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ABSTRACT: We study the modular symmetry in heterotic string theory on Calabi-Yau
threefolds. In particular, we examine whether moduli-dependent holomorphic Yukawa
couplings are described by modular forms in the context of heterotic string theory with
standard embedding. We find that SL(2,7Z) modular symmetry emerges in asymptotic regions
of the Calabi-Yau moduli space. The instanton-corrected holomorphic Yukawa couplings are
then given by modular forms under SL(2,Z) or its congruence subgroups such as I'g(3) and
I['o(4). In addition to the modular symmetry, it turns out that another coupling selection
rule controls the structure of holomorphic Yukawa couplings. Furthermore, the coexistence
of both the positive and negative modular weights for matter fields leads to a hierarchical
structure of matter field Kéhler metric. Thus, these holomorphic modular forms and the
matter field Kdhler metric play an important role in realizing a hierarchical structure of
physical Yukawa couplings.
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1 Introduction

The modular symmetry plays a crucial role in string theory. It was known that the one-loop
closed bosonic string amplitude defined over the quotient of the upper half-plane of SL(2,7Z)
is free of ultra-violet divergence. This discussion can be extended to higher-loop orders.!
For genus h Riemann surfaces, the SL(2,Z) modular group is replaced by the Sp(2h,Z)
modular group. The modular symmetry in the string worldsheet can also be seen in the
target space of string theory.

In toroidal compactifications, the modular symmetry can be regarded as a geometric
symmetry of torus, which puts strong constraints on the four-dimensional (4D) low-energy
effective field theory. Indeed, the modulus 7 parametrizing the SL(2,Z) modular symmetry
appears in couplings of matter fields, as known in heterotic orbifold models [2-5] and magne-
tized D-brane models [6-13]. In these models, chiral zero-modes have certain representations
of the congruence subgroup of SL(2,Z) with a modular weight, and these holomorphic Yukawa
couplings are described by a certain modular form under the congruence subgroup. It is

'For more details, see, e.g., ref. [1].



remarkable that the inhomogeneous modular group T' = PSL(2, Z) has several finite subgroups
such as S3, Ay, Sy, A5 [14]. These modular groups will be important to understand the flavor
structure of quarks and leptons [15-19]. (See, ref. [20], for modular flavor model building.)

In Calabi-Yau (CY) compactifications as an extension of toroidal backgrounds,? the
modular symmetry is enhanced to Sp(2h + 2, Z) with h being the number of moduli fields [22,
23]. Such a symplectic modular symmetry will constrain the 4D low-energy effective action [24,
25]. It was pointed out in ref. [24] that the flavor symmetry of matter fields can be embedded
into the symplectic modular symmetry in the context of heterotic string theory with standard
embedding. However, it is still unclear whether holomorphic Yukawa couplings are described
by modular forms. The derivation of holomorphic Yukawa couplings is also important to
understand the hierarchical structure of quark and lepton masses.? The purpose of this paper is
to derive explicit forms of holomorphic Yukawa couplings in heterotic string theory on concrete
CY threefolds. We find that the SL(2,7Z) modular symmetry emerges in asymptotic regions
of the complex structure and Ké&hler moduli spaces. The instanton-corrected holomorphic
Yukawa couplings are then described by modular forms of SL(2, Z) or its congruence subgroups
such as I'g(3) and I'g(4). Furthermore, it turns out that these holomorphic modular forms
as well as Kéhler metric of matter fields can lead to the hierarchical structure of physical
Yukawa couplings.

This paper is organized as follows. In section 2, we review the 4D low-energy effective
field theory of heterotic string theory with standard embedding, focusing on the role of
modular symmetry. In section 3, we study instanton-corrected holomorphic Yukawa couplings
on two CY threefolds. The structure of instanton numbers determines the modular form
of holomorphic Yukawa couplings such as modular forms of SL(2,Z). As an application of
modular forms, we investigate whether one can realize the hierarchical structure of physical
Yukawa couplings in section 4. Section 5 is devoted to conclusions. The I'g(3) and I'g(4)
modular forms of holomorphic Yukawa couplings are discussed in appendices A and B,
respectively. In appendix C, we summarize several holomorphic modular forms under the
I'o(N) modular group.

2 Modular invariant effective action

In this section, we briefly review the 4D low-energy effective field theory action derived from
FEg x E} heterotic string theory on smooth Calabi-Yau threefolds with standard embedding.*
In particular, we emphasize the role of symplectic modular symmetry in the effective action
of matter fields which are in one-to-one correspondence with the moduli fields.

Kaihler potential It is known that the low-energy group is described by Eg x E§ due to the
identification of background SU(3) C Eg gauge field with the spin connection of CY threefolds.
There are h''! number of chiral superfields A% in the 27 representation of Eg and h%! number
of chiral superfields A’ in the 27 representation of Eg. Here, h™! and h%! denote the hodge
numbers of CY threefolds. Thanks to the one-to-one correspondence between moduli and

2See, ref. [21], for a construction of modular symmetric models from higher-dimensional theory on gen-
eral grounds.

3See for the derivation of holomorphic Yukawa couplings for heterotic line bundle models [26].

“The discussion is the same for SO(32) heterotic string theory.



chiral matter fields, the matter field Kéhler metrics are written by the following form [27]:°
(27)
ab
27 L (K
KZ% ) —e 3(Kc5 KkS)(KCS)
where (Kys) 3 = 0a0;Kys and (Kcs)g = 0;0; K5 are the metric of the Kéhler moduli and the
complex structure moduli, respectively. To see an explicit form of the matter field Kéahler

= eslfemla)(Ky) 5,

ij’ (2.1)

metric, let us focus on the Kéhler moduli sector for concreteness. The Kéhler potential of
the Kihler moduli is well controlled in the large volume regime V >> (8

Kh:n%nV:—h{ﬁg%ﬂ—ﬂﬂﬁ—#ﬂf—fﬂ. (2.2

Here, k4. denotes a triple intersection number of CY threefolds. It results in the Kéhler
metric of 27 matters:

K20 = 5Kyl (1)

. Esl 1 Kade (,d  7dy e ze Kbfg o f  zf Py i h  ih
= | (Bt - e - o)) (P - ) - ) + (e — ).
(2.3)

where we use
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The Kahler metric of 27 matters is written by the same expression, where the large volume

regime corresponds to the large complex structure moduli. If we restrict Kéhler moduli to
the universal value, that is, t := t* for all 4, the matter field Kéhler metric is proportional to

@7 1k, 1
K" oxes HnE (2.5)

In the following, we focus on the effective action of 27 matter fields, but a similar analysis
can be done for the 27 matters.

