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ABSTRACT: We revisit a low-energy theorem (LET) of NSVZ type in SU(N) QCD with Ny
massless quarks derived in [1] by implementing it in dimensional regularization. The LET
relates n-point correlators in the L.h.s. to n 4+ 1-point correlators with the extra insertion
of TrF? at zero momentum in the r.h.s. We demonstrate that, for 2-point correlators
of an operator O in the l.h.s., the LET implies that, in general, the integrated 3-point
correlator in the r.h.s. needs in perturbation theory an infinite additive renormalization in
addition to the multiplicative one. We relate the above counterterm to a corresponding
divergent contact term in a certain coefficient of the OPE of TrF? with O in the momentum
representation, thus extending to any operator O an independent argument that first appeared
for O = TrF? in [2]. Finally, we demonstrate that in the asymptotically free phase of QCD the
aforementioned counterterm in the LET is actually finite nonperturbatively after resummation
to all perturbative orders. We also briefly recall the implications of the LET in the gauge-
invariant framework of dimensional regularization for the perturbative and nonperturbative
renormalization in large- N QCD. The implications of the LET inside and above the conformal
window of SU(N) QCD with Ny massless quarks will appear in a forthcoming paper.
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1 Introduction and physics motivations

In the present paper we work out in dimensional regularization several equivalent versions
of a low-energy theorem (LET) of NSVZ type in SU(N) QCD with Ny massless quarks
derived in [1].

In fact, in the original NSVZ papers [4, 5] an identity has been demonstrated that
relates nonperturbatively the glueball condensate (Tr F?) to the glueball propagator at
zero momentum [ (Tr F2(z) Tr F2(0)) d*z — or, more generally, a condensate to a suitable
zero-momentum 2-point correlator — hence, the name LET.

In the present paper — following [1] — we study a vast generalization of the above
identity, which we also refer to as LET — that relates n-point correlators in the lLh.s. to
n + 1-point correlators with the extra insertion of Tr F? integrated over space-time — i.e.
at zero momentum — in the r.h.s. Apart from its intrinsic interest, the above study has
several applications that we divide in two installments.



The first installment — in the present paper — concerns the LET applied to 2-point cor-
relators C[()O’O) (2) = (O(2)0O(0))" at distinct points z # 0 of a multiplicatively renormalizable
operator O in the Lh.s.

We demonstrate that the corresponding integrated 3-point correlator in the r.h.s. needs
in general an infinite additive renormalization as ¢ — 0 in addition to the multiplicative
one order by order in perturbation theory. The corresponding counterterm consists in the
subtraction of an integrated — i.e. at zero momentum — divergent contact term proportional
to a 6(* multiplying the 2-point correlator of O.

We also work out the relation of the LET — in our gauge-invariant framework provided
by dimensional regularization — with a certain OPE coefficient of Tr F? with an operator O
defined by the solution of the Callan-Symanzik (CS) equation in the momentum representation,
C§F2’O) (p), its perturbative and nonperturbative renormalization in the asymptotically free
(AF) phase of QCD, and the nonperturbative renormalization in large-N QCD briefly
recalled below.

The second installment — in a forthcoming paper [6] — concerns the LET in the phases
inside and above the conformal window of QCD, and at the Wilson-Fisher conformal fixed
point in 4 — 2¢ dimensions. In fact, it depends crucially on some delicate results in the first
one that we report in detail in the conclusions.

We now recall further relations of the LET in the present paper with the existing literature.

The LET has two versions [1], one involving in the Lh.s. the logarithmic derivative with
respect to the gauge coupling, and one involving the logarithmic derivative with respect to
the RG-invariant scale, Ay, in YM theories AF in the UV.

Originally, the LET has been employed [1] to study the nonperturbative renormalization
of large-N confining massless QCD-like theories and, in particular, massless QCD [7-10],
since the second version of the LET and the nonperturbative renormalization [1] of Agep
in the large-N ’t Hooft [7] and Veneziano [8] expansions control [1] the structure of the
nonperturbative counterterms for the YM action.

In fact, the second version of the LET provides an obstruction [11] to the existence
of canonical string models implementing the open/closed string duality that would realize
nonperturbatively the large-N 't Hooft expansion of QCD and massive N' =1 SUSY QCD
in the confining phase.

Besides, the first version of the LET demonstrates how the open/closed string duality may
be implemented in canonical string models [11] perturbatively realizing massless QCD-like
theories to order ¢g?. In this context an essential tool to actually compute the possible
divergences in the r.h.s. of the LET has been the OPE of O with Tr F2, both in perturbation
theory and in its RG-improved form by a hard-cutoff regularization of the space-time integral
in the r.h.s. [11, 12].

The logic above can be inverted and the relevant contribution to order g2 in the r.h.s. of
the LET for the OPE of O with Tr F? can be recovered [12] from the anomalous dimension
of O in the Lh.s. by assuming the LET for the 2-point correlator of O.

We should also mention the approach to the OPE in [15] that is closely related to the
LET, but actually independent of the present paper that employs dimensional regularization.



2 Plan of the paper

In section 3 we work out several equivalent versions of the LET in dimensional regular-
ization and establish their main implications with respect to the aforementioned additive
renormalization.

In section 4 we investigate the relation between the LET and the OPE coefficient C
including contact terms, both in the coordinate and momentum representation. Moreover,

2 2
we explicitly compute the corresponding finite and divergent contact terms for C’{F )

(F2,0)
1

to order g¢*.

In section 5 we compare the perturbative version of the LET with its nonperturbative
resummation to all perturbative orders.

In section 6 we solve the LET in perturbation theory to order g2, where the theory

is exactly conformal.
(F?,F?)

In section 7 we investigate — analogously to C} in section 4 — the occurrence
2 2
of finite and divergent contact terms for CO(F ) %o order g2, both in the coordinate and

momentum representation.

In section 8 we employ one of our versions of the LET in dimensional regularization
to verify in a gauge-invariant framework the implications of the aforementioned version in
hard-cutoff regularization [11, 12], both perturbatively and nonperturbatively.

In section 9 we summarize the main results of the present paper.

In the appendices A—F we report several ancillary computations.
3 LET
The LET applies to YM theories in d = 4 dimensions.

3.1 LET and Wilsonian normalization of the action

Starting from the Euclidean functional integral of SU(N) YM theories in d = 4 dimensions, the
LET has been derived for bare correlators with the Wilsonian normalization of the action [1]:

— 2 [ Tr Frdtate

O Ope %
(O1---0p)y = . By T (3.1)
e 0

with go the bare 't Hooft coupling g2 = g3y 1, N, Tt the trace in the fundamental representation,
O; local bare operators independent of gy, Tr F? = Tr(FuFuw), Fuw = Oudy — 0L A, +
i[A,, Ay, and the sum over repeated indices understood. We explicitly write in eq. (3.1) only
the term in the action that depends on gg and, therefore, enters the derivation of the LET.
We immediately arrive at the LET by deriving eq. (3.1) with respect to —1/g3:

0 N
310ggo Oq--- On>0 = ng / (Ol - (r)n]:2(x)>0 — <(’)1 . On>0 <]:2(33)>0 d4x (32)

with F2 = 2Tr F2.



3.2 LET and canonical normalization of the action

We rescale the gauge fields in eq. (3.1) by the factor j—% in order to rewrite the LET for the

canonically normalized YM action [12]. Defining % Tr F? = Tr 72 and (%)Cok O = O for
some cp, — for example, cp2 = 2 — after the rescaling, with Oy now dependent on gy but
canonically normalized and F),, = 0,4, — 0, A, + i%[AM, Ay, we get the identity [12]:

k=n

010 =TT (2" 0,0, 3.3
(O ng(m)m Yo (3.3)

with the expectation values in the Lh.s. and r.h.s. defined by the Wilsonian and canonical
normalization, respectively. The LET in eq. (3.2) is rewritten in terms of canonically
normalized bare local operators [12] by employing eq. (3.3):

k=n
ZCOk<Ol"'On> + <01...0n>0

0t
= dlog go
1
=5 [ (01 0uF2 @)y = (01 -0}y (F2(a)y d'a (3.4)
with F2 = 2Tr F?. In fact, we only consider the applications of the LET for n = 2 and
O = 0z = 0O:

0
S (IO,

= % / (0(2)0(0)F2(2))y — (0(2)0(0)) (F2(x)), d*x (3.5)

2¢0 (0(2)0(0)) +

3.3 Dimensional regularization

In general, the bare correlators are divergent and need regularization and, eventually, renormal-
ization. Therefore, the first issue to apply the LET to YM theories is to find a regularization
of the bare correlators and, correspondingly, of the LET. Dimensional regularization preserves
gauge invariance to all orders of perturbation theory and it is our natural choice. It may
be performed both in the coordinate and momentum representation for the correlators of
the fundamental fields and the corresponding composite operators.

3.4 Dimensional regularization of YM theories

In dimensional regularization the space-time dimension is shifted:
d—d=d— 2 (3.6)

with e positive and small and, in the present paper, d = 4. The canonical dimension
of the bare operators in the action follows by dimensional analysis, for the action to be
dimensionless in d dimensions. In particular, the canonically normalized YM action formally

reads in d dimensions:

1 ~
Szg/ﬁE%% (3.7)



with Tr F = Tr(F,, F,,) the bare operator. Given [d%z] = —d, with [.] the mass dimension
of its argument, [S] = 0 implies:
[Tr 5] = App =d (3.8)

As F,, = 0,A, — 0, A, + i%[AM,A,j], the canonical dimension of the bare gauge field
A, follows:

[Au] = -1

—€ (3.9)

€ (3.10)

We recall some relations needed to rewrite the LET in terms of the renormalized coupling
and correlators in dimensionally regularized YM theories. According to eq. (3.10) we get:

9o = Zy(g,€)u‘yg (3.11)

where g is the dimensionless renormalized gauge coupling and Z; the renormalization fac-
tor that in M S-like renormalization schemes is a series of pure poles in € — as it is the
renormalization factor Zp for a multiplicatively renormalizable operator O. Moreover, the
beta function reads in d = 4 — 2¢ dimensions:

B(g,€) = —eg + B(g) (3.12)
with:
dg
— 1
and:
_ dlog Z,
Blg) = —g 1oz
dg
— 3.14
dlog |, ( )

the beta function in d = 4 dimensions. We obtain from eq. (A.6):

dlogg <1 . 8long)1

dloggy Ologyg
_,_8W
Y
— 7:}g,0) (3.15)



that follows from the logarithmic derivative of eq. (3.11) by equating eq. (3.12) to:

dlog Zg>_1

1
Ologyg (3.16)

5lg.€) = ~eg (14

Finally, from the anomalous dimension o of a multiplicatively renormalizable operator
O = Zp0Oy:

dlog Zop
volg) = ——=2¢ 3.17
(9) dlog (3.17)
we obtain:
810gZ52 B _2810gZo
dloggo  ~ dloggo
_ dlog Zo dlog dlogg
N dlog . dlog g dlog go
1 dg \7! 8long>_1
=2 - 1
10(9) (gdlogu> ( " Dlogg
-1
,€
— 90(9) (6(9 )) (1_5(9))
g €g
-1
Ne) (1 B B(g)) (1 B 5(9))
€ €g €g
_ _pl0l9) (3.18)

employing egs. (3.17) and (3.15).

3.5 LET in dimensional regularization

The LET in d dimensions with the Wilsonian normalization of bare operators may be written

d/2—2

in terms of the dimensionless bare coupling go = gop according to eq. (3.10):

0 d
Fogse (00l = 5?8 [ (01 0P @)y~ (0100 (Pl s (3.19)

where the u dependence in the r.h.s. is due to [F3] = 4. Rewriting eq. (3.19) in terms of
canonically normalized bare operators we get in d dimensions:

k=n
kz::lcok (Ol...0n>0+alfw]<01...on>o
= % / <01 . OnFQ(x»O — <Ol . On>0 <F2(I)>0 ddx (320)

where the integral over space-time in the r.h.s. is defined by analytic continuation and, since
[F3] = d, no dependence on the scale 1 appears in the r.h.s. As for the notation, every time

that in an equation the integral over space-time is denoted by:

[ i (3:21)



dimensional regularization of the correlators is understood as well. For n = 2 with O; =
02 = O we get:

0

2c0 (0(2)0(0)), + Tlog g (0)),
= 2 [ {0EI00 @), ~ (01000, (@), (32

3.6 Bare LET

We limit ourselves to correlators of gauge-invariant scalar operators O(z) that are multiplica-
tively renormalizable up to the mixing with operators that are BRST variations and operators
that vanish by the equations of motion (EOM) [16-18]. We neglect the mixing with BRST
operators, since their insertion in gauge-invariant correlators vanishes. The mixing with EOM
operators produces at most contact terms. Therefore, we set z # 0 unless otherwise stated,
so that we may ignore the above mixing both in the l.h.s. and r.h.s. of the LET and express
the LET in terms of the multiplicatively renormalized operator O(z). Then, the LET reads
in terms of the bare operator FZ(z) and the multiplicatively renormalized one O(z):

(0(:)00) (200 - 22104 71218010

Ologyg
- % / (0()0(0)F3(x)) — (0(2)0(0)) (F§ (2)) d'= (3.23)
with:
Zpz =1- 66(;}) (3.24)

Eq. (3.23) is obtained from eq. (3.22) as follows. The renormalized operator O is related
to the bare one Oy by a multiplicative renormalization, hence:

Oo(2) = Z5'(9,€)0(2) (3.25)

The Lh.s. of eq. (3.23) is then obtained by multiplying by the factor Z2 the Lh.s. of eq. (3.22)
that reads:

260 25 (0()000)) + 3~ 25" (0()O(0)) + Zg*an 5~ (0(:)0(0)

0g 252 o) z
— 252 (0(2)0(0) (260 T )

— 2% (0(=)0(0)) (2c0 - 20l) (1- 55;”) 0log 59?(52,0(0») (3.26)

where in the last line we have employed:

0  Ologg 0
dloggy Ologgpdlogyg

(3.27)

and egs. (3.15) and (3.18).



3.7 Renormalized LET

In general, both sides of the LET in eq. (3.23) diverge as € — 0 order by order in perturbation
theory. Hence, we derive from eq. (3.23) two renormalized versions of the LET requiring
that the L.h.s. — and therefore also the r.h.s. — is finite as ¢ — 0.
They differ by a finite term in the renormalized object in the l.h.s. and we find it convenient
to present each of them, (I) and (II), in three — though totally equivalent — ways as follows.
Version (IA):

(w _ %Zﬂ / (0(2)0(0)F3(x)) — (0(2)0(0)) (F3(x)) d’a

e <260 - 272@)) (0(2)0(0)) (3.28)
(IA) shows that, since the Lh.s. above is by construction finite as € — 0 because it is expressed
only in terms of a renormalized object, also the r.h.s. must be finite. Moreover, it shows
that the integrated correlator in the r.h.s. needs an additive renormalization in addition
to the multiplicative one.

Version (IB):

0(0(:)0(0))
dlog g
= 37 [10E0OF @) - (200 - 22L) (510 — 2) +5D(2) (0(2)00)
~(0()0(0)) (F(2)) ' (3.29)

where §(9(z) is defined by analytic continuation by means of the equation [19]:
/ 5@ (z)dlz =1 (3.30)

and it is a well-defined distribution in integer dimensions. (IB) shows that the aforementioned
additive renormalization is equivalent to the subtraction of finite and divergent contact terms
as € — 0 from the bare 3-point correlator in the r.h.s. By locality and dimensional analysis,
in d = 4 dimensions this counterterm is proportional to the product of the 2-point correlator
(O(2)0(0)) and the sum of contact terms 6 (z) + 6 (z — z). Only after the subtraction
involving the above mentioned finite and divergent contact terms, the integrated bare 3-point
correlator becomes multiplicatively renormalizable.
Version (IC):

9(0(:)0(0)
dlogyg
= 7 [ (0EROOE (@)~ 200(6D(z - 2) + 5D (2)) {0(2)00)
—(0(E)00) (B @) %+ 22229 (0(:)000) (331)

(IC) shows that subtracting only the finite contact terms in (IB) from the bare correlator
in the r.h.s. changes the divergent contact terms to be subtracted from the multiplicatively



renormalized one, in order to obtain the very same finite fully renormalized object defined
in the Lh.s.

