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1 Introduction and summary of results

Microscopic dynamics of the ‘fundamental’ constituents of matter gives rise to collective,
macroscopic dynamics, including to fluids and gases. Such collective behavior, however,
depends on complicated dynamics of many particles: for example, there are on the order of
10%% molecules in a liter of water. Whether these constituents (particles, atoms, molecules)
are classical or quantum, a complete description of such a system at the level of each particle
is intractable. Instead, the simplest physically transparent description of such dynamics
combines methods of statistics and detailed knowledge of individual collisions. Such a
description of a many-body system is known as kinetic theory and it crucially relies on the
concept of quasiparticles (see e.g. [1-8]). A way to understand the full, time-reversal-invariant
microscopic dynamic in kinetic theory is the so-called BBGKY hierarchy [9-12], which couples
together the dynamics of all n-particle distribution functions over the phase space. The famous
Boltzmann equation is a truncation of this infinite chain of integro-differential equation to a
single dynamical equation for a one-particle distribution function f(¢,x,p) in the phase space
that depends on the collision integral or the collision kernel accounting for the microscopic
dynamics of 2-to-2 particle collisions. Even then, analyzing the Boltzmann equation exactly
and solving it even numerically remains extremely difficult. For recent progress in finding
such solutions in certain cases, see refs. [13-17].

The Boltzmann equation can be further reduced to a simple differential equation within
the context of the so-called relazation time approzimation (RTA), also known as the Bhatnagar-
Gross-Krook approximation [18]. One way to understand this approximation, in physical
terms, is by considering the possible spectrum of the linearized collision integral (see ref. [19]).
If we assume that an eigenvalue exists that is ‘parametrically’ separated from the remaining
ones, which dominates the late-time relaxation of the system with a single relaxation time 7y,
then we can approximate the collision integral by the well-known RTA approximation [20]
discussed in detail below. Within this approximation, the Boltzmann equation can often be
solved analytically. While in itself an ‘effective’ and truncated (UV-incomplete) description,
such explicit results are extremely instructive and valuable for the analysis of (weakly-coupled)
low-energy collective states of matter (see e.g. refs. [21-27] and references therein).

While often used outside of its appropriate regime in the literature, the kinetic description
fundamentally relies on the weakly-coupled picture of a dilute gas of particles colliding with
each other. This intrinsic limitation of such a description therefore means that if the particles
become strongly interacting, it is hard to justify the numerous limits of the underlying
quantum field theory (QFT) that we routinely make to render kinetic calculations tractable.
An independent approach to the study of strongly coupled states of matter that is microscopic
and UV-complete is the holographic duality (the AdS/CFT correspondence) [28] (see refs. [29-
32]). Its limitation, on the other hand, is that it is in practice limited to large- N, typically
supersymmetric conformal theories (CFTs). Nevertheless, holography has provided us with
a wealth of invaluable information about thermal and dense collective states of matter.
Despite the formidable difficulties in using holography beyond the large- N limit (see refs. [33]
and [32]), computations beyond infinite 't Hooft coupling can be performed by the inclusion
of classical higher-derivative supergravity corrections to the bulk Einstein-Hilbert action
in 4 + 1 dimensions [34] (see also [19, 35]). As per the holographic description, spectra
of correlation functions correspond to the ring-down spectra of dual linearly perturbed



black holes: the quasinormal modes [36]. In a sense, quasiparticle excitations in kinetic
theory spectra are replaced by the quasinormal modes of black holes. The central feature
of the holographic finite-temperature (7" # 0) spectra are isolated simple poles and the
absence of branch cuts, which were found in a finite-T" QFT calculation at zero coupling
by Hartnoll and Kumar [37]. The transition from one picture to another, as a function of
the coupling constant, has been relatively well understood in recent year from the point
of view of holography [19, 38-41] (for related earlier work on current correlators in finite
density states in 2 + 1 dimensions, see refs. [42, 43]). Studies of spectra from the angle of
finite-T" are unfortunately dramatically harder and are therefore extremely rare, existing
only in the simple large-N vector models [44, 45].

A natural question that arises in the investigation of thermal states and their physical
excitations is what can be learnt from the simplification of weakly-coupled QFTs: namely,
from kinetic theory. Despite the fact that the Boltzmann equation was written down in
its full form in 1872 and has been extensively studied since then, it was only in 2015 that
Romatschke analyzed the full analytic structure of retarded two-point correlation functions
in RTA [22]. For subsequent extensions, see refs. [46, 47]. This 3 + 1 dimensional calculation
could then be compared with the spectra obtained from the holographic bulk Einstein gravity
with the thermal Schwarzschild black brane background solution in 4 + 1 dimensions and
its finite coupling extensions (cf. ref. [19]). What the RTA kinetic theory analysis of [22]
shows is the combination of a branch cut along with the ‘universal’ hydrodynamic poles
present in any finite-T holographic calculation. For discussions of linearized hydrodynamics,
hydrodynamic correlators and the nature of dispersion relations of diffusion and sound, see
refs. [48-50]. For a discussion of the convergence of the hydrodynamic modes in the RTA,
see ref. [51]. The full picture of how QFTs interpolate between the weakly-coupled picture
with branch cuts and the strongly-coupled picture with only poles remains to be understood
although a highly suggestive and potentially complete mechanism has emerged from the
holographic studies of higher-derivative gravity [19, 41].

Holography has enabled us to study not only thermal states but, among numerous other
setups, also finite-density states with a finite chemical potential u # 0. The easiest way to
incorporate a U(1) charge into the boundary CFT is to study the bulk Einstein-Maxwell
theory with the Reissner-Nordstrom black brane background. For holographic analyses of
this theory, see refs. [52-58]. On the other hand, holographic models seeking closer contact
with ‘realistic’ condensed matter systems that include a lattice and, for example, give rise to
a finite conductivity in a p # 0 state, were developed by explicitly breaking the boundary
translational symmetry in refs. [59-61]. In particular, the simplest of these models, the
so-called Einstein-Maxwell-dilaton model which accounts for finite 7', i and a translation-
symmetry breaking parameter I' was then studied in detail by Davison and Goutéraux [62].
Some other papers studying holography with broken translations include refs. [63-68]. Finite
coupling corrections to the picture they developed are presently not well understood.

The goal of this paper is to bridge the gap between a weakly coupled description of matter
in terms of kinetic theory and the strongly coupled holographic studies of thermal states that
exhibit some combination finite density and broken translations. We analytically compute
all retarded two-point functions of conserved operators in such systems by developing and
solving in each case the appropriate RTA kinetic theory equations. This then allows us to
classify and study the behaviour of physical modes that dominate the low-energy (late-time)
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dynamics of collective states, which are controlled by the conservation laws of operators
corresponding to continuous global symmetries: the energy-momentum tensor T#” and the
U(1) current J*. These conservation laws (or the Ward identities) are

0, v £,

VT = | 1.1
! ~TTY%, y =i, (1)

YV, JH =0, (1.2)

where we have allowed for the breaking of momentum conservation with the help of the
parameter I'. In each case, we derive the full set of dispersion relation of all hydrodynamic
and gapped modes visible by RTA as well as various transport coefficients, such as the
thermoelectric conductivities accessible by the linear response theory and the Kubo formulae.
A number of examples also exhibits interesting interplay between hydrodynamic and low-
energy gapped modes (i.e., their ‘collisions’ in the complex frequency plane), which can be
understood in the context of quasihydrodynamics when the pole collisions occur near the
hydrodynamic regime [69]. The complete classification of all cases computed from RTA in
3+ 1 and 2 + 1 dimensions is collected in tables 1 and 2, respectively.

More precisely, in these two tables, we schematically depict the qualitative properties
of the RTA spectra of all channels of two-point functions composed of T and J* in the
complex frequency w plane for some fixed (small or on the order comparable to other scales
in the problem) wavevector (or ‘momentum’) k aligned with the z axis. In 3 + 1 dimensions,
the remaining symmetries allow for a decomposition of correlators into decoupled spin 0, 1
and 2 channels with respect to the SO(2) symmetry of spatial rotations about the momentum
vector. In 2 + 1, they can be decomposed into even and odd channels with respect to the Zo
symmetry associated with parity transformations about the momentum vector.

