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ABSTRACT: Higher-group symmetries are combinations of higher-form symmetries which
appear in various field theories. In this paper, we explain how higher-group symmetries
arise in 10d and 11d supergravities when the latter are coupled to brane sources. Motivated
by this observation, we study field theories at zero and finite temperature invariant under
a class of continuous Abelian higher-group symmetries. We restrict the analysis to the
low-energy regime where the dynamical field content exclusively consists of Goldstone fields
arising from the spontaneous breaking of higher-group and spacetime symmetries. Invariant
quantities are constructed and the phases of matter are classified according to the pattern
of spontaneous symmetry breaking. With respect to supergravity, we highlight how such
Goldstone effective theories provide a symmetry-based interpretation for the theories living
on D/M-branes. As an explicit example we construct a 6-group invariant action for the
bosonic M5 brane, consistent with the self-duality of the 3-form field strength on the brane.
While the self-duality condition in the bosonic case needs to be imposed externally as a
constraint at zero temperature, we find an equilibrium effective action for the bosonic M5
brane at finite temperature that inherently implements self-duality.
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1 Introduction

Symmetries provide a valuable organizing principle for developing effective field theories.
A particularly successful example of this line of thinking is the Landau paradigm, which
classifies phases of matter according to which global symmetries remain intact and which
are spontaneously broken in the ground state. The advent of higher-form, or more generally
categorical symmetries [1, 2], has dramatically broadened the scope of this paradigm, since it
can incorporate theories with spatially extended conserved observables. While point particles
are charged under an ordinary O-form symmetry, the conserved objects charged under a
g-form symmetry are g-dimensional branes/defects with (¢ + 1)-dimensional worldvolume.
The simplest example of this comes from electromagnetism, where the absence of magnetic
monopoles implies that magnetic field lines cannot terminate and can be interpreted as
1-dimensional conserved strings associated with 1-form symmetry [2-7]. Just like 0-form
symmetries, a g-form symmetry may also be spontaneously broken [8, 9]. In fact, free
electromagnetism without charged matter is understood as the spontaneously broken phase of
the aforementioned 1-form symmetry, with the photon identified as the associated Goldstone
boson. More examples include various topological phases of matter, see for instance [10]
and references therein, including phases with emergent [11] and/or approximate higher-form
symmetry [12]. In this paper we seek for an extension of the Landau paradigm to include
non-trivial combinations of higher-form symmetries, namely higher-group symmetries [13-16].
As a byproduct, this will allow us to propose a prescription for characterizing D/M-brane
actions in 10d and 11d supergravities.

A continuous ¢-form symmetry may be represented by a continuous (¢ + 1)-form current
Jg+1 and, to probe the symmetry, consider its topological coupling with the background
field Ay41. The existence of symmetry is materialized in the conservation of the current,



dxJy41 = 0, which is implemented at the level of the effective action via requiring its
invariance under the background gauge transformation d A, = dA,. If another higher-form
symmetry is present, represented by the current Jo,42 and background field Bog o, the
above conservation law can be modified to include a source term involving [Ja442. This
entanglement of the two higher-form symmetries can be implemented through the background
transformation dBag1o = dAggy1 — kdAy A Agqq characterized by the higher-group structure
constant . In general, there can be more than two higher-form symmetries participating
in the higher-group structure, and we will briefly encounter such examples towards the end
of this paper. Specializing to the case for which only two Abelian higher-form symmetries
are present, the most general higher-group (modified) conservation laws featuring a scalar
structure constant k take the form

d*Jq+1 = 2K Gq+2 A *J2q+2 s
d*j2q+2 = O, (1.1)

where G2 = dA, 1. This is a (2¢ + 2)-group U(1)@ x,, U(1)(24+1). The factor of 2 above
results by appropriately choosing the background coupling of J244+2 to ensure its gauge-
invariance, as we explain in section 2.1 where we review higher-groups in more detail. It
has been shown that theories enjoying higher-group symmetries arise in many contexts in
quantum field theory [13, 14]. The prototypical examples are 2-group symmetries, ¢ = 0,
that arise in a field theory with U(1)(® x U(1)(® direct product 0-form symmetry exhibiting
a mixed 't Hooft anomaly, when one of the constituent 0-form symmetries is gauged [13]. A
useful analogy can be made with the Green-Schwartz mechanism [17] for anomaly cancellation
that features similar transformation rules for dynamical gauge fields, though one should bear
in mind that here A,41 and Bag4o are non-dynamical background fields.

This mixing of higher-form symmetries appears also in supergravities, in the low-energy
effective description of branes. In particular, when one couples a supergravity theory to
higher-form currents that can be carried by a probe brane, one obtains via Bianchi identities
a set of conservation laws, whose complexity varies depending on the supergravity theory
under consideration [18]. As an example, for the case of the bosonic field content of 11d
supergravity coupled to M2 and M5 brane sources with associated higher-form currents
J3 and Jg, these equations are

dxJ3 = —G4 AN *Ts s
dxJs =0, (1.2)

where G4 = dAjz is the 4-form invariant field strength of M-theory, which can be viewed as a
fixed background field in the probe limit [18]. The source term in eq. (1.2) has its origins in
the Chern-Simons coupling [ Az A G4 A G4 contained in the 11d supergravity action. We note
here that eq. (1.2) can precisely be identified as a 6-group structure U(1)®) x, U(1)®) with
the structure constant x = —1/2. The M2 and M5 branes are charged objects under U(1)(
and U(l)(5) parts of the 6-group symmetry, respectively. The 6-group structure indicates
that M2 branes are sourced by M5 branes when coupled to a supergravity background with
nonzero (4 field strength. This physical application will be our primary driver in this work,



but similar considerations also apply to D-branes in type ITA/B 10d supergravity theories,
which we discuss in section 5. An important consequence is that the Goldstone modes
associated with spontaneously broken higher-group symmetries must be given a supergravity
interpretation. One might guess, correctly, that these Goldstone modes are none other than
the usual vector and tensor modes appearing in brane (super)-multiplets.

In general, the spontaneous breaking of higher-group symmetries is characterized by
the spontaneous breaking of the constituent higher-form symmetries to viable symmetry
subgroups that may be respected by the ground state. At zero temperature, for higher-group
symmetries involving two higher-form symmetries, i.e. U(1)(@ x, U(1)(24+1D) | there is only
one interesting phase where both the constituent higher-form symmetries are spontaneously
broken, which we discuss in detail in section 2. In principle, there can also be phases where
the symmetry is spontaneously broken to the subgroup U(1)(2¢+1) and another where it
is unbroken. However, these are not very interesting from the low-energy point of view,
because the latter has no low-energy degrees of freedom and the low-energy description of
the former is identical to that of a U(l)(q) superfluid. Note that there is no phase where
the residual symmetry of the ground state is U(l)(q) because it is not a proper subgroup
of the U(1)@ x, U(1)e+D higher-group.!

The phase space is comparatively richer at finite temperature, because the thermal frame
of reference breaks the Lorentz symmetry and enlarges the set of potential subgroups that the
ground state can be invariant under. This is a consequence of the qualitatively distinct feature
of higher-form symmetries that they can partially spontaneously break in the time direction,
while remaining unbroken in the spatial directions, called temporal spontaneous symmetry
breaking [6, 7, 12]. There are generically three phases of systems with U(1)(@ x,, U(1)e+1)
higher-group symmetry that have interesting low-energy dynamics: a T-T phase where both
the higher-form symmetries are temporally spontaneously broken, a C-C phase where both
are completely spontaneously broken, and a mixed C-T phase where the U(l)(q) symmetry

is completely spontaneously broken but the U(1)(2a¢+1)

symmetry is only temporally sponta-
neously broken. The converse symmetry breaking pattern, in which U(l)@q*l) is completely
spontaneously broken and U(l)(q) is only temporally spontaneously broken, is not allowed by
the higher-group structure. We discuss these finite temperature phases in detail in section 3.

The higher-form analogue of the Mermin-Wagner theorem forbids the spontaneous
breaking of a (2¢+ 1)-form symmetry in d = 2¢+2, 2q+ 3 spacetime dimensions [8]. In critical
dimensions d = 2q + 3, the classical effective field theory description is still qualitatively
the same, except that the aspirant-Goldstones are massless fields that mediate quasi-long-
range order with infinite correlation length instead of true long-range order characteristic of
spontaneous symmetry breaking. In “sub-critical” dimensions d = 2¢ + 2, however, there is no
such order at all and the aspirant-Goldstones are mere Stueckelberg fields with no dynamics.
Consequently, there are only two finite-temperature phases in sub-critical dimensions: a T-U
phase and a C-U phase, based on whether the U(l)(q) symmetry is temporally or completely
spontaneously broken. The (2¢ + 2)-group symmetry structure is also quite trivial in this
case because the current [Jo,12, being a conserved top-form, is just proportional to the
volume form x1. An interesting physical scenario that circumvents this triviality is when the

'The reader may find an associated discussion for 2-groups in [13].



theory under consideration is living on a dynamical defect itself propagating in an ambient
higher-dimensional spacetime. In this case, the higher-group structure leaves imprints in the
transverse dynamics and elastic fluctuations of the defect.

Supergravity provides a characteristic example of a higher-dimensional theory furnishing
a higher-group symmetry on embedded geometries, as we further explain in the core of
this paper. Returning to the M5 brane example for clarity, the theory on the worldvolume
of this brane is an interacting theory of the A" = (2,0) massless super-Poincare multiplet.
With respect to the bosonic field content, the existence of the brane itself spontaneously
breaks translations in the 5 transverse directions giving rise to 5 scalar Goldstones. The
remaining three bosonic degrees of freedom, required in order to have a match with those
in the fermionic sector, come in form of a 2-form on the worldvolume with self-dual field
strength. From a symmetry perspective, this 2-form is identified as the Goldstone mode
associated with the spontaneously broken U(l)(2) part of the 6-group global symmetry (1.2).
Note that the U(l)(5) part of the 6-group symmetry cannot be spontaneously broken on the
6-dimensional M5 worldvolume because of the Mermin-Wagner theorem, and thus cannot
give rise to Goldstone modes. Interestingly, in this interpretation, all bosonic fields on the
M5 worldvolume can be understood as Goldstone modes of spontaneously broken global
symmetries. It is our expectation that the worldvolume fermions can be treated on an equal
footing using a combination of bosonic and fermionic higher-group symmetries.

At zero temperature, we proceed to construct a 6-group invariant effective action for
the bosonic M5 brane, taking into account the self-duality of the 3-form field strength on its
worldvolume. This is achieved by externally imposing the self-duality relation derived in [19]
as a requirement of x-invariance. We would like to emphasize that we do not write down
a self-dual action, but rather an action consistent with self-duality, in the spirit of [19, 20].
Unlike [19], however, our effective action does not require a dynamical tension. Somewhat
surprisingly, at finite temperature, it is possible to construct an equilibrium effective action
that inherently implements the self-duality condition. In particular, we find that the bosonic
M5 brane at finite temperature is described by a 6-group invariant theory in the T-U phase,
where the constituent 2-form symmetry is temporally spontaneously broken but the 5-form
symmetry is unbroken.

The plan for the rest of this paper is as follows. We begin our discussion with a lightening
review of higher-group symmetries in section 2.1. We then focus on the (2¢ + 2)-group
U(D)@ x, U(1)®9tD) and formulate a (2g + 2)-group-invariant zero-temperature effective
action in a phase where the symmetry is spontaneously broken in section 2.2. Along the way,
we clarify subtleties with regards to the Mermin-Wagner theorem and when the theory is
embedded in higher-dimensions. In section 2.3 we study the specific application to M5 brane
in 11d supergravity. Section 3 is devoted to higher-group symmetries at finite temperature.
We set up the essentials of thermal partition functions in section 3.1, followed by a detailed
exposition of the various finite temperature phases in section 3.2, and application to M5
brane in section 3.3. In section 4, we briefly outline a dual formulation for the spontaneously
broken phase, in terms of an anomalous higher-group symmetry involving four higher-form
symmetries. Finally in section 5, we close with potential extensions of our results and discuss
research avenues for future exploration.



