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1 Introduction

The twisted compactification stands out as a highly potent tool for generating novel solutions
or theories within the realms of supergravity, [1], and field theory, [2]. A prime illustration of
its efficacy lies in the derivation of four-dimensional class S theories from six-dimensional (2, 0)
theories, [2], along with their corresponding gravity duals, [1, 3, 4]. Similarly, this approach
allows for the construction of three-dimensional superconformal field theories (SCFTs) through
the compactification of five-dimensional theories, called the theories of class F, [5].

A notable class of five-dimensional SCFTs emerge from the decoupling limit of N D4-
branes accompanied by Ny < 8 D8-branes and an O8-plane in the background. These theories
retain eight supercharges and boast a flavor symmetry of SU(2) X En, 41, [6]. According
to the AdS/CFT correspondence, [7], the gravitational duals of these theories manifest
as AdSg x HS* solutions within massive type ITA supergravity, 8], where HS* denotes a
four-dimensional hemisphere. Alternatively, these solutions can be derived by uplifting the
supersymmetric AdSg critical point of F'(4) gauged supergravity in six dimensions, [9], to



massive type ITA supergravity, [10]. The free energy of five-dimensional SCFTs has been
computed and matched with results from the gravitational dual in [11].

Another large class of five-dimensional SCFTs involves utilizing 5-brane webs within
type IIB setups, [12-14]. These 5-brane webs offer a means to engineer infinite families
of five-dimensional SCFTs, a framework that can be extended further by introducing 7-
branes, [15]. Corresponding to this diverse array of field theories, one anticipates the existence
of extensive classes of AdSg solutions and their corresponding AdSg/CFT5 dualities within
type IIB supergravity. Such classes of AdSg solutions have been systematically constructed
in [16] and references thereof. The supergravity solutions exhibit geometries characterized
by AdSg x S? warped over a Riemann surface, Y4. Notably, consistent truncations to F'(4)
gauged supergravity have been established for such solutions, [17, 18], and these have been
also extended to include additional vector multiplets, [19]. The existence of these truncations
implies that the AdS/CFT correspondence predicts a universal relationship between the
five-sphere partition function and the topologically twisted index, akin to the findings for
five-dimensional Seiberg theories, to similarly hold true for five-dimensional SCFTs endowed
with holographic duals in type IIB supergravity, see [20].

As mentioned above, the theories of class F are three-dimensional SCFTs obtained
through the twisted compactification of five-dimensional theories on a Riemann surface.
Previously, the AdSy x ¥y solutions of F'(4) gauged supergravity, dual to these class F
theories have been investigated in [21-24] where ¥  represents a Riemann surface of genus
g. The exploration of AdS, solutions in massive type IIA supergravity which are dual to
class F theories, was initiated in [5].

In this study, we focus on examining black hole solutions characterized by an orbifold
horizon, believed to asymptote to the AdS; vacuum, serving as the dual description for
three-dimensional class F theories on a circle times a spindle, S* x .

In recent years, there has been extensive exploration into novel classes of twisted compact-
ification on orbifolds. These orbifolds exhibit diverse structures, including spindle topologies
resembling spheres with two orbifold singularities, as well as disk configurations featuring a sin-
gle orbifold singularity. A wide array of studies, [25-53], along with the examination of defect
solutions, [54-56], have contributed to our understanding of these intricate constructions.

To construct black hole solutions asymptotic to the AdS, vacuum, which serve as dual
descriptions for three-dimensional class F theories, we delve into the consistent truncation
of matter coupled F'(4) gauged supergravity, [57], on a Riemann surface, [58]. This trun-
cation yields N’ = 2 gauged supergravity coupled to two vector multiplets and a universal
hypermultiplet in four dimensions. Within this framework, we find AdSs x ¥ solutions
which represent the horizon geometry of presumed black hole solutions with ¥ denoting a
spindle. To construct spindle solutions featuring a non-trivial hypermultiplet, we employ the
methodology introduced in [39] and further extended in subsequent works, [44-46, 48, 49].

Upon uplift to six dimensions, our solutions become AdSs x ¥ x ¥j where ¥ represents
a spindle and ¥ is a Riemann surface of genus g. After an additional uplift to massive type
ITA supergravity, these solutions manifest as AdSs x ¥ x ¥4 x I?TS”A‘ configurations where

—4

HS denotes a squashed four-hemisphere. A similar uplift can be also considered in type
I1B supergravity as explained above. Consequently, the AdSs x ¥ solutions we present here
can be regarded as generalizations of previously known solutions, see below.



It is important to note that our AdSs x ¥ solutions bear strong resemblance to the
AdS3 x ¥ solutions asymptotic to the AdSs vacuum studied in [49]. These AdSs x ¥ solutions
were derived in N = 2 gauged supergravity coupled to vector multiplets and a hypermultiplet
in five dimensions, via the consistent truncation of seven-dimensional gauged supergravity
on a Riemann surface, [59-63], akin to the truncation in [58].

Moreover, we perform calculations of the Bekenstein-Hawking entropy for the presumed
black hole solutions. By leveraging gravitational blocks, [27, 33, 38, 43, 48, 51, 64], we
compute the entropy and the values of scalar fields at the orbifold points, thus achieving
precise agreement with the numeric results from the solutions.

Precise comparison with previous solutions. We can be more quantitative in explaining
the relation between our present findings and the already existing solutions in the literature.
In order to do this, consider the simple fact that the twisted compactification on a Riemann
surface from six to four dimensions features a pair of fluxes, s! and s?, that obey the
twist condition,

1 2 K

s+ s = —3 (1.1)
where & is the curvature of the Riemann surface we compactify on and m is related to the
cosmological constant in six dimensions and the Romans mass in ten dimensions. The fluxes,
s' and s2, in turn feature in the definition of the resulting four-dimensional model and it turns
out that the limit of s' = 0 (equivalent due to symmetry to s?> = 0) simplifies the model (it
becomes equivalent to the so called 7% model as explained in [58]) and allows for the analytic
construction of spindle black holes, as done in [33, 35, 38, 42, 43]. A generic value of s' instead
leads to a more complicated model and is precisely the generalization we explore in the present

work. Naturally all our results agree with the preexisting answers in the limit of vanishing s!.

Outline of the paper. In section 2, we review N' = 2 gauged supergravity coupled to
vector multiplets and a hypermultiplet in four dimensions from the consistent truncation
of F(4) gauged supergravity on a Riemann surface. In section 3, we derive and analyse
the BPS equations for AdSs x ¥ solutions and calculate the Bekenstein-Hawking entropy.
In section 4, we solve the BPS equations and obtain numerical solutions of AdS; x ¥. In
section 5 we switch gear and present the complementary description of our solutions in
terms of gravitational blocks, drawing many relations with other recent approaches in the
literature. In section 6 we conclude with outlook. Details of the consistent truncation and
derivation of BPS equations are relegated in appendix A and B. In addition, we have included
a complementary Mathematica notebook with the present submission, containing details
on the numerical solutions and gravitational block matching and allowing one to change
explicitly the various solution parameters and magnetic fluxes.

