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1.1

Introduction and overview

Introduction

The laws of black hole mechanics are a set of classical laws governing the behaviour of black

holes. When combined with Hawking’s discovery of black hole radiation, these laws provide

compelling evidence for the interpretation of black holes as thermodynamic objects. These

laws were first proved for Einstein gravity minimally coupled to matter. It is natural to ask

whether they are also valid in extensions of Einstein gravity, for example in the presence



of higher-derivative terms in the action that are expected from an effective field theory
(EFT) perspective.

The first law of black hole mechanics concerns linear perturbations of a stationary (i.e.
time-independent) black hole. Wald has shown that a version of the first law holds for any
diffeomorphism invariant theory of gravity coupled to matter [1]. In particular, this leads
to a definition of the entropy — the Wald entropy — of a stationary black hole in such
a theory. It provides a fully satisfactory definition of the entropy of an equilibrium black
hole in this very large class of theories.

The Wald entropy is defined unambiguously only for a stationary black hole. Iyer
and Wald have made a proposal for the entropy of a dynamical (i.e. non-stationary) black
hole solution of a general diffeomorphism-invariant theory [2]. The procedure is based on
classifying possible terms according to their “boost weight”, which determines how they
transform under a constant rescaling of affine parameter of the horizon generators. The
Iyer-Wald entropy is built from quantities of zero boost weight. Iyer and Wald showed
that their definition is independent of any choice of coordinates or basis. However, they
left open the question of whether or not it satisfies a second law.

Jacobson, Kang and Myers (JKM) investigated black hole entropy for the class of
theories for which the gravitational Lagrangian is a function of the Ricci scalar, so-called
f(R) theories [3]. Such theories can be transformed into a conventional scalar-tensor theory
using a field redefinition. Using this, JKM were able to define an entropy that satisfies a
second law. Their entropy is proportional to the integral of f’(R) over a horizon cross-
section. For a stationary black hole, the JKM entropy coincides with the Wald entropy.
However, for a dynamical black hole, the JKM entropy differs from the Iyer-Wald entropy.

In general, one expects the Lagrangian of a gravitational EFT to include scalars built
from contractions of the Riemann tensor and its derivatives. For such a theory, Wall has
sketched a procedure for constructing an entropy that satisfies the second law to linear
order in perturbations around a stationary black hole [4]. As we shall explain, the Wall
procedure supplements the Iyer-Wald entropy with terms that are linear in quantities with
positive boost weight. The simplest example of such a term is the integral over a horizon
cross-section of KK where K and K are the expansions of outgoing and ingoing null
geodesic congruences orthogonal to the cross-section. We shall refer to the result of Wall’s
construction as the Iyer-Wald-Wall (IWW) entropy. For a stationary black hole it reduces
to the Wald entropy.

To linear order, the second law does not imply an entropy increase, but only that the
entropy does not change in time. To see why, assume that there exists a linear perturbation
that leads to an entropy increase over time. Now multiply this perturbation by minus one.
The result is a linear perturbation that decreases the entropy over time, in violation of the
second law. Thus, to linear order, Wall’s result implies that the IWW entropy can neither

decrease nor increase but must remain constant in time.!

Wall allowed for the presence of matter, which was described by an energy-momentum tensor satisfying
the null energy condition. This acts as a source for the linearized gravitational field. In this case, the
entropy does increase but the increase arises entirely from the matter, not from gravitational waves. We
will not follow this approach for reasons explained in section 1.6.



For f(R) theories, the JKM and IWW entropies agree if f(R) is quadratic in R but not
if cubic or higher order terms are present. This suggests that, except for special theories
(e.g. 2-derivative Einstein gravity), the IWW entropy is unlikely to satisfy a second law
beyond the linearized approximation. For f(R) theories, the JKM entropy involves adding
terms to the IWW entropy that are quadratic, or higher, order in quantities with positive
boost weight. So, except for special theories, it seems likely that such higher order terms will
need to be included if the second law is to be extended beyond the linearized approximation.

In this paper we will establish a second law beyond the linearized approximation for a
large class of theories. Our approach will be to treat these theories as EFTs, ordering terms
in the equations of motion according to how many derivatives they contain. The lowest
order terms are the 2-derivative terms familiar from conventional Einstein theory. These
are then supplemented by terms with 4 derivatives, then 6 derivatives and so on. We assume
that the coupling constants multiplying these terms are all powers of some fundamental
(UV) length scale ¢. We restrict attention to solutions lying within the regime of validity
of EFT. Roughly this means that if a solution varies over a length (or time) scale L then
¢/L < 1. One then expects terms with many derivatives to be less important than terms
with few derivatives.

Consider truncating such a theory by retaining only terms with N, or fewer, derivatives.
Rather than attempting to prove a second law that holds exactly in the truncated theory,
our approach will be to prove a second law that holds to the same expected accuracy as the
theory itself, i.e., up to neglect of terms with more than N derivatives. We will show that,
for any N, one can define an entropy that satisfies the second law to quadratic order in
perturbations around a stationary black hole, in the sense that any violation of the second
law will be of the same order (in ¢/L) as the terms with more than N derivatives that have
been neglected in truncating the theory. By increasing N one improves the result, so the
better one knows the EFT, the better the accuracy to which the second law is satisfied.

Our entropy is defined by adding new terms to the IWW entropy. The new terms
are of quadratic (or higher) order in quantities with positive boost weight. The simplest
example is the integral over a horizon cross-section of (KK)2. By counting derivatives,
one can see that the new terms are required only once N > 6. In particular, if N = 4
then our result implies that the IWW entropy satisfies the second law to quadratic order
in perturbations, in the EFT sense described above.

An important question concerning the entropy is its gauge-invariance. The Iyer-Wald
entropy of a horizon cross-section is independent of any choice of coordinates — it depends
only on the local geometry of the cross-section. Wall’s procedure, which our approach
extends, is based on a fixed Gaussian null coordinate system. Such a coordinate system
has gauge freedom corresponding to a rescaling of the affine parameter along each horizon
generator. The terms generated by Wall’s procedure are not manifestly invariant if this
rescaling differs from generator to generator. Nevertheless, we will prove below that the
IWW entropy is invariant to linear order in perturbations around a stationary black hole.
Thus the IWW entropy is gauge invariant to the same extent that it satisfies the second
law, namely to linear order in perturbations. In fact, with quite a lot more work, we shall
prove that the freedom to adjust higher order terms in the IWW entropy can be used to



bring it to a form that is gauge invariant in a fully nonlinear sense. It is natural to guess
that our extension of the IWW entropy is gauge invariant at least to quadratic order in
perturbations, in the sense of EFT. We have not yet been able to prove this and we will
discuss this issue further below. This is not an issue for N = 4 since our entropy reduces
to the IWW entropy in this case.

In the rest of this section we shall explain our main results in more precise terms
but omitting the proofs. Then section 2 will prove various technical results used in later
sections. Section 3 will present proofs of our results concerning the IWW entropy. Sec-
tion 4 presents our construction of the improved entropy that satisfies the second law to
quadratic order.

1.2 Summary of conventions

The metric signature is (— + +---+), and the conventions for the curvature tensors are
as in Wald’s text [5]. Bold face letters denote differential forms, with the conventions for
A and d as in [5]. The spacetime dimension is n > 2. Lower case Greek letters p, v, ...
are spacetime coordinate indices, upper case Roman letters A, B, ... are coordinate indices
on an (n — 2) dimensional spacelike cut C' associated with the Gaussian null coordinates
defined in section 1.3. (1 ... 1s) resp. [p1 - .. fiq] denotes a total symmetrization resp. anti-
symmetrization with combinatorial factors included to make these operations projections
onto the space symmetric resp. anti-symmetric tensors.

The notation L[V] (square brackets) indicates that L is a local functional of some
fields ¥, i.e. at each point, x, L|, depends on finitely many derivatives 0y, ...0,,V|.. We
generally set 16mG = 1 and ¢ denotes a UV length scale.

1.3 Gaussian null coordinates

Consider a spacetime of dimension n containing a smooth null hypersurface N that is
ruled with affinely parameterized null geodesics with future-directed tangent vector [#. We
assume that the generators are future-complete, i.e., they extend to infinite affine parameter
to the future. This hypersurface might be the event horizon of a black hole but some of our
analysis applies more generally. Note that the smoothness assumption excludes important
physical situations such as black hole mergers. However, it includes spacetimes describing a
black hole “settling down to equillibrium”, which is the physical situation we have in mind.

Assume that every null geodesic generator of N intersects a spacelike cross section C'
precisely once. We can introduce Gaussian Null Coordinates (GNCs) in a neighbourhood
of N as follows. On N we let v be an affine parameter along each null generator such that
v = 0 on C and such that I#0,v = 1. Then we transport C by affine time v into cross
sections C(v) thereby obtaining a null foliation of N'. On each C(v), a (past-directed) null
vector field n = n#0, is next defined uniquely by demanding that it is orthogonal to C(v)
and g, ["n” = 1. We consider the affinely parameterized null geodesics tangent to n and
call the affine parameter r with » = 0 on A/. Finally, we choose on C a coordinate chart
24 A=1,...,n—2. Then we transport this first along the geodesics tangent to ! along
N and then along n off N at each fixed value of v. It can be shown that the metric and



vector fields n, [ take the form
1
g =2dv(dr — irzadv — rBadz?) + papdz?da®, 1=0, n=20, (1.1)

in the GNCs (v, r,z4), where a, 84 and pap are, at least for small 7, smooth functions of
the coordinates. A is the surface » = 0 and C' is the surface v = r = 0. We denote the
inverse of pap as u*P and A, B, ... indices will be raised and lowered with p42 and pap.
The covariant derivative on C'(v) defined by pap is denoted Dy.
We also define
_1 - 1 _ A - A

Kyp= 5O0vhas, Kyp = 50rttan K=K} K =Kj. (1.2)
On N, K is the expansions of the null geodesics tangent to [. Similarly K is the expansion
of the (past-directed) null geodesics tangent to n. The tracefree parts of K4p and Kap
define the shear of these families of geodesics.

The definition of GNCs is not unique. If one fixes the initial cut C' then one still
has the freedom to rescale the affine parameter along each generator of N: if a(z?) > 0
then v/ = v/a is also an affine parameter along the generators. The corresponding tangent
vector to these generators is I’ = al. This change of affine parameter leads to a new set of
GNCs (v, 7, z4).

If a is constant then we have simply

v = 2 v =ar A =24 constant a. (1.3)
If a quantity X transforms homogeneously under such a change of coordinates then we
define its boost weight b by

X', 2y = a®X (v, r, 2) (1.4)

(see section 2.1 for a precise definition); for example «, f4 and pap have boost weight zero,
K 4p has boost weight +1 and K 45 has boost weight —1. A quantity D4, ... Da,, 050%
with ¢ € {«, 54, uap} has boost weight p — q. The boost weight of a tensor component

m

THY ... is given by the sum of +1 for each subscript v or superscript r index, and —1 for
each superscript v or subscript r index e.g. R, has boost weight +2.

If a is not constant then the transformation between the GNCs is highly non-trivial
away from A. This implies that many quantities (e.g. a, 84, 9,0rpap) transform inhomo-
geneously, even on N, with terms involving the derivative of a.

1.4 Second law

We now review a simple proof of the second law in conventional GR. The proof is simple
because it makes various strong assumptions, specifically that the horizon is smooth, the
horizon generators are future-complete, and that the black hole “settles down to equilib-
rium” at late time. One can of course prove the second law in conventional GR under much
weaker assumptions than these [6].



Let H be the future event horizon of a black hole and take N/ = H to define GNCs.
The area of C'(v) is

Alw) = / 2 /h (1.5)
C(v)
with rate of change
Av) = / 420 JuK . (1.6)
C(v)
Recall Raychaudhuri’s equation:
WK =-K*PK,p—R,, onN\. (1.7)

We now assume that the expansion of the generators of H vanishes at late time, i.e., K — 0
as v — oo on H. This would be the case if the black hole is “settling down to equilibrium”.
We can now write

A(v) = /C AV / S (—0,K) (o, )

_ / A" 20 /i / ao' (VP K ap + Ruy) (v, ) (1.8)
C(v) v

where we used Raychaudhuri’s equation in the second step. If the spacetime satisfies the
null convergence condition (R, V#V"¥ > 0 for any null V#) then the r.h.s. is manifestly
non-negative (as Ry, = Ry, I*1Y > 0) and so we have A(v) > 0, i.e, A(v) is an increasing
function.

If we consider a theory consisting of conventional 2-derivative GR coupled to matter
satisfying the null energy condition then spacetimes satisfying the Einstein equation will
obey the null convergence condition and so the second law holds in such a theory. However,
we will be interested in more general theories in which higher derivatives are present in
the Lagrangian. In this case there is no reason to expect the null convergence condition to
be satisfied by solutions of the equations of motion and so the above argument no longer
applies.

1.5 Stationary black holes

Much of this paper will concern perturbations of stationary black holes. We will now de-
scribe the class of stationary black holes to be considered. In conventional GR coupled
to various types of matter fields it is known that the event horizon of a stationary black
hole must be a Killing horizon. This result has not been extended to theories of the type
that we will be considering. We will simply assume that the theory admits a family F of
stationary black hole solutions for which the event horizon is a Killing horizon. Moreover,
we will assume that this is a bifurcate Killing horizon. This implies that the zeroth law
of black hole mechanics is satisfied,? i.e., that the surface gravity is constant on the hori-
zon (conversely, the zeroth law implies that the spacetime can be extended to contain a
bifurcation surface [8]).

