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1 Introduction and summary

Despite the long history of studying perturbative higher-derivative corrections to the
ten-dimensional effective actions [1, 2], understanding their complete structure, notably
non-linear completions arising form higher-point functions, remains a key challenge for string
theory. While recent years were marked by conceptual and computational breakthroughs
in our ability to compute string amplitudes, a unifying approach or a guiding principle
towards completing the effective action at higher order in the o/ and loop expansion has
not emerged yet. The main outstanding issue is the construction of local effective actions
reproducing the precise amplitude, where a plethora of kinematical structures, intricate
pole-subtraction procedures and field redefinitions complicate any bootstrapping attempt.

In the NSNS sector, a partial set of quintic and some sextic higher-derivative terms in
the Type II effective action have been identified [3-5]. For the Type IIB effective actions,
the authors of [6, 7] completed the quartic couplings for all fields but the four-form tensor
field with anti-self-dual tensor field strength F5. In the absence of the dilaton and the
complex 3-form on the Type IIB side, the full action has been determined in [8, 9]. Here, the
supersymmetric completion of R* including the Fj field strength [8, 10, 11] has been inferred
from the N' = 2 superspace approach of [12]. Particularly noteworthy are applications of
these results to multi D3-brane backgrounds [8] and black-hole solutions with AdS; x S°
asymptotics in AdS/CFT [9, 13]. Recently a full completion of the NSNS-sector of the
effective action at tree level has been obtained in [14] using constraints imposed by T-duality
invariance, if not directly string theory. However, given that the choice of field basis is
rather unnatural from the point of view of tensor structures like tg or €19 appearing in string
vertex operators or superspace integrals, it is hard to make a straightforward comparison,
let alone extend the results to the RR~sector or to 1-loop order.

Up to now, these different developments have not been put together in a systematic
fashion, and no unifying approach towards completing string effective actions has been
proposed. One would hope that a proper framing of effective actions with quantum
corrections in terms of some generalised or super-geometry should emerge and eventually be
helpful in constraining if not predicting the higher-order interactions. So far, the usefulness
of connections with torsion given by the NSNS three-form Hs, Q4 = Q¢ + %H in terms of
the Levi-Civita connection 2“©, observed at the linearised level [2], has been confirmed at
the non-linear level as well [4, 5]. However it has also been shown that a simple replacement
of Q"¢ by a connection with torsion fails to capture the full kinematics of eight-derivative
terms at one-loop and especially at tree-level.

In this paper, we make progress towards developing such an approach by scrutinising
the kinematical structures discovered in [5]. We compare the results of conventional ten-
dimensional (10D) superstring amplitudes with eleven-dimensional (11D) superparticle
amplitudes compactified on a two-torus [15-17], and superspace approaches to Type I1IB
N = 2 supergravity [12]. In the effective action, we find that couplings in the maximally
U(1)-violating (MUV) sector of U(1) (or R-symmetry) charge |Qmax| = 2(P —4) at the
level of P-point amplitudes are captured by simple fundamental higher-dimensional index
structures generalising the well-known tg or ep tensors. Our results for the 10D action at



5-point level including the metric and complexified three-form flux G5 (up to VG3 terms)
can then be summarised as

_ 3 _ N\,
£ = folr. PR + 5 (fi(r. D)sGER + fa(r. )00 )

‘l‘fo(Tﬂ_') [T(Elo,tg) —tlg] ‘G3’2R3. (1.1)

The first line encodes the MUV couplings which are nicely repackaged into a single index
structure ¢y (with N = 16 + 2w for couplings of the form G3*R*~"). In comparison to [5],
this means an extraordinary simplification of the 5-point results.

We have chosen to split the non-MUYV sector in (1.1), and write separately the kine-
matical structure T'(e1,tg), which is a function of the standard tensors tg and €;p and a
factor of —t;g. The latter cannot be written in terms of tg or €9, as observed in [5] where
these terms were simply given by the expansion in the full basis of H2R? terms. Stated
differently, t15 is not directly seen in string amplitudes, given that it is not directly built
into the vertex operators. As we will see, an a posteriori justification of such a split in
the non-MUYV sector comes from the fact that the t15 piece plays an important role in
Calabi-Yau threefold reductions to four dimensions.

In Type IIB, SL(2,Z) invariance dictates that the coefficients of higher-derivative
terms are written in terms of modular forms. The appearance of the modular function fy,
the non-holomorphic Eisenstein series of weight 3/2, was first observed in [15, 18], while
other non-holomorphic modular forms f,, first appeared in [16, 19], see also [20] for a
more recent discussion. For R%, leading order D-instanton calculations [21, 22] confirmed
this result. Moreover, the amount of supersymmetry in 10D is a powerful tool to relate
various higher-derivative terms in the o expansion [23]. While linearised SUSY is powerful
enough to predict the existence of higher-derivative terms, it is incapable of explaining
either the presence of the coefficient functions f,, or the tensor structures in the non-MUV
sector. These coeflicient functions can be derived, instead, by studying their origin in M-
theory, integrating out towers of winding modes on 7 of vanishing volume, in a light-cone
worldline formalism for the 11D superparticle [15-17]. We compute such amplitudes in
11D and, besides deriving explicitly the axio-dilaton dependent coefficients, we are able
to reproduce exactly the kinematics in the MUV sector of (1.1), as expected from the
superspace approach.

Going beyond 5 points, we prove that MUV couplings (as well as a specific subset of
non-MUYV couplings) of the 3-form, the 5-form, and the metric in the effective action are
given by

4
LMYV =N Cy fulT,7) t2aGEURYTY + cc. (1.2)
w=0

in terms of numerical coefficients C), and the 6-index tensor R
R =R+iVFE; + F2 +|G3)*. (1.3)

The tensor R is tightly constrained by non-linear supersymmetry by appearing at ©%
in a (non-linear) scalar superfield. The derivation of (1.2) is based on all the three
aforementioned approaches:



o superstring amplitudes: up to 5-points, (1.2) essentially reduces to the full first and a
subset of terms in the second line of (1.1). At 6-points, [24] provides the coefficient C
from tree-level pure spinor amplitudes. Higher amplitudes are in principle available,
but determining the structure of contact terms in (1.2) is currently out of reach.

o superfields: the string kinematics is easily determined from 16-fermion integrals,
thereby making the existence of a single unifying index structure obvious. In princi-
ple, the coefficients C,, can be determined from supersymmetry/geometry following

g. [23], but we do not follow this approach here.

e superparticles: the structure of MUV amplitudes of M-theory compactified on 7 is
actually simple enough not only to reproduce (1.2) kinematically, but also to derive
the f,(7,7) alongside the C, from first principles. This proves the higher power of
this approach in determining the MUYV effective couplings at any order.

The most significant takeaway message from (1.2) is that it unifies 46 individual tensor
structures in such a way that they are kinematically captured by a single index structure toy.
Indeed, to4 is the largest structure from which all other tensors ¢ with N < 24 relevant
for this paper can be constructed upon suitable metric contractions. For a given weight w,
we find

1. w = 0: the generalised R* term corresponding to fot24R* was inferred in [8-11] in the
absence of the |G3|? term. At the level of 5-point contact terms, we found evidence for
the coupling |G3|? inside R, which is again obtained from fyto4R* upon expanding

to quadratic order in the 3-form. Given that the relative coefficients inside R are

determined by supersymmetry, we provide further contact with a supersymmetric

completion of the R* coupling in the presence of a non-trivial G background.

2. w = 1: the part f1t24G§7€3 reduces at 5 points to the second term in the first line
of (1.1). From the superfield perspective, the replacement R — R is completely justi-
fied by supersymmetry, even though there might be further higher-order contributions
in the non-MUYV sector, just as for |G3|*>R3.

3. w > 2: we utilise the 11D superparticle to predict the string coefficients of MUV
amplitudes beyond five points. The w = 2 coefficient C5 matches the predictions
of [24] at the level of six-point pure spinor amplitudes. Moreover, the higher order
coeflicients are in agreement with expectations from modular invariance of the Type
IIB superstring.

Our results are reminiscent of the MUV amplitudes computed in [24] based on the spinor
helicity formalism of [25, 26]. It was argued there that general MUV amplitudes appear
without any poles (i.e. they are contact terms), are represented by a superfield which
matches the linearised on-shell superfield of Type IIB supergravity, and violate the U(1) by
2(P —4) units of charge (see also [27-29)]).

We conclude our analysis by two basic lower-dimensional consistency checks of our
findings. When compactifying our proposed 10D action on a K3 to six dimensions, we



show how several non-trivial cancellations among the various 5-point index structures
ensure consistency with the constraints imposed by N' = (2,0) supersymmetry in 6D.
When reducing the 10D action to four dimensions on a Calabi-Yau threefold we show that
constraints on the (a)3-corrected flux scalar potential from 4D supersymmetry are also
perfectly matched. Furthermore, we derive the 4D kinetic terms for the hypermultiplet
scalars, in particular the Cy/Bs-axions, at order (o/)? at string tree and 1-loop level.

The paper is organised as follows. In section 2 we review the systematics of 8-derivative
terms in the Type IIB effective action with a particular focus on SL(2,Z)-invariance and
sixteen fermionic integrals giving rise to higher-dimensional index structures. Subsequently,
in section 3, we demonstrate that such structures play an outstanding role also for 5-point
contact terms of the form |G3|?R3, GZR3 and §§R3 . In section 4, we argue that the entire
eight-derivative action for couplings of the form G§'G5 R*~", w = (m +n)/2, in the MUV
sector (i.e. for m-n = 0) is determined by a single index structure obtained from a sixteen
fermion integral. Using supersymmetry, these terms can be partially generalised to include
also some non-MUYV couplings through replacing R — R. In section 5 we apply our proposal
for the 10D effective action to compactifications to 6D and to 4D. Finally we list a number
of open question that should hopefully be addressed in the near future in section 6. Some
technical material is collected in five appendices.

2 Type IIB supergravity and its a’-expansion

The classical 10D effective action reads in Einstein frame

1 —M |G3|2 |F5‘2 1 —
0 = _—_ —2 — — 1 / 2.1
=5, / (R PP = 5t T |0l T e [ CanGanGs (20)

in terms of the complexified fields

— Cy+ie? _ WVur SRS S R S <
T=Cy+ie”?, Py 21111(7’) , Gs (F3 TH3) .

where the p-form field strengths are defined as

1 1
Hs = dBsy, = dC,, F3; = dCy, F5:dC4—§H3/\CQ+§F3/\BQ.
(2.3)

In addition to the standard equations of motion, the 5-form flux must satisfy the self-duality
condition F5 = %1oF5.

The Type IIB fields form representations under SL(2,R) x U(1) with the first being a
global, the second being a local symmetry denoted by Qrg. The various fields have in our
convention U(1)-charges

Que(P) =+2, Qus(Gz)=+1, Qus(gmn)= Qus(fs) =0 (2.4)

with the opposite charges for the complex conjugates. The complexified scalars parametrise
the coset (or moduli) space SL(2,R)/SO(2) = SU(1,1)/U(1) [12, 30-33]. In string theory,



the U(1) subgroup of SL(2,R) rotating the two supercharges into each other does not leave
the superstring invariant: the S-duality SL(2,Z) group survives [15, 18]. Under SL(2,Z),
the axio-dilaton transforms according to

at +0b
d—bc=1. 2.5
cr+d’ “ ¢ (25)
This implies that ~
~ Gs T2
G 2.6
3_>07+d’ 2_>ICT+d\2 (26)
as well as
o +d 7 +d\?
G Gs. 2.7
7D_>c7'—i—d7)’ 3_><c7‘+d> 3 27)
More generally, a combination ® of fields with U(1)-charge Qup = 2k transforms with
weight k so that
or +d\*
P 2.8
- <c7' + d) (28)

The individual contact terms in the effective action must be invariant under these SL(2,Z)
transformations. For higher derivative terms, this highly constrains the coefficient functions
to be appropriate SL(2, Z)-covariant modular forms.

2.1 Perturbative corrections in 10D at order (a’)3

The effective action enjoys a double expansion in terms of gy (worldsheet topologies / loops
in the spacetime theory) and o’ (loops in the worldsheet theory / higher-derivative terms).
Given that o/ parametrises the way string theory deviates from a theory of point-like objects,
it is of critical importance for our understand of quantum gravity.

The low-energy description of superstrings is traditionally obtained from string scat-
tering amplitudes of massless string excitations giving rise to an effective field theory
description in the limit o/ — 0. Below, we argue that other approaches can be equally
effective by employing duality considerations to M-theory and a superspace formalism.

Throughout this paper, we focus on 8-derivative couplings where the bosonic action
can schematically be written as

S® N/*lo]l{R4+R3 (G3+1Gs +C3+ F + .. (2.9)
+ R? (\VG3\2+(VF5)2+G§+...)+R(G§+...)+(G§+!VG34+...)}.

To ensure invariance of the individual terms in (2.9) under SL(2,Z) x U(1), each of the
contact terms must be multiplied by an appropriate SL(2,Z) covariant function of opposite
charge. For our purposes, it suffices to consider the modular functions

3

Im (7)2

fuw (1,7) = Z

o R ANEET N A QuB (fu) = —2w. (2.10)
(ll,lz)#(0,0) (ll + Tlg) (ll + Tlg)

LAt higher orders in the o/ expansion, more general modular forms have to be introduced, see [24] for a
recent discussions and for further references.