2 (29+2)-group symmetry at zero temperature

In this section, we introduce the essentials of continuous Abelian higher-group symmetries
that will be used throughout this paper. More details can be found in [13, 21]. We primarily
specialize to a (2¢ + 2)-group, comprised of a ¢g-form and a (2¢ + 1)-form symmetry, and
construct the effective action for a theory respecting this symmetry structure. We show that
the worldvolume action of the bosonic M5 brane is a special case of a 6-group invariant action.

2.1 Higher-group essentials

A higher-group is defined as a collection of pr-form symmetries which mix in a non-trivial
manner. This mixing is encoded in the background gauge transformations of the corresponding
background fields A£1 +1.2 In addition to the usual transformation

SAL 1 =dA] (2.1)

associated with a higher-form symmetry, a higher-group is characterized by the existence
of at least one background gauge field which transforms as

SAL Ly =dA] + > A AFp+1-p,(A) + non-linear (2.2)
J

where the (pr + 1 — py)-form §p,+1—p, is a function of (the products of) the background
fields A{fK +1, and their derivatives, with px < pr. The transformation (2.2) implies that the
background field Az]n 11 transforms under the transformation of the other lower-rank fields in
the collection, in a way that couples the latter with a lower-rank gauge parameter. In general
there can also be non-linear terms in the gauge parameters inside the transformation (2.2).
Consequently, the associated field strength FpII 19 is no longer a closed form, but instead
it is given by

gZ€I+2 = dAij-i-l + ‘(‘R{U—i—Q(A) ) (23)

where R, 2 is another function of the background fields A;I)(K 11- Invariant field strengths
given by equations of the form (2.3) are the signatures of a higher-group symmetry. It is
common in the literature to name a higher-group after the rank of the highest-rank background
gauge field that transforms non-trivially under the higher-group gauge transformations. For
instance, an interesting class of higher-groups is the Abelian (n + 1)-group with a single
background field, which we denote with B, 11, transforming non-trivially, namely

HE) = [TTU@)®) | x, 1), (2.4)
J

where the higher-group product X, is characterized by a single kind of structure constants
collectively denoted by x which in general form a higher-dimensional symmetric matrix.
Inside the product in eq. (2.4), we have an ordinary direct-product structure of independent

2In this paper we discuss higher-groups through the corresponding collection of background fields, and do
not treat the group structure itself.



symmetries. As an explicit example of the structure in eq. (2.4), consider the following
2-group gauge transformations

1 I qaJ
8Bs :dA1+%;mJAOdA1,

SAT = dAl, (2.5)

with structure constants forming a symmetric matrix «yy. This structure arises by gauging a
flavor symmetry U(l)(g) in a parent theory with mixed U(l)go) X U(l)go) X U(l)g]) t” Hooft
anomaly [13]. In this paper, we are mainly interested in a particular (n + 1)-group which
mixes two higher-form symmetries, but in section 5 we will discuss a higher-group embedded
in type IIB supergravity with multiple higher-form symmetries intertwining, whose structure
is in fact more complicated than the one in eq. (2.4).

In general, a continuous pr-form symmetry can be represented by a (p; + 1)-form current
j;l +1- Thus a continuous higher-group symmetry comes with a collection of currents j}{I 11
and its local structure is completely determined by a set of (modified) conservation laws that
these currents obey. At the same time, we can think of the field theory partition function
Z(A) as the functional integral [ D¢ exp(—iS(¢, A)) labeled by the background fields Ail 1
where ¢ denotes collectively the dynamical fields of the theory. Typically, the currents may
be coupled to background fields in the effective action S(¢, A) via 65 ~ [ 5A11;1+1 A *jélﬂ.
However, for a higher-group, this coupling does not lead always to a gauge-invariant current.
We can remedy this situation by allowing the coupling of each current with the background to
include variations of other potentials in the collection, as we do below in an explicit example.

Let us now turn our attention to the Abelian (2¢g + 2)-group, ¢ € N, comprised of a
g-form and a (2¢ + 1)-form symmetry, with a single scalar® structure constant , i.e.

H2) —Uy(1)@ x, U(1)Zt+D (2.6)
The background transformations are

5Age1 = dA,.
5ng+2 = dA2q+1 - Hqu AN Aq+1 . (27)

Here we have used a different, though equivalent, parametrization of the Bag,io background
gauge transformation in comparison with eq. (2.5), by moving the exterior derivative onto
the gauge parameter in the x-term. This amounts to a redefinition of the (2¢ + 1)-form gauge
parameter as Agg+1 — Agg+1—k AgAAgt1. The advantage of using eq. (2.7) will be made clear
in section 3 where we introduce temperature. In addition to the (g + 2)-form invariant field
strength Gy42 = dAg41, we can readily write down the (2¢ + 3)-form invariant field strength

Gogs = dBagsa + (—1) K Ag1 A Ggqa . (2.8)

Note that dGog+3 = (—1)71k Gyi2 A Ggy2, so that the non-closedness of Go,3 is present only
when ¢ is even and, moreover, the non-closedness is proportional to the higher-group structure

30ne might consider other more exotic cases where the structure constant itself is a fixed differential form
but these are not relevant for our purposes here.



constant k, as expected. This further implies that the (2¢ + 2)-group gets trivialized for odd
values of ¢, and we can simply redefine Bogyo — Bogia — /2 Agr1 A Agq1 to decouple the
two higher-form symmetries. Given this, we consider ¢ to be even for the rest of this paper.

Assigning to the U(1)(@ symmetry the current Jg+1 and to U(1)24+D) the current J2q+2,
we may couple these symmetries to the classical sources A,y1 and Bag4o respectively, through

55 ~ / 5Aqer Axgis + (8Bagen + K Ager A S A1) Axagan (2.9)

Using this modified coupling for the higher-rank current J2,42, we can define manifestly
gauge-invariant currents via varying the effective action. It is visible from here as well that for
odd values of ¢ we are led to 2 independent higher-form symmetries. Demanding invariance
of the effective action under the (2¢ + 2)-group gauge transformations (2.7) then produces
the (modified) conservation laws

d*Jq+1 = 2K Gq+2 AN *j2q+2 s
d*j2q+2 =0. (2.10)

The higher-rank current J2442 still obeys a conventional conservation law while the conserva-
tion law of the lower-rank current J,41 is modified by a coupling of the current Ja442 with the
(closed) field strength F,, 2. Once we turn off the background fields, we recover two decoupled
higher-form symmetries. Note that the factor of 2 on the right-hand side of J, 41 conservation
law in eq. (2.10) is due to the gauge-invariant coupling in eq. (2.9), as was also observed in [15].

2.2 (2q+2)-group invariant effective action

Higher-form symmetries and their fusion into higher-groups arise in a plethora of gauge
theories and (topological) field theories. They have been used to classify novel phases of
matter and study phase transitions, extract constrains on symmetry-breaking energy scales,
and shed new light on a broad spectrum of field theories; see e.g. [2, 10, 13, 22, 23] and
references therein. The simplest theories realizing higher-form or more generally higher-group
symmetries are those for which one or more of the constituent higher-form symmetries are
spontaneously broken. A reasonable first step is to build an effective field theory of dynamical
higher-form Goldstone fields in the presence of higher-group invariance. In this section, we
consider this effective theory for the (2 +2)-group U(1)(@) x,, U(1)9tD | at zero temperature.

2.2.1 Spontaneous symmetry breaking

A continuous p-form symmetry that is spontaneously broken in the ground state implies
the existence of a massless Goldstone p-form field ¢, dominating the IR dynamics. The
Goldstone fields typically transform with a phase, but for a higher-group this transformation
rule might also need to include additional terms proportional to the structure constant .
In our case, we can spontaneously break the U(1)(@ part of the (2¢ 4 2)-group, giving rise
to a g-form Goldstone field ¢, which transforms under eq. (2.7) as

Spg = —coh, . (2.11)



The parameter c4 here counts the g-form charge of ¢4, which we may always normalize to 1
but we keep it unnormalized for now for clarity. We can then write the following (¢ + 1)-form
that involves the exterior derivative of ¢,, namely

For1 = dgg + cpAgyr, (2.12)

and is invariant under egs. (2.7) and (2.11). Since ¢, is a dynamical field and all its
dependence can only arise via the invariant Fj 1, the theory has an enhanced invariance
under ¢, = dA\;—1, which is a true gauge symmetry. In that sense, F,41 is the invariant field
strength associated to ¢,. This reflects the fact that a U(l)l(g;j) gauge theory is dual to a
U(1)@ superfluid. A well-explored example of this is U(l)l(gza1 gauge theory, i.e. Maxwell’s
electromagnetism, which is dual to a U(1)(") superfluid [2, 7]. The field strength F,; satisfies

the Bianchi identity
qu+1 = C¢Gq+2 . (2.13)

We now consider a phase where the U(1)(24+1) part of the (2¢ 4 2)-group is spontaneously
broken. The low-energy description then admits a (2¢ + 1)-form Goldstone field ®o41, with
associated Goldstone charge cg. If one tries to construct a field strength associated to ®9441
that is invariant under eq. (2.7), one discovers the necessity of a g-form field that transforms
by a shift of A;. This is indeed the transformation law (2.11) of the g-form Goldstone ¢,. To
wit, we postulate the following transformation law for the (2¢ + 1)-form Goldstone

C
5(I)Qq+1 = *C¢A2q+1 — I‘Qidqbq AN Aq . (214)

As before, we may now write down the invariant field strength

c
Fogr2 = dPog+1 + coBagya + ’iiAqH N deq, (2.15)

which enjoys an additional invariance under a 2¢g-form gauge symmetry d®o,11 = dAg,. The
Bianchi identity associated with Fo,42 is given as

C
d]:2q+2 = C@g2q+3 + KquJrg VAN Fq+1 . (2.16)

This construction implies that, generically, when the higher-rank symmetry of a (2¢+2)-group
is spontaneously broken, then the lower-rank symmetry must also be spontaneously broken.
The same conclusion for a 2-group U(1)(® x, U(1)(!) was obtained in [13], where it was
argued that the U(l)(o) part of the 2-group is not a proper subgroup and thus cannot be a
residual symmetry of the ground state after U(l)(l) is spontaneously broken.

Manifest invariance under eqgs. (2.7), (2.11) and (2.14) requires the effective action for
Goldstone fields to take the general form

S = /M *[:(Fq+1,f2q+2) . (2.17)

Here M is a d-dimensional (curved) Lorentzian manifold. Depending on the particular
theory under consideration, the Lagrangian density £ can be constrained to take a particular



form, for instance by imposing more symmetries. As an example, we can write down the
quadratic action

S = — /M 9 Far1 ANxFy1 + 9(2q+1).7:2q+2 A *xFog+2, (2.18)

with arbitrary coupling constants g, and g(z441). Strictly speaking, these effective actions
are only valid in d > 2¢q + 3 spacetime dimensions because the higher-form analogue of the
Mermin-Wagner theorem forbids the U(1)(2¢+1) part of the symmetry to be spontaneously
broken in d = 2q + 3,2q + 2 dimensions, while there exists no higher-group of rank m in
spacetime dimensions d < m. Formally though, we can still make sense of this description,
but with the Stueckelberg field ®9,41 not being interpreted as a Goldstone associated with
any long-range order. In critical dimensions d = 2¢q + 3, ®9,11 mediates the so-called “quasi-
long-range order”, while in “sub-critical dimensions” d = 2¢ + 2, it is a mere auxiliary field
with no dynamics and can be integrated out from the description. We discuss these scenarios
in more detail in section 2.2.2.

