=2) " Specializing to

fo = 8GM /c? as the only nonzero component for instance, with M some reference mass, the
resulting Hamiltonian reads in a post-Newtonian expansion

2
S8GM
H =mc* + b oA
2m r
1 pt 32G%M?m o 1 53
~ 8Smic2 r2c? A (2.3)

3We generalise this link between classical and relativistic dynamics to multi-center systems in the Appendix A,
along with a rigorous mathematical proof of the relation.

4Another, less symmetric example is provided by the integrability of the Kerr space-time that also carries
over [20].



In the non-relativistic limit, the system therefore reduces to Kepler (up to a constant
rest-mass energy).

The relativistic corrections of this class of Hamiltonians retain the special property that
all bounded trajectories are closed orbits. At a heuristic level, this can be seen in the following
way. As energy is conserved, the argument of the force term in (2.1) will take a specific,
constant value for a given trajectory. For this trajectory, the force is therefore given by
some constant F', and the Hamiltonian reads

H = mc®\[1 + 2Hgep/me?, (2.4)
for a Kepler Hamiltonian

p 1 F
2m  r2mc?’

Hyep = (2.5)

It is therefore natural to expect that this class of systems has closed orbits. This is confirmed
by the presence of a relativistic generalisation of the Laplace-Runge-Lenz vector, that takes
the form

R | ) .
A_pr—@F(mc +H)T, (2.6)

in terms of angular momentum L=7x p and the unit position vector #. This vector is respon-
sible for the maximal superintegrability and hence closed orbits in the non-relativistic case.

The dynamics of the above theories can be seen as a non-standard way of stacking Kepler
energy levels: the effective gravitational coefficient is set by F' and hence is orbit-dependent.
In a hypothetical solar system governed by such an attractive force, planets would fail to
satisfy the universal Kepler’s third law relation between period and radius. As discussed
in more detail in the Appendix A, a particular time reparametrisation of (2.1) connects
it to a new Kepler Hamiltonian, for which Kepler’s third law does hold for all orbits with
the same universal proportionality constant.

One issue with the above heuristic argument is that it only applies to separate energy
levels and not the complete phase space. It would therefore be desirable to have an alternative
perspective, that applies to the union of all orbits. Indeed this appears to be possible: we have
demonstrated (with an explicit construction) that this class of Hamiltonians is the unique
extension of the Kepler system that combines the special relativistic and the non-relativistic
limits (when F' — 0 and ¢ — oo, respectively) that has the so(4) hidden symmetry and
closed orbits, up to and including 5PN order. It is therefore the natural generalisation of
Bertrand’s theorem to the relativistic domain (at least for the Kepler system).® Moreover,
this system is canonically equivalent to Kepler in a neighbourhood around an energy level,
at least up to 5PN order [15].

A closely related claim has been put forward by Davis and Melville in [16], who employ
a reorganisation of PN corrections into powers of 1/r multiplied by functions of the Kepler
Hamiltonian. They argue that the function multiplying the 1/r part of this expansion can

SEquation (2.1) is indeed one of only two classes, as the non-relativistic limit of a ‘relativistic Bertrand
system’ would still have exclusively closing bounded orbits as the limit is contained in the relativistic problem,
i.e. the limit would need to be either the Harmonic Oscillator or Kepler.



be made vanishing (their so-called ‘LRL gauge’) by means of canonical transformations.
Subsequently, they demonstrate that all higher-order powers of 1/r similarly have to vanish
for the system to have closed orbits and hidden symmetries. This then implies that the class
of Hamiltonians (2.1) is canonically conjugate to Kepler to all PN orders.

Having introduced the class of Hamiltonians as the relativistic generalisation of the
Kepler system that has hidden symmetries, in the next sections we turn to their physical
interpretation; in other words, which forces generate this kind of dynamics? We will show
that there are three cases - where we take F' to be constant, linear or quadratic in its
argument - where a natural interpretation in terms of 4D relativistic field theories presents
itself. Moreover, all three cases allow for an uplift to a 5D system. Different reductions of
this 5D perspective allow one to prove the canonical equivalence between the classical and
relativistic systems to all orders in the PN expansion.