Each spectrum in 3 4+ 1 and 2 + 1 dimensions contains a branch cut running between
the branch points at w = +k — i/7r, where 7 is the RTA relaxation time. Most spectra
also contain hydrodynamic modes (gapless modes when I' = 0), which we represent with
black dots. Diffusive modes are placed on the imaginary axis and a pair of sound modes
is placed symmetrically (with respect to the imaginary axis) in the complex plane at the
same imaginary value as the diffusive poles. Some spectra also contain gapped modes. A
gapped mode independent of the existence of momentum relaxation (represented with a green
dot) exists only in 2 + 1 dimensional even current-current (density-density) correlators and
exhibits a collision with the diffusive mode after which both modes become propagating.
This phenomenon is represented by blue arrows. It marks an important qualitative difference
between the behavior of current correlators in 2 + 1 and 3 4+ 1 dimensions. We interpret
this 2 + 1 dimensional result to be analogous to the collision of poles associated with a
‘hydrodynamic-to-relativistic’ crossover that was described in the context of holography
at infinite coupling in ref. [43]. In that case, as k increases from k = 0, the spectrum of
quasinormal modes, which all lie on the imaginary w axis, exhibits sequential pole collisions
after which the poles move off the axis (obtaining a real part) in a ‘zipper-like’ manner (see
an earlier review [70] and a recent discussion of this phenomenon from the point of view
of S-duality specific to 2 + 1 dimensional CFTs in ref. [71]). The second type of gapped
modes exists as a result of momentum relaxation (plotted with a black dots) and exhibits



(JJ) (TT) (TJ)
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Table 1. A ‘periodic table’ of analytic structures of 7"” and J* correlators in 3 + 1 dimensions. The
first row T # 0 corresponds to results found in [22]. The second and third rows are a momentum
dissipation (I'j is dissipation in the direction parallel to the perturbations’ wavevector, while I'}
is dissipation in the transverse direction) extension to the first row. The fourth row T, u # 0, is
the thermoelectric case. The fifth and sixth row are the momentum dissipating thermoelectric case.
Hydrodynamic poles are denoted by black points. The logarithmic branch cut is denoted by a squiggly
line. In the case of nonzero I'|, we denote the movement of the poles with increasing k with red lines,
indicating that there is a collision at k ~ I'|. After the collision, the poles acquire a real part and
become propagating. We provide more details of the analytic structure of the spin 0 (JJ)7 .20 in
figure 4.

quasihydrodynamic collisions with a diffusive mode. Those collisions are represented by
red arrows. The 2 + 1 dimensional (JJ) correlator with momentum relaxation parallel to
momentum is special in that it exhibits both types of pole collisions. Finally, we note that
at p = 0, the (T'* JP) correlators vanish.

The outline of the paper is as follows: in section 2, we first discuss the RTA kinetic theory.
We present the method for the calculation of correlation functions and discuss the relevant
aspects of the thermoelectric effect. With the basics established, we state the complete set
of analytic results for the correlators in section 3, which represents the main result of the
present work. We then analyze both in 2 + 1 and in 3 + 1 dimensions various details of
the uncharged correlators in section 4, the uncharged correlators with momentum breaking
in section 5, the charged case in section 6 and the charged momentum breaking case in
section 7. Conclusions and future directions are then discussed in section 8. Appendix A is
devoted to certain relevant details of complex analysis that are necessary for understanding
physical properties of computed spectra. Then, to facilitate a stringent consistency check
of our kinetic theory results in the (hydrodynamic) low-energy limit, we also perform an
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Table 2. A ‘periodic table’ of analytic structures of T*” and J* correlators in 2 + 1 dimensions. In
addition to the labelling used in table 1, the new structure of colliding poles at Trk ~ 1 (where g
is the relaxation time) is depicted with blue arrows. The green dots are the special gapped modes
in 2 + 1 dimensions that remain gapped when I' = 0. For the even channel (JJ) correlators, the
branch cut is chosen and drawn (see appendix A) so as to make the representation of the gapped pole
(in green) clearer. We note that the shape of the cut can indeed be arbitrarily chosen so long as it
connects the two branch points. We include more details of the even (JJ)r¢ in figure 1, the even
(TT)rr 0 in figure 2 and the even (JJ)r 1,20 in figure 5.

independent hydrodynamic calculation of all studied correlators in appendix B. Finally,
appendix C contains details of the kinetic theory calculation that pertain to contact terms.

2 Set up

2.1 Kinetic theory in the RTA

In this section, we lay down the basic ideas of RTA kinetic theory, following the conventions
of [22]. The Boltzmann equation for the on-shell one particle distribution function, f(¢,x,p), is

[P0 + FFVpul | = CIf], (2.1)

where F* represents the forces acting on a particle and C[f] is the collision kernel. The
electromagnetic and gravitational forces are

FH = Fp,, (2.2)
F# = —Th p*p?, (2.3)



respectively. F'* is the electromagnetic field strength tensor and FZ 5 1s the Christoffel symbol.
Here, we will take the collision kernel to be the Anderson-Witting [20] RTA kernel, namely

Hu
Cli =" (= £, (2.4)
where
FoU(t, x, p) = e@utR+EX)/TEX), (2.5)

is the equilibrium distribution function to which the system relaxes on the timescale of 7.
Furthermore, the lowest moments of the distribution function provide the current and energy
momentum tensor in d + 1 dimensions

d’p p"
y d'p ptp”
™= | 20
which are conserved:
v, =0, V,J"=0. (2.8)

For conservation to hold, the RTA prescription requires moments of (2.4) to vanish, which
results in the matching conditions
dp d%p
Uy | ——=p"p" (f — f¢1) =0, V/il’ — 9 =0. 2.9
| Gt G = £ =0, [ G (7 1) (2.9
Furthermore, it will also be convenient to define the following thermodynamic quantities

in equilibrium for massless particles using the Maxwell-Boltzmann distribution function:
d/2
2 T(d) m

= T; .
"= om0 (2.10)
1

Eo = dToTLo, PO = g&o, (2.11)

d’p fo(p) a—1 _ "o
/ (27’[‘)d T() d TO’ (2 12)

dd

d(o + Py) = / (27r1))d f‘;f) Qqp™t, (2.13)

where ng is the equilibrium number density, ¢¢ is the equilibrium energy density, Py is
the equilibrium pressure, y is the static susceptibility, p = |p|, fo(p) = e~ ®P~#0)/T0 and
Qq = 27%2/T(d/2) is the solid angle in d spatial dimensions. The two relevant cases for our
discussion are d = 2 and d = 3 where 25 = 27 and 23 = 4, respectively.

2.2 Computation of the correlators

We turn on the external sources, 64, and dg,,, inducing a change in the temperature,
chemical potential and the four velocity

T(t,x) =T+ 0T (t,x), (2.14)
pu(t,x) = po + op(t, x), (2.15)
uh(t,x) = (1,0) + dut(t,x). (2.16)



Note that we normalize u#u, = —1. The external fields, by causing a change in the macroscopic
variables, modify the equilibrium distribution function and the distribution function

feq(tvxv p) = fO(p) +6feq(t’xa p)’ (217)
f(t,x,p) = fo(p) +6/(t,x,p). (2.18)

For the purposes of this paper, we will expand around the Maxwell-Boltzmann distribution
folp) = e~ (P’ =10)/To We will also be working with massless particles, p? = 0.
We see that the change in the equilibrium distribution (2.5) is

oT
oft = % (5M +p'v-du+ (p° - MO)T> ; (2.19)
0 0

where v = p/p°.
In Fourier space,! the linearized Boltzmann equation reads?

_ §fea
(—iw+ik-v)of — ;% (v-E—Fgﬁp%%ﬂ) = —(anff, (2.20)
where the electric field is B = V*Ag — 9, A*. The solution is given by
forrB . v — L0770 p0po0B 1§ o
g = BT~ a Tl ot VT Ol (221

1+ 7r(—iw +ik - v)

We then compute the change to current and energy momentum tensor via (2.6) and (2.7),
respectively. We determine (du,dT,du) by self-consistently solving the matching condi-
tions (2.9) in terms of the external gauge field, §A,,, and metric perturbations, dg,, . In other
words, we need to self-consistently solve for (ou, 6T, su') via

6J = on(p, T), (2.22)
6T% = 6e(p, T), (2.23)
6T = (60 + Po)dui, (2.24)
where (07, u) are related to (0n,de) via [48]
6n0 6n0
on=—0opu~+ =0T 2.2
360 880
0e = —0T + —dp. 2.2
e=op, 00+ o * (2.26)

We would like to take a moment to highlight that although we are working in the linear
regime at the level of perturbations, the non-trivial matching conditions include non-linearities.
Finally, we compute the retarded correlators via the variational principle, namely, by writing

1
JH = Jh — G"Y5A, — ia*ﬁ%gaﬁ o, (2.27)
17 ]‘ v, v,
T = T§Y — SGiy B6gap — GHI 6 A0 + ..., (2.28)
where
5+ STH 5J+ sTH
wy pr,oe a3 =9 uv,of3 =92 2.9
GJJ 5141/’ GTJ (5Aa ’ GJT 59&67 CTvTT 6ga6 : ( : 9)

'The convention we follow for Fourier transforms is f(w,k) = fix;o dt f APz ™I F (1 k).
*Note that we used the identity presented in [22]; Fgﬁpupapﬁ = p"9,p* = 0 to substitute Fﬁxﬁpipap’g =
—T0spop”p”.