As a consistency check of the effective Goldstone action (2.17), we must verify that
the equations of motion of the two Goldstone fields are equivalent to the (2¢ 4+ 2)-group
conservation laws. The equations of motion of ¢, and ®2,41 respectively read?

d< 5% L ) :FLCEG(H_Q/\ SxL

6F 41 Co 0F2q+2

oxL
d =0. 2.19
(5.7:2(1_,_2) ( )

Note that the equation of motion for ¢, receives a contribution due to the higher-group

structure constant k. The conserved currents can be computed by varying the action (2.17)
with respect to the background gauge fields. Using the coupling structure in eq. (2.9), we
can read out

oxL Co oxL
= 2 F
*Jg41 C¢5Fq+1 + chg g+1 N\ 5 Fagsa ,
oxL
*Jog+2 = Co Farrs (2.20)
q

Given these expressions for the conserved currents, the equivalence between the Goldstone
equations of motion (2.19) and the (2¢+2)-group conservation laws (2.10) follows immediately.
Demanding the diffeomorphism-invariance of the action (2.17), we are led to a modified
conservation law for the energy momentum tensor T, i.e.

VMT”” _ 1 GPHLHa+ GUHL-H2a+2
|

1
(q+ 1)1 at2 Jot 1 eppgin T (2q + 21720+ T2q4 2.1 pingsz - (2:21)

Schematically, these equations take the same form as for two decoupled higher-form symme-
tries, except for the non-trivial higher-group structure implicit in the definition of Gag43.

“We use the following definition for derivatives in the configuration space of p-forms: JA(B) = 6B A
0A/dB +d(...) for arbitrary differential forms A and B.



2.2.2 Mermin-Wagner theorem and (sub-)critical dimensions

The ability of a charged operator to condense and spontaneously break a symmetry depends
on the dimensionality d of spacetime. For ordinary 0-form symmetries, the Mermin-Wagner
theorem forbids spontaneous symmetry breaking in d = 1, 2. The statement can be generalized
to higher p-form symmetries, which cannot be spontaneously broken in d = p+ 1,p + 2
(while they do not exist in d < p) [2, 8]. In d = p + 2, called critical dimensions, the theory
can still admit a massless field ¢, but its fluctuations are so large that they destroy any
long-range order, thereby restoring the symmetry in the ground state. This phenomenon is
termed quasi-long-range order. While the quasi-long-range order cannot be distinguished
based on whether the U(l)(p) symmetry is spontaneously broken or not, it actually features
a dual U(l)(d_z_p) symmetry associated with the Bianchi identity d*jd_l_p = 0, where
jd_l_p = xd¢, (in the absence of background fields), that is absent in the absence of long-
range order. These phases are interpolated by a Berezinskii—Kosterlitz—Thouless (BKT)
phase transition [24-28], mediated by topological defects in the configuration of ¢, that
explicitly break the U(1)(4=27?) symmetry [12].

The Mermin-Wagner theorem still holds for each constituent p-form symmetry of a
higher-group, and the (2¢ + 2)-group structure imposes further constrains on the possible
symmetry breaking patterns. Consequently, our discussion so far only strictly applies in
d > 2q + 3. In the critical dimension d = 2¢ + 3 the massless field ®9,41 does not qualify as a
Goldstone field because of the absence of any long-range order, but is nonetheless a dynamical
field of the theory. Thus the action (2.17) can still be used for the critical dimension as
well, but in this case the invariant field strength F5,42 has no longer the interpretation
of a Goldstone field strength.

In sub-critical dimensions d = 2¢+-2, there cannot be a notion of a massless ®3,,1 field at
all. Note that the associated field strength Fo,42 is a top-form, hence all the gauge-invariant
(physical) information in @441 can be encoded into a single unconstrained scalar field
X = «Faq+2. The action S of the theory generically admits a term Fogqo A *Fogqo = —x1X 2
which acts as a mass term for X gapping it out from the low-energy spectrum. The resultant
action takes a generic form

S :/ *ﬁ(Fq+1) +Q(2q+1)/ Fog+2 5 (2.22)
M M

for a constant U(1)(27+1) charge Q(2¢+1)- Note that the occurrence of ®gq41 within Foq o is
purely a boundary term that drops out from the theory provided that the manifold M is
unbounded. It has no dynamics and its only role here is to make the Lagrangian manifestly
gauge-invariant. Note that the associated U(l)(2q+1) current is given by *J24+2 = Q(24+1),
which trivially satisfies the conservation equation dxJa412 = dQ2441) = 0. The U(1)@
current, on the other hand, is given as

SxL K

*Jq+1 = C¢ ﬁ + Q(Qq-i—l)@Fq—i-l s (223)
q

which satisfies the (non-)conservation equation derived from eq. (2.10), i.e.

d*Jq_|_1 = QHQ(2q+1)Gq+2 . (224)
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Interestingly, the source term in this equation due to the U(1)@ x, U(1)¢+D higher-group
structure can effectively be seen as a U(l)(q)—invariant theory with a 't Hooft anomaly £Q(241)-
This can be made more precise in the context of the anomaly inflow mechanism, by coupling
the theory to a (d + 1)-dimensional bulk manifold carrying a ¢-form Chern-Simons theory

Sbulk = —Q(2¢+1) /92q+3

= bl HQ(Zqul) Aq+1 A qu+1 — Q(2q+1)d32q+2 . (2.25)

Since this action only depends on the background fields, it does not change the dynamics of the
original theory. The dependence on By, identically cancels between S and Spyu, and thus
the total theory described by S + Spuy is U(1)@-invariant without invoking the higher-group
structure, but with an anomaly inflow from Syuk. The higher-group structure in sub-critical
dimensions is non-trivial if the theory is defined on a (2¢g + 2)-dimensional brane/defect
propagating in a higher-dimensional spacetime. We will discuss this scenario in section 2.2.3.

As we argued above, the auxiliary Stueckelberg field ®9,41 can always be integrated out
from the low-energy description. Nevertheless, it is convenient to keep it in the formulation of
the effective theory and work with the action (2.17) even in sub-critical dimensions d = 2q + 2.
Of course, this field has no low-energy dynamics but it allows us to write down Lagrangians
that are manifestly gauge-invariant, as opposed to invariant up to boundary terms. It also
keeps the discussion manifestly analogous to higher dimensions d > 2¢ + 2. An incarnation of
®oqt1, for ¢ = 2, also appeared in the supergravity literature in the context of an M5 brane
action [19]; we will discuss this in more detail in section 2.3.

(Anti-)self-dual theories. Another qualitatively distinct feature of (2q+ 2)-group-invariant
theories in sub-critical dimensions d = 2¢q 4+ 2 is that the U(l)(q) Goldstone ¢, can be
constrained to be (anti-)self-dual. Linearly, this constraint is

wFy1 = £Fy1 +... . (2.26)

Recalling that ¢, realizes a U(l)l(g(;}) gauge symmetry, this is the familiar (anti-)self-duality
constraint of (¢ — 1)-form gauge theories in 2¢ + 2 dimensions. Taking another Hodge-dual
of this equation, one can verify that this constraint can only be satisfied for F,; 1 # 0
provided that ¢ is even, as is the case for us. To understand the meaning of (anti-)self-
duality constraint non-linearly, note that such a constraint will generically make the system
of dynamical equations over-constrained unless the g-form conservation equations (2.24)
were identical to the Bianchi identities (2.13). This allows us to straightaway read out the
non-linear (anti-)self-duality relation as

C

Fppg=—7——
Hatt 2”@(2q+1)

Jg+1 - (2.27)
However, not every sub-critical (2¢ 4 2)-group theory described by the effective action (2.22)
is compatible with this (anti-)self-duality constraint. Consider, for example, *L = % fFE1 A
*Fy11, where f is a constant. It immediately follows that

ci f

g, o)

self-duality
—
/‘GQ(qu)

K
Jor1 = cofFgrn + Q(2q+1)a *Fyp *Fgy1 =
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which can only be satisfied for F41 # 0 provided that f = +kQ(2441)/ ci. In other words,
to define non-trivial (anti-)self-dual theories, we must also require that the Hodge-dual of
eq. (2.27) is identically satisfied upon reusing eq. (2.27) to eliminate xFy, 1. In detail, we
must demand that

o *Jg 41 ; (2.29)

Fyon= gt
26Q(2q+1) Fypis

%Q(C%J,Hl recursively

holds as an identity. One can check that this applies to our simple example above. We
will see a more non-trivial example of a consistent self-dual theory in section 2.3 during
our discussion of M5 branes in supergravity.

2.2.3 Embedded geometries

In this subsection, we consider a higher-group-invariant field theory as being embedded in a
higher-dimensional background theory, which furnishes the higher-group symmetry. To be
concrete consider a brane, or more generally a defect, with embedding functions X*(o) in
the ambient background spacetime with metric g,,,,, where ¢ are taken to be coordinates
on the worldvolume M. We impose diffeomorphism invariance among the ¢ coordinates
on M, leaving D — d independent degrees of freedom in X*(o) parametrising the elastic
fluctuations of the brane in the transverse directions. One can define an induced metric
Yab = 0 X* 0, X" g, as the pullback of the background metric g,,,,. More details on calculus
of embedded geometries can be found in [29, 30].

Our attention shall be restricted to a U(1)(@ x, U(1)2¢+1) global symmetry, acting across
the whole spacetime. The corresponding background fields Aq_l,_l, §2q+2 and currents jq+1,
j2q+2 are defined on the fixed background spacetime M , with pullbacks onto the dynamical
worldsheet M denoted by Ag41, Bagy2 and Jgy1, J2g+2 respectively. Here, we use the “breve”
accent to denote quantities living on M and the regular versions for those living on M.
In particular, note that the Ag41, Bag+2 are not purely background fields in this setting
and contain the dynamical fields X*# as well through pullback maps. We emphasize again
that there is only a single higher-group symmetry that acts on all of M. The higher-group
structure on M is inherited from M through pullback maps.

Then, the low-energy description of the defect is an interacting theory of the Goldstone
fields associated with spontaneously broken translations as well as spontaneously broken
higher-form symmetries. The former are identified with the D — d scalar degrees of freedom
contained within the transverse sector of X# (o). In general, the (2¢ + 2)-group symmetry
may be spontaneously broken in all of spacetime M , giving rise to the Goldstone fields ¢,
and ®9,41 having legs on directions tangential as well as perpendicular to M. We further
restrict the analysis to a simpler physical scenario where the source of spontaneous symmetry
breaking is confined to the worldvolume of the defect, forcing the Goldstones to have only
tangential indices. Their transformation rules are still given by eqs. (2.11) and (2.14), but
with background gauge fields and higher-form symmetry parameters pulled back onto M.

The invariant coupling of the defect theory with the background spacetime is provided
by the invariant field strengths defined in egs. (2.12) and (2.15), where the background fields
are understood as being pulled-back on M. As a result, the effective action for the defect
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is parameterized as in eq. (2.17), but with the dynamical embedding fields X* appearing
implicitly within the invariants F,;1, F2442 and in the volume-form vol; used to define the
integrals and Hodge-duality operation on M. The conserved currents Jyi1, J244+2 on the
defect can be obtained by varying the action with respect to pullback gauge fields A,41,
Bog+1, and take the same form as in eq. (2.20). Since all dependence on the spacetime
background fields Aq_i'_l, qu+1 arise implicitly via Agy1, Bag+1 in the action, the associated
conserved currents qu, j2q+2 are simply given by pushforward of worldvolume currents
onto M , multiplied with delta functions localized on M. The spacetime currents qu, j2q+2
satisfy the (2¢+ 2)-group conservation equations analogous to eq. (2.10), with the (¢ + 2)-form
field strength éq+2. The components of these conservation equations transverse to M are
identically satisfied because the respective conserved currents themselves do not carry any
nonzero transverse components. On the other hand, the projection of these equations onto
M lead to the conservation equations for Jyi1, Jog+2, taking the same form as eq. (2.10).
However, note that the occurrence of G4 in these equations contains the dynamical fields
XH"(o) within its definition.