In fact, there is a finite ambiguity also in the definition of the fully renormalized object
in the Lh.s. that affects the infinite additive renormalization of the integrated bare 3-point
correlator in the r.h.s.

Version (IIA):

9(0()0(0))
T 420 (0(2)0(0)
= 37 [ (OEIOOF @) ~ (0(:)00)) (F3(2)) d'
B(g)

270(9) - QCOT
€

+Z o 0(2)0(0)) (3.32)

where we have employed (IA) and the identity:

B(9)
2co _ 2co g
T B T20= (1-22) (3:33)
€g €9

As anticipated, the finite change in (ITA) with respect to (IA) in the definition of the fully
renormalized object in the Lh.s. of the LET produces an infinite change in the needed additive

renormalization of the bare 3-point correlator in the r.h.s.
Version (IIB):

9 (0(2)0(0))

Blog g + 2co (O(2)0(0))

_9c,B@) "
270(g) — 2co g (5(d)(x_z)+5(d)(x)) (O(2)0(0))

::;@ﬁ/kowxxmﬂﬂ@>+

—(0(2)0(0)) {F§ (x)) d*x (3.34)

€

that is the analogue of (IB).
Version (IIC):

9 (0(=)0(0))
dlog g + 2¢o (O(2)0(0))
1 2coM 5
= 5Zr [ (0RO F} () ~ == (1 D(w - 2) + D) (0(:)0(0))
—(0(2)0(0)) (F () dix + 2227919 (0(2)0(0) (3.35)

€

that is the analogue of (IC).

3.8 Renormalized LET and operator mixing of F? in massless QCD

The various forms of the LET in terms of the bare operator Fjy apply to any YM theory.
However, it is convenient to express the LET in terms of the renormalized operator F2. The
renormalization of F2 depends on the specific choice of the YM theory.

,10,



In massless QCD F? mixes [20] with the quark Lagrangian density zZ’y“Duw that vanishes
by the EOM, whose insertion in the correlators produces at most contact terms. Yet, contact
terms cannot be ignored in the r.h.s. of the LET because of the space-time integration.

Nevertheless, even if Fjy mixes with @quuw, (ITA) shows that the integrated correlator
in the r.h.s. is made finite by the multiplicative renormalization Zy2 in addition to the
additive one, despite the possible nontrivial mixing of F2. Hence, as far as the LET is
concerned, we may define F? = Z;»F¢ and ignore the mixing.

3.9 RG-invariant form of the LET
It is worth writing the LET in a form that involves the RG-invariant operator (appendix A):
—€Fy = —€Z53(9,€) Zp2(g, €) Fy
= —Zp(g,€)F?

€g
_ ﬁ(gae)F2

g
(3.36)

Multiplying eq. (3.23) by —e and employing eq. (3.15) we obtain:

B(g,€) dlog <O(z)0(0)>>
g dlogg

(0()0(0)) (270 (9) — 2c0c +

= ;/B(‘Z’ 2 / (0(2)0(0)F?(z)) — (0(2)0(0)) (F?(x)) d%a (3.37)

Interestingly, in this form of the LET no infinite additive renormalization arises.
Finally, setting Oy = F§ and multiplying eq. (3.22) by (—¢)® we get:

B(g;e€)

2 B(gve) 2 ﬁ(g7€) 0 ﬁ(gae) 2 B(gve) 2
) PSR 0) + I e (FEE R () SR 0))

9
_ 11 Blg.e€) B(g,¢) B(g,€)
=5 [ (FLOP R0 RS )

—2coe (

- (A0 () 289 oy (18 poa) o (339

3.10 LET involving Ayy

In an AF YM theory the LET can be rewritten in terms of the RG-invariant scale Ay [1].
We obtain in dimensional regularization:

(000 (2101) ~ 200 - 15 EO0N)
- ;ng’ 2 / (0(2)0(0)F%(2)) — (O(2)0(0)) (F?(x)) d%x (3.39)

— 11 —



employing the chain rule 618 = Ay __0

ogg dlogg OAyv
of Ayy (appendix D.1):

, the defining relation of the RG invariance

0 0
and the identity:
Aoy
Blog i Ayy (3.41)

that follows from Ay = pf(g,€) = €l°8# f(g, €) for a certain function f(g,€) with g = g(u).
The Lh.s. of the LET has a finite limit for ¢ — 0. Therefore, also the r.h.s. must be finite
as € — 0. Hence, in the AF phase of the theory this in turn implies the finiteness of the
space-time integral itself in the r.h.s. as € — 0, so that eq. (3.39) reads in the limit € — O:

(0E00)) (210l - OO
:;Bgﬂ/kOV“XWFWw»—<0@ﬂxm>wau»d%: (3.42)

where the integral in the r.h.s. and all the correlators are in d = 4 dimensions.

4 LET and OPE

We show in the following that the infinite additive renormalization of the integrated 3-
point correlator in the r.h.s. of the LET is related to the corresponding divergence of the

multiplicatively renormalized OPE coefficient Z 2 C%FOQ’O) (p) in the momentum representation:
1 7 F20
512 [(0E0)F @) d'slay = 120 (p)la (0(:)00)) (4.0

The divergence is represented by a contact term in the momentum representation, i.e. a
polynomial in momentum, and it is just a constant in our specific case. The OPE coefficient
in the coordinate representation reads:

Z F2 _ (Fozvo)
2y (2)O(0) = -+ - + Zp2C) (£)O(0) + - - (4.2)
2
Actually, we define C’lFO’O) () as a certain extension, including a distribution supported at
2 /
coinciding points z = 0, of the OPE coefficient CfFO 0) (x) at distinct points x # 0. The above

extension is naturally defined as the inverse Fourier transform of the OPE coefficient in the
2 O)
(

momentum representation Zp2C, °"’(p) in the sense of distributions, both in dimensional

regularization and d = 4 by taking the limit ¢ — O:

F2,0 1 F2,0 iz A—2e
2 O8O () = W/zpzd 5O) (p)eirri-2ep (4.3)

that is inverted as:
2 2 .
szCfFO’O)(p) = /ZFQCfFO’O)(x)e_’p'xd‘l_zezc (4.4)

This definition involves implicitly an interplay between the solutions of the CS equation in
the momentum and coordinate representation and the corresponding contact terms.

— 12 —



4.1 OPE and contact terms from the CS equation in the momentum
representation

We start by recalling the CS equation in the coordinate representation for 2-point correlators
and OPE coefficients of multiplicatively renormalizable operators at distinct points. The
renormalized 2-point correlator at distinct points — denoted by a prime — in d = 4
dimensions satisfies the CS equation (appendix E):

0 0
(2 55 + 80) 5 + 20, +70(9)) (OO} | =0 (45)
0z dg ded
and analogously for the OPE coefficient at distinct points:
9 9 (F2,0)' _
(2 55 + B + 4+ m2(0)) )| =0 (4.6)

Similarly, the dimensionally regularized correlator satisfies (appendix D):

0 0 ~
(2 52 + 80,95 +2(Bo, +20(9))) (000 =0 (4.7)
0z dg d=4—2¢
and the OPE coefficient:
9 9 4 (F2,0)’ _
<:1: o + B(g,¢€) 39 +4 — 2+ yp2 (g)) oh (z) s =0 (4.8)

where Ag,, AOO = Ap, — dpe€ are the canonical dimensions of O in d = 4 and d=4—2¢
dimensions, Ap = Ao, + 70, AO = AOO 4+ vo the scaling dimensions of O, and ¢ its
anomalous dimension, respectively.

We stress that all the above equations only capture the multiplicative renormalization
of the correlators and OPE coefficients at distinct points, so that their solutions cannot be
extended at coinciding points, even in the dimensionally regularized case. Indeed, to take
into account contact terms, they need to be modified to include additive renormalizations,
as we demonstrate momentarily.

The general solution for the 2-point correlator at distinct points in d = 4 dimensions
is (appendix E):

_ 672) yop

(0(2)0(0)) 4=y 22500 Z77%(9(2), 9(1)) (4.9)

with |z = V22, and for the OPE coefficient:

2 A/ (F2,0) (g(x 9
&7 hama = S 20 g(0), g0 (4.10)

Moreover, in d = 4 — 2¢ dimensions we get for the 2-point correlator (appendix D):

O)(5(»
OO 112, = 2 LR 2O%3(2)000) (@11

|z
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and OPE coefficient:

o G9@)

F2.0)
C( ) ( d=4—-2¢ —

| ZF)(G(z), g(n)) (4.12)

P

The above solutions may be extended at coinciding points as distributions to include contact
terms. In fact, the — possibly divergent — contact terms are most conveniently obtained
in the momentum representation as ¢ — 0, where the operators are not multiplicatively
renormalizable in general.

To clarify this issue, we discuss the CS equations for the 2-point correlator and OPE
coefficient in the momentum representation that include the aforementioned additive renor-
malization (appendix F).

We denote the fully renormalized 2-point correlator in the momentum representation in
d = 4 — 2¢ dimensions as the OPE coefficient of the identity Céo,o) (p):

C7 O p) = 2B (p) + prhoa b0l gy (4.13)

It decomposes into the sum of the multiplicatively renormalized contribution Z3 C(()OO’OO)(p)
and the — in general divergent as ¢ — 0 — additive renormalization proportional to Zyc..

The corresponding CS equation in dimensional regularization reads (appendix F):

0 0 _ —60)e
(Mau +Blg, )=+ 270(9))050’0) (P, 1, g(p)) = p*200 421700050, (g)  (4.14)

dg
where:
dZ,
PYOC.t.(g) =M d(;jt + QPYOZOC.L + 2(1 - 5O>€ZOC.1:.
07,
= B(g, €) ;gc-t- + 2790 Zoes. + 2(1 — 60)€Zpen, (4.15)

Hence, the CS equation in d = 4 dimensions reads:

(k35 + 8@ 35 +210(0) ) C™ (0.1, 00) = 200 301 () (4.16)

Perturbatively, in dimensional regularization as ¢ — 0, the fully renormalized OPE coefficient

2 2
C§F ’O)(p) similarly decomposes into the sum of a nontrivial function of ﬁ—z — L2 C’fFO ©) (p)

2
— that is obtained by multiplicative renormalization of the bare OPE coefficient C’fFO’O) (p)
and a — in general divergent as ¢ — 0 — constant term Zj.4.:

2 2
O p) = 2O (p) + Zie, (4.17)

The corresponding CS equation in dimensional regularization reads (appendix F):

(uai + B(g, 6)aag + Y2 (g)> " (p, 1, 9(1) = Y1 (9) (4.18)
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with:

dZics.
Ves.(9) = 1 dlut +vr2(9) Zict.
0Z1c.1.
= B(g,€) 8lgt +vr2(9) Zic.t. (4.19)
Hence, the CS equation in d = 4 dimensions reads:
8 a F2,O
(1155 + B0) 3 + 72 )1 o1 900) = e (9 (1.20)

We demonstrate by explicit computation for O = F? (section 4.2) that — contrary to egs. (4.3)
and (4.4), which by definition are the inverse of each other in dimensional regularization
at least in the limit ¢ - 0 — in general:

! .
2O (p) £ / Zp2 OO (@)emre iy (4.21)

as € — 0, with the objects in the coordinate and momentum representation defined by means of
the corresponding CS equations above. The interpretation of the inequality is that in general
not all the divergent contact terms that occur in the momentum representation as € — 0 arise
from the divergence of the Fourier transform of the OPE coefficient at distinct points as € — 0.

. . (F3.0) (Fg,0)
In general, in order for the Fourier transform of Zp2C (x) to reproduce Zp2C} (p),

F? . ca .
AT Cf 0:©) () must contain in the sense of distributions some extra divergent contact terms

2 2 /
as € — 0, [ZF20§F07O) () — ZF20§F° ©) (2)]div, that add to the ones that arise from the

Fourier transform of Z FzC’ng’O),(a:) at distinct points. We refer to (minus) the divergent
contact terms of the multiplicatively renormalized OPE coefficient in the momentum rep-
resentation as additive counterterms, while we refer to the divergent contact terms that
are extensions of the OPE coeflicient in the coordinate representation at coinciding points
(2201

To summarize, according to eq. (4.21), in the above language the divergent proper contact

2 /
x) — ZLp2 CfFO 9 (x)]aiv as divergent proper contact terms.

terms do not vanish in general, as we demonstrate below.

4.2 A paradigmatic example: the OPE coefficient for O = F?

In massless QCD the occurrence of the additive renormalization in the OPE coefficient
C£F2’F2)(p) of F? with itself — i.e. in the special case O = F? — in the momentum
representation has been discovered to order g* [3] and g% [14] in perturbation theory, and
computed in a closed form in terms of the beta function and its first derivative [2] (appendix B),
so that the fully renormalized object reads in our notation:

g9 g9
4.22
6 (422)

2 12
) = 20 (p) + Zie

Interestingly, the above additive counterterm is scheme independent to order g* [3]:

o (8@ _ 450
208 (%) — 422 __4pig’
€ €

Zpo T (4.23)
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2 2
and must cancel a corresponding scheme-independent divergence in Zp2 C’fFO’F )(p) to order
g* that we report in our notation in the MS scheme [3]:
2 2 4 4
ZF2C£FO ” )(P) =4-4B119> — 4By 29" + @
p? P v’
—4B0g*log = + 463g" log® = + 4By 39" log = + - - - (4.24)
1t 1t 1t
with the beta-function universal coefficients:
1 /11 2N
bo= vy (o — 2ol
(4r)2\3 3N
1 /34 13N Nf)
_ el AT 4.25
hi (47r)4(3 3N TN (4.25)

and the scheme-dependent coefficients:

1 49 10 Ny
Bii=——(—— =21
b (477)2( 9 9 N)

1 11509 Ny N2 -1 /3095 N; 100 N7

Bia = - 66 13 — 12¢3) L 12¢ ) =L — ——L

b2 (4t ( g1 066+ Gy N T ( 81 C3> N 81 N2
By3 = —401 + 2BpB11 (4.26)

where we have conveniently rewritten B3 [3] in terms of fy, 81 and By ;.

Hence, as pointed out in [3], it follows from eq. (4.24) that the bare OPE coefficient
C£F°2’F2)(p) in the momentum representation is not multiplicatively renormalizable because
a divergent contact term —{—@ arises in Z FQC{FOQ’FQ)(p) to order ¢g* that is cancelled by
the additive renormalization in eq. (4.22) to order g*.

Our aim now is to reconstruct the OPE coefficient ZFQCfFOQ’FQ)($) in the coordinate
representation to order ¢ from the OPE coefficient Z 2 C§F3’F2)(p) in the momentum repre-
sentation according to egs. (4.3) and (4.4) as € — 0. In doing so we verify the inequality in
eq. (4.21) up to order g*, thus demonstrating the occurrence of both additive counterterms
and divergent proper contact terms, according to the terminology introduced above.