Yukawa couplings The 3-point coupling of moduli fields is given by the third derivative
of the prepotential with respect to corresponding moduli fields. In the large volume regime,
this 3-point coupling is nothing but the triple intersection numbers x4 classically. However,
it will be corrected by instanton contributions. It is known that instanton-corrected Yukawa
couplings are obtained in the following form [28, 29]

o

(dodpde)Ndy do,....dm o d
Z — Hl:lQll7 (26)

Yabe = Kabe T d
m 1
di,dg,...,dm=0 1 -1, q

2mity

with ¢; = e , where the instanton numbers ng, 4,... 4,, are determined once the background

CY geometry is fixed. The 27 matter superpotential is then written by
W = yapc A" AL A°. (2.7)

5Note that the overall factor e* 3 (Kes=Kis) is different in toroidal orbifolds due to the enlarged symmetry [27].




Modular symmetry In the large volume regime, the effective action is controlled by a
certain subgroup of symplectic modular group Sp(2h!! +2, Z), which depends on the structure
of the intersection numbers xg.. The full modular group can be described in projective
coordinates Y4 with A = 1,2,...,hb! + 1. Here, the Kéhler moduli correspond to

YCL
ta - W, (28)
with @ = 1,2,..., k"' As discussed in ref. [25], the symplectic modular transformations
of matter fields and their Kahler metric
. - ot
A Ae — YO -1/3 Ab
— ( ) atb ) .
- - ote ot
K@D g@0) _ o 90 p2n) (2.9)
ab ab ot otb cd

are consistent with the modular symmetry of the Kihler moduli: ¢* — #*. Furthermore,
Yukawa couplings are expected to be transformed as
d a+e 91f
Yabe — gabc = ?Og:;g;g;cydeﬂ (210)
Thus, the symplectic modular symmetry will determine the flavor symmetry of matter fields.
Note that instanton effects may further break the remained modular group into a smaller
one. The tree-level Yukawa couplings kqp. are moduli-independent constants and correspond
to trivial modular forms of weight zero. On the other hand, moduli-dependent holomorphic
Yukawa coupling terms induced by instanton effects can be non-trivial modular forms. That
is interesting from both theoretical and phenomenological viewpoints. In the following section,
we study explicitly several CY threefolds in order to reveal unbroken modular symmetries
and concrete forms of non-trivial modular forms.

3 Holomorphic Yukawa couplings

In this section, we study a modular invariance of the effective action for matter fields. We
first derive a SL(2,Z) modular form for holomorphic Yukawa couplings of matter fields, which
are realized in specific CY threefolds with two moduli in section 3.1 and three moduli in
section 3.2. In both examples, holomorphic Yukawa couplings are described by an Eisenstein
series with weight 4 which transforms as a singlet representation under SL(2,Z).

3.1 Two moduli
We first study a CY threefold defined by the degree 18 hypersurface in weighted projective

space CPLLL69118] where the number of Kihler moduli is h'! = 2. We revisit the work of
ref. [30] from the viewpoint of effective action of matter fields. By solving the corresponding
Picard-Fuchs equation, the prepotential for two Kéhler moduli was known to be
1
F=—2 (913 + 983ts + 31113) (3.1)
where we omit the higher-order corrections including instanton effects, and the triple in-

tersection numbers are given by

kK111 =9, K2 =3, K12 =1, (3.2)



di\dy| 0 1 2 3
0 3 -6 27
1 | 540 | -1080 2700 -17280
2 | 540 | 143370 | -574560 | 5051970
3 | 540 | 204071184 | 74810520 | -913383000

Table 1. Instanton numbers up to dy,ds < 3.

and otherwise 0. Instanton-corrected holomorphic Yukawa couplings are of the form:

Cape(dy, d2)n
Yabe = Kabe + Z abc ! 2 dl dQQI q2 5 (33)
d1,d2=0 1- q1 q2
with
cin = (d1)?, crp = (d)?da,  c122 = di(d2)?,  ci12 = (d2). (3.4)

Here, the instanton numbers ng, 4, are given in table 1. Remarkably, instanton numbers ng, o
are the same number 540 for all d;. When we restrict ourselves to the regime ¢o < ¢ with
g1 = ¥ and g9 = €2™2 such that the to-dependent instanton corrections are suppressed,
only the sector with ds = 0 contributes to the holomorphic Yukawa couplings. In this regime,
holomorphic Yukawa couplings are described by an Eisenstein series with weight 4:

k3qk 27 9

Y111 = 9+ 540 f+*E4(t1),
kzo —ar 4 4

Y112 = 3,

Y122 = 1,

Y222 = 0, (3.5)
where

0 k‘3 k
E()—1+24OZ (3.6)

It indicates an existence of SL(2,Z) modular symmetry, as confirmed at the level of period
When we move to the following basis:
3.1, 2
=t t
2 T
the SL(2,Z) symmetry can appear manifest in the regime ¢s < ¢ with ¢ =

2mis — q:f/ 2q2. In this basis, the prepotential is rewritten in terms of the redefined

qs::e
1 93 2
6(475 +3ts>.

moduli as
F=—
To see the modular invariance of the effective action, let us consider the modular weights
of matter fields, which can be read off from the moduli Kéhler potential:

Ko = —m{i (Z(t 4 %(t _f(s— 3)2) ]

integrals [30].

ti=1t! (3.7)

q1 and

(3.8)

(3.9)



Since the corresponding moduli Kéhler metric is given in the regime Im(¢) < Im(s):

1 2

(Kks)tf == (t — f)Q’ (Kks)s§ = _Wa

(Kks)t§ =K~ 0, (310)

st —

one can determine the matter modular weights from ¢-dependent part of the moduli Kéhler
metric by using eq. (2.1),

(27) ~ l(fK s) -~ #
Ky €3 (K )37 = (t —1)5/3”
K& ~ o3 R (K ) o5 = (¢ — D)3, (3.11)

It leads to the modular weights —g for A§27) and % for A§27). Then, the modular weights of
holomorphic Yukawa couplings are determined, and their explicit forms are rewritten as

Yttt = %E4(t) (weight 4),
Yits = 0 (weight 2),
Ytss = 1 (weight 0),
Ysss = 0 (weight — 2). (3.12)

In this basis, they are described by modular forms of weights 4, 2, 0, -2, respectively. Since
there are no modular forms of weights 2 and -2 under SL(2,Z), they are forced to be zero.
By definition, the modular form of weight 0 is just a modulus-independent constant. Thus,
this result is consistent with the modular invariance of 4D effective action. Indeed, under
the SL(2,Z); modular transformation:

at+b
t 3.13
ct+d ( )
with ad — bc = 1, the Kéhler potential and superpotential
K=—1n %(t —D)(s — 82| +E VAP 4 KED ARV,
W =y AZDAPT ACT Ly, AP A7) 4(27) (3.14)
transform as
K — K+In|ct+df?, W — (ct+d)~'W, (3.15)

and the Kéhler invariant quantity e®|IW|? is modular invariant.

3.2 Three moduli

We move to a CY threefold with a K3 fibration structure embedded in weighted projec-

641010\ [12
CP . 3.16
(640101)[12] (3.16)

tive spaces:



dy\dy| O 1 2 3

-2
1 480 480
2 480 | 282888 480

3 480 | 17058560 | 17058560 | 480

Table 2. Nonvanishing instanton numbers up to dy,ds < 3.