An intriguing case to consider is when the defect is (2¢ + 2)-dimensional, i.e. it is
sub-critical with respect to the (2¢ + 2)-group structure. Naively, following our discussion
in section 2.2.2, one might expect that the (2¢g 4+ 2)-group structure in this case may also
be effectively interpreted as a U(1)(@ invariant theory with a ’t Hooft anomaly KQ2g+1-
After all, a defining property of the higher-group is the existence of at least one non-closed
background field strength, in our case Go443, and such a differential form identically vanishes
in d = 2¢+2 dimensions. Nevertheless, Go443 appears explicitly in the total energy-momentum
conservation equation for the defect. This equation is identical to eq. (2.21), where all indices
are understood as spacetime, rather than worldvolume. While the projection of this equation
along the directions tangential to the worldvolume, dictating the intrinsic dynamics of the
defect, has no sign of G443, the projection transverse to the defect directions leads to

7 1

TabKab = mGéi’Q‘ Jq+1,a.., + mgﬁ.w j2q+2,a... s (2-30)

which determines the extrinsic dynamics of the defect in the ambient spacetime. In writing
this equation, we have introduced the set of normal vectors n,ﬂ transverse to M, satisfying
the relations nﬁtg =0 and n{mig’“’ = 6!/, where t# = 9,X* are the tangent vectors on M.
Using these, we have further defined the mixed components of the higher-form background
field strengths Géi‘g = nf\tz .. Cu}';\iQ and Q%g;?) = nf\tz . g“:,?;;g,,, together with the second
fundamental (or extrinsic curvature) tensor K’ = nﬁvat’b‘ . Therefore, we observe that the
non-closed field strength affects the extrinsic dynamics of the defect.

This points towards the fact that, in this case, the (2g + 2)-group structure is non-
trivialized by the propagating nature of the defect in higher dimensions. Indeed, the source
term in eq. (2.24) for an embedded defect cannot be interpreted as an anomaly because it
contains the dynamical fields X* (o) implicitly within the definition of the background field
strengths. If we were to try and setup an anomaly inflow mechanism, the (d + 1)-dimensional
bulk action in eq. (2.25) would also contain the dynamical fields X# (o), thereby modifying
the dynamics of the theory. We infer that the non-trivial higher-group structure is inherited
from the higher-dimensional theory via the elastic fluctuations of the defect.
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2.3 M5 brane action

The framework developed in the previous subsections can naturally accommodate the classical
low-energy dynamics of string theory solitons. D- and M-branes are half-BPS objects and
as such carry a supersymmetric field theory on their worldvolume. The low-energy field
content should then correspond to a massless super-Poincare multiplet. Working in the
supergravity approximation, the effective action of M-theory and type II string theories is
effectively approximated by S = Ssugra + Shrane. Constraining ourselves to the dynamics of the
brane embedded in an on-shell background, it is reasonable to expect that the supergravity
origin of these massless modes is associated to spontaneously broken symmetries of the
background. In other words, there is a Goldstone mechanism in action. It was understood
a long time ago that the scalars contained in each brane multiplet must be identified with
the Goldstone modes arising from the spontaneous breaking of translational invariance in
directions transverse to the brane [31, 32]. The 8 propagating fermionic degrees of freedom
should then be understood as Goldstone modes of spontaneously broken supersymmetries. At
the same time, understanding the Goldstone nature of the vector and antisymmetric tensor

modes has received comparatively less attention.®

If we consider the background gauge fields of 11d supergravity and type IIA/B 10d
supergravities that are coupled to M- and D-branes respectively, then from their transformation
properties we infer for each of these cases a higher-group global symmetry whose charged
objects are M- and D-branes respectively. Equivalently, this can be derived by inspection of
the corresponding conservation laws. We thus propose that the vector and tensor modes on a
brane can be understood as the Goldstone fields coming from the spontaneous breaking of
higher-group symmetries. To make these ideas concrete below we apply them to the M5 brane
of 11d supergravity. We discuss the higher-group perspective for other branes in section 5.

There are 5 transverse directions to the M5 brane, giving rise to 5 scalar degrees of
freedom. Supersymmetry implies that we need 3 more propagating bosonic degrees of freedom
in order to match with the 8 fermionic ones. Not surprisingly, there exists a unique tensor
multiplet in d = 6 dimensions involving 5 scalars, and in addition it contains a 2-form V5
with self-dual field strength, which provides exactly the 3 required bosonic degrees of freedom.
Thus the theory on the M5 brane must be an interacting theory of the N' = (2,0) multiplet.
In this work we are mainly interested on an action principle for the bosonic field content,
though we believe that the worldvolume fermions can be treated on an equal footing using
a combination of bosonic and fermionic higher-form symmetries. Focusing on the bosonic
field content, the coupling of the M-theory equations of motion to the brane sources leads to
the conservation laws in eq. (1.2). These are immediately identified with the (2¢ + 2)-group
conservation laws (2.10) where ¢ = 2 and k = —1/2. We shall refer to this symmetry as the
6-group of 11d supergravity, given by U(1)® x, U(1)®). The corresponding background
fields Az and Bg are the potentials for the M-theory spacetime invariant field strengths G4

5At least for the vector modes comprising the D-brane vector supermultiplets, the fact that each D,-brane
is T-dual to each other implies that they can be related to Goldstones of broken translations. More accurately,
T-duality implies a duality web of conservation laws and as a result of higher-group symmetries, arising in
type IIA /B supergravities. We plan to elaborate on this observation in a future publication.
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and Gr, respectively.® The 5-form topological symmetry U(l)(5), whose charged operators
are Mb branes, says that the 5-brane charge is conserved, while the U(l)(2) symmetry is a
topological symmetry with M2 branes acting as the charged operators. The latter is assigned
a modified conservation law arising from the underlying 6-group structure, which, from
the perspective of the M5 worldvolume, dictates the distribution of the M2 brane charge
within (or diluted in) the M5 brane.

Irrespective of the glaring issue of self-duality, if one now tries to couple the bosonic
M5 brane to the (pulled-back) M-theory background As, Bg, then one finds that the 2-form
must transform as

§Vo = —Ay, (2.31)

when d A3 = dAy and §Bg = dAs + 1/2dAay A Az. This is precisely the transformation law of
a 2-form Goldstone in eq. (2.11), implying that we must identify V5 = ¢2 (normalized with
unit charge ¢y, = 1), i.e. the 2-form on the M5 worldvolume is the Goldstone field arising
from the spontaneous breaking of the U(1)®) part of the 6-group U(1)®) x, U(1)®). This
already tells us that the action of the bosonic M5 brane in a fixed background should be
understood as a 6-group invariant effective action for the propagating Goldstone mode ¢,.

To manifest the 5-form part of the 6-group symmetry, it will also be convenient to
introduce the 5-form Stueckelberg field ®5 on the worldvolume that transforms as §®5 =
—As5 + %d¢2 A Ao, with ¢ = 1. As we discussed in section 2.2.2, this field has no dynamical
degrees of freedom on a 6-dimensional worldvolume. The fact that ®5 is redundant and
can be removed completely from the description fits nicely with the field content of the
N = (2,0) multiplet, where no such field exists. The introduction of this non-dynamical field
in the M5 brane action first appeared in [19], motivated by the proposal of [33]. From our
perspective, at low energies, each dynamical worldvolume field on the brane is associated
to the spontaneous breaking of a higher-form global symmetry.

Given the results in the previous subsections, the invariant coupling of the brane to
the background is provided through the field strengths F3 and Fg defined in eqs. (2.12)
and (2.15) respectively. We emphasize that this 6-group symmetry is non-trivial, despite of
the M5 worldvolume being 6-dimensional, because of its ability to move and bend inside the
11-dimensional background spacetime and thus should be used as an organizing principle
for the theory on the bosonic M5 brane.

The self-dual nature of the field strength F3 on the worldvolume of the M5 brane raises
obstructions in the formulation of an action principle. The root of the problem is traced back
to the simple fact that at the linearized level the kinetic term F3 A xF3 vanishes. Nevertheless,
one can still search for an action which produces the self-duality constraint on-shell. There
are a few approaches in the literature to achieve this (see for instance [34] and references
therein), of which we highlight [35] that singles out a spatial direction thus losing manifest
worldvolume covariance, as well as [36] where the worldvolume covariance is restored at the
expense of introducing a single auxiliary field, furnishing an extra gauge symmetry. Another
route was proposed in [20], according to which one writes an action that is consistent with
self-duality, without directly yielding it. The self-duality constraint is then implemented at

5The 11d supergravity solution further forces Gz = x11Ga.
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the level of the path integral. This approach was extended classically at the fully non-linear
level in [19] using a dynamical brane tension. We view this last approach as the most suitable
when the theory on the brane is formulated as an effective theory of spontaneously broken
global higher-form symmetries.

As mentioned earlier, in order to retain manifest invariance under the 6-group transfor-
mations of the background gauge fields, the action must depend solely on the invariants F3
and Fg. The action for the bosonic Abelian M5 brane takes the form

§=—Q) /M*m+ Q(5) /M Fé (2.32)

where @)(5) is the M5 brane charge, proportional to the tension Ty of the brane, and V(F3)
is a scalar function of F3. The dependence of this action on the transverse scalars is inherited
through the induced metric 4, on the worldvolume M of the M5 brane. Here and for the
rest of this section the Hodge dual operator x is taken with respect to the induced metric .
It is important to stress that at this point ¢ is an unconstrained 2-form, the reasoning being
that we embed the chiral (self-dual) theory into a non-chiral theory. At the classical level,
the chiral sector is extracted by demanding the equations of motion of ¢, i.e.

d*< L 5y(F3)> =Gy, (2.33)

VI+Y(Fs) OF;

to be equivalent to the Bianchi identity dF5 = Gy, thereby determining the self-duality condi-
tion. See our discussion around eq. (2.26). Using the equations of motion it is straightforward
to see that the self-duality relation reads

_ 1 SY(F3)
VIt Y(F;) 6F

where the right-hand side is understood as a function of F3. We point out that invariance

*Fg (234)

under 6-group symmetry is not enough to further constrain Y (Fj3), so as to give rise to a
consistent self-dual theory. Supersymmetry is responsible for the matching between bosonic
and fermionic degrees of freedom, and one way to proceed is to derive the explicit form of
the self-duality relation by requiring the supersymmetric extension of the action (2.32) to be
k-invariant. Indeed, it was shown in [19] that in order for the brane configuration to retain
supersymmetry, a relation that expresses xFj3 as a non-linear function of F3 must hold. In
what follows, we obtain an effective action for the bosonic M5 brane that will be proven to
be consistent with the aforementioned self-duality relation.

Starting from the form of the action (2.32), the specific scalar function Y (F3) in (2.32)
compatible with self-duality is given by

_ 1 abc 1 abc)2 1 hbc ade
V(F3) = 1o fabe @(Fach )" - 9% (Fach FhaeF’ ) - (2.35)
Using this into eq. (2.34), the self-duality condition takes the form”
1 1 1
*Fape = T(Fs) (Fabc + ﬁFdehFdehFabc - 4Fde[anc]hthe> . (2.36)
"The square brackets denote antisymmetrization over indices, ie. X ..an =

1
n!

(Xai...a,, + signed permutations).
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This is exactly the self-duality condition obtained in [19] as a requirement of k-invariance.
This completes the construction of the action of the bosonic M5 brane as a Goldstone effective
action invariant under the 6-group U(1)®) x, U(1)(®) which is consistent with the self-duality
property of the 2-form ¢s.

Before closing this section, we should emphasize that eq. (2.32) is not a self-dual action,
i.e. the self-duality relation does not arise as an equation of motion. At the level of bosonic
degrees of freedom, self-duality is an extra input that we essentially impose by hand. We
point out, however, that this relation should be extractable as a requirement of an enhanced
global symmetry once one takes into account the worldvolume fermions. The action (2.32) is
consistent with (non-linear) self-duality, since imposing the latter forces the 2-form equation
of motion to be merely an identity, as explained in [19, 20]. Nonetheless, this is enough to
predict the full non-linear interactions in the Lagrangian.