To find the OPE coefficient in the coordinate representation whose Fourier transform is
2 2
A CfF - )(p) in eq. (4.24) it is mandatory to start with an ansatz for the multiplicatively

renormalized coefficient in the coordinate representation at distinct points:

O (g = 20N 6(@), 9(w)

I (0 (@) + b () + ) (4.27)

that is solution of the CS equation in d = 4 — 2¢ dimensions in eq. (4.8) for O = F2, where
to the relevant order (appendix D):

g (z) _ ||
gQ(N) o 1— 6092(///)% (428)
and:
20 3(a) 900) = T w0
’ 9%(1) :
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By inserting eqs. (4.28) and (4.29) into eq. (4.27) and setting g(u) = g, the matching of the
logarithmic terms to order g% in eq. (4.24) fixes a = 43/7% and b = —4B1,3/W2 with 31,3
to be determined a posteriori. Hence, we get:

72 ph—de

9 o/ 4 2€ 2 T 26_1 ]
C}F,F)(x):ﬁu g (1—,3092| /~¢|6 )

4B 4e 4 2¢ _ 1 =3
- 7;3 gz;—gas <1 - ﬁ092|xu|6> +--

_ 4B g 2<1+2ﬁ 2’$M’2€_1> 4By 3 gt
7-‘—2 4— € 7T2 .’L’4 6e

- 71—2 4= 46 € 72 ¢ pd—6e T2 pd—6e

where the second equality is the perturbative expansion for small g with € fixed and the dots
stand for order ¢g® contributions. Its Fourier transform (FT) is:

2.2y, 1 4Bog? 2609 p | 4gt (268 - pe
= 48 (1 1 2+2+3r() 1 ”>+8ﬁ { L iog 2 1”
= - —log — og — — + = —
09 S & 2z talog s
1 p? , m ﬁ)
—|=-=log= |(2+4+3T"(1) —log — - —2log=|{=+= —lo
(e Ogu2>< +30) Og4)+< o8 2)(2 ot 5
1 , ™? (3 5 NS | 1
- = 1) —log — — 4+ -T'(1) — log ~— e F”l}
S(230W —tog )+ (5 + 5@ —log Y1) 4§ - T+ )
~ 1 P 3 5 N3
— 4By 39* = —log =5 + = + -T’'(1) — 1 ) 4.31
139 (26 og 2 +5+3 (1) — log )T (4.31)
where in the second equality we have employed the FT in d dimensions:
_ A—d/2
A | rA) 42 '

that for d = 4 — 2¢ and perturbatively in € gives us for A = 2 — 2e:

2] ()T
xhde 4u?)  T(2 — 2e¢)

= 72 (Zﬁj) N (1 +2430'(1) + e(4 +6I"(1) (1 +T17(1)) — gl“”(l)) +-- >

1
t=n*( - —log
ﬂ(e 04

+2+gp’2( ) — 21"”( )> ) (4.33)

FT

2

1 2
+243T7(1) + (2(1og252 —2-30(1))

2
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and for A = 2 — 3e:
pe | Wz(ﬁﬁ) 0 T(2¢)
x4—0e 4p? I'(2—3e¢)

ﬂz(\fff) (i+§+§ W+ 5 (9+ 15T (WAL (1)~ ST (D) -+ )

FT

1 VP2 v? 3 5 2
=2 ——log S ( 1 -2-2r'a
4 (2e & a2 +2+2 (1)+e( (tog 7 2 b )
9 5 4, B, ) )
+ M=) )+ (4.34)
Setting in eq. (4.31):

) 3 5
Bis = Bis — 265 (2+30'(1) — log ) + 483 (5 + 5T'(1) - 1og“f) (4.35)

we obtain:

1 2
FT [ (2)] = 4609 < —logu—+2+3f/( ) — log Z)

1 1. ,p2 1 ™
- 85394{ —5at 51og2 i 2—6(2 +3I7(1) — log Z)
VT

- %(2 +30'(1) — log %)2 - (; + gr’u) ~log T)2
+ (2+30'(1) — log %) (g + gl“'(l) log \f) + i - i 2(1) + lr”(l)}

1 p> 3 5 N
—4B13¢*( = —log = + = + =I"(1) —1 )
1,39 <2e OgM2+2+2 (1) — log )T

1 2 1 1 p2 2 86 4
—4609 <—logﬂ>+8ﬁ§g4(—22+210gzﬂ )+4Bl3g log?—i- ;g

4
- 529 (Bl,l + Bo (2 + 3I'(1) — log Z)) + finite contact terms + - - - (4.36)

where in the last equality we have employed By 3 = —401 + 250B1,1 in eq. (4.26) to rewrite

the order g*/e terms, and:

finite contact terms = 48> (2 + 3I7(1) — log Z)
1 ™2 (3 5 T2
2.4) _ — ! _ o N ‘v o va
+ 8829 { 2(2+3F (1) 10g4> (2+2r(1) log )

+(2+30(1) - log %) (g + gr’(l) — log ‘T) + % - %FIQ(l) + iF”(l)}

3 5
_ 4317394(2 4 51“/(1) — log \{f) (4.37)

From eq. (4.36) it is clear that the Fourier transform of the OPE coefficient at distinct points
does not reproduce the object in eq. (4.24), thus proving the inequality in eq. (4.21) up to
order g*. Specifically, it differs from it by finite and divergent proper contact terms.
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To further proceed we define an extension of the OPE coefficient including the finite
and divergent proper contact terms according to the ansatz:

FQ,FQ FQ,le
@) = o (@)

+6@ () [ZFQ (4 — 4By 19% —4B1agt + - )] (4.38)

up to order g*

The corresponding Fourier transform reads:
F27F2 FQ,F2 /
FT [Cf(@)] = FT [of " (@)

+ [ZF2 <4 —4B119* —4B1ag* + -+ )} (4.39)

up to order g4
where:

Bt = Biy+ o (2 +3T7(1) — log D (4.40)

3172 is determined a posteriori to match the finite contributions to order g* in eq. (4.24),
and (appendix A):

bog®>  Big* | Big’
Zp2(g,€) =1— =~ ———+ 22 +o (4.41)

The ansatz above is obtained multiplying by Zp2 the finite proper contact terms up to
order g%, thus obtaining:

[sz <4—4B1,192 —43172944- ):| =

up to order g*
Kl _ bog® g’

€ €

ﬁez "‘) (4—‘131,192 — 4B 29 +)]

4
—4—4By11¢% — 4By og" — 4’66 JPg" Pt 4B, 15079 +- (4.42)

up to order g4

—4
€2 €

Hence, by means of eqs. (4.36), (4.40) and (4.42), eq. (4.39) reads:

2 2 1 1 1 2
FT[C£F,F)( )]—4509 (—logu>+8ﬁ ( 2"‘2105.{222)

2¢
519 431 ﬁojg + finite contact terms

4
+4—4Bl7lg2—4B17gg4—4I80€g +4ﬁog 519 _|_4Bll’307‘q_|_...

+ 4B 39 log
2

-4

€ €
=4 - 413’17192 — 45517294 + finite contact terms

,819

€

2
— 4B04> logp—2 +452¢ log — —|— 4B 39 logf2 +
Iz 12 f
4 4
— 4 4By g? 4Byt + O
€

2 2 2
— 460g2 log E + 4ng4 log2 E + 431,394 log E + .- (4.43)
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where in the last equality we have employed eq. (4.40) and:

3 VT

- 5 1
Bis = Bi1s2— B3 ( + -T'(1) — log ) + 258{ -5

2 2 4 2

2
(2 +307(1) — log D

_ (; + gr'u) ~log \f)Q n (2 +30'(1) — log D (;’ n gF’(l) ~log {f)
g -+ o) (4.44)

The result in eq. (4.43) reproduces eq. (4.24) to order g*. We have thus verified the inequality
in eq. (4.21) for O = F? up to order g* in perturbation theory. Indeed, the object in the co-
ordinate representation whose Fourier transform reproduces the multiplicatively renormalized

. (FE,F?) . . . . (F2,F?)
coefficient Zp2C (p) in eq. (4.24) is provided by eq. (4.38) as € — 0, with C} (x)
2 2/
in eq. (4.30). It differs from the multiplicatively renormalized CfF ) (x) at distinct points
by divergent and finite proper contact terms. Specifically, to order g2 the multiplicatively

2 2
renormalized C£F o+ )(p) is finite, so that no additive counterterm occurs, while the Fourier

2 2y’
transform of the multiplicatively renormalized C{F ) () at distinct points is divergent,

2 2
thus implying the occurrence of divergent proper contact terms in C’fF o )(95) to cancel the

2 2
latter divergence. To order g* the multiplicatively renormalized CfF o )(p) is divergent and
the additive renormalization occurs, but the divergence — as to order g> — does not entirely

. . (F2,F?)
arise from the Fourier transform of C ().

4.3 Contact terms in the OPE from the LET

Having clarified the nature of contact terms in the Fourier transform of the OPE coefficient
of Zp2F(x) with O(0), we demonstrate the relation between its divergences and the ones of
the integrated 3-point correlator in the r.h.s. of the LET according to eq. (4.1). Obviously, it
suffices to consider the OPE of F?(x) with O(0), the OPE with O(z) being entirely analogous:

22 F2(2)0(0) = -+ Zp2C0O ()00 + - - (4.45)
In general, for dimensional reasons the above OPE coefficient is the only one that may
contribute in the integrated 3-point correlator the product of a dimension 4 — possibly
divergent — contact term times the 2-point correlator at distinct points (O(z)O(0)) that has
to be cancelled by the counterterm with the same structure in the r.h.s. of the LET, both in
its perturbative and RG-improved version. The argument is as follows.
It is convenient to consider at the same time the theory in d = 4 dimensions and
its dimensionally regularized version in d = 4 — 2¢ dimensions. The theory in d = 4
dimensions is exactly conformal perturbatively to order g2 in a conformal scheme [21], which
may differ by a finite renormalization from a generic scheme, because the beta function
B(g9) = —Bog® + - -+ affects the solution of the CS equation only starting from order g*. The
theory in d = 4 — 2e dimensions is exactly conformal perturbatively to order ¢°, because
the beta function f§(g,€) = —eg + - - - affects the solution of the CS equation only starting
from order g¢°.
It follows that up to the perturbative order where the theory is conformal, under the
standard assumption that O belongs to a basis of mutually orthogonal conformal primary
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operators, along with the term in the OPE in eq. (4.45) only the terms in the OPE of
Zp2 FZ(x) with the descendants of O(0) may a priori also contribute to the r.h.s. of the LET,
once inserted in the v.e.v. with O(z). Indeed, all the 2-point correlators of O(z) with different
primary operators and their descendants vanish identically, given the orthogonality of the basis.
Such a basis of Hermitian primary operators certainly exists, since the 2-point correlators of
primary operators with different conformal dimensions vanish by the conformal symmetry, and
the 2-point correlators of operators with the same conformal dimension are a real symmetric
matrix that can always be diagonalized — times a universal conformal structure.

In fact, the OPE of Zp2F§(x) with the descendants of O(0) cannot contribute to the
divergence of the integrated 3-point correlator: the corresponding OPE coefficients have
conformal dimensions lower than 4 — their integrals being therefore UV finite — and the
insertion of the descendants gives rise to derivatives of the 2-point correlator, instead of
the correlator itself.

A similar argument holds to higher orders in perturbation theory and nonperturbatively,
both in d = 4 and d = 4 — 2¢ dimensions, in AF massless QCD. In both cases, for dimensional
reasons, only operators O’ with the same canonical dimension of O may a priori contribute
to the relevant OPE. Yet, their insertion gives rise to 2-point correlators (O(z)O’(0)) that —
by the above conformal argument, because of the orthogonality of O and O’ in the conformal
limit — are necessarily suppressed by powers of the coupling ¢%"(u) perturbatively, with n a
positive integer. To actually rule out their contribution to the divergences in the r.h.s. of the
LET in the AF case, we show that (O(2)O(0)) is in fact linearly independent of (O(2)0’(0))
with coefficients valued in the renormalized coupling ¢g(u), so that no linear combination
of (O(2)0’(0)) may occur in the divergent part of the integrated 3-point correlator in the
r.h.s. of the LET. To this aim, it suffices to observe that in d = 4 dimensions in general
the asymptotics of (O(z)0’(0)) as z — 0:

(0,0) z /
OO O)ams = L8N 200 a(2). 1) 2 a2, 1)

/
g2n(z) Wéo);“/éo )

2o, (2) (4.46)

is linearly independent of the one of (O(2)0(0)),_,:

©O) (o
OE)00)4o = % 58 70().0(0)

1

~ e g P (2) (4.47)

and analogously in d = 4 — 2¢ dimensions (appendix D). The only exception may occur for
7[()0/) + 2nfy = 750) that, in the terminology of [22, 23], is the resonant condition for the
operator mixing of O with O’, necessary for the nonexistence of a renormalization scheme
where O, O’ are multiplicatively renormalizable.

We conclude that, if the nonresonant condition 'y(()ol) + 2n6y # 7(()0) is satisfied, the OPE

coefficient of Zp2 F§ with O’, the latter having the same canonical dimension of O, does
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not contribute to the divergent part of the integrated 3-point correlator in the r.h.s. of the
LET for a given 2-point correlator of O in the Lh.s.

However, we should stress that the nonresonant condition is sufficient but by no means
necessary. First, even if the UV asymptotics of (O(z)0(0)) and (O(z)O’(0)) coincide, the
actual 2-point correlators may still be functional independent to higher orders in the running
coupling. Second, even if the resonant condition is realized, the resulting correlators may
still be functional independent for different reasons. For example, for O = F? in massless
QCD, despite the resonant condition with n =1 is satisfied for O" = @E'yuDuw, the correlator
(F2(2)1v,Du1b(0)) at distinct points vanishes because of the EOM both in d = 4 and

d = 4 — 2¢ dimensions.

Hence, under the above assumptions, we can relate the divergent contact terms that
arise in the integrated 3-point correlator in the r.h.s. of the LET as ¢ — 0 to those of the
corresponding multiplicatively renormalized OPE coefficient in the momentum representation:

312 [ (00O R @) dlala, = (2020 O )y 0)00)  (1.48)

where the Fourier transform in the r.h.s. may be conveniently computed at nonvanishing
momentum p to avoid infrared divergences in perturbation theory, without affecting the
divergent contact terms:

2 ,0 2 ,0
22 C 0 (D) = [Z2C10 7 (0)]ae contact (4.49)

because they are the Fourier transform of a §*) —or a § (@ in d = 4—2¢ dimensions (section 3.7)

— thus a momentum-independent constant. We should notice that in perturbation theory
there is a finite ambiguity in eq. (4.48), due to the fact that the L.h.s. is computed in the
coordinate representation and the r.h.s. in the momentum representation.

Finally, once the lowest order finite contact term 2¢od® is determined consistently with
perturbation theory according to (ITA), under the above assumptions, the LET unambiguously
predicts the fully renormalized OPE coefficient in the momentum representation:

B(g)

2 270(9) — 2co
A" p) = 220 () + Zps 2

(4.50)

€

in terms of the multiplicatively renormalized one and the divergent contact term occurring

in the r.h.s. of the LET. Indeed, given that vp2(g) = ga% (%) (appendix A), the contact

term above coincides for O = F? with the one computed in eq. (4.22) [2].

5 Perturbative versus nonperturbative LET

5.1 Perturbative LET

(ITA) shows that in general the 3-point correlator with the insertion of Zp2 F§(x) at zero mo-
mentum needs — order by order in perturbation theory — an infinite additive renormalization
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as € — 0 to yield the finite fully renormalized object defined by the lLh.s.:

9(0(2)0(0))
Ologyg

= 52 [ (0(E)00)F () - (0(2)00)) (F§ @) d's

2
P 0
12,09 20T o) (5.1)

€

+2c0 (0(2)0(0))

Indeed, we have already compared the additive counterterm in (ITA) to order g* in perturbation

2 2
theory for O = F? with the corresponding counterterm in the OPE coefficient C’fF o )(p)

finding perfect agreement (section 4). Besides, in doing so we have discovered the existence
of divergent proper contact terms in the coordinate representation.

5.2 Nonperturbative LET

We take the limit ¢ — 0 of the LET in eq. (5.1) in the AF phase:

9(0(2)0(0))

dlog g + 2¢o (O(2)0(0))
= 2 [ 10G100) @) ~ (0(:)00)) (F(@)) d's
2 — 20529
20 “ 205 o000 (52)
where we have employed:
2 —2c29 9 — 20529
Lo Y0(9) : 0%y _ ’Yoe((gl)_ B(g()))g (5.3)
Hence, eq. (5.2) reads identically:
9(0(2)0(0))
dlog g
= 3 [ 10E00F @) - 0:)00) (@) d's
-296) (0z)0(0)) (5.4

Somehow unexpectedly, no infinite additive renormalization occurs nonperturbatively in d = 4
dimensions in the AF phase, since in the last term no zero of the beta function arises in
the denominator but the one at g = 0 that is cancelled by the zero of the same order due
to the anomalous dimension vp(g) in the numerator.