As studied in ref. [31], the leading part of the prepotential for three Ké&hler moduli is
described by

4
F = —§t§ — 13ty — t3t3 — titots, (3.17)
where the triple intersection numbers are
k111 =8, Kn2=2, kuz=2, kKizg=1, (3.18)

and otherwise 0. The holomorphic Yukawa couplings of matter fields are determined by
the classical part and instanton contribution:

©0 dy do d
Cabe(d1, da, d3)ndy dy a5 01 42" 45"
Yabe = Kabe + Z abc s 2, T 1d22 dz 1 42 43 ’ (3'19>
dy,dz,d3=0 1 —q1"¢7q3
with
cabC(dla d27 d3) = dadbd07 q1 = 627rit1) q2 = 627rit27 q3 = 627rit3- (320)

Let us consider the regime ¢1,q2 < ¢3; one can approximate the instanton expansion by
focusing on d3 = 0. The nonvanishing instanton numbers ng4, 4,0 are given in table 2. As
seen in the previous section, instanton numbers ng, o and ng, 4, are the same number 480
for all d;. When we restrict ourselves to the regime ¢o < ¢; such that the to-dependent
instanton corrections are suppressed, the sector with do = 0 is relevant for holomorphic
Yukawa couplings:

= Kqf
Y111 =8 +480 ) — =6+ 2E4(t1),
k=0 -~ 4
Y112 = 2,
Y3 = 2,
Y123 = 1. (3.21)

Since an Eisenstein function with weight 4 is a modular function under SL(2,Z), it indicates
the SL(2, Z) modular symmetry for the effective action of matter fields. To check the modular
invariance of the effective action, let us redefine the moduli as

t:=1, u = 1t1 + tg, §:=1t1 +t3. (3.22)
In this basis, the prepotential becomes

4
F = _gt:f — t%tg — t%tg — t1tat3

= —é (2t3 + 6tu5) . (3.23)



The limit ¢ — 0 and g3 — 0 correspond to ¢, = €™ = goq; — 0 and ¢° = *™3 = g3 — 0,
respectively. The moduli Kéhler potential is also given by

K = —In {z (;(t DR (t— D) (u—)(s — s)) ] (3.24)

and the corresponding moduli Kéahler metric in the regime Im(¢) < Im(s), Im(u):

1 1
(Kxs)ss > —Wa

(3.25)

and otherwise 0. By using eq. (2.1), one can determine the matter modular weights from
t-dependent part of the moduli Kéhler metric:

(27) L (—Kis N 1
th ~e3( k)(Kks)ti— (t—f)5/37
Kf;) -~ e%(—Kks)(Kks)uﬂ ~ (t— 75)1/37
KZ7 ~ e R (K)o = (t - )13, (3.26)

that is, modular weight —g for A§27) and % for A§27) and Aq(fn. Then, the modular weights
of holomorphic Yukawa couplings are determined, and their explicit forms are rewritten as

Yirr = 2E4(t) (weight 4),
Ystu = 1 (weight 0), (3.27)
and otherwise 0. In this basis, they are described by modular forms of weights 4, 0, respectively.

Thus, this result is consistent with the modular invariance of 4D effective action. Indeed,
under the SL(2,7Z); modular transformation:

at+b
t 3.28
- ct+d ( )
with ad — bc = 1, the Kéhler potential and superpotential
K=_In {z ((t = =)+ (t - (u—u)(s - 5)) ]+ S KED @D AR,
a,b
W =y AZDAZDACRD |y AR 43D 4(27) (3.29)
transform as
K—K+n|ct+d?, W= (c¢t+d)~W, (3.30)

and the Kéhler invariant quantity e’ |IW|? is modular invariant.

Note that this effective theory also seems to have another coupling selection rule. The
matter fields Ag”) and A1(L27) have the same modular weight. The modular invariance allows
ySStAgW)AgW) A§27) and ytuuA§27)Ag27)A1(L27) couplings. For example, if A§27) and Af” are



S, doublet and A§27) is a Sy singlet, ysstAgw)Ag”)Ag”) and ytuuAiw)A&w)A&w) couplings
are forbidden, but ytttAgw)AgW)AE”) and ystuAémAE”)ALz” are allowed [17]. One can
replace Sy by S3. The Sy group as well as the S3 group is originated from Sp(8,7Z).

So far, we have discussed the SL(2,Z) modular form for holomorphic Yukawa couplings
of matter fields. However, the SL(2,Z) modular symmetry may be broken to subgroups
such as I'g(V) by instanton effects on the background CY geometry. That depends on the
structure of instanton numbers. Indeed, we show in appendices A and B that the holomorphic
Yukawa couplings described by modular forms under I'y(3) and I'g(4) as subgroups of SL(2, Z)

are realized in specific CY threefolds.

4 Hierarchical structure of physical Yukawa couplings

In this section, we discuss the flavor structure of physical Yukawa couplings in more details.
Specifically, we focus on the CY threefold in section 3.2, but it is possible to other modular
forms listed in appendices A and B.

To see the flavor structure of 27 matters, let us consider the physical Yukawa couplings
by diagonalizing the kinetic terms of 27 matter fields:

AT A = A% (LN AL LEAY = A% A (4.1)

with
A = AYLHF VA, (4.2)
where Lg is an unitary matrix to diagonalize the matter field K&hler metric Kgn, and

Aj, denotes its eigenvalue matrix, that is, (LK LT)a& = Az.. Then, the physical Yukawa

aa
couplings are expressed by

Ve = XA (ALY (AL

abé

ALY yqer, (4.3)

where we use

/2y ALACAT = K2y (A2 L)AL (A2 L) AT AP A = Y ATAPAC. (4.4)

abé

We can estimate the physical Yukawa couplings in the regime Im(#;) < Im(ty) =
Im(t3) by using the nonvanishing holomorphic Yukawa couplings (3.21) and the matter
field Kéhler metric:

Im(t3)2/3 Im(t1)1/3 Im(tl)l/S
K1 K5 K3 Kes [ Im(t1)5/% Tm(t3)*/3 Tm(ts)*/3
e 3 Im(t1)1/3 Tm(t)1/3
Koy K3 Koz | = —5 Izgtsys Izgt;gm 0 ~ (4.5)
Kj1 Kg3 Ks3 Im(ty)*/3 0 Im@)s

Im(t3)4/3 Im(t3)4/3

Since the eigenvalues of the matter field Kéhler metric

A e diang (DY Im(t)1? Tm(t)?/?
 \Im(t)73° Im(t5)"3 Tm(t)5°

éé 9



are hierarchical in the regime Im(¢;) < Im(t3), it will be accessible to the hierarchical physical
Yukawa couplings from the hierarchical structure of matter field Kéhler metric [32]. Such a
hierarchical structure arises from the coexistence of both the positive and negative modular
weights for matter fields. Indeed, if the matter fields share the same modular weights, the
matter field Kdhler metric takes a moduli-independent form whose value is of O(1). See,
ref. [33], for a theoretical study about a lepton model building by utilizing the positive
and negative modular weights.