2Very recently, ref. [7] has proved a zeroth law for a large class of theories without assuming a bifurcate
Killing horizon, under the assumption that higher derivative terms in the action are multiplied by powers
of a dimensionful constant (analogous to our ¢ below) and that the metric depends analytically on this
constant.



These assumptions ensure that if H is the future event horizon of a black hole in F then
all positive boost-weight quantities vanish on H. Furthermore, all non-zero boost-weight
quantities vanish on the bifurcation surface.

1.6 Wall’s procedure

Wall [4] has sketched an approach that, for any diffeomorphism invariant theory of gravity,
produces an entropy S which satisfies the second law to linear order, i.e., 6S = 0 for
perturbations of a black hole in the family F.2> Wall’s approach has been discussed in
more detail in [11, 12], where it has been reformulated in terms of an entropy current. To
explain this, let «/—gE" = 61/0g,,,, where I is the action, so the Einstein equation of our
theory is E,;, = 0. Then, for a general null hypersurface N the entropy current is a vector
field sv9, + s49, tangent to A/, where sV and s are functions of the GNC components of
the metric, and their derivatives, with boost-weights 0 and 1 respectively. It satisfies the
identity

1
Ey,, =0, | —0, s%) + Dast| + ... 1.9
i (vVus’) +Da (1.9)

where the ellipsis denotes terms that are of quadratic or higher order in quantities of positive
boost weight. This is an off-shell identity, i.e., it holds independently of the equations of
motion. To obtain the linearized second law, we consider this equation linearized around a
member of F, taking N to be the event horizon . Since positive boost weight quantities
vanish on the event horizon of the unperturbed spacetime we obtain

1
6Fyy = 0,6 | — 08, (Vus®) + Das?| . 1.10
l\/ﬁ (Vus") + Da ] (1.10)
On-shell this becomes
1
0y | —08, (v/us®) + Das?| = 0. 1.11
[\/ﬁ (V1s”) + Dy ] (1.11)

The quantity inside square brackets vanishes for the background solution and can be ex-
pected to decay as v — oo if the perturbed spacetime settles down to a stationary black
hole belonging to F. Hence integrating the above equation w.r.t. v gives

L
NG

Equation (1.11) shows that if this condition holds on C' then it holds on all of . This
equation can be regarded as a gauge condition on the metric perturbation. It arises because

60y (V1s”) + Dads™ = 0. (1.12)

we have chosen our coordinates such that the perturbation does not change the location
of H, i.e., the horizon of the perturbed black hole remains at » = 0. For conventional GR
(where (1.12) is simply 0K = 0) this was explained in [13].

3Gee [9, 10] for earlier work establishing a linearized second law in particular theories.



Integrating (1.12) over C'(v) (with measure /i) the divergence drops out and we obtain
8Stww = 0 where the Iyer-Wald-Wall entropy is*

Stww (v) = 47T/ A" 2z /us" . (1.13)
C(v)
Thus this definition of entropy satisfies the second law to linear order in perturbations.

Wall considered coupling the original theory to a matter source so that the Einstein
equation becomes E,,, = (1/2)T),, (units: 167G = 1) where T}, is the energy-momentum
tensor of the matter. If one treats 7}, as a term of linear order then equation (1.11) has
(1/2)T,, on the r.h.s. and if the matter obeys the null energy condition 7,, > 0 then
8Stww > 0 so one can have a genuine increase in entropy driven by the matter source.
However, we shall not include such a matter source below for several reasons: (i) if the
matter fields are treated using the linearized approximation, as with the gravitational field,
then T}, is of quadratic, not linear, order; (ii) in EFT one does not expect a clear division
of the Lagrangian into a “gravitational part” and a “matter part”; instead there will be
higher derivative terms mixing matter and gravitational fields; (iii) higher derivative matter
terms will not satisfy the null energy condition. We take the view that one should treat
the gravitational and matter fields on an equal footing.’

Section 3 of this paper will address some outstanding issues concerning Wall’s approach.

First, one needs to make sure that this definition of entropy also satisfies the first law
of black hole mechanics, which relates §.5 evaluated on the bifurcation surface of the black
hole to the perturbations in mass and angular momentum. Wall argues that this must be
true as follows. His result for s¥ can be divided into terms built entirely from quantities
with vanishing boost weight and a part that is at least quadratic in quantities with non-
vanishing boost weight. Wall claims that the integral of the former part is the same as the
entropy Stw defined by Iyer and Wald. From this claim it follows that dStww = d.Stw on
the bifurcation surface of a member of F and since Sty is known to satisfy the first law, so
must Stww. However, a proof of this claim is lacking. We shall present one in section 3.2.

Second, Wall’s procedure is carried out using a particular set of GNCs and produces an
expression for sV that depends on the metric components, and their derivatives, w.r.t. those
GNCs. These quantities transform in a complicated way under transformations between
GNCs with non-constant a(x?). Therefore it is very unclear whether the result of Wall’s
procedure must be gauge-invariant. (This has also been noted in [14].)

The issue of gauge invariance is important if we wish to compare the entropy of two cuts
C,C" of H with C’ strictly to the future of H. The linearized second law described above
lets us do this for the special case where C' = C'(v). So to compare the IWW entropy of C”
and C' we must choose our GNCs such that C’ is a constant v cut of H. This can always
be achieved by rescaling the affine parameters of the generators of #H, i.e., by a choice of
the function a(z?) defined in section 1.3. But we do not want the definition of the entropy

4Recall our choice of units 167G = 1 so 1/(4G) = 4x. This factor is included for convenience, so that
we have s¥ = 1 for standard GR.

5Wall’s analysis does allow for a scalar field which is treated on an equal footing with the metric, i.e.,
this field is not included in T}, .



of C to depend on our choice of C’ (or vice versa). Hence we must demonstrate that this
definition is gauge-invariant under changes of GNCs involving non-constant a(z?).

In section 3.3, we shall give a short proof that the IWW entropy is gauge-invariant at
the linearized level. However, in the class of examples studied by Wall [4] (a Lagrangian
that is a function of the Riemann tensor) one can see that the result is actually gauge-
invariant at the fully nonlinear level and one can ask whether this is true generally. In
Wall’s analysis, he implicitly makes use of the fact that his procedure only determines
terms in Stww that are of up to linear order in quantities with positive boost weight since
terms of quadratic (e.g. K2K?) or higher order vanish when linearized around a member
of F. Wall makes a specific choice of these higher order terms in his explicit examples.
The question is whether it is always possible to choose these higher order terms to render

Stww fully gauge-invariant. We shall show in section 3.3 that the answer is yes.

1.7 Second law in EFT

We can now explain our main result, derived in section 4.1. For simplicity, we shall consider
pure gravity, without matter fields. Consider an EFT for a diffeomorphism invariant theory
of gravity. We assume that the Lagrangian is a formal sum of terms with increasing numbers
of derivatives of the fields, multiplied by suitable powers of some UV length scale £. A term
with k-2 derivatives will be multiplied by ¢¥. For pure gravity (assuming parity symmetry
if n is odd) only terms with even numbers of derivatives can occur. The terms with 2 or
fewer derivatives are assumed to take the standard Einstein-Hilbert form, with a possible
cosmological constant.

Validity of EFT requires that terms with increasing numbers of derivatives are increas-
ingly less important. This is the case if we restrict ourselves to spacetimes varying over
some length/time scale L satisfying ¢/L < 1. This L should be a lower bound for the size
of the final black hole equilibrium state and any length/time scales associated with the
perturbation away from equilibrium. More precisely, we assume that there exists L > 0
with /L < 1 such that, in a neighbourhood of the event horizon, w.r.t. some set of GNCs,
any quantity X involving k£ derivatives of the metric obeys a uniform bound of the form
| X%| < Cp/L* for some dimensionless constants Cj depending on the initial data. We
assume that the cosmological constant satisfies |A|L? < 1.

In practice, an EFT Lagrangian will not be known to all orders. We assume that only
the terms with N or fewer derivatives are known explicitly. The EFT equation of motion
is then

E., =0(N) (1.14)

where E,,, = —Ag,, — G + ... denotes the terms with up to N derivatives and the r.h.s.
represents the effects of the terms with N + 2 or more derivatives. We should really write
this as O(EN / LN*2) but we shall mostly suppress the L-dependence below.

Consider first the case N = 2, i.e., conventional GR viewed as an EFT. Without matter
we have R, = —E,, = O(f?). Hence equation (1.8) is

A(v) = /C(v) d"2z\/n /UOO dv'’ (KABKAB(UI,QU) + (’)(62)> : (1.15)



The r.h.s. may become negative but only by a small O(¢?) amount. From an EFT
perspective the second law no longer holds exactly, but only to the same O(¢?) accu-
racy as the theory itself. If A(vg) < O then the above equation implies (reinstating L)
K AB||L2(00) = O(¢/L?) where || - |[£2(v) denotes the norm defined by the above integral
on the portion v > vy of H. Hence if A(vg) < 0 then the expansion and shear of the gener-
ators of H must be small for all times v > vg. This suggests that the black hole is close to
equilibrium. Thus the process of relaxation to equilibrium seems the most likely situation
in which the higher derivative EFT terms could cause a (small) decrease in horizon area.

Our main result is to show that, for general N, the following EFT generalization
of (1.9) (evaluated on-shell) holds on a null hypersurface N6

Dy ;ﬁav (ViS) + DASA] =— (KAB + XAB) (Kap + Xap) — DAY +0@N).

(1.16)

Here S4 = s4, and SV is defined by adding new terms to the expression for sV arising from
E,,. These new terms are quadratic (or higher order) in terms with positive boost weight
so they do not affect any of the results described in the previous section, i.e., such terms
are not fixed by Wall’s procedure. On the r.h.s., Xsp (which is symmetric) and Y4 are
both O(£?) and have boost weight 1,2 respectively, and Y4 is a sum of terms that each
contain at least two factors of positive boost weight. In contrast with (1.9), the above
equation holds on-shell, i.e., its derivation makes use of most of the components of the
Einstein equation (1.14). The O(¢"V) term arises not only from the O(¢"V) corrections on
the r.h.s. of (1.14) but also from various steps in the derivation. In other words, even if we
worked with the exact equation E,, = 0 we would still generate a O(¢") term. (In this
regard the N = 2 case is exceptional.)

To obtain a second law we take N to be the horizon H of a black hole and use S to

define an entropy S as in (1.13):
S(v) = 4 / 420 /S (1.17)
C(v)
Equation (1.16) implies

o0
S(v) = i /C . "2\ /i / aw' [(KAP 4+ XAP) (Kap + Xap) + DaY" + O(V)] (/. 2)
(1.18)
where again we assume that our black hole settles down to a member of F at late time,
which implies that all quantities with positive boost weight vanish at late time, hence the
(boost-weight 1) quantity in square brackets on the Lh.s. of (1.16) vanishes as v — co. In
constrast with the N = 2 case, we do not know anything about the sign of DY on the
r.h.s. of (1.18) in a fully nonlinear situation. However, we can make progress by resorting
to second order perturbation theory about a member of F.

6 A similar equation was derived for Lovelock theories in [15].

~10 -



Positive boost weight quantities vanish on the horizon of a member of F, which implies
that SY and s agree at zeroth and first order in perturbation theory. Since Y4 is at least
quadratic in positive boost weight quantities we have

5 /(J( )d”Qx\/ﬁ/ dv' (DAY (W, ) :/

4" 2z /i / A (DaS2Y ) ().
C(v) v

(1.19)

We are working to quadratic order so on the r.h.s. D4 and /p are evaluated in the back-
ground spacetime, where they are independent of v. Hence we can interchange the order
of integration and use the divergence theorem to see that the r.h.s. vanishes. This leaves

. 1 (o]
58(0) = 1 /C . "2 /h / & [ pBP8 (Kap + Xap) 8 (Kep + Xop) + (V)| (v, 2)

(1.20)
where we used the fact that K4 and X 4 have boost weight one and hence vanish on N in
the background spacetime. Since the first term on the r.h.s. is positive definite, this shows
that, to quadratic order in perturbations, S (v) can become negative only by an amount
O(N), i.e., of the same size as the unknown effects caused by our ignorance of higher order
EFT terms. In particular, the better we know the EFT, the larger N is, and the smaller
the amount by which S(v) can become negative.”

Since our equations of motion involve N or fewer derivatives, it follows that SY and
S4 involve N — 2 or fewer derivatives. These quantities are sums of monomials where
each monomial is at most quadratic in terms with positive boost weight. It is natural to
group such monomials into those with zero, one or two (or more) factors with positive
boost weight. The former terms generate the Iyer-Wald entropy, including the second set
of terms gives the Iyer-Wald-Wall entropy and including the final set of terms gives our
generalization of this. A term with non-zero boost weight b costs at least b derivatives so
a term quadratic in positive boost weight quantities, with overall boost weight zero, must
contain at least 4 derivatives and therefore occurs only for N > 6. Hence for N = 4 we have
S = s¥ and S4 = s4 so in this case our result implies that, without further modification,
the Iyer-Wald-Wall entropy satisfies the second law to quadratic order in perturbations
around a member of F.