2.3 Momentum breaking

In theories that study transport (hydrodynamics) with momentum relaxation, the usual
equations of motion (the conservation laws) can be modified to include explicit momentum
non-conservation as in equation (1.1), while leaving the energy conservation intact (see
refs. [61, 62, 72]). This in turn modifies the two-point function Ward identities, which are
now of the form

ik, G1Y =0 (2.30)
ik, GhP =, (2.31)
O+
ik, GY Y = ;nga _, (2.32)
TV =1
e 72@ (2.33)
TGy =i,

up to contact terms, which are thoroughly considered in appendix C.
To include momentum relaxation in RTA kinetic theory, we modify the collision kernel
directly via

_ pl»‘uu paua ap v
C[-ﬂ - (f - feq) - T Uag Ful/p fa (234)
TR

which has the interpretation of the addition of inelastic scattering to the usual RTA. We
choose T, = diag(0,T',T'1,I'1) in 3 + 1 dimensions and Iy, = diag(0,T',T'1) in 2 +1
dimensions.® Perturbing to linear order, we see that in addition to the terms in (2.19), we
have terms proportional to I':

5fiq = 0feq — TRD'Ty; (5uj - 590k5jk) Jo

T (2.35)

Note that with this choice of I',,, orthogonal to u* in the local rest frame, the leading-order
solution is not modified. One can easily see that this choice reproduces our desired form
of momentum dissipation in (1.1).

2.4 Thermoelectric effect

We continue with the calculation of the thermoelectric transport matrix in linearized theory:

§J o Thal E;
= - - 2.36
(5@) (To&” TOW> <—T10vj5T> ’ (2.36)

where the current and energy momentum tensor is given in (2.6) and (2.7), respectively, and
the heat current §Q° = 07" — ppdJ*. Since we consider time-reversal invariant systems (i.e.
in absence of magnetic effects), it follows that a = & due to Onsager reciprocal relations [73].
This will provide a non-trivial check on the consistency of our results.

3Tt is important to note that T, is not a tensor and hence does not transform covariantly. This stems
from the fact that it parametrizes a term explicitly breaking translational symmetry.



We briefly recall the relations between external perturbations of the metric dg,, and
gauge field 04, and the sources E and VT of the system’s response. For this purpose we
summarize the argument of [74-76] in terms more suitable to our setup. We start in Euclidean
signature and introduce the temperature rescaled dimensionless time ¢ = ¢T', which transforms
the tt-component of our metric. Consequently, a small change in temperature is equivalent
to perturbation in the tt-component of the metric:

1 0T
9% = 77 ~ QTT‘? = 1 + 095, (2.37)

where we denote Ty the equilibrium value of temperature. Since we are working in the
linearized regime, we can freely deform our perturbations with infinitesimal diffeomorphisms
generated by a vector field £,:

5g;w = 5.9#1/ + augu + auﬁu- (2.38)

The external gauge field A, = flu + 6A,, where Ay = po, is also transformed via the Lie

derivative
AL =A,+ A0, +£"0,A,. (2.39)
Let us choose
1T ;
§u = RN M (2.40)

with the time dependence of e~ ! where @ is the rescaled frequency w = w/Ty. One can
then show that in this new gauge the temperature perturbation is encoded in the off-diagonal

components of the metric perturbation:

98T

097 =0, 0g;7= WTE (2.41)

In our new gauge the spatial components of the gauge field perturbation take the form of

AgoT
To To’

1 9;6T

SAL = 0A; — ——
t ! iw T§

SA, =6A; + A; (2.42)
The electric field E; is expressed in the zero momentum limit k£ = 0 as simply E; = iwdA;.
Utilizing this, rescaling back and continuing to Lorentz signature, we obtain the relations

1 0;0T E; 1 0;0T
o o J r_ 5 J
0gy =0, 5gtj T T T, 514]‘ = ,uoa T, (2.43)

Expressing E and V4T with 0A), and dg,, we write down the thermoelectric transport
matrix from (2.36) as

8J°\ [ 0% Ty [iwdA +iwpodgl; (2.44)
6Q ) \aVTy k9T, iwdgl; ' '

,10,



In order to obtain the correct behavior of the imaginary components of the conductivities,
we must substract the w = 0 part of the appropriate correlator [32, 62, 75]. With this in
mind, we can read off the transport coefficients from (2.44):

1

o (w) =~ lim (G (w. k) = GF5(0.)) (2.45)
al(w) = —Z,WITO lim (G, (w, k) = G, (0.k)) (2.46)
a(w) = —Z,WITO lim (G, k) = GIo(0.k)) (2.47)
() = =g Jim (Glgle ) = Glig(0.1). 219

where the correlators are defined in (2.29) and

oX' 25Xi 6X"
0Qi ~ “ogy 154,

(2.49)

3 Analytic expressions of the correlators

The computation of the correlators, as outlined in section 2.2, requires integrating the
distribution function (2.21) over the phase space and solving self-consistently for the relevant
macroscopic variables (dn, 6T, du’). Here we present the main result of the paper, namely, the
explicit analytic expressions of all correlators. We will subsequently analyze their structure
in the following sections. Without loss of generality, we will align our perturbation to be
in the 1-direction in all cases below.

We note that the angular part of integration over momentum p of the perturbed distri-
bution function 0 f provides the characteristic logarithmic term in 3 + 1 dimensions and a
square root term in 2 + 1 dimensions. The details on the chosen branch cut and the Riemann
sheet of these multivalued maps are presented in appendix A.

We also note that the correlators exhibit certain symmetries in their indices (e.g., the
pairwise symmetry Go#H = GF28) and satisfy the Ward identities (2.30)(2.33). As such,
we write down the minimum set necessary to reconstruct all of the (nonzero) correlators.

3.1 Finite temperature correlators

For completeness, we begin by writing down the correlators from [22]. Turning on only the
external gauge field (thereby generating a change in the number density, dn), we find the
following correlators in 3 + 1 dimensions

00 X(2kTr + L(1pw + 1))
Gy = Yirn+ il ) (3.1)
2.2 xw (L (k*13 — (Tpw +1)?) — 2kTR(TRW + 1))
Gjy=-— 3.2 ; (3.2)
k315

— 11 —



where we defined L = In <%) Staying in 3 + 1 dimensions, we now turn on only

the metric perturbation, which leads to

k*rRr(2kTgr + L(Trw + 1)) )

(3.3)

G000 _ o P (1
e (e0 + Po) + 21{:37_}22 + ik2L7R + 6ikTRw + 3iLw(TRW + 1)

G2T27200 _ —3(60 i P(]) (2 i w (L (k27’]2% — ]%w2 — 4iTRw + 3) - QkTR(TRw + 31))) (3.4)

3 4k373 + 2ik? L1 + 12ikTrw + 6iLw(TRw + 1)
o202 _ _ (g0 + )
T 3iL (k213 — (Trw +1)2) + 2kTR (2k273 — 3iTRw + 3)
X <3L(TRW + 1) (k;%,% — (TRw + i)2) + 2k7R (21<;27,2% — 3(Tpw + i)Q) ) (3.5)
(2323 _ ~w(eo + Py)
T 16k574
2
x (3L (K278 + (1= impw)?) " = 10Ky (rhw + 1) + 6kTp(TRw + i)3) . (3.6)

Next, we provide the same correlators as above, but in 2 4+ 1 dimensions. The (J.J)
correlators are given by

X (R+iwtg — 1)

0,0

Gy =— - , (3.7)
2,2 iWTR (R + 7:&.)7']{ — 1)

Gyy=-— K22 ; (3.8)

where we introduced the shorthand notation R = \/ k27% — (wrg +1)2. The (I'T) corre-
lators are

kird+ik2wrs (R+iTpw+1
Gy =—2(e0+Po) <1+ - il ) ;

k%’é —|—k2w7'?2(—wTR+ 21) —4icu37']?:2
(€0+P0) (]{727'}2%—20.)7'3 (—iR+WTR+i))

G02,02 _ _ 7 3.10
T k27'12% —4iwTR ( )

G = (c0+ Py)

<1 (K*7%—w?73) (K*rh+2w3 T3 (—iR+wrr+1)+k2wTd (—3wTr+2iR))
kGTg—{—kA‘WT]%(Qi—WTR)—4ik2w3715% )

(3.11)

3.2 Finite temperature correlators with momentum relaxation

Longitudinal relaxzation. In 3 4+ 1 dimensions, the presence of momentum relaxation in the
longitudinal direction only affects the spin 0 channel:

k*7R(2kTR+ L(TRw+1))
GOO,OO = 3(ep+ P, 1+ _ = ) 3.12
T (o 0) —6il€TRwFH —|—3wa‘|| (1—iTRw)+2k3T]2%+7;k2LTR ( )
G = —(e0+Py)
y <1+z’ (k3734 k2 LTR(37RW+2i) — 6kTRW(TRW +1) — 3Lw(TRW+1)?) ) (3.13)