Let us study the flavor structure of matter fields. For simplicity, suppose that the
Higgs field belongs to AS, and three generations of quarks and leptons are originated from
the elements of {Ai,AQ,Ag}. In this case, the eigenvalues of physical Yukawa couplings

Y., are found as
3ab

. . Im(t3)” Im(ts)\* —1+ E4(t1) (Im(ts)\>
penYi) = 2 <_ (Im@?)) (B Bal) (Im(tj)) S+ En) (Im(t?)) )
(4.7)

up to the contribution from the complex structure moduli. By using the explicit form of the
Eisenstein function, the ratios of these eigenvalues r1 and ro are evaluated as

NSRYN

4 \Im(t3)
N Im(t)\* X 3¢k
ry =~ 15 (Im(t3)> kzzjo s (4.8)

Thus, we can obtain the hierarchical physical Yukawa couplings due to the instanton effects
as well as the hierarchical moduli values Im(¢;) < Im(¢3). In this region, the determinant
of physical Yukawa couplings is also proportional to g-expansion > 72, %. Since the
axion Re(t1) controls the size of CP violation, it would be accessible to the small value
of Jarlskog invariant, which is beyond the scope of this paper and will be the subject of
future investigation.

Just for simple illustration, we have assumed that the Higgs field belongs to A3, In general,
the Higgs fields may correspond to linear combinations of {Ai, AQ, Ag}, and coefficients of
linear combinations may be different between the up and down sectors of the Higgs fields. That
may lead to more realistic mass matrices including mixing angles. At any rate, a direction
of light Higgs pair is fixed by mass terms of the Higgs sector, which may be generated by
vacuum expectation values of singlets and/or non-perturbative effects. Such a study is beyond

our scope, but it would be interesting to study it in realistic CY compactifications in future.

5 Conclusions and discussions

In this paper, we studied heterotic string theory with standard embedding from the viewpoint
of the modular symmetry. We found that the 4D low-energy effective action is controlled
by the SL(2,Z) and its subgroups in the asymptotic regions of Calabi-Yau moduli space. In
asymptotic limits, the holomorphic Yukawa couplings are described by holomorphic modular
forms, as shown in section 3. To extract a modular form, we focused on a novel structure of

,10,



instanton numbers, e.g., the same instanton number for a particular modulus for the SL(2,7Z)
modular form. In the orbifold limit of the moduli space, the moduli are decomposed to
untwisted moduli and twisted ones. Among the full Sp(2h+2,7Z) symmetry, only the modular
symmetries corresponding to the untwisted (bulk) moduli become manifest, although some
symmetries such as permutation symmetries of twisted moduli remain among the Sp(2h+2,7)
modular symmetry. The regime of the moduli space, which we studied in this paper, may be
another limit, where some subgroups of the Sp(2h+ 2, Z) modular symmetry become manifest.

We also evaluated the physical Yukawa couplings of matter fields in a specific CY
compactification. So far, it was pointed out in refs. [32, 34] that the matter field Kéhler
metric plays an important role in understanding a hierarchical structure of physical Yukawa
couplings. We found the coexistence of both the positive and negative modular weights
for matter fields. Such a sign difference of the modular weights leads to the hierarchical
structure of matter field Kéhler metric. It was also argued in ref. [33] that the coexistence of
both the positive and negative modular weights for matter fields provides a new direction
for lepton model building. Our finding results reproduce these observations. Furthermore,
we showed that the instanton corrections also give rise to a hierarchical structure thanks
to the nature of modular forms.%

In this paper, we examined the holomorphic Yukawa couplings in the 4D low-energy
effective action, and they transform under the modular symmetry. However, there are several
unsolved problems:

1. The origin of I'g(V) structure

We have seen the non-trivial structure of instanton numbers, determining the remaining
modular symmetry in the low-energy effective action. However, our analysis was
constrained as a limited class of CY threefolds. It would be important to perform a
comprehensive study about the modular symmetry in the asymptotic region of CY
moduli space. It will provide a better understanding of I'y(/N) symmetry for underlying
CY threefolds.” In the bottom-up approach, moduli-dependent Yukawa couplings was
widely used in the so-called modular flavor models. (See refs. [40, 41] and references
therein.) It would also be fascinating to apply our finding I'g(N) structure to the flavor
structure of matter fields. We hope to report on this bottom-up direction in the future.

2. Stringy selection rule

The 4D low-energy effective field theory derived in this paper seems to have additional
coupling selection rules. Some of them can be originated from the original Sp(2h + 2, Z)
symplectic modular symmetry. Also, the doublet structure was found. It would be
important to study more on stringy selection rules.

3. Siegel modular forms

We have studied the regime, where instanton effects of a single modulus are finite, but
the other vanish. In this regime, SL(2,Z) or its subgroup becomes manifest and their

5Such an exponential suppression was also seen in holomorphic Yukawa couplings of twisted modes in
heterotic orbifold models [35-37].
Similar subgroups T'o(N) were found in specific orbifold limits [38, 39].

— 11 —



modular forms appear. CY threefolds have larger Sp(2h + 2, Z) modular symmetry and
many moduli. It would be interesting to study modular symmetries larger than SL(2,7Z)
including multi-moduli and their Siegel modular forms.® We would study it elsewhere.

The modular symmetry controls not only 3-point couplings of matter fields, but also
higher order couplings [45, 46]. Furthermore, the gauge threshold corrections are constrained
by the modular symmetry anomalies [47], although explicit calculations were done in heterotic
orbifold models [48]. Moreover, moduli-dependence of the species scale was also constrained
by the modular symmetry [49, 50]. The modular symmetry is relevant to other aspects.
Hence, the modular symmetry is quite important in most of aspects of 4D low-energy effective
field theory derived from string theory. Our analysis has opened various interesting directions
to study the modular symmetry in CY compactifications.
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A Holomorphic Yukawa couplings described by I'4(3) modular forms

In this section, we focus on specific CY threefolds with two moduli in section A.1 and three
moduli in section A.2, leading to I'g(3) modular form for holomorphic Yukawa couplings.
The I'g(/N) modular forms are summarized in appendix C.