These forms have special properties collected in appendix A.1 which are quintessential for our
investigations. By counting the total U(1) charge, we can determine which modular function
needs to be supplemented to each of the terms in (2.9). For instance, the uncharged term R*
is multiplied by fo which is the non-holomorphic Eisenstein series of weight 3/2 [18, 34-37].
Further constraints on the structure of (2.9) arise from supersymmetry [23, 38].

2.2 The quartic effective action

A complete assessment of string 4-point amplitudes [6, 7] leads to the quartic action?

1
£® = afo(r.7) {jo + (tgtg - 46868) {6R2 (41VPP + VG ) + 24 VPPV G2

+12R (VP (V@) + VP (VGg)Q)] + 01 <(|V7”2)2> +0 ((‘VG3|2)2> }
(2.11)

where
(«)?

“T 3o

(2.12)

For details concerning the definition of the operators O; and O, we refer the reader to [5, 7]
which can also be recovered from an effective 12D lift [39].

The well-known R* structure is defined as [2, 40, 41]

1
Jo = (tgtg - 46868) R, (2.13)

It is obtained from four closed-string scattering or directly from the worldsheet o-model.
While at the level of the 4-point amplitude only the tstgR* part in terms of the linearised
Riemann tensor Ruupa = —20),h,)|p,0] 1s non-vanishing, the additional eges piece can already
be inferred from the structure of the 4-point amplitude and directly verified by computing
the odd-odd 5-point function, cf. [4] for a summary. General covariance dictates that in the
purely gravitational sector higher-point graviton amplitudes replace the linearised Riemann
tensor R by the full Riemann tensor.

One can show by computing the r.h.s. of (2.13) explicitly that Jy can be written in
terms of the Weyl tensor Cyrvpg as [2, 42]

Jo :_}

ﬁ 4CMNPQCMNRSCPRTUCQSTU+CMNPQCMRPSCRTNUCSTQU. (214)

The fact that only the Weyl tensor appears as part of (2.13) is due to the symmetries in
the linearised scalar superfield constructed in appendix B.

*Notice that the last term in the first line of eq. (3.3) in [7] is in fact wrong due to U(1) violation, see in
particular [5] for the corrected result.



2.3 Going beyond four points

Beyond four points, the gravitational part of the action is fixed by general covariance. The
full completion including the anti-symmetric tensors and the axio-dilaton remains however
an open task. Generalised geometry provides a hint in this direction by introducing a
torsionful connection involving the Bs-field, cf. section 3.1. However, it is confirmed that
such an approach does not capture the complete string-theoretic result as verified by 1-loop
5-point [3, 43] and 6-point [4] function computations as well as more recently tree level
5-point results [5]. It is therefore desirable to introduce a new ordering principle that
incorporates ideas from supersymmetry and SL(2,Z)-invariance.
The first crucial feature that appears in the higher-point effective action is the presence
of non-U(1)-invariant terms. Indeed, for a given number of P fields, the maximal U(1)
charge satisfies the bound [24]
Qu| < 2(P—4), (2.15)

which is compatible with the fact that the quartic action (2.11) contains only
U(1)-preserving terms.

Moreover, although the tensor structures tg and €19 in (2.13), which are very natural
from the perspective of string amplitudes, seem to be appropriate representations for the
kinematics at 4 points, when one goes to higher points, more fundamental higher-dimensional
tensors, generalising tg, make their appearance in the kinematics.

The higher-derivative action can be constructed from fundamental superspace integrals
as established in the 1980s by the seminal works [12, 44-46]. We provide a review of this
approach in appendix B. The general outcome of this formalism is that the couplings in the
effective action are obtained from a single superspace integral

Famsom = / 4150(6r®e)" (er@e)™,  2n + 2m = 16. (2.16)
Here, I'®) denotes the anti-symmetric product of 3 SO(1,9) I'-matrices and
2
(er®e)” = (eriiete) (erhiiz o) (2.17)

so that t3,4om carries 3n 4+ 2m indices. The role of such index structures has previously
been discussed in [3, 6, 8, 9, 42, 47, 48], though their direct manifestation for non-trivial
G3 and V7 backgrounds in the string effective action remains largely unexplored.

Before we get to that, let us review some established aspects of the linearised superspace
approach. Interestingly, in this formalism the complete kinematics for R* is obtained from
a single elementary superspace integral

tigRY = / a'%0 [(€r":M26) (01, 5M10) Ras s - (2.18)

We find indeed that
Jo = t16R* (2.19)

which is consistent with appendix B.2 of [47]. One arrives at a similar result by studying
4-point functions of light-cone supermembrane vertex operators [49] or in the Green-Schwarz



formalism [18]. Crucially, the above result cannot be extended to the torsionful Riemann
tensor as we show in more detail in section 3.3.

The formalism of [12] already allows to infer additional non-linear couplings. In fact,
the authors of [8, 10] constructed the entire effective action at order (a’)? for vanishing G35
and V7 from a single superspace integral. To this end, one defines the 6-index tensor

> IMs M, i
RM1M2M3M4M5M6 - ; ; CM1M2M4M5 + Z8VM1FM2M3M4M5M6
1 kl Kl
+ % <FM1M2M3MFM4M5M6 - 3FM1M2M6leM4M5M3 ) (220)

associated with the ©%*term in the superfield language.® This term enters the superfield ®
at order ©% in such a way that

2 (@FM1M2M3@> (@FM4M5M6@) (ﬁM1M2M3M4M5M6 —+ .. ) (2.21)

where ... denotes further non-linear terms ~ |G3|? or ~ |P|?. This clearly implies that R
as defined in (2.20) is symmetric under the exchange (My, Ma, M3) <> (My, M5, Mg), anti-
symmetric in (M, My, M3) and (My, M5, Mg) and enjoys additional symmetries collected
in section B.2.

After having identified the non-linear piece at order ©* in (2.21), it is straightforward
to determine the contribution to the effective action. It is encoded in the integral

t247§,4 = / d'%e [(@FM1M2M3@) (@FM4M5M6@) ﬁM1M2M3M4M5M6]4 C / d'%e ¢4
(2.22)
which was explicitly computed® in [9] using the results of [42]. For instance, applying the
results of [42], we can show that®

1

54
tauR |gR: 3795

Jo - (2.23)
By expanding (2.22) to higher order in Fj, one finds schematically [9, 13]
toaRY = Jo + F2R? + (VF5)? R? + FAR? + FSR+ (VE5)* F2R + (VF)* + FS . (2.24)

The odd powers of F5 have to be absent because the action is necessarily real.

With regard to 8-derivative terms involving G3 or 7, much less is known about the
structure of the action (2.9). Partial one-loop results for terms like H2R? at the 5-point
level have been computed [3, 4, 43] with the tree-level counterparts obtained in [5]. The
authors of [51] succeeded in restricting terms of the form (V¢)2R3 through consistency with
supersymmetry in 4D which is equivalent to the earlier work [52].

3To arrive at (2.20), one uses non-linear SUSY constraints [8, 10] and applies straightforward rules for
the decomposition of I'-matrices for which we employed the Gamma software package [50]. Afterwards, one
utilises the corresponding projection operators as detailed in appendix B.2. These methods can be employed
in a similar fashion to construct the corresponding expression for |G3|? which we leave for the future.
“We refer the reader to [13] for the corrected results of [9].

®Notice that our normalisation differs from [42] where they found 3* - 22* on the r.h.s.



At tree level, the complete 8-derivative action in the NSNS-sector was inferred in [14, 53,
54] upon using constraints of T-duality and double geometry. However, the exorbitant use of
field redefinitions and the missing representation of the final result in terms of fundamental
index structures makes it virtually impossible to compare the results to the other literature
on this subject. This motivates initiating a more unifying approach.

Although RR-sector couplings can be partially inferred from NSNS-sector results
at tree and 1-loop level [5], a concise definition of manifestly SL(2,Z)-invariant quintic
vertices demands a more unifying approach. For instance, one expects further contributions
to (2.20) of the schematic for |G3|? and |P|? which would relate a subset of higher derivative
terms |G3|?™|P|*"RI=™~" to the famous R? structure by means of a single superspace
integral (2.22). We will have more to say about this in section 3.3.

3 Eight-derivative couplings at five points

Throughout this paper, we are particularly interested in the 5-point structure GZR3 together
with its variants |G3|>?R® and @gRB which can be treated in a similar fashion. These
couplings contribute e.g. to the leading order (a’)3-correction to the 4D F-term scalar
potential [52, 55, 56]. In this section we discuss them, and in general the full structure arising
at five point, according to the behavior of the various terms under the U(1) R-symmetry.

3.1 Couplings from superstring amplitudes

Up to 5-points and including only R and G3, the effective action up to quadratic® order in
the flux may be written as [5]

L (R, Gg,ég) = LR(Q+)4 + £|G3\2R3 + £G§R3+c.c. + LoP-odd (3.1)
where
1 7 8 . .
LiGs12rs = fo {_2t8t8’G3’2R3 - ﬁ6969\G3\2R3 +2-4 Zdi’G?)‘le} : (3.2)
=1
3 1 LI
£G§R3+c.c. = af1 {4t8t8G§R3 - E6969G§R3 —3-4! Zl d,GgQ } +c.c., (33)
Lopoaa =32 2'a {Gy A (foX7 (2,Gs) + f1X7 (2, Gy)) + c.c. | (3.4)
in terms of {11 1
(dla-'wdS) :4(17_4707371747_27 8) : (35)

6The NSNS-sector couplings H3(V H3)?R have been completely specified at 1-loop where, in addition to
the piece coming from expanding R(€24)?, one finds an additional contribution 4/9 egeg H3(V H3)?R. The
tree-level counterparts could in principle be determined following the procedures outlined in [5]. Obtaining
the equivalent expressions in terms of G, G3 is slightly more complicated given that the pure NSNS-sector
terms do not fully determine cross terms with the RR 3-form F3 beyond quadratic order. This becomes
already evident at 4-points in [7] which led to a new operator O2((]VGs|?)?) reducing to tsts only in the
pure NSNS- or RR-sector.



We suppressed indices on the objects Q' corresponding to certain 6-index elements of a basis
for R3 to be introduced below, see also appendix A.2 for definitions. The index structure in
the even-even sector is

tgtgG%RS = tMl_._MStNl"'NsGM1M2PGN1N2PRM3M4 N3Ny + - - RM7MS N+ Ng (3.6)

and the odd-odd sector couplings are [3-5]

PNy...Ng /M1 M- Mo pM3M. Ms M M7 M;
0--- Vg (M1 QNOGNlNg 0 RMs 4N3N4R 5 6N5N6R 7 8N7N8.

(3.7)

2 p3
egegG3 R’ = —eppr,.. Mg€

The expressions (3.2) and (3.3) has the rather surprising feature that some contractions
cannot be repacked into the conventional tgtg or egeg structures. We argue in the following
that this should not come as a surprise, but rather as a clear indication that more fundamental
index structures are prerequisites to encode the full string kinematics.

The remaining piece Lg(q )+ in (3.1) originates from a connection with torsion given by’

1
)y 5 = QM e /21 KL (3.8)

resulting in the 4-index tensor

—¢
—Hp " Hyp " (3.9)

_ €
R(Qi)MNKL:RMNKLﬂ:e ¢/2V[MHN} KL—I— 5

In Einstein frame, the R* contribution is replaced by
_ 1
Lr@, s = a fo(r,7) (tsts - 46868) R(Q4)*. (3.10)

Up to 5-point contact terms, we may expand R(Q+)4 as usual

1
Lr@)r = afo (tsts - 46868> {R4 + e 2(VH3)* + 6e~%(VHs)?R?

+ 2 PH2R? + 6 2°H2(VH3)?R + ... } (3.11)

where the appropriate (anti-)symmetrisation of indices on Hs and V Hj is implied. The
identity Rz, amNy N, (4) = Ry Ny a1, (£2—) due to closure of Hs implies the absence of
odd powers of Hs in the above expansion. Given that all terms are multiplied by fy, i.e. the
string kinematics is equivalent at tree and 1-loop level, we can replace H? and (V H3)? by
the corresponding U(1)-preserving combinations® such that

~ 1
[:R(Q+)4 = Egi)ptyp75:0+2a f() (tgtg — 46868> ’G3’2R3 + ..., (3.12)

"In Einstein frame, the torsionful connection and likewise R(Q+) include additional derivatives with
respect to the dilaton. For the purposes of this paper, we may ignore such terms by treating ¢ as a constant.
80ne needs to take special care of (|[VG3|?)? since the index structure is Qo rather than tsts — eses/4
in (2.11). Further, we expect that H3(VH3)>R — |G3]?|VG3|>R based on the structure of superparticle
amplitudes. One again runs into the aforementioned issue that crossterms between F3 and Hs are not fully
kinematically determined by the pure NSNS expressions. We leave the study of such terms for future works.
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‘al a2‘b1 by 53‘01 €y €3 C4 C5 Cg C7 Cg Cg Cip C11|d1 do d3 dy ds dg d7 dg

—tsts|G3|?R3 -1 1 -1 -1 -1 1 1
%000003—251—607751—11000000000
—1sts|G3|?R3 1 -1 1 1 -1 —1 1 1 =1
%00000@T§0177055700000000
Gs?R® |1 1|1 —1 1|1 -1 1 1 1 -1 1 -1 -1 -1 -1 -1 -1
g |mmli 12202 32011 F|0FTTF 1T

—t1s8|Gs|?R3 |1 1

1 -1 1 —
S dl TS 00000001—25—1—1100000

2 2

=
|
N[—=

76868‘G3|2R3 1 1

1y =1 1 -1
964! 72 36 =055 %=/00 0 0 0 000

3 12 6

=
[«
Wl
o
(=2}
=2
'
oo
=
[N
[«

Table 1: Decomposition of index structures for |G3|?R? in the 24 component basis for R3 defined
in appendix A.2.