2 The supergravity model

The bosonic Lagrangian was derived in [58] by dimensional reduction on a Riemann surface
of constant curvature £. For the purposes of finding a static black hole spindle solution with
no electric charges we directly perform a truncation to the axionless sector of the theory



in appendix A. We are thus left with the metric, three U(1) gauge fields A[L, 1=0,12,
two real vector multiplet scalar fields, x1,2, and two real hypermultiplet scalar fields, ¢ and
o. The Lagrangian is given by

e L= %R — Oux10x1 — % L X20" X2 — 0,00" ) — %64¢DNO'D“O' -V
- é 2620, FO o TR Bl P g Rt e p2 pae] (2.1)
where we define
Do = do — 4mA° + s9 A + 51 A% (2.2)

The scalar potenatial,

() () () e e

is given in terms of the superpotential,
1
W = 3meX! cosh xs + Zew (4me*X1 — 51eX17X2 826X1+X2) , (2.4)

where s1 and sg are free parameters from the magnetic charges in F'(4) gauged supergravity,

K
S1 + S9 — —37m, (25)

and m is the gauge coupling and & = +1 is the curvature of Riemann surface on which
F(4) gauged supergravity is truncated.
The supersymmetry variations of gravitino, gaugino and hyperino are

(29,0 — iBy = Wy + 4iHyn" | = 0,

{auxyy“ + 0, W + i@leW'yW} e=0,

[%@LXQ’)/M + 0, W+ iy, Huy" | € = 0,
[aumﬂ L oW+ ;a¢3u7u] €=0, (2.6)

where we introduce
H,,6 = 1 (2 X1 p=0 4 o=x1—x2p—1 —X1+X2F—2)
pr = T \FE s T € w te pv )
1
B, = —-3m (Ai + Ai) + §€2¢DMU. (2.7)

We introduce a real parameter, z, for s; and s,



The scalar potential has a vacuum at, [58],

N 1 log 288m*
1x — — 5
1 222 4 & (m V82 /?52)

X2 —1log( i )
2 32— V822 +R2)’
1
2

72m?
« = — lo . 2.9
¢ : <—3g+\/m> (29)

We assumed s; to be non-vanishing or, equivalently, £z # —1. The scalar field, o, is a flat
direction and, by the Higgs mechanism, gets eaten by the massive vector field, A™. At the
vacuum, the value of scalar potential is

5 422+ 2 (5 - VRE T 822)

V= ——g— = —2(6m)" . (2.10)
Las, (3/% - V&2 + 822>
For & = +1, we require 22 > 1 and any z is allowed for & = —1, [5]. The R-symmetry, massive
and flavor vector fields are given by, respectively,
AR = 3m (Al + AQ) ,
A™ = —4mA° + s9A' 4 51 A%,
AT = gm (e gl - emabe g2 (2.11)

where x;. are the values of the scalar fields at the vacuum in (2.9).
By the AdS/CFT correspondence, the free energy of pure AdS; with an asymptotic
boundary of S2 is

L2
Fos = AdS1 (2.12)
2G4

where G%) is the four-dimensional Newton’s gravitational constant. The free energy of class

F theories (setting m = 1/2) is given by, [58],
2
g (3% — VA2 +827)
l—g
\/4,22 + 27 (R — VEZ + 822)

J—_~c1ass]: _ _ =

ji -5 Fss (2.13)

where the four-dimensional Newton’s constant relates to the five-sphere free energy of the
dual field theory via the following two identities,
1 3 1 dr|l— g

—5r = ——5 Fes, -
Go = G0 GO

12
= 1— g Fes . (2.14)
™

The supergravity theory derived in [58] is believed to be embeddable in either type ITA or
type 1IB supergravity in ten dimensions allowing the description of several different field



theory duals as outlined in the introduction. The additional U(1) flavor symmetry is however
most directly identifiable in the ITA description, dual to the so-called Seiberg theories [6, 8],
see [24] for direct evidence of this claim. In this case we consider the free energy of 5d
USp(2N) theories with Ny flavors,

Seiberg _ 9\/577' N5/2

F . (2.15)
5 5 8—N;
3 AdS, ansatz
We consider the metric and the gauge fields,
ds* = e*Vds% g, + f2dy? + hPd2?,
Al = aldz, (3.1)

where ds%ds2 is a unit radius metric on AdSy and V., f, h, and o, I = 0,1,2, as well as
the scalar fields ¢, x;, i = 1, 2, are functions of y-coordinate only. In order to avoid partial
differential equations from the equations of motion for the gauge fields, the scalar field, o,
is given by ¢ = 6z where ¢ is constant. Hence, we find

B,dx" = B.dz, (3.2)

where B, is again a function of the y-coordinate only.
We employ an orthonormal frame,

e =eVe?, e? = fdy, e3 = hdz, (3.3)

where €% is an orthonormal frame on dsid&. In the frame coordinates, the field strengths
are given by

/
Efy= 7' (a') . (3.4)
From the Maxwell equations we find two independent integrals of motion,
—2msqe?V <62X11F20 + 6_2X1_2X2LF21 > =&
om~ 23 PR v
1 1
—2msie2V (eQXlFQOS + 6_2X1+2X2F223> =ERy (3.5)
2m S1
with
/
(2€2V+2X1F203) = 4me2vfh_1e4¢Dza,
/
(62V_2X1_2X2F213> = —50¢?V fh e Do,

/
<62V72X1+2X2F223> — 51V fh et D o (3.6)

where £p, are constant.



3.1 BPS equations

We choose the gamma matrix to be
VP=T"®o®, Y=L, =L, (3.7)
where I'™ are two-dimensional gamma matrices and ¢ the Pauli matrices. The spinors are
E=9YRX. (3.8)

The two-dimensional spinor satisfies

Dyt — %nrw, (3.9)

where k = =£1 fixes the chirality.
For sin¢ # 0 where ¢ is an angular parameter introduced in (B.5), we present the
complete BPS equations,

Y =2Wcos€ + ke ™V,
V' = Wsin¢,

f_lxll = -0y, Wsin¢,
I, = —20,,Wsin¢,

-1 4 _ _3¢W
o= sin¢ ’
P = g ot W (1)), 610

with two constraints,
(s — B.)siné = —2Whcos€& — khe ",
1
OpW cos¢ = §8¢Bz sinéh~t. (3.11)
See appendix B for more details on the BPS equations. The field strengths of gauge fields are
1
Oy, Haz = —Zé?Xchosf,
1
Oy, Haz = —18X2W cos¢,
1 1
Hyz = —~Wcos€ — —re V. (3.12)
4 4
The BPS equations are consistent with the equations of motion from the Lagrangian in (2.1).