3 General relativity

We will first discuss the quadratic case, F(z) = % fox?, and its interpretation in terms of
general relativity. As the constant fo must have the dimension of length, it is natural to
suppose this is given in terms of a mass scale set by some reference mass M, such that fo = 27/,

with ryr = A‘S—QM (while the factor of 4 will be clear in a moment). The Hamiltonian reads

H? = m?ct + p*? — (W) (mc® + H)%. (3.1)
r

It has been shown® that this system arises when an extremal particle (with equal mass
and charge) is orbiting a specific background of the 4D Einstein-Maxwell-dilaton system,
with bulk Lagrangian density

N N R
=Y I (Cr-"T00 - ——F), (3.2)

where we take the units such that the gauge potential A, has [A%] = MLT~2. For closed
orbits, the dilaton coupling of this system has to take precisely the Kaluza-Klein value
a = /3 that allows for the bulk Lagrangian to be uplifted to 5D. This suggests that also the
particle Hamiltonian (3.1) has a 5D interpretation. Indeed this is the case; upon making
the identifications

Py=—, Ps=mc, (space-like), (3.3)

H
c
the Hamiltonian (3.1) corresponds to geodesic motion along a null geodesic,

g*PPyPp =0, (3.4)

where Py = (Py, P1, P3, P3, P5) and the middle three components form the three-momentum
P = (P, Py, P3). The metric is the uplift of the Einstein-Maxwell-dilaton background

ds® = napdatdz® + <Tf) (dz® — dz®)?, (3.5)

SCompare equation (4.22) in [15] with H — H + m.



and is a so-called Bargmann space. Because of the harmonicity of the potential “2£, this space
is Ricci-flat (except at r = 0), i.e. it solves the vacuum Einstein equations [21]. This spacetime
is an example of a pp-wave (plane-fronted wave with parallel rays) due to the presence of the
covariantly constant null-vector dy + 05. One can source this by the energy-momentum tensor

Ty = 471'%/[5(7“) , (3.6)
with v = %(xo — 2°) and ) setting the strength of the source and thus the energy of
the pp-wave.

Interestingly, the same 5D perspective can also be related to the non-relativistic Kepler
case; this is referred to as the Eisenhart-Duval lift [22, 23]. Starting in 5D and making
the alternative identifications

Po—F _ Hgep Po+Ps
V2 c ’ V2

the vanishing norm of the 5D momentum leads to a particular non-relativistic Kepler system

=mec, (null), (3.7)

p?>  rymc?

Ay = 2 —
Kep 2m r

(3.8)

Though in different guises, the above two reduced systems therefore are one and the same, up
to time reparametrisation (or conformal transformations, in the case of null-geodesics [24]).
Yet the reductions correspond to what appear to be distinct physical systems, dependent
on the different assignments (3.3) or (3.7) for mass and energy, as discussed in generality
in Appendix A.

The 5D formulation allows for a geometric perspective on the so(4) hidden symmetry of
the Kepler system, as these can be seen to be generated by an interplay of Killing vectors
and tensors [21, 23]. A vector field K is a Killing vector field if

VKy =0, (3.9)

and generate conserved quantities K%p, along geodesic motion. A rank-n Killing tensor
K, . 4, is defined analogously by [25]

0, (3.10)

2..Qnt1)

V(o Ka

and leads to a conserved quantity K%' p, ---p,, along geodesics [26]. Notice that the
arrow of implication goes both ways: any conserved quantity that can be written as a
tensor contracted with momenta also implies the existence of a Killing tensor. Conserved
quantities of quadratic or higher order in momenta are symmetries of the phase space that
cannot be constructed as the lift of a symmetry of configuration space, and are referred
to as hidden symmetries [27].

The above concepts can be applied to the 5D incarnation of the Kepler problem. The
Bargmann space (3.5) has three Killing vectors associated with angular momentum. In
addition, it has three Killing tensors that generate the Laplace-Runge-Lenz vector reading

—

A= (px (7 xp))

which is quadratic in momenta.