Another important difference with the perturbative case is that in the nonperturbative
AF case an infinite additive renormalization cannot either arise from the integrated OPE
coefficient at distinct points, since the latter turns out to be UV finite because of the
asymptotic freedom for small 22 [11]:

! : °(z) g*(x)
C'(FQ’O) e PrIy ~ / g e PPy < 400 5.5
[ @) s (55)

— 23 —



where the first factor in the last integrand arises from the anomalous dimension of F? and
the second one from the fact that the first contribution to the OPE coefficient at distinct
points occurs to order g? in perturbation theory. As a consequence, no divergent proper
contact term occurs nonperturbatively in the AF phase.

6 Solving for the perturbative correlators to order g? by the LET

We find an a-priori solution of the LET for the correlators up to order g2 in perturbation
theory, where a massless QCD-like theory is conformal invariant in d = 4 dimensions. Though
LET (IC) and (IIB) are strictly equivalent, for technical reasons it is interesting to compute
to order g2 both versions: (IC) is further employed to verify (section 8.1) the corresponding
version that involves a hard-cutoff regularization [11, 12], while (IIB) is suitable to match

2
the finite and divergent proper contact terms in the OPE coefficient C{F 0) (z) up to order

g? in perturbation theory.

6.1 LET (IC) and (IIB) to order g2

We find the common solution of (IC):

0(0(:)0(0))
Ologg
= 52r [ (00O} @) ~ 260 (6D (x - 2) + 5D () (0(2)0(0)
+212 229 (0 )0(0)) (6.1)
and (IIB):
206E00) 4., 0121010
= 3% [ (0(:)00)F3 (@)
g, 2000 20"y (6D (2 — 2) + 6D (2)) (0()0(0)) d% (6.2)

€

up to order g2, where we have set z # 0 once for all, and (FZ(z)) = 0 perturbatively in
dimensional regularization.

The Lh.s. of the LET is computed from the exact solution of the CS equation at distinct
points in dimensional regularization by means of (appendix D.5):

8(0(2)0(0)) 1_y_o. 91og (O(2)0(0)) j_s_a.

= (0(2)0(0)) 5 6.3
Jlogg (0(z)0(00-1-2c Odlog g (6.3)
expanded up to order g2. We obtain:
0log (O(2)0(0)) 5_, Olog N: 0
g (0(2)0( )>d_4 2¢ _dlog 2(9) _2g Yo log 2| + - - - (6.4)
9 log g up to order g2 9 log g ag up to order g2
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that coincides, up to terms that vanish as ¢ — 0, with the corresponding object computed by
means of the conformal renormalized 2-point correlator in d = 4 dimensions to order g*:

Ny (g)p?o0—280

(0(2)0(0)) gy = |z|280 (65)
Hence, (IC) reads:
0log Na(g) oo )
ORIOON G105y~ 2075y o817 up to order g2

= 3% [ (000 F () — 200(6D(w = 2) + 5D (2)) (0(2)0(0)) d

+2e 2% 000y | 00
and (IIB) reads:
0log Na(g) Mo
(0(2)0(0)) <2co+ D108 g —2g 99 1og!zu!+---> oo ondr 12
- %ZFQ / (0(2)0(0)F2 (x))
ol 7 i
Zp 270(9) — 2co=; (6D (z — 2) + 6D (2)) (0(2)0(0)) d (6.7)
€ up to order g2

Because of the structure of (IC) the following ansatz is natural for the bare 3-point correlator
extended at coinciding points:

(O(2)0(0)F§ () j_s—ac = (20 + Bg*)(8'V(x — 2) + 6'9(2)) (0(2)0(0))

up to order g2

+Z53 (0(2)0(0)F2()’

up to order g2

= (20 + Bg?)(8')(x — 2) + 6\9(2)) (0(2)0(0))

+{0(2)0(0)F*(x))’ (6.8)

up to order g2

where the second equality follows from the fact that (O(z)O(0)F2(x)) is necessarily of order
g% by the LET. Therefore, the bare correlator in eq. (6.8) differs from the multiplicatively
renormalized one at distinct points by finite proper contact terms and it is finite up to
order g2. It follows from eq. (6.8) the multiplicatively renormalized correlator extended
at coinciding points:

Zp2 (0(2)0(0)F (x)) = Zp2(2co + Bg?)(8(x — 2) + 69 (2)) (0(2)0(0))

up to order g2

+(0(2)0(0)F*(x))’ (6.9)

up to order g2
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Hence, inserting eq. (6.8) into the r.h.s. of (IC), we conclude that to order g2 the additive
counterterm in the last line of the r.h.s. of (IC) may only be compensated for by the divergence
of the space-time integral of the bare 3-point correlator at distinct points:

> [ 000 @) d (6.10)
2 to order g2
that to order g2 coincides with the nultiplicatively renormalized one.

Instead, the multiplicatively renormalized 3-point correlator extended at coinciding points
in eq. (6.9) that occurs in (IIB) differs from the correlator at distinct points by finite and
divergent proper contact terms to order g2, consistently with the explicit computation of the
OPE coefficient for O = F2. Therefore, the finiteness of the r.h.s. of (IIB) arises from a more
involved cancellation between the integral of the correlator at distinct points, the divergent
proper contact terms in eq. (6.9) and the additive counterterm in the r.h.s. of (IIB) to order ¢.

Yet, the two versions of the LET are equivalent, and we employ (IC) in the following. We
need an ansatz for the 3-point correlator at distinct points to order g2 in d = 4—2¢ dimensions:

’ _ N3(g)u
d=4—2¢ = X
I i

2AO+A}2—2AOO—AF3
(O(2)0(0)F?(x))

A* A* A* (611)
F2|CE‘ FQ‘JZ — Z’ F2 lto order g2

where A7, is uniquely determined by the two conditions:

(I) The correlator should be conformal in the limit e — 0.

(II) The correlator should imply the correct OPE coefficient to order g2 in d = 4 — 2¢
dimensions.

The ansatz in eq. (6.11) fulfills property (I) provided that A}, — 4 as € — 0, since N3(g)
is of order g2.

We point out that (II) is in general incompatible with an exact conformal symmetry
in d = 4 — 2¢ dimensions because of the soft breaking of the latter in the CS equation to
order g2, due to the nonvanishing beta function 3(g,¢) = —eg + --- induced by dimensional
regularization. We determine A%, from (II) by observing that up to order g°:

20,/ (F2,0)
(0(2)0(0)F(z)) ~Cr 7 (x) (O(2)0(0)) ) (6.12)
to order g
should hold as 2% approaches zero, with C§F2’O)/(az) the OPE coefficient at distinct points.

2 /
CfF 0) (z) satisfies eq. (4.8), and the perturbative expansion to order g2 of its solution
in eq. (4.12) reads:

GO (g(w))

F2,0) 2y,
A" @) = T 2 ) g)
_ (a§2(w)+“')g2(x)|xu|—26
’$‘4_26 92
2 2€ 2
e
|z|4=2¢ \1 — Bog? lzpl?<—1
€
2€ 2
ap’g
S S (6.13)
to order g2
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where we have employed AF(‘)Z =4 — 2¢, eq. (4.28) and eq. (4.29), with g(u) = g. On the
other hand, the short-distance singularity as 2 — 0 of the 3-point correlator in eq. (6.11)
reads to order g%

A A s ox  oa
<O(Z)O(0)F2(x)>l~ N N3(9)M F2 FZ MQAO 240,
d=4-2 - _
e ’x‘AFQ 21220 g order 2
A A
Ni(g)pu ** ~%0
T Wl e CHO0) (614
2(9) ‘{1}| F2 6 ordor 92

The comparison of eq. (6.13) with eq. (6.14) and the asymptotics in eq. (6.12) then imply that
the corrected dimension due to the nonvanishing beta function in dimensional regularization
is A*Fg = AFoz — 2¢ = 4 — 4e¢ in the denominator of eq. (6.11), while the powers of y in the
numerator compensate for the change of dimension. From eq. (6.12) we also deduce the
normalization of the OPE coefficient:

s Ns(g)
g = Na(g)

=_—"g (6.15)
oy N2

in terms of the normalization of the 3- and 2-point correlators. Therefore, to order g2 we obtain:

1 ;g
- O(2)0 2(g dye
5 [ (0E00F @) d o

1 / 1 Ns(9) 2
2 ’2|2AOO_AF3+2E’:L‘|AF§_2€ AFg—QE

2
=(0(2)0(0)) j—y_o. 2%28? (i +4log |zp| — 2logm + 2 + 2I"(1))

X

‘I _ Z’ up to order g2

(6.16)

up to order g2

where the above integral has been computed in appendix C. Hence, the finiteness of the
r.hs. of (IC) in eq. (6.6) implies:

7 Ns(g)
2 Na(g)

=0(9) (6.17)

to order g2 to order g2

with y0(g) = —7(()0) g%+ -+, that in turn implies for the OPE coefficient of a generic operator

O with F? at distinct points to order g2:

O
2,}/(() ) N2692

(F20) \ _
i (z) = 2 |x[i—de

(6.18)

by means of egs. (6.13) and (6.15). Besides, the matching to order g? of the logarithmic
terms in the Lh.s. and r.h.s. of eq. (6.6), which is independent of the regularization, leads
to the constraint:

72 N3(g)
=4— log |2z 6.19
3 Nalg) glzp (6.19)

order g2

o
—2987 log |zp|
g

order g2
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that implies:

0 N
g Yo — g2 3(9) (6.20)
89 order g2 Ny <g> order g2
Putting the above results together, we get:
o
987 = 270(9) (6.21)
9 lorder g2 order g2
whose only solution is that the anomalous dimension o (g) = — (()O) g? is one-loop exact,
which is obviously consistent with our perturbative assumption to order g¢°.
Vice versa, since yo(g) = — éO) g® to order g2, no divergent contact term may arise in

the bare correlator in eq. (6.8), otherwise the LET would not be satisfied. The LET further
implies the matching of the finite terms to order g¢?:

0log Na(g)

= Bg? — 2+ 2IV(1) — 21
Hog g* —10(9)(2+20'(1) ~ 2log )

to order g2

(6.22)

to order g2

that agrees with eq. (D.57) for O = F2.

6.2 Verifying the LET for O = F?

It is interesting to further verify the predictions of the LET for O = F? by comparing with
the perturbative computation [2, 3, 12-14]. First, to order ¢°:

F2(z2)F?(0) = 2¢p2 6W (2) F2(0) 4 - - - (6.23)

with c¢p2 = 2 [2, 3, 12-14] according to the LET.
Second, eq. (6.20):
w2 48, 9

_fﬁg = —2B0g” = Ype (9) (6.24)

is satisfied to order g2, where yp2(g) = —2B80g® + - -- (appendix A) and we read from the
2
OPE of F? with itself [2, 3, 12-14] that Ny = 48(N74—1) and N3 = Ng@f to their leading
s ™
order, respectively.

6.3 Conformal resummation to order g?

We find an a-priori solution of the resummed version of the LET in eq. (5.4) to order g°
by employing the resummed conformal 3-point correlator in d = 4 dimensions expanded
to order g? after the space-time integration:

dlog No(g)
dlog g

22 )

©E00) o

up to order g2

~ 270(g) (W (z = 2) + 6W(2)) (0(2)0(0)) d*z

(6.25)

up to order g2
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In the resummed conformal theory the multiplicatively renormalized 3-point correlator in
the coordinate representation must be finite, since no contact term may arise for vp2 # 0
for dimensional reasons:

(0(2)0(0)F () = Z;3 (0(2)0(0) F*())’ (6.26)

up to order g2 up to order g2

Moreover, in d = 4 dimensions the space-time integral of the resummed conformal 3-point

N3 p20"p2 A
/ 2A 2| Bpa 3,97

up to order g2 ‘ ’ o8 ‘$| F ’[13 Z‘ F
T(2+7p2)0 (- %52)°
T(2+282)°T( = vp2)

correlator at distinct points:

[ 000 @) ds

up to order g2

_ 2 7T2N3(g) nl™ 2
= (000N w 3£ B |z
. > 7r2 5(9) o |z

= 00 2 (M + 4log | zu] + - )

up to order g2

(6.27)

up to order g2

is finite because Ap2 = 4 + Y2, with nonzero yp2 = —28pg? to order g?> (appendix C).
Hence, the LET implies the following matching of the logarithmic terms in the 1.h.s. and
r.h.s. up to order g%

Mo ™ N3(9)
—2ga— log |z =N, 41og |z (6.28)
9 up to order g2 ( ) up to order g2
that is regularization independent, and leads to the constraint:
Mo 2 Ds(9) 6.99
9 lup to order g2 2(9) up to order g2

The latter implies that %283 is of order g® and it reproduces the same constraint implied
by (IC) and (IIB) in perturbation theory. The finite contribution in the r.h.s. of eq. (6.25)
reads to order g° by means of eq. (6.27):

T N3(g9) 2 2v0(9)

0= —
2 N2(g) 6092 @ orderg
1 9w 2v0(9)
_ _ 6.30
/30929 89 Blg) order ¢° ( )

that vanishes identically for vo(g) = _,YéO) g® and @ = —fyg®. The LET is then fulfilled

because MggT?g@ in the Lh.s. vanishes identically to order ¢°. Yet, the finite terms cannot

be determined to order g2 consistently with the conformal symmetry, since:

™ N3(g) 2 2y0(9)
2 Na(g) fog? Bl
g

order g2
2 Ny (g) order g4 ﬁ092 % order g2
involve the evaluation of %;Eg ; and 27%9()9) that is not consistent with the
order g4 "9 lorder g2

conformal symmetry.

— 29 —



7 Contact terms revisited

(F2,0

The occurrence of divergent proper contact terms in C} )(l') may seem surprising. In the

following we establish whether they are an isolated phenomenon or a more general one, by

2 12
investigating whether they exist in C’(()F o )( ) as well, where in this section we allow z=0.

Indeed, we demonstrate that to order g° the multiplicatively renormalized Z 2 Cy (F§ )(p)
needs an 21nﬁmte additive renormalization that fully originates from the Fourier transform
of C[()F ) (z) at distinct points, so that no divergent proper contact term occurs to this

2 2
order. Yet, we show that divergent proper contact terms do occur to order g2 in CéF o+ )(z)
. A(F2,F?)
as in C) ().