Equation (1.16) holds for a purely gravitational EFT. We shall make a few remarks
about the generalization to include matter fields. With matter fields there is a greater
variety of higher derivative terms that can occur on the r.h.s. of (1.16). However, there
are also further terms on the r.h.s. of (1.16) arising from the energy-momentum tensor of
the 2-derivative part of the matter Lagrangian. If this 2-derivative Lagrangian satisfies the
null energy condition then these terms have a “good sign” (i.e. they are negative definite).
The hope is that this can be used to help control the behaviour of higher derivative terms

"There is another way of looking at the second law to quadratic order. If S satisfies a second law then
any horizon cross-section satisfies § > 0. A horizon cross-section of a stationary black hole satisfies § = 0
and therefore minimizes $ within the “space of cross-sections of black hole horizons”. Hence if the second
law holds then variations around a stationary black hole must satisfy the conditions for a local minimum,
ie., 65 =0 and 628 > 0.
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involving the matter fields, by completing the square in the same way that we did with the
K gKAB term in vacuum gravity. For example, a minimally coupled 2-derivative scalar
field contributes —(1/2)(0,®)? to the r.h.s. of (1.16). So one can try to use this to control
higher derivative terms involving 9,® by completing the square. This will lead to an extra
term of the form —(1/2)(9,® + P)? on the r.h.s. of (1.16). (We will study an example of
this in section 1.9.) This will give an extra term [§(9,® + P)]? inside the integral of (1.20).
Since this term has a good sign, the above argument that the second law holds to quadratic
order, in the sense of EFT, is still valid. In section 4.2 we shall sketch a proof that this
can be done for any scalar-tensor EFT.

1.8 Example: vacuum gravity

Field redefinitions can be used to simplify the Lagrangian of an EFT. For example, in
vacuum gravity, a field redefinition can be used to bring the terms with up to 4 derivatives
to the “Einstein-Gauss-Bonnet” form:®

1
L=-2A+R+ ZM?LGB (1.21)

where k is a dimensionless constant and Lgp is the Euler density associated with the
Gauss-Bonnet invariant:

1
_ 12R% V3L,
Lap = 00N R R (1.22)

This term is topological in n = 4 dimensions but non-trivial in higher dimensions. This
theory has second order equations of motion and admits a well-posed initial value prob-
lem [17, 18] as long as it remains within the regime of validity of EFT.

A

Since we have N = 4 here, we have S? = s¥ and S4 = s as explained above. Using

previous results for s¥ and s4 [4, 11, 12] gives

SU =1+ SEQR[M] §4 = —k* (DpK*P - D*K) (1.23)
where R[u] is the Ricci scalar of pap. In this case SY involves only quantities of zero
boost weight, so our entropy is simply the Iyer-Wald entropy Stw. Hence, for Einstein-
Gauss-Bonnet theory, our result implies that the Iyer-Wald entropy satisfies the second law
to quadratic order, in the EFT sense explained above, i.e., 625w is positive up to O*)
terms.

We can also demonstrate how to obtain (1.16) for this theory. A calculation gives the

off-shell identity

1
—Ey = —0, [ﬂavﬂ] - KABKAB (124)
+0 L <—1\/;7R[u]> + k(2DA (DBKAB - DAK) — KagW4B — D,y
Vi 2

8See [16] for previous work on the second law in this theory under the assumption of spherical symmetry.
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where the terms on the first line are the usual terms arising from the Einstein-Hilbert
Lagrangian, and the terms on the second line arise from Lgp. These involve

1 _ _
WA = —kt* |2 p* P9, Rlu] — O, RIu*” + Ry (KAP - KpP)
+2Rv(AvCI_{B)C - RvaDKCD,UJAB - RvAvBI_{

+DUR,PC — DeR,pCP B 4+ DR, AIC lB)] (1.25)

and
Y4 = <k |KRyoC = K49 Rypc® — KpoR,O4P) . (1.26)

where R[u]ap is the Ricci tensor of pap. These expressions involve a new derivative
operator Dy. Acting on a quantity of boost weight b this is defined as Dy = Dy — bf4/2
(b =1 in the above expressions). As we shall explain below, this a connection on the normal
bundle of the horizon cross-section. Note that each term in Y4 contains a factor of K¢ so
we can write KAPK yp+ K spWAB+D YA = (Kap+X ) (KAB+ XAB) 4 D YA+ O(0Y)
for some O(¢2) quantity X ap, with the O(¢*) “error” term arising from completing the
square. So in this case, we have the off-shell result that —F,, can be written as the
difference between the Lh.s. and r.h.s. of (1.16) up to O(¢*) terms. On-shell, the equation
of motion gives E,, = O(¢*) so (1.16) holds as claimed.” We have used only the vv-
component of the Einstein equation. This is atypical: in general, the derivation of (1.16)
makes use of multiple components of the Einstein equation.

In this example, the entropy is simply the IW entropy, which is manifestly gauge-
invariant, in agreement with our general result. However note that S4 is not gauge-
invariant. This is because it is written in terms of D, rather than D4. So the entropy
current is not gauge-invariant in this example (see also [14] for discussion of this point).

1.9 Example: scalar-tensor EFT

As a second example, we will consider the EFT of gravity coupled to a scalar field in n = 4
dimensions. As above, field redefinitions can be used to simplify the Lagrangian [19]. In
particular, assuming a parity symmetry, terms with up to 4 derivatives can be written

L=-V(®) +R+X+ %EQa(d))XQ + ié%(@)LGB (1.27)

where X = —% g 0,20,®, and V, a, 8 are arbitrary functions. (The coupling functions «, 3
should not be confused with the GNC metric components «, 54.) The coupling functions
a, f are dimensionless. This theory has second order equations of motion and admits a
well-posed initial value problem [17, 18] as long as it remains within the regime of validity
of EFT.

°In this example (and the one of the next subsection) we could also include extra matter fields satisfying
the null energy condition, as discussed in section 1.6, which would contribute negatively to the r.h.s. of (1.16)
and so the second law would still hold to quadratic order in the gravitational perturbation.
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The Einstein equation is E,,, = O(¢') where the r.h.s. arises from the unkown EFT
terms with 6 or more derivatives and the Lh.s. is

1 1 1
— Ly = GMV — <2 + a€2X> 8M(I)ay® — 5‘9“” (X - V + 2€2aX2> +

1
a 1626#%&2&3 e, 17208 Raia2818:Vas Vs - (1.28)

A calculation gives the off-shell result

—Eyy = —0, L/lﬁa” (VSY) + DASA] — KPR p — (; + a€2X) (0,®)? +

—DAYA — KopWAP — g9,0W (1.29)
where
SV =1+ %M(@)R[M}
§4 = 2 (B(DpK*P - DPK) - DpB(KP — KpP)). (1.30)

and YA, WAB W are O(f?) quantities that we shall not write out explicitly. We can
complete the square on K 4p as in our previous example, generating an O(¢*) error term.
We can also complete the square on 9,®, again generating an O(£*) error term. So on-shell
we obtain an equation of the form (1.16) with an extra term of the form —(1/2)(9,® + P)?
on the r.h.s. for some O(¢?) quantity P. This term has a good sign and so the second law
holds to quadratic order in perturbations, in the sense of EFT, as explained above.

As in our previous example, only the vv component of the Einstein equation is used
above, and SY involves only quantities of zero boost weight, so for this theory our entropy
is simply the Iyer-Wald entropy Stw, which is manifestly gauge-invariant.

1.10 Example: Ricci squared gravity

The above examples were atypical because the IWW entropy coincides with the IW entropy,
and because equations (1.24) and (1.29) hold off-shell. As a more typical example consider
a theory of vacuum gravity with

L=—2A+ R+ k>R, R" + ko’ R%. (1.31)

For n = 4 dimensions this includes the most general (non-topological) terms with N = 4.
These terms could be eliminated via a field redefinition but we choose not to do so here.

A

Since we have N = 4 we must have S¥ = sV and S4 = s4 as in our previous examples.

Using previous results for s?, s4 [4, 11, 12] gives

SV =1+ kil?(2R,, — KK) + 2k’R
§4 = I (2D K47 — DAK + 5P, 85) . (1.32)

The ko term in SY agrees with the JKM entropy [3]. In this example, the IWW entropy
differs from the IW entropy because of the KK term and similar terms contained in R,
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and R. On C, R, = R, 0Mn” and K K are both invariant under a change of GNCs.
(This is explained in more detail in section 2.1.) Hence the entropy is gauge invariant, in
agreement with our general result. Once again, the entropy current is not gauge-invariant
if k1 # 0.

We shall not write out equation (1.16) explicitly. However, we emphasise that, for this
example, it is necessary to use several components of the Einstein equation to obtain (1.16).
In particular the vA component is used to eliminate a term on the r.h.s. quadratic in 9,84.

1.11 Discussion

We shall conclude this overview with a discussion of some important open issues, namely
the gauge invariance and uniqueness of the entropy.

Section 3 of this paper establishes that the IWW entropy can be defined in a gauge-
invariant manner. In more detail, what this means is that if we pick a cross-section C of the
horizon and define GNCs based on C then the resulting definition of the IWW entropy of
C' is the same for any choice of these GNCs. Clearly it is important to determine whether
our improved entropy (based on S) is also gauge-invariant in this sense. In the examples
discussed above, i.e. EFTs with up to 4 derivatives, our improved entropy is the same as
the IWW entropy and therefore the entropy is gauge-invariant in these examples. But it
is unclear whether this remains true if we include terms with 6 or more derivatives.

To understand why this is important, let C,C” be two cross-sections of H with C’
lying entirely to the future of C. We can choose GNCs based on C and normalize the
affine parameter along the horizon generators such that C’ is given by v = vy for some
vo > 0. The entropy defined using our approach will then satisfy a second law: S[C’] > S[C]
(to quadratic order, in the sense of EFT). However, if the entropy is not gauge-invariant
then the definition of S[C] depends on the choice of GNCs, and hence on C’, which is
clearly unsatisfactory.

Our entropy satisfies the second law only to quadratic order in perturbations, in the
sense of EFT (i.e. modulo higher derivative terms), so maybe a proof of gauge invariance
would also only hold to quadratic order, in the sense of EFT. We leave the construction of
such a proof to future work.

Now we turn to uniqueness of the entropy current. The definition of entropy in non-
equilibrium thermodynamics is known to suffer from ambiguities. An example is a rel-
ativistic viscous fluid. The fluid equations of motion can be viewed as an expansion in
increasing numbers of derivatives of the fields and one can define an entropy current also in
terms of an expansion in increasing numbers of derivatives of the fields. The aim is to find
a definition of the entropy current that satisfies a second law on-shell. It has been shown
that such an entropy current is not unique: there are multi-parameter families of entropy
currents that satisfy the second law [20-22].

Something similar can be seen for black hole entropy in the perturbative context we are
considering. For example, consider conventional vacuum GR. The IWW entropy is simply
given by the horizon area: s¥ = 1. Now consider 3 = 1 + ¢/2KK. Recall that K = 0
on H in the background, and that, on-shell, linear perturbations satisfy (1.12), which here
reduces to K = 0. Hence we have 6(,/n8") = 6(,/us”) on-shell. So, to linear order, s"
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and 5Y define the same entropy on shell. However, off-shell they differ at linear order. If we
restrict to linear perturbations then the only sense in which sV is preferred over §V appears
to be that the former satisfies the off-shell equation (1.9).

Going beyond linear order we must adopt the EFT perspective. For n = 4 vacuum
gravity, field redefinitions can be used to eliminate 4-derivative terms from the equations
of motion, i.e., the equation of motion is G, + Ag,, = O(¢*). Our “improved” entropy SV
differs from sV by terms with at least 4 derivatives, which appear at higher order in EFT
than the order to which we are working. Hence we have SY = s¥ = 1 here. Now we could
use 5V as the starting point in our algorithm for improving the entropy and we would then
obtain S¥ = 5 = 14 ¢/2K K. On-shell S” and S” agree at linear order but they differ at
quadratic order. Since c is arbitrary, we therefore have a non-unique entropy current.

Generalising this example, for a general theory we denote the term in square brackets
on the r.h.s. of (1.9) as 9 -s. Equation (1.12) says that on-shell we have (0 -s) = 0. Now
consider

=5+ LD s) F=s1+L4D5) (1.33)

where £, £4 are arbitrary linear operators built from 8,, D4 and the metric components.
On-shell we have §(,/u3") = d(,/is") as above, so the entropies agree to linear order. But,
as we saw above, SU and SV will differ at quadratic order. Clearly there is a lot of freedom
in the choice of £ and £4 so there seems to be a lot of freedom in defining an entropy that
satisfies a second law in the perturbative sense we have discussed.'”

This non-uniqueness in the entropy can arise from field redefinitions.'!

In general,
a redefinition of the metric would change the location of H but we can restrict to field
redefinitions that are trivial on-shell to avoid having to deal with this. An example is
n = 4 vacuum gravity viewed as an EFT: as mentioned above we can eliminate 4-derivative
terms from the equations of motion to obtain the equations arising from the Lagrangian
L = R+O(¢*) (ignoring A for simplicity). Starting from this Lagrangian we could perform
a field redefinition of the form g, — g, + alszW + CLQEQRgW to obtain a new Lagrangian
L’ of the form (1.31). This field redefinition is trivial on-shell (as the original equation of
motion is Ry, = O(¢*)). The IWW entropy resulting from L’ is given by (1.32), which
differs off-shell from that of L, although they agree on-shell to linear order. Going beyond
linear order, the expressions for SV for the two Lagrangians differ on-shell by a multiple of
KK, so at quadratic order the entropy is different before and after the field redefinition.'?