2TM02 N

(Po+ Ps) 7, (3.11)

1
2



Let us conclude this section with two remarks on the 5D symmetry algebra. Firstly, when
we take the limit M — 0 toward flat space, the second term in the above vector vanishes,
implying the quadratic Killing tensors become reducible, as they are now built completely
out of the Killing vectors related to the conserved angular momentum L=rFX p and the
momentum p. The latter in this case is conserved as well, since the space regains translational
symmetry in the three spatial directions of .

Secondly, note that none of the conserved quantities related through Noether’s theorem to
the so(4) symmetry of the Kepler problem is generated by a genuinely conformal Killing tensor
or vector. All conserved functions commute with the 5D geodesic Hamiltonian regardless
of its value. As such, it is clear that the relation between Kaluza-Klein dynamics and the
Kepler system still holds for massive geodesics, though the effect on the dynamics is of
negligible consequence, as it results in the addition of a fixed constant to the Hamiltonians
after reduction.

4 Electromagnetism

We now turn to the second element of the class of Hamiltonians (2.1) for which we propose an
interpretation as coming from a relativistic field theory, being the case with a linear function
F(z) = fiz. In this case the Hamiltonian reads

1
H? = m?ct + p*? — () fi(me® + H). (4.1)
r
Upon making the space-like replacements (3.3), this becomes

nABP,Pg — C) %(P5 +Py)=0. (4.2)
In contrast to the quadratic case, the above cannot be written in terms of a Lorentzian metric
solving the Einstein equations.” Instead, the natural interpretation of the lifted form is in
terms of an electromagnetic force, linear in momenta.

This can be understood in terms of the classical double copy, which maps the specific class
of so-called Kerr-Schild backgrounds of General Relativity to solutions of Maxwell’s equations
in electromagnetism. Among more obvious solutions such as the Kerr and Schwarzschild
black holes, also time-dependent pp-waves have been shown to have a classical double
copy structure [18]. The spacetime we are interested in is a subset of this, being a time-
independent pp-wave.

The class of Kerr-Schild solutions takes the form

9AB = gaB + 159 lalp, (4.3)

and consist of a background metric g (which should separately satisfy Einstein’s equations)
plus a deformation in terms of a harmonic scalar function, O¢(r) = 0, and a vector l4
that is null with respect to g and therefore also total metric g. The Schwarzschild radius

"It can be written as a momentum norm on a Finsler space, a generalisation of pseudo-Riemannian
space [28].



reads rs = 2GM/c?. The Kerr-Schild double copy then says that the vector Ay = ¢l4 is a
solution of the Maxwell equations and ¢(r) is a solution of the scalar field equation.

The Bargmann space introduced above is exactly of Kerr-Schild form, with a flat
background metric and SO(3) rotationally symmetric function, ¢ = 2/r. This gravitational
solution therefore generates, via the double copy procedure, the following solution of Maxwell’s
equations, now including all constants:

Aa = LGo(r)la, (4.4)

where we introduced g as electromagnetic coupling and § as a charge. This single copy is
itself an electromagnetic pp-wave and [4 is its wave vector. The source for this field ‘single
copies’ as well, similar to [18].

Given the interesting dynamics of geodesics in the Bargmann space-time, can we expect
similar behaviour in the Maxwell configuration? In other words, does the hidden symmetry
and maximal superintegrability survive the double copy? Interestingly, this turns out indeed
to be the case: the Hamiltonian with linear force function (4.1) has an interpretation as a
charged particle in the single copy background (4.4). Specifically, after setting f, = %q(j and
uplifting to 5D via (3.3), the Hamiltonian of the linear case can be written as

T]ABPAPB =0, with PA:PA—%AA, (4.5)
C

in terms of the modified momentum P of charged particles in the vacuum EM background (4.4).
This places the linear case on a par with the quadratic one, with interpretations in terms
of electromagnetic and gravitational force fields, respectively.