7.1 (F?(z)F2?(0)) to order g2 in perturbation theory

We expand the solution of the CS equation in d = 4 — 2¢ dimensions at distinct points
(appendix D):

1 F2), . 2 ~
(FXRF0) = 5 65 (0(2) 27(@(2). () (7.1)
perturbatively up to order g2. The RG-invariant function g§F2) reads:
2 2 2
G5 (5(=) = 65" O +85" 7 () + ) (7.2)
and, by means of eq. (D.35), we obtain:
(F2) 4
o) = 2@ 01 e+ ) B e g
z g*(p)
By employing the perturbative expansion of the running coupling g§(z) in eq. (D.23):
P _ Joul
) 1 - fog(uyLt 4
)% —1
= Jouf* (1 + g ) (7.4

and setting g(u) = g, eq. (7.3) yields:

/ 26_1
(F2(2)F2(0)) = gzz _4( ) <1+5(F)‘Zlu2eg2+ )(HMOQQIWIEJFH_)JF“_

géFQ)(O) 2 (F2) 9 |Z'U/|2€ -1
:84€<1+9 (62 Izu\f+2ﬁo>+...>
o €

_ o) 1 260g° 1 o (72 L 2%
~a" 0 (1— )+ hoge? (87 + 22 4 (7.5)
Its Fourier transform is:
FT[(F?(2)F / dz e®* (F2(2)F2(0))
1 2604
_ g{? >(0){FT {28—45} (1 _ 529 )
2e
1 o [ (F2) | 200
+FT 28—65]9 (52 + ) } (7.6)
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with d = 4 — 2e. It is convenient to first Fourier transform the correlator in eq. (7.5) and
then to expand in e. To this aim, we employ the general FT:

1 JT(E—A) ()28
T s = ot (r2<A) ) (i) (7.7)

that for d = 4 — 2e¢ and A = 4 — 2¢ yields to the relevant order in e:
1 (=24
FT = i YA
[9:846} < ) ( 4 ) (4 — 2¢)
m?\ 1 31 . )
e (4) oz (1 (5 ar

+e2(630; 32—1F’< ) — §F”( >+6F’2<1>) +- ) (7.8)

(o) e
=) (3 T(4 — 3¢)
16 “ (Gp ) 24e <1+6<127 +5F/(1)>

+62(ig + %F’( ) — gr“( ) + 15r’2(1>) + - ) (7.9)

and, for A = 4 — 3e:

2e
o
FT |:x866 :|

By means of egs. (7.8) and (7.9), eq. (7.6) reads as ¢ — 0O:

2 (F?)
1
PP r0) ] = T2 o —10 T+ B s
192 € 6
2 2 2
9°bo | g / Bo
S + 26( —250( +1I'(1) — 10g7r)> log i
+4° B log? p—z _9 50 log? 112 (7.10)

2
Y I
g (5 -1-2,6’0(3 +2I'(1 )+log4)>log,u2

2
9 (5D _gp (M vy 2
5 ( 5 250( 5 +1I7(1) logﬂ))logu

2 17 5 11

_926gF )(log \{f T F/(1)> + 92BO(<6 + F’(1)> log
5., 409 23 1 2 ) }

+4(3+r(1))1 gdt 5o+ ST () + 5T (1) +3072(1) ) +

We now compare the above result with the perturbative computation of C'(F F )( ) in the
MS' scheme [2, 3]:

2 2 F2,F?
S p) = 22,050 () + p* Zge, (7.11)
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where in our notation the multiplicatively renormalized contribution to order g* reads [2, 3]:

F3,F N? -1 1 _ 9%Bo
Z%QCO( 0 0)(p): o 4{1+—log2+gzﬁ log 2 2
2 2
D g*c1 g 485 17 Nf> }
29> log— — =—— — 12 _— - . 7.12
2t = po)lo g - TR+ (G - ) ) (2
and the additive counterterm up to order g2 reads [2, 3]:
N?2 -1 1 ¢%s 2¢
4 _ 4 0o,9a
P Zoct. = 12 {—+ 2 ++---} (7.13)
where, for later convenience, we have defined:
1 /17 5Ny
_ r o 14
T ( 2 3 N) (7.14)
so that we obtain the coefficient of the subleading log Z—z to order g2 in eq. (7.12):
1 (73 14Ny
2(c1 — == - 7.15
(e1 = fo) 16772<3 3 N) (7.15)

Eq. (7.10) reproduces the leading divergence as well as the leading log Z—z to order ¢° of
the multiplicatively renormalized coefficient in eq. (7.12), once the overall normalization
has been matched:

48(N? — 1)

" (0) = i (7.16)

™

We conclude that no divergent proper contact term occurs to order g°.
The matching of the subleading log Z—z to order g% in eqs. (7.10) and (7.12) implies:

38 = —9(er — Bo) 2ﬁ0< +2r'(1 )+10g4> (7.17)

that inserted in the subleading divergence to order g? in eq. (7.10), by neglecting temporarily
the pure log 2 terms, yields:

gz<( —260( +1'(1) — logw))

— gi(-201+2,30—2,30( 0 +2I'(1 )+10g4) _250< LT )—10g7r))
-T2 ZZ(_%( +a0'(1) ~log ) (7.18)

The last line differs from the corresponding divergent term in eq. (7.12) because of the last
contribution proportional to Sy. Hence, the above calculation implies that both a finite and
divergent proper contact term p=2¢C' A25(?(z) occur to order g2, with:

N? —1g

~ s N2 _—-1/. < 9
C = 2[50< +317(1) — log>—|—2(A0—i—Alg +) (7.19)
472 4 47
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so that the FT of:
(F2(2)F2(0)) + p2C A26(@)(2) (7.20)

reproduces the multiplicatively renormalized OPE coefficient in eq. (7.12) up to pure log u?
terms, with A the Laplacian in d Euclidean space-time dimensions, (F2(z)F2(0)) given
by egs. (7.5) and (7.16), and:

- 31 T
Ag =1 — = —=3I"(1) 4+ log —
0 5 3 ()—|—0g4

1 — 5P (1o VT 1T 5 , 5 -
Ay = 6} <log T~ ol W) =5 ( +T'(1 ))10g77+4(3+f‘(1))10g4
409 23 1 . , 1 485 17N
+op 2 T(1) + 5T (1)+3r2(1)) + 2(-12g3+—f) (7.21)

36 2 167

with 5§F2) in eq. (7.17) and ¢; in eq. (7.14).

Finally, as a further check, the fully renormalized OPE coefficient C’(()Fz’Fz) (p) in the
momentum representation is obtained by adding to the FT of eq. (7.20) the counterterm
proportional to Zp.t. in eq. (7.13):

C§ 0 p) = FT[(F2(2)F2(0))'] + FT [ 2C A% (2)]

FFT [0 Zgey, A25D (2)] (7.22)
where
NZ -1 1 2
1 Zges. = 2(1 — elog 1% + 76210g2,u2 +--'><— - + 95 76 —l—)
4 €2 €
N2 _1 2 P
_ . (_+ 9-bo 901Jrl 5010g#
47 €2
2/30 2 2
log? 112 — g%cilog p +) (7.23)

Indeed, the identity in eq. (7.18) provides the complete cancellation of the dlvergences and pure
log 112 terms in eq. (7.22), thus reproducing the fully renormalized C(F )(p) in eq. (7.11).

8 LET versus perturbative and nonperturbative renormalization

8.1 Perturbative renormalization

A perturbative computation of the bare LET to order g2 has been worked out for O = F?
with a hard-cutoff regularization [11]. The corresponding bare LET (IC) reads in dimensional
regularization (section 3.5):

0
0log go o dim. reg
=5 [ ©0E00F @), — 0(:)00), (), d' — 260 (0()00))4 (51
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Eq. (8.1) is the most convenient to verify to order g2 in perturbation theory the compatibility
of the LET in [11] regularized by a hard-cutoff in d = 4 with our gauge-invariant formulation
in dimensional regularization. Indeed, in [11] the occurrence of the finite contact terms in
the r.h.s. has not been taken into account because of the hard-cutoff regularization in d = 4,
which is consistent with their automatic subtraction in the r.h.s. of eq. (8.1).

The bare LET expressed in terms of renormalized objects follows by employing eq. (3.26):

20(0(2)0(0)) _ 270(9)

747
F270 dlogyg €

Z5% (0(2)0(0))

dim. reg.

= 325 [ (0)00) F () — 200 (6w — 2) + 80 (2) (0(=)00)

~{0(=)0(0)) (F (2)) ds (32)

dim. reg.
Then, the above LET allows us to verify to order g2 in perturbation theory for the special case
O = F? the corresponding version in [11], with the identification 2 = log(ﬁ—;). Indeed, to this
order we can set Zp2 = Zo = 1, since both sides of the LET are already of order g2. It follows
that all the perturbative arguments in [11] — strictly limited to order g> — hold unmodified.

8.2 Nonperturbative large-IN renormalization

In the AF nonperturbative case, once the Lh.s. of the LET is expressed in terms of the
derivative with respect to Ay, the r.h.s. necessarily contains the insertion of the RG-invariant
object according to eq. (3.39):

dlog <O(z)0(0)>>

(0(2)0(0)) (210(9) — 200¢ - 5T
= ;ﬂ(‘? 2 / (0(2)0(0)F2(z)) — (0(2)0(0)) (F*(x)) dz (8.3)

It follows that no divergent contact term arises in the limit ¢ — 0 both in the L.h.s. and
r.h.s. according to eq. (3.42), so that all the arguments involving the nonperturbative large- IV
renormalization in d = 4 dimensions in [11] hold unmodified.

9 Conclusions

We summarize our main results.

First, we have worked out in dimensional regularization the renormalized LET for 2-
point correlators C(()O’O),(z) = (O(2)0(0))" at distinct points z # 0 of a multiplicatively
renormalizable operator O in the L.h.s. Our key result is that the corresponding integrated
3-point correlator in the r.h.s. needs in general an infinite additive renormalization as
€ — 0 — completely controlled by the LET — in addition to the multiplicative one order
by order in perturbation theory. The corresponding counterterm consists in the subtraction
of an integrated — i.e. at zero momentum — divergent contact term proportional to a 5@
multiplying the 2-point correlator of O. In fact, we have provided two equivalent versions
of the above LET — (I) and (II) — that differ by a finite contribution in the Lh.s. Besides,
each version has three equivalent formulations (IA), (IB), (IC) in egs. (3.28), (3.29), (3.31)
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and (ITA), (IIB), (IIC) in egs. (3.32), (3.34), (3.35) respectively, corresponding to different
ways of writing the aforementioned counterterm in the r.h.s.

Second, we have worked out two RG-invariant forms of the LET involving the insertion
of %FQ in the r.h.s., in terms of the derivative with respect to the gauge coupling in
the Lh.s. of eq. (3.37) and, in AF gauge theories, in terms of the derivative with respect to
RG-invariant scale in the L.h.s. of eq. (3.39). Perhaps not surprisingly, no infinite additive
renormalization occurs in this case.

Third, we have demonstrated in eq. (4.48) that the aforementioned divergent contact

2
term in the r.h.s. of the LET coincides with the corresponding countertem for 72 C’gFO ’O)(p),

so that the fully renormalized OPE coefficient C’fFQ’O) (p) in the momentum representation is
unambigoulsly fixed by the LET in eq. (4.50). We have also verified that, for the special case
of O = F2, the fully renormalized C£F2’F2)(p) in eq. (4.22) agrees with a previous result [2]
obtained by means of an independent argument.

Fourth, we have argued according to eq. (4.21) that, in general, the aforementioned coun-
(F?,0)

terterm for C) (p) satisfying eq. (4.18) does not totally arise in dimensional regularization
2 !
from the Fourier transform of CfF 0) (z) restricted at distinct points satisfying eq. (4.8).

As a consequence, an intrinsically divergent contact term — that we have referred to as a
divergent proper contact term — must be added to C}F2’O)/(:U) in order to reproduce the
correct infinite additive renormalization of C£F2’O) (p). Indeed, we have verified the above
statements by direct computation for O = F? in eqs. (4.38), (4.39) and (4.43).

These observations will play a key role in our second installment, where we apply the
LET to QCD inside and above the conformal window.

Fifth, taking advantage that YM theory is conformal invariant to order g2, we have
employed the LET to reconstruct to order g2 the relation between the normalization of the
involved 2- and 3-points correlators and the anomalous dimension in egs. (6.17), (6.20), (6.21)
and (6.22). The above technique will play an important role in our second installment as well.

Sixth, we have demonstrated in eq. (5.4) that in the AF phase of the theory the additive
renormalization in the r.h.s. of the LET turns out to be finite after the nonperturbative
resummation to all perturbative orders.

Finally, we have employed the LET in dimensional regularization to verify in a manifestly
gauge-invariant framework in eqgs. (8.2) and (8.3) some perturbative and nonperturbative
computations [11] involving a hard-cutoff regularization of the bare LET, respectively.

A Anomalous dimension of F?

We compute in two different ways the anomalous dimension of Tr F? = %FQ in massless
QCD and N =1 SUSY YM theory: first, from the multiplicative renormalization of Tr 2
in M S-like schemes. Second, from the RG invariance of the trace anomaly that reads in
d = 4 dimensions [20]:
Toe = BL9) 1y 2 (A1)
g

The two computations are not actually independent. Indeed:

Toe = —€Tr F§ (A.2)
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in d = 4 — 2¢ dimensions, with Tr FZ the bare operator. Hence, we get:
Toa = —eZE%(g, €)Zr2(g,€) TrFO2
= —EZEQI (g,€) Tr F?

= —e<1—5(9)>1&~F2

€g
= B(gg, ) Ty 2 (A.3)
where:
T = Bl.€) = —eg-+ (0 (A4)

is the beta function in d = 4 — 2¢ dimensions. It follows that the trace anomaly is a
consequence of the multiplicative renormalization of Tr F? that also implies the anomalous
dimension of Tr F? (appendix A.1). Vice versa, the anomalous dimension of Tr F? follows
from the trace anomaly as well (appendix A.2).

A.1 Multiplicative renormalization of F?

In gauge-invariant correlators of massless QCD and N/ = 1 SUSY YM theory Tr F? is
multiplicatively renormalizable in M S-like schemes up to operators proportional to the EOM:

Tr F? = Zpa2(g,€) Tr F (A.5)
where Zp2(g,¢€) [3, 20]:
Zentg ) =149 8 20,0 = (1- 22) (A0
with:
90 = Z4(9, )9 (1) (A7)
and B(g) = —g d;ffgig. Thus, by means of ﬁ = B(g,é)a% + aﬁagﬂ and eq. (A.6), we get

the anomalous dimension of Tr FZ:

dlog Zp>
—m— /B(gvﬁ)

Besides, from eq. (A.6) it follows:

2 4 2 4
Zpa(g,€) = 1 - 5069 - 5169 + 5229 +0(g%) (A.9)
and:
. Bog® Bt 3834 6
Zg(g,ﬁ) =1 % de + 862 +O(g) (AlO)
up to two loops. As a consequence:
2
Bog> Bt | 3B39" | [ Bog? 6
Z?2 =1-2 —2 2
a(9:€) 2¢ de + 8¢e2 + 2¢ +0(g)
B 2 B 4 52 4
—1- 069 - ;‘Z + 25’ +0(g% (A.11)

Hence, only to one loop Zp2 coincides with Z2 [3].
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A.2 ~p2(g) from the trace anomaly

Eq. (A.8) follows from the trace anomaly as well [24, 25]. Because of the RG invariance of
the trace anomaly the CS equation reads in d = 4 dimensions:

0 0
Hence:
5, 0 0 B(g) 20, _
(v 55+ 85 + 4+ 8@ 10 (5 2) ) TP (@) = 0 (A13)
that implies:
d 9 0 (Blg) 201 —
(o3 + B3 4+ 05 () ) ) =0 —
Comparing the above equation with the CS equation for Tr F?:
0 0
(2 5 +80) 5 +4+ 7r2(9)) Tr F2(a) =0 (A.15)
we obtain:
0
e (9) = 95 (5;‘9)) (A.16)

that coincides with eq. (A.8).! The anomalous dimension up to two loops in M S-like
schemes follows:

r2(9) = —260g% — 419" + - (A.17)
with:

Blg) = —bog® = brg” +--- (A.18)
(F?)

The first coefficient 75 ~ = —203 is universal, i.e. scheme independent, as for the one-loop
coefficient of the anomalous dimension of any canonically normalized operator. Instead,
7§F2) = —4f is scheme dependent, and it may be changed [22] by a finite multiplicative
renormalization of Tr F? reducing to the identity for g = 0, contrary to a reparametrization

of g that would not affect 51 — the second universal coefficient of the beta function.

B Contact terms in the OPE for F? [2, 3]

The Euclidean version of the Minkowskian operator O; [2, 3| reads in our notation:
1
Ol = _29}2/M Tr]:ulff,uz/
N
== *2792 Tr F/U/]:/u/
N ¢*
292 N
1
=3 Tr By Fl,
1

= _ZFQ (B.1)

'The analogous reasoning in d = 4 — 2e dimensions also leads to eq. (A.8).