The quartic terms clearly reproduce (2.11) which was already observed in [6, 7]. Further,
we defined a second? tgtg and egeg index structure

T 7 —Ms|P
t8t8|G3|2R3 = tMlmMStNl“'NSG[Ml N1PG 2] N2RM3M4 N3Ny - - - RM7M8 N7Ng » (3.13)

2 p3 Mj...Mg Ni...N; ral k
6868‘G3‘ R’ = ™! 8ttt 8G[M1|N1kG|M2] NQRM3M4N3N4"'RM7M8N7N8' (3.14)

Before we proceed, let us comment on the role of the object R(€2). From the perspective
of generalised geometry, it seems natural to introduce torsion in the form of Hj3 in order
to capture a big part of the NSNS-sector kinematics. As is evident from the additional
contributions in (3.1), this is clearly not sufficient to specify the complete effective action,
see also section 3.4 and [5]. Furthermore, this approach is not manifestly SL(2,Z) invariant
and might even fail when working with sixteen fermion integrals. Below, we argue that
the terms obtained from (3.10) are actually highly non-trivial from the perspective of the
superfield approach in the sense that such contributions seem to be (at least partially)

associated with non-linear terms at order ©% rather than ©%.

For later convenience, we expand the above kinematical structures into independent
Lorentz singlets that can be built from |G3|?R3. This can be easily determined by utilising
the software package LiE [58, 59] looking for all singlets under SO(1,9). In appendix A.2,
we define a 24-dimensional basis for R3 based on the conventions in [5] in order to write

2 3
i —~M2N1 N2 =,
Ligapre = Y ai|Gsl* '+ b G n n, G Wi, (3.15)

=1 =1

11 8
CAM M,  AMsMaN1 &y - ~My My Mz AMaMs M ~;
+) G ~G Xinvomsm, + ) di G G QN1 My M M Ms Mo

i=1 i=1

In the NSNS sector, the tsts-combination (3.6) was proposed in [57] to recover supersymmetry in Type
ITA Calabi-Yau compactifications to 4 dimensions, but was also previously obtained in [3] from a covariant
RNS calculation at the 1-loop level. Similarly, (3.13) was found by computing one-loop string amplitudes at
5-points in the light-cone gauge GS formalism in [43] and utilised in [4, 5].
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where we implicitly symmetrise G3 and G3. In this basis, we may expand the kinematical
structures appearing in (3.6), (3.7), (3.13) and (3.14) as summarised in table 1.

3.2 The U(1)-violating sector

In general, for maximally U(1)-violating (MUV) processes, substantial progress has been
made in [24, 27, 60] at the level of amplitudes and modular forms. This makes this sector of
the effective action particularly well-behaved. Moreover, one is led to a similar conclusion
by studying superparticle/supermembrane amplitudes in 11 dimensions on a T2 [15-17, 48]
as we argue in section 3.2.2.

3.2.1 The role of higher-dimensional index structures

In section 2.3, we argued that the notion of higher-dimensional index tensors is natural
from the effective-action point of view, though unnatural from the string amplitude calculus.
In this section, we show that the 5-point action can be dramatically simplified with the
use of these tensors, thereby explaining a subset of relative coefficients. Subsequently, we
provide a microscopic derivation of these results from M-theory loop amplitudes which we
show to agree in the U(1)-violating sector with the linearised superfield expectation.

Specifically, the linearised superfield suggests that the following tensor is expected to
play an outstanding role in the string kinematics at 5 points

2 3
HsGRRY = [ %0 [(O1M2250) Gy apyar, | (O 0) O M440) Rt asyasa

(3.16)
In principle, this expression can be computed via the methods of [42]. Instead, we make use
of two independent results available in the literature. First, the authors of [48] expanded ;g
in a basis of 26 Lorentz singlets under SO(9). Equivalently, a second way to compute (3.16)
is using the tensor to4 computed in [42] as a generating object for lower-order tensors toq—2,
upon appropriate contraction with n metric factors. We discuss this second option in more
detail in section 3.3. Utilising the results of [48], we may simplify (3.3) drastically by writing

3 2
Lazpstee = 204{(]61?518G§R3 + f—1t18GgR3} (3.17)
where in our normalisation

1 1 8. . ..
t18G3R® = §t8t8G§R3 - ﬂegegGgRS —2-41) " d;G3Q" (3.18)
=1

in terms of the d; coefficients (3.5) (and equivalently for §§R3). The overall coefficient 3/2
in eq. (3.17) is expected from tree level 5-point scattering in the pure spinor formalism [24].

The result (3.17) has many striking implications. The definition of t1sG3R> in (3.18)
resolves the apparent puzzle that some terms ~ Q' in (3.1) do not repackage nicely into
tsts or e,€,. Even more interestingly, it captures the entire string kinematics in the MUV
sector. In this sense, the tig structure (3.16) is arguably a more suitable representation of
the string kinematics at the level of the 5-point effective action. While this has clearly been
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known for many years (at least implicitly in the linearised superfield approach [3]),'° the
above provides the first direct proof that such higher-dimensional index structures appear
in both the MUV and non-MUV (see the next subsection) sectors at the level of 5-point
string amplitudes.

For the MUV terms, we can be even more precise with regard to the overall coefficient.
In fact, the modular forms satisfy (see eq. (A.4))

Dy fo = Zfl , Dofo= fol (3.19)

which allows us to write
£G§R3+c‘c, = 2@{(D0f0)t18G§R3 + (ﬁofo) tlgGgRg} . (3.20)

3.2.2 A derivation from superparticles

While the index structure t1g naturally appears in the context of the linearised superfield
approximation [3], it is not obvious at all from standard string amplitudes (see however [24]
for MUV amplitudes and references therein). In this part, we show that the ¢1g structure
appears naturally in superparticle amplitudes in M-theory on 2-tori 72 [15-17]. The
calculation proceeds similar to the famous derivation of R* in [15] which matched not only
the well-known 4-graviton kinematics at tree and 1-loop level, but also provided evidence
for modular functions in the Type IIB effective action [18, 35].

In the MUYV sector, the only non-vanishing 5-point superparticle amplitude involving
two 3-forms and three gravitons in 9D is given by'!

]. dt 2 ab
ASP) _ / /dgp +9b1aly)
. . 2
5 Tr ([%iﬂzﬂwmmkm} [—\/ic;gpznlm”} ) (3.21)

in terms of vg = Vol(T?). This contribution is associated with superparticles running in
the loop carrying non-trivial KK-charges on the T2 compensating for the U(1)-charges of
G3 to give a real expression.!? Looking at the trace over fermions, we clearly notice the
resemblance with (3.16) in terms of the linearised Riemann tensor in 9 dimensions which
allows us to simplify the expression to

t1sG3R3 2 _tgabl,l
AEY) = — < > PZe !l 4 e (3.22)
G2R3+c.c.
3R°+c.c 22F(%> \[11 LheZ

%Tn essence, the authors of [3] argued that the full kinematics of the NSNS-sector coupling H3 R?® obtained
from string scattering amplitudes is not captured by only the index structure ¢15 appearing in the linearised

superfield calculus. Our results demonstrate that ¢1s nonetheless plays an important role for the tree level
HZR? couplings, cf. eq. (3.40) below.

" The normalisation of these amplitudes will be discussed further in section 4.1.

12T general, in the context of superparticle amplitudes, the higher-dimensional index structures ¢y for
the G-flux naturally arise (even in the non-MUYV sector) whenever the superparticles in the loop carry
non-trivial KK-momentum.
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In appendix C.2, we show that

dt ab 4F (%)
— > Pl = L fi (7 7). (3.23)
\/E l1,l2€Z \/%

The volume scaling implies that the amplitude vanishes in the decompactification limit
vg — o0. As opposed to U(1)-preserving amplitudes like t1gR* [15], U(1)-violating effects
such as the above are not present in 11D supergravity [16, 17].

Taking the limit to Type IIB, we find

SP vo—0 SP
voA(C?§I%3+C.C. = £(C?§I*)23+c.c. (324)
in terms of 5
Sp _ _ -2
ﬁ(Gg §3+QC_ =3 (fl(T, 7)tigGAR + f_1(7,7) t18G3R3) (3.25)

in agreement with (3.3). We stress that, while the linearised superfield and perturbative
superstring amplitudes typically only see a small subset of terms of the full modular forms
fw, a single superparticle amplitude derives the full f,, from first principles. Critically, this
involves also non-perturbative D-instanton contributions which have only recently been
derived for R* from string field theory [21, 22].

3.3 The U(1)-preserving sector — evidence for non-linear superfields

Let us now move our attention to the U(1)-preserving sector of the five-point effective
action, whose structure turns out to be much more involved. As described in section 3.1,
there is a contribution originating from the torsionful Riemann tensor (3.12) as well as a
remainder given by (3.2). Inspecting the latter, we notice a close resemblance to the MUV
contact terms in (3.3). Indeed, (3.18) is equivalently defined for |G3|?R? allowing us to
recast (3.2) together with (3.12) in the form

LRt + Lias2rs = afo (-tls - é69€9 + 2ists — ;6858) Gs|*R®. (3.26)
5-point

Contrary to above, there is an odd-odd structure remaining which can in fact be traced
back to the 1-loop NSNS strcture —1/3egeg Ha R of [4, 43], while 13 H3 R3 can only be seen
at string tree level [5]. We will have more to say about this in the next section.

The fact that £jg,2gs contains another ¢1g piece with an overall factor of —1 will in
fact play quite a crucial role in the reductions to 4D in section 5.2. While in the MUV
sector such a term is completely specified by the linearised superfield, we stress that (3.26)
can only be obtained from non-linear terms in the superfield such as through contributions
~ |G3|? to (2.20). In this way, we expect a subset of the terms in (3.26) to be related to R*
through (2.22) as we now demonstrate. Ultimately, we will arrive at a similar conclusion
as [3] in the NSNS sector, namely that generating the odd-odd contribution egeg|G3|?R?
from a non-linear superfield requires corrections at order ©6.

To recapitulate, we observed that the linearised superfield indeed captures the complete
string-theory result in the MUYV sector which is encoded by a single superspace integral
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giving rise to the tensor structure t1g. Even more importantly, we obtained evidence that
the same tensor also enters in the non-MUYV sector of the action in such a way that it
cancels out at 1-loop for H3R3. We expect this to be a clear hint at potential non-linear
couplings in the superfield. Non-linear completions of the superfield (B.6) are given by
(schematically)

A>3+ 0" (R+|Gs* +...) + 09 (V2G5 + RGs +...) + ©° (RG3 +..) .
(3.27)

The terms entering at order ©* were discussed in section 2.3 for F2. Clearly, one similarly
expects terms of the form |G3|? also to enter at this order [8, 10]. They can indeed be
obtained utilising the results of [12]. For now, we work with a general parametrisation
modifying (2.20) in such a way that

Rouy..Ms = Roay..m + <>\1 G aty Mo M3 Gty M Mg + A2 Gty Mo Mg Gy M Ms

1
768
+ A3 90s Mo Gty Mok Gt s * + Nt gt ns Gy Msk G vty ©

+ A5 €k kst gy (GFR2 0 G L G GRokak ) ) . (3.28)

We generically expect A; # 0 for all A;. The symmetries of R are determined e.g. by Fierz
identities implying the absence of double traces, cf. appendix B.2.
The contribution to the effective action may be written as

Lri—c / a0 [(erieVs@) (OrMiMs o0 Ray,araarinan, | (3.29)

The normalisation constant c is fixed such that we recover Jy at order R* as defined in (2.13).
We find that (recall (2.23))

1
toy R = 5 ph = c=12°.3° (3.30)

We are mainly interested in the terms arising to linear order in \; where we find that the
CP-even part is given by

A
ctoRY = —1t18|G3|2R3 — o TY|G32R? — 2(2Xs + M) T'¢)|Gs2R?

36\
+ T‘LST18 G52 R? (3.31)

where T](\;) are certain tensor structures carrying N indices. We summarised the decomposi-
tion of the individual kinematical structures in table 2. We find the following relationships

among the different terms

—t18|G3|*R?
i =~ or@iyen,
—t13|G3|*R?
TRt = "B g e,
TV |Gs2R = TP |63 2R — TP |G 2R3 (3.32)

~15 —



‘ ‘a1 GQ‘bl bo 63‘01 €2 €3 €4 C5 Cg €7 Cg Cg cio ci1|dr do d3 dy ds dg d7 dg

T|Gs?R? |5 1L =L 2lo 0000 2 0L 21 =li1 1 1 990000
TGRS Ll st lloooo0oo0 L o221 =0 0 000000

T|Gs[>R* [0 00 0 0{0 0 000=to0ol o L =l/1 35t=0o00 00

Table 2: Decomposition of leading order flux terms obtained from t,4R* in the 24 component basis
for R? defined in appendix A.2.