3 (29+2)-group symmetry at finite temperature

The purpose of this section is to study field theories with (2¢g + 2)-group symmetry at finite
temperature, and classify equilibrium phases with different spontaneous symmetry breaking
patterns depending on the continuous subgroups of U(1)(@ x, U(1)(24+1) respected by the
equilibrium state. The configuration equations and constitutive relations are derived for
all the allowed equilibrium phases. In particular, we identify the M5 brane phase at finite
temperature based on 6-group symmetry and self-duality.

3.1 Thermal partition function

In this work we restrict the analysis to the description of phases with (2¢g+ 2)-group symmetry
in thermal equilibrium. At finite temperature, the Lorentz symmetry of the theory is broken
by the existence of the thermal observer 3# = 61" /Tp, with Ty being the constant equilibrium
temperature. The background fields are taken to be time-invariant with respect to the
thermal observer, i.e.

LpAg+1 = £Bogr2 = £59 =0, (3.1)

where £5 denotes the Lie derivative with respect to 8#. In other words, S* is a Killing vector
for the spacetime background. We can express the d-dimensional (sub-)manifold on which
the theory resides as M = R x X, where R denotes the direction of time along g* and %
denotes a (d — 1)-dimensional spatial Cauchy slice transverse to 5#. The fundamental object
of interest at finite temperature is the thermal partition function Z, defined as a path integral
over time-independent configurations of the dynamical fields collectively denoted as ¢, namely

Z[Aq—s—luBQq—i—l,ng} — /D(b e*SE(¢§Aq+17B2q+17g#V)’ (32)

with

where Sg is the Euclidean effective action, defined as an integral over X. Note that Z is a
functional of the time-independent configurations of the background fields A,41, Bag42, and
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guv- The thermal expectation values and correlation functions of the higher-form currents
and the energy-momentum tensor are obtained as usual by varying Z with respect to these
background fields.

The precise composition of the dynamical fields ¢ depends on the equilibrium phase
under consideration and will generically contain different space- and time-components of the
Goldstone fields ¢4 and ®2441. From the point of view of hydrodynamics, we are essentially
describing different phases of a (2g + 2)-group superfluid in thermal equilibrium. These are
connected to the fact that the class of continuous subgroups of a higher-group that can be
respected by the ground state is enlarged when killing vectors are available. We will discuss
these in more detail in section 3.2. Furthermore, when the theory under consideration is
embedded on a brane in a higher-dimensional spacetime, as in section 2.2.3, the collection ¢
also involves the embedding functions X*#(o) modded by diffeomorphisms on the brane.

Our guiding principle will be the invariance of the partition function (3.2) under time-
independent background gauge transformations (2.7), satisfying

LAy = LgAog11 =0. (3.4)

Borrowing the philosophy from hydrodynamics, the effective action can be arranged in a
derivative expansion and, as usual, we take the Goldstone fields to be of order O(9~1) in
derivatives. Once we specify the general form of the equilibrium action, we will proceed
to derive the equilibrium constitutive relations. In particular, we find the equilibrium
expressions for the higher-form currents and energy-momentum tensor in terms of the
appropriate thermodynamic variables, at ideal order in derivatives.

In thermal equilibrium, the fluid velocity can always be aligned with a timelike Killing
vector, and we can express it as u# = TS = 6} /\/=gu, normalised as u*u, = —1, where
T = To/+/—gu is the local redshifted temperature. This can be used to decompose an
arbitrary p-form £ into time and purely spatial components, namely

§=—uNi+&s, (3.5)

where i, denotes the interior product with respect to u*. It it also useful to note the
identity % = x(u A ), where * is the spatial Hodge duality operation defined with respect
to the (induced) metric on the Cauchy slice ¥. The spatial integrals can be defined as
Js X = — [y uAX for some (d — 1)-rank differential form X. Taking X = *f for some

scalar f, we have [y xf = [, ~f.

3.2 Equilibrium phases

In this subsection, we consider different equilibrium phases of systems with (2¢ + 2)-group
symmetry, featuring different patterns of spontaneous symmetry breaking. Systems with
ordinary 0-form symmetries typically exhibit two phases at finite temperature: spontaneously
unbroken and spontaneously broken. On the other hand, the symmetry parameter of a p-form
symmetry carries spacetime indices and, therefore, can also exhibit an intermediate “temporal
spontaneous symmetry breaking” pattern where the p-form symmetry is only spontaneously
broken in the time direction [6, 7]. This gives rise to a (p — 1)-form gapless mode in the low
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energy description, regarded as a temporal Goldstone field. The temporal Goldstone is just
the time-component of the full p-form Goldstone, when the latter is available.

We find that a system with U(1)(@ x, U(1)29t) symmetry in d > 2q + 2 spacetime
dimensions can admit 3 non-trivial equilibrium phases at finite temperature, given by the
table below

(d>2q+2) U(1)@-temporally broken U(1)@-completely broken
U(1)2e+)_temporally broken T-T C-T
U(1)@a+D_completely broken C-C

Analogously to our discussion in section 2.2.2, the U(l)(2q+1) part of the higher-group
exhibits quasi-long-range temporal/complete order in d = 2¢q + 3 dimensions instead of true
spontaneous symmetry breaking. In the remainder of this section, quasi-long-range order
is understood where applicable. Note that there are no phases in the bottom-left corner
of this table because when the U(l)(2q+1) part of the symmetry is temporally /completely
spontaneously broken, the (2¢+2)-group structure also forces the U(l)(q) part of the symmetry
to be temporally/completely spontaneously broken. Phases with spontaneously unbroken
U(1)®9t) symmetry in d > 2q + 3, or without quasi-long-range order in d = 2¢ + 3, while
allowed by symmetries, do not carry a non-zero thermodynamic (2¢ 4 1)-form density. Hence
we do not consider these in this work. See [7] for related discussion for 1-form symmetries.

This situation is qualitatively different in sub-critical dimensions d = 2¢q + 2, where there

is no spontaneous symmetry breaking or quasi-long-range order in the U(l)(2q+1) sector. In
this case, we only have 2 phases
(d=2q+2) ‘ U(1)@-temporally broken U(1)@-completely broken

U(1)2a+)_unbroken ‘ T-U C-U

with constant U(1)(24+1) current *J2g+2 = Q2g41)- As we discussed in section 2.2.3, these
phases are particularly interesting when the theory is embedded on a dynamical worldvolume
in a higher-dimensional spacetime.

In the following, we will consider all these phases individually from the least to most
spontaneously broken symmetries. We will derive the constitutive relations for higher-form
currents and energy-momentum tensor in each of the phases, together with the configuration
equations for the associated (temporal) Goldstone fields.

3.2.1 T-U phase (sub-critical dimensions)

We start with the T-U phase by considering the spontaneous breaking of the temporal part
of U(1)@ symmetry, leaving the rest of the symmetries intact. To this end, we introduce
a temporal Goldstone field ¢,_1, satisfying igp,—1 = 0, with transformation

&qul = —’L'/gAq . (36)

It follows that we can define the invariant chemical potential as

Hq

T = —ngq71 + i@Aq+1 , (3.7)
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which obeys the Bianchi identity

10 .
d(ﬁ) = —igGyyi2, (3.8)

and the spatiality condition iguy = 0. In order for this phase to possess a non-trivial
(2q + 1)-form sector, we need an invariant that contains Bog2, so that the action is capable
of reproducing a Jag42 current. Unfortunately, without introducing spontaneous symmetry
breaking in the U(1)(2¢t1) sector, the best we can do is work in sub-critical dimensions
d = 2q + 2, where we can construct an expression that is invariant up to a total derivative.
The action takes the generic form

SE:/Z*p(THU’Q)_'_Q(Qqul)/ZleH-Ia (3.9)

where P is a function of T’ and fiq. For instance, we can write down a quadratic term in
the effective action via *P = %X g N *ptg, where x is the U(l)(q) susceptibility. Above, we
have also defined the spatial top-form

1 . .
f¢2q+1 = lﬂBQq+2 + 2K d(,oq,1 VAN Aq—i—l,Z —K ZgAq+1 /\Aq+1,2 —K d(TU) ANpg—1 N\ d(pq,1 , (3.10)

where we have used the notation (3.5) for the spatial part of differential forms. The trans-
formation of o1 is

1
wamﬁ-l = iﬁdqu.H + 2k dpg_1 A qu + md(Tu A iﬁAq) ANdpg—1+ kK d(Tu A goq_l) A diﬁAq

= d( — iﬁqu_H + Kpg—1 A (qu)E + HAQ,E N dgoq_l) , (3.11)

resulting in a boundary term in the action.®

Drawing inspiration from the zero temperature case, we may introduce a non-dynamical
Stueckelberg field ¢, transforming in the same way as the term inside the differential in
eq. (3.11), allowing us to replace 12,41 with an exact invariant pgg+1 = ¥2q+1 — T'dpaq. In
fact, in higher dimensions, ¢2, and 2441 are precisely the higher-rank temporal Goldstone
field and chemical potential respectively, that we will encounter in section 3.2.3. We can
then recast the action eq. (3.9) as

Sp = /E #P(T, [ig, fizgs1) (3.12)

where P = P + Q(2¢+1)*H24+1- Note that the dependence on ¢y, is a total-derivative and
identically drops out form the integral. In what follows, we compute the configuration
equations and constitutive relations arising from the action in (3.12) in d = 2¢g + 2 spacetime
dimensions, with a strictly linear coupling of pi24+1, while the dependence on p is left arbitrary.

8Note that f): TdX = — fM TundX = fM d(TuNX) — fM d(Tu) A X for any (d — 2)-rank form X. Given
that X is purely spatial, the last term vanishes in equilibrium because d(Tu) A X = —Tu A igd(Tu) AN X =
—TuA £5(Tu) AN X =0 when p* is a Killing vector.
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The function P in the action (3.12) can be identified as the thermodynamic pressure of
the fluid. Its variation with respect to the thermodynamic variables can be used to define

other thermodynamic quantities as”

1
0P = 50T + ng - Opug + Nogt1 - Opizq+1 — irwj(syw/ )
€ =Ts+ g - g + fiags1 - n2gr1 — P, (3.13)

where ngg+1 = Q2q41)*%1. Here s is the entropy density, n, the g-form density, ngg11 the
(2q + 1)-form density, r*” the anisotropic stress tensor, and e the energy density. The r*
contribution is required because P is a scalar, and is fixed by local Lorentz invariance to be

1 1
uy o “w vp... n vp...
= (q — 1)' (nq) p(:uq) + (2q)| (n2q+1) p..‘(:u2q+1) ) (314)
together with the constraint #** = 0. Varying the equilibrium effective action with respect
to the higher-form background gauge fields, we find the higher-form currents

Jor1 = uAng = (=)"26%(ug A ¥n2g41)
Jog+2 = u A ngg41 - (3.15)

The second term in J,41 is a purely higher-group effect, stemming directly from the (2¢ + 2)-
group conservation laws where the g-form charge is sourced by the (2¢ + 1)-form charge.
At non-zero ¢-form chemical potential and (2¢ + 1)-form density, this term survives even
when the background fields vanish. The same effect was observed in [15] for the 2-group. In
sub-critical dimensions, it is simply —2rQ (2442)*H4, but the more general form will be helpful
later in section 3.2.3. In the context of supergravity, such purely higher-group contributions
are typically visible in the asymptotic expansion of the higher-form currents computed from
a given brane solution, whenever the associated higher-group structure is non-trivial. As an
explicit example, for ¢ = 2, the second term in J3 is identified as a magnetic contribution
originating from the fluxes of the M2-M5 bound state, see section 3.3.
The energy-momentum tensor for this phase reads

TH = (e + P)utu” + Pgh’ — i 4 20(y?) | (3.16)
where we have identified the 1-form heat-flux contribution
KU = —K g N fig N *Nog 1 (3.17)

which is also characteristic of the higher-group structure in thermal equilibrium. This
contribution is also responsible for violating the Landau frame condition at ideal order, i.e.
THu, # —eut, where we recall that the fluid velocity is aligned along the equilibrium thermal
vector f# = 61’ /Ty. Finally, the temporal Goldstone ¢, obeys the configuration equation

dxng = 2k (Gq+2,2 +d(Tw) A l;?) A *N2g41 - (3.18)

It is straightforward to check that the above configuration equation combined with the
constitutive relations reproduces the (2¢ + 2)-group conservation laws.