Tr By Fl,
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where g2 = Ngi,, and we have expressed Fuv in the Wilsonian normalization in terms of
F,,,, in the canonical one (section 3). It follows the fully renormalized OPE coefficient of
O; with itself [2] in the momentum representation:

/ 01 (1‘)01 (0)67ip'xd4726$

= / < 1C’Z ) 5(4*26) (l’) (glLl + .. >> 01 (0) 4 efl'p.xd4,26x (BQ)

11

with:

T = (1 - 5(‘;‘)>1 (B.3)
and [2]: o r (1_5(%))_1 P 9 (M)
Z11 i B(; | . Jaug Qg
- ! (1 _ f) (a5 (0s) — Blas) (B.4)

where [(as) reads in our notation:

dlogas 11 das dg

Blas) = dlog 2 T 2aq, dg dlog i

147N 2g dg 1 dg

2 ¢2 AnrNdlogp gdlogp

_ ) )

)

g?
B(g)

with as = g%M/47T = ¢%/4rN. Hence, employing:

9 (Blas)y 1 1 40 By )) 139
2 _ = 3 Y g0
saas ( s ) - 2477Ng g (47TN g3 29 Bg

140 (1 Blg )) L0 ( >>
29 8g g 29
1 B9)

=5 (9) — 7 (B.6)

we obtain from eq. (B.4):

Do) ()5 e

According to F? = —40; in eq. (B.1), we get the OPE coefficients in both notations:

/C{F27F2)(x)e—ip~xd4—2ex — _4/C§g)z(x)e—ip'xd4—2€x (B8)

C{FQ’FQ)(p) is given by:

Then, the infinite additive renormalization of
7t
Z11
that coincides with eq. (4.50) for O = F?2.

4
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C Integral IgA , A,

Egs. (6.16) and (6.27) involve special cases of the integral [26]:

I = ! d
= (QW)dCd,%,% |o|d— A=A (C.1)
with: T A1+As—d T d—Aq T d—Ao
O a A — (S0 ()T (552) (C.2)
1 2 .
PEE A (BD()TE - 5 - )
For d — d and Ay = Ay — Az in egs. (C.1) and (C.2) we get:
I = ! d
dAp2,Apa T / |$|AF2|x—Z‘AF2
= (27r)dC'J pa B |2|7720R2 (C.3)
T 9 0T 9
ith:
b 20 po—dy\ 1 d—A g\ 2
. __r(eshr(ge o
g lr2 Ap2 T d A o2, 7 (C.4)
T (4mir(3R) T - Ap)
Eq. (6.16) is obtained for d = 4 — 2¢ and Ap2 = 4 — 4e in eqgs. (C.3) and (C.4):
Iyved—sea—ae = (2m) 72 Cyoen9ea 9. |2 7476
— (271')4_26 F(2 B 36)1—‘(6)2 |Z|—4+6e
(47)2<I(2 — 2¢)2T'(2¢)
€
2
= 712(+2+2F'(1) —2log7r+~-)\z|4+6€ (C.5)
€

where in the e expansion of the ratio of I' functions we have repeatedly employed 2I'(z) =

I'(z + 1) and the Taylor expansion I'(1 +€) = 1 + eI’(1) + ---. Eq. (C.5) multiplied by

#26 .
W ylelds as € — O:

2e 9
#14726,4746,4745 = 7T2|Zu|26<6 +24217(1) — 2logm + - - >

2
= 7T2(+410g\zu] + 2+ 2IV(1) —2log7r> (C.6)
€
reported in eq. (6.16). Eq. (6.27) is obtained for d — d = 4 and Apz = 4 + yp2 in egs. (C.3)
and (C.4):

_ 4 —4—2
laatpatinge = @0 Cpp oy 2 A7

D(2 +7p2)L(—52)?
(47)20(2 + T52)2T (= yp2)

4
— (= =+ Oyp) ) el e (©7)
YF2

2|42

— (2m)’
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expanded perturbatively in yp2. Eq. (C.7) multiplied by % yields perturbatively in vyp2:
z

|
pee

4
T —— = - — V2

4
= 7r2(_ +4log‘zu‘+0(’sz)> (C.8)
YF2
reported in eq. (6.27) for yp = —280g? + - --.
D Callan-Symanzik equation in d = 4 — 2e dimensions in the coordinate

representation

The CS equation [27, 28] in a massless QCD-like theory for connected 2-point correlators
G®? = (0(2)0(0))" at distinct points z # 0 of a multiplicatively renormalizable gauge-
invariant scalar operator O with canonical dimension D is a consequence of the independence
of the bare correlator G((JQ) = (0(2)0(0))y:

G (2,6,90) = Zo* (e, ()G (2, 1, 9(1) (D.1)
from the renormalization scale u:

d (2
G
dp °

=0 (D.2)

€,90

with fixed bare parameters gy and € of the dimensionally regularized theory. Substituting
eq. (D.1) into eq. (D.2) we get the CS equation [27-30]:

(13 + B0 57+ 210(6) ) 6o s 00) =0 023)
with:
dg
Blg,e) = dlogpl,, = +B(9) (D.4)
and:
000 =~ Gioars | (D5)

the anomalous dimension of O. As the theory is massless to all orders of perturbation
theory we define:

G2z, 9(1) = —55.G e () (D.6)

with the dimensionless correlator G(?) that satisfies eq. (D.3) as well. Besides:

(2 52 + 8(0.95, + 210(0)) 62 (an, ) = 0 (D.7)

as G depends on z via the product zu only. Therefore:

(2 5 + Bla 5 + 2D+ 210(9) ) G2z ) =0 (D)
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The solution of egs. (D.8) and (D.3) may then be written as:

Gz pag(h)) = 5 G (et g(0)

1

= 5 9762 29(5(). 9(n) (D.9)

where géo) is an RG-invariant function of the running coupling §(z) = g(zu,g(n)) in d
dimensions that solves:

dge)
dlog |z|

B(9(z),€) (D.10)

with the initial condition g(1,¢g(x)) = g(u), and the renormalized multiplicative factor
79 (g(=), 9(n)):

9) v0(9)
AR g(z),g(p :exp/ 109 dg D.11
(5(2), 5) g(n) B(gse) ( )
solves: ©)
dlog Z
= D.12
10(9(1)) dlog 1 (D.12)
Moreover, it follows from the RG invariance of §(z):
L di(2)
dlog
_ 09(2) | 93(z) dg(p)
dlogu  dg(u) dlog p
_ dg(z) | 93(z) dg(p)
dlog|z| = Og(n) dlog
_ 99(z)
= — Z y —|— 5 D13
B(g(2),€) ag(u)ﬂ(g(u) €) (D.13)

according to eq. (D.10) and the fact that §(z) depends on z via the product zp only. As
a consequence:

(D.14)

D.1 Asymptotics of the running coupling

In d = 4 — 2¢ dimensions the beta function:

B(g,€) = —eg + B(9)
= —eg— fog® = pig’ + -+ (D.15)

has a UV zero at ¢ = 0. The running coupling satisfies:

/g(z) a9 /|Z|d1 2 (D.16)
= — Og zZ .
g B(g,€) pt
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We evaluate asymptotically eq. (D.16) including the leading order of the perturbative ex-
pansion of 3(g) = —fog® + -+, with Sy > 0:

3(2) dg 4
/ — = —/ dlog |z| (D.17)
g(w) —€9 — Bog® + -+~ .

where both length scales, |z| = V22 and p~!, are assumed to be close to zero in order for
g(z) and g(u) to stay in a neighborhood of ¢ = 0. By employing:

3(z) dg 1 g2 §(2)
L Y S — D.18
/g(u) gle+ Bog®)  2¢ 7 e+ Bog® |y (D-18)
eq. (D.17) yields:
2 2
§°(2) e+ Bog*(p) + - -
log ~ = 2elog |z D.19
<g2<u> e+ BoP(s) + el (B-19)
After exponentiating both sides:
52 52
THE et fogP(2) +
9% (1) €+ Bog*(p) + -+
we obtain:
S+ 5 +---—|zu|_2€< B+ > (D.21)
7)) g w '
that implies:
2 2e
9° (1) —2¢ 2, \lzpl™ =1
_ 1 . D.22
whose inverse is:
~2 2e
92(2) = |ZlT| ‘25_1 (D23)
G 1= Bog?(pu) =+ -
For € — 0 eq. (D.23) provides the solution in d = 4 dimensions (appendix E.1):
3 (2) 1+ 2elog |zp| + -
Im = = lim 3
=0 g*(p) =01 —2Bg*(n)log|zp| + -
1
= (D.24)

1 — 28092 () log [zp| + - - -

Instead, for fixed ¢ > 0 and around the le) singularity as g(z) — 0, i.e. for large log |zp/,
the asymptotics of the solution in eq. (D.23) reads:

~ € €
32 (2) ~ o-|zuf? (D.25)

0

Moreover, eq. (D.19):

€

,3092(M)+.“>+10g'u (D.26)

1 € 1
1 1+ 1. ) Zloglz| = =1 1
5 ogﬂo< + B2 (2) + ) og |z| 5 ogﬁ()( +
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1 i.e. RG-invariant, though scheme

implies that both sides are independent of |z| and p~
dependent. After subtracting the infinite constant —i log By from both sides and introducing
a scheme-dependent integration constant C, eq. (D.26) thus defines the RG-invariant mass

scale Ayy in d = 4 — 2e dimensions:

1 € C
logAyy = ——1 1+ ——+---])—1 - — D.27
og Ayy 2 0g< =+ Bod?(2) + ) og |2| 250 ( )
whose exponential reads:
1
~1 o
A :zl<1+~6+---> exp(—) D.28
o = M B 20 (D-29)
Solving eq. (D.28) in terms of §(z) as € — 0 and asymptotically as |z| — 0T we get:
. 1 1
92(2) ~ _<C
Bo (~1+]zApy|~24--)e Po
€
1 1
Bo —21log |z|Ayy — % + e
e (1~ s )
~ - 4. D.29
“2alog Aoy ' 2Bylog [Auy (0-29)

Eqgs. (D.28) and (D.29) yield as € — 0 the corresponding eqgs. (E.12) and (E.13) in d = 4
dimensions.

D.2 Asymptotics of (O(z)0(0))’
In perturbation theory:?

v0(9) = =12 g% = NVt + - - (D.30)

with the first coefficient ’y(()o) universal, i.e. scheme independent. We employ vo(g) to leading

order to evaluate asymptotically the renormalized multiplicative factor Z(9)(§(z), g(u)) for
small coupling, i.e. §(z),g(u) — 0O:
(0) 2

G(z) — 4.
Z(O)Nz, Nexp/ Yo 9 -
(9(2),9(w)) o g —BoP + -

0) 1g2(2)
~ exp (’Vo / 1+— dg2>
2 2 Iu,) € + Bog +
~ exp log €+ b0’ (2 — )
2/30 €+ /309 .
10 2|2 )
2 /30 g ( ! ™ )
Z 250
~ D.31
(5 ) D31

2In the present paper the convention about the sign of the coefficients ,YZ_(O) agrees with [12, 24, 31], but it
is opposite to the standard one [22].
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where we have employed eq. (D.20). It follows the short-distance asymptotics of the 2-point
correlator in eq. (D.9) as g(z),g9(n) — O:

,(0)

©)g) /82(» u_
©100)) ~ F O (T ) (D.32)

D.3 Asymptotics of (F2(z)F2(0))

Z(F*) admits a closed form in terms of the beta function according to eqs. (A.16) and (D.11):

2 9(2) g
20 (2).glu) = exo [ g
0 £ (29)
eXp/g<u> g9
B9 o)
=90 Blelo.9 (D-53)

Correspondingly, we get for the solution of the CS equation:

o o GEG(2) (8GR, ONE [ g) N
ooy =252 (5557 () (D34

with D = d = 4 — 2¢ the canonical dimension of F2. For small coupling we evaluate
asymptotically eq. (D.33):

B(G(2),e) g
g(z)  Blg(p),e)
€+ Bog*(z) + -+

25 (G(2), g(n)) =

e+ g ()
o O (D.35)
9*(n)
that, indeed, for fy(()FZ) = 20 coincides with eq. (D.31). The short-distance asymptotics of

eq. (D.34) as §(z),g(u) — 0 follows:

OIS
2874 gi(p)

D.4 Change of renormalization scheme

(F2(2)F?(0))' B (D.36)

1

Replacing z — 7" in eq. (D.23) and expanding for small g(u), we obtain:

2e
() = (5) 200 (1+ 28000 oz & + -+ (D.37)
Hence, the change of scheme i = au yields for the coupling;:

9°(h = ap) = a”*¢*(u) (1 — 260g°(n) loga + - --)
—a 2@ (W1 +---) (D.38)
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where the dots contain O(g?) contributions. We determine the scheme dependence of the
complete 2-point correlator entering the FT in eq. (7.22) and the 2-point correlator at distinct
points in eq. (7.5) by replacing u — fi = au and rewriting ¢> — ¢*(i = au) in terms
of g(1) = g by means of eq. (D.38). For the correlator at distinct points in eq. (7.5), we
obtain to order g

(F*(2)F(0))' |,

- 292(ﬁ)ﬁ0> . Zgi;g (i) (5(F 250) }

9 2 —2¢ 2€ . 2¢ 9
:géF)@){zgie (1_29 foo >+/~L80465 P (52F>+2ﬁo) }

F2 1 2¢°13 3 (F2) 250
= gé )(0) 8—de 1= c 0) + 8—6c9 (‘52 ) }
G 29°p e
A

2
= (F(2)F*(0)'|, + g28 0 0 a2y g

48(N? — 1) 298
o 484 €

= (F*(2)F*(0))’| (I—a™)+ (D.39)

where we have employed eq. (7.16) in the last equality. For the complete correlator entering
the FT in eq. (7.22) we obtain to order g2:

(F()F0)) |,

/ N? — o 1 g
= (PP |+ A @] - L L

SO (T Oy (B ey 108 T ) 4 Ao Ang) )+
= Ep )|, + SN2

n N4 . A25(d)( Y 2ea25{ _%+ 92046_22650

g 0;26 (16;2(127 ~2380) (22 480 (1) — tog 1))

+ Ay + AngOz_QE} + -

48(N? — 1) 2¢*
= (F*(2)F(0)) |, + (zs 46) geﬁo( —a™%)
N @y —2efl=a™> o[ 9%
+ 12 A25 (2)p 2{ - +(1 a4){ >
g>( 1 (17 5Ny ) - _
e (167r (T-3%)- 50( +30(1) - 10g4)>—A192”+--- (D.40)
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Hence, the scheme dependence of its FT in eq. (7.22) to order g? reads as € — 0:
FT[(F2(2)F2(0)) |,] = FT[(F2(2)F*(0)) | ]

+ Njﬂ’; 1p4{ 2962260 (f) _6(1 + e(i%1 + 3F’(1)) + - )(1 _ a—QE)}

N2 —1 4 2¢ 1—- 05_26 4 9260
— - - 1 _ —4€ _
Arz PH { € + (1 —a™) [ €2

(gl - 33 (G ror@- ) - o

=T Er o), + 5

+

472
2¢° 31
gfo <2eloga—26210g2a 2¢2 loga(logp +logz—€—3r"( )))
€
—|—210ga—&(4610ga—8e log? a — 46210go<log,u2>
1 (17 5Ny 25 ,
+ 44> 10ga<167r2(2_3N> Bo <6 +3I"(1) — log — )}+

2 _ 2

=FT[(F*(2)F(0)) | ] + a

5 {2loga—4g Bo logalog
47 w?

1 73 14N
2 2 2 _ S .
+4g°Bolog” a + 2g loga16ﬂ2(3 3 N)}+ (D.41)

where we have employed egs. (7.8) and (7.18). Eq. (D.41) manifestly agrees with the scheme
2 2
dependence obtained by replacing p — &t = au in C’(()F o )(p) in eq. (7.11).