With the 5D interpretation in hand, one can consider its dimensional reductions. The
null reduction straightforwardly leads to the usual non-relativistic Hamiltonian, which in this
case is interpreted as the Coulomb system. In contrast, the space-like reduction leads to a
relativistic field theory with coupled degrees of freedom. In order to see this, separate the
5-dimensional vector field in parts A4 = (A,, As = x). The field Lagrangian then reads

1 1 , 1
L= —ZFABFAB = _ZFMVFM - 5(3;0()(3“)()7 (4.6)
implying a theory with a scalar x and vector A,. The particle Lagrangian can be found
by taking
1 A.B 99, .A
L, = —op1ABLTE + ?AAx , (4.7)

which can be Legendre transformed to write it in terms of Ps instead of #5. One then has
1 ., hi(lgq > 9q, .

Solving the equation for the auxiliary variable h, picking the branch giving the correct kinetic
term, we find the Lagrangian

2
Loln= —\/ - (gcqx - P5) My Ha” — %Auj;“. (4.9)



The solutions of the fields are, as in (4.4), given by

X= iq% Ao = —%q; (4.10)
This is exactly the theory found by [9], describing a non-minimally coupled scalar-vector
theory, having a LRL symmetry. It has its origin in N/ = 4 supersymmetric Yang-Mills,
which similarly enjoys an additional symmetry in the the limit that one of the particles is
much larger than the other [8, 29].

Due to the 5D interpretation of this theory, we now have a natural link between the
non-relativistic Coulomb system and this specific relativistic Maxwell-axion field theory.
The relation between both symplectic reductions implies that the energy-level equivalence
between the two theories necessarily extends to all orders in the PN expansion, with the
time reparametrisation as discussed in Appendix A.

5 Nordstrom gravity

The last Hamiltonian in the class (2.1) that we propose a field theoretic interpretation for,
is the one with function F'(z) = fp constant:

1
H? =m?ct + p*c® — (r) fo- (5.1)

The Hamiltonian of this system is a simple function of the Kepler Hamiltonian, and as such
naturally has a hidden symmetry and closed orbits. Given the sequence of double and single
copy in the previous two sections, however, it is natural to investigate its interpretation as
a zeroth copy relativistic field theory. This will feature an attractive scalar field, as first
proposed by Nordstrém in 1912 [30].

The scalar ‘zeroth copy’ is an Abelian version of the bi-adjoint scalar. The constant
fo in the potential term now has the dimension of energy squared times length, so we set
fo= rMm§c4, with rp; as before and mg some mass. Lifting the Hamiltonian to 5D yields

napPAPB = mECQTTM , (5.2)

and hence a position-dependent mass. Legendre transforming this to the Lagrangian of
a geodesic yields

A B
NABLT X 9 ohry
Ep = T mgc 57, (53)

where we have included the auxiliary Einbein h. It can be solved for to generate

Loln= macy/$(rnapiAi? (5.4)

with the scalar field ¢(r) = "2 minimally coupled and now dimensionless, and solving the
field equation in a vacuum.

This completes the trilogy of double copy related relativistic field theories, at least
from the 5D perspective: the Hamiltonians with constant, linear and quadratic functions
correspond to the natural sequence of spin-0, 1,2 exchange field theories.



Again, it will be interesting to investigate the dimensional reductions. As before, the null
reduction directly generates a non-relativistic system akin to the Kepler and Coulomb ones.
The space-like reduction, instead, generates a coupling to a new scalar field profile. After
dimensional reduction of (5.3) and subsequent elimination of the Einbein h, we find

[’P‘h: —msc\/qg(r)(—nuuiﬂjj’/) , (55)

with the scalar now given by
p(r)y=1-—. (5.6)

This particular profile for the scalar field then produces exactly closing time-like curves, and
it is the Lagrangian giving rise to H in equation (5.1) with proper time parametrisation.