9We use the “dot-product” notation for two p-forms A and B as A- B = %A“”'BM....
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3.2.2 C-U phase (sub-critical dimensions)

We now consider the C-U phase where the U(l)(Q) symmetry is completely spontaneously
broken, while the U(1)(2¢+1) symmetry still remains unbroken. This means that we have
access to the full Goldstone ¢, with transformation d¢, = —A,. We have set the Goldstone
charge c4 = 1 for simplicity. The temporal Goldstone ¢,_1 is related to ¢4 via @1 = igdy.
We can use this to define the chemical potential ;1, which is the same as in eq. (3.7). Note
the simple relation between g-form chemical potential and (g + 1)-form field strength

vpFyp1 = % (3.19)

For the record, let us also write down the spatial components of the respective Bianchi identity

iy = (—)d(Tu) A % + (—)Gyyax, (3.20)

where p = d — 2 — ¢ and we have defined n, = *F41. Together with eq. (3.8), this gives
rise to the full Bianchi identity (2.13). The introduction of the invariant thermodynamic
variable 71, is motivated from the fact that the Bianchi identities can themselves be interpreted
as emergent higher-form conservation laws. From this perspective, which is elaborated in
section 4, 7, becomes a conserved p-form density in its own right. As in section 3.2.1, the
only quantity at our disposal on which the action can depend containing the background
field Bog2 is Y241 defined in eq. (3.10). However, Yag+1 is only symmetry-invariant up to a
total-derivative term, forcing us to sub-critical dimensions d = 2¢ + 2 and a linear to 19441
analogous to eq. (3.9). What distinguishes this phase from its T-U counterpart is the fact
that the equilibrium action can now also depend on the spatial components of F, ;. For
example, we may write down a term in the equilibrium action — [, % fFy1 N *Fypq. More
generally, the equilibrium effective action for this phase takes the form

Sg = /E*p(T7 Hgs Tp) + Q2g+2) /Ew2q+1- (3.21)

Following our discussion in section 3.2.1, we can make our life simpler by introducing a
non-dynamical Stueckelberg field (9, used to define the invariant chemical potential f12441,
enabling us to recast the action as

SE = /E *P(Ta Mg H2q+1, ﬁp) ) (322)

where the thermodynamic pressure is defined as P = P+ Q(2¢+1)*H2¢+1- The thermodynamic
relations in this phase are given as

N N 1
OP = 50T +ng - Otg + Noge1 - Oftag1 — *flp - 0%7y, — 57"‘“’(59,“, ,
€ =Ts+ g - ng + pig+1 - n2g+1 — P, (3:23)

where ngg+1 = Q(2¢4+1)*1 and the anisotropic stress tensor is given by

1
= ()", ()" 4 57 (n2g+1)", (2g4+1)""

(29)!
- *(*np>up...(*ﬂp>upm- (3.24)
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This variation introduces a new thermodynamic quantity *fi, which can be identified as
the dissipationless equilibrium U(l)(q) superflow. To wit, varying the general equilibrium
action, we obtain the higher-form currents

Jgr1 = u A ng — (=) xfip — (=) 26 % (g A *n2g11)

Jog+2 = u A nggi1 - (3.25)

The energy-momentum tensor takes the same form as eq. (3.16), except that the presence
of 7, results in a new term inside the heat-flux contribution, namely

*U = — g N\ flp — K fig N fig N\ *N2g41 - (3.26)

The configuration equations for the temporal and spatial components of the Goldstone
field ¢, are given as

dsng = d(Tuw) A %{) + 2K (Gq+2,g +d(Tu) A /;:1) A *N2g41
fp

d= =0. 3.27
T (3.27)

Note that the configuration equation for the temporal Goldstone has changed compared to
eq. (3.18) in the T-U phase because of fi,.

3.2.3 T-T phase

We now turn to the T-T phase for which the temporal part of the U(l)(z‘”l) symmetry
is spontaneously broken in d > 2¢ 4+ 2 dimensions. To this end, we introduce a (2¢)-form
temporal Goldstone field o4, satisfying igypaq = 0, with transformation law

(5(,02(1 = —iﬁAQq_H +REYg1 A (qu)E + HAq,E A dcpq_l , (3.28)

where the right-hand side is precisely the quantity inside the differential in eq. (3.11). Observe
that, due to the higher-group structure, this transformation rule contains additional terms
compared to the simple transformation rule of ¢, in eq. (3.6).19 Using (3.28), we can
define the invariant (2¢ + 1)-form chemical potential

,UJ2q+1

T = 1gBagi2 — dpag

+2kdpg—1 N Agriy — KigAgri N Agris — £d(Tu) A pg—1 Adpg—1, (3.30)

satisfying the Bianchi identity

H2g+1 . I o
d( ;f ) = —Z5G2q+3 — K (2Gq+272 + d(TU) A T?) VAN ?q R (3.31)

"Had we used the background gauge transformations in the form of eq. (2.5), with the higher-rank gauge
parameter Aogy1 = Agg1 + K Ag A Ag+1 we would instead define the temporal-Goldstone @aq = w2q — Kk @q—1 A
Ag+1,= with the following transformation law
Hq
T

This is the (2q + 2)-group analogue of the transformation introduced in [15] for a 2-group. However, note that

8Pog = —ighogi1 — K Ags A (3.29)

this transformation depends on the background field A,41 implicitly via pg.
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and the spatiality condition igp24+1 = 0. In parallel to the zero temperature (and in principle
time-dependent) case, we observe the necessity of introducing the U(l)(Q) temporal Goldstone
g—1 in order to define the invariant U(l)(ZqH) chemical potential ji2441. This points towards
the fact that in order to spontaneously break the temporal part of the U(l)(2q+1) symmetry,
we need to spontaneously break the temporal part of the U(l)(‘J) symmetry as well.

The effective action for the T-T phase is written in the same way as in eq. (3.12), but
with arbitrary non-linear dependence on the higher-rank chemical potential pioq41. As an
example, at quadratic level, we may write down *P = %X,uq N * g + %X’ f2g+1 A *pi2g+1. The
remainder of the discussion for constitutive relations is exactly the same as in the T-U phase
following eq. (3.13), but with general higher-rank density naq41. The configuration equation
for the temporal Goldstone g, is simply

d*n2q+1 = 0, (332)

which used to be trivial in the T-U phase, while the configuration equation for the temporal-
Goldstone @41 is still given by eq. (3.18).

3.2.4 C-T phase

The C-T phase features complete spontaneous breaking in the U(l)(q) sector and temporal
spontaneous breaking in the U(l)(QqH) sector in dimensions d > 2¢q + 2, introducing the
full Goldstone ¢, and the temporal Goldstone ¢9,. Reversing this logic, namely temporally
spontaneously breaking the U(l)(q) symmetry and completely spontaneously breaking the
U(l)(2q+1) symmetry, is forbidden by the higher-group structure because the residual symmetry
generators do not form a proper subgroup of the (2g + 2)-group. The general effective action
for the C-T phase is still given by eq. (3.21), but with a general, not necessarily linear
dependence on pgg41. For example, one can write down the action

/

*P = %Mq N *pg — quH AxFgpr + XE/@qul A *[12g+1 - (3.33)

The remainder of the discussion for constitutive relations is exactly the same as in the C-U
phase following eq. (3.23), but with general higher-rank density no4+1. The configuration
equations for the temporal and spatial components of ¢, are still given by eq. (3.27), while
that for the temporal-Goldstone 9, is simply given by eq. (3.32).

3.2.5 C-C phase

We now turn to the final phase for which the U(1)(2¢+1) symmetry is completely-spontaneously
broken in dimensions d > 2q + 2, meaning that we bring in the full Goldstone ®2,,1 with
transformation laws (2.14). We choose also here the normalization ¢ = 1. In order to
write an invariant field strength for this field, as we already witnessed in our analysis at
zero temperature, we need to completely spontaneously break the U(l)(q) symmetry as well.
Since complete spontaneous breaking by definition includes partial spontaneous breaking,
this phase features the most general symmetry breaking pattern that we will encounter in
this paper. The temporal Goldstone g, can be obtained in terms of ®2,41 as

aq = igPagr1 — Kpg—1 A (dgg)s, (3.34)
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defined to be purely spatial, transforming as eq. (3.28). In this phase we have at our disposal
the full field strength Foqyo defined eq. (2.15), which satisfies the relation

. 2q+1
igFagt2 = M2t | o Ha

T T A Fq+1’2 . (335)

The spatial components of the associated Bianchi identity is given as

ity g1 = —Gagras — d(Tu) A % — (=) (GMZ +d(Tu) A ’”1‘3) Axity,  (3.36)

where 7,41 = —*Faq42. This together with eq. (3.31) gives rise to the full Bianchi
identity (2.16). To be explicit, we can write down for instance the following quadratic
action in the C-C phase

/ ' f!
Sg = /E %Mq N *phg — §Fq+1 NxFgi1 + X?NZqul N *p2g41 — 5-7:2q+2 A *Faqia. (3.37)
d—1

In particular, the effective action can now depend on the additional quantity n,_—1 =
—*Foq4+2. More generally, however, the effective action takes the form

Se :/E*P(quﬂ2q+laﬁp7ﬁp—q—l)~ (3.38)

We should emphasize that there is no equivalent of this phase in sub-critical dimensions
d = 2q + 2, simply because Fa,42 is a spacetime top-form and its spatial Hodge-dual *Foq2
is identically zero.

The thermodynamics in the C-C phase takes the general form

_ _ _ _ 1w
0P =0T + ng - Optg + nogr1 - Oftag1 — *flp - 0%y — *fip_g—1 - O%Mp_q—1 — 57‘" O0Guv

€ =Ts+ g - ng + pags1 - n2gt1 — P, (3.39)

where the anisotropic stress tensor reads

= (q_ll)!(nqwﬂu-(”q)ypm + (;q)!(”2q+1)“p...(M2q+1)Vp"'
- ;(*np)#p.‘.(*ﬂp)ypm - (2ql+1)!(*ﬁp—q—l)up..‘(*ﬂp—q—1)yp”' _ (3.40)

Varying the effective action, we are led to the higher-form currents

Jgr1 = uAng = (=1)Hfip — (=1)25 %(ug A #n2g11) + 55 (47 A flp—g-1)
j2q+2 =uAnggr1 + *flp_g—1. (3.41)

The energy-momentum tensor still takes the same form as eq. (3.16), except that the full
heat-flux contribution is given as

KU = —fig A iy — K g A fig A *1g41 + foga1 A flp—g—1 + K(—=1) g A%ty A flp_go1 . (3.42)
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The configuration equations for the temporal and spatial parts of the Goldstone fields ¢,

and ®o,41 are given as
_ fp Hq d _ o Hp—g-1
d*nq—d(Tu)/\?—i—Za Ggiax —i—d(Tu)/\? A*nggr1 —kK(—1) d(Tu)/\*np/\T,

d% =—kK (Gq+272 +d(Tu) A 'uq> AHp—aL ,

T T
dsnggr1 =d(Tu) A % ,
,ap—q—l
d———=0. 3.43
s (343)

One can verify that the constitutive relations along with the configurations equations are
consistent with the (2q + 2)-group conservation laws for this phase as well.

3.3 Self-dual limit and the thermal M5 brane

Given the exposition of phases with (2¢ + 2)-group symmetry at finite temperature in
section 3.2, we now analyze the M5 brane at finite temperature, from the perspective of the
underlying 6-group symmetry. As we have discussed at length in section 2.3, the U(l)(2)
part of the 6-group symmetry on the M5 brane is spontaneously broken at zero temperature,
giving rise to the 2-form field ¢ living on its worldvolume, while the dimensionality of the
brane is sub-critical with respect to the U(l)(5) part and thus it cannot be spontaneously
broken. The only subtlety is that the field strength Fj3 associated with the Goldstone ¢o
is required to be self-dual on account of supersymmetry. While we were able to construct
a zero-temperature effective action for the bosonic M5 brane consistent with self-duality
in section 2.3, we were unable to provide a symmetry perspective that may directly yield
the self-duality constraint either offshell or onshell. Interestingly, this situation is not as
complicated at finite temperature.