10We should also note that we can freely adjust terms in SV, S4 that are of cubic or higher order in
positive boost weight quantities whilst continuing to satisfy the second law to quadratic order. This is
because such terms vanish to quadratic order.

11n a “note added” to the published version of [2], Iyer and Wald criticized their own definition of black
hole entropy because it is not invariant under (non-derivative) field redefinitions in an arbitrary theory of
gravity and matter.

12Note that the procedure just described differs from substituting the field redefinition into the original
expression for the entropy [23], which does not change the on-shell entropy because the field redefinition is
trivial on-shell.
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2 Preliminaries

2.1 More on Gaussian Null Coordinates (GNCs)

In a spacetime (M, g), consider a smooth co-dimension 1 null surface N that is ruled by
affinely parameterized null geodesics with tangent | = [#9,, such that every null geodesic
intersects a spacelike cross section C precisely once. Associated with this structure one can
construct GNCs (1.1) as described in section 1.3.

The tensors Sadz? and papdrdda? appearing in the Gaussian null form of ¢ (1.1)
have an invariant geometric meaning on the cross section C' (or more generally on each
fixed leaf C(v) of the foliation) of N'. The meaning of pap is obvious: it is the induced
metric on C, with Levi-Civita connection D. To understand the role of 84, note that the
foliation defines a split

ToM =TeC @ (TeO)*, (2.1)

where the normal bundle (TCC’)J— is spanned by the null vectors n = 0,,l = J,. Now
B = [adz? can be regarded as a connection 1-form on the 2-dimensional Lorentzian
vector bundle (T¢C)*t. Said differently, on C' we can reduce the SO(n — 1, 1) principal
fibre bundle F9M|¢ of orthonormal frames defined from the metric g to the product of the
SO(n — 2) principal fibre bundle F#C' associated with orthonormal frames of p4pdaz?dz?
and the (trivial) SO(1, 1) principal fibre P bundle of pairs of null directions (rather than
vectors) in (TcC)*t. The group SO(1,1) may be identfied with Ry and it acts in this
parameterization on a pair of null vectors n,! by the local rescaling al,a 'n, where a > 0
is a smooth function on C identified with a local gauge transformation. The representation
of R, on a line R given by 7, : a — a® for a given boost weight b gives rise to a line
bundle P x,, R over C via the associated vector bundle construction, with corresponding
covariant derivative operator D = D — %bﬁ. If a given tensor field on M is decomposed into
its tangential components along C, its components along [ and along n (corresponding to
the coordinate indices A, v,r in GNCs), then b corresponds exactly to the boost weight of
such a component as described briefly in section 1.3 and more precisely in section 2.2 below.
We shall consider theories including matter fields, assumed to be either scalar fields or
abelian p-form fields. In the latter case, we shall fix the gauge as follows. A p-form field
A=Ay udrtt A--- Adate transforms under a gauge transformation by a (p — 1)-form
A asin A — A+ dA. By a suitable choice of A, we can always achieve that n- A =0 in
some neighborhood of N and I- A = 0 on N. For a 1-form field this means that in such a

gauge,
A = ¢rdv + Axda?, (2.2)

so the differential dr does not appear and the other differentials occur in a boost invariant
combination.

As mentioned in section 1.3, there is freedom in the choice of GNCs on N. Under-
standing this freedom will be important in our discussions of gauge-invariance below.'?

The freedom present in the choice of GNCs is: (1) we may start from a different cross

13Some of this discussion overlaps with the recent paper [14] which appeared while the current work was
in preparation.
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section, C'; (2) we may choose a different set of coordinates '4 on C'; (3) we may choose
a different affine parameterization. Making such a change implies that the relationship
between the GNCs is

2t = 2220, v =a@)W +b='C) on N, (2.3)

where a is positive and gives the change of affine parameter and where b corresponds to a
change of the reference cross section C’ defined by v' = 0.

The relationship between (z#) = (v,r,2¢) and (™) = (V/,7,2'C) away from N is
in general complicated. Let us, for later purposes, consider only a change of the affine
parameter leaving C' as it is and keep the coordinates on C' as they are (invariance under
a change of coordinates on C' will be manifest below). Thus, we take b = 0 and 2/¢ = z¢
on the cut C for simplicity, so that on A/, the change of GNCs is

¢ =29 v=a@NW onN. (2.4)

We will determine the relationship between (z*) = (v,r,2%) and (2/*) = (v/,r',2') away
from N order by order in 7’ in the following way. First note that

y_ 0 9 9 8 ,0a 8

“ov %9y 9B 9.8 VowBoay

on N, (2.5)

and then imposing the defining relations for n’ on N, g(n’,n')=g(n’,0/02'°) =0, g(I',n’) =
1 gives that

'—ailg—v' apOloga 0 _av’2 ap0logadloga 0

or R R 2 % Tor A 9rB o
In other words, since n’ = d/9r’ in the primed GNCs,

(87") gt (81}) __av’2 ap0logadloga (837‘4) __U,MABaloga
N N

nN. (2.6)

n

o)y or' o M TgpA 9B or' ox'B -
(2.7)
Using (2.4), we then have, in a neighborhood of N,
! /2 , ar'v? ,p0logadloga 2
"= a(z'©) TOUT), v=av- 9 M TorA puiB +0(™)
1
2@ = 2% — T'U’uABa 8d O(r/z) . (2.8)

8x’B

Egs. (2.7), (2.8) are the initial conditions for the geodesic equation for n’, which since
n'* = Qxt/Or', is

0%zt 0x? Ox*

0= oz T Fop (@) or' or'”

(2.9)

Here, I'}, is the Christoffel symbol of the metric in the coordinates (z%) = (r, v, 2%) (see
appendix A). By integrating the geodesic equations we can determine z# = 2# (1, v/, 2'¢)
order by order in 7. Note that the integration is trivial for v = v/ = 0 and yields

r=a()" %, v=0, 29=2C forv =0. (2.10)
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'“) coordinates are rather com-

In general the GNC components of the metric in (/,v,
plicated functions of the original metric components. However, some expressions simplify

on N or C. For example using (2.8) one obtains, on N (i.e. for r = ' = 0)

M/AB = UaAB

2.11
85KQBZQN+131{VKAB ODN, ( )

subject to the identification (v,24) = (a(z'“)v’,2'4) where Kap, Kap are the extrinsic
curvatures (1.2). The transformation law of 54, though not of its r-derivatives, is also
relatively simple on N,

B = Ba+2Dsloga — 20K 4% Dploga on N, (2.12)

subject to the same identification. The formulae for the transformation of Kap and its
r-derivatives, or the Riemann tensor Rapcp|u] of pap, are complicated on N. However,
they simplify on C, i.e., for v =2 =r =7 =0:

Dip, -+ D, Rapcplp'] = Dp, -+ Dp,yRapcp|]

_ - (2.13)
ONKyp=aN"19NK,5 onC.

A quick way to determine the transformation law of a given tensor in GNCs of the form
D, -+ Dp, 080} {j1aB, Ba,a} is to transform to one of the covariant bases of monomials
described in lemmas 2.2, 2.3 below.

We can think of the above change of GNCs as a diffeomorphism f of some open
neighborhood of A by assigning to a point p with a given set (z#) of GNCs a new point
p' = f(p) with the same values (z’*) in the unique GNC system related by (v,z4) =
(a(z'C)’, 2'4) on N. Then we can say that ¢’ = f*g, where ¢’ is the metric (1.1) defined
by the transformed /s 5, 84, @’. It is important to note that, although the restriction of f to
N only refers to the function a > 0 on C but not to a particular metric, the diffeomorphism
f depends on both a and the metric g off of N, because its construction involves solving for
the transverse geodesics relative to the metric g. Thus, we should write f[a, g] to indicate

properly the dependencies on a and g. Then we have the cocycle condition

f[ga a] o f[g/,a/] = f[97 aal]’ (214)

where o indicates the composition of diffeomorphisms and ¢’ = f[g, a]*g. This relationship
can be proven by noting that both sides trivially have the same action on N which together
with the preservation of the Gaussian null form uniquely determines the diffeomorphisms
off of N on both sides.

2.2 Local covariant tensors and GNCs

Consider a tensor field such as t*%g g [g] that is constructed locally and covari-
antly out of the metric. By the Thomas replacement lemma [2] it is built from con-
tractions of g, 9", V(a, - Va,)Ruvap (and possibly the volume form). We may eval-
uate such a tensor in GNCs, laboriously computing the curvature tensors and covari-
ant derivatives in these coordinates. This will lead to, in general complicated, expres-
sions involving pap, 54, a,r and their derivatives, see appendix A for the Riemann and
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Ricci components, for example. Here we would like to make certain general statements
about the resulting expressions. These general features arise from the functional prop-
erty t*1 g g [f*gl = f*t* 5, 3.[g], taking f to be a diffeomorphism preseriving the
Gaussian null form, as described in the previous section.

Recall that a general change of coordinates preserving the Gaussian null form is given
on N by (2.3). We first specialize this equation to @ = 1,b = 0. Then it is easy to see
that, also away from N, the diffeomorphism f is v = o/,r = ¢/, 24 = f4(2/¢). If we now
take a GNC component of t“1% 5 5 and view this as a tensor relative to the indices
chosen as o; = A;, B; = Bj (i.e. those not chosen as r,v), then the resulting tensor is on C
a local covariant functional of pap, 84, and r. In other words, it is a functional which is
built out of contractions (with the inverse metric y4?) of Da, - Dy, 080 jnap, o, Ba} or
Da, - DayRasep [1£], multiplied by non-negative powers of r. The latter will be absent
on N (as r = 0). It is convenient to introduce the following terminology (here €[u] denotes
the volume form induced by pap on C(v)):

Definition 2.1. A “primitive factor” is one of the following: pB, eula,..A,_,,

Da, -+ D003 with ¢ € {pap,a,Ba}, or Dea, - DayRapeplp]. A “primitive
monomial” is a (possibly contracted) product of primitive factors.

On N, any component of the Riemann tensor (or its derivatives) is a sum of primitive

monomials.
If we specialize the change of GNCs defined by (2.4) to the case when ¢ = 2/¢, b =0
and a > 0 is constant then globally we have v = av’,r = a1/, 2¢ = 2/C. Recall that we

say that a quantity X has boost weight b if it transforms as in (1.4) under such a change of
GNCs. Recall also the simple rule described in section 1.3 for computing the boost weight
of a tensor component:

boost weight of GNC component of t**%" 5, 3
= +#(up r) —#(down r) —#(up v) +#(down v),

A given GNC component of 1% 5 g is a sum of monomials built from MAB -contractions

(2.15)

of Dia, - Da0hoH{ppag, o, Ba} or D, -+ Dy, yRapoplp], multiplied by non-negative
powers of . The boost weight of the various terms appearing in such expressions is given
as follows:

Definition 2.2. The boost weight of r is +1, the boost weight of v is —1; the boost weight of

D4, Do, 0803 with ¢ € {paB,a,Ba} is p — q, the boost weight of uiB, €lpay..A, 5,
Da, -+~ DayRasep [1] is zero. The boost weight is additive under products.

The boost weight of each monomial in the expression for a given tensor component
is equal to the boost weight of that tensor component. For example, the boost weight
of each monomial in the Riemann component R,4,p is zero, as can be seen explicitly by
the expressions in appendix A. Likewise, the boost weight of each monomial in the Ricci
component R, is —2, etc.

When matter fields with a tensorial character such as 1-forms Aj; are present, then
we should first decompose them into GNC components and pick a suitable gauge as e.g.
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in (2.2) for a 1-form field. In such a gauge, Aja,®; count as having boost weight zero
and are treated on the same footing as the puap, 54, or scalar fields @7, so in this case
tensor components are expressed in terms of derivatives of ¥ € {®r, Aja, b7, LaB,, Ba}
and non-negative powers of r, and similarly for higher form fields. D 4 should be replaced
by an appropriate charged covariant derivative using Apyda® on any charged scalar fields.
Quantities descending from a diffeomorphism and gauge covariant quantity remain gauge
covariant under the restricted gauge transformations preserving the gauge (2.2), that is Ay
that do not depend on r,v. We will usually suppress discussion of matter fields below and
only comment on then where they lead to important differences.

The notion of boost weight depends on the chosen cut C' and it refers to a particular
choice of GNCs. If we perform a non-trivial change of GNCs, corresponding to non-constant
a, then the definition of boost weight w.r.t. the new GNCs will not agree with the definition
w.r.t. the old GNCs. However, (for fixed C') the definitions will agree on /. More precisely,
let ¥/ (x'") € {iy g (@), By (M), o/ (')} be the quantities defined by the components of
the metric g w.r.t. a second set of GNCs z/#. Then we have the following lemma.

Lemma 2.1. On N, the definition of boost weight is independent of the choice of GNCs. In
other words, the expressions for DEAl e D’Aj)é‘fj, of ' (') in terms of D4, - -- DAk)CL(ZL'C),
Dp, -+ D 0hof(xt) and powers of v' will only contain terms of boost weight p' — ¢,
with v' counting as boost weight —1 and a counting as boost weight 0.