In general, scalar fields generate a perihelion precession that is given to first post-
Newtonian order by

1+ a9
6

Af = Abgr , (5.7)
with Afgr the perihelion shift in GR and a9 is a parameter that characterises the coupling of
the scalar field (at quadratic level) to the probe particle [31]. How does this and similar results
relate to our system displaying no precession? Whereas as = 0 in Nordstréom’s final theory
(see [32]), az = 1 in the only-scalar limit of [16] and Nordstrom’s first theory (see [30, 33])
and indeed, working out the square-root expansion we have ay = —1 for the scalar (5.6).
At this point it is also interesting to compare to the classification of Bertrand spacetimes,
as pioneered by Perlick [34]. These spacetimes are defined by having the special property
of having closed orbits; however, Bertrand spacetimes are not required to solve the source-
free Einstein’s equations and generically need to be supplemented with non-trivial energy-
momentum tensors. In contrast, in all three cases that we have discussed, the backgrounds
satisfy the source-free bulk equations of motion of the three relativistic field theories. The
latter case of the zeroth copy includes the coupling to the harmonic scalar field in [30]. From
the particle’s perspective, this is equivalent to coupling to a conformally flat metric with
overall factor (5.6); this therefore has to be a Bertrand space-time. We have checked that the
general class of solutions of [34] indeed includes this as the unique conformally flat possibility.®

6 Discussion and conclusion

In this paper, we have studied the possible interactions giving rise to Keplerian symmetry in
field theories. We have presented the unique extension of the classical Kepler system to a
relativistic system with the same so(4) algebra and the correct special relativistic limit, at
least up to 5PN. This relativistic class of Hamiltonians contains terms naturally interpretable
through a lift to 5 dimensions as spin-0,-1 and -2 interaction. We discussed how these
project to relativistic theories in 4 dimensions, and their relation to the classical Kepler

8Specifically, the mapping is from the lower signs in equation (13) of [34] with D — —2/r%;, K — 4/r%;
and G — 0 and rescaling the time t — ¢ rM/\/i.



problem. Moreover, the interactions can be viewed as zeroth, single and double copy in
a classical double copy structure.

The 4D systems with so(4) symmetry corresponding to spin-1 and -2 in 5D are known
in literature to stem from A = 4 super Yang-Mills and N' = 8 supergravity [9, 10], which
can be truncated to the non-minimally coupled scalar-vector and Einstein-Maxwell-dilaton
with a = /3 respectively. However, the spin-0 system in terms of a dilaton field theory,
whose resulting effective metric coincides with a type of Bertrand spacetime [34], appears
to have escaped attention so far.

It is not clear whether generic combinations of terms in the function F(z) can be similarly
realised as reduced 5D systems. Crucially, the lift of a generic quadratic polynomial in z
does not appear to be Ricci-flat, implying it does not have a Kerr-Schild form and evades
the classical double copy structure. Equally interesting would be to investigate whether
higher order terms, like 2% have interpretations in terms of higher-spin fields. Supposedly,
this is not excluded if the background solutions linearize, i.e. the underlying field theory is
non-interacting in the chosen coordinate system, which is the case for the three instances
discussed here.

The trajectories in all systems from a 5D perspective can be seen as reparametrisations
of trajectories of a classical Kepler problem. In a similar vein, all one-body dynamics in
the particular relativistic systems discussed can be linked to classical dynamics. Though we
have focused on the particular case of relativistic 1-center problems with classical symmetry,
all the above constructions hold with any harmonic background potential ¢: the Einstein,
Maxwell and scalar field equations are still solved after the 5D lift. The reduced systems are
then through time reparametrisation related to their classical counterparts.

For example, a multi-center background in Einstein-Maxwell-dilaton theory with a = /3
and extremal objects can be constructed, which is orbited by an anti-extremal test particle.
This is the space-like reduction of a Bargmann spacetime of which the null-reduction is the
classical Newtonian multi-center system. The relevant harmonic function for n centers (all
extremally charged) is given by —¢(7) = ‘;f[r}.ﬂ 4+ 4 % [35], and the Hamiltonian for
an anti-extremal test particle of mass m satisfies

2
H? = m*c + p?c® + ¢(7) (m62 + H) . (6.1)

This connection immediately implies these solutions possess the same integrability properties
as their equivalents in non-relativistic mechanics, that is, the two-center case is integrable,
while the systems with a higher number of centers all display chaotic scattering [36-38], as
discussed for more values of the dilaton coupling in [39].