2 (GkTwan +3wa|| (TRw—i-i) +2ik37'12%—]€2LTR)

— 12 —



where we introduced the dimensionless T’ = I'tg — 1. In the 2 4+ 1 dimensional case the
even channel is modified to

OO OO 2(€0+P0

1+

X

k:47'4+1k2w7'R< 2F||TR+R+ZTRW+1>) ) (3.14)
—k2wri( 44T TR+TRwW —21) — 4w TRF”(FHTR—MTR)—H#T]%
GP0 = _2(s0+Py)
(k272 —wQTR—zFHwTR) (/{QTR—i—inR (—2F||TR+R+iTRw+1>)
—/~c2wTR(4zFHTR+TRw—2z) 4w?T FH(I‘HTR—'MTR)—Fk‘l T4

(3.15)

Transverse relaxation. In the 3 + 1 dimensional case, the presence of transverse momentum
relaxation affects the spin 1 channel:

1
G2 = 3(co + ) <_3
N itrw (L (=Kk*73 + (Tpw + 1)?) + 2kTR(TRW + 1))
3LT | (K273 — (Trw +1)?) 4 2k7r (=31 L7R(TRW + 1) + 2ik>T} + 37RW + 3i)
(3.16)
while, analogously, in the 2 + 1 dimensional case, it modifies the odd sector:
j 2 7 — R — iTpw — 1)
GP29% = _9(co + P iwrr ( . 3.17
T (50 + Fy) —4I‘J_7'R + Ty 7r(4 + diTpw) + 16271%L — 4diwTR ( )

3.3 Finite temperature and finite density correlators

Next, we turn on both an external gauge field and the metric. In this case, the (T'T)
correlators remain unaffected by g # 0. This somewhat unintuitive result of the ‘asymmetric’
representation of modes that exist in the spectra of (T'T"), (JJ) and (T'J) correlators is a
consequence of the equation of state that we consider. In fact, the same phenomenon is
also exhibited by the correlators computed purely from the theory of hydrodynamics. We
show this in appendix B.

We therefore present only (JJ) and (T'J) correlators. The correlators in the 3 4 1
dimensional case are
X (2kTr+(wTRp+1i)L)

4(L—2ikTR)

0,0
Gy =

3k213 (2ikTr—L) ) (3.18)

X( 2k373 +ik2T L+61wkTR+3szRL(wT R+1)

22 _ X (L (=R T+ (Taw+0)%) + 2k7r(TRw+1))
JJ

16k373
12373

1 R 3.19

X( T3iL (k273 — (TRw+1)2) +2kTg (2!{:27}%—31'7-Rw+3)>’ (8.19)

3k2Torrx (2kTr+ L(TRW+1))

G000 _ _
rJ ik2LTR+2k373+6ikTRw+3i Lw(TRw+1)’

(3.20)
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q220 _Tox (k?LTr(3Tpw+2i)+4k373 —6kTrw(TRW 1) —3Lw(TRW+1)?)
TJ 2(ik2 LT +2k373 +6ikTrw+3iLw(TRW+1))

: (3.21)

3ToTRXW (L (_k27'}23+(TRw+Z‘)2) +2kTR(TRw+i))

G022 _ _
T 3L (k213 — (Tpw+1)2) +2k TR (2k273 — 3iTRW+3)

(3.22)

In the 2 + 1 dimensional case, this is given by
(R + wwTR — 1) 1
R-1 3R (k273(R — 1) + 2i(R — 1)wTgr — 2w?T3)
X (—3]{:47'% + k273 (3R + wTr(3wTR + 4i) — 3) + 2wTR(wTR + i)(R + iwTg — 1)) ,

0,0
Gjr=x

(3.23)
k272 (=3iR + 3wTg — i) + 4wTg (—R — iwTg + 1))
G2 WTR (k7% 3.24
77 =X 3274 (k*7h — 4iwTR) ’ o
k272 (k%73 + iwTr (R + iwTg + 1))

0o o 2 (k273 3.25
TJ (0 + Fo) 3To (kA7 + k2wt (20 — wrR) — iwdT)’ )
20 _ (0t ) (K7 + 2097h (—iR + wrp + i) + Kwrh (—3wrp + 2iR)) (3.26)

T T 3T (k*7h + k2wr3 (20 — wTR) — 4iwdTy) 7 '

—i(1+R

G37 = 2(eq + Ryl T T L I) 520

3T() (kQT]% — 4iWTR) '

We bring to the attention the factorization of the denominator of Gg’g in the uncoupled
cases (both in 2 + 1 and 3 + 1 dimensions) which are now effectively a product of the
denominator of the uncoupled correlators G?,’g and G(%OT’OO. This factorization carries over to
the cases with momentum dissipation that we consider next and motivates how we present
the analysis part of the paper.

3.4 Finite temperature and finite density correlators with longitudinal
momentum relaxation

Finally, turning on momentum dissipation, the correlators in 3 + 1 dimensions in response
to an external gauge field and metric are

GO0 _ X(2kTr + L(wTgr + 1))
JJ = —
4(L 2ZkTR)
2,2 92 i L
o (i N ~3k Th(2kTR —|— iL) | ’ (3.28)
6kwTAl)| + 3LTwTr(wTR + 1) + 2ik37) — k273 L

00,0 3(e0 + P())]C2T]%(2]€TR + L(wTg + 1))

Gry = — — ~ ’ PR (3.29)
ATy (~6ikwr3D) + 3Lewrpl (1 — itpw) + 2Kk37H + ik>T3L)

92,0 (€0 + Po)

Grj =

&TH (—GikWTéf” + SLWTRFH (1 - iWTR) + 2/4337'}?% + ikQT}%L>

X (4k37§ + k213 L(3wTg + 2i) — 6kwT(wTg + 1) — 3LwTr(wrr + i)2>. (3.30)

— 14 —



The same correlators as above, but in 2 + 1 dimensions are given by
R+itpw —1) 1
R—1 3R (kQTI%(R -1+ 2wTRf‘H (—iR+ Trw + z))

0,0 x(
Gy =

x (K2 (rpw (2T 7 + 37Rw + 4i) + 3R — 3)

— 2wrRl | (TRw + 1) (R + iTpw — 1) — 3k47;§), (3.31)
—2(e0 + Po)k?r3 (K272 + i —2r R+i 1
000 _ 0+ Po)k*ti (k°7h +iwTp(—2T7Tr + R + iTpw + 1) (3.52)
I 3Ty (—k:2w7']?,’3(4if‘”73 + Tpw — 2i) — 4w27'12%f‘|| (F”TR —iwTR) + k47’f§) ’ '
22,0 (e0 + Py)
Gry =

3T0 (—k‘2W7’%(4Z’F”TR + WTR — 2’i> — 4w271%f“(r“TR — iOJTR) + k%’é)

X (ikszﬁ(—2F||TR + 2R + 3iwTR) + QwQTI%(FHTR —iwTR)(R +iwtr — 1) + k47'j‘§) .

(3.33)
3.5 Finite temperature and finite density correlators with transverse
momentum relaxation
We start with the 3 + 1 dimensional results:
22 _ XWTR (L (=K*TE+(wrp+1)?) +2kTR(WTR+1))
JJ 16k373,
y (1+ 12ik373, )
3LT | (k273 — (wrg+1)2) +2kTR (=37 L Tr(wTR+1) +2ik2T3 +3wTRr+3i) )’
(3.34)
022 3itrw(eo+Po) (L (—k*mh+ (wTr+1)?) +2kTr(wTR+1))
ATy (3L L (K2}~ (wrti)2) + 2k (—3T LrR(wrR+1) + 2ik2r 4 3wrR+31))
(3.35)
Finally, in 2 + 1 dimensions, we have
22 _ XWTR (R(wrr+1i)—i (K*TE — (wTr—+1)?))
7 3k2TAR
2k?72R
x <1+ : : " 'R _ : ) (3.36)
R (2iT | Tp(wTr~+1)+ k273 —2iwtp+2) + 21 | (k273 — (wTr+1)?)
Gg«QjQ: 2i(60+P0)WTR (/ﬂQTI%—i-R(—l—FinR)—(WTR+i)2) (3‘37)

3Ty (R (20 1 TR(1—iwrp) — k2R +2iwrn—2) — 20| (K2r3— (wrp+i)?))

4 Finite temperature results

In this section, we consider the physics implied by the correlators at finite temperature
(T # 0), zero charge density (1 = 0) and with unbroken conservation of momentum (I" = 0).