3.2 Integrals of motion

We find an integral of the BPS equations,

he™V = ksin€, (3.13)



where k is a constant. Thus, at the poles of the spindle solutions at A = 0, we find sin & = 0.
From (3.10) and (3.11) we obtain

¢ =~k (s-B.)(c7f), (3.14)
and the two constraints in (3.11) become
(s—B,) = —k:{QWeV cos & + H:| ,
OpW cos¢ = %kflefvaquz. (3.15)
From the field strengths in (3.12), we find expressions of the integrals of motion to be
Er, =€V [1277126‘/ cos€ + Kk (2me X1 7X2 4 326"1)} ,
Er, = €Y {12m2ev cosé + K (Qme_X1+X2 + sle’“ﬂ . (3.16)
3.3 Boundary conditions for spindle solutions
We employ the conformal gauge,
f=—€", (3.17)
in order to have the metric in the form of
ds* = e*V |ds%yg, + ds%} , (3.18)
where the metric of the spindle is
ds% = dy? + k*sin? £d2? . (3.19)

The spindle solutions have two poles at y = yn g with deficit angles of 27 <1 — %) The

N,S
period of the azimuthal angle, z, is set to be

Az =27, (3.20)

3.3.1 Analysis of the BPS equations

We analyze the BPS equations for the spindle solutions. At the poles, ¥y = yn,g, as ksin§ — 0,
we find cosé — +1 if k # 0. Thus, we obtain coséy,g = (—1)'Vs with ty g € {0,1}. We
choose yy < ys and y € [yn, ys]. We assume the deficit angles at the poles to be 27 (1 —— )

nn,s
with nx,g > 1. Then we require the metric to have | (ksiné)’ |y s = ﬁ By the symmetry

of the BPS equations in (B.17) and (3.13), we further choose

h <0, & ksing <0. (3.21)
Then we find (ksin¢)’|y < 0 and (ksin¢)’ |s > 0. Thus, we impose

(ksin¢)'| _ e In=0,lg=1 3.22
N,S_ TLNS ) N — y US = . ( )



For the spindle solutions, we have two distinct classes, the twist and the anti-twist
classes, [34]. The spinors are of the same chirality at the poles for twist solutions and opposite
chiralities for anti-twist solutions,

cosé|y s = (—1)s; Twist: (tn,ts) = (1,1) or (0,0),
Anti-Twist:  (tn,ts) = (1,0) or (0,1). (3.23)

As we have (ksin&) = +cos¢ (s — B,) from the BPS equation in (3.14), we obtain

(5= B.) lys = ——(—1)mstinstl (3.24)
nN,s
We consider the flux quantization for R-symmetry flux. From (2.7) we find —Ff = dB —
d (%ewDa). At the poles, as ¢ = 0 unless Do = 0, the second term on the right hand side
of F® does not contribute to the flux quantization. Then, the R-symmetry flux quantized
is given by

1 1 nn(—1)' + ng(—1)
— | FE = 7/ —dB) = . 2
27T/z 27 z( ) NnNNS (3.25)

We have 0,B = e*?D,o. Again, as ¢ = 0 unless Do = 0 at the poles, we obtain 0sB. =0
at the poles. We also find 04 = 0 at the poles from the constraint in (3.15). Thus, we obtain

0pB:|n,s = 0sW|ns=0. (3.26)

We further make assumption that the hypermultiplet scalar fields, (¢,0), are non-
vanishing at the poles and we obtain

¢|N7¢‘S 7é 07 = DZU‘N - DzU‘S - O (327)

Hence, the flux charging ¢ should vanish,

1

= _ 0 1 2\ _ Ys _—
277/2( AmF° + syF" + 51F2) = (Do) |V = 0. (3.28)
From (3.27) and the second equation in (3.26) we obtain

(4me*X1 — speX1tX2 816X17X2>

N T 0, = W]|ns=3me coshxa|ng. (3.29)

We define a quantity,
My = —3me" eX! cosh xa, (3.30)

where M(;) < 0. By the first equation in (3.15) we eliminate V' and by (3.23) eliminate
cos&. Then we find the integrals of motion to be

Ery = —5 M) cos 7
3m cosh xo 3 cosh” xa
2me2x1tx2 4M? —2x2
Ery = S (1) e k! @ cos§ ¢ 5 (3.31)
3m cosh x2 3 cosh” x2



where we have
1
2kny s

1
M) = 5(=1)"™5k = (—1)hvs (3.32)

Finally, one of the scalar fields, x2, can be eliminated by employing the condition on the
left hand side of (3.29). Then as the integrals of motion are constant and have identical
values at the poles, we can solve for (xin,x15) from

Er, (xan) = €r, (x15)
Ery, (X1N) = ERr, (X15) - (3.33)

This fixes all the values of the functions at the poles beside the scalar field, ¢, from the
hypermultiplet.

3.3.2 Fluxes

In appendix B, we have expressed the field strengths in terms of the scalar fields, metric
functions, the angle, &, and constant, k,

FL = (a') = ()" (3.34)
where we define

1
70 = ﬁkzev cos€e X1,

1
W = —ke" cosgeXrtxe
V2 ¢

1
Z?) = —ke" cosgeXrx2 | 3.35
ke cost (3.35)
By the data at the poles, the fluxes are solely determined ,
pr 1 / 1 S
= — | F' =7TI;%. 3.36
nNTS om Js I ‘N ( )

From (2.11) we define R-symmetry, massive and flavor vector fluxes, respectively,

TRr|n,s = 3m (I(l) + 1(2))

I

N,S
Tmlns = —4mZO) 4 5,70 + 57|y .,

Ir|ns = 3m (e_XI*—XZ*I(l) _ e_X1*+X2*I(2))’

s (3.37)

where y;. are the values of the scalar fields at the vacuum in (2.9). From (3.35) and (3.29),
we find

IR’N,S =3m (I(l) +I(2)) ‘N,S

= 2k cos & 3me" eX! cosh xo IN,s
— 9k My s(— 1) (3.38)

Im’N,S = —4mI(0) + 321'(1) + SlI@)’N,S

= ke¥ cos¢ (—4me*X1 + speX1TX2 4 sleX“X?) Ins =0, (3.39)

,10,



where we employed (3.29). Then we recover the R-symmetry flux quantization, (3.25), and
the vanishing of the flux of massive vector field, (3.28), respectively,

s _ nn(=1)' +ng(=1)"
IR|N = 9
nNns

T3 =0. (3.40)

The flux of flavor vector field is

PF_ _ Ir|y =3m (e—Xl*—XwI(l) _ e_X1*+X2*I(2)) 13
nnns

e*X1*7X2*€X1+X2 = X1xFX2x eX1—X2 s

- k’M(l)(—].)tN’S

: (3.41)
N

eX1 cosh o

where pp is an integer. The expression of k is determined by this constraint.