Some further questions present themselves. Firstly, all mentioned so(4) preserving systems
are test-particle limits. It would be interesting to consider the two-body problem beyond
the first order in mass ratio or relativistic expansions in these theories, as done for example
by [11], who still found no precession of the orbits at third Post-Minkowskian order for
extremal black holes in A/ = 8 supergravity (but did not confirm or exclude persistence of
so(4) symmetry). Modern scattering amplitude methods? seem to be well-suited to this task,

9For instance, it would be interesting to investigate whether the effective one-body approach in Kerr-Schild
formulation [40] allows to capture comparable mass ratio effects in the 5D Kerr-Schild potential.

,10,



especially in the light of the double copy, which might allow one to directly export results
from N/ = 4 super Yang-Mills to N/ = 8 supergravity.

Secondly, is it possible to extend the idea of relating relativistic systems to geodesics
in higher dimensional spaces to multi-body systems? This would need to account for the
multi-worldline nature of such systems, possibly by including more time-like dimensions in
the higher dimensional system. It would be intriguing to see if this alternative perspective
could lead to new or simplifying insights into relativistic dynamics, and whether interesting
connections can be made to classical systems.
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A Relativistic dynamics as reparametrised classical trajectories

In this more mathematically oriented appendix we provide further details on the time
reparametrisation that relates the (non-)relativistic Hamiltonians, and make this connection
rigorous in terms of the Marsden-Weinstein reduction of the higher-dimensional phase space.

To this end, we will start from a slight generalisation of the above, with Hamiltonians
H(q,p) (introduced in [15]) solving an equation of the form

2
~1(a.p) = e+ LT gy (A1)

with f and g suitable smooth functions R — R and C, a nonzero constant. We will show
that these are similarly related to classical Hamiltonians using Marsden-Weinstein reduction,
employing a symmetry of a Hamiltonian system to reduce its dimension by an even number.
This procedure guarantees that the reduced space remains symplectic, since the symplectic
form is given by the restriction of the initial symplectic form to the new space [41].

Assumptions 1.

1. Let ® : RA\A — R be a smooth function, A a discrete set of isolated points and ag—? #0
for all ¢ € R\A.,

2. Let Hy : M — R be a Hamiltonian on M = T*(RN\A) with coordinates ¢ € RY and
p € R?, defined by

Hi(q,p) = = + ®(q), (A2)

for two smooth functions f,g: R — R.

3. Let C,, C, € R be nonzero constants such that f(Cy) # 0, g(Cy) # 0 and

g (Co)@(q) + f/(Co)Cu #0, for all g € RNA. (A.3)

— 11 —



Proposition 1. Given Assumptions 1(1-3), if the Hamiltonian Hy(q,p) implicitly defined
by (A.1) exists for Ha(q,p) = C,, the trajectories on an energy level Hy = —C,, of the first
Hamiltonian and Hy = C, of the second are in one-to-one correspondence, up to the time
reparametrisation

dtl f (Cv)

— = . A4

at: ~ ¢(C)8(a) + PG .
Proof. Consider a manifold M = T*(R? x (R?\A)), with canonical coordinates (u,v,q; Py, Py, p)

and Hamiltonian H : M — R given by

2
H(,0,0: Pay Poyp) = 9(P)®(a) + f(P)Pu+ 5. (A.5)

The proposition is an application of Marsden-Weinstein reduction restricted to the level set
#~1(0). Since u and v are cyclic coordinates by construction and the corresponding actions
(by translation) are both free and proper, we can apply the Marsden-Weinstein theorem [41]
to symplectically reduce over either of them. We can construct the two possible reductions
using the momentum maps p, := (H, P;) : M — R?, where * denotes either u or v, giving
two, in principle different base spaces B, = u; (0,C,)/R, and corresponding projections
7, o uy 1(0,Cy) — B,. Here (0,C,) are assumed to be regular values of y, for now. Note
that the base spaces are odd-dimensional, as the value of H is fixed, so that the established
relation is between energy levels of H; and Hs.