In order to systematically analyze the results, we categorize the perturbations (and
therefore correlators) according to the transformation properties of the symmetry group of the
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perpendicular space. In the case of 34 1 dimensions this involves considering the SO(2) group
acting on the transverse plane, dividing the perturbations into scalars, vectors, and tensors. In
the 2+ 1 dimensions we have the Zs symmetry y — —y, which allows us to classify our objects
into odd and even sectors. For a summary of the structures of the spectra, see tables 1 and 2.

4.1 3 + 1 dimensions

The spectrum of the energy-momentum tensor and current correlators at 7' # 0 (and
w =T =0 was analyzed by Romatschke in 2015 [22]. As this is the simplest case, we begin
with the recap of those results.
First, we note that due to the presence of the logarithm, there is a pair of branch points
in all of the correlators at
w(k) = —— + k. (4.1)
TR
The pole structures in each of the cases can be summarized as follows.
o (JJ):
Spin 0. Considering the analytic structure of (3.1), we see that there is a single pole at
w(k) = — (krgp cot(kr) — 1) (4.2)
TR
This exact dispersion relation can be written in terms of the hydrodynamic (gradient
expanded) power series as (see refs. [50, 77])

w(k) =—i Z ank®™,  a, = — (4.3)
n=1

where B,, are the Bernoulli numbers.

Spin 1. The correlator (3.2) has no additional analytic structure apart from the
standard branch cut present in all correlators.

Transport coefficients. We can directly use the hydrodynamic series to determine the charge
diffusion constant by expanding

w(k) = —iDk? + O(kY). (4.4)
Hence, D is given in terms of the relaxation time by
TR
D=—. 4.5
: (45)

Another way to extract the transport coefficients (which we will use in most of the work)
is to use the explicit correlators along with the Kubo formulae (see ref. [22]). For thermal
charge transport, we have

o w 00 _ TR
D= = iy fi et G = 57 (4.6)
1 1
TA = —= lim lim —Re GOJ’}} = TR, (4.7)

XD w=0k-0 k2

where 7o is a second-order transport coefficient.
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o (TT):
Spin 0. Turning our attention to the spin 0 channel (3.3), we find a pair of sound

modes

1 2i
—k— Z1pk® 4+ O(K3). 4.8
7 5 TRAE+ (k%) (4.8)

Spin 1. Next, the spin 1 channel is diffusive

w(k) ==+

w(k) = —z'%Rk? + O, (4.9)

Spin 2. Finally, we have the spin 2 channel (3.6), which has no additional pole structure,
just like the spin 1 channel of (J.J).

Transport coefficients. We can extract the following transport coefficients

| 23,23 _ TR10S
"I O = 10
1= & lim Tim (S Re G2+ ) = 7 (4.11)
1 w—0k—0 \ w? rr 2 ’
_ | 23,23
K= 2&13%”11_% ﬁReGTT =0, (4.12)

where 7 is the shear viscosity, s = (g + Py)/Tp is the entropy density, and 7 and k are
hydrodynamic second-order transport coefficient. They are the only two coefficients that play
a role in linearized conformal hydrodynamics and thereby enter into two-point functions (see
ref. [78]). In this work, for brevity, we will not explicitly study any higher-order transport
coefficients (see refs. [79-83]), although, since we have access to explicit Green’s functions for
all w and k, we could compute them at any order in the gradient expansion.

4.2 2+ 1 dimensions

We now turn our attention to the analytic structure of the correlators in 2 4+ 1 dimensions.
We note that there is also a branch cut, however, it arises from a square root, instead of a
logarithm as in 3 4+ 1 dimensions. The pair of branch points is located at the same values
of momenta as in 3 + 1 dimensions, i.e. at
i
w(k)=—-——=k. (4.13)
TR
o (JJ):

Even. For the correlator (3.7), the poles are given by

—1 %4/ T2 —
w(k) = £ VR ! (4.14)

)
TR

which we plot in the right panel of figure 1. We therefore find a gapless pole exhibiting
charge diffusion and gapped pole. Expanded as power series, their dispersion relations
are, respectively,

w(k) = —%TRkQ +O(kY), (4.15)
wik) = 2L 4 Lk 0. (4.16)
TR 2
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The poles exhibit a collision for real k, which is qualitatively of type described by
the theory of quasihydrodynamics [69]. The collision occurs at k., = 1/7r and for
real k > k., the dispersion relations acquire a real part and thereby correspond to
propagating modes. We present the collision in figure 1. As is pointed out in appendix A,
the two poles (4.14) must be on the same sheet as they come from an equation with a
chosen and fixed sheet of the square root (in this case the sheet with non-negative real
part) given by the choice of integration contour in (A.1).

Odd. As was the case in 3 4+ 1 dimensions, the odd channel does not exhibit additional
structure apart from the branch cut.

Transport coefficients. The diffusion coefficient and the second order hydrodynamic timescale
can be extracted from Gg’g [22] to find

TR

D=— 4.17
z (417)
TA = TR. (4.18)
o« (TT):
Even. Next, we consider the correlator (3.9). This correlator has a sound mode
1 i

wk) = t—k — —Tpk* + O(K*). 4.19
(k) = £k~ grak? + O (419)

The third zero of the denominator in (3.9) has a positive imaginary part. However, it
does not represent a pole as the correlator is analytic at that point.

Odd. The odd channel (3.10) exhibits a diffusive pole with the (exact) dispersion
relation

w(k) = —z%Rk?. (4.20)

We note that this is an interesting and unexpected result of the calculation, one not
generically expected from hydrodynamics.

Transport coefficients. To compute the shear viscosity, we turn on only time dependent
perturbations in the transverse direction, namely dg12 = dgi12(t) [78]. The shear viscosity
in this case is given by

n  TrR10
1L (4.21)

5 Finite temperature results with momentum dissipation

In this section, we consider finite temperature correlators with zero charge density and
unbroken momentum conservation. This will only affect the (T'T") correlators, so we limit our
discussion to these cases. Furthermore, adding longitudinal momentum dissipation will affect
only the spin 0 channel in 3 + 1 and even channel in 2 4+ 1 dimensions. Similarly, adding
transverse dissipation modifies the spin 1 and odd sector in 3 + 1 and 2 + 1 dimensions,
respectively. As outlined in the previous section, the logarithmic and square root branch cut
will be present in the 3 4+ 1 and 2 + 1 dimensional cases, respectively.
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RewTr kTr

Figure 1. Left: the analytic structure of the correlator Gg’g from (3.7) is plotted in the complex
frequency plane. All other parameters set to unity. The positions of the two poles of (4.14) are
indicated by dotted lines, while the arrows represent the movement direction as 0 < ktp < 1.5. We
plot the branch cut at k7g = 1.5. The black crosses represent the branch points while the chosen
branch cut is shown as a jagged line. Right: real and imaginary part of the poles (4.14) in the 2 + 1
dimensional case. The faint dashed grey lines represent the asymptotes +k7gr of the real part of
the poles.

5.1 3 + 1 dimensions

Spin 0. Let us consider the correlator (3.12) in the case of k ~ I'| < 1/7g. This
is reminiscent of the coherent regime in [62] (cf. [32]) if we identify their A with our
inverse relaxation time 1/7g. As a result, we obtain two modes

BB AR 30T =30y 2, (32081

15 4k? — 307

—2 | +o(Krf).  (5.1)

The above expression reduces to the calculated sound modes of (4.8) in the limit of
I’y — 0. We observe the collision of poles at k. = \/§F|| /2, which allows us to conclude
that propagating ‘sound-like’ modes dictate the transport properties for k > \/§FH /2.
For k£ < \/§F|| /2 only dissipative ‘diffusive’ hydrodynamic and gapped modes are
present.

Spin 1 and 2. These channels remain unchanged from the I') = 0 case.

o (TT) with '} #0:
Spin 0 and 2. The analytic structure of these channels are unaffected by I'} .

Spin 1. In this channel there is gapped ‘diffusive’ mode due to the presence of I":

w(k) = —iT| — iﬁiﬁ +O(kY. (5.2)

Taking the limit I'y — 0, we recover (4.9).
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RGWTR k’TR

Figure 2. Left: the analytic structure of T, T'j # 0 (T'T) correlator (3.14) in 2 + 1 dimensions as a
function of 107* < krp < 1 for I'y7r = 0.5. For completeness, we include the branch cut evaluated at
ktr = 1. There is a collision at k7r = 0.39. Right: the dispersion relations of the same correlator.

5.2 2+ 1 dimensions
L] <TT> With F” 7& 0:

Even. In this channel, for small k, we have two purely damped ‘diffusive’ modes, which
collide for k ~ T’ and become propagating. We expand in k7g, I'|7Tr < 1 and obtain

+,/2k2 -T2 —iT 12 Tir
wik) = [ Ly I”% —i|+o (KTl (5.3)
2 8 k272 _ 212
\ AR TR — TR
The expressions (5.3) reduce to the calculated sound modes of (4.19) in the limit of

FH — 0. The poles now collide at k, = \/QF” /2. We show the collision of these poles as
a function of k7g in figure 2 and as a function of 'ty in figure 3.