Proof. On N, the quantities «, 4, puap and their derivatives can all be written as
Oy - - - Oy gup for some choice of indices (e.g. fa = —0rgya on N). If we consider the cor-
responding quantity 8,/1 e 8M/N gvp in another set of GNCs then this will be given by some
contraction of 0y, ... 0, gor With expressions of the form Jf o = Pt /0" ... 02" for
p=1,...,N. We claim that, on N, each component of such an expression has a definite
boost weight determined by the same rule described above for tensor components, i.e., by
counting the number of up and down indices of each type. (For example J}, 4 |» will have
boost weight 1+ 140 = 2.) Hence, when contracted with 0y, .. .0,y gvp, the additivity of
boost weight under products will ensure that the result will have a definite boost weight.
An example of this can be seen in (2.12) where both the Lh.s. and r.h.s. have boost weight
zero (since we assign a boost weight zero).

To see why each component of J 5{...1/;,‘ N has definite boost weight, we proceed induc-
tively. Consider first the case where v/} # r/ for all i. The result is then immediate from (2.4)
(and 7' = 0 on \). For example (82v/0v' 0z’ ) = 0'ya, which has boost weight zero, in
agreement with the above rules applied to the Lh.s. Next assume exactly one of the v/} is
r’. For p = 1 the result is immediate from (2.7), where each term on the r.h.s. has the
correct boost weight to match the above rules applied to the L.h.s. Taking derivatives w.r.t.
v’ and 24 respects these rules and so this result extends to any p. If exactly two of the v/
are r’ then, for p = 2, the result follows by evaluating (2.9) on N and using the fact that
the components of the Christoffel symbols have definite boost weight. The result for p > 2
follows by taking v’ and z4” derivatives of (2.9). If exactly three of the v/ are 7’ then one
takes another 7" derivative of (2.9) and evaluates on A and so on. O
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Since we will be dealing with equations involving higher derivatives, we will sometimes
need to keep track of the number of derivatives associated with a given quantity. We are
mostly interested in doing this on A. In the above proof we saw that, on N, the quantities
of interest can all be expressed in terms of partial derivatives of the metric tensor: «
involves 2 r-derivatives and B4 involves 1 r-derivative. We make the following definition
to count derivatives:

Definition 2.3. The “dimension” of o, fa and pap are 2,1,0 respectively. Taking a

A

derivative w.r.t. v, v or x** increases the dimension by 1. Dimension s additive under

products.

For example D4, -+ D4, 050}« has dimension k + p + ¢ + 2. A quantity with boost
weight b involves at least |b| derivatives and so its dimension is bounded below by [b|. The
dimension of a component of the kth covariant derivative of the Riemann tensor is k + 2.

The primitive factors of definition 2.1 are employed in Wall’s method. However, in
various places we will find it more convenient to express quantities on N in terms of a
different set of quantities. These are described in lemmas 2.2 and 2.3.

Lemma 2.2. On N, any of the expressions Da, - -- D 4, 0808 with ¢ € {pap,, Ba}
can be expressed uniquely as a sum of monomials where each monomial is a product of

factors of the following form (and possible factors of pP)

e Dy .--DAj)a{,VKAB, D(Al---DAk)aﬁVf(AB,

1
* D, -+ Da, BB

o Da, - "DAj)R[H]BCDE~ Note that, by the Bianchi identities, these components are
not all independent. When j > 1, an independent set is obtained e.g. by choosing

D(Al N DA].R[M]BAJ'+1A]'+2)C'14

o A GNC component of V4, Vo Ry, except for: (uv) = (rr) and o; € {r, A}
or (uv) = (vv) and a; € {v, A}, and except for GNC components that are linearly
dependent on a suitably chosen minimal set via the Bianchi identities.

Proof. First consider the case of ) = a. To express Dy, -+ Dy, 000}« in the desired
form, we start by writing the Ricci component R,, in terms of GNC components (see
appendix A)

1 1=
R, = —533 (r2a) — §K8T (r2a) + ... (2.16)
where the ellipsis denotes terms that do not depend on «. Evaluating this equation at r = 0

uniquely determines «|,—g in terms of 4, D4fp and quantities of the form 85, 03@ AR With

p',q¢ < 1. Next, we act on the above equation with 9, and use'®

Oy Rpy =V Ry +TAR A+ ... (2.17)

M1 fact, [26] shows that in Riemann normal coordinates any number of partial derivatives of the metric
can be expressed using this set of quantities.

¥ To clarify, in this equation V,R,, means the rrv component of the tensor obtained by taking the
covariant derivative of the Ricci tensor. Of course, the component V,R,, depends on multiple Ricci
components R,,, not just on R,,. We continue to use similar conventions hereafter. Note, however, that
covariant derivatives mix up components only at the subprincipal level.
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where the ellipsis denotes terms that vanish at r = 0. By virtue of the identities of
appendix A, this can be used to determine J,a|,—¢ in terms of quantities of the following
form: D489 Bp with ¢ < 2; 9207 pap with p” < 1, ¢" < 2; and the GNC component
V,R,. Proceeding inductively, we assume that we can express 8;7_1a\r:0 in terms of the
following quantities:

e D407 Bp with ¢/ < ¢g—1, and
. aguag//,uAB with p// S 1 q// S q, and
e a GNC component Vg, -+ Vg, Ry, with j <q—1.

We have already shown that this is true for ¢ = 1 and ¢ = 2. Now we act on (2.16) with
04 and evaluate at » = 0. Then we determine 0%a|,—o in terms of primitive factors of the
form D407 B with ¢ < ¢, 8"09 pap with p” < 1, ¢" < ¢+ 1, and 9R,,. One can
then rewrite 97 R, in terms of GNC components Vo, -+ V4, Ry with j < ¢ and terms
of the form 9II'¥, with ¢ < g. It follows from the formulae of appendix A that the terms
involving Christoffel symbols can be written in terms of primitive factors of the form 87‘!/ Ba
with ¢ < ¢, 87 pap with ¢ < ¢+ 1 and 97" with ¢ < q — 1. However, the terms of
the form 97" o with ¢ < ¢ — 1 can be eliminated in favour of derivatives of 84, jap and
covariant derivatives of R,,,, as specified above. This shows that if the induction hypothesis
holds then 0da|,—¢ can be expressed with the quantities

e D07 Bp with ¢’ < ¢, and
e 907 uap with p” <1¢" <g+1, and
» a GNC component Vg, -+ Vg, Ry with j <gq.

Since this statement is true for ¢ = 1, it follows that it is true for general q.
By taking v or 2 derivatives of this result, we determine Da,Da, ... D4, 0P9%a|,—o
as a sum of products of factors depending only on

o Dy, Dy,... DAm,85,8$’BA with ¢’ < ¢, and
e Do Da,...Dys_,00" 0% pnap with ¢" < g+ 1, and
o a GNC component Vg, -+ Vg, Ry with j <m+p+q.

Each monomial in this sum must have boost weight p —q. In the rest of this argument it is
understood that whenever Da, Dy, ... Dy, 000%a|,—o appears, we will rewrite it in terms
of the above quantities.

The next step is to show that we can use similar methods to eliminate certain deriva-
tives of B4. First we consider the following expression for R, 4 (see appendix A)

Roa = —%33 (rBa) — %R&r (rBa) + KaP0, (rBp) + 167 (0. Kap +...) +...  (218)
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where the first ellipsis on the r.h.s. denotes terms quadratic in K 4 and the second ellipsis
denotes terms linear in D4 K po (contracted in some way with ,uAB in both cases). Evalu-
ating this equation at r = 0 determines 0,4 |,—o in terms of B4, pap, Orptan, DcOrpiaB
and R,. Acting with 997! for ¢ > 1 and evaluating at r = 0 lets us determine, inductively
(similarly to the ¢ = o case above), 8984|r—o in terms of B4, Dcd? pap with ¢ < ¢ and
GNC components V,, ...V, Ry with j <g.

Next we consider R, 4 evaluated at r = O:
1 1 B
Ryalr=0 = 58UBA+§K,BA—DAK+DBKA . (2.19)

This determines 0,(4|r—o in terms of 54, pap, Oppan, DoOppap and R,4. Acting with
oP~! for p > 1 lets us determine, inductively, 9254|,—o in terms of 54, terms of the form
DcagluAB with p’ < p and 9P 'R,4. The last one of these can then be written in terms
of GNC components V, ... V4, Ry, with j <p—1 and AN +—o With p < p. Employing
the expressions of appendix A relating Christoffel symbols to primitive factors then gives
a formula for 0P 4|r—o in terms of B4, terms of the form Dcag/,uAB with p’ < p and GNC
components Va, ... Vg, Ry, with j <p—1.

Now we return to (2.18): taking a v-derivative of this equation and using our result
for 0,84, we can write 0,0,84|r—0 in terms of Rya, VyRra, Ba, pap, and terms of the
form 85/87?/%43 and Dcé?gl@gluAB with p’ < 1 and ¢’ < 1. Similarly, taking multiple v-
derivatives of (2.18) and employing an induction on the number of v-derivatives gives us an
expression for 070, 54|,—o containing the following quantities: 4, primitive factors with
¥ = pap and components of the form Vg, ... V4, Ry, with j < p. Furthermore, taking
v-derivatives of our previous expressions for 944|,—o and proceeding inductively as before
we obtain an expression for 07926 4|,—0 (p,q > 1) in terms of S4, pap, primitive factors
of the form D4, ...DAm(‘?g/B,‘Z/MAB with p’ < p, ¢’ < ¢, and components Vg, ... Vq,; Ry
Taking derivatives w.r.t. 2 of this result lets us write Dy, ...Dy,, 0P026p|r—o in terms of

o Dy, ...Dy, Bp with 0 <n <m,
e Dp,...Dy 00 0% uap withp' <p, ¢’ < gq
+ and covariant components Vo, ... Vg, Ry, with j <m +p+gq.

From now on, it is assumed that at every occurrence of Dy, ... D4, 050405, it is ex-
pressed with the above quantities.

Consider finally a factor of the form D4, ... D4, 0502 ucp. We wish to argue that this
factor can be written as a sum of monomials whose factors are of the form specified in the
statement of the lemma. To this end, we consider the expression for the Ricci component
Rp in terms of GNCs (given in more detail in appendix A)

Rup = —Q@J?AB — KKAB + 4K(ACKB)C — KABR

+R[ulap — DpBa) — %5,4513 +... (2.20)
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where the ellipsis now stands for terms that vanish at » = 0. This equation allows us to
express O, K 4p|,—o in terms of Rap, R[puan, Kap, Kap, fa and Dsfp. Next, we act
with 0, on equation (2.20) and use

OrRap =V,Rap + 2Fff(ARB)u = —20,0,Kap — Ba0rBp) — OpDaBp) — 20K a5 + . ... .
(2.21)
Here the ellipsis stands for terms that are of the required form and terms involving Oy K ap
that can be written in the required form as described in the previous paragraph. As for
the term involving a, we have shown it previously that it can be expressed (at r = 0) in
terms of Ry, pan, Kap, Kap, Ba, Dafp and 9,K 4p. Combining this with our result
on 9,K 4p yields a formula for « in terms of Rap, Ry, an, Rlpas, Kap, Kap, fa and
D 4fp. Regarding the terms involving 0,54 and 0,D4fp in (2.21), we have a prescription
to write these (at r = 0) in terms of B4, DafSB, 1aB, KAB, DAll_(AB, DAlDAQI_{AB
and covariant components involving the Ricci tensor. Therefore, equation (2.21) provides
an expression for 0pOr K 4 Blr=0 as a sum of monomials that are products of factors of the
following quantities: g, f4, Dafs, Ka, Kas, DAlf_(AB, DAlDAQI_(AB, OrKap, R[p)aB
and covariant quantities of the form R, Vo R, .
Proceeding inductively, one can fix 0,09Kp|-—o (by taking multiple derivatives
of (2.20) w.r.t. r and using previous results) in terms of the quantities

o pap, Rlu]as,

o Kap, 07 Kap, Da,0% Kap, Da,Da,0% K 4p with ¢’ < ¢

o factors of B4 and DsfBp

o covariant components of the form V,, ... VajRW with 7 < ¢

Similarly, an inductive argument establishes that taking multiple v-derivatives of our
expressions for 9,07 Ky Blr=0 allows us to write P04 ap|r—o using only the factors specified
below:

o pap, Rlplap,

« OV Kap, Da,0% Kap, Da,Da, 08 K ap with p/ <p—1

o 09 Kap, DA, 0% Kap, Da, Da,0% Kap with ¢ <q—1

o factors of B4 and DfBp

e covariant components of the form V,, ... V4 Ry, with j <p+q—2

Taking D4 derivatives of this result then lets us write Dy, ... D4, 000 uap in terms of
the factors

o piaB, Day ... Da,Rlulap with 0 < j <k,

« Dp,...Dy,0F Kyp with0<j<k+2andp <p-—1
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e Da,...Da,0 Kpp with0<j<k+2andp <p—1
o DAl...DAj,BAWithOSjSk—i-l
e covariant components of the form Vg, ... V4, Ry, with j <p+q+m —2

Combining this with our previous results on primitive factors of « and 3, we can
determine D4, ... D 4,008 |,=0 with ¢ € {juap, a, Ba} as a sum of monomials with each
monomial being a product of factors

(i) waB, Day ... Da;Rlulap
(ii) Da,...Da,00 Kap and Dy, ... D400 Kap
(iii) Da,...Da,Ba
(iv) covariant components of the form V,, ... Vo, R

To obtain the same dependencies as in the statement of the lemma, as well as unique-
ness, we first note that (on N) the covariant quantities Vo, ...V, Ry with aj € {v, A}
and Vg, ... Vq,; Ry with o € {r, A} can be determined by all the other factors (i)-(iv)
listed above. To see this, we consider the identity (see appendix A)

Ry = —8,K — KopK“E. (2.22)

Hence, R, is clearly expressible in terms of Kap and 0,K4p. Taking derivatives of this
result w.r.t. » and =, one can inductively express Vg, . Vo, Ry with o € {r, A} in
terms of factors of the form Dy, ... Da; 9P K 45 and other factors listed in (i)-(iv). A very
similar argument establishes that Vy, ... Va,; Ry with a; € {v, A} is also redundant in the
list of factors above.