Consider the regularity requirements dH # 0 and dP,,dP, # 0. The latter are trivially
satisfied, while the former gives

dH(u,v,q; Py, Py, p) = ?jg(Pv)dq + f(Py)dP,
+ (¢'(P,)®(q) + f'(Py)Pu)dP, + pdp . (A.6)

By the Assumptions 1(1-3) this is never vanishing on the domain of consideration, nor are
dH and dP,,dP, linearly dependent. This shows that the values (0,C,) are indeed regular.

Let us now reduce the system over the cyclic coordinates (u.v) to obtain new Hamiltonian
functions that are exclusively dependent on the classical variables (¢q,p). When we reduce by

v we have )
9(Cy)® + f(Cy) Py + % =0, (A.7)
so that reparametrisation A — f(C,)A results in
2 Cv
N GO (A.9)

2f(Cy) ~ f(Co)

This means that we effectively have a Hamiltonian —P, = H1(q,p), which moreover has a

time parameter given by ¢t; = u = f(C,)\ associated to it, as is apparent from Hamilton’s

equation % = g}l{ .

If, instead, we reduce phase space M over u, we end up with

— 12 —



By assumption, this is solved by Hs(q,p) = C,. Hamilton’s equation

dv _
dx
then implies the associated time to is given by dte = dv = (¢/(P,)® + f/(P,)C,)dA. For
energy levels Hy = —C), of the first Hamiltonian and Hy = C,, of the second, this means the

9'(Po)® + f'(Py)Cu, (A.10)

reparametrisation from the first Hamiltonian to the second is given by

dtl f (Cv)

— = ) A1l

dts ~ §(C)8() + F(CIC, (A1
which concludes the proof of the relation between the two. O

For concreteness we now apply this procedure to the relativistic class of Hamiltonians

H? =m? 4 p* - <i> F(m+ H) (A.12)

dropping factors of ¢? for legibility. As discussed in the main text, under the replacements (3.3)
these lift up to the level set H~!(0) of

1
H=P - F+p — <T)F(P5+Po). (A.13)

Hamilton’s equation tells us that the relation between the time-parameter A of this new
Hamiltonian is related to the old time parameter ¢ by

dt 1

—=2P— (- |F (Ps+ P, A.14
Y 0 (T) (P + Fo) (A.14)
where ¢ is conjugate to Py (and hence H).

The canonical transformation to null coordinates

(w2 ) = \}i (w5 +t, 25 — 1) | (A.15)
1
P.,P)=——(Ps+ PRy, Ps— R, A.16
(Py, P-) \/5( 5+ Po, 5 — Py) (A.16)
results in
2 1
—2P_ P =p’ - (-~ F(vap) (A.17)

on level set H~1(0). Assuming P, # 0, a time reparametrisation to A = 2P, X reduces
it further to

P = ;’Pi - (i) 2;)+F (vary) (A.18)

so the alternative symplectic reduction over z setting P, = m results in —P_ =: H_
defining a Kepler Hamiltonian reading
2

o= _ (1> L r (Vamy) . (A.19)

C 2my r) 2mg
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The relation between both time parametrisation therefore reads

dx_ oH
o = ap. = 2P+ (4.20)

where x_ is conjugate to H_.
Crucially, the Marsden-Weinstein result guarantees that both reductions preserve the

symplectic structure. From the above, it directly follows that the time reparametrisation

.

that links trajectories on energy levels H_ = —=(Hy — m) of the Kepler Hamiltonian to those

V2
on energy levels H = Hy of the original is given by
dz_ V2(Ho + m) (A.21)
de —2H() - (%) F’ (m + H())

This transformation maps relativistic systems that violate Kepler’s third law to Kepler
ones that satisfy it.

Note that only when F(x) is homogeneously quadratic, does each energy level map
to the same Kepler background, such that the potential coefficient in the Hamiltonian
becomes linear in the mass of the probe. For all other functions, the effective Newton’s
constant becomes probe-mass dependent and hence would violate the equivalence between
gravitational and inertial mass.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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