Odd. This channel remains unchanged from the I'| = 0 case.

o (TT) withT'; #0:
Even. The sound modes are unchanged and have the dispersion relations stated
in (4.19).
Odd. The ‘diffusive’ mode is shifted by I' |

w(k) = —iT| — z‘ﬁk@ +O(kY. (5.4)

6 Finite temperature and finite density results

In this section, we turn our attention to the full thermoelectric case with 7' # 0 and p # 0,
still with momentum conservation (I' = 0). We first point out that the analytic structure
of the (T'T") correlators is not affected by switching on the external electric field, which is
necessary for incorporating the effects of finite density. Hence, we will focus on the (J.J)
and (T'J) correlators. The transport coefficients, with the exception of the thermoelectric
ones, remain unchanged from the uncoupled case. Furthermore, the correlators in the full
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Figure 3. Left: same correlator as figure 2 as a function of 1074 < I'tg < 0.8 for k7g = 0.5. Other

parameters are set to unity. The poles collide at I',7r =~ 0.62. Right: plots of the dispersion relations
of the poles.

case inherit the branch cut structure discussed in section 4. Moreover, we note that for
certain correlators, the analytic structure is factorizable into diffusive and sound modes,
arising from (JJ) and (T'T), respectively.

Additionally, we can compute the thermoelectric conductivities (2.45)—(2.48), which
we find to be [72, 76]

1 ng
_ _ = 6.1
7= iweg+ Py’ (6.1)
- % 1 noso
N 6.2
a=«a To 7Q wilpeg+ Py ’ ( )
2 2
- 1% 1 TOS()
_ = 6.3
& To oQ wTyeg+ Py’ (6.3)
where og is the DC finite part:
TR X e“O/TO Téi_l
p— O = = . 6.4
7l =0) = 7t = (6.4)

Here, ng is the equilibrium number density and sg = (g9 + Py — pono)/To is the equilibrium
entropy density. The Ward identities imply that the conductivities satisfy

(oo + Toa)iw = —ny,
(R + poo)iw = —sop.
6.1 3 + 1 dimensions
o (JJ):

Spin 0. For the (JJ) correlator (3.18), we see that there are now three poles, which
correspond to the two sound poles (4.8) and the diffusive pole is given by (4.2). The
transport coefficients computed in the previous section are unchanged.

— 21 —



0

Figure 4. Left: the analytic structure of the G?,’J correlator (3.18) for 0.15 < kTr < 1, with other
parameters set to unity. The position of the poles (4.2) and (4.8) are denoted with black dotted lines.
The branch cut is evaluated at the fixed value of k7r = 1. Right: real and imaginary part of the two
zeros of the correlator, which collide in a manner similar to poles in quasihydrodynamic collisions.
The faint grey line is located at the collision of the zeros, k.7 =~ 0.9215.

The analytic structure is presented in figure 4. We note that the zeros of the correlator
collide with one another at k.7 ~ 0.9215, developing a non-zero real part post collision.
This is akin to the collision of poles in quasihydrodynamics [69, 84].

Spin 1. Additionally, there is the spin 1 (JJ) correlator (3.19) with a single diffusive
pole with the same behavior as (4.9).
o (TJ):

Spin 0. The correlators (3.20) and (3.21) have two sound poles as in the decoupled
case (4.8).

Spin 1. The correlator (3.22) has the spin 1 diffusive mode (4.9).

6.2 2+ 1 dimensions
We move onto the study of correlators and their analytic structure in 2 + 1 dimensions.

o (JJ):

Even. We expect no different factorization than the one we found in the 3 + 1
dimensional case. Indeed, the even channel exhibits the same quasihydrodynamic
poles (4.14), together with the 2 + 1 dimensional odd sound modes of (4.19).

Odd. Analogously, the odd channel is composed of the odd diffusive mode of (4.20).

o (TJ):
Even. We observe the even sound modes of (4.19).

Odd. This channel exhibits the diffusive pole of (4.20).
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7 Finite temperature and finite density results with momentum
dissipation

7.1 3 + 1 dimensions

Here we briefly reiterate the analytic structure from the above sections. Due to the presence
of the factorization of the analytic structure, we can already anticipate the analytic structure
and the dispersion relations for all the sectors in this fully coupled case. For the sake of
completeness we refer the reader to the relevant results in the previous sections. We consider
only the (JJ) and (T'J) as the (I'T) correlators remain unaffected by the coupling.

Furthermore, we point our that the conductivities in the presence of momentum breaking
have a slightly different form [72, 76]:

1 ng
iw—Féo—l-P()’

(7.1)

o=0Q—
where 0g was defined in (6.4). The Ward identities in the case of momentum breaking satisfy:

(oo + Toa)(iw —TI') = —ng, (kK + poa)(iw —I') = —so, (7.2)
and the Onsager relations hold, i.e., a = a.

. <JJ> with F” #0:

Spin 0. The analytic structure of (3.28) is composed of the spin 0 sector of uncharged
(JJ) correlator discussed in section 4.1 and the spin 0 sector with of (I'T))r .o discussed
in section 5.1. The diffusive mode is therefore given by (4.2), while the colliding poles
are described by (5.1).

Spin 1. This sector is unaffected by the momentum dissipation. Since spin 1 of (J.J)
does not exhibit any poles, the only pole structure is therefore given by the spin 1
channel of (T'T"), discussed in section 4.1. The dispersion relation of the spin 1 diffusive
mode is given by (4.9).

o (T'J) with FH #0:

Spin 0. Here the channel inherits the analytic structure of the spin 0 channel of
(T T)pwgo discussed in section 5.1. The pole structure here is composed of the colliding
poles with dispersion relation given by (5.1).

Spin 1. This sector is unaffected by the longitudinal momentum dissipation. The only
pole structure is therefore given by the spin 1 channel of (T'T'), discussed in section 4.1.
The dispersion relation of the spin 1 diffusive mode is given by (4.9).

e (JJ) with | # 0:

Spin 0. The analytic structure here is again a product of the uncoupled (J.J) spin 0
channel and the spin 0 channel of (T'T") discussed in section 4.1, since I'} # 0 affects only
the spin 1 channel. Consequently, we have two diffusive modes; the charge diffusion (4.2)
and the spin 1 diffusion (4.9)

Spin 1. The pole structure of this sector is inherited by the spin 1 (T'T")r, o discussed
in section 5.1. As such it exhibits the shifted diffusive-like mode of (5.2).
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o (TJ) with I'; #0:

Spin 0. Setting ') # 0 does not affect the spin 0 channel. Therefore the analytic
structure the same as the analytic structure of spin 0 (T'T") discussed in section 4.1 and
the poles correspond to the two sound modes of (4.8).

Spin 1. The analytic structure here is inherited from the spin 1 sector of (T'T)r, +o
discussed in section 5.1. The pole structure is composed of the shifted diffusive-like
mode of (5.2).

Transport coefficients. Analogously to the longitudinal case, now the transverse coefficient
of the diagonal conductivity matrix ¢ obtains a Drude peak. The conductivity ¢2? is of
the same form as (7.1) with I' — I';.

7.2 2+ 1 dimensions

We now turn our attention to the correlators in 2 + 1 dimensions. As in the previous
subsection, much of the analytic structure is factorizable.

o (JJ) with I'y # 0:

Even. The spectrum has the structure that combines those of (JJ) discussed in
section 4.2 and (T'T >FH7’50 discussed in section 5.2. The dispersion relations are given
by the quasihydrodynamic modes of (4.14), which collide at k ~ 1/7x and the colliding
poles of (5.3), which collide at k ~ T'. As can be seen in figure 5, due to the factorization
we observe two independent collision of poles.

Odd. The structure here is unaffected by I'| # 0 and is therefore given by the odd
channel of (T'T) discussed in section 4.2. The only present mode is the diffusive mode
given by (4.20)

o (TJ) with FH #0:

Even. This channel has the same quasihydrodynamic collision of poles as in (5.3), see
section 5.2.

Odd. This channel is unaffected by I'|. See section 6.2.

o (JJ) with I') #0:

Even. This channel is unaffected by I';. We refer the reader to section 6.2 for the
analysis of (3.23).

Odd. This channel exhibits a diffusive-like mode, given by (5.4).
o (TJ) with T'; #0:

Even. This channel is unaffected by I'). See section 6.2. It retains its sound
modes (4.19).

(T'J) Odd. This channel develops a gap, with its diffusive-like mode given by (5.4).