Furthermore, we may express all the quantities listed in (i)-(iv) with totally sym-
metrized derivatives such as Dy, ... D4;). The reason for this is that an anti-symmetriza-
tion of a quantity Dy, ...Da; ¥ over a subset of the indices Ay, ... A; is expressible via
the Riemann tensor R[u]apcp and fewer than j derivatives of the quantity ¥ (using the
Bianchi identities). Similarly, the quantities Vg, ... Vq; Ry, can be expressed with the to-
tally symmetrized derivatives V(q, ...V, )R and (covariant derivatives of) the Riemann
tensor associated with V. To eliminate the dependency on R, -, one can use the formulae
of appendix A and the procedure described above to write the components of the Riemann
tensor (at » = 0) in terms of wap, Ba, DaPp, Kap, Kap, 0.Kap, 0,Kap, DcKap,
DcKag, R[u]ap and Ricci components R,,. Then one can argue that any derivative of
the Riemann tensor can be expressed in terms of the quantities listed in the statement of
the lemma by using induction on the number of derivatives and by making use of identities
of the form

VQ1V(a2 .. Vaj)Rm, = V(alvaz .. Vaj)R,uu + ... (2.23)

where the ellipsis on the r.h.s. stands for terms involving fewer than j derivatives of the
curvature tensor.

— 96 —



Finally, the Bianchi identities give us a freedom when expressing a primitive factor
D4, ... Da; 0801 in terms of the factors in the statement of the lemma. It can be seen
that this is all the remaining freedom that one has using induction, because the leading
derivative terms of the Bianchi identities cancel and these are the only possible linear
dependencies among the leading derivative terms used in our induction argument. O

Lemma 2.3. Any of the expressions D, -+ D 4,000 with ¢ € {pap,a,Ba} can be
expressed (on N') as a sum of monomials where each monomial is a product of factors of

the following form (and possible factors of u?)

* D(Al ) "DAJ'KA)B7 D(Al ) "DAJ'KA)B7

* D4, -+ Da;Bp),

o A GNC component of V4, -+ Va,)Ruvep. By the Bianchi-identities, not all these
components are independent. An independent set for j > 1 can be obtained by choos-
ing e.9. Vi, Va, B

Q10 42)V

Proof. By lemma 2.2, we only need to eliminate D4, - - - DAJ.)@])VKAB, Diay--- DAk)&{vI_(AB
in favor of D4, - -- DAjKA)B’ Dy, - "DAjKA)Bv we need to eliminate D4, -+ Da,)8p in
favor of D4, - -- Da,Bp), and we need to eliminate D4, --- D4,y Rapcp(p], modulo GNC
components of V,, - Vo ) Ruvop.
First we consider the evolution equation for the expansion and shear in the r-direction,
which is
Rearp = KA°Kpe — 0 Kag, (2.24)

which lets us eliminate 8, K 4 in terms of K4 B, plus a GNC component of the Riemann
tensor. Next, we consider, on A/, the Riemman component

Ryyap = 2K(4°Kpjc + DjaBp, (2.25)

which lets us write D 4p in terms of D(ABB) plus terms containing K 45, Kap or a GNC
component of the Riemann tensor. The evolution equation for the expansion and shear in
the v-direction is on A given by

Roavs = KA°Kpc — 0,K aB, (2.26)

which lets us eliminate 0,K 4p in terns of K45, plus a GNC component of the Riemann
tensor. Then we consider the Gauss-Codacci equation on N,

Rapcp = RlWapep + 2KpicKpja + 2K apKeys (2.27)

which lets us eliminate R[u]apcp in favor of terms containing K4p, Kap or a GNC
component of the Riemann tensor. Finally, we have
1 _ 1 _
Rapre = — | Da+ 55,4 Kpc+ (D + ;8B | Kac

2 (2.28)

1 1
Rapvc = — (DA - QBA) Kpc + (DB - 253) K c.
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This lets us eliminate D4 Kp)c, D[AK'B]C in favor of terms containing Kap, Kap, B4 or a
GNC component of the Riemann tensor

We now continue this process by taking suitable derivatives of the above equations,
using the non-zero Christoffel symbols (on N') given in appendix A.

First we show inductively that 857 K 4p can be expressed with only K 45 and covariant
components of the form V,, --- Vaj)Rng with j < N —1. We have already shown above
that this is true for N = 1. Now assume that 0K p with ¢ < N — 1 can be expressed
using Kp and GNC components V(al e Vaj)Rng with 7 < g — 1. Now act N times
with 0, on (2.24), noting that (2.24) holds off /. We can convert any partial derivatives
of Riemann tensor components to components of covariant derivatives of the Riemann
tensor. This lets us eliminate (%VK'AB in terms of 8,‘1[(,43 with 0 < ¢ < N —1, 8,‘1/FfB
with 0 < ¢ < N — 1, plus GNC components of the Riemann tensor. Note that other
Christoffel symbols cannot appear in this expression since I'}; and I'}, vanish (on and off
N). Furthermore, FfB = K% g on and off /. By the induction hypothesis we can eliminate
the terms 0 K 4p in favor of K 45 and covariant derivatives of the Riemann tensor, closing
the induction loop.

A very similar inductive argument lets us write 9N Kap in terms of Kap and GNC
components Vy, *++ Vu ) Ruvep with j < N —1. This argument is based on acting with Oy
multiple times on (2.26) and noting that I';, = T}, = 0 and 4, =KAz on V.

Next, we express the factors D4, -+ DayKyp, Da, - DA].)KAB, Dy, - DAJ.)BB
and D, -~ Da,_Rapcp [1] in terms of the quantities listed in the statement of the lemma
by using induction on j. These expressions have been obtained for 7 = 1 above. Now sup-
pose we have the corresponding expressions for D4, -+ Da, \Ksp, Da, - DAj—l)KAB’
Dy -+ Dy, B and Dy, -+ DA]-_Q)RABCD[M]~ We next use an identity of the form

2j
Day - DayKpo = == (D(Al...DAjfl)D[AjKB}C + oo+ Dia, ...DA],)D[AIKB}C)
+D(A1---DAJ~KB)C+~- (2.29)

where the ellipsis in the second line stands for a sum of monomials containing factors of the
form Dy, ... Dy, Rlplapep with m < j — 2 and a factor D4, ... Dy, Kpc or a factor
Da, .- Da,_yDia, Kpjc with k < j—2. Then we consider V4, --- V4, | Rap,c and write
it in terms of primitive factors. This lets us eliminate D4, - -+ D, )DaKpjc in favor of
D(A1 s DAk)KB07 D(A1 ce DA[)BB7 D(A1 ce DAm_l)R[U]ABCD with k, l,m < j — 1 and
covariant derivatives of the Riemann tensor. Making use of the induction hypothesis yields
an expression for D4, -+ D A;)Kpc In terms of the desired quantities. A similar argument
establishes the corresponding result for D4, ... Da,)Kpc.

Writing V4, ---V Aj_lR Apc D in terms of primitive factors yields an expression relating
Dia,---Da;_)Rapeplp) to Dea, - -DayKpes Dia,-DayKpe, D, -Da,,_Raseplpl
with k,I,m < j — 1 and covariant components. By employing the induction hypothesis,
we get an expression for D4, -+ Da,_;)Rapcp [1] in terms of the quantities listed in the
statement of the lemma.

~ 98 —



Regarding D4, - -~ D4, 5, we first use an identity similar to (2.29):

2j
D(A1 ---DAj)ﬁB = _‘H—il (D(Al . 'DAj_l)D[AjBB] + +D(A2 .. 'DAj)D[AlﬁB})
+D(A1 . --DAJ-BB) 4+ ... (230)

where again the ellipsis in the second line stands for a sum of monomials containing fac-
tors of Dy, ... Da, Rlplapop with m < j — 2 and a factor Dy, ... D4,)Bp or a factor
D, - Dy, \Da,Bp) with k < j — 2. The terms in the first line of the r.h.s. of this
equation can be eliminated by writing V4, -+ V4, |yRrpap in terms of primitive factors.
The terms in the ellipsis can be dealt with by invoking the induction assumption. This
yields an expression for D4, ---Da;)fp in terms of the desired quantities, closing the
induction loop.

Finally, consider the case of D4, ---D Aj)afﬁ Kap with N > 1. Let us take deriva-
tives w.r.t. 4 on our previous expression relating 85[ K AB to K Ap and covariant compo-
nents involving the Riemann tensor. This gives expressions relating D4, --- D AJ_)&{V Kup
to D(a, --- DayKap, Da, -+ DayBa, Da, -~ Da, Rlpulapcp and covariant components.
Using previous substitutions yields the desired expression for D4, - -+ D Aj)&{v Kap. A sim-
ilar argument establishes that D4, --- D Aj)d{v K 4p is also expressible in the desired form.

O

2.3 Covariance of GNC tensors and BRST-formalism

We now consider how quantities on our cut C transform under a non-trivial change of
GNCs, i.e., a change with non-constant a(z?) > 0. It follows from the results of section 2.1
that under such a change, on C we have'6

UAB — UaB 8£VKAB — a+(N+1)8£VKAB aivKAB — ai(N+1)ai\7KAB
Ve VayRuvep = a"Via, -+ Vo, Ruvep Ba— Ba+204loga
(2.31)
where b is the boost weight of the GNC component of the covariant tensor V4, - -Va ) Ruvop,
see eq. (2.15). A useful way to think about the replacements (2.31) on the cut C is
that 8 = 6Ad:v‘4 is a gauge potential and that KAB,I_(AB and the GNC components of
Via, - Va,)Ruvep are charged under the gauge group Ry, with charges +1,—1 and b
respectively. The function a corresponds to a finite gauge transformation associated with
the gauge group R.. It is therefore useful to define the gauge covariant derivative

1
Dy =Dy — 51)@4, (2.32)

with b the boost weight (= charge) of the quantity that it is acting on. See the start of sec-
tion 2.1 for the geometrical interpretation of D as a connection on the normal bundle of C.

Our eventual aim is to write an expression for an entropy as an integral of a boost-
weight zero n — 2 form over the cut C. For this entropy to be invariant under a change
of GNCs, the n — 2 form should be gauge-invariant up to addition of an exact form. The
following lemma characterizes the most general structure of such a form:

6The first two transformations hold on all of A/, not just on C.
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Lemma 2.4. Let wy, be a local m-form on C of boost weight 0 built from contractions of

D(Al T DAk)agagw with (UBS {,U/AB, Ba, a}; or MABf OT €A . Ap_o [:U’L or D(Al T DAk)RABCD[NL
such that w,, — Wy, + dw,,—1 on C under a change of GNCs. Then

w, =6 NI, 1+ 1, —db,_1 (233)

where B = BAd:J:A; I, and I,,_1 are gauge-invariant local forms such that I, is iden-
tically closed (dI,,—1 = 0), and by,—1 is a local form on C. The forms I,, I,_1 can be
expressed as boost-weight zero contractions of the following quantities:

* UAB, MAB7 6A1...An—2[/j’];
* Diay - Da; Ky g, Diay -+ Da; Ky g, and

« GNC components of the covariant tensors V (q, = Vo, Rlgluwop. (By the Bianchi
identities, not all these Riemann components are independent, see lemma 2.3.)

To prove lemma 2.4 and other similar lemmas which we shall need later on, we now
reformulate the gauge transformations (2.31) using the BRST method (see e.g. [24]). First,

we write a = etM/?2

, and then obtain the transformation, on N, of any quantity under an
infinitesimal gauge transformation by differentiating its transformation law w.r.t. ¢ and
evaluating at t = 0. This gives — in general very complicated — formulas for the in-
finitesimal change of any monomial D4, - -+ D 4,)000 under an infinitesimal change of
GNCs on N.

On C, these formulas simplify if we pass from this basis of primitive monomials to one
of the bases provided by lemmas 2.2 or 2.3. Following the usual BRST approach, we now
declare A to be an anti-commuting field (of boost weight 0) and the infinitesimal version

of the transformations (2.31) becomes a “BRST transformation”, which we denote as ~:

yuap =0

1
10, Kap = +5(N + 1)A0) Kap
_ 1 - _
YONKap = —5(N+ DAY Kap (230
. .
’Yv(al T vaj)RMVO'p = §bAv(a1 e vaj)Ruuap

YBa = 0aA
YA =0

where the last transformation is imposed as usual to ensure that 42 = 0 and where b is
the boost weight of the corresponding GNC component. The action of v is extended to a
product via the graded Leibniz rule. The degree in A of a monomial in the fields and their
derivatives is referred to as the ghost number and A as the ghost field. Consistent with the
last two equations equation in (2.34), we declare that the boost weight of A is zero, so that
~ does not change the boost weight of any quantity. We furthermore follow the custom to
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declare the action of the exterior differential d on a ghost number g monomial to be (—1)¢
times the usual definition, and with this convention we have dy = —~d, for example.