Summary of the constraints to determine all the boundary conditions: we
summarize the constraints obtained to determine all the boundary conditions. By solving
six associated equations, the left hand side of (3.29), (3.33), and (3.41), we can determine
the values of the scalar fields, y1 and y2 at the north and south poles and also the constant,
Ek, in terms of ny s, tn,s, pr. Then the values of the metric function, V, at the poles are
determined from the definition of M) in (3.30). This fixes all the boundary conditions
except the scalar field, ¢, from the hypermultiplet which will be chosen when constructing
the solutions explicitly. However, the constraint equations are quite complicated and it
appears to be not easy to solve them.

Even though we are not able to solve for the boundary conditions in terms of ny g, tn,s,
and pr analytically, if we choose numerical values of ny g, tn,s, and pr, the constraints
can be solved to determine all the boundary conditions. For instance, in the anti-twist
class, for the choice of

Z:O, ’%:_]—7
ny =3, ng =2, pr =0.5,
m=1/2, k=—1, (3.42)

we find the boundary conditions to be

XN~ 1.25405, X1 ~ 1.18731,
XN ~3.53213, X285 ~ 4.00666 ,
k ~0.42271 . (3.43)

In this way, without finding analytic expression of the Bekenstein-Hawking entropy, we
can determine numerical value for each choice of ny g, tn s, and pr. Furthermore, we will
be able to construct the solutions explicitly numerically, see below and in the attached
Mathematica file.

— 11 —



3.3.3 The Bekenstein-Hawking entropy

We compute the Bekenstein-Hawking entropy of the presumed black hole solution which
asymptotes to the AdS; vacuum, (2.9), dual to the theories of class F.

The AdS/CFT dictionary, (2.12) and (2.13), gives the four-dimensional Newton’s con-
stant,

1 2v/2(6m)'|1—g| N°?

QG%) 15 =N (3.44)
Then the two-dimensional Newton’s constant is

(@) = (V) Az /:VS \fhldy. (3.45)
Employing the BPS equations, we find

Fh=ke¥ fsing = +§ (2" cos 5)' : (3.46)

Thus the Bekenstein-hawking entropy is solely expressed by the data at the poles,

J

(3.47)

1 2¢/2m (6m)* |1 —g| NO/2 (_k> [62\/ cos 45
1O 15 8§—Ny\ &
2/B(em)tL-g N ( Me, O

15 V8—N;k

SBH =

Mg, (=1

g 9Im?exs cosh?

9m2e2x1 cosh? o

As we can determine the numerical values of the boundary conditions for each choice
of nn s, tn,s, and pr, we can find the numerical value of the Bekenstein-Hawking entropy
as well. For instance, for the choice of (3.42), the Bekenstein-Hawking entropy is given by

Spu ~ 0.0294064|1 — gy\/ff/ifv.
—Nf

Furthermore, when there is no flavor charge, pr = 0, we perform a non-trivial check that

the numerical value of the Bekenstein-Hawking entropy precisely matches the value obtained
from the formula given in (4.6) for the solutions from minimal gauged supergravity.

4 Solving the BPS equations

4.1 Analytic solutions for minimal gauged supergravity

In minimal gauged supergravity associated with the AdSy vacuum in (2.9) dual to the theories
of class F, utilizing the AdS> x ¥ solutions in [26], we find solutions in the anti-twist class
to the BPS equations in (3.10), (3.11) and (3.12). The scalar fields take the value at the
AdSy vacuum in (2.9). The metric and the gauge field are

2 2
ds? — [.2 &dz LdQ @2052
s Adsy |y 95 aas; + @) Y+ 1y? Cpaz=| ,
eXl*AO — e*X1**X2*A1 — €*X1*+X2*A2 — |:C(;H (1 _ a) + 3:| dZ, (4_1)
Yy

— 12 —



and where ;. are the values of the scalar fields at the vacuum in (2.9) and we have

q(y)
y?2

20 —
cosé =K y—a. (4.2)

siné = —
Y2

Note that for the overall factor in the metric, we have L?4d54 for the AdS, vacuum from (2.10).
The quartic function is given by

q(y) = y* — 4y* + day — a?, (4.3)

and the constants are

2 2
Ng — Ny

n%+n%\,

/% +n3 (8.4

V2ngny

We set ng > ny. For the two middle roots of q(y), ¥y € [yn,ys], we find

a =
Co =

yn =—1++vV1+a, ys=1—+v1—a. (4.5)

The Bekenstein-Hawking entropy is calculated to give

N 4G( )
\@\ In% + nZ (ns +nn)
S N fclass]: (46)
ngnNy

where we employed (2.9) and (2.12) and Fg§*57 is the free energy of the theories of class
F in (2.13).

4.2 Numerical solutions for pr # 0

In section 3.3, although we were not able to find the analytic expressions of the boundary
conditions, we were able to determine the numerical values of the boundary conditions for
each choice of ny g, tn,g, pr. Employing these results for the boundary conditions, we can
numerically construct AdS, x ¥ solutions in the anti-twist class by solving the BPS equations. !

In order to solve the BPS equations numerically, we start the integration at y = yn
and we choose yy = 0. At the poles we have sin¢ = 0. We scan over the initial value
of ¢ at y = yy in search of a solution for which we have sin¢ = 0 in a finite range, i.e.,
at y = yg. If we find compact spindle solution, our boundary conditions guarantee the
fluxes to be properly quantized.

We numerically perform the Bekenstein-Hawking entropy integral in section 3.3.3 and

the result matches the Bekenstein-Hawking entropy in (3.47) with the numerical accuracy of

L As we do not know the analytic expressions of the boundary conditions, we could not exclude the existence
of solutions in the twist class. However, we were not able to find any boundary conditions for numerical
solutions in the twist class. In fact, we found solutions with the Bekenstein-Hawking entropy matching the
result of gravitational block calculations. However, the scalar fields of the solutions were not real.

,13,



0.03 1.4

0.02

0.01 0.8
0.6

0.4

-0.01 y
05 1.0 15 2.0 25 3.0

Figure 1. A representative AdSs x X solution in the anti-twist class for ny =4, ng =1, and pp =2
in the range of y = [yn, ys] = [0, 3.96758]. The metric functions, " (Blue) and h (Orange), are on the
left. The scalar fields, x; (Blue), x2 (Orange), and ¢ (Green) are on the right. Note that h vanishes
at the poles.

order 1073, We present a representative solution in figure 1 for the choice in (3.42) in the
range of y = [yn,ys] =~ [0,3.96758]. The scalar field, ¢, takes the values, ¢|y =~ 0.5025 and
¢|s =~ 0.223216, at the poles. Note that h vanishes at the poles.