Let us start with the C-U in phase in sub-critical dimensions discussed in section 3.2.2,
where the U(1)(@ symmetry is completely-spontaneously broken and the U(1)2¢+1) symmetry
is unbroken, giving rise to the g-form Goldstone ¢, with the temporal-Goldstone p,—1 = ig@y.
Naively, this is the phase that applies to the M5 brane for ¢ = 2, with the added self-duality
constraint. The non-linear self-duality condition is given in eq. (2.27). Plugging in the C-U
phase constitutive relations from eq. (3.25) in sub-critical dimensions d = 2¢q + 2, i.e. p = g,
the time and space components of this equation are given as

1 1 0SE

iy ——— n, — fy=——— S°F , (3.44a)
P 26Qg41) ! P 26Qg41) O1g T iz i1
S
fip =0 —  0=E . (3.44b)
5np T, pq p2q+1

In particular, note that by switching off the dependence on 7, the C-U phase equilibrium
action in eq. (3.22) reduces to that of the T-U phase in eq. (3.12). In other words, the (2g+2)-
group C-U phase with self-duality is effectively described by the T-U at finite temperature,
where the U(1)(@ part of the (2¢ + 2)-group symmetry is only spontaneously broken along
the time-direction. For our case of interest, this means that the bosonic M5 brane at finite
temperature is actually described by the T-U phase.
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The temporal spontaneous symmetry breaking patter in the T-U phase automatically
takes care of the self-duality constraint. Using the action (3.9) in the non-trivial part of
the self-duality condition eq. (3.44a), we can find

1 * 5*ﬁ(T7ﬂq)
2rQ(24+1) Opq

Since the right-hand side of the first equation only depends on the “electric components

*Fyiq = ) , tuFyr1 = g - (3.45)

2

tuFy+1 and not on the “magnetic components” *Fj 1, this equation can effectively be seen
as defining the magnetic components of F,;1 in terms of the electric components. Every
T-U phase effective action of the form in eq. (3.9) describes a self-dual theory, without
the need for imposing additional constraints. The reason for this conceptual simplification
can be traced back to the broken Lorentz invariance at finite temperature. The primary
complication while writing down self-dual effective actions at zero temperature arises from
simultaneously requiring manifest Lorentz-invariance. This fact was exploited in [35], where
the authors constructed a zero temperature effective action for the bosonic M5 brane by
giving up manifest Lorentz-invariance. Nonetheless, the authors illustrated that the equations
of motion arising from this effective action were indeed Lorentz invariant. By contrast,
Lorentz invariance at finite temperature is broken by the thermal frame of reference or the
fluid velocity, circumventing the entire issue.

To summarize, the bosonic M5 brane at finite temperature is described by the T-U phase

6-group invariant equilibrium effective action

Sg = /Z *P(T, Mz) + Q(5) /2/1,5, (346)

obtained from eq. (3.9) by setting ¢ = 2. For completeness, let us write also here the

definitions of the chemical potentials pus and ps, i.e.

% = _d(Pl + iﬁA?)a
1 1
% = —d<p4 + igBG — dSDl A Ag’z + §i5A3 A Ag;} + id(Tu) N1 A d(pl , (3.47)

where we have set kK = —1/2 specific to the M5 brane. Note that the definition of us contains
a contribution from the Stueckelberg field ¢4 to make it manifestly gauge-invariant, but
it trivially drops out from the effective action as a boundary term. The full field strength
F,41 is defined in terms of these as

-1 6« P(T, pi2)
Q(5) Op2

which identically gives rise the self-duality condition that fixes the magnetic components

*Fy = > , L F3 = g, (3.48)

xF3 in terms of the electric components ¢, F3. In particular, neither the finite temperature
effective action (3.46) nor the associated self-duality relation (3.48) are Lorentz-invariant.
We also record the constitutive relations specific to the thermal M5 brane, i.e.
J3 =uAng + Q)*xuz,
Js = Q(5)u A x1,
TH = (e 4+ P)utu’ + Pg"” — n2, 1" 4+ Qsy* (2 A pi2) ) | (3.49)

— 27 —



taken directly from section 3.2.1 for ¢ = 2. The thermodynamic relations are given as

N 1 1
0P = 50T + 571’2“/5#2#,, — inQ“p u;pégw ,

1 N
e=Ts+ §u2uyn§w —P. (3.50)

These results can be compared with the work of [37], where the authors derived the
equation of state for thermal M5 branes arising from 11d supergravity.!! The authors focused

on M2 brane configurations for which the 2-form chemical potential is parametrized as
Mo = (I’(Q)*(U Aw A Z) 5 (351)

where @, is a scalar (not to be confused with our Goldstone field) and v#, w#, z# are
mutually orthogonal normalized spatial vectors. This immediately identifies the purely higher-
group contribution in (3.15) as the magnetic part of the 3-form (asymptotic) current that the
M2-Mb5 bound state possesses, which is due to the integrated 4-form flux of the solution over
an ST enclosing the directions of the worldvolume transverse to the M2 brane charge. Note,
however, that this parametrisation of us is non-generic; in particular, it implies ps A o = 0
and tr(p3") = 2'7"tr(p3)". This sets the Q5)-dependent vector heat-flux contribution in
the energy-momentum tensor in eq. (3.49) to zero. Another simplification that happens
because of this is that the equation of state P(T, w2) = p(T, <I>(2)) only depends on ®(5) and
not on the full uz, implying that ny = Q)*(v A w A 2) where Qo) = 9p/9® ). With these
identifications in place, one can verify that the constitutive relations (3.49) exactly match
with those derived in [37], with the equation of state given as

1 1+ 3(tanh? o — <I>(22)) cosh? a

® 340 cosh? v, /tanh? o — @%2)
where the parameter « is determined via
Q(5) cosh 30 3 \3
( 47TT) , (3.53)

1/t.sunh2 o — @%2) 167Gy

with Q4 = 47%/3 denoting the volume of a unit 4-sphere and Gy the 11d Newton’s constant.
Note that because of the simple parametrisation of uy, the analysis in [37] cannot account
for more general dependence of the equation of state on non-linear scalars of the kind
tr(ud™) — 287" tr(u3)" for n > 2, which would require one to find 11d supergravity solutions
with more non-trivial configurations of M2-M5 branes. This would be an interesting avenue

to explore in the future.

4 Dual formulation and anomalous higher-group symmetries

Many physical systems with spontaneously broken continuous global symmetries admit dual
descriptions in terms of higher-form symmetries, where the Bianchi identities associated

See also [38-41] for earlier work on thermal M5 branes.
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with the Goldstone fields are interpreted as higher-form conservation laws in their own
right. The best explored examples of these dualities are: viscoelastic hydrodynamics with
spontaneously broken translation symmetry recast in terms of (d — 1)-copies of U(1)(¢=1
symmetries [42, 43]; ¢-form superfluids with spontaneously broken U(l)(q) global symmetry
in terms of U(1)@ x U(1){@1-9 anomalous symmetry [7, 12, 44]; and free U(1)(9) gauge
theory, including free electromagnetism for ¢ = 0, in terms of U(1)l+D) x U(1)(d-2-9)
anomalous symmetry [2]; magnetohydrodynamics in terms of U(1)(") symmetry [3, 6, 45].
The dual formulation makes all the global symmetries of the system transparent in a model-
independent manner and allow us to construct an effective field theories without the knowledge
of the underlying field content, such as Goldstone fields and dynamical gauge fields in the
examples above.

In the context of this work, a system with spontaneously broken U(1)@ x, U(1)(2a+1)
global symmetry admits a dual description in terms of an anomalous extended higher-
group symmetry involving four higher-form symmetries. In detail, we can identify the dual
higher-form currents

Jp+1 = *Fq+1 )

~ R

Tp—q = *(J:2q+2 - anH A Fq+1> ) (4.1)
where p=d—2—q and k = %/{&p /ce. In terms of these, the Bianchi identities associated
with the Goldstones ¢, and ®3,41 are recast into higher-form conservation laws

dkJpr1 = (—)PegGyra,
A Jp—q = —CaGaqrs — (=)FP2k Gy A xpir (4.2)

that, together with the original higher-group conservation laws in eq. (2.10), give rise to
an extended higher-group structure

((U(1)<q> X U(1)<2q+1>) x fj(1)<pq1>> x5z U(1)®) (4.3)

This is a (2¢ + 2)-group in d < 3¢ + 3 and (p + 1)-group in d > 3¢ + 3. We have used
the “tilde” notation to distinguish the higher-form symmetries in the dual sector. In this
formulation, the Goldstone charges c, and ce appear as coefficients of mixed 't Hooft
anomalies in U(1)@ x U(1)® and U(1)@e+D) x U(1)P~2=1 sectors of the extended higher-
group respectively.

To make the extended higher-group and anomaly structure of the dual formulation
manifest, let us introduce new background gauge fields Ap+1 and Bp,q coupled to the
currents ij and jp_q via the coupling terms in the action

S ~ / (Ap-i-l + ’%Aq—ﬁ—l VAN Bp—q) A *jp+1 + Bp_q A *jp—q

~ /(_)p (Ap-&-l +RAgp1 A Bp—q) AN Fgp

~ K
- Pp—q A <‘7:2q+2 - anH A Fq+1> : (4-4)
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The action is invariant under an extended higher-group symmetry

§Ag41 = dA,,
0Bagi2 = dAggi1 — kdAg A Agir,

§A, 11 =dAy + (—)PRAA, 41 A Agy1 — RAAG A By,

0By—g=dAy_ 41, (4.5)

up to the residual anomaly terms
NS = — /(—)qC¢Gq+2 AN Ap - C¢g2q+3 VAN Ap_q_l + 2(—)pC¢fé /~\p_q_1 AN Aq-i-l VAN Gq+2 . (46)
For later use, we identify the background field strengths in the dual sector

ép+2 = dAerl - ’%Bpfq A Fao — K Agp1 A épqurl J
Op—g+1 =dBp_4. (4.7)
The anomaly obtained above can be countered using the anomaly inflow mechanism by

putting the theory on the boundary of a (d + 1)-dimensional bulk spacetime, carrying a
higher-group Chern-Simons theory with action!?

~ 1 ~
Shulk = /b N C¢Gq+2 AN Ap+1 + co (ng+3 + 5/6 Aq+1 A Gq+2) A Bp,q . (4.8)
u

We can explicitly check that the total action Siot = S + Sphuik is invariant under the complete
extended higher-group symmetry.

To identify the anomalous conservation laws associated with the extended higher-group
symmetry, let us parametrise the variation of the total action Siot as

3800 = [ 0Agss Axdysn + (OBagsa + 1 Agis AGAgs1) Axg o
+ (04ps1 + B A1 NOBy g — R0Aq1 A By ) Axdpir + 0By g A+Jpg
+ /bulk 5Agi1 A csGpyo — (0Bagya + kAgi1 A SAgi1) A coGpgit
+ (04ps1 + & Agy1 NOBy—g — R0Ag41 A Byg) AeyGyys
+0Bp—q N (=) caGagis (4.9)

where the associated conserved currents have been defined to be gauge-invariant. A con-
sequence of gauge-invariance is that the original higher-form currents J,41 and Jag42 get
improved compared to their original definitions with terms involving the “tilde” background
fields, i.e.