For constant A, the action of 7 on a quantity of boost weight b is to multiply that
quantity by bA/2. However, in general A is not constant. The transformation law assumed
in lemma 2.4 may be stated as saying that yw,, = dw,,—1 and w,, has ghost number 0
whereas w,,,—1 has ghost number 1. A form such that yw,, = 0 is called BRST-closed
(v-closed) and a form of the type yw,, is called BRST-exact.

Lemma 2.5. Let w,, be a local m form on C of boost weight 0 and ghost number g > 0
such that yw,, = dw,,—1. Then w,, is a sum of the following:

e A local v-exact local form of boost weight 0.
e A local d-exact local form of boost weight 0.

o A times a boost weight O contraction of Dy, - - DAjKA)B, D, - DA].I_(A)B, of GNC
component of covariant tensors V 4, - - -Vaj)R[g]ng [not all of these are independent
by the Bianchi identities, see lemma 2.3], of u*? or of €[u)a,..a, _,. This case only
occurs for g = 1.

Poof of lemmas 2.4 and 2.5. The proofs of lemmas 2.4 and 2.5 are quite similar and inter-
related so we will give them together. We shall start with the special case that yw,, =0
where w,, is a local form of ghost number ¢ = 0. In w,, we make the replacements
as in lemma 2.3. Then we further replace D4, ~~-DA],KA)B, Dy, - DA].I_(A)B with the
gauge covariantized forms D4, - -DAjKA)B, Da, - 'DAjKA)B at the expense of addi-
tional terms of the form D4, --- Da,;8p). Now we impose yw,, = 0. Since the factors
D4, --- Da,Bp) are the only factors which transform with derivatives of A and since the
terms with undifferentiated A drop out using that w,, has boost weight 0, it follows

ow,,

0 =~yw,, = D - D4 yA. 2.35
! ng aD(Al T DA]'—lﬂAj) (s ) ( )

At any point in C' the terms Dy, -+ D Aj)A can be chosen as linearly independent from
each other so we learn that awm/ﬁD(Al . "DAj_lﬁAj) = 0 for all j. Thus there is no
dependence on (4 in the chosen basis of monomials and we have demonstrated lemma 2.4
in our special case yw,, = 0.

We remain in the same special case but now we go to ghost number g > 0. In the
basis of monomials given by D4, - --DAjKA)B, Da, -+ 'DA]'KA)B7 by GNC components
of Viay ***Va)Ruvop, by D(a, -~ Da; Ba;) and by D, -+ Da,A, we realize that the
BRST-transformations (2.34) have D4, - - Dya; ,Ba;yand Dy, --- Daj)A as “contractible
pairs” in the terminology of [24], meaning that vDa, -~ Da; ,B4;) = Da, -~ DayA,
YD(a, -+ DajA = 0 and the rest of the BRST transformations are independent of these
variables. By a standard result [24], appendix 2.B, we know that w,, is up to a y-exact
local form equal to a local form that has no explicit dependence on 84 in the chosen basis
of monomials and only depends on A in undifferentiated form. The proof of this works as
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follows: first define

0 0
N = Dia --Da.  Ba + D4, - DayA )
;( (A -1 ])8D(A1"‘DAJ',15A]~ (A i) d(D(a, - DayA)
(2.36)
to be the number operator for the contractible pair, and let
0
p = DA 'HDA; ,BA. . (237)
j§>:1 (A1 j—1 ])aD(Al "DAj)A
One has [N,~] = 0 and N = vp + py. We now decompose Wy, = > y>q wk where wk, are
eigenvectors of N: Nwk, = kw? . Since N and v commute, yw,, = 0 implies yw’, = 0.
For k > 0 we have w?, (1/k)Nw (1/k)(7p + py)wk, = ~4[(1/k)pwk,]. Therefore

w,, = w’, modulo v exact. By construction, w’, only depends on A but not on 4.

Therefore, by lemma 2.3,

Wy, = NI, + y-exact, (2.38)
where v-exact means an m-form in the image of the local m-forms and where I,, has
boost weight zero and is gauge invariant, i.e. it is a local m-form constructed from
D4, Da, K,
A9 = 0 for g > 1, it follows that when g > 1, w,, is y-exact. When g = 1, we

VB Dy, - "DAjf(A)B and GNC components of V(,, - V4 ) Ruvep. Since

have w,, = AI,, plus v-exact. Thus, we have demonstrated lemma 2.5 in our special
case ywy, = 0.

We now turn to the general case of lemmas 2.4 and 2.5 where we only assume that
YW, = dw,,—1 for some local m — 1 form w,,_1. This case will be analyzed using the
standard technique of descent equations. To construct the descent equations, we need to
appeal to the algebraic Poincare lemma [25]:

Lemma 2.6 (algebraic Poincare lemma). Let £([V, @], ) be an m form on a manifold
C' that is locally constructed out of smooth fields ¥ and “background” fields ® such that
d€([V, @], z) = 0 for all ¥ in a neighborhood of a special configuration Vy. Assume that all
U in that neighborhood can be joined to Wy by a differentiable path ¥y, \ € [0,1] of smooth
configurations such that V|, depends on finitely many derivatives 0*V|, for any x € C
and such that U1 = V. Then &([¥,P], x) — &([Vo, D], z) = dn([¥, Vg, P],x) for some
local m — 1 form n([¥, Vg, @], x).

Proof. [25] We sketch the proof here since we later want to see how m preserves certain
structures of & below. We will suppress the dependence on the background fields ® in this
proof. We fix an auxiliary covariant derivative D4 on C (coordinate indices A, B,...).
Consider the linearization of £ ,

g, Bm
where k is the maximum number of derivatives of ¥ that & depends on. Then we let
mk 98¢, .C,o1B
Ye([¥,0¥],2)c, . 0,y 2= L L ((%],2)Da, ... Da,_,)0%(z).

(m+1)(k+1) a(D(Al e DAk-_lDB)\IJ)
(2.40)
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The arguments given in [25] show that d&€([V], z) — dv,([¥, V], z) is a closed local func-
tional depending on up to (k — 1) derivatives of J¥ and so verifies the assumptions of the
theorem because dW is an arbitrary variation. The argument is then iterated to determine
Vi—1([¥,0V],z) and so on and then set v([¥,V],z) = >, v,;([¥,0V], ). Finally, we
set (using a dot to denote a derivative w.r.t. )

1[0, 0)2) = [ Doy, ), 2), (2.41)

which is local and satisfies the desired equation. O

Remark 1. In the applications below, the space of ¥ will consist of certain monomials
as in lemmas 2.2, 2.3, and will have the structure of vector space. Thus, the interpolating
family can be chosen to be simply AW = ¥, and ¥y = 0. Furthermore, the forms £ in
question will be at least quadratic in positive boost weight monomials. It is clear from the
above proof that also n will then be at least quadratic in positive boost weight quantities.

We now return to the proof of lemmas 2.4 and 2.5 in the general case. Taking v of
YWy, = dw,,_1, using v? = dy + vd = 0, we learn that d(yw,, 1) = 0. yw,,_1 depends
at least linearly on A, so we can apply the algebraic Poincare lemma for ¥ = A, ¥y = 0
(viewing the other fields as background fields), to learn that yw,,—1 = dwy,—2, where
w,,—2 is again local. Iterating this process we get the descent equations

YW = dwmfl

Wy—1 = dw,,—
YWm—1 m—2 (242)

ywg = 0.

where the ghost number increases by 1 at each step. The last equation does not involve
a boundary term. Such an equation must exist for some k& — in the worst case, i.e. the
longest descent, we have k = 0. The important point is now that (as wy has positive ghost
number) we can apply our previous results to ywy = 0. We learn wy = yby, + A, where
the last term ATy is present only if wy has ghost number 1. Thus, if w,, had had ghost
number 0 (lemma 2.4), the last term is present when k& = m — 1, whereas if w,, had had
ghost number g > 0 (lemma 2.5), the last term is present only when g = 1 and k£ = m. So
long as the last term AT} is not present, we can consider Wy := Wr41 + dby, w; 1= w;
for j > k+ 1, and then the new ladder {w,,,...,wks1} will satisfy by construction the
descent

Vwm = dﬁ-’m—l

Wy—1 = dWy,—
YWm—1 m—2 (2'43)

’Ylajk‘-i-l =0,

i.e. we have shortened the descent. We continue with this until we get a nontrivial term AT.
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Lemma 2.5. Since g > 1, the ghost number of w; is greater than 1 for j < m so we can
shorten the descent until we reach yw,, = 0. Our previous result gives w,, = vb,, + AI,,
and hence w,, = vb,, — db,,_1 + A9I,,, establishing the result (as AY =0 for g > 1).

Lemma 2.4. In this case we have g = 0 and we can shorten the descent until we reach
YWm—1 = 0, which implies W,,—1 = Ybpm—1 +AI,,_1, S0 Wy_1 = Yo —1 +AIL,_1—db,,_s.
This gives

YW = d(’ybm—l + AIm—l) - ’Y(wm + dbm—l) = d(AIm—l)

(2.44)
— 'y(wm +dby,—1 — B A Im—l) = —AdI,,_1.

The left side depends only on A in differentiated form by the definition of v and because
all forms have boost weight 0, whereas the right side depends on A only in undifferentiated
form. Therefore, since the equation must hold for all A, and since D4, ... D Aj)A are
linearly independent at each point, both sides must vanish. Vanishing of the l.h.s. implies
by our previous results (for ghost number 0) that w,, + dby,—1 — B A I,,—1 = I,, and
vanishing of the r.h.s. gives dI,,_1 = 0 which completes the proof. ]

Although it is not essential for our proof of gauge invariance of the IWW entropy, it is
interesting to note that we can be more explicit about the form of I,,_1 in lemma 2.4. In
the following lemma note that d3 (the curvature of the connection on the normal bundle
of C') can be expressed in terms of the quantities listed in lemma 2.4 via equation (2.25).

Lemma 2.7. The gauge-invariant forms I,,_1, L, of lemma 2.4 can be defined so that
I, 1 is written in terms of dB and characteristic classes built from the curvature of pap
as follows:

I, 1= Z (/\ dﬂ) Apm—l—?j(R[lu]v ) R[:“’])? (2'45)

7 (m—1-2;)/2

where R[] a® = R{u]cpa®da® AdazP and p; is an invariant symmetric polynomial of the
Lie-algebra so(n — 2). Such terms can only appear when m is odd.

Proof. Given our metric corresponding to the ¢ = (o, B4, pap) in its GNC system, let
1o be such that ag = (8p)a = 0 and (ug)ap(v,r, 24) = pap(0,0,24). We can construct
a l-parameter family ¥, with ¥, = 1 by setting ay = Aa, (6x)a = ABa and (ur)ap =
(1—=X)(po) aB + Apiap. From the algebraic Poincaré lemma we have I,,,—1[¢)] = I,—1[to] +
dJ n—2[t)] where J,,—o is a local form such that dJ,,_2 is gauge invariant. The latter
condition gives ydJ,,—2 = 0 hence dyJ,—2 = 0 but vJ,,—2 has ghost number 1 so we can
use the algebraic Poincaré lemma interpolating A to 0 (treating other fields as background
fields) and deduce that vJ,,—2 is exact. We can now apply lemma 2.4 to deduce J,,—2 =
BANILy,_35+ I, _o—db,_3 where I,,_3 is gauge-invariant and closed, and I,,_o is gauge-
invariant. This gives

Iy 1[Y] = Trna[tho] +dB A I 3[t)] + Al —2[Y)] . (2.46)
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We now repeat the process starting from I,,_3 to obtain

I —s[¢)] = Iy—3[tho] + dB A L5 [t)] + dTm—a[t)] (2.47)
and hence
I'n1[¥] = Im—1[tbo] + dB A Inn—s[tho] + dB A dB A Ty—s (V)] + AT, [0)] (2.48)
where I o =dB A I,_4+ I,,_o is gauge-invariant. Proceeding inductively we reach

J

Lnafy] =) (/\ dﬁ) A Ip1-2;[tho] + ALy, 5[] (2.49)

On the r.h.s., Ig[to] is an identically closed k-form constructed locally and covariantly
only from (up)ap = pap|c: these are the characteristic classes built from R[y] 4B =
R[u]cpaBdz® A dzP [see for example eq. (6.32) of [27], replacing spacetime by (C, uaB)].
The result now follows upon substituting the above equation into our formula for w,, in
lemma 2.4 and setting I, = I, + d8 A dI], _, (which is gauge invariant) and b}, _; =

bn_1+ B AL . O

3 Entropy current associated with a null surface

3.1 Covariant phase space formalism

We shall use the covariant phase space formalism of Iyer and Wald [2] and so we summarize
the main results of that formalism that we shall need. Consider a Lagrangian n-form L
depending locally and covariantly on some fields ¥* = (g, ®1, A;,,) including a Lorentzian
metric g. When the fields include 1-form fields A ;, we also require that L is gauge invariant.
Local and covariant means by definition that in any coordinate system and at any point
z, L|; is expressible in terms of a finite number of derivatives 0y, . . .04, ¥|z, and that, for
every diffeomorphism f, f*L[¥] = L[f*¥]. By the Thomas replacement lemma [2], L can
be written as Le, with € the positively oriented volume form defined from g,,,, where L can
be expressed entirely in terms of g,.,, 9", Va, - Vo, Ruvags €ar..ans Var *** Vo, @1, and
Vai*Va,Fyu. p,.10 when p-form fields with curvatures F'; are present. However, for
most parts of this paper we will not consider matter fields and treat (local and covariant)
Lagrangians depending only on the metric. Note that anti-symmetrized combinations
of covariant derivatives can be rewritten in terms of curvature tensors, so without loss
of generality we will usually consider symmetrized derivatives as the variable fields in our
Lagrangians and other functionals. There are further dependencies among the derivatives of
the curvature components arising from the Bianchi identities which are usually understood
to be eliminated by choosing a suitably linearly independent set, see below.
In such a case, the only equation of motion is the Einstein equation E** = 0 where
oL