D.5 Derivative of the 2-point correlator %’25(0», in the l.h.s. of the LET
The Lh.s. of the LET (IC) in d = 4 — 2¢ dimensions for z # 0 reads:
) 0log (0(2)0(0))’

Lh.s. = (O(2)0(0)) Ologyg

(D.42)

where g = g(p) and the 2-point correlator is the solution in eq. (D.9) of the CS equation
in 4 — 2¢ dimensions. By explicit computation we obtain:

dlog (0(2)0(0))  8log Gy (3(2)) . dlog ZO(g(2), g(n))

dlogg dlogg Ologg
SpeL gf;og) 2Dy 29(;99 /gg(Z) ; E);’?/e)) W
- e 55D - 6)
- S (0 ) el
QoG T GO |25t - r0te)
o8GO _ 22, 5) ) (043
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where — in the order — we have employed eq. (D.11) for Z(©), eq. (D.14) for the ratio of
the running couplings, eq. (A.6) and 5(g,e) = —eg + B(g) that imply ZEQI = —%j). To
order g2 in perturbation theory:

G2 @G(2)) = G201+ 8532 () + )

O o €
= G701+ 8,7 zul*g* + ) (D.44)
and:
= _ _ _O)z20 N 2
10(3(2)) =v0(9) = =% (57(2) =g°) + -
o €
= =gz = 1)+ (D.45)
so that eq. (D.43) reads to order g2 as e — 0:
0log (0(2)0(0))' O, 2e2 2 2
= 20y |zp|* 9" + Zpul* =1
9l g oot 7 [2ul™g ’Yo g (lzuf* = 1)
= 2650)g2 + 47((] )92 log |zu| + - - (D.46)
where the dots stand for O(e) contributions. For O = F?, eq. (D.46) yields:
0log (F2(2)F*(0))' (F2) 2 2
= 20 1 ‘e D4
(F?) _
where we have employed ~; = 20.

D.6 Scheme dependence of the l.h.s. of the LET for O = F? to order g2

The scheme dependence of the derivative in eq. (D.47) is implied by the one of the correlator
at distinct points in eq. (D.39). For g = au and setting g(u) = g, the derivative of
eq. (D.39) yields:

dlog (F*(2)F2(0))' |, B a0)2800% o
dlogg(ji) - = alogglog(<F2(Z)F2(0)> ‘H» 18 Ic . (-« 2 )_|_)
8 /
= abgg{log(FQ(z)FQ(O)) N
L G200 e

—Hog <1+<F2(2’)F2(0)>,|M 8—4e c ( — )—1— >}
_ dlog(F2(2)F?(0))'],
a dlogg

0 ! 687 (0) 2605 . .
—i-mbg <1+g(p2)( 0 28—45 ° (1—a? )+)

2s=2e (1+0(g%))

dlog (F2(2)F2(0))'| o 2B09>
_ o 1 1 09 =2 >
Slogs + 3loss og( i L

dlog (FQ(Z)F2(0)>/| 489> —2¢
- dlogg fr— (- Ran
dlog (F2(2)F2(0))'|

= L 4 88yg°1 D.4
dlogg +88pg” log o+ (D.48)
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where we have employed to the relevant order as € — O:

0 0 Ologyg 0
_ | 14 D.49
dlogg(ji) 0Ologgdlogg(ii) Jlogyg ( ) (D-49)

The result in eq. (D.48) can also be straightforwardly obtained by replacing u — i = o in
eq. (D.47). Hence, after factoring out the 2-point correlator (F2(z)F2(0)) in eq. (D.42) for
O = F?, the remaining scheme dependence of the Lh.s. of the LET to order g? amounts to:

Dlog (F(2)F(0))'| dlog (F(2)F(0))'], ¢ $fugt log
— = g (6%
0 1Og Q(M) to order g2 9 log g to order g2 °

(D.50)

D.7 Scheme dependence of the r.h.s. of the LET for O = F? to order g2
For O = F2, the r.h.s. of the LET (IC) to order g% in d = 4 — 2¢ dimensions reads for z # 0:

rhs. = lzp / (F2(2)F2(0) F2 () d'a
—fZF2/4 (@ — 2) + 6D (2)) (F2(2)F2(0)) dz

+ZF227F€"’() (F2(2)F2(0))

up to order g2
= 5 [(PEFPOFPW) d
b [ B (00@) + 5D - 2) (PR ) '

27F2( )<F2( )F2(0>>’

€

up to order g2

= 269> (i + 4log|zp| — 2logm + 2 + 2r’(1)> (F2(2)F%(0))

LB () FA(0)) - Y (p2 e o)y

€

(D.51)

to order g2

where we have employed eq. (6.8) for O = F?:

(F2(2)F2(0) F2(x)) — @+ B D (@ - 2) + 5D (@) (F2(2) F2(0))

up to order g2

2k (F2(2) F2(0) F2(x))’ (D.52)

up to order g2

and egs. (6.16) and (6.17), with vg2(g) = —280g2 + - - - . After factoring out (F2(z)F2(0)) in
eq. (D.51), the scheme dependence of the r.h.s. of the LET to order g? amounts to:

489>

2 (2
2B0g° (e +4log |zu| — 2logm + 2 + 2F’(1)) + B(()F )g2 -

_ 2 _ / R(F?) 2
= 20og” | 4log |zp| —2logm +2+2I"(1) | + By g (D.53)
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where the divergent contact term has cancelled the divergence of the integrated contribution
at distinct points. Correspondingly, the result in the ji-scheme is related to the one in the
p-scheme, with 1 = ap and g(p) = g, as € — 0 as follows:

2/~ ~ / ~5(F2) 9/
2Bog” ()| 4log |2fi| — 2logm +2+2I"(1) | + By “g” (i)

_ 2 o / 5(F2) 9
=2Bpg°| 41og |zp| + 4loga — 2logm + 2+ 2I"(1) ) + By g
_ 2 . / 5(F2) 2 2
= 2009 (4log |zp| —2logm +2+2I"(1) | + By '¢° + 8Bog” log o (D.54)

where we have employed eq. (D.38) for e — 0.

D.8 Matching the finite terms in the LET for O = F? to order g2

Importantly, we verify that the matching of the lLh.s. and r.h.s. of the LET is scheme
independent. Indeed, after factoring out (F2(z)F2(0))" on both sides of the LET, the scheme
dependence of the Lh.s. is given by eq. (D.50), i.e. it consists of the shift by the term
830g* log a that equates the one of the r.h.s. of the LET in eq. (D.54).

Hence, for O = F? the LET implies the following scheme-independent matching to
order ¢g? as € — 0:

dlog (F2(2)F2(0))’
dlog g

— 28002 ( 41 _9] 2491 + BF) 2 (D
= 200g° | 41og |z ogm+2+2I"(1) ) + By ’'g= (D.55)

to order g2

that, by means of eq. (D.47), reads:
2 ~ 2
25§F )92 + 860g? log | zp| = 2B0g> (4 log |zp| —2logm + 2 + 2I"(1)> + B(()F )92 (D.56)

The terms proportional to log|zu| indeed match. The matching of the remaining finite
terms implies the relation:

5§F2) _ %BSFQ) + Bo (2 + 2PI(1) _ 210g71') (D.57)

2 ~ 2
between the coefficients 5§F ) and B(()F ) computed in the same RG scheme.
The LET thus relates in a scheme-independent way two scheme-dependent quantities

2
that enter different OPE coefficients computed in perturbation theory. Specifically, 5§F )

hence the coefficient 2(c; — fy) of the subleading log Z—i to order g2 — that enters CSFQ’FQ)(p)
computed in [2, 3, 13] and B(()FQ) — hence By — that enters C’£F2’F2)(p) computed in [3, 14].

The value of BéF2) determined in [3, 14] in the M S scheme in our notation reads:

~ 2 ~
B{%) = —4B1,

= —4B11 — 45 (2 +30'(1) — log Z)

B 1 < 49 10 N;

- 9N> — 4By <2 +307(1) — log D (D.58)
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where in the last line we have employed the value of Bj ; reported in eq. (4.26). The value

of (5§F2) determined in [2, 3] in the MS scheme in our notation reads:

55@2 = —2(a 60)-260( +21(1 )+log4)
oL (M N e (10 o
- (47r)2<3 3 N) 250(3 +2I (1)+log4)

— _2(471r)2< 19 +10Nf> —2ﬁ0< +2r'(1 )+log4)

9
—2311—2,30 +2F( )+log4>
%B(()CZ + 25()(2 +3I'(1) — log — ) - 250( +217(1) +10g4)
= EB( oyt Bo( +217(1) — 210g7r> (D.59)

where we have employed egs. (7.17), (7.15), (4.26) and (D.58). Eq. (D.59) differs from the
LET constraint in eq. (D.57) for a term fy:

F2 ]_ ~ F2 F2 ]_ ~ F2
(5§C’% - QB(gCZ)) = <5§ ) §B(() )> — o (D.60)
whereas all terms with I'V(1), log 7w and log 4 do agree. Tentatively, we suggest two alternative
explanations.

Either, eq. (D.59) for the coefficient in C'(F )(p) in [2, 3] or eq. (D.58) for the coefficient
in CfFQ’FQ)(p) in [3, 14] need a correction. Or, our ansatz conformal in the limit ¢ — 0 for
the solution of the LET to order g> — despite reproducing exactly the OPE to the relevant
order — introduces an error of order € that somehow generates a finite discrepancy once
multiplied by some divergence in the r.h.s. of the LET.

E Callan-Symanzik equation in d = 4 dimensions in the coordinate
representation

The CS equation in d = 4 dimensions for G = (0O(2)0(0))’ at distinct points z # 0 and a
multiplicatively renormalizable gauge-invariant scalar operator O with canonical dimension
D follows from eq. (D.3) as € — 0:

(150 + 805 + 210(0)) G2z gl1) =0 (B1)
whose solution reads:
GOz, s 9(1) = 22%@(2)(27# 9(4)
= 5 97 (9(2)) Z©(g(2), (1) (E-2)

in terms of the RG-invariant function QQ ) of the running coupling ¢(z) = g(zu, g(p))
that solves:

_ dg(z)

dlog|z|

= B(9(2)) (E.3)
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with the initial condition ¢(1,¢(p)) = ¢(u) and the renormalized multiplicative factor
Z9(g(2),9(n)):

(2)
200 (g(2), g(n)) = exp / fﬂ) ’Vg((;;)dg (E.4)
that solves:
dlog Z(0)
10(9(0) = === (E:5)

Moreover, the RG invariance of g(z) implies:

dg(2)
dlog u
_ 09(2) +39(Z) 9(1)
dlog 3g(ﬂ)d10gu
dg(z) v 9g(z) dg(p)
dg(p
dg(z

- dlog |z| ) dlog i

()
dg(w)

according to eq. (E.3) and the fact that g(z) depends on z via the product zu only. As

= —B(9(2)) + Blg(w)) (E.6)

a consequence:

99() ~ Aloli) (=0
E.1 Asymptotics of the running coupling
The beta function has a zero at g = 0:
Blg) = —Pog® — B1g” — Bag” +- - (E.8)

and for By > 0 the theory is AF at short distances. From the integral of the inverse of
the beta function:

/ o 49 / " dlog2] (E.9)
= — O zZ .
g(p) _6093 - 5195 + e pt 8

where the length scales, |z| = V22 and p~!, are assumed to be close to zero in order for g(z)
and g(u) to stay in a neighborhood of g = 0, we obtain:

L1 0B (1B
= —20ylog|zp| QBOIOg(g(M)>+ (E.10)

or, equivalently:

1 B1 1 B1
——+28plog |z|+2=—1ogg(2)+C+--- = ———2Fglog u+2—1o +C+--- (E.11
20 20 g |z B g9(2) 2 2ologut2 g9(w) (E.11)
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where the scheme-dependent integration constant C arises from the indefinite version of
the integral in eq. (E.9). The above equation implies the existence of an RG-invariant
mass scale Ayy:

1 -3 C
Ay = MeXP< >g % () exp <+>

 2B0g% (1) 250
1 -5 C
-1 _ 2 <p [ — o .
= |7| exp< 260g2(z)>g 7 (2)e p( % + ) (E.12)

with the dots a scheme-dependent series in even powers of g(u) and g(z) respectively. Solving
eq. (E.12) asymptotically as |z] — 07 we get:

1 < b1 log(—2p6plog(|z|Avv)) C )
2
2) ~ 21 - +...) (E13
)~ g toa(elhe )\ T 238 Toa(ElAue)  2holoa(|<lAey) (£13)
Incidentally, the M S scheme is defined by choosing C' = (31//30) log 3o that cancels the last

term in eq. (E.13) against the term %%
0

of the running coupling as |z| — 0T follows:

in the first line. The universal asymptotics

1 ( B 10%(_25010g(‘z‘AUv)))
2
z) ~ 14— E.14
7O ahlogehe) \' T 28 Tog(elAuy) (54
Perturbatively to order g*(u) we obtain from eq. (E.10):
2 2
9-(1) 2 20\ P (g (u))
=1- 26p log |zpu| + — 1o + -
7202) 97 (1)2Bolog |2p| + g (M)B0 e\ 22
= 1—g*(n)260log |zu| — g" ()26 log |2p| +--- (E.15)
for log|zp| of order one, where we have employed in the second equality:
92(M) 2 2
log (D52 ) = toa(1 = ()2 log =] + ) = ~g*(u)2fh gzl +-- (E16)

Eq. (E.15) yields:
g*(2) = g% () (1 + 9> (1)2B0 log | zul + 9" (1) (281 log |2n| + 453 log? |zpl) + -+ ) (E17)

E.2 Asymptotics of (O(z)0(0))’

From eq. (E.4) it follows asymptotically at short distances by means of eq. (D.30):

(0)
N % 0) 5 _ . (0)
Z(O)(Q(Z)ag(ﬂ)) ~ (%) ’ exp (")/1 /8025(2)70 b (92(2) — 92(M>) + .. )
0
~ L B1 log(—Bolog(|2lAuv)\\ 2% 0y

(—gz(u)Qﬁo log(|z|Auv) (1 + 2032 log(|z[Auv) )) Z% (g(w)

(E.18)
where:
Y %O)ﬂo —%(]O)& 2

Z (g(w) =exp<— 77 g (u)+---> (E.19)
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and we have employed eq. (E.14) for g(z). It follows from eq. (E.18) the asymptotics at
short distances of the 2-point correlator [12, 24, 31]:

2,(©)

() N ©)g _ (0)
000y ~ T30 (HEYH o (1 DL () = )+

a2 >< !
22D —92(,“)250 log(|z[Avv)

(O)

ﬁlog(—ﬁolog(MAU‘,)) /30 ©Oy2
<1+253 log([z|Auv) )) Z " (g(m)) (E.20)

Perturbatively, from egs. (E.18) and (E.17) we get:

(0)2

7O (g(2), g(1)) = 14+g* ()1 og |zl +9* (1) (ﬂo) log \ZMJr(VSO)BoJr’YO?) log? Izu\)+- >
(E.21)
E.3 Asymptotics of (F2(z)F2(0))
ZF?) admits the closed form:
(F?) _ 9) yp2(g)
25 (g(2), g(1)) = exp / o e
e g (B
—exp/g(#) @ a9
_ Bl(z) 9w .99
9(z) Bla(n) (E22)
that follows from eq. (D.33) as € — 0. Correspondingly:
oG 9R) (BlEDN (9w \?
2 2
(P E ) = g () (ﬁ(g(u))> (E.23)

whose asymptotics at short distances reads:

, g(F)( 0) 4 g(w) \?
2\ 2 ;
(FE(2)F2(0)) ~ = g'(2)5% <B(g(u))>

N y— (14 1, oalloglEluu)) )Y foala) )

2 \—26log(|z|Avv) 268 log(lzAuy) Blg(w))
(E.24)
by means of eq. (E.14) and:
Blg(z) _ a2 ﬁ 2
Sl - (14 Bt + ) (5.25)
It agrees with eq. (E.20) for O = F?, D = 4, 'y(()Fz) = 25y due to:
g(p) 1 _@ 2 -
oy ~ e (&) (1:20)
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that implies:

4

u)(l 22(1] )+ )

——ZE 2 () (E.27)

9

A

1
(
1
(

g4 ()

with ZE* (g(p)) in eq. (E.19) for O = F? and ’y P = 40;.
Perturbatively, by means of eq. (E.17) we obtain:

ZF) (g(2), g(n)) = ( (()))>< ((( )))>

(1 ) - )+ )

—1+ (M)2ﬁologlzu|+g (1) (481 log |2u| + 465 log? |zp]) + -+ (E.28)

that agrees with eq. (E.21) for O = F? 7(()F2) = 206 and 7§F2) = 4p.