There appears to be constraints on the parameter space of ny g, tny,s, pr. However,
without the analytic expressions of the boundary conditions, it is not easy to specify the
constraints.

5 Gravitational blocks

We now consider the description of our results in terms of gravitational blocks, which may
greatly facilitate the potential match with the holographically dual field theories. We first
adopt a four-dimensional point of view, elaborating on the basic gravitational building blocks
in the presence of abelian charged hypermultiplets. The situation was described in detail
in our previous work, [48], and we largely follow the logic there.

A crucial role in the gravitational block description is played by the (ny 4 1) U(1) gauge
fields AT, I =0,1,...ny that can be used to gauge the isometries of the hypermultiplet scalar
manifold. Via supersymmetry, the gravitini’s R-symmetry also becomes charged under a
particular linear combination of the gauge fields. After gauging, one generically finds a number
of massive vectors A = (, ;A! (their mass is generated by a supersymmetry-preserving
Higgs mechanism), and the (necessarily massless) R-symmetry vector A% = ¢, Al where
the coefficients (o ; and &; take particular constant values on a given background for the
hypermultiplet scalars. The choice of A7 and A% is then fixed by the hypermultiplet sector
data. The vector multiplet scalar manifold and gauge field kinetic terms are instead defined
by the so-called prepotential, F'(X 4 ), a homogeneous function of degree 2 of the sections X 4
that determine the complex scalars. We can further define the so-called effective prepotential
Ff by setting to zero the sections belonging to the massive vector multiplets,

(a1 X' =0, Va, (5.1)
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as dictated by maximal supersymmetry, obtaining
F' = F(Cur XI=0) . (5.2)

This is in accordance with the supersymmetry preserving Higgs mechanism, see [65, 66].
Turning to a more concrete discussion of the gravitational blocks, we start with a single
block as defined in [64],

, (5.3)

where we already used the effective prepotential and € can be understood geometrically as an
Q)-deformation parameter at each fixed point of the canonical isometry (generated from the
Killing spinor bilinears) on a given background. The on-shell action of a 4d BPS background
M, with positive Euler number yg(My) > 0 corresponding to the number of fixed points
ng(My) is then given by the general gluing formula

TLF(M4)
-FBM4 (Sov 6) = Z O(s) B(X(Is)7 6(5)) ) (54)

s=1

where the corresponding identifications of e, X! (gol ,€), and the relative sign o at each
different fixed point s, together with one overall constraint on the fugacities coming from
supersymmetry, are known as a gluing rule and depend on the particular background.
The simplest example of Euclidean AdS, with round S? boundary exhibits only a single
fixed point. The corresponding on-shell action Fgs is precisely equal to the free energy of
the dual field theory. We find
Foalp) = BOXT = 2¢! e = 1) = — = F()), (5.5)
2G

under the constraints, 7! = 2 and Ca,1 ! = 0. The extremization of the above functional
with respect to ¢! is the supergravity equivalent of the so-called F-maximization, [67, 68].

Black holes with spindle horizons correspond to ngp = 2 and therefore have two fixed
points that are situated precisely at the horizon that we have discussed, at the center of the
AdSs factor and the two conical singularities (or poles) of ¥. The gluing rules in this case
feature the topological numbers of the spindle, as well as the magnetic fluxes of the particular
background, as discussed in [27, 33]. The on-shell action of black holes with spindle horizons
(defined by the co-prime integers n_,ny) is simply given by

s
Foslpene) = —g— (FN(e" +en) — oo —enl)) | (5.6)
8Gy €
where n! are the respective magnetic fluxes through the spindle. Supersymmetry further

dictates that

W= gl = AT el ), (5.7)
’I’L+Tl,
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where 0 = +1 reflects the Killing spinor orientation at the two poles of the spindle and is
called twist and anti-twist, respectively. We also have the supersymmetric condition

ny —on_
=gl =2+ L ——¢, (5.8)
nyn—
together with Ca’]gol = 0.
In the absence of electric charges and rotation, the Bekenstein-Hawking entropy is then
obtained by extremizing the off-shell entropy function,

S (p,enp,n_) = _SCZ'?ZZ)G (FGH (gol + enI) — g Feff (gol - enI) ) , (5.9)
N

where, in order to recover the entropy in terms of the conserved charges, one needs to
extremize the above functional with respect to the fugacities ¢! and e,

Sgn—shell(Q7 J; ni) = SU(QD J, @Ia € ni) ) a@’,eSaLﬁI,E = 6>\7MO‘SU|<,ZI,E =0. (510)

Note that this is a constrained extremization due to conditions, (5.7)-(5.8). Apart from
matching the on-shell Bekestein-Hawking entropy of the solutions, we also show that the
values of the vector multiplet scalars at the poles of the spindle are precisely related to the
extremal values @/ and €. The novel feature of hypermultiplet gauging is that each massive
multiplet contributes with an extra constraint, (,, 10! =0, decreasing the flavor symmetries,
or massless U(1) vectors. Again, this can be understood from the supersymmetry-preserving
Higgs mechanism that takes place at the poles of the spindle, [65, 66].

5.1 The class F model
Here we apply the above general procedure to the class F model in order to compare with

the explicit solution of the previous section. The effective prepotential, see [58], is given by

Feff = —4L (2 X"+ ' x?) VXTX?, (5.11)

m

and the R-symmetry vector is given by
At = 3m (A + A?), (5.12)

which corresponds to £; = & = 3m. If we further use the parametrization,

R (1 + f) : (5.13)

 6m Py

such that

Feff — _241 . (z (X' - X2 - R(X'+ X2)) X1x2, (5.14)
m

we find the AdSs scale of the model to be
72 1 (3% — V822 + /2)?
AdSy —
t86AmT a2 4o ( — VB2 1 i)

(5.15)
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We first evaluate the three-sphere free energy in this model, (5.5), which gives

fclass]-'(gp) T (82 (,01 + 51 QOQ) W7 (516)

8m G()

under the constraint, p? = 2/3m — !. It is easy to extremize the above formula, finding

4 822 2
@1:}%4— 2+ V8z*+ kK (5.17)

12mz

which corresponds to the superconformal point of the dual theory. We therefore find

]_-classf ]_-class]-' ( QD) m (3/% _ \/m)Q (5.18)
1728mA Gy /422 + 25(7 — VB2 + 2)
such that
2
J—_-class]: T LAdS4 , (519)

2G4

as expected.
Now we consider the spindle entropy function, given by (5.9). The twist condition (5.7)

becomes
2. n +on
3m Y ni= (5.20)
=1 nyn_—
and the constraint in (5.8) gives
—on_
3m S - T o, (5.21)
Zzl nyn—
We choose ¢ = —1 and find for the entropy function,
1T : )
ST (p,enuny,n_) = ————— FH (o +ent) + P (of —en!) ), (5.22)
() e (o))
using (5.11). Upon extremization, we recover the corresponding black hole entropy,
Spu(n,ny,n_) =5 (g, &n,nye,n_), (5.23)
and furthermore the values of the scalar fields at the poles are precisely given by
“1 o1z “1_ 1z
ptne 2x1+ p —ne 2x1+
4 — p2x1tx2 4 — p2Xx1t+X2
M@ e s (g2 +n%e)  © N Am S T s (=g © s
(5.24)
as well as
=2 2= ~2_ 92—
(%2 +n“e 2 Y —n7e I —
4 X1—X2 4 — o2X1—X2
TP e sl (T © Ny A ST g sl (P otg) € s
(5.25)

upon the constraints, (5.20) and (5.21).