Before we continue, we highlight the following caveat. The \; in (3.28) are not the
only non-linear modifications contributing at the level of the 5-point contact terms in the
non-MUYV sector. Terms at order @G3R in (3.27) contribute at the same level. This means
we cannot simply expect the U(1)-neutral sector of eq. (3.1) to be constructable from toqR*
alone. Hence, we can only compare the value of the A; to the string amplitude result and
make a prediction about contributions from higher-order non-linear terms.

From (3.17), we expect to find a term of the form #;5|G3|2R3 upon expanding to4R*
which, according to (3.31), is trivially achieved by setting A\; = —2° and )\; = 0 for all other
coefficients. However, we generically expect that all \; are non-vanishing and, given the
identities (3.32), a non-trivial combination of values for the \; can also do the job. In fact,

it turns out that the equation cto,R* = —t15|G3|>R? has the solution
A5 = o 24 + §)\ A A= —24 §)\ Ao — 2 (3.33)
5= 35 1M 2 4= 1M 2 3. .

Initially, one might hope that by modifying (3.28) accordingly the additional piece
~ T(e10,13)|G3|*R? (see (3.37) below) can also be reabsorbed into the definition of o4 R*.
However, looking at the coefficients collected in table 1, this seems not to be the case. For
instance, 6969\G3\2R3 involves terms with d; # 0 for ¢ > 4 which cannot arise from to4 as
observed in table 2. In principle, a natural way to extend the linearised superfield (B.6)
would be terms of the form ©°RG3 with the symmetry properties conjectured in [3].

According to these arguments, one would need terms of the form!?

@6Ré 2 @FM1N1P1@ @FM2N2P2@ @FMJNJPJG (algP1P2 RM1N1 [M2N2§M3N3P3]

+ a2gP1P2.gM1P3Rp (N1 [M2N26|M3) N3]p> (334)

which would appear as
A% (02G3) (6°RGs) (6°R)” . (3.35)

However, this is beyond the scope of the present work.

130ne can argue e.g. for the existence of the former based on the structure of terms found in [12] following
the derivation of @ terms in [10].
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3.4 A new perspective on tree and 1-loop kinematics

To summarise, the structure of 5-point contact terms built from the complex 3-form and the
Riemann tensor in (3.2) and (3.3) is dramatically simplified by introducing t15. Altogether,
we showed that up to five points (3.1), the effective action can be summarised as (ignoring
the terms involving VG3)

_ 3 _ .\,
L= Oz{fo(T, 7’) t16R4 + 5 (fl(’l', 7') tlgGgRS + f_1<7', 7’) tlgGgR?’)

+ folr,7) (T(ero,ts) — tis) |G3PR3} (3.36)

where we defined 1 1
T(Elo,tg) = —36969 + 2t~8t~8 — 56868 (3.37)

and the appropriate (anti-)symmetrisation and contraction of indices is implied.

For later purposes and to make contact with previous work [4, 5, 43], we now extract
the tree and 1-loop kinematics in the respective sectors. In the NSNS-sector one finds after
using the large Im(7) expansion of f,, in eq. (A.6)

3 .
fot1s|Gs|*R? — 3 (f1t18G§R3 + f—1t18G§R3>

~ 3
=e? (fo + §(f1 + f—1)> tisH3 R®
NSNS
= dare ® tigHIR? (3.38)

while the corresponding RR-sector expression reads

3 _
fot1s|Gs|*R® — 3 <f1t18G§R3 + f—1t18G§R3>

= (fo - g(fl + f—1)) t1sF5 R®

RR

= —2e¢(aT - CLL)tlgFgR?) . (339)

Hence, the structure of terms in (3.17) together with (3.26) is such that in the NSNS-sector

£H2R3 = aToae_¢ (—4 t1s + T(Elo, tg)) H§R3 , (3.40)

’ tree
‘CHZRS = aLae_¢ T(Elo,tg)Hg?R?’ (3.41)

3 1-loop

and in the RR-sector

Lr2ps| = arae® (2t1g + T(ero,ts)) FiR?, (3.42)

’ tree
£F§R3 = aLae¢ (—2t13 +T(€10,t8))F3)2R3 . (3.43)

1-loop

The combination of index structures (3.37) appears universally in all contributions since it
is associated with the U(1)-neutral part of (3.1). Let us further stress that, while ¢;g plays
a role in both tree and 1-loop kinematics for processes F2R3, it only appears at tree level
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in the NSNS sector H3R3. The absence of t;sH2R? at 1-loop has already been observed
in [3]. We showed that this is due to an important interplay of modular forms and the
relative coefficients in the MUV and, in particular, the non-MUYV sector. In fact, it turns
out that the difference of tree and 1-loop kinematics at the level of the effective action (and
equally of amplitudes since the pole structure from additional exchange of massless states
are removed) is determined by t15 only since

1
Ly

- ~ t1gHAR? (3.44)
tree

1-loop

1
A = —
‘CH32R3 aT[:Hf)%R?)

which agrees with the first line of table 2 in [5] by comparing to the corresponding line for
t1s in table 1. We expect this to be special about 5-point amplitudes since the non-MUV
sector is unique in the sense that it consists of terms of vanishing U(1)-charge only.

In the superfield language, the above observation is actually a highly non-trivial
cancellation between linear effects (MUV terms) and non-linear contributions (non-MUV
terms). Indeed, the latter are encoded by

Thon-tin. = —t18 + T'(€10,t8) , (3.45)

but the linear superfield contributes another ¢;3 such that it precisely cancels out in (3.41).
Hence, separating eqs. (3.40)—(3.43) into linear and non-linear superfield contributions, the
tree (1-loop) kinematics is F3t18 + Thon-tin. (£f18 + Thon-in.) With the upper (lower) sign
for Hs (F3). We see that precisely at 1-loop in the NSNS sector the coefficients conspire to
cancel t1g.

In 10 dimensions, t1g contains two CP-odd pieces which we ignored throughout this
section. These CP-odd couplings enter at NSNS tree level (3.40), but not at NSNS 1-
loop (3.41). This is precisely opposite to the expectations of [5] and the terms summarised
in (3.4). From the string world-sheet point of view, the absence of CP-odd couplings at NSNS
tree level is due to missing €19 contributions from only NSNS emission vertex operators [5].

This apparent issue is resolved by adding an additional CP-odd piece in the non-MUV
sector as in (3.37) ~ 1 tge1p which must be such that the CP-odd terms in (3.40) cancel, i.e.,

(—4t18|cp_odd+q9 tgelo) HIR®=0. (3.46)

Further, agreement with (3.4) demands

<_t18‘CP-odd—H9 t8610) ’G3|2R3 =32. 24 Gs N\ X7 (Q7é3> |1in. in Gs (3.47)
which leads us to conclude
t1s|Gal? B o ogq= 3+ 2" Gs A X7 (2,G3) [ 1, - (3.48)

We leave a more thorough investigation of CP-odd couplings for the future.
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4 Effective action beyond five points

4.1 The maximally U(1)-violating couplings

Restricting our attention to terms involving G35 and R, we conjecture that maximally
U(1)-violating terms are kinematically captured by the linearised superfield in the sense that

4
LEh = Z Cu fu(T,7) t16120GE R + c.c. (4.1)

w=0

or more explicitly
max. __ 4 2 p3 4 2
LGSR =« (Cofo ticR" + C1f1t1sG3R” + Ca fataoGs R
+ C3f3t22GSR + Cafitaa Gy + c.c.> : (4.2)

The numerical coefficients C,, will be discussed below and « was already defined in (2.12).
This is supported by observations made in [27] and confirmed explicitly for the 5-point
structure GZR3 + c.c. in [5]. The special role of MUV amplitudes is further discussed in [24].
Further evidence is provided by the 11D superparticle calculus for which the relevant vertex
operator contributions lead to 9D kinematical structures of the form

~ 2n 4—n
Kganpin = / a'9 (60 MMs0) Gaggyag ) [(O0M20) (00M5Y40) Rag, g, nagaa, |

=t16+2nG§nR4fn (4.3)

and equivalently for the complex conjugates. One might therefore formulate the conjecture:

The effective action for mazimally U(1)-violating tensor structures in-
volving Gs, G3 and R is fully and equivalently determined by either 11D
superparticle amplitudes or the linearised superfield approximation.

The equivalence to proper string amplitudes to all loop orders has only been confirmed at
5-points, but we expect this to be true up to 8-points where we conjecture f4t24G§ + c.c..
Below, we provide further evidence for higher-point coefficients which would appear at
the level of string 7- and 8-point amplitudes. In contrast, amplitudes with less U(1)
charge receive further contributions from A) other components of the superparticle vertex
operators'# or from B) non-linear completions of the superfield.

The coefficients Cy, are such that the pre-factor for MUV terms satisfy [24]

Cowfo=2"Dy_1...Dofo. (4.4)

As discussed in section 4.4 of [24], one expects up to 6-point tree level closed-string amplitudes

1
5 =2 (4.5)

Co=1 Ci ==
0 ) 1 27 4

4 0One should keep in mind that this calculus might not necessarily capture the full kinematics due
to the light-cone gauge fixing condition. It is hence imperative to make a direct comparison to string
amplitude results.
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One can easily confirm that with this choice and upon applying (A.5) the above identi-
ties (4.4) are indeed satisfied. We therefore claim that

Co=—21(24w :M. (4.6)
a6

While determining the coefficients from the string amplitude perspective seems to be
quite challenging, we can make progress by investigating again superparticle amplitudes.
We limit our attention to amplitudes built from the vertex operator contributions

Vi O 2hii R RI™kikr, Vg, D —V2G3P*RI™™ . (4.7)

The left is the vertex operator for the linearised Riemann tensor, while the right is restricted
to contributions involving KK states on the T72. In terms of KK-charges ;, we defined
Y -, P.=T (4.8)
-7 > = P,. .
\/7% 1 2) z z

The contributions to the Type IIB couplings G3* R*~* arise from P-point amplitudes with
P =4 4 w where

pP* =

24711) qw

S P w 2w pd—w 4.
UOAG% R4 QGP(%) S( ,w,O)t16+2 G3 R ( 9)
in terms of
dt tP 2w 7tgablalb
S(P,w,0) :/ TWZ PHe : (4.10)
l1,l2

Here, the factor 2% arises from the graviton vertex operators and the normalisation
26T (%) is chosen such that the numerical coefficient of R* is set to Cy = 1. In appendix C.2,
we find that S(P,w,0) is given by (C.25) which implies

F<%+w

r(3) v

as expected from (4.1) and (4.6).

UOAG%“’R“‘“’ = fw t16+2wG§wR4_w M) o Cw fw t16+2wG§wR4_w (4.11)

4.2 Non-MUYV couplings

The non-MUV couplings are more difficult to determine given the significantly involved
kinematics. However, we may be able to at least determine a particular class of contributions
based on the structure of superparticle amplitudes. Let us define

2(P—4)—1
mAM—2w w—
‘Cfll;)yMUV = Z C?SJP) fw (t16+2(m—w) + T16+2(m—w)> G3'Gy RMYTM 4 cc.
w=0

(4.12)
in terms of m = P —4+w. The kinematics is encoded in some tensor structures ¢169(m—w)+
T16+2(m—w) Where Thg o(m—y) generalises (3.37). From the superparticle perspective, a
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contribution involving t16,2(m—w) 18 always guaranteed even at higher points by inspecting
the corresponding vertex operators. In the context of the superfield language, a non-linear
contribution ~ |G3|? at order ©% equally ensures the presence of a contribution ~ t16.4m1n
upon expanding to4R?, see the conclusions in section 6 and specifically table 3.

We again use the vertex operator contributions defined in (4.7). However, we now pick
up contributions that are non-MUV, namely

94—(m+n)/2 (_2)m+n

— S(P,m,n) tigpman GGy RYMHM/2 0 (4.13)
2 r(i)

UOAG?§”R47(m+n)/2 =

in terms of
dt tP m PN *tgablalb
S(P,m,n) = < > P"PPe : (4.14)
l1,l2
These functions can be computed as in the MUV case of appendix C.2. We compute a total

of 10 amplitudes which we summarise in appendix C.3. In the limit vg — 0, we recover

g8 2P-4)-1
non MUV - Z Z C fw t16+2m meG? wR4 Zmtw + c.c. P=4+4+2m—w.
(4.15)
in terms of the coefficients
2 D(2lw| -1 _
o) = Qe+ D~ 1)Cpy lw| < P—4. (4.16)

v 2P-49)+1)(2(P-4)-1)

Notice that for MUV amplitudes |w| = P — 4 we recover CI(DP_)4 = Cp_4 as expected.

The fact that the coefficients for 10 distinct amplitudes can be summarised by a single
expression (4.16) is quite astonishing and hints at a deeper relationship among the various
terms even in the non-MUYV sector.

While we are unable to verify the correctness of the above results from string amplitudes,
it certainly provides evidence for the appearance of the index structures #164y even in the non-
MUYV sector. Again, such effects are sourced by non-linear couplings in superfield language.

5 Five-point contact terms in compactifications

Compactifications allow to test new higher-derivative interactions by checking their consis-
tency with the constraints imposed by lower-dimensional supersymmetry. In turn, these
interactions have interesting implications for lower-dimensional physics.