F Callan-Symanzik equation in d = 4 — 2e dimensions in the momentum
representation
. . (F2,0)
F.1 Callan-Symanzik equation for C; (p)
The CS equation in dimensional regularization for the fully renormalized OPE coefficient
in the momentum representation in eq. (4.17):
2 F ,O
A" ) = 20" ) + Zica, (F.1)

follows from the renormalization-scale independence of the bare coefficient:

dcy° p
m 1 ( )|

o =0 (F.2)

€,90

for fixed bare parameters € and gg. In the massless case, employing u% = u% + B(g, e)a%
with 8(g,e) = —eg + [(g), we obtain:

0 0 2
QL+ﬂwm>+vwwOCF‘angm»=Wmmm (F.3)
ou dg
where:
dZc.
Yiet.(9) = 1 dl “ 4 ypeZies,
dg 071..
= dz al & +’7F2Z10.t.
= B(y, E)a b e Zie, (F.4)
dg

Given that Zj.4. is a series of pure poles in € in M S-like schemes, 7., in eq. (F.4) may
contain poles in € in addition to O(e”) terms, but no O(e) terms, since in the r.h.s. of eq. (F.4)
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all the terms that contain factors of € are multiplied by poles. Hence, vi.t. is € independent
if and only if it is not divergent as € — 0. Yet, the r.h.s. of eq. (F.3) must be finite as
€ — 0 consistently with the finiteness as € — 0 of the fully renormalized C’fFQ’O) in the Lh.s.
It follows that ~ic¢. is finite as € — 0 and, therefore, ¢ independent. Since the solution of
eq. (F.3) solely depends on the ratio %, we write:

0 0 F2,0
(p 55 = 8. 05 =172 ) 1. 900)) = = () (F.5)
The CS equation in d = 4 dimensions is obtained from egs. (F.3) and (F.5) by replacing

B(g,€) with B(g). Hence, for d = 4:

0

(P‘ gg - B(g)a*g — VF2 (g)>C§F2’O) (P, 1, 9(11)) = =1e..(9) (F.6)

F.2 General solution for ClF 0) (p)
The general solution of eq. (F.3) or (F.5) is

A, 9(0) = 27 50),9(1) (69 @) + A (G0).9(w) ()
where:
g(p)
() (5 — ex W(g )
25 (G(p), 9(n)) = p/g (9, ¢)
B(G(p),e)  g(u)
T i) Bl o

with the second equality implied by eq. (A.8), and:

g(p) §(P) ~ o (g
A(O)(g(p),g(,u)) _ _/j Yies.(9) exp(_ /gg Yr2(g )dg'> dg

a(w) B(g€) Blg'e)
[P v (9) ey
= B 5 )9 dg (F.9)

GO (§(p)) in eq. (F.7) is a function of the running coupling §(p) in the momentum repre-
sentation in d = 4 — 2e dimensions. The latter can be obtained from §(z) in appendix D by
the substitution z — 1/p. By means of egs. (F.8) and (F.9), eq. (F.7) reads:

(F2,0) _ 9w ©) 7 BEP),€) (9P y1c4.(9)
) (. 1, g (1)) ; CRE0) /g(u) : dg)  (P10)

The solution of the CS eq. (F.6) in d = 4 dimensions is obtained by replacing (g, €) with
B(g) and g(p) with g(p) in eq. (F.10), where g(p) can be obtained from g(z) in appendix E
by the substitution z — 1/p. Hence, for d = 4:

(F2,0) 9w Blgp) 9P ~ics.(9)
e e g ) = 5<g<u>>(g(o)(9(p” o0 o 5 dg) ()
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Employing eq. (4.50):

B(g)
> 270(9) — 2co="
OO (p) = Z OO (p) 4 Zpo — (F.12)
we obtain:
B(g)
2 — 2co=*
et = L2 LLC) 0 (F.13)

€

and from eq. (F.4):

0Z1c4.
Tea(9) = B9, =5 =+ p 2
o 2o 20 st (0 0 (210
g, 89 € € ag Oag P
1z ‘3(5(9))270(9) 2022
F298g p -
3
F gag I € € A P) Oag g
2 9, BL9)
+ZF298(ﬁ(g)) ,YO(g) co ;
ag g B

9o 9 <ﬁ(g)>>

_ e F.14

g( 9g  ©Cag\ (F.14)

that is, indeed, manifestly € independent by employing 3(g,€) = —eg + 5(g), egs. (A.8), (A.6)
e 0z 9 (Blg.0 9 (Blg)
F2 g,¢€ g

) = —Zp2 ( > = —Zpe < ) F.15

B(g.€) 39 v o (F.15)

Then, the solution in eq. (F.10) reads:

O (. 1, g(1)) = 2c0 + (GO (G(p)) — 2c0)

v0(9(1) (10(3(p)
+2g(ﬂ)5 g(p)€) (’YO(Q(M)) 1) (F16)
where the identity:
Bg(p).e)  Blglw),e) _ B(ap)  Blglw) (F.17)
9(p) 9(w) 9(p) 9(w) '

has been conveniently employed, and the solution in d = 4 dimensions in eq. (F.11) reads:

Blg(p)) g(u)
g(p) Blg(n))

v0(9(1) (volg(p))
B(9(1)) (’Yo(g(ﬂ)) 1) (F.18)

PO, 1, () = 2c0 + (G (g(p)) — 2c0)

+2g(p)
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F.3 Specializing to Cin’Fz)(p)

For O = F? the fully renormalized OPE coefficient in eq. (F.1) has been explicitly computed in
perturbation theory up to order g* [3, 14]. Moreover, in this case the additive renormalization,
i.e. Zict. in eq. (F.1), has also been determined to all orders in perturbation theory [2]:

. 2 g QQBQ (M) _484)
) = 2p Oy () + 2 (F.19)
where [3, 14]:
2 72 4 4
Zp2C0 T (p) = 4= 4By 12 — 4By 5" + @
p? P P
—4f0g° log =5 + 4659 log” =5 +4B13g*log — +---  (F.20)
7 7 7
and [2]:
QQQ B9)) _ 4B 4B, o
€ €
so that to order g¢*:
2 2
) (p) = 4 — 4B11g? — 4B1 29"
2 2 2
—469% log % + 424" log? % + 4By 39% log % + - (F.22)

The fully renormalized coefficient C’{FQ’FQ)(p) in eq. (F.22) must be a solution of eq. (F.6) and,

equivalently, eq. (F.3) for ¢ — 0. Indeed, we straightforwardly verify it inserting eq. (F.22)
into eq. (F.6) and employing for O = F?:

0Z1c1.
Mes(9) = (—eg + B(9)) =™ + yp2 Zica,

dg
B 0 45194>
= egag( . _|_ PN
= 16819 + - - - (F.23)

that follows from eq. (F.4) with Zj.4. given by eq. (F.21).
We also verify that CfFQ’FQ)(p) in eq. (F.22) is of the form in eq. (F.11) with the
RG-invariant coefficient for O = F?2:

g(FQ)(g(p)) =4 —4B11¢%(p) — 4B12g*(p) + - - (F.24)
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Indeed, for O = F? the perturbative expansion of eq. (F.11) reads:

(F2,F?2) _ 9w [B®) 52 9P y1e4.(9)
G (2, :91)) 6(9(#)){ 9(p) g ele) /gw) g dg}
~1
= (15 ) (14 2 0) (1481 ()~ 1Brag' )

g ()

_ 20 (Hﬁl gz(fgm_l)) (4-4B116%(p)~4B1,26"(p) )

g Bo g
B1 579 ()
+4%92( o —1) 4

2 P’ 4 p° 2 21’2
= (1—9 BologﬁJrg (—%ﬂoguﬁﬁolog M))

2 2
(4—431,192 (1—9260 log 1112) —4B1,gg4> —8B1g* 1og%+. .
= 4-4By 19° —4B1 2g"
p? Y 4 D
—4509210g7+4539 log27+(—861+8503171)g log =
p J v
2
_8B19410g%+...
W
= 4-4By 19° 4B 2g*

2 % 2
—46092 log ﬁ +463g4 log2 E +4Bl’3g4 log E +--- (F.25)

where we have employed in the second equality 5(g) = —Bog® — Big* + ---, eqs. (F.23)
and (F.24), the perturbative expansions for the running coupling g(p) in terms of g:

2 2 2
p p P
9°(0) = 92<1‘925010“5?+94(—ﬁllogﬁ+ﬁélog2 EH--')
2 2 2
p p P
g'(p) = g"(1 - 9?28 log e g*(— 2B log at 362 log? P+ Y (mae)

in the fourth equality and in the last equality B3 = —4/51 + 280B1,1, with By 3 and By
computed in [3] and reported in eq. (4.26). The last equality in eq. (F.25) reproduces the
perturbative result in eq. (F.22) to order g*, as it should be.

F.4 Callan-Symanzik equation for C(()O’O)(p)

The CS equation in dimensional regularization for the fully renormalized OPE coefficient

CSO’O) (p) in the momentum representation:?

00 (5) = 23000 )+ pPoorh2030 4, (P27

3See [32] for an analogous example.
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with AOO = Ap, — 0pe€ the canonical dimension of O in d = 4 — 2¢ dimensions, follows from
the renormalization-scale independence of the bare coefficient:

0 0
( o H 095, + 200 ))C(()O’O)(p,u,g(u)) = pPRog =4 2000, (g)  (F.28)

with: J 5 8
el F.2
and:
dZoc 1.
VOc.t.(.g) = Mﬁ + 2’VOZOc.t. + 2(1 - 50)6206.13.
aZOc.t.
= ﬁ(g) E) ag + 2’YOZOC.t. + 2(1 - 5O)€Z00.t. (FBO)

where 7. is finite as € — 0 and € independent analogously to vict. in eq. (F.4). For the

dimensionless object Cé%(-j)

CSP (p, 1, g(u)) = p*A00~120=00) {0 (57 9(m)) (F.31)

that solely depends on the ratio %, we also write:

(p. ;’p — B(s, %89 - z»yo<g>)cé%(£><z,g<m> = —0e1.(9) (F.32)

The CS equation in d = 4 dimensions is obtained from eq. (F.28) by removing the explicit
€ dependence. Hence, for d = 4:

(k30 + 805+ 200) )OO o) =200 r0cile) (£

F.5 General solution for C (0, O)( )

The general solution of eq. (F.28) is

S p, 1, g(p)) = P00~ 21900 200 (5(p), (1)) (657 (3(0) + AL (G(0), 9 (1))

(F.34)
where:
G(p)
Z(G(p), 9(n)) = exp /g i) g(og(ge)) dg (F.35)
and:
0) - B 9(r) ’mct 9®) vo(g) , ,
A 3(),9() = /( L ey (=2 [ 20 ) dg
9(p) ’YOct( ) (0)~2/~
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In d = 4 dimensions, the solution of eq. (F.33) reads:

s, 1 g(1)) = P20 2 (g(p), 9(1) (657 (9(0)) + A (9(p). 9(1))  (F.37)

where:

(p)
2O a(o).o(u) = exp | fﬂ) ”g((;g) dg (F.38)

and:

9(p) (p) /
N exp(—2 [ 8 ) g

(u) B(9)
= — / ) Joes.(9) “(g(p), 9) dg (F.39)
1) 9)

Equivalently, eq. (F.37) is obtained by taking ¢ — 0 in eq. (F.34).
F.6 Specializing to C(F ’Fz)(p)

Eq. (F.27) reads for O = F?:
2
") = 285 (0) 4t Zie (F.40)

where AFOQ = AFoz — 8p2e = d = 4 — 2¢ is the canonical dimension of F? in d = 4 — 2e
dimensions. The general solution of eq. (F.28) for O = F? then reads:

S g () = 9229 @0). 9() (687 @) + A (), 9 (1))
(F.41)

with ZF?) in eq. (F.8):

1= o B
2

= 1 — Bog*(p) log % T (F.42)

where we have employed eq. (D.23) with the replacement z — ]l) and its expansion in g(u)
as ¢ — 0, and:

(F2), - _ Yoe.t. ( 9P yp2(y)
2 ) a) = — [ B ey (o [T g

N _/ " %C't’(g)’z 7 (3(p), g) dg (F.43)
g
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Given Zg.t. to order g? according to eq. (7.13):

N2 -1 1 ¢° 2c
Zoot, = —— {—+g bo oo 1} (F.44)
47 € € €
we obtain for ygct. in eq. (F.30) for O = F? to order g*:
0Z,
’YOc.t.(g) = ﬁ(g7 6) a(;ct + 2’YF2ZOC.t. - 2520(:.‘5.
N2 -1 4 2 1 2 2
=22 {_6929(cl+ﬁ§>+ fog —26(—+gcl+g§°>+~-}
4 € € € € € €
N? -1
= {2 —40192—1—---} (F.45)
472

that is, indeed, e independent to order g?. The solution in d = 4 dimensions is obtained
from eq. (F.37) for O = F%

" 0 9() = 22 9 (0), 91 (05 9)) + A (90 9())) (P a6)

where:

P
=1 Bog*(p)log R (F.47)

and the RG-invariant coefficient:

= GO+ P () + ) (F.48)

have been perturbatively expanded to order g2, and:

(F2) 9 q0en(9) ()2
A (g(p), g(n)) = / SR o), 0)do (F.49)
so that:
2 2 2 (p)
25 (9(0), 9(1) AT (g(p), 9(11)) = —(5(99(&)))) /gfu) 70c.t~(9)ﬁg(g)d9 (F.50)
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Inserting eq. (F.45) into eq. (F.50) we further obtain to order g?:

ZF ><g<>g A (g(p), g(1))

2 (p)
— 509 ( 51 () + ,,)N 1/gp(2—40192+"‘)(—509—,3193+---)dg
g

4m? (W)

N Bog ( 512 +"'>N;r_21

{ ~ Bo(4*(p) - g2(,u)) + (1o - %ﬂl) (6'®) — g*(w)) + -+ }

1 51 ) N2 1
— BEgt(w) (1 8o? g+ ) re

{—Bo<—g4(u)ﬁologuz+g6(ﬂ)(—ﬁllogi+ﬁglog2 ZZ) +)

(e o) (~ 20 los By 4 ) )

N2—-1 1 { p? P2 p?
= — Bg*(p) 1o 5+ <53102+26B210 >—|—}
A2 5394(M) 09" (1) g 12 g ( )\ 8o log 12 1Pp log 2
N2 -1 p2 p2 pz
T { —log 2t Bog® (u) log? zt 2¢19% () log ET } (F.51)

where we have employed eq. (F.26). Hence, setting g(u) = g, the complete solution in
eq. (F.46) reads to order g

2 12 2 2
s (o, s g) =p4{Q§F )(0)(1—2%9210%];2+---)<1+n(F g% + .. )

N2 -1 p?
+ 3 ( logﬁ—i-,@’g log 2 +2019 log/ﬂ)—k---} (F.52)
For: )
_(FQ) N — 1
= F.
a0 ="" (F.53)
we get:
2 p
F2? F? -1
s oy, g) = yo {1—log + g% log? 25
12 (2
2 2
+2¢°(c1 — Bo) log % ot } (F.54)

Hence, for a given value of the scheme-dependent coefficient ¢; entering the additive renor-
malization in eq. (F.44), the scheme-dependent coefficient of the subleading log ﬁ—z to order
g% that solves the CS equation is 2(c; — Bp). Eq. (7.11), given eqs. (7.12) and (7.13), is of
the form in eq. (F.54) and it is a solution of the CS equation for any value of ¢;.
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