Extremizing the entropy function with the constraints above is however technically
challenging and we could not obtain analytic expressions for the entropy with arbitrary
choices of z,ny. However, any set of specific choices allows for a direct numeric solutions
that can be readily compared with the explicit solutions and successfully matched, see the
attached .nb file.
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5.2 Higher-dimensional constructions

After the original constructions of black hole entropy functions from gravitational blocks in [64]
and the localization of the action in terms of nuts and bolts in minimal gauged supergravity
in [69], there have been various generalizations and complementary approaches in deriving
these contributions from the first principles. We will comment on the relation of our results
above to two recent approaches based on equivariant localization: the work of Benetti Genolini,
Gauntlett and Sparks, [70], proposes a direct application of the Berline-Vergne-Atiyah-Bott
fixed point formula on the (effective) supergravity action (applied to our construction we can
consider either in 4d or in 6d). On the other hand the work of Martelli and Zaffaroni, [71],
starts in 10d/11d and defines the equivariant volume of the (cone over the) manifold that we
have compactified upon. These approaches are in agreement whenever applicable at the same
time and, while each has some advantages and some limitations when applied in the present
context, they can both be used to understand the previous results from fresh perspectives.

5.2.1 Six-dimensional point of view

Let us consider how our 4d blocks look like from a perspective of the parent 6d supergravity.
Given that the relation between the respective Newton’s constants is simply given by

1 4x]l — g

: (5.26)
SN

we find a single 4d gravitational block to be given in terms of 6d quantities in the following way,

2 2 X! 4 sl X2) VX1X2
Bu(X',0 = —— 1" ) | (5.27)
8m Gy €
Next we note that a single 6d building block is instead based on the function,
Foa = (X'X?)%2, (5.28)

which was introduced already in [64] and has been tested successfully on backgrounds
exhibiting fixed points of the canonical isometry, see [24]. The formulae presented in [64]
however did not take into account the possibility of fixed two-submanifolds, or bolts, which
also arise naturally in supersymmetric solutions. The Riemann surface of genus g is a
prime example of a bolt-type geometry and this situation is more naturally described by the
approach in [70]. Although the latter reference only considered minimal 6d supergravity, the
approach is conceptually applicable to the matter-coupled case here as well. In this sense it
is interesting to rewrite our findings in what we believe is the natural 6d form,

Bsdons, = Baa(X',€) = L |1 — g Zsl OFsa (5.29)
on g ’ 12meGSS) - 8XI ’

where the effect of the Riemann surface can be seen both in the overall factor of (1 — g) and
in the contribution from the magnetic fluxes s''?. The explicit form of Fgq should instead be
considered as uniquely fixed by the choice of matter-coupled theory, as also discussed in [24].
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5.2.2 Ten-dimensional point of view

We now go to the grand-parent 10d supergravity (here we commit ourselves to the massive
ITA uplift) and briefly sketch the logic in [71, 72].2 From this perspective we are able to
justify the explicit form of the 6d potential Fgq dual to the five-sphere partition function
from a geometric perspective. More explicitly, it can be related to the equivariant volume of
C? which was argued in [71] to be the relevant quantity describing the internal space in the
uplift from 6d to 10d, a hemisphere S*. The equivariant volume of C2, in the presence of
zero-dimensional “higher time” constant ¢ (the dual of a flux over the full hemisphere), is

ec—)\IXI

Ve =ixe

(5.30)
where X2 play the role of equivariant parameters, the A1,2 provide a parametrization of
the Kédhler moduli that do not play any role here (they have a crucial role for black hole
and spindle solutions). The n—th order term in the Taylor expansion of the equivariant
volume is defined as

(5.31)

The authors of [71, 72] then define an extremization principle fixing (up to an irrelevant
gauge freedom) the constants c, A7,

oy ®3)
oc

x1, = (¢c— X))o (X'X2)V/2, (5.32)
Finally, we find

(5) 1y2)3/2
Foq o V) oc (X1X2)/2, (5.33)

in agreement with our previous results, (5.28).

6 Conclusions

In this study, we have derived new AdSs x X solutions which serve as dual descriptions for
three-dimensional field theories belonging to class F. These solutions were constructed within
the framework of NV = 2 gauged supergravity featuring vector multiplets and a hypermultiplet
obtained from the consistent truncation of F'(4) gauged supergravity on a Riemann surface.
Through numerical methods, we obtained solutions and calculated the Bekenstein-Hawking
entropy for postulated black hole configurations, finding precise agreement with the results
derived from gravitational blocks.

From six-dimensional point of view, the AdS x X x ¥ solutions that we presented can be
regarded as an extension of previously studied AdSy x ¥4, x ¥y, solutions, [24, 73, 74], where
¥y denotes a Riemann surface of genus g. For the latter solutions, their Bekenstein-Hawking

2We would like to thank Alberto Zaffaroni for explanations on this.

3Here we are only sketching the calculation and for our purposes have rescaled the parameters ¢, A\r with
respect to the original references in order not to carry powers of the N, the number of D4-branes and dual
gauge group rank.
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entropy was previously computed via microscopic counting using the topologically twisted
index of five-dimensional SCFTs on S! x X3, x ¥,, see [75, 76]. Recent investigations
have defined the spindle index for three-dimensional SCFTs, [77-80], and explored it from
the perspective of gravity duals, [81]. It would be particularly intriguing to compute the
large N spindle index of the class F theories discussed herein, or alternatively, to compute
the partition function of five-dimensional SCFTs on S' x ¥ x Yg and verify its precise
reproduction of the Bekenstein-Hawking entropy.