5.1 K3 reductions and N = (2,0) supersymmetry in six dimensions

A non-trivial test of the five point couplings concerns K3 reduction to 6 dimensions. For
NSNS sector couplings, these have been previously studied in [4, 5]. Here, we take the
opportunity and provide a further check including the RR-sector by working in terms
of G3 directly. In particular, we highlight several non-trivial cancellations among the
various 5-point index structures of section 3 necessary to ensure consistency with ' = (2,0)
supersymmetry in 6D.
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The reduction of IIB supergravity on K3 results in six-dimensional N" = (2, 0) super-
gravity coupled to 21 tensor multiplets. As shown in [61], supersymmetry restricts the
four-derivative couplings to be a F-term interaction that is quartic in the tensor multiplets.
In particular, the N' = (2,0) supergravity multiplet receives corrections only starting at the
8-derivative level, just as in the Type II case in 10 dimensions.

The bosonic components of the N' = (2,0) supergravity multiplet are comprised of
a graviton and five self-dual tensors. From the IIB perspective, the graviton and two of
the self-dual tensors come from the spacetime reduction of the 10-dimensional graviton
and (3 with self-dual projection. The other three self-dual tensors arise from reducing the
self-dual F5 on the three self-dual 2-cycles of K3. The bosonic components of a N' = (2,0)
tensor multiplet are comprised of an anti-self dual tensor and five scalars. Of the 21 tensor
multiplets from the reduction, 19 come directly from the reduction of G3 and F5 on the
anti-self-dual 2-cycles of K3 along with the 19 x 3 K3 moduli. The other two tensor
multiplets come from the spacetime reduction of GG3 with anti-self dual projection along
with G3 reduced on the three self-dual 2-cycles of K3, the IIB axio-dilaton, K3 volume
modulus, and F5 reduced fully on K3.

For simplicity, we avoid the fields obtained by reducing on the cohomology of K3. We
also disregard six-dimensional scalars since knowledge of the scalar couplings will necessarily
be incomplete in the absence of the full 5-point action involving the axio-dilaton. Thus we
focus only on couplings of the 6D Riemann tensor to G and its complex conjugate. These
fields will provide information on the ' = (2,0) supergravity multiplet along with the two
special tensor multiplets.

As in [5], we focus on factorised pieces where a piece [y R? soaks up four derivatives.
This reduces the eight-derivative couplings in ten dimensions to four-derivative couplings
in six. Schematically, such couplings will take the form R?, G3R and G4 (with possible
complex conjugates on some of the fields), corresponding to two-, three- and four-point
interactions. Supersymmetry requires the two- and three-point terms to vanish, and restricts
the four-point interactions to the tensor multiplets [61]. Restricted to the NSNS fields only
(i.e., taking G3 — Hj), ref. [5] confirmed the vanishing of R? and H3R couplings at both
tree and one-loop level and demonstrated that the one-loop Hj coupling is indeed restricted
to the tensor multiplet.'® Decoupling of the gravity sector H§ required the combination of
both CP-even and CP-odd four-derivative terms.

Since we only have knowledge of Riemann and G35 couplings up to five points in ten
dimensions, we are unable to probe the quartic G couplings in six dimensions. At the same
time, it is well established that the quadratic (Riemanm)2 couplings automatically vanish for
the IIB combination (tgts — %6868)R4. Hence we restrict the K3 analysis to the three-point
couplings |G3|2R and G2R. Here R is shorthand for the Riemann tensor as Ricci terms can
be removed by using the leading order equations of motion, thereby introducing quartic
dilaton and 3-form terms in 6D that no longer contribute to three-point couplings.

15Tree-level Hs was not examined in [5] as that would require knowledge of the six-point H. 4+ R? coupling.
On the other hand, the one-loop test was possible because of heterotic/Type II duality.
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The six-dimensional |G3|2R and G%R couplings arise from the U(1)-preserving and
MUYV sectors, respectively. We start with the ten-dimensional MUV couplings, which are
given by (3.3), or more elegantly by (3.17). These GZR? couplings are reduced by taking
two of the Riemann tensors to be on K3, leaving GZR in six dimensions. In our choice
of basis of R? as given in appendix A.2, the only coefficient that we are sensitive to is c¢;
multiplying le\/h Moz, @S this is the only term that can yield a factorized form involving
(i3 and Riemann. From the decomposition of index structures in table 1, we then deduce
immediately that ¢35 does not contribute any factorised terms in K3 reductions since ¢; = 0.
Thus the three-point MUV couplings G3R vanish trivially as required by supersymmetry.

Turning to the U(1)-preserving sector, we need to consider the following CP-even pieces
from (3.36)

£|K3 = foa {t16R4 +6 <t8t8 — 1116868> ‘VG3‘2R2 + (T (610, tg) — tlg) |G;3|2R3} ‘ . (5.1)
K3
As mentioned above, in 6D the (Riemann)2 term in the factorised part of t;6R* cancel,
leaving us with only the |[VG3/2R? and |G3|?R? terms to consider. Furthermore, the #1g
term vanishes on K3 for the same reason that its MUV counterpart vanishes.
From the definition (3.37) of T'(e10, ts), we notice by using the coefficients ¢; collected
in table 1 that 1
(25858 — 26868) IGs’R* =0+, (5.2)

where - -- denotes Ricci and non-factorised terms. Recall that this is the piece obtained
from generalised geometry. In addition, resorting to table 1, we find the factorised terms
inside egeg|G3|2R? to be

1 _
— §€9€9|G3|2R3 = *48RN1N2M1M2 GN1N2 PGMlMZP(Riemann)2 —+ e (5.3)
We are thus left with
T(€e10,ts) |G3|2R3 = —48 RN1 N2 M1 My Gy N, PGMlMQP(Riemann)2 4+ (5.4)

Consistency with the lack of three-point interactions in N' = (2,0) supersymmetry requires
that this term vanishes when combined with the factorized |VG3|?R? contribution.

We now determine the factorised piece inside [VG3|2R2. After using the Bianchi identity
for G, i.e., dG3 = 0 up to axio-dilaton terms, we obtain

1 _
6 (tgtg - 46868) IVG3|2R? = 48 (VMIGMQ M M4) (VMZGM1M3M4) (Riemann)? + - - -
= 48RM1M2M3M4 éMlMg PGM3M4P(Riemann)2 + -, (5.5)

where we integrated by parts in the second line and ignored terms proportional to the
equations of motion for G3. It is now apparent that the factorized piece inside the U(1)-

preserving sector cancels, namely

1
6 (tsts — geses ) VG2 + Tean, 1) [Ga RO =0+ -+ (5.6)
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In this way, we tested the coefficient —1/3 of egeg implicit in (5.3) in the non-MUV sector
to which the Calabi-Yau threefold reductions are insensitive.

Finally, note that there are CP-odd couplings in both the U(1)-preserving and MUV
sector that can potentially lead to three-point couplings. However, as shown in [4] and
further discussed in [5], the CP-odd H3R coupling involves the Ricci tensor, and hence does
not contribute to the three-point function. The same argument applies for couplings to the
complex three-form Gj.

5.2 Calabi-Yau threefold reductions to four dimensions

We now apply our previous results in the context of Calabi-Yau (CY) threefold reductions
to N =2 4D SUGRA. Given that we identified the relevant 5-point kinematics between
the 3-form and the metric, we are in the perfect position to directly derive for the first time
from 10D the (a')3-corrected 4D scalar potential in compactifications on CY threefolds X3
with background fluxes.

In the low-energy 4D effective action, 3-form fluxes induce a non-trivial F-term scalar
potential [62]. More precisely, it is determined by a Kéahler potential K and superpotential
W through

Vi = (KA DaW DgW = 3WIP) , DaW = 0aWW + KaW . (5.7)

Here, the sum over A includes h!(X3) Kéhler moduli T, h'?(X3) complex structure
moduli Z; and the axio-dilaton 7. We work with the Kéhler potential [63]

K=K —2log (v + % fo(r, 7‘)) (5.8)
where K(© is the Kéhler potential on complex structure moduli space

KO = _In(=i(r — 7)) — log (—i QA Q) . (5.9)

X3

Moreover, the constant  is given by [63]

X(X3)

¢= T 2(2m)3

(5.10)

in terms of the Euler characteristic x(X3) of X3. In the case of Type IIB flux compactifica-
tions, the superpotential entering (5.7) is the Gukov-Vafa-Witten superpotential [62, 64]
(recall (2.2))

W=Waovw(r, Z)= | G3AQ3. (5.11)
X3

This superpotential depends on the axio-dilaton 7 through the complexified 3-form flux as
well as on the complex structure moduli Z;, i = 1,..., h"?(X3), due to the presence of the
holomorphic 3-form Q3 = Q3(Z;).

Despite many efforts, the derivation of (/)3 corrections to the 4D flux scalar potential
from first principles is still lacking. It was already noted in [52] that this requires the
presence of both non-MUV and MUYV higher derivative terms in 10D of the form |G3|?R?,
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G3R3 and §§R3 . One might also expect |VG3|? R? to contribute at the same level based on
dimensional grounds [55, 56, 65]. Of course, a major bottleneck has been the construction
of the 10D higher derivative action for G5 up to 5-points which has finally been achieved
through [4-7, 43] and further concretised in this paper.

Below, we show that the structure of the F-term scalar potential (5.7) beyond leading
order depends only on a single 10D kinematical structure, while the relative coefficients
between RR-flux and NSNS-flux contributions can already be identified from 10D SL(2,Z)
invariance. The remaining overall coefficient can only be identified upon constructing the
corrected flux background which is beyond the scope of the current work, though this
should be feasible by employing similar strategies to those of [66, 67]. Instead, we deduce
novel relationships between 4D supersymmetry and the kinematical structure of 10D higher
derivative terms where once again t1g plays a very prominent role. More specifically, we
argue that the absence of RR-flux contributions to (5.7) at order (a/)? at string tree level
already observed in [52] highly constrains the non-MUV kinematics when put entirely on a
CY threefold. The strategy is as follows: by investigating the form of the corrected scalar
potential (5.7) obtained from (5.8) and (5.11), we trace constraints from 4D supersymmetry
back to the 10D action (3.36).

5.2.1 The 4D perspective

In this first part, we compute (5.7) by plugging in the Kéhler potential (5.8) and the
superpotential (5.11). Here, it is convenient to expand Vg as follows

Vi = Vf};‘x + (@)’ VO +0 ()" . (5.12)

The first term corresponds to the standard no-scale flux scalar potential given
by [64, 68-70]*¢

1

Vit = ———
Flux 2Im(7) Jx,

Gf nxoCy = (KIDW DWW + K77 DV DW)  (5.13)

in terms of (A)ISD flux ¢G5 = FiG5s. As explained in [52], the (a/)® corrections encoded
in V® fall into two classes, i.e.,

Ve = —Cfg(;;ﬂ Vit + V2 . (5.14)

The first term simply originates from a 4D Weyl rescaling g¥ = (V + (fo/4)g4 by expanding
to linear order in (.

16T5 arrive at the r.h.s., one decomposes G‘;“ in a basis {Q,%;} of HEO ¢ g1-2) (see e.g. appendix B

of [71])
B 1 . — -
G;_—<Q/ Q/\G3+IC”7/ X»;/\Gg).
Jx, AN Q Xs T Jxs

The other term ~ fX'g G3 A G3 is cancelled through the integrated Bianchi identity for F5 [62].
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The second term V¢ is more interesting because it is obtained from direct dimensional
reduction of (3.36). Using (A.4) for the 4D axio-dilaton, one finds to linear order in ¢

v = :K;)’C;m{fo (WP = (7 = 22 1DWE] + (7 = 7) [£4WD,W — ;WD | (5.15)

where the classical Kéhler covariant derivative with respect to 7 is given by

—1

T—TJX;4

DW = (0 + KO)w = Gs A Q. (5.16)

As shown in [52], the coefficient on the right hand side cannot be reproduced by simply
considering the flux kinetic term in the corrected 10D background. It was therefore argued
that additional higher-derivative terms must contribute in the reduction.

To make contact with expressions obtained from direct dimensional reduction, it is even
more instructive to rewrite (5.15) in terms of fundamental integrals using (5.11) and (5.16)
such that

3 Ce’C(O) ~ —= — - ~ _
A {fOU Gane [ Ganli [ Guno G3/\Q}
8 V X3 X3 X3 X3
—[fl/ Gd/\Q/ Gg/\ﬁ-{-ffl/ 53/\5/ ég/\Q}}. (5.17)
X3 X3 X3 X3

The above expressions makes clear the way the three different kinematical structures appear
in the reduction to 4D. In particular, the 10D U(1)-violating terms appear prominently in
the scalar potential as already anticipated in [52]. The U(1)-neutral contribution is obtained
from |G3|2R3 and |VG3|?R?, but is also affected by backreaction effects from warping.

For the subsequent arguments, it is actually instructive to separate the above integrals
into their NSNS- and RR-flux contributions at tree and 1-loop level. Plugging in the
expansion (A.8) for the modular functions at large Im(7), we find (ignoring non-perturbative
terms O(e~™(7))

Ve S (D) our —2epe [ myne [ man
¢ V3 4 T L Xs 3 Xs 3
+(—4CLL)/ F5AQ Fy /\Q—i—...}. (518)
X3 X3

Here, the tree-level term only depends on NSNS-flux and is in agreement with [52] after
using £ = ((3) ¢. In the subsequent section, we argue that the structure of (5.18) is directly
accessible from our 10D expressions for the NSNS- and RR-flux terms (3.40)—(3.43) derived
in section 3.4.