A.1 Two moduli

We start with a CY threefold defined by a hypersurface in a product of two projective spaces:

2
<[y

where the number of Kéhler moduli is A! = 2. The moduli effective action was studied in
ref. [51] by using the mirror symmetry technique. Here, we study whether the effective action
of matter fields enjoys the modular symmetry. By solving the corresponding Picard-Fuchs
equation, the leading part of the prepotential for two Kéhler moduli was known to be

1
F=—¢ (975"1’152 + 9t1t§) , (A.2)
where the triple intersection numbers are given by
K111 = K222 = 0, Kii2 = K122 = 3. (A.3)

Instanton-corrected holomorphic Yukawa couplings are of the form:

00 di da
Cabe(dr, d2)ng, dyq7 " q
Yabe = Rabe + E - C( )dll d22 1 =2 ) (A4)
d1,d2=0 I—qi'q

8Some Siegel forms were studied explicitly in magnetized D-brane models on T° compactification [42]. See
also for heterotic orbifold models refs. [43, 44].
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di\dy | 0 1 2 3 4 5 6
0 189 189 162 189 189 | 162
1 |189| 8262 142884 1492290 11375073 | 69962130
2 | 189 | 142884 | 13108392 | 516953097 | 12289326723
3 162 | 1492290 | 516953097 | 55962304650
4 | 189 | 11375073 | 12289326723
5 | 189 | 69962130
6 | 162

Table 3. Instanton numbers up to bidegree d; +do < 6. Note that there exists the exchange symmetry

Ndy,dy = Ndy,d; -

with

crii2 = (d1)?da,  c120 = di(da)?,  ci12 = (d2)?. (A.5)

e = (dp)?,

Here, the instanton numbers ng4, 4, are given in table 3. Remarkably, instanton numbers
ng, 0 have an interesting structure such as ng, o = 162 for di = 3Z and otherwise 189.
Thus, when we restrict ourselves to the regime g2 < ¢; such that the t3-dependent instanton
corrections are suppressed, only tj-dependent instantons contribute to the holomorphic
Yukawa couplings. In particular, one of the holomorphic Yukawa couplings is described

by an Eisenstein series with weight 4:

o0 k.3 3m 3 Sm
v =189y S o7 2)7
par — g 1 -
189 > k3q1 272 m)3¢®m 9
+94 1+24 Z
~ 240 ( ()EE: ¢ ) 240 +240 EE: *
9 63 243
— T 2Rt - 2B (3t
+ 5o Palt) — 5 Ea(3h),
Y112 = 37
Y122 = 3,
Y222 = 0. (A.6)

Since F4(37) is not a modular form under SL(2,7Z), the effective action does not have the
full SL(2,7Z) modular symmetry. However, as shown in appendix C.2, both E4(7) and E4(37)
are modular forms of weight 4 under I'y(3). To see the modular invariance of the effective
action, we move to the following basis:

1
== 7t1 + t27

ti=1t, 5

(A7)

1/2

where g2 < g1 corresponds to ¢s < ¢ with ¢ = ¢ In this basis, the

g2 and q; == q1.
prepotential is rewritten in terms of the redefined moduli as

(A.8)
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Since the moduli Kéhler potential is approximately given in the regime Im(t) < Im(s):
3,
Kys=—1In E(t —t)(s —35)*|, (A.9)

the corresponding moduli Kéhler metric is found as

1 2
(t _ f)ga (KkS)S§ = — (8 _ 5)27

Thus, one can read off the matter modular weights from a t-dependent part of the moduli

(Kis)ts = (Kis) sz = 0. (A.10)

(Kks)tf = -

Kéhler metric by using eq. (2.1),
KED 8RR o (8~ 1),
KD L e3(E) (K ) s o (£ — 1)Y3. (A.11)

85

It leads to the modular weight —g for A£27) and % for A§27). In this basis, the nonvanishing

holomorphic Yukawa couplings are also rewritten as

63 243 .
Yttt = %sz(t) - @Ez;(?)t) (weight 4),
Ytss = 9 (weight 0), (A.12)

which correspond to the modular forms of weight 4 and 0 under T'y(3), respectively. Note
that yus vanishes, although the modular weight of ¥ must be 2 and there exists a modular
form of weight 2 under I'g(3). (See appendix C.) It suggests that the low-energy effective field

theory derived from this CY compactification has another coupling selection rule in addition

to the I'y(3) modular symmetry. If A£27) has even Zs charge and Ag27) has odd Z5 charge,

the ytttAgw) A§27) A§27) coupling and the ytssA?” A§27)A§27) coupling are allowed, but the

yttsA?” A£27)Ag27) coupling is forbidden. Such Z; charges can be originated from Sp(6,Z).

At any rate, the above result is consistent with the modular invariance of 4D effective action.
To check the modular invariance of the effective action, let us consider the I'g(3) modular

transformation:
at +b
t Al
- ct+d (A-13)
with ad — bc = 1 and ¢ = 0 (mod 3), the Kéhler potential and superpotential
{ - _ 27), 4 (27 27
K = —In|5(t-)(s -5 +ECDIAPT2 4 k27142712,
W =y AP AP ACD |y, AP A7) 4(27) (A.14)
transform as
K= K+In|ct+df?, W = (ct+d)~'W, (A.15)

and the Kéhler invariant quantity e’ |IW|? is modular invariant.

Note that instanton numbers ng 4, have the same behavior as ng, o. Similarly, we
can discuss the regime ¢; < ¢o. Then, we can find the I'y(3) modular symmetry and its
modular forms.
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di\ ds| 0 1 2 3 4
0 18
1 |216| 216
2 | 216| 2106 | 216
3 48 | 17856 | 17856 | 48
4 | 216 | 95094 | 414720 | 95094 | 216

Table 4. Nonvanishing instanton numbers up to di,ds < 4.

A.2 Three moduli
We move to a favorable complete intersection CY threefold:

CP' [0 2
CP' |2 0], (A.16)
CP? |31

where the number of Kéhler moduli is h''! = 3. As studied in ref. [31], the leading part of
the prepotential for three Kéhler moduli is calculated as

1
F=— (18632 + 1833 + 18t1tats ), (A.17)
where the triple intersection numbers are
k112 =6, Kz =0, K23 =3, (A.18)

and otherwise 0. The holomorphic Yukawa couplings of matter fields are determined by
the classical part and instanton contribution as in eq. (3.19). Let us consider the regime
g2 < q1,q3 such that only g; 3 are relevant for the instanton expansion. The nonvanishing
instanton numbers ng, o 4, are given in table 4. As seen in the previous section, instanton
numbers ng, 0,0 and ng, 0,4, have an interesting structure such as ng, 90 = 14, 0,4, = 48 for
d1 = 3Z+ and otherwise 216. Thus, when we restrict ourselves to the regime g3 < g1 such
that the t3-dependent instanton corrections are suppressed, only the modulus ¢; contributes to
the holomorphic Yukawa couplings.” In particular, one of the holomorphic Yukawa couplings
is described by an Eisenstein series with weight 4. We list the nonvanishing holomorphic

Yukawa, couplings:

3m3 3m

216 > k:3q1 168 x 27 m)3gm
=510 <1+24oz v 2402 +18

- C]l
9 189
=18+ —FE4(t —F4(3t
+ 10 4(t1) — 10 1(3t1),
y112 = 6,
y113 = 6,
Y123 = 3 (Alg)

9We can realize the same structure in the regime q1 = gs.
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Thus, we observe the I'g(3) modular form in the same manner as in the previous example.
To see the modular invariance of the effective action, we move to the following basis:

t:=1, s =11 + ta, u =t + 13, (A.QO)

6271'w 2mis

where the regime ¢o2,q3 < ¢1 correspond to g¢s,q, < q with ¢, = , s ‘= € and

q: := e*™*_ In this basis, the prepotential is rewritten in terms of the redefined moduli as