Our reformulation of the entropy function in terms of gravitational blocks is expected to
greatly facilitate the matching of field theory results. In this context, we also related our
findings with several parallel developments concerning spindle black holes, [82, 83], including
the utilization of GK geometry, [84, 85], as well as recent investigations employing equivariant
localization, [70-72, 86-88]. All of these constructions based on gravitational blocks make
our holographically dual prediction very natural. However, it is still important to provide the
explicit solutions as done here, in order to ensure the lack of any local or global obstructions.
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A F(4) gauged supergravity on a Riemann surface

A.1 The N = 2 formalism

The consistent truncation of F(4) gauged supergravity on a Riemann surface consists of
the gravity multiplet with the graviton and graviphoton, {g,., Ag}, two vector multiplets
with a vector and complex scalar, {AL, Xi}, and one hypermultiplet (known as the universal
hypermultiplet) with four real scalars, {¢, o, £°, &}. The scalar fields from the vector multiplets
and the hypermultiplet parametrize the coset manifolds,

_ /SU(1,1))? SU(2,1)
Mox;= (3567 ) % 5w < (A1)

which is a product of special Kéhler and quaternionic manifolds, respectively.
The following more detailed discussion is in close parallel to appendix A of [48], since
the scalar model shares many similarities.

Universal hypermultiplet: here we gather the relevant quantities and specific gaugings of
the universal hypermultiplet, given by the metric Mpy. Written in terms of real coordinates,
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{¢, 0, €, &}, the metric is

1 0 0 0
1.4 1 467 1 46 ¢0
0 —ge'?&y e (1 + %€2¢(fo)2) —16¢1%£%
= 2
0 fe9 e’ e (14 4e® (¢)7)

The isometry group, SU(2,1), has eight generators; two of these are used for gauging in the
model we consider explicitly below, generating the group, R x U(1).* The corresponding
Killing vectors are

KR =9, KU = —£0c0 +£%0;, - (A.3)

These two isometries are gauged by a particular linear combination of the vector fields in
the theory. One defines Killing vectors with a symplectic index corresponding to each of the
full set of electric and magnetic gauge fields at our disposal. The moment maps associated
to these two Killing vectors are

PR = (O, 0, —;ezd’) , PUM) — (éoe¢’, —£%%, 1 — % ((50)2 + (50)2) 62¢> . (A4)

In order to make sure the moment maps are strictly in the third direction, we can set
€0 = & = 0 guaranteeing that k) = 0 independent of the details of the scalar manifold
for the vector multiplets. On the contrary, kX # 0 always and thus we would find a genuine
constraint on the vector multiplets from this type of gauging. Now the moment map P
remains non-zero only along the third direction,

PR — (o, 0, —;e%) , PYM(E =g =0)=(0,0,1). (A.5)

From now on we will only discuss this third, or z, component of the moment maps. The
choice of setting €0 = & = 0 is not in itself a subtruncation to a smaller N = 2 supergravity,
but it can always be made on a given background without breaking further supersymmetry.

Note also that this way of solving the hyperscalar equations for the universal hyper-

multiplet, by setting €9 = &, = 0 and keeping only k% non-vanishing also means that the
SU(2) connection takes a simple form,

~ 1 ~ 1
w® =e?de? =0, wY = e®déy =0, w® = —562(]5 (da + §Od§0) = —§€2¢d0'. (A.6)

The relevant part of the corresponding SU(2) curvature, defined as Q% := dw® — %e‘”yzwy AWw?,
is therefore

z z 1
0'(15 = —Q - = 562¢ . (A?)

“See e.g. [89] for a careful discussion of the isometries and the physical outcome of their gauging.
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Vector multiplets: the full model is further specified by the vector multiplet geometry, which
is given by the so-called ST model, i.e., the coset space M, above with a prepotential given by

F=—-iXVX1X2, (A.8)

that defines (see below) the corresponding metric. In order to simplify the model from the
start, we assume that there are no axions, such that the two complex scalar fields, y; and
X2, are real. The Lagrangian and supersymmetry variations then follow from the choice
of holomorphic sections,

X'=1, X'l=ete  X2=c2x2 (A.9)
leading to a Ké&hler potential,
e K = (€2X1 + 62’_‘1) (1 + cosh (x2 — X2)) = 4e*X! | (A.10)
with quantities,
Ky, =-1, K,,=0, Ixiv2 = 29x2x2 = 1. (A.11)
The so-called period matrix, which defines the gauge field couplings, is given by
N = 7%’ T N e (A.12)

such that ReN = 0.

Gauging: the consistent truncation with universal hypermultiplet gauging coming from
the compactification of F'(4) gauged supergravity on a Riemann surface, features a mixed
dyonic gaugings. We have a hypermultiplet gauging,

by = (—4mk®, 3mkVO + 5ok, 3mkU O + 5167 (A.13)

with m the six-dimensional gauge coupling and the twisting parameters, s; and s,

81+ 82 = —3%, (A.14>

where & = +1 is the curvature of the Riemann surface. Thus we have

1 1
Pf = (2m62¢, 3m — 58262(’15, 3m — 28162¢> . (A'15)

Lagrangian and supersymmetry variations: following the conventions of [90], the

Lagrangian, after the simplifications of taking real vector multiplet scalars and setting
0 =& = 0, reads °

1 1 1 1
e L = SR+ (Ox1)* + 5 (9x2)* + (9¢)* + 16445 (Do)? + ZIHWIJFJ,,FI“” -V, (A.16)

50nly in this appendix A.2, we employ the mostly minus signature and stick to the notation and conventions
in [90].
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with the gauge covariant derivative,
Do = 0,0+ A}, (A.17)

where we define the massive vector,
A™ = —4mA° 4+ 59 A + 51 A%, (A.18)

and I,J = 0,1,2. The scalar potential follows straightforwardly from the data given above,
and is discussed further below. The R-symmetry gauge field is essentially chosen by the
orientation of the Killing vector kY1),

AR = 3m (A1 4 A?) . (A.19)
The supersymmetry variations of gravitino, gaugino and hyperino are given by, respectively,®

7 1 1
0pa = Vea+ 3 (4\/§A2 — 262¢VMO') U3A353 — §€K/2P13XI’YHO'3AB6B

+2ie" 2 X TTmNG  F, 7Y eape® (A.20)

SN = i@uzify“EA + ieK/Qgij (05 + Kj) XIPI:)’O':SABEB
— 249 (8; + K;) XIIm./\/}JF;f,,’yWeABaB : (A.21)
0o = Unaa (Vg yVe? + 22kt X1 et Pey) | (A.22)

and we define quantities for later convenience,
W =&/ pixt,
H,y = "2 X TmN,F}l, . (A.23)
A.2 Parametrizations and equations of motion

The bosonic Lagrangian is, [58],

1 1 1
e L = §R — Oux10x1 — 3 L X20" x2 — 0,90" P — ie4¢D#0D“a -V

1
-3 2620, PO 4 em 2020 pl pliv 4 em2atBe p2 pa] (A.24)

where we have

Do = do — 4mA°® + sy A' + 51 A%, (A.25)
The scalar potential,
1
V= —3e% <8m2 cosh xo —m (s1 + s2) 62X1> + 164(;5 <8m2e’2x1 + s3e2X17x2 4 S§€2X1+2X2)
— 18m2e?1 | (A.26)