5.2.2 Dimensional reduction

Beforehand, let us collect all of the relevant pieces potentially contributing to (5.18). Initially,

we write the 10D action as

§ =50 +as® +0((«)) (5.19)
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where S(©) is the classical action (2.1) (setting 2x7, = 1 in what follows). After solving the
equations of motion to order ()3, the solutions will be of the form

o =00 +a(forl! + fipt? +ec) + 0 ((@)°) (5.20)

for ¢ € {g,7,G3, F5, A}. In particular, in the presence of non-trivial G5, the background
becomes warped as parametrised by A. We provide a few more details on the corrected
background in appendix D.1. In (5.20), we allow backreaction effects that carry non-trivial
U(1)-charge which we expect to appear for G3 and P, though the latter are irrelevant in
our Type IIB background where P vanishes internally.

The scalar potential. For the subsequent discussion, we collect the relevant terms
in (5.19) (after evaluation on the corrected background) contributing to (5.17) in the
following action

SFlux = Sbackreact. + SlVG3|2R2 + S|G3\2R3 + SG§R3+C.C. . (5.21)

Here, Spackreact. arises from evaluating the classical action on the corrected background.
Then, the scalar potential can very schematically be written as

M / Vi \/—g® d* = Spiu

(5.22)
X3

where ... | indicates that all legs of each tensor are taken along the internal CY directions.

X3
At the level of the above discussion, we may limit our attention to terms that have the

same form as |G3|>R? (at least in the reduction) for which we write
=2
Shackreact. + Sjvasj2rz = @ / (fodolGs[R® + f1 61G3R® + f1 51GER®) %01 (5.23)

in terms of some index structures &g, d;. We comment further on the corrected background
and contributions to dgp, 7 in section D.1. We stress however that their actual form is
completely irrelevant for our argument. We essentially rely on N = 2 supersymmetry in 4D:
we know that in the absence of D-branes and O-planes there are no additional contributions
coming from the above reduction. That is, we argue that all such terms must have the form
given in (5.23).

We know due to 4D supersymmetry that the total contribution from higher-derivative
terms and backreaction effects involving the RR-flux has to vanish at tree level. In particular,
this implies that the reduction of the tree level F3R3 terms (3.42) has to cancel against
backreaction effects, i.e.,

SFlux = Oé/ aTe¢ (2 t18 + T(Elo, tg) + dp + 251) F32R3 =0. (5.24)
RR, tree, X3 X3
Even more importantly, this means that kinematically
/ T(e0,ts) FAR3| = —/(2 t1g + 8o + 261)FiR? (5.25)
X3 X3
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and by trivial extension this also holds for H3R? (it does not matter what the 3-form is
in our background). It is crucial to notice that this kinematical constraint based on the
requirement of 4D A = 2 supersymmetry is the main ingredient for our argumentation. It
relates the complicated kinematics in the non-MUV sector encoded by T'(e19,ts) to t1s as
well as further uknown effects in the reduction through requiring the absence of RR-flux
in the 4D scalar potential.'” Overall, the contribution to the A" = 1 4D scalar potential
from (3.40)—(3.43) are given by

2
SFlux = —604/ are”? [t18 + 51} H3R®| | (5.26)
NSNS, tree, X3 3 X3
2
SFlux = *204/ age™? {tlg + 51] H3R®| | (5.27)
NSNS, 1-loop, X3 3 X3
SFlux =0 y (528)
RR, tree, X3
2
SFlux = —40&/ aLe¢ |:t18 + (51:| F32R3 (5.29)
RR, 1-loop, X3 3 X3

The relative coefficients are ezactly the ones found in 4D in (5.18). In order to derive also
the overall coefficient as well as the structure of terms in (5.18), it remains to show that

Ce;do) o
H3s N Q H3 N Q (530)
4V Jx, X3

2
a/ e ? {tls + 51] H32R3 =—
Xs 3

and equivalently for FjR3.

Let us highlight the importance of the above result: imposing only the absence of
RR-flux in 4D through (5.24) gave rise to a single relevant kinematical structure depending
on t1g and possible backreaction effects entering in the MUV sector. Stated differently, only
the MUV kinematics is relevant which is a rather unexpected observation from the 10D
point of view. The remaining relative coefficients are fixed through SL(2,Z) invariance.
Clearly, these arguments only apply to the scalar potential, though the non-MUYV kinematics
will be checked at the level of 4D kinetic terms for hypermultiplets below.

Having derived the above results, we may actually come back to the MUV expression in
10D (3.17) which must reduce to the second line of (5.17). Using (5.30) for G, one verifies
that reducing (3.17) together with MUV backreaction effects leads to

3 1 (0) o
_3¢e GsAQ [ G3AQ (5.31)
% X3 X5

a/ e ? {3t18 + 51} G2R? =
X3 2

with —3/8 being precisely the coefficient in (5.17). Let us stress that, if we had not gone
through the argument for NSNS- and RR-flux separately, the kinematic constraints arising
in the reduction would have been totally obscure in the non-MUYV sector.

While it will generically be hard to identify §; explicitly, reducing ¢1g should be feasible.
Depending on the result, one might be able to identify 07 indirectly through (5.31). Naively,

17Clearly, it would have been great to prove the absence from first principles via direct dimensional
reduction, but this is beyond the scope of the present work.
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given that in the MUV sector the complete kinematics is determined by %1 only, one
could speculate that d; is kinematically related to tig, i.e., d1 = ait1g for some numerical
constant aj.

Clearly, there remain several interesting future directions. For once, the absence of
(2,1)-form flux in (5.15) (i.e., no couplings involving DzW) as already observed in [52]
requires a delicate cancellation among higher-derivative terms. We essentially reduced this
problem to proving that (5.30) contains no such terms. We leave a derivation of (5.15) as
well as (5.30) from direct dimensional reduction for future works.

The kinetic terms. As a final application of our five-point results, we derive the moduli
space metrics for the hypermultiplets in Type IIB reductions to 4D. Initially, we recall that
the non-chirality of Type IIA implies that both sign combinations of the odd-odd egeg R*
structure appear in the 10D action. In CY threefold reductions to four dimensions, this
implies that the Einstein Hilbert term is corrected as (ap — az)x(X3)RW. Ultimately, this
ensures that the vectormultiplets are only corrected at tree level, while hypermultiplets are
corrected at 1-loop [72]. In contrast, the hypermultiplets in Type IIB are corrected at both
tree and 1-loop level, while the vectormultiplets remain uncorrected, see e.g. [73].

In Type IIB, the hypermultiplet scalars consist of Kéhler moduli ¢* as well as p-form
axions (c%,b%, pa). Let w, € HY(X3) be a basis of (1, 1)-forms. We express the CY volume
in terms of the Kahler moduli as follows

V= JANINT = lka@y tatﬁt’y, kagpy = / Wa N wp A Wr (532)
X3 3! X3

where we expanded the Kahler form as J = t*w,. Below, we make use of the following
1
G3 = waG%, G = de® — 7db”, ko = Skapy P kap = kap 1. (5.33)

In the following, we reduce the relevant higher-derivative terms in (3.36) and (2.11)
together with contributions from the corrected background (D.7), see section D.1 for
details. We partially use the tree level results of [51, 57] and provide the full reduction in
appendix D.2. Overall, we obtain the 4D action

1
g4 :/{[R<4> —VF] *y 1 —e?® (— 3f°C) d7r A xg dT

2 16V2
_ iﬁ}ff“ At A xa(fr dr — f1 d7)
(3 S8 B 5w ne
s ) G -
Kb [ o i 1 106 A ). (5:39

Here, Vr is the (o/)3-corrected scalar potential defined in (5.12). The terms without G
restricted to tree level are equivalent to [51]. What is left to be done is to find suitable
coordinates to bring the above into a canonical form.
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To match with 4D SUSY, let us first compute the Kéhler metric from the Kéhler
potential IC defined in (5.8), namely

o Ag Cfb kakﬁ]
Kag = v {k‘a/g V } + o2 {k‘a 2 v ,
3f1 kaC * (1 3fo
(e® 21 _ -
Kar = g vz’ T 9 (2 1612)' (5:35)

Let us ignore all terms ~ k, in the above action for a moment (these are affected by field
redefinitions). Then we have

4>— {R<4> VF x4 1= 2,7 d7 A kg dT
1e
i~

- [dt‘" A xy dtP + €GN mGﬂ } (5.36)
where ok Cf
~ _ Clﬁ B 70
Rap =~ o0 {1 41}2} . (5.37)

Notice that this result is essentially trivial: the terms kog at order (a/)? all come from the
4D Weyl rescaling and as such must all have the same coefficient.

In [57], it was argued that the Type ITA terms ~ kykg db® A %4 db® cannot be absorbed
into a redefinition of the (universal) hypermultiplet scalar. This led to the prediction of a
tree level —2t8t8H§R3 operator in Type ITA. To make contact with these results, let us
write out (5.34) in terms of NSNS fields at tree and 1-loop level by using (A.6). At tree
level NSNS, we obtain

(1 koksl  arC ko k
(4) 2D N S aﬂ]_T[k _glelp
S D/e {21/[“3 Vv | T2 [Tt Tty

71
ook

This is in agreement with the Type ITA analysis of [57] as expected. Looking at NSNS

} } db® A x4 dbP

db® A xy dbP . (5.38)

tree

1-loop, we find

kok
S 5 e (_gng {kaﬁ - Vﬁb db® A g dbP . (5.39)

This does not match the 4D Kéhler metric which is not at all surprising: the 10D NSNS 1-
loop action (3.41) does not contain the —2tgtg piece which would lead to the 4D replacement

kokg — 2kokg. The above analysis can be repeated for the kinetic terms for RR Cs-axions
to find

de® A kg de?. (5.40)

Ce? 1 kaks
S® 5 —/ 2 |:(CLT +ar) kap — 9 (ar + 3ar) v

Here, both tree and 1-loop result are in disagreement with the 4D Kéahler metric.
There are two ways in which this issue could be alleviated. The first option is a suitable

redefinition of the 4D coordinates modifying only the piece ~ knkg. The second possibility
would be additional contributions from a more careful treatment of backreaction effects.
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u@) | o 2 4 6 8

MUV || to4R? taaGAR? toaGAR? t2aGSR toaGY

5-point t18|G3|2R3

6—point tgo(’G3’2)2R2 t20G§|G3‘2R2

7-point t22(|G3|2)3R t22G§(|G3|2)2R t22G§|G3|2R

8-point || t24(|G3[*)* t2aG3(IG3[?)? | taaG3(|G3[?)? | t24GS|G3|?

Table 3: 3-form contact terms that are captured by to4 and a suitable definition of R.

6 Open questions and outlook

The main result of this paper is in revealing the structure of the 10D Type IIB effective
action involving G3 and R in the maximally R-symmetry-violating sector. We examined it
with two different approaches, the superfield and the 11D superparticle, and compared our
findings to the expectations from string-theory amplitudes. There are a number of open
questions and venues for further research concerning the ten-dimensional effective actions.

The way how the couplings of the form |G3|?R3, GZR3 + c.c. computed in [5] are
repackaged using elementary tensor structures should motivate the study of non-linear
extensions in the superspace approach of [12].

We have argued that the entire eight-derivative action in the MUV sector for couplings
of the form G3*R*~" is determined by a single index structure obtained from a sixteen
fermion integral. Regarding the non-maximally R-symmetry-violating sectors, we only
provided concrete evidence of the existence of certain kinematical structures and of their
outstanding role in compactifications to lower dimensions, but much work remains to
be done to determine the full effective action. In particular, if we were to replace the
curvature tensor R — R (defined in (1.3)) as dictated by non-linear SUSY, a whole tower
of kinematical structures listed in table 3 will be generated.!®

In section 3.3, we illustrated the way t24R* contributes at the level of 5-point contact
terms corresponding to the third line of table 3. Fixing the coefficients will however require
a more detailed calculation of the non-linear superfield following [8, 10].

We recall that the tree-level effective action should be T-duality invariant. Imposing
this invariance apparently allows to determine the eight-derivative NSNS action to all
powers in Hs [14]. Moreover, the recent work [74] discusses 5-point structures constrained
by O(d,d) invariance. Comparing these results to ours, which requires the extensive use
of field redefinitions, and eventual use of T-duality as a way of constraining higher-order
interactions, is left to future work.

18Note that here we have collected only various tx as defined by standard fermionic integrals in (2.16).
There are however further contributions similar to the ones listed in table 2 at 5-points.
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We have moved closer to a full completion of the five-point effective action at order
(a')3. Terms of the form H2(VH;3)?R and their RR counterparts which are in principle
obtainable from the results of [5, 43, 75] have not been analysed here. Moreover, the
relation of the CP-odd couplings (3.4) to the elementary tensor structures used here needs
further clarifications. Finally, the dilaton couplings continue to be a top challenge. In the
MUYV sector, dilaton amplitudes were systematically analysed in [24]. The non-MUV part
however remains largely unexplored. In this context, the F-theory lifts along the lines of [39]
could offer a geometric principle underlying these couplings and eventually provide a key to
determining scalar couplings also beyond four points.