1 3
F=—3 (188 + 18stu) . (A.21)
Since the moduli Kéahler potential is approximately given in the regime Im(¢) < Im(s), Im(u):
Kie = —In [3@(15 — (s — 5)(u— u)} , (A.22)
the corresponding moduli Kéhler metric is found as
1 1 1
K)o~ ——— Ki)ss ~ — =, (Kis)ug ~ —————, A23
( kS)tt (t _ t)ga ( kS) (8 . 8)2 ( kS) (U _ ’LL)2 ( )

and otherwise 0. Thus, one can read off the matter modular weights from a ¢-dependent
part of the moduli Kéahler metric by using eq. (2.1),

K@D b (K (K)o (¢ — )73,

(
JresitiN e%(—Kks)(KkS)sg o (t — 5)1/37
(

K(%’U ~ e%(_Kks) Kks)uﬂ x (t _ 51/3' (A.24)

uu

It leads to the modular weight —% for A,E27) and % for Ag27) and A&”). The holomorphic

Yukawa couplings are also rewritten as
9 189
= —F4(t)— —F ight 4
yu = 15 Falt) = T Fa(3t)  (weight 4),

Ytsu = 3 (weight 0), (A.25)

and otherwise 0. In this basis, they are described by modular forms of weights 4 and 0
under I'y(3), respectively. Thus, this result is consistent with the modular invariance of
4D effective action. Note that the effective theory has the same coupling selection rule,
as shown in section 3.2.
To check the modular invariance of the effective action, let us consider the I'g(3) modular
transformation:
at+b
ct+d
with ad — bc = 1 and ¢ = 0 (mod 3), under which the Kéhler potential and superpotential

t—

(A.26)

K=—-In|i(t —t)(u—u)(s — s)} + Z KC(;'U14((127)141(]27)7
a,b

APDAPDAZT 4y AP AT AT (A.27)

S u

W =y
transform as
K—K+nct+df?, W —(ct+d)"'W. (A.28)

Thus, the Kéhler invariant quantity e’|W|? is modular invariant.
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di\d | 0| 1| 2] 3] 4
0 54

1 | 54|180 | 54

2 54 | 144 | 54

3 54 | 180 | 54
4 54 | 144

Table 5. Nonvanishing instanton numbers up to di,ds < 4.

B Holomorphic Yukawa couplings described by I'g(4) modular forms

In this section, we focus on specific CY threefolds with three moduli in section B.1 and four
moduli in section B.2, leading to I'g(4) modular forms for holomorphic Yukawa couplings.
The T'g(/N) modular forms are summarized in appendix C.

B.1 Three moduli

We start with a CY threefold defined by a single polynomial in three projective spaces:
CP* [2
CP! (2], (B.1)
CP* |3

where the number of Kéhler moduli is A1 = 3. As studied in ref. [52], the leading part of

the prepotential for three Kéhler moduli is calculated as

1
F=—¢ (61113 + 61213 + 18111015 ), (B.2)
where the triple intersection numbers are
K233 =2, K133 =2, Kiz3 =3, (B.3)

and otherwise 0. The holomorphic Yukawa couplings of matter fields are determined by
the classical part and instanton contribution as in eq. (3.19). Let us consider the regime
g3 < q1,@2; only g12 contribute to the instanton expansion. The nonvanishing instanton
numbers ng, 4,0 are given in table 5. Remarkably, instanton numbers ng, 90 and 74, 4,0
have an interesting structure, i.e., ng,41,4,,0 = Nd;,dy+1,0 = 94 for all dy, and ng, 4, = 144
for di = 2Z4 and otherwise 180. Specifically, nonvanishing holomorphic Yukawa couplings
are described by

di d
- i (dl)gndl,dz 061116122
dy,d2=0 1- ql (]2
< (dl)?’ndl,dl,o%lfbl (d1)? ndl,d1+1 0qi g5 ™ (di+1)3n4, 41,0000 g
- 1— + 1— d1+1 1— di+1 _di )
=0 ' q3" ai a1 gy
dy d
- i (d1)2d2nd1,d2,0q11q22
dy,d2=0 1-qi"g5”
e [(d1)3nd1,d1,0q11q21+(d1)2(d1+1)nd1,d1+1 OQIlqgl+1+(d1+1>2d1nd1+1 dl,OQfﬁlqgl}
- d d d )
i 1—q{"q 1—qlggt! 1—gtgs
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_ < dl(d2)2nd1,d2,OQf1qg2
Y122 = Z
d17d2 0 1- Q1 QQ
Z [ dl) ndl,dl,oql 73" dl(d1+1) ndl,dlﬂ 0q} q21+1 (d141)(d1)*na, 11, d1,0q11+1qgl}
—~ praps 1—glgh+ 1—ghtTgd
=UY112,
o\ (dz)gndl,dQ,OQflqu
Y222 = Z
d1,d2=0 1- ‘.71 (J2
_ i (dl)gndl,dl,OQf‘le +(d1+1) ndl,d1+1 OQ11qd1+1 (d1)*ndy 41,0, 005 T g3
B 1— 1— di+1 1_ghiti, di
d1=0 CI1 (J2 (J1 dz q1 9z
=Y111,
Y123 =3, Y233 = Y133 = 2. (B.4)

When we restrict ourselves to the regime t; = to, they are rewritten as

= (d1)3nd1 di1 Oq%dl (d )3q%d1+1 (d _|_1)3 2d1+1:|
- od, 194 +54
Y111 dlZ_0|: 1— q2d1 —q2d 11 1_ q2d 11

3,2dy (2d )3 2(2dy) ((2d _|_1)3 2d1+1
4

1) CI1
2[180 —36 1—qf<2d1) - q2d1+1

80 (E4(2t1)—1) . <E4(4t1)—1)

+3(2d 14+1)¢? 2‘11*1)}

1— q2d1+1

240 240
54 (d)%q]"  (2d1)°t" 3 (d)gl*  (2d1)gt™
+Z Z 1—gh - 1— 2% + 1—gh - 1— 20
d1=0 91 41 41 q;
27 3 27
:—§+160(3E4(t1)+16(E4(2t1)—4E4(4t1))—*6(E2(t1)—2E2(2t1)>,
= [(d1)3nay a, 00" (d)*(di+1)G" ™ di(di+1)2 !
Y112 = [ o5 +54 +54
d;) 1—gi™ 1—gitt! 1—g !
E 2t _ _ oo 3 2d1+1 2d,+1
i (B (B 7 5[
di=0 1—q 1—q;
A5 3 B () 416 (Ba(2t1) — AB4 (411))+ — (Ea(t1)—2B»(2t1))
32 T 160 3Fa(tr 1(2t1 4(4t1)) + ¢ (Ba(ta 2(2t1)),
Y122 = Y112,
Y222 = Y111,
Y123 =3, Y233 = Y133 = 2. (B.5)

Note that Ea(t1) — 2E5(2t1) and Ey(nty) for n|N are modular forms of weight 2 and 4 under
T'p(4), respectively. See appendix C, for more details about the modular form of T'g(N). To
see the modular invariance of the effective action, we move to the following basis:

th—¢? ot

31, 2
5 §:= 5 (t" +t7). (B.6)