_ 1 _ L _
*Jq+1 ~ C¢Ap+1 + §C¢)/<L Aq+1 AN Bp—q + Q& Bp—q AN *Jp+1 ,

*j2q+2 ~ C@Bp_q . (4.10)

12The associated anomaly polynomial is simply P = cpGat2 N ép+2 — caGagt3 N\ Qp,qﬂ.
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The last term in the first line arises from the variation of the background coupling terms in
eq. (4.4), while the remaining terms arise from the boundary variation of the bulk action
in eq. (2.25). The currents follow a set of anomalous conservation laws

dxJy41 = c¢é’p+2 + 265 Ggqa N *xJog42 + 2R Qp,qﬂ A *ij ,
dxJogi2 = coGpg+1

drdpi1 = (—=)PcsGyra,

AxTp—q = —caGogis — (—)P2% Ggra A *Jpi1 (4.11)

manifesting the extended higher-group structure (4.3), with mixed anomalies ¢4 in U(l)(q) X
U()® and cg in U(1)a+D) x T(1)P=9=1) sectors.

Dual formulation in sub-critical dimensions. The situation is qualitatively different in
d = 2q 4+ 2 dimensions. As we discussed in section 2.2.2, the higher-form analogue of Mermin-
Wagner theorem forbids spontaneous breaking of U(l)(2q+1) symmetry in d = 2qg + 2,2q + 3
dimensions. Nonetheless, there can be quasi-long-range order in critical dimensions d = 2g+ 3
mediated by a massless quasi-Goldstone field ¢2441, which allows one to set up the dual
description as described above with p = ¢ + 1. However, this description is not valid for
sub-critical dimensions d = 2¢ + 2 or p = ¢q. The invariant field strength F5,42 associated
with ®9,41 is a top-form and thus the respective Bianchi identity does not give rise to a
non-trivial higher-form symmetry to set up a dual description.'3

We can set up a dual description for a theory with U(1)(@ x, U(1)24+) symmetry in
sub-critical dimensions in a phase where the U(l)(Q) part of the symmetry is spontaneously
broken. As we discussed in section 2.3, for ¢ = 2 this is the relevant framework for the
effective description of a bosonic M5 brane is supergravity. In this case, we only get a ﬁ(l)(‘J)
symmetry in the dual sector arising from the Bianchi identity associated with ¢,. To probe
the extended higher-group structure, let us modify the action in eq. (2.22) by coupling it
to the dual gauge field fqu as

A K ~
S = S[Fq+1] + Q(2q+1) /ng+2 + gAq_A,_l A Fq+1 + /Aq+1 A Fq+1 5 (412)

and couple it to a (d + 1)-dimensional bulk anomaly inflow action featuring pure and mixed
anomalies

St = [ | CAgis N Gysa+ (65 = mxQagsn)) Agit A Gapa

Here we have introduced two new free parameters C' and kx whose relevance will be clear
momentarily. The action is designed so as to be invariant under a generic (2q + 2)-group
symmetry structure involving two ¢-form symmetries and a (2¢ + 1)-form symmetry i.e.

5Ag = dAy,
§A 1 = dA,,
C ~
(5ng+2 = dA2q+1 — <I€ — > qu A Aq+1 — Kx qu A Aq+1 , (4.13)
Q2¢+1)

3The respective dual current Jo defined via eq. (4.1) would be a 0-form and might be interpreted as
associated with a “(—1)-form symmetry”; see e.g. [46-48]. However, we do not investigate this perspective in
this work.
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with the structure constants x and k«. In principle, we could also introduce a structure
constant analogous to k in the ﬁ(l)(q) sector by including a term proportional to d/NXq A flqﬂ
in the transformation rule of By,12. However, we can always linearly redefine the U(l)(q)
and U(1)(9 symmetries to remove this. Similarly, a term like dA, A Agy1 — d]Xq N Agq1 can
be removed by redefining Byg42 with a term proportional to Ag11 A Aq_i'_l. The variation
of the total action Siot = S + Spuk can be parameterized as

6St0t = /5Aq+1 A *Jq+1 + (5Aq+1 A *jq+1

C -
+ <6BQQ+2 + (Fc — ) Aq+1 VAN (5Aq+1 + /ﬁJXAq_H A (5Aq+1> A *j2q+2
Q(2¢+1)

+ [ A A (2C Fyra + CxFyyn) + 6401 A CuGapa, (4.14)

defined in a way that all the currents are gauge-invariant. The associated anomalous
conservation equations are given as

d*Jq_;,_l = C¢éq+2 + QKQ(Qqul)GqJ,_Q 5
dxJy41 = cGora (4.15)

together with a trivial conservation equation dxJ2q4+2 = 0 due to xJaq42 = Q(zq +1)-

As we highlighted in section 2.2.2, the U(1)(@ x, U(1)(24+1) higher-group structure is
quite trivial in sub-critical dimensions and can effectively be viewed as an anomaly in the
U(1)@ symmetry. The same applies in the dual description as well. Note that the free
parameters C' and kyx do not appear in the conservation equations and can be tuned freely
to arrive at different interpretations. By choosing C' = £Q(2411) and £x = 0, the theory
can be viewed as admitting a pure U(1)(9 anomaly #£Q(24+1) and a mixed U(1)@ x U(1)@
anomaly ¢, without any higher-group structure. On the other hand, by tuning C' = 0 and
Kx = c¢/Q(2q+1), the theory can be viewed as realizing a non-anomalous (2¢ + 2)-group
symmetry with structure constants x and cg/ Q(2¢+1)- This latter perspective is sensible in
an embedding scenario, as is the case for an M5 brane, when the theory under consideration
lives on a (2¢ + 2)-dimensional worldsheet propagating in higher dimensions. More discussion
along these lines is presented in section 2.2.3.

Inspecting eq. (4.15), we also note that we can describe a Goldstone ¢, with (anti-)self-
dual field strength by simply aligning the two currents, i.e.

~ Cd)

Jog=—2 g1, 4.16
T Qg (4.16)

This causes the two conservation equations in eq. (4.15) to coincide when the dual background
field strength G 4o is turned off. Recall our previous discussion of (anti-)self-dual limit
around eq. (2.27). In some ways, the dual description is more natural to talk about (anti-
)self-duality because it treats the Bianchi identity and the higher-form conservation equation
democratically from the get-go. To this end, one might guess that there is a formulation of
self-dual field theories where we impose a (g + 1)-form diagonal-shift symmetry between the
two background gauge fields 64,11 = Agy1, (5flq+1 = —26Q(2+1)/C¢ Ag+1, causing the two
operators Jyy1 and Jg41 to align. We will leave this thought with the reader to ponder over.
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As a final comment, we note that the notations for “tilde” quantities 7, 7,—4—1 and
fip, fip—g—1 in section 3.2 are motivated from the dual formulation, and are nothing but the
thermodynamic densities and the associated chemical potentials respectively corresponding to
the dual symmetries U(1)®), U(1)P=9=1). This is made evident by the Bianchi identities in
eqgs. (3.8), (3.20), (3.31) and (3.36) that take a similar form as the configuration equations (3.43)
arising from the conservation laws. In fact, the equilibrium effective actions written in
section 3.2 are in the grand-canonical ensemble with respect to the symmetries U(l)(Q),
U(1)@a+D but canonical ensemble with respect to the dual symmetries U(1)®), U(1)P~a-1),
By appropriately introducing the dual background gauge fields Ap+1, Bp,q in section 3.2,
we can also write down dual equilibrium effective actions that are in the grand-canonical
ensemble with respect to all the symmetries, though one needs to be careful about the mixed
anomalies. The analogous discussion for anomalous higher-form symmetries appears in [12];
the extension to higher-group symmetries is straightforward and is left for the future.

5 Outlook

In this work we have considered effective field theories invariant under a (2¢q + 2)-group
symmetry, involving a g-form symmetry U(1)@ and a (2¢ + 1)-form symmetry U(1)2¢+D),
emphasizing on their application to supergravity. We have studied different spontaneous
symmetry breaking patterns that these theories can exhibit at zero and finite temperature,
incorporating temporal and complete spontaneous breaking of higher-form symmetries at
finite temperature. In particular, we have explored the idea that the bosonic field content on
the Mb brane can be understood as arising from spontaneous breaking of global translations
and 6-group symmetries. This resulted in a formulation of the theory defined on the M5
worldvolume as a 6-group invariant theory, opening the door for a complete interpretation
of the M5 brane action purely in terms of global symmetries.

The treatment of the M5 brane that was presented here is a first step towards under-
standing the bosonic sector of the theories on other string theory solitons as particular cases
of Goldstone theories invariant under some higher-group symmetry. For instance, in order to
broaden the analysis presented here as to include the D1 string, D3, D5/NS5 and D7 branes
of type IIB supergravity, and all permitted bound states formed by them, the starting point
is a close inspection of the type IIB modified conservation laws

d*jQ =0,
dxJy = —Hz A xJy — F5 A %jg ,
d*J4 = F3 /\*jﬁ - H3 /\*\.767

d*j(; = 0,
dxJs = H3z N T3,
dxJs = 0. (5.1)

Here, the electric current jo sources the NS-NS field strength Hs, while Jo, Jy are electric
currents sourcing the R-R field strengths F3, Fs. Moreover, the magnetic currents jg, Jgs, Js
modify the Bianchi identities for the field strengths Hs, F3, F, respectively.'* When viewed

“For more details, see [18].
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as a whole, the above equations form a rather intriguing 8-group with multiple structure
constants. To each non-trivial type IIB D/NS-brane theory there is an associated subset of
the equations in (5.1), which essentially defines the continuous higher-group for each such
theory. A similar analysis can be performed for type IIA supergravity. The experience
with the M5 brane leaves us optimistic that this line of thinking can be extended to the
fully supersymmetric case as well by appropriately generalizing the notion of a higher-group
to include fermionic symmetries. We leave the exploration of this important research line
for the future.

The self-duality of the 2-form Goldstone ¢, as mentioned in section 2.3, raises obstructions
to the formulation of the M5 brane action. Proposals to deal with this problem require
abandoning the manifest worldvolume covariance [35] or introducing additional auxiliary
fields [36]. In this paper, by invoking the 6-group symmetry, and then following an approach
in the spirit of [20], we formulated an effective action for the M5 brane that is compatible with
a nonlinear self-duality constraint. However, the approach presented in this paper does not
provide a symmetry-based perspective to construct actions consistent with self-duality directly.
In particular, the self-duality constraint implies that the 2-form conservation equation and
the Bianchi identity are equivalent, leading to a single 2-form conservation law without an
associated Bianchi identity. Correspondingly, the electric and magnetic components of the
3-form field strength F3 become interdependent, giving rise to a single 2-form dynamical
density. At finite temperature this setup precisely gives rise to the T-U phase, allowing
us to write down an equilibrium effective action that is by construction consistent with
the self-duality requirement. But it is currently unclear how to extend this understanding
to the zero temperature effective action. Another possible avenue of exploration in this
direction is based on the dual formulation discussed in section 4, which treats the 2-form
conservation equation and the associated Bianchi identity, which can also be recast as a
2-form conservation, on the same footing. In this context, one could imagine imposing a
diagonal 3-form global shift symmetry between the associated background gauge fields As
and /13, forcing the associated operators J3 and j3 = xF3 to align. It would be interesting
to explore these ideas in more detail.

From the point of view of the low-energy description, the work carried out in this
paper is an important step towards a complete classification of theories belonging to the
hydrodynamic sector of supergravities. In this work, we have restricted ourselves to various
higher-group phases in thermal equilibrium. An immediate step forward will be to formulate
theories of higher-group hydrodynamics applicable to these phases, allowing us to describe
non-equilibrium fluctuations. One may go beyond the ideal order analysis presented here and
consider higher-derivative corrections, including dissipative corrections, to the higher-group
constitutive relations. Returning to supergravity, such developments can be useful to better
understand the dynamics and stability of thermal states and their dual (extremal) black
brane configurations that break a certain number of supersymmetries [37, 49, 50]. One
may also hope to be able to construct effective actions for thermal brane configurations in
supergravity using the framework of Schwinger-Keldysh effective field theory [51-60] that
inherently implement the self-duality requirement similar to the equilibrium thermal effective
actions presented in this work. We plan to return to these ideas in a future publication.
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