Even though the notion of the higher-dimensional tensors we use here is quite established
at the eight-derivative level through e.g. the linearised superfield [12], their role in the
10D effective action in the presence of a non-trivial background with P and G3 remains
to large extent unexplored. Also their generalisation to orders (a/)® and higher remains
unclear. Given that they correspond to 1/4-BPS and 1/8-BPS interactions as opposed to
1/2-BPS for dimension-8 operators, they are certainly less constrained by supersymmetry.
For instance, while the coefficients of 1/2-BPS and 1/4-BPS interactions satisfy Laplace
eigenvalue equations, the pre-factors of 1/8-BPS terms satisfy an inhomogeneous Laplace
equation instead [76], see also [24] for a more recent discussion. It would be interesting to
understand the appearance of potentially novel index structures at higher orders in «/.
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A Definitions and conventions

A.1 SL(2,Z)-covariant modular forms

Throughout this paper, we make heavy use of special modular forms and their properties.
The relevant functions are all generalisations of the non-holomorphic Eisenstein series of
weight 3/2 denoted as fo(7,7). More generally, we define

3

_ Im (7)2
fu(T,T) = Z - 5w . —5 (A.1)

(i1,12)#(0,0) <11 + Tlg) 2 (l1 + HQ) ?
They transform covariantly under SL(2, Z)
ar+b at+b et +d\v _

w y T = = — w\T, . A2
/ (CT+d CT+d> (CT+d> fu(7:7) (A-2)
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Further, these functions satisfy

(-7 gtu=(w+3) fon—who,  G=Dgtho = (w=3) forr-wfu.  (A3)

More elegantly, this can be written in terms of a covariant derivative D,, where

. 0 w 34 2w
Dy fw="1 (7287_ - 12) fuw = wa-i—l (A-4)

so that (see (2.11) in [24])

2w71
3 ﬁp
L(5 +w)

23w+ (1 4+ 1)

Jo = 2(w + 1))!

w—1--- Dofo = Dy—_1... D()f() . (A5)

Last but not least, we expand f,, in the large Im(7) > 1 (small string coupling) regime

where
-\ ar, —Im(7)
fuln ) = ar+ g + 0 (™) (A.6)
in terms of
2
ar = 20@3)Im(r)s, as = %Imm—% | (A7)

The first term is associated with closed string tree level [2], whereas the second term with
1-loop effects [77]. The final piece encodes contributions from non-perturbative D-instanton
states [18]. For the lowest order modular functions, we can write

1
fo(r7) =ar+ap+0 (™) fu(rr) =ar - gar+0 (™). (A8)

A.2 A basis for R3

As shown in [5], the decomposition of H3R3 requires 24 independent Lorentz singlets. We
therefore introduce a 24-dimensional basis for contractions of H3R? built from R? invariants
{57, sz\/h Moy Xll\/h Mo Ms My Q?\/h Mo MsMaMs Mg ) transforming reducibly under SO(1,9) (with
the exception of S*). First, there are the following two singlets

Svl — RMN RSRMNOPROPR57 SVQ — RM NP QRR MQ SRN RS P ) (Ag)

One infers that in this basis the 6d Euler density may be written as

_lra &2
Q=5 (5" +28). (A.10)
Furthermore, we define the 2-tensors
W]%/IIM2 = RMlNM?PRN QRsRPQRsﬂ WJ@1M2 = RM1NPQRM2 NRSRPQ RS »
Wirar, = BavpgRu, "7 RY R 9. (A.11)
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There are 11 independent 4-index tensors

Xll\/fl MyMsMy = RM1M2M3M4RNPQRRNPQR ) XJZ\JIMQMaM4 = RMlMQMsNRM4PQRRNPQR )
X3 rtantg vy = Basovio v p Ravigar, @RV V9T, Xan v v, = Barovisnp Rasan,qr RN 79,
Xinranss v, = Bas Nagg PR, oue, RV V9N, X atontans, = Rarvsnp R, ™ qrBar, TOF,
X17\/11M2M3M4 = Rary Ny PR, N QrBwm, FoR ) X18\41M2M3M4 =Ry, msNnPRM,Q N rEM, @PR )
X?Ml My MM, = Bar Nvs PR N pRu, OFR, X}\/(j)leMsM4 =R, Y RusnorRu, p 98,
Xfl\/}leM3M4 :RMleNPRMgQNRRM4 QPR (A.12)
and another 8 combinations of 6-tensors

Qb sy vants g = Barann ¥ Ranisp @ Rasguss ™

Q?\41M2M3M4M5M6 = RMleN PRM4M5P QRMSQMs N )

Q?WIMZMSM4M5M6 = RM1M2N PRM3M4P QRMsQM6 N )

QZJL\41M2M3M4M5M6 = Ry Ny PRMQPMS QRMBQMG N )

Q?\41M2M3M4M5M6 = RMlNPQRM2M4 PQRMSMsMﬁ N >

QN vsrtavisis = Barnpg R "9 Ran g ™

Qi vt vanss v = BarvpoRan ™ vy @ Ransags

Q?W1M2M3M4M5M6 = R monianss Rasnpo R V9. (A.13)

B Superfield calculus

B.1 The linearised description

This section closely follows the conventions in appendix C of [24]. Let 6; be two sixteen-
component chiral spinors of Spin(1,9) which we combine into the complex supercharge © =
01 + i02. Linearised effective interactions preserving half of the original 32 supersymmetries
are derived from a constrained superfield ®(z* — i©+"0, ©) which satisfies the holomorphic

condition 5
Dg® =0, (D@)A:—@,Azl,...716. (B.1)
It is further constrained by
N4
(Do)'® = (Do) @ (B.2)
where 5 5
- e D ——
(De)a= 55 +2(10) 0. (Do), = et (B.3)

The two operators Dg and Dg are the (anti-)holomorphic covariant derivatives and com-

mute with

0
QA_@v

corresponding to the rigid supersymmetries.

_ 9 e
Qu=-555 2 (@’y“)A@u (B.4)

The two conditions (B.1) and (B.2) imply that the expansion of ® in powers of ©
terminates at ©%. The scalar superfield components are completely specified by choosing the
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lowest order scalar component. It turns out to be convenient to work in a parametrisation
of scalar fluctuations as 7 = id7/279 for 67 = 7 — 79 [24, 33]. The corresponding superfield
& was previously discussed in [10, 12] and is defined as

d =719+ 19A (B.5)

where 79 A parametrises the linearised fluctuations around a constant, purely imaginary
flat background 79 = g; ! with (see also eq. (5.26) in [23])

8
A=>" ool
r=0
=74 O\ + 0G5+ 030 + O (R + OF5)
+ 0°0%* + 0%9%G3 + 079 \* + ©%9*T . (B.6)

Here, A and v are the complex dilatino and gravitino respectively. For our purposes below,
it suffices to note that

02Gy = (010 Giyipiy,  O'R = (OT"240) (0T, #1460 Riyiyigi, (B.7)
Terms encoded in ®(") have U(1) R-symmetry charge

g =2+ g (B.8)

where we assigned charge —1/2 to © and —2 to ®. This leads to

3 1

¢ ==2, ®»=-5, de=-1, @w=-5, r=aqr =0. (B.9)

Even though the linearised approximation gives only partial results for the structure of
terms in the effective action, it is still useful to find and relate various terms in the weak
coupling limit 79 = g; 1 00. Generally, interactions are constructed from a function F|[D]
of ® by integrating over the 16 components of ©, that is,

Sinear = / d%zd'%e det(e) F[®] + c.c.. (B.10)

Here, det(e) is the determinant of the zehnbein and the total expression is invariant under
the rigid supersymmetries. In an expansion in powers of ©, we find

F[®] = F(r§)+ Y L an (%)n F(9) (B.11)

Substituting this expansion into (B.10) and keeping the terms with ©16, we recover all the
interactions at order (/)3

S(3) — / lex {f(lZ,—lQ))\lﬁ + f(ll’_ll)G3A14 4.+ f(4,—4)G§ +. .+ f(l’_l)G§R3

+ FOO (1GP + [PP) RP 4.+ fOORE 4 4 f1212 ()\*)16} . (B.12)
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Here, the modular forms f,, = f(@—®) (7,7) have holomorphic and anti-holomorphic weights
(w,—w) and are eigenfunctions of the SL(2,Z)-Laplacian [23]. The presence of these
coefficient functions is required by SL(2,Z) invariance, see [24] and references therein. The
functions f(*~) carry U(1) charge qf, = 2w (in our convention) and appear generically as

P
/ A0z det(e) o) T @0 (B.13)
n=1
The value w is fixed by the sum of U(1) charges of the ®(™):
P !
> @, =8-2P=-2w (B.14)
n=1

where we used that ), r, = 16 to ensure the presence of 16 powers of O.
As far as the index structures in (B.12) are concerned, one finds contributions like

teRY = / d1%@ KGFz‘mk@) (@Fk mm@) Riligimr ,

tlgGgR?’ _ / 410 ((@Fz‘mz’g@) Gi1i2i3)2 K@Fimk@) (@Fk igmg) Ri1i2i3i4:|3 )
(B.15)

Several comments are in order. In the linearised approximation, we work in a regime
where we neglect the inhomogeneous part of the modular covariant derivative D,, =
w + 21720873, that is,

20750,0 fu > wf (B.16)

This is clearly violated for terms in f, that are powers of 73. In contrast, D-instanton
contributions ~ (TS)"e_%‘N I3 satisfy the above inequality in the limit 7 — oo. Thus,
the linearised description contains the exact leading multi-instanton effects. In a non-
linearly completed theory, the SL(2,Z) symmetry requires the f,, to become the familiar
modular forms. Then, the relative coefficients for interactions of differing U(1) charge can
be computed from supersymmetry.

B.2 Non-linear superfield

The non-linear superfield completion is generally cumbersome in the presence of non-trivial
P and G5 backgrounds. Looking at the ©% term in (B.6), it was already proposed in [9]
(and even earlier in [10, 78]) that full graviton and F5 kinematics is encoded in

O'R = (O1"210)) (O™5°0) Ryyiigiaisis (B.17)
where R was defined in (2.20). Then, the single index structure
~ L .o ~ 4
toyRA = / a9 [(Or"250 ) (OI™5%0) Ryyiigiisis | (B.18)

includes tensor contractions of the form (VF5)"F2™R*"~™ [9] which are in agreement
with string amplitude calculations [79].

This clearly implies that R as defined in (2.20) enjoys the following symmetries to be
imposed implicitly further below:
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1. Invariance under the exchange of fermion bilinears in (2.21) implies that only the part

2. Anti-symmetry of the I'-matrices in (2.21) means that we have to anti-symmetrise in
both (i1,1i2,43) and (i4, 15, i¢).

3. The fermion bilinears in (2.21) enjoy further Fierz identities which essentially project
onto certain tensor representations. Applying considerations from representation
theory, it turns out that [3]

(16 ® 16 ® 16 ® 16) =770 ¢ 10507 (B.19)

anti-sym

where 770 = [0,2,0,0,0] and 1050" = [1,0,0,0,2] in terms of their Dynkin labels
under Ds. We define the following two projection operators

1(1
7;11213 ,l4l5l6|1050+ — 5 7(7;1121371471516 - 37;11216 , 241513 721%2]?71415 Gizie

22
1
+ 2 Tiviskigia " gi3i6) + [ Ciriiiais k1k2k3k4k5ﬁ1k2k3,k4k5i6} ;
(B.20)
2 1 i —
7;1i2 , 1415 |770 - g (ﬁlig , 1415 + 7;11'5 ,i4’ig) - 57;1k’,i4 gig’i5 + %7;]&’, gi1’i4g’i2i5 .

One easily verifies applying the projector onto 770 to the Riemann tensor that
Ri1i2i4i5 }770: C’i1i2i4’i5 (B21)

which implies that only the Weyl tensor enters (2.20).

Both Fj terms in (2.20) do not contain any 770 piece, though a 1050" part. For FZ2,
one uses self duality to remove the e-tensor, thereby finding [9]

1
(Filigigklﬂ4i5i6 kl) |1050+: 5 (Eliziglei4i5i6 kE_ 3Filz‘2i6k:l}7’i4i5i3 kl) (B22)

which is already imposed in (2.20). For VF5, the 10507 component is obtained by

imposing

ViF" iisigis =0,  Fs =x10F5. (B.23)

C 11D superparticle amplitudes

We compute 11D amplitudes in the superparticle formalism compactified on a 2-torus [15-
17, 35]. We start from the vertex operator

) 2 i
Ve, = Ak Crar <XI - 373”@) REMN o=ik-X (C.1)

for the 3-form C3 in terms of 11d indices I, J, K, L, ... using the conventions of [17] for
the fermion bilinears R/, RIMN | Once we compactify the vertex operator on a T2, we

— 37 —



split the 11d indices as {I,J,K,L,...} into T?-indices a,3,... = 1,2 and 9d indices
1,5,k 0,... =0,3,...,10. Schematically, we distinguish the following types of terms in
the reduction

k(i Climn) = Fitmna » ki Crmpt = Fitm kiCimj2 = Hitm » kiCpio — Fu (C.2)

where k[icl(:i)nu = Fjimn1 and Fj; is the field-strength tensor of the 9d Type IIB gravi-photon
A;. We will only be interested in the Type IIB 3-forms F3 and Hs in 9D.
For our purposes (on the Type IIB side), it is more convenient to work with a complex-

ified basis for the two T2 direction for which G is obtained from [17]
1
V002

This amounts to the following set of vertex operators for Gj

k[lCmn]z =

(k[,cmn]1 - Tk[lcmnp) . (C.3)

. 2 .. .
Vs = 3V2 ki Com- (XZ - 3R”kj) REmne=ikX
. 2 . )
- \/ik:[l(]mn]z (XZ — 37{23143]') leneflk'X . (04)

Notice that the terms in the first line were not present in [17] which are however important
to provide additional contributions in the U(1)-preserving sector at 5-points.
Next, the 11D graviton vertex operator reads

Vi = hpy (XTX7 = 2X TR M kg + 2RIERM by oy ) €7 (C.5)
In 9D, we obtain the graviton vertex operator
Vi = hyy (X°XT = 2XTRIM b, + 2RIRIM ey, ) = H X (C.6)
as well as the axio-dilaton vertex operator
Vp = hes (X2X7 = 2X5R¥ 4+ 2RIR bk, ) €7 (C.7)

C.1 General amplitudes

In this section, we discuss the general form of amplitudes to be encounter below. To begin
with, we stress that there are essentially two classes of amplitudes. If the fields are neutral
under the Type IIB U(1), then the general result can be written as

3/2
Yo

Aneutral = Nl Kneutral (C + NQ fO(ﬂ 71)) (CS)

for some kinematical structure K. The constant C' generally remains undetermined in
this formalism without a proper microscopic description, but can be determined from e.g.
duality considerations. In contrast, a U(1)-violating combination of fields results in an

amplitude of the form
fu(T,T)

(W) _ AR
‘Aviol. - NKViOL 3/2
Yo

(C.9)

— 38 —



This is expected simply because there is not associated analogue in 11d and the result must
disappear in the limit vy — oo!