4

U= 2t3+
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In this basis, the prepotential is rewritten in terms of the redefined moduli as

1 2 2
F = ~% <—4783 + gstQ — 9t%u + 38u2) . (B.7)

The corresponding moduli Kéhler potential is given by

) 9¢ 9¢ _ 5 3i _
Kiw = —In ;(s—s)(u—u)z—81(8—3)3—1—42(3—3)(15—02—;(t—t)2(u—u)]. (B.8)
In an asymptotic regime ¢, < ¢s < ¢ with ¢ = e*™ ¢, := €>™ and ¢, := 2™,
corresponding to q3 < ¢1,¢2 and g2 — q1, the moduli Kéhler metric is obtained as
(K~ ==y, (Kiduam g, (Ko~ =g (B.9)
ks)ss — (S—§)2’ ks Juu — (U—ﬂ)27 ks )it — 2(8—5)(1[,—@)’ .

and otherwise 0. Thus, one can read off the matter modular weights from a s-dependent
part of the moduli Kéhler metric by using eq. (2.1),
K27~ e5R) (K ) g5 oc (s — 5) /3,
Kf;) ~ e%(*K“S)(Kks)ug x (s — §)1/3,
27 1 .
KD~ B R (o) o (5 — 5) 2. (5.10)

It leads to the modular weight —% for Ag27), % for Ag‘ﬂ) and —% for A§27). Then, the

modular weights of holomorphic Yukawa couplings are determined, and their explicit forms
are rewritten as

9 12
Ysss = %E4(s) += (E4(25) — 4F4(4s))  (weight 4),
9 .
Ystt = —5 (Ea2(s) — 2E5(2s)) (weight 2),
Ysuu = 1 (weight 0), (B.11)

and otherwise 0. Note that modular forms of the weight 2 under I'g(4) are given by a linear
combination: Eo(s) — 2E2(2s) and Ey(2s) — 2E2(4s), as shown in appendix C.1.
To check the modular invariance of the effective action, let us consider the I'g(4) modular
transformation:
as+b
cs+d

s — (B.12)

with ad — be =1 and ¢ = 0 (mod 4), under which the Kéhler potential and superpotential
i _ _ 27 27
K=—-In 5(5 —35)(u— u)Q} + Z;Kéb )A((127)Al(7 ),
a

W = ysssAgzﬂAgw)Agm) + ysttAg27)A£27)A§27) + ysuuAg”)Aq(anf” + yttuAEW)AgW)Agzn
(B.13)

transform as
K—K+nles+df>, W — (cs+d)"'W. (B.14)

Thus, the Kéhler invariant quantity e’|W|? is modular invariant.
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di\d | 0| 1| 2] 3] 4
0 48

1 | 48160 | 48

2 48 | 128 | 48

3 48 | 160 | 48
4 48 | 128

Table 6. Nonvanishing instanton numbers up to di,ds < 4.

B.2 Four moduli

We next discuss a CY threefold defined by a single polynomial in four projective spaces:

CP!
CP!
CP!
CP!

(B.15)

NN NN

where the number of Kihler moduli is 2! = 4. As studied in heterotic string theory with
line bundles [53], the leading part of the prepotential for four Kihler moduli is calculated as

1
F = _6 (12t1t2t3 + 12t1toty + 12t1t3t4 + 12t2t3t4) , (B.lﬁ)
where the triple intersection numbers are
K123 = K124 = K134 = K234 = 2, (B.17)

and otherwise 0. The holomorphic Yukawa couplings of matter fields are determined by
the classical part and instanton contribution:

o di dy ds d
Cape(dr, do, d3, da)ng, dy.ds.didy 95°95° 95"
Yabe = Kabe + D abel. Ty dyds 1223 4 (B.18)
dy,d2,ds,ds=0 1- 41 927493744
with
Cabe(d1,d2,d3) =dodyd,, g ="M, go=€"T"2 gz=e?B gy =T, (B.19)

To simplify our analysis, let us focus on the regime ¢3,qs < ¢1,g2; only g1 2 contribute to
the instanton expansion. The nonvanishing instanton numbers ng, 4, 0,0 are given in table 6.
As shown in the previous example, instanton numbers have an interesting structure, i.e.,
Ny +1,d1,0,0 = Ndy,dy+1,00 = 48 for all di, and ng, 4, 0,0 = 128 for dy = 27 and otherwise 160.
In a similar manner as in section B.1, we restrict ourselves to the regime t; = ¢ in which
nonvanishing holomorphic Yukawa couplings are described by

> 3 2dy 3,2d1+1 3 2d;+1
(dl) Nd, ,dy,0,091 (dl) q1 (dl-l-l) q
= E — +48 +48
i d1:0|: 1_q%d1 l_q%dl"‘l l_q%dri-l

> d)PGdh L 2d)PECN 48 ((2di+1)2EN T (2di+ 1) !
d1=0

2d,+1 2d1+1
—q; 1 1_q?(2d1) 4 1—(]1 1+ 1_q1 1+
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160 (E4(2t1)—1) Coss (E4(4t1)—1)

240 240
=SS K(dl)g‘ﬁ” g ) i3 <<d1>q1 (21 )™ ﬂ
4 d1 ) 1_qd1 1— q2d1 1—(]? 1— q2d1
3 3
=—Z+60(3E4(t1)+16(E4(2t1) 4E’4(4t1))—7(Eg(tl)—2E2(2t1)),
= [(d1)?ng, 007" (d)*(di+1)G" ™ di(di+1)2 !
e _dlijo[ 1-gi* o 1—Q%d 1 o 1—giht!
—160 E4(2t1>—]. —956 E4(4t1 412 Z 2d1_|_1)3 2d1+1_(2d _|_1) 2d;+1
N 240 240 2d1+1 1— q2d1+1
5
= 1760 (3E4(t1)+16(E4(2t1) 4E4(4t1))+§ (Eo(t1) —2E2(2t1)),
Y122 = Y112,
Y222 = Y111,
Y123 = Y124 = Y133 = Y234 = 2. (B.20)

Note that Ea(t1) — 2E2(2t;) and E4(nt;1) for n|N are modular forms of weight 2 and 4
under I'g(4), respectively. To see the modular invariance of the effective action, we move
to the following basis:

th— 2 th 4 12 1 1
5 s = —; , U,Z:t3+1(t1+t2), r::t4+1(t1+t2). (B.21)

In this basis, the prepotential is rewritten in terms of the redefined moduli as

t:=

1
F=—2 (24su7‘ — 653 — 12t%u — 122 + 12t23) . (B.22)

The corresponding moduli Kéhler potential is approximately given by

Ky = —ln{i{él(s— HNu—-a)(r—7)—(s—35° =2t —D*((r—7) + (t—1)) — (s —8)}}
(B.23)

Note that we consider an asymptotic regime ¢3,q1s < q1,¢q2 with q1 = g2, corresponding
t0 Qu,qr < qs < q with ¢ := 2™
corresponding moduli Kéhler metric is found as

1 1 1 1
(Kks)s§g_my (Kks)tfg_(s_g) (u—u+r—r)’