In order to bring the hyperino variation to exhibit a free SU(2) index, we make use of the identity
UuasaUSE = %huUSAB + %QﬁvagAB, see [91].
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can be given by

AW\ 2 AW\ 2 AW\ 2
V=|-—— +2< ) +< ) —3W2, A.27
<3X1> 0 x2 0 ( )

and the superpotential is
1
W = 3meX! cosh xo + Ze%’ (4me_X1 — 51eXTX2 — 526X1+X2) . (A.28)
The supersymmetry variations of gravitino, gaugino and hyperino are given by

51/1/“4 ~ 2V, Eeq — Z'BMO'?’ABSB — W’y,uO'?’ABéEB + 4Z'HMV’}/V€ABEB ,

SNA ~ Bﬂuw"sA + 8uiWO'3AB€B — i@uin,yWeABEB ,
UgA6Ca ~USA6C0 ~ Oupyie™ + %a(mea?’BAsB + 0y Wod4Bep (A.29)
where we have
1 VN _
ij — _5 (26X1F/9V Le X X2Fﬁl, Te XH—XzFiV) ,
1
By = =3m (4}, + A}) + 3¢ Dyo. (A.30)
We introduce F!/ from FI,
= e (F2 4 7).
Fl=eote (ZF2 4 o+ 7Y

F2=eome (“F? -2+ 7Y (A.31)
and define them by
=12 —=34 —=56
F,, = —40,Hp, F,, =—40\,H, , F,, =4H,, . (A.32)

We introduce a complex Dirac spinor, €, from the Weyl spinors, €,
e=¢e1+ 2. (A.33)

The supersymmetry variations reduce to

2V, — iBy — Wy + 4iH,,0" | = 0,

[a,»m” + 0, W + i@XIHwﬁ‘“’} e=0,

{%%ngy“ + O, W + iy, /" | € = 0,
[aumﬂ +O,W + ;8¢Bﬂ“] e=0. (A.34)

We present the equations of motion from the Lagrangian in (A.24). The Einstein

equations are

1 1
RMV - iRguy + g2vguy - 2 (T;f)y + T/icl} + QT&(,/Q) - §€4¢TZ’/
2T —emPamderdl _ atderd’ — g (A.35)
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where the energy-momentum tensors are

= 0,X0,X — 19,“,8 XorX,

T = p”Fijfg— 19 P el (A.36)

and X denotes a scalar field. The Maxwell equations are

0y (Jjge2X1F0“”) —my/—ge**¢" Do =0,
Oy (\/—79672X1’2X2F1“”) + %H64¢Q#UDVU =0,
0, (V=ge 2TV 4 2/ =ge g Dy = 0. (A.37)
The scalar field equations are

1 10V
——9, (v/=g9¢" 0, -2
o Wegtaa) =550

1
_1 (2€2x1 FSVFOMV o e—2x1—2x2F1 FIW o 6_2X1+2X2F2VF2“”) -0,

1 » 10V
9 /— (\/ 99" z/X2) - 587)(2
J& (e—2X1—2X2F5VF2W — e—2X1+2><2F3VF3W) =0, (A.38)
and 1oy 1
\/7 Iy (V—99"0u0) — 396 2 e*D,oDlo =0, (A.39)

A.3 Truncation to minimal gauged supergravity

There is a truncation to minimal gauged supergravity. We set the scalar fields to be at their
values of the AdSy vacuum, (2.9), and impose the gauge fields to be

A = X1 A0 = e XX gl = exanbxee 42 (A.40)

where y;« are the values of the scalar fields at the vacuum, (2.10). Then we find

*1£—7R Vi — 1FWF‘“’ (A.41)

where F' = dA and V, is the value of the scalar potential at the vacuum, (2.9). It is the
action of minimal gauged supergravity with the normalization employed in [26].

B The BPS equations

We consider the metric and gauge fields,

ds* = e*Vds’ g, + f2dy? + hPdz?,
Al =aldz, (B.1)

,25,



where V, f, h, and a!, I = 0,1,2, depends only on the coordinate, y. We introduce the
gamma matrices,

A =T"® o3, Y=1300!, V¥ =1002, (B.2)
and the spinors,

e=YQx, (B.3)

where I'™ are two-dimensional gamma matrices. The two-dimensional spinor satisfies

1
Dy = gl-sl“mgb, (B.4)
where k = =+1.

Summary: as it parallels the derivation given in appendix B of [48], we do not present the
derivation of the BPS equations and present the summary of BPS equations.
A solution of the projection condition is

€= eigvgn, (B.5)
where we introduced an angular parameter, £. For £ # 0, we find the complete BPS equations,

fr = 2Wcos€ + ke ",
W' = Wsiné,

F7Ixi = —0, Wsing,
FIx5 = —20,,Wsin¢,

f_1¢/ — _6¢W
sin¢ ’
/!
f‘l% siné = ke cosé + W (1 + cos? {) ; (B-6)

with two constraints,

(s — B,)siné = —2Whcos¢& — khe™V
1
0sW cos§ = 50y B sin ¢t (B.7)

The field strengths of gauge fields are given by
Oy, Haz = —%(%GWCOSS,
Oy, Hoz = —%axzw cos¢,
His = —iW cos& — %ne‘v . (B.8)

The BPS equations are consistent with the equations of motion from the Lagrangian.
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There is also a relation,

Oy W = —fsiné |(9y,W)? +2 (0, W)? + QW) | (B.9)

sin? &
and the superpotential is monotonic along the BPS flow if the sign of fsin¢ is not changing.

There is an integral of the BPS equations,
he™V = ksin¢, (B.10)

where k is a constant. We eliminate h with the integral of motion and obtain

f =k (s—B.)e ",
W' = Wsin€,

f71X11 = —0,, Wsing,
£ = ~20,, W sin€.
OpW

—1 ./
= — B.11
U sin¢ ’ ( )
with two constraints,
(s—B,) =—k (2W€V cos& + /-;) ,
1
O0pW cos§ = ik‘_le_v&sz. (B.12)
From the definition of B,, we obtain
9B, = *’D,o . (B.13)
For ¢ # 0, from the second equation in (B.12), we obtain
2ke" 9, W cos €
D.o = (fT , (B.14)

and the right hand side is independent of ¢. By differentiating (B.14), we obtain fluxes
expressed by

FL = (a') = ()" (B.15)
where we introduce

70 = keV cos&e ™1

1
V2
71 = i]{;e‘/ cos EeX1txe
1
7% = ﬁkev cos EeX1X2 (B.16)
A symmetry of the BPS equations is
h — —h, z2 = —z, (B.17)

if B, - —B,, s > —s,al = —a!, k — —k and Fl; — —FJ;. The frame is invariant under
the transformation. By this symmetry we fix A < 0 in the main text.
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