The factor of v, 32 in (C.8) and (C.9) is reminiscent of the terms coming with o/ /R? =
0//(7“25))2 in [80] since

1/2

95 _ =L (C.10)
iy = L |
v’ ()2
~3/2

Hence, U(1) uncharged amplitudes of the form (C.8) naturally appear with a 1 £ v, ™" ~
1+a’/ R? prefactor, whereas charged amplitudes (C.9) only come with a v, 2o /R? term.
More explicitly, we will be interested in the following types of P-point amplitudes

Ap(m,n) = /dt P/ d’p > P"Ple —t(p* 4" lals) (C.11)

l1,l2

For the moment, we keep the index structures in K implicit. Clearly, for m = n, A™" will
be of the form (C.8). After integrating out the 9d momenta, we obtain

Ap(m,n) = 2 K(P) S(P,m,n) (C.12)

in terms of

dt t* o
o7 3 P ppe il (C.13)

S(P,m,n) = /
l1,l2
These functions can be computed systematically for any number of points and KK-momenta.
Throughout this work, we require only the following explicit results

$(5.0,0)= 0+ 47800 g5 11y =0 - Rl

3/2 3/2

S(5,2 0)—3\Ff1(3/2), 5(5,0,2) = N = ) g/Q 2y (C.14)

Here, C' is typically a divergent constant which can be identified through duality considera-
tions [15].

With the above formulas, the open task remains to determine kinematical structures. In
contrast to string amplitudes, we do not impose a priori that we compute even/even, odd/odd
or even/odd sector couplings. This comes about naturally from the higher-dimensional
index structures which we define as

By = T (R Riv-iINRIN i Rinaiaitiar ) (C.15)

In 9 (or any number of odd) spacetime dimensions, index structures ¢ty with N odd are
associated with parity-odd couplings. The reason is simple: if IV is even, then there is
a chance to find terms of the form tgtg or epep. However, if N is odd, then there must
be always a single ep of odd dimensions be involved. This is to be contrasted with the
situation discussed in [42]. Here, they provide the decomposition of t24 in 10 dimensions
which involves both parity-even and parity-odd contributions.
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Another comment concerns the situation where the index structure carries torus indices,
that is

t?\[g = Tr (Rzi1i2R2i3i4Ri5i6 .. ) . (C16)

In particular, structures of this type either appear alone as in the case of 1 b,9 and 4 h,,, or
in combination with ¢5. The latter scenario appears frequently in the amplitudes discussed
below. These instances can be understood from the 11d perspective where one might find
an index structure of the form

£ GGl @+ — (t% Gk Grmn © ARG ke Gamn @ F - ) ... (Ca7)
As we will see below, this happens for instance when studying 9d amplitudes for |G3|?R3.

C.2 Maximally U(1)-violating amplitudes

We derive the coefficients for MUV terms in the Type IIB action involving only the 3-form
and the metric. The general 9D superparticle amplitude for such contributions is given by

v A —wsp 0)t GIw R~ C.18
0 G%wR47w - 3 ( 7w7 ) 16+2w3 ( . )
26T (5)
in terms of p
S(P w 0) — / gti Z P2we—t9ablalb (C 19)
s W t t9/2 z . :

ly,l2

One easily verifies that after Poisson resummation

w—+1

2w —tg™iay Y0 - SN2 g Tl (4t
lzl: Premmt= 3 (2t)2w ! Z (ll + 712) e el t0 (C.20)
1,l2 l1,l2

For w > 0, the zero winding term with (fl, fg) = (0,0) simply drops out. Next, we substitute
t — (4t)71 gabiafb to find

A a\ P—il oy
e tF ablal 2 1 ..
| G = [ | (T) g e

where we used

ablaly >
—gi’g‘; bat. (C.22)

Putting everything together, we recover

dt =

,Uerl 4 %—&-w R S ow [~ 7t 3 _w A s
sPw o) =S (S) X e (qulid) T [ e Tai
2 (1,2)#(0,0)

AT (3 +w . . s
= guz) (lh + 7la)* (Qablalb) B (C.23)
TV 00
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Since . e
i (52 + Tll)TZ(lg + Tll) | -

we can use the definition (A.1) for modular forms f,,(7,7) to obtain
ar (3 +w)

S(P,w,0) = N

Juw(T,T). (C.25)

C.3 Special non-MUYV amplitudes

The superparticle amplitudes in the non-MUYV sector giving rise to contributions involving

the higher-dimensional index structures tis, t29, ... are given by
94—(m+n)/2 (_9ym+n I
VOA GG pi-(min) 2 = (3 ) S(P,m,n) ti64minGr Gy R (m+n)/2
’ 267 (3)
(C.26)
in terms of
dt tP m pn —tg®l.l,
S(P,m,n) :/ WIS e : (C.27)

l1,l2

The objects S(P, m,n) can be computed as before. The final expressions will be of the form

P fw(T’ 77_) mA" »4—(m-+n
UOAG?@”R‘F(WHL)/? = <000006w,o + )\/%) F16man G Gy R (m+m)/2
(C.28)

where
m-—n

2
The first zero winding piece only appears at the U(1)-neutral level m = n which contributes

w =

(C.29)

in the limit vg — oo to the 11D M-theory action. However, the constant C is generically
divergent because the superparticle picture does not provide a microscopic description of
M-theory. Such constants can be inferred though e.g. via dualities to Type IIA as discussed
in [15] for R%.

The second term in (C.28) encodes as usual the contributions to the Type IIB effective
action upon taking the limit vg — 0. Overall, the corresponding coefficients can be expressed
in the following compact way

(2w +1)(2|w| - 1)Cp_4

= P-4+ )P -1 -1 (C-30)

Notice that for MUV amplitudes |w| = P — 4 we recover C’I(DPA = Cp_4 as expected.

D Details on the reduction to 4D

D.1 Comment on the corrected background

To give some intuition on effects contributing to dg, d1, the corrected metric background
in Einstein frame involves an overall Weyl rescaling (see e.g. [51]) which in string frame is
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associated with the corrected dilaton [52], that is,

ds?, = e® {eQAnW dzt da” + e gy, dy™ dy”} (D.1)

with
®=adM +0 (aQ) , A=A9 4+ aA® + 0 (aQ) , gmn = 90 +agl) + 0O (aQ)
(D.2)

In 10D Einstein frame, neither ¢ nor G3 are corrected at order (a)3,
b=d0+0(()"), Gi=()'G +()ac+0((@)). (D3

From the Bianchi identity for F5, one deduces that also F5 ~ O((a’)?). The remaining
leading order solutions to the equations of motion can be determined from the results of [51].
From Einstein’s equations, one infers that the internal Ricci tensor receives a correction of
the form

R — —3.9% f3(7,7) VOVO QO (D.4)

mn

Finally, the 10D Weyl rescaling ® is determined to be
o) = —3.2°f5(r,7) Q. (D-5)

When reducing the classical action (2.1), we perform the Weyl rescaling

an = e gy (D.6)
Then, we obtain
©) () — g(0) (5 o 1) oz 1GaP -
ST9) =59 + 55 [ @ | 4R - 8|P| *101 (D.7)
K10 6

where S()(§) is the classical action evaluated on the new metric. The term ~ ®(1)|G3|?
contributes to g in (5.23).

D.2 Details on the derivation of 4D kinetic terms

In this section, we provide further details on the reduction to 4D. We reduce (D.7) as well

as the relevant terms in (3.36) and (2.11). For the moment, we ignore terms involving Fj

which complement the hypermultiplets in 4D as well as contribute warping terms. They

are known explicitly by means of (2.22) and will be studied in more detail in the future.
For the Einstein Hilbert term, the reduction of (D.7) to 4D leads to

40 R0l = —384 | £02(20)*X(X3)RW + fo (Rap + 2F0p) dt® A x4 dt?
X3

— 65, dt* A xy ( fiP+ f_lf) ] (D.8)
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where we defined

I, = —1(271)3/)( Wai'c3(X3) = (277)3X(X3)%, (D.9)

Reop = (27)3/ waigws” c3(X3), (D.10)
X3

g = (27r)3/X waitws ;I es(Xs) = —k‘fﬂ (2733 (X3) . (D.11)

As observed in [57], Zqp cancels in the reduction and only integrals of the form .7, .3
appear which can be evaluated explicitly given that the trace of (1,1)-forms is constant.
From R*, we obtain in the reduction

1
/ (tgtg - 46868) R*%101 = +£768(27)3x(X3) RW + 384%,5 dt* Axgdt? . (D.12)
X3

As a remark, recall that in Type ITA both sign combinations appear giving rise to (ar —
ar)x(X3)R™ in the reduction. Ultimately, this ensures that the vectormultiplets are only
corrected at tree level, while hypermultiplets are corrected at 1-loop. In contrast, we find
in Type IIB only a single sign corresponding to t1¢ defined in (2.19) so that

/ [4<I><1>R + fotwRﬂ F101 = —1536(27)°x(X3) fo RY — 768 foFup dt® A%y dt?
X3
+ 638475 At Ay (AP + f1P) . (D.13)

As we will see below, this implies that the hypermultiplets are corrected at both tree and
1-loop level, while the vectormultiplets remain uncorrected.

Next, let us look at the contribution from the 3-form. The backreaction from the metric
gives rise to

Gs? _
<1><1>‘63‘;101 = 384¢? fo RBopG™ A e (D.14)
X3

in terms of G* = dec® — 7 db™. From the higher derivative terms, we find from the torsionful
Riemann tensor (essentially equivalent to [57])

/ 2fofsts (|Gs[2R® + 3|V G R?) = 384¢” fo BapG® N el (D.15)
X3
as well as from ¢;g (this is the piece proposed by [57] at NSNS tree level)
1 _
/X | ISIGHPRY = <1026y £up G A el (D.16)

Altogether, this amounts to

2 s 1 .
/X [—qﬂ)'Gg" + fo <2t8t8 - 2t8t8> |G3|2R3] *101 = 192e? fo F05G™ A G’ . (D.17)
3
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Notice that Z,p3 cancels out exactly which is actually necessary to perform the remaining
integrals explicitly as we will see below. In addition, we also have contributions from the
10D MUYV sector which are of the form

/X [?’thgtgc;gﬁ +c.c.| *10l = —288e? f1 I05GY AxsGP + coc.. (D.18)
3

To complete the argument, we also have to add terms involving the dilaton. At
the 5-point level, contact terms with two dilatons and three gravitons can only be U(1)-
preserving.!” They remain to large extent unspecified, see however [39] for a proposal based
on 12D convariance. Here, we make an ansatz similar to [51] by adding a term proportional
to the 6D Euler density, namely

/ [—8<1><1>\7D|2 —-3- 210|7312Q] F101 = —1536(21)°x(X3) fo P A *4P . (D.19)
X3
To summarise, we obtain the 4D action

1
SW = R / { (v — 15360 (27)° x (X3) fo) RW 541 — (Vinax + V) #4 1
10

— (2v + 15360 (2m)° X (X3) fo) [PI* %4 1+ 6 - 384070 At A sy (1P + f1P)

1 kok
+ ( [kﬁaﬂ + '6} — 768« fofa5> dt® A %4 dt?

2 V
1 kok _
+ (2 |:ka5 — Vﬁ:| + 192ae¢f0 fag) G A *4Gﬂ
— 288’ f1 FopGY A *, G + c.c.} . (D.20)

Up to this point, we collected all the relevant contributions at the 2-derivative level in
4D. The final step is to perform a Weyl rescaling of the 4D metric to arrive at 4D KEinstein
frame. To this end, we define

f

G = %G, k= —2log(Y), V=V—(2n)x(X3) go (D.21)
and expand to liner order in . In string units, we set
1 X (X3)
ts=2mva/ =1 = ()= = - D.22

to arrive at (dropping the tilde on § again) (5.34).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
the goals of the International Year of Basic Sciences for Sustainable Development.

19T fact, as we will see below, we can turn this argument around by arguing that terms like faP2R? in
10D are actually forbidden by 4D SUSY.
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