1 1
ma (Kks)rf — _mv

=1, g5 := ¥ q, := ¥ and ¢ := €™, the

(Kks)uﬁ ~ — (B24)

and otherwise 0. Thus, one can read off the matter modular weights from a s-dependent
part of the moduli Kéahler metric by using eq. (2.1),

K27~ e300 (K ) o5 o (s — 5) 753,
ng’?) ~ e%(*Kks)(Kks)tE x (s — §)72/37
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K&~ 8RBy o (s =)'/,
K27~ 58 (K)o o (s — 5)1/5. (B.25)

It leads to the modular weight —% for Ag27), —% for AEW), and % for ASLW) and A7(«27). Then,
the modular weights of holomorphic Yukawa couplings are determined, and their explicit
forms are rewritten as

s = 15 Bals) + T (Ba(29) — 4Eu(4s))  (weight 4),
Ystt = —4 (Ha(s) — 2F2(2s)) (weight 2),
Ytru = Yeer = —4 (weight 0),
Ysur = 4 (weight 0), (B.26)

and otherwise 0. Note that modular forms of the weight 2 under I'y(4) are given by a linear
combination: Ea(s) — 2E2(2s) and Es(2s) — 2E2(4s), as shown in appendix C.1.

To check the modular invariance of the effective action, let us consider the I'g(4) modular
transformation:

as+b
cs+d

s — (B.27)

with ad — bc = 1 and ¢ = 0 (mod 4), under which the Kéhler potential and superpotential
. _ _ _ (27 ) 4(27)
K =—In4i(s —8)(u—u)(r— r)}—i—ZKab )A((lz )A,() )
a,b

W = yass APT ARV ARD 4y, ARD AET AT

S

+ ysurA(27)A(27)A7(~27) + yttTA§27)A£27)A(27) + yttuA§27)A§27)A7827) (B.28)

S u T

transform as
K—=K+nles+df>, W = (cs+d)"'W. (B.29)

Thus, the Kéhler invariant quantity e’|IW|? is modular invariant.
Note that the 4D low-energy effective theory has the permutation symmetry between
A$«27) and A(u27). Such a Z, permutation symmetry is originated from Sp(10,Z).

C To(N) modular forms

In this appendix, we briefly summarize the modular forms of I'g(N) rather than SL(2,Z).
For more details, see, e.g., ref. [54]. As discussed before, I'g(3) modular forms can be realized
on specific CY threefolds. T'g(IV) is a congruence subgroup of level N, which is defined as

To(N) = {(‘CL Z) ., ¢=0(modN) } (C.1)
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Before discussing the modular form of I'g(N), let us remark the modular forms of SL(2, Z).
It was known that the Eisenstein series Ej for k£ > 4 are holomorphic modular forms of
weight k, but there are no holomorphic modular forms of weight 2. The Eisenstein series Fo
is a holomorphic function, but not a modular form.'® Indeed, the modular transformation
of FEy is given by

BEo(y7) = (1 + d)*Eo (1) + %C(CT +d) (C.2)

with v being the element of SL(2,Z). Note that a modular covariant differential operator

D;. acting on modular forms of weight k£ is defined as
1 d k

Dy=———-—F C.3

YT omidr 12 2(7), (G-3)

which maps a modular form of weight &k to a modular form of weight k + 2. Thus, Ea(7) is

regarded as a modular connection rather than a modular form, and it can be rewritten as

1
EQ(T) = %87— In A(T) (C4>
where A is a weight 12 modular (cusp) form of SL(2,Z). Specifically, A is the discriminant

of Weierstrass equation, which is defined by using the Dedekind n-function:
A(r) = (2m)n(r)*. (C.5)

This modular function A is convenient to define the holomorphic Eisenstein series for I'o(IV).
Let us consider the following modular transformation of I'g(N):

;T
T = N (C.6)
under which A(n7) with n € N transforms as
N7+ 1\" N 1
A(nt) = A(n7') = (— T ) A (— - ) . (C.7)
nr n  nr
Recalling that the modular transformation of A(7) is given by
A(T) = A(y7) = (er + d)2A(7). (C.8)
Eq. (C.7) is simplified as
A(nt') = (N1 + 1) A(n7), (C.9)

for n|N. It indicates that A(n7) with n|N is regarded as a weight 12 modular form of I'o(N).

C.1 Weight 2

By using the modular transformation of A(n7) (C.9), one can construct a modular form of
weight 2 under I'g(N). Let us consider the modular transformation of Eo(ni7) with ni|N:

1
Es(m7') = m&/ In A(ny7")
1 or

= mﬁ@ (12In(N7+ 1) + In A(ny7))

N 12
= (N7 4 1)?Ey(ni7) + —— (N7 + 1). (C.10)
ni 27
10A non-holomorphic but modular function of weight 2 is given by Ej3(7) := E2(7) — #ﬁ) introduced

by Siegel.
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It indicates that a linear combination of F5(7) and Fy(ni7) transforms as

By(7) — ¢1 Ba(mir’) = (N7 + 1) (Ba(r) — 1 By (ny ) + 2

(N7 +1) (1 - Cl) . (C.11)

ni

Thus, when the constant ¢; is chosen as ¢; = n; with n1|N, Ey(7) — n1E2(ni7) is a
modular form under I'g(N) of weight 2. Furthermore, the modular transformation of
E5(nat) — caF2(n3t) with no3|N and ¢y being a constant

Fo(not’) — caBy(n3t’) = (N7 4 1)% (Ba(nat) — caFa(n3T)) + 122]Y (NT +1) (1 _ 02)
i ng  nsg
(C.12)

indicates that Ea(ne7) — 12E>(n37) is a modular form under I'g(IV) of weight 2.
For instance, there are two linearly independent modular forms of weight 2 under T'y(4):

EQ(T) — 2E2(2T),
Ey(27) — 2E5(47). (C.13)
C.2 Weight 4

The Eisenstein series F4(7) is a modular form of weight 4 under SL(2,Z). Since E4(7) is
written by FEa(T)

Ey(r) = —%%Egm b Ea(r)?, (C.14)

the modular transformation of E4(n7) under I'g(N) is obtained by using that of Ea(nT).
It results in

Ey(nt") = (N1 + 1)*Ey(n1), (C.15)
for n|N. Thus, E4(n7) is a modular form of weight 4 under I'g(N) for n|N.

C.3 Weight 6

The Eisenstein series Fg(7) is a modular form of weight 6 under SL(2,7Z). Since Fg(7) is
written by E4(7)

Bo(r) = ~3DsBy(7) = — o L By () + By(r)Balr), (.16

the modular transformation of Eg(n7) under I'g(N) is obtained by using that of Ea(nr)
and FE4(nt). It results in

Es(nt') = (N1 +1)%Eg(n7), (C.17)

for n|N. Thus, Eg(n7) is a modular form of weight 6 under I'g(IV) for n|N. In a similar
way, higher modular forms can be constructed by acting the modular covariant differential
operator on modular forms of lower modular forms.
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