Transport coefficients. The conductivity matrix is now modified in the transverse component
with 0?2 being of the form (7.1) with ' — T'.
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Figure 5. Top left: the analytic structure of the even (J.J)r , 1 20 correlator, given explicitly
in (3.31), as a function of 107% < k7 < 0.8 for I'rg = 3/4. The blue lines denote the first pair of
colliding poles, while the black lines describe another pair of modes that exhibits a crossover from
damped (‘diffusive-like’) to propagating (‘sound-like’) behavior (also found in the (T'T) correlator,
see e.g. figure 2). Dots represent the start of the k-dependent evolution and empty circles depict the
end of the evolution at k7g = 0.8, with each pair plotted in their respective color. The branch cut is
evaluated at fixed kg = 1. Top right: the evolution of the same correlator from 0.8 < krp < 1.2,
where we observe the second collision. Note again that in both the left and right plots, the empty
circles denote kTr = 0.8. Bottom: real and imaginary parts of the four poles’ dispersion relations.
One collision of poles occurs at kT ~ 0.64 and the second at kTg = 1.
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8 Conclusion

In this work, we studied the linear response of a system of massless particles to external electric
and metric perturbations in the RTA approximation of the kinetic theory Boltzmann equation.
Owing to the theoretical elegance of the RTA, we were able to provide a complete classification
of the analytic structure of the correlators of the theory, extending the computation of [22]
to include momentum dissipation and the current-energy-momentum coupling at finite
temperature and chemical potential, both in 341 and 2+ 1 dimensions. This is summarized in
tables 1 and 2. We would like to emphasize that although we were considering linear response,
the RTA includes non-linearities due to the non-trivial matching conditions. Furthermore,
we extended the usual framework of RTA to explicitly include momentum dissipation. The
analysis we provided shows that the RTA correlators have a rich analytic structure with
branch points, hydrodynamic modes and, in some cases, gapped modes. A number of spectra
exhibit quasihydrodynamic collisions among their modes. Moreover, in the (JJ) correlators
in 241 dimensions, we also observed a pole collision that we claim is qualitatively the kinetic
theory analogue of the ‘hydrodynamic-to-relativistic’ crossover discussed in holography in
ref. [42] (see also refs. [70, 71]).

There is a number of directions to explore from here. It would be interesting to implement
the numerical methods of [17] to numerically explore the nonlinear structure of thermoelectric
RTA. It would be interesting to see which features of the correlators persist moving away
from the RTA limit by considering in greater detail, e.g. a 2 — 2 scattering collision kernel.

The thermoelectric effect has physical applications in high energy systems, such as the
quark gluon plasma (QGP) [85-87] and in condensed matter systems, such as cuprates and
graphene [72]. In stochastic hydrodynamic descriptions of the QGP, quasihydrodynamic
modes are seen in models of the chiral phase transition [84, 88-91], indicating the presence of
a phase transition from diffusive quark-like modes to propagating pion modes. Furthermore,
the QGP has been recently observed generating a large magnetic field [92], clearly indicating
that such fields are important to understand. One limitation of the current work is the
absence of magnetic fields, which are necessary to generate, e.g. the Hall conductivity [93]. As
such, it would be instructive to see how the correlators change with the inclusion of fermionic
degrees of freedom and other species, phase transitions and external magnetic fields. How this
discussion would inform the kinetic correlators of magnetohydrodynamics remains to be seen.

It would also be worthwhile to understand how such correlation functions behave in
expanding systems, especially in the context of hydrodynamic attractors [94]. Such attractors
are characterized by the decay of non-hydrodynamic modes, leading to the system’s approach
to universal hydrodynamic behavior. The hope is that this would ultimately shed light on
the underlying analytic structure of the quark gluon plasma [47].

Finally, our intrinsically weakly coupled results (due to assumptions used in the con-
struction of kinetic theory) also serve as a benchmark for comparison with strongly coupled
holographic computations and allow for a further discussions of how qualitative and quantita-
tive properties of spectra in quantum field theories transition from weak to strong coupling.
Thereby, we hope this may serve as further motivation and encouragement for new detailed
explorations of the analytic structures present in spectra of thermal field theories, for example
in the style of refs. [19, 22, 38-43, 46, 95-97].
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A Branch cuts and Riemann sheets

In this appendix, we discuss certain results from complex analysis that are relevant for the
discussion of branch cuts, Riemann sheets and poles encountered in this work. In particular,
we discuss how the ubiquitous branch cut with branch points w = £k — i/7r that arises from
an angular integral can be deformed and what this means for the poles of the correlators.
We show that the cut can be deformed arbitrarily within the same homotopy class and that
all considered poles, which arise as solutions of equations that include multivalued functions
(either of the complex logarithm or the square root), lie on the same sheet.

The branch cuts in our analysis arise from the angular integrals, which are generally
proportional to

aQ %TRE v — %TRPgﬁpovavﬂ + 8 feq

Qu 1+ 7r(—iw + ik - v)

, (A1)

where v# = (1,v). We will consider only the 3 + 1 dimensional case without additional
weights v#v” ... and note that the discussion and results in 2 4+ 1 dimensions are completely
analogous. The numerator of (A.1) can be, through sequential use of integration by parts,
set proportional to unity. Aligning the z-axis along the wavevector, we retrieve the following
integral which is central to our results and discussion:

a—1x

/_11 dx L o_ /_11 dzx fo(x), (A.2)

where x = cos @ and a = (i + w7g)/(kTr).* Keeping w and k real, we conclude that Ima > 0.
The integrand f,(x) is therefore analytic in x in the lower half plane (LHP). Hence, any
integration contour from —1 to 1 that lies in the LHP gives rise to the same result as the
integration over the ‘physical’ contour, which runs over the real interval [—1,1]. This is
because such paths are in the same homotopy class.

a—1

One might naturally identify the integral (A.2) with In o1 However, keeping this

logarithm completely general introduces an ambiguity in the choice of a branch, which would

“The integral in the 2 + 1 dimensional case with k = (k, 0) would be OQﬂ dqu, which is qualitatively
the same, but considerably less trivial to compute.

— 27 —



associate a multivalued map with a well-defined and single-valued integral. This can be
remedied by considering all classes of (equivalent) integration contours, with each class
containing all contours that can be smoothly (homotopically) deformed into each other.
Indeed, it is precisely the different non-equivalent choices of the contour that encapsulate this
multivaluedness, i.e., there is a one-to-one correspondence between non-equivalent integration
contours and the sheets of the logarithm, given by the winding number of the contour
with respect to a.

While we are free to choose any path in the homotopy class of the physical contour, the
resulting branch cut is not independent of this choice. Formally, the integral does not exist
when a lies on the contour of integration (although one can compute the principle part of
it), as the integration contour may not pass through a singularity. After the integration,
we analytically continue w € C, which allows a to take values in the whole complex plane.
Since a cannot move accross the integration contour, there is a natural ‘cut’ in the complex
w-plane given implicitly by

a(w) € {~(t); t € [0,1]}, (A.3)

where v : [0,1] — C is our chosen integration contour. We conclude that the logarithm
stemming from the integral (A.2) is single-valued on the cut complex plane.

We now turn our attention to the equations involving a square root in the 2+1 dimensional
cases. For example, the poles of the density-density correlator (3.7) are given by solutions
to the equation

VTR — (g +i)2 = 1. (A.4)

Since the square root is a single-valued function on the cut complex plane, then, by definition,
the argument must live on the cut complex plane and the square root must map to the
same sheet. Therefore, the two poles are both present on the same sheet where the collision
of poles discussed in the main body of the paper can occur. We note that the fact that
the square root must map the two poles to the same sheet is clear from the equation (A.4)
itself, as the two sheets of the square root are composed by the two choices of the real part
being either non-negative or non-positive. Solving equation (A.4) explicitly demands that
the real part of the square root is non-negative.

B Hydrodynamic correlators

In this appendix, we compute all correlators analyzed in this work within the hydrodynamic
approximation at T % 0, p # 0 and with momentum dissipation. We do this using the
so-called canonical approach (see refs. [48, 98]).

We start by perturbing the hydrodynamic fields in constitutive relations for the energy-
momentum tensor and the current expanded to first order in the gradient expansion. In
particular, we perturb the energy density e, velocity field u! and charge density n around
their equilibrium values &g, uf) = 0 and ng respectively. To the first order in perturbations,
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in the Landau frame and in d spatial dimensions [48]:

OTH = deutu” + (g0 + Po)(0u'u” + uléu”) + S PAM

— nAHCAVP (vaauﬁ + Vg — ZgaﬁvaazLU) — AWV 6uC (B.1)

o po 6T
n— Snut b — o ToA™V, | = — 2 ), B.2
dJ* = onu + npout — o THAM'V (To T To) (B.2)

where 7, ( and o are shear viscosity, bulk viscosity and conductivity, respectively, and
AP = gh" 4 utu”. (B.3)

Next we write down the equations of motion for the hydrodynamic variables de, d7’
and dn arising from the conservation equations (1.1) and (1.2). We restrict our discussion
to flat spacetime and Fourier transform the spatial components choosing the wavevector k
to align with the x axis direction as in the main text:

Oyde + ikdm® = 0, (B.4)
0,67 + ik6T™ = —T,o7, (B.5)
Qyon + ikdJT = 0, (B.6)

where the hatted indices are not summed over. Note that the perpendicular channel decouples
and satisfies a (damped) diffusion equation
n 2¢ 1 1
domt + ——k*ont = - ont. B.7
t + o+ P 1 (B.7)
Due to this decoupling we focus only on the coupled equations governing the evolution of

e, o7l and én and return to the perpendicular sector at a later time.
Introducing ¢, = (¢, d7ll,6n), we may write (B.4) in a compact form:

Oypa + Mab(k)(/)b =0. (B'S)

The system (B.8) describes an initial value problem for which we provide the initial condition
in the form ¢, (t = 0,k — 0) = xapAp(k — 0), where yg is the static susceptibility matrix
and A\, are the sources. For our particular case, the susceptibility matrix, relating the
hydrodynamic variables ¢, to their sources A\, = (‘;T—:g, ou®, dp — ‘jﬂ—géT ), is given by

5 Togr +mog, 0 &
Xab = PP = 0 eo+FPy 0. (B.Q)
Oy P

TO% +MO% 0 on

Solving the initial value problem (B.8) and transforming the solution via Laplace trans-

5

form,” we obtain

va(z, k) = (K1) apxpeAo, (B.10)

®Our convention for the Laplace transform is A(z, k) = fooo dte’** A(t, k).
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where

Koy = —i204p + M. (Bll)
The matrix K, is of the form
—iz ik 0
Kp=| ip1k T+~k?—iz  ifok , (B.12)
a1 k3o ikeoTPo agk?o — iz
where we defined
1 2d — 2
s — 5 B.13
7 o+ Fo < d nt C) ( )
ou 140 <8T) <8u) 1o (8T>
_(ZF) _ B0 Y5 = () =2 (2= B.14
a (8€>n To \ 0 /,’ a2 on). To\on).’ ( )
oP oP
— (< = (=) . B.15
a=(50) - m=(5) (B.15)

The solution to the initial value problem (B.10) is connected to the (canonical) retarded
correlator via
1 can can
palz k) = —— (G (2 k) = Gi™ (2 = 0, %)) A, (B.16)

Comparing (B.10) and (B.16) we compute the expression for the canonical retarded correlator:
G (2,) = = (8ac + i2(KV)ae) X (B.17)

We note that the Gy matrix is symmetric. The decoupled perpendicular d7 correlators are
obtained following the same procedure. In this way we gain access to the retarded correlators
for conserved quantities® de, d7° and dn.

Using the general expressions of the correlators obtained above, namely, inserting (B.11)
and (B.9) into (B.17), we obtain the following expressions for the correlators in general d:

o (50+P0)k2 . 2
Ggg = W (W+ZO[20']€ ) s (B18)
w
GEﬂ‘H = EGEE, (B.lg)
G :L(n w—iaio(e +P)k4) (B.20)
en D(w,k) 0 1 0 0 ) .
k2w (—’L'")/sw—FOCQFHO'—f—’UZ) —711“||w2—ik40(a152 —04251)
Gl = D) ; (B.21)
w
G7T“7L - EGEH, (B22)
o 1
" (e0+Po)B2D(w, k)
X {k2w (OzgﬂoO’(&o—i-P[))(F” —Z'w)-i-alo'(Eo—l-Po)Q(FH —iw) —|—,82n%) (B.23)

+k' (04 Po) (no(—ion Bo+icofr+asysw) +ai (g0 + o) (%W‘Fiﬁl))] ;

SEven though d7* are not strictly speaking conserved we nevertheless have access to the én® correlators
due to the fact that d7 possess a well-defined initial value problem given in (B.8).
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where
D(w, k) = w? + iw? {FH + (20 + 7s) k:ﬂ

- ik40 (Oégﬁl - 04152) — kzw (Ug + CVQJFH) + (’)(k4w) (B.24>

and v2 = (1 + Bano/(e0 + Fy). For the transverse channel, we obtain the damped diffusive
correlator [62]

~(c0+ Po) (g k? +T1)

—iw + A k? + T

(B.25)

Gripl =

Using the correlators (B.18)—(B.23), one can then calculate the longitudinal thermoelectric
conductivities as described in the main text. Indeed, using the Ward identities, this approach
additionally yields only G JyJ, and GWH J,- This is one of the main advantages of the variational
approach over the canonical setup. For the longitudinal conductivities we obtain:

2 .

(hydro) _ (hydro) ng 7 .
O'a:a: JQ €0 4 P(] w+ ZF, ( . )
(hydro) __ _@ (hydro) Sono 7 597
Oé:cx TOJQ £0 +POW+ZF7 ( . )

2 2 .

~(hydro) _ Hg _(hydro) SOTO 7 B2
o ¢ Tt Rord (B.28)

where

P,
Uglydro) _ ot o (0 + 0)0
1))

Notably, the Onsager relations hold as well as equations (7.2).

(B.29)

The same procedure can be executed using the dJ# and dT* obtained by taking first
and second moments of the solution to the linearized Boltzmann equation (2.21), respectively.
We note that the canonical kinetic theory correlators obtained this way agree with the ones
in the main text up to contact terms.

We highlight that in the massless kinetic case presented in the main text, 51 = 1/d
and 2 = 0.7 Crucially, this means that the denominator structure factorizes, leading to a
cancellation of the diffusion pole in the energy-energy correlator at finite density:®

—d(g0 + Po)ik2

Gee = :
= d(F” - z’w)w + (d'ysw + i)kQ

(B.30)

Furthermore, the (T'T) correlators are unaffected by the non-zero pg, as they agree identically
with the pug = 0 calculation (cf. ref. [62]). This again agrees with the kinetic theory results
presented in the main text. Repeating the above reasoning we again conclude that this is
a consequence of the form of our equation of state.

"Since a; and az do not play a significant role in this discussion we leave them in a general form. One can
show that our equation of state corresponds to an = —1/ng and a2 = (d + 1)/x.
8We thank Blaise Goutéraux for discussions on this point.
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We note that the denominator of the G, correlator factorizes into a structure with
diffusion and sound modes:?

d (amo — o (I — zw)) k2w —ia2d(eg + Py)ok* — ago(2ysw + i)k*

Gnn =
ag (agok? —iw) (d(F” —iw)w + (2ysw + z)k2>

(B.31)

This is analogous to our results in kinetic theory, as noted in the main text. Since these
two properties are not present generally (see (B.18)—(B.23)), we conclude that they are a
consequence of our particular equation of state that arises from the kinetic theory setup.

Also, we note that only difference in conductivities (B.26)-(B.28) is in the term og (B.29)
which is now simply og = o.

C Contact terms

Here, we provide further technical details on the relevant contact terms that enter the kinetic
theory calculation. We begin by analyzing the current conservation law which is in the
first order of the form

dd
('3M5J“ = /Wp“a (Sf

ddp f 0 0 . ap 0 TS‘ g
—/ —Topp™p +Epz) = —FQBTO, (C.1)
where we used the Boltzmann equation (2.1) and assumed the matching conditions (2.9)
hold. Taking the functional derivative with respect to 64, and dg,,, we obtain the following
relations in the Fourier space:

T §TY
ik, G*Y =0, ik,GMYP =9 % 1 C.2
wS g wgT Ty 6gap (C.2)
We can proceed analogously for the energy-momentum conservation:
d%p
THY Vot
0,6 / o 7 201
ddp fe(g) v 0  « 7 ki
- [ s e (-t B (0 )
afv 03 % % 1 114
= d(co+ R) [-T0I%" — 1T (5u — Sgoxd™) | + T B (C.3)
where we defined
dQ@
afy — a, B, v
%7 = @ Vv (C4)

and used the definitions of (2.13). Note that the index symmetry implies 1% = 56“55” )
and, in particular, that 1'% = §% /d. Consequently, we obtain the Ward identities for the

9The po = 0 results can be found in [48].
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(I'T) and (T'J) correlators:

_ Lo 9E;

. U,a (01781 jv
) . ) R P
ik Gir®? 1 ToG% = 2d (g0 + Po) | 177727 — ~Tpe™h 0% ) (C.6)
59045 d 5904,8

where the parameters I'), are the diagonal components of the object I, defined in the main
text and the hatted indices are not summed over. We note that the first identity (C.5) could
equivalently be obtained by considering 9,0T"" = F**J,.
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