EWe=FE" =Y (=104, ... 04, . (3.1)
9 ]ZE(:) ! 700y - - - Ou; Guv)
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EM specifies the classical dynamics so any classical physical quantity should be specified
only in terms of this dynamical content plus potentially some global quantities of topological
nature. The symplectic (n — 1) potential is defined by @[¥; JV]

SL[U] = Eg:i[¥] - 6" + dO[¥; 5. (3.2)

We use the general notation

oV = iqf(x) 52 = 1d—Z\IJ(A) (3.3)
Tdx T 2dA2 '

for a 1-parameter family of dynamical fields. More generally, we write 1V, §oW, §10o¥ for
families depending on multiple parameters. The definition of 8[¥; § U] leaves some ambigu-
ities because we may add a d-exact covariant term or topological term to the Lagrangian
L — L +dp + L™ without changing the equations of motion, Ef. Furthermore, we
may add a local and covariant d-exact term to @ itself, 8 — 0 + dY . Altogether, these
ambiguities result in the freedom to modify @ — @ 4§ + 8™P +dY without changing the
local dynamical content of the theory.
The symplectic (n — 1)-form is, for a purely gravitational theory,

wlg; 019, 629] = 010[g; 629] — 620[g; d19]. (3.4)
The Noether current is
Jx[g] = 0lg; Lxg] — X - L|g], (3.5)

again for a purely gravitational theory, and the above ambiguities of 8 and L propagate
into ambiguities of Jx and of w. One can establish [2] the existence of a non-unique
Noether-charge (n — 2)-form Q x satisfying

dQxg] = Jx[g9] + Cx|g], (3.6)

where C'x, which we call the constraint, does not depend on derivatives of X, and Cx =0
when the equations of motion are fulfilled. For a purely gravitational theory as considered
here, the constraint is [12]

(CX)OéLnan—l = QEHVXVEM(X:[...Q”_Q' (37)
To see this, note that equation (3.2) and the (off-shell) Bianchi identity V,E*” = 0 give

dJ x[g] = d8lg, Lxg] — d(X - L[g])
= LxLlg] = E{¥[9]Lx g — (d(X - Llg]) + X - dL[g])
— —2¢E"V, X, (3.8)
= —2eV,(E"X,)
= —-dCxlg],

using Cartan’s magic formula for the Lie derivative. Hence d(Jx[g] + Cx[g]) = 0. Since
this is true for any X and any g, the algebraic Poincare lemma 2.6 yields the existence
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of a corresponding local Q. Note also that the expression (3.7) is unaffected by the
above ambiguity to change L — L + dp + Lo, and the corresponding ambiguity 68 —
0 + dp + 6P + dY, even though Q y itself is affected by this ambiguity.

A general result from [2] is that, up to the ambiguities affecting € and L just described,
Q x may be written as

Q#l--'#n72[g] = _E%BW[Q](vuXu)ﬁaBm-..un—z + Waﬁy[g]vaaﬂmmun—zv (3'9)
where E%B MY s

oL

Eaﬁ/u/ R — k’v Ca v \V4 R
R €: E:( 1) (IR ’“)8( (a1 """ Vag) Naﬁ)‘
aq k v

k>0

(3.10)

The ambiguities affecting @ and L result in the change Qx[g] — Qxlg] + X - u[g] +
Y|g; Lxg]+dZ x[g]+ Qg?p [g], which represents the total ambiguity in defining the Noether
charge.

Another useful general identity which holds for general 1-parameter families of fields
which are not necessarily solutions is obtained starting from

6Cxlg] = déQxlg] — 0J x|g]
= déQx[g] — 0(0[g; Lxg] — X - Lg])
= déQxg] — 60[g; Lxg] + X - (Ey[g] 69 + dblg; dg])
=d(6Qx[g] — X - 0[g; dg]) — wlg; 89, Lxg] — X - (Eg[g] dg),

using Cartan’s magic formula £x6 = d(X - 0) + X - d@ and the definition of w in the last
step. Now take a C'-codimension 1 surface S in spacetime, take X tangent to S, and pull

(3.11)

back the above equation for forms to S. Since the pull back of X - (E,dg) vanishes, we get:

d(0Qx(g] — X - 0]g;dg]) — 0Cx[g] = wlg;0g,Lxg] on S. (3.12)

It is important to note that this is an off-shell identity: neither g nor dg have to satisfy
any equations.

3.2 Covariant phase space derivation of IWW entropy current

The aim of this section is to demonstrate the relation between the entropy determined
by Wall’s procedure and the Iyer-Wald entropy. We will apply the results of the previous
section to the case where S is a smooth null hypersurface N ruled by affinely parameter-
ized null geodesics. We choose an arbitrary cut C' and introduce GNCs as described in
section 1.3. We now define the vector field

K =00, — roy, (3.13)

generating a boost in the coordinates r,v. We take X = K and consider the constraint
C'i, which we write
(CK),ML..un_l = QKVEVaﬁauLnun_l, (314)

The pull-back of Ci to N is 20Eyy/pudv A d" 2z in GNCs. To analyze the structure of
E,, it is useful to introduce an equivalence relation on functionals on N:
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Definition 3.1. Two functionals A, B each of which is a sum of primitive monomials
(definition 2.1) with definite boost weight p are said to be equivalent A ~ B if A — B
contains only monomials having at least two primitive factors with positive boost weight.

In the following, functionals of boost weight p will be denoted with symbols such
as A® X® . Consider a functional A of boost weight +2 (later we will take
this to be E,,). One can use a “partial integration” argument to show that there ex-
ist XB) WA k> 0 such that (i) X (k) is a sum of primitive monomials for which each
primitive factor has non-positive boost weight, such that (i) W14 is a sum of primitive
monomials for which precisely one primitive factor has positive boost weight, and such
that (iii)

1 .
A2 av{\/ﬁ Z Xl(/}O)AIMAJa’U(\/ﬁD(Al . .,DAj)agaf )

Jsps

1 0)A;...A; ABCD
I XU, - Dy Rl asen) (3.15)
J

1 _
+—=08, >, VX, ( ”*‘”“‘1 YD, DOy + DAW(1>A}.
Vi 3p—q>0,9

Note that (i) implies that each primitive monomial in an X© term must be a product of
primitive factors with zero boost weight. A derivation of the above result was sketched
in [4] and explained in more detail in [12].

The key trick is now to define a 1-parameter family of metrics interpolating between
a stationary “background” metric (similarly as in [2]) and some other metric. Let g, (%)
be the given metric expressed in GNCs and read off ¢ € {«, B4, pap}. The background
fields are defined by

)= Z 2X cprv) (rv)?(8r0y)Plr=v=0 (3.16)
p>0
where y is smooth and of compact support and identically equal to 1 in a neighborhood of
the origin and {c,} is a sequence of positive numbers increasing sufficiently fast in order
that the series converges.!” From v we define a corresponding background metric Juv in
GNCs. This background metric has the properties:

e Lig=0. In particular, the background metric gy, is such that A/ is a Killing horizon
with bifurcation surface C'. Note that this background metric depends on the original
choice of GNCs.

o In the background, any primitive factor with positive boost weight vanishes on N
and any primitive factor with negative boost weight vanishes on C'. This implies that
when X*) has positive boost weight k, then X(k)[f] =0 on N, and when X (%) has
negative boost weight —k, then X (- k)[ ]=0onC.

This is just a convenient trick to avoid having to consider Taylor series with remainder, which would
be fine too but notationally cumbersome.

— 38 —



o If X© jg a sum of primitive monomials where each monomial involves only primitive
factors of boost weight 0 then X(©)[g] = X [g] on C.

Next for A € [0, 1] (the interpolation parameter), and for an arbitrary smooth 0 we set

() =0+ A6y (3.17)

and from (), we define a corresponding 1-parameter family of metrics g, (A, z%) in
GNCs.'® This 1-parameter family has the properties

e gh=o=9

o If we choose 69 = 1) — ¢ then g|y—; is the original metric g. Note that we do not

make this choice at the beginning of the following argument.

We now take A®) = E,, in (3.15) and consider the first variation of this equation within
our 1-parameter family. Using the properties just described, we get on N (schematically
denoting by Y*) the monomials D4, -+~ Da; 080 with k = p — ¢ or the monomials
D(A1 tee DAj)R[,U]ABCD with k = 0)

9 _ 52 ) v 9 v (1) 9 (k) 9 A
8>\Evv‘)\:0—av {X 8)\Y +];)X a)\Y . +8UDA8)\W ’,\:0 (318)
=0

because all other terms have an unvaried monomial with positive boost weight and such a
monomial vanishes in the background g. The terms with k& > 0 in curly brackets can be
rewritten as % S ka0 XTRY R g because Y #)[g] = 0 for k > 0.

We will now show that the terms with k£ = 0 are related to the Noether charge using
the restriction of eq. (3.12) (with X = K) to A/,'Y and evaluated on the background g:

19 ) 9. 4 )
)y [ — =— vr — r ;= Djp— NMa=0 =20 < Eyy =0,
0 (wzm(*cz;( ) 0 (0" |g mg])x_f A Qs = 20~ Fuulrco

(3.19)

using that
0
w|g; =<9, L =0, 3.20
[g ox? Kg} . (3.20)
as Lxg|x=o = 0 by construction. We now assume that ) has compact support so % 9r=0
also has compact support. If we integrate the above equation over the v > 0 portion of A/,
use the structure (3.18), and perform integrations by part in v, we obtain

9 9
/C (aA(*Q% 1w+ QﬂX(O)a)\Y(O)),\_O =0. (3:21)

8We assume that duap is chosen such that pap(\) is Riemannian for A € [0,1] which ensures that
guv () is Lorentzian near N.
19When considering the restriction of forms to N it is useful to work with the Hodge duals of the forms;

for example we write (Qx)uy...1u,_o = %Euyuunfzaﬁ(*QX)ag
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In deriving this equation it has been used that X (—) (g9]x=0) = 0 for a negative boost weight
—k quantity on C, we have used that all terms with an explicit dependence on v vanish at
C, and that divergence terms (i.e. DA(%(*QIA}’“) and DAa%W(l)A) integrate to zero.
On N, we can write
Q)" =q + ... (3.22)

where ¢(© is a sum of primitive monomials for which all primitive factors have boost
weight 0,%° and the ellipsis represents a sum of primitive monomials, each containing at
least one primitive factors of strictly positive boost weight and at least one primitive factor
of strictly negative boost weight (since the total boost weight is 0). The Iyer-Wald entropy
is defined as the integral over a horizon cross-section of 27r\/ﬁq(0) [2]. The terms in the
ellipsis of (3.22) are O(A\?) on C and therefore their A-derivative vanishes on C for A = 0, so
¢ is the only surviving term on C' after we take a variation off our stationary background
glx=0- Therefore we have derived

L (Gax@®vm+vix®y®) o (323

A=0

By construction, the integrand here has the general form

19 ) - _ 9
(q“’)\/ﬁHX‘O)Y(O)) = > AP PG Dy, -+ Dy (800,)F 1 Yla=o,
(2\/;7& ox ), ;q: P (Br ) BN

(3.24)
where D4 is the covariant derivative of fAB = pAB|x=0. The integral over C of this
quantity vanishes for completely arbitrary dy = a%w\ =0, and in particular the restrictions
(0p0r)PO1)|c can be chosen independently. Therefore we can write (still on C)

1 9 0 o
L 9.0 09 30 _ (0)A
(lem(q Vi) + X0y )AZO DAW (3.25)

with

_ _ _ o _ B
WO =32 (=1Y D, ,, -+ Dp, AP Pr-Pald]Dp, - D) (0,0, 5xlr=0,  (3.26)

71:P-4

We will now argue that (3.25) holds not just on C' but on any constant v cross section
C(v) of the horizon. To this end we note that evaluating the integrals over C(v) instead
of C' is equivalent to evaluating them over the variation 7, 0% instead of dv, where T, is a
translation by v. This is because, on N, all boost weight zero quantities are invariant under
T, in the background . But (3.25) is an identity that holds for arbitrary variations 0t
of compact support and in particular also for 7} d¢. Hence we conclude that this equation
holds on C'(v). Then we can take a derivative with respect to v and note that this equation
becomes

O v+ x0ay 0| = D), (3.27)

ON | 2\/1 N0

0By (3.9), we may determine q(o) by considering all contributions to E%’" made up exclusively of boost
weight 0 primitive factors [2].
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where

Ve =N (—1)D,,, - Dp, AP B[y D, -+ Dp 1 (0,0, )P0t (3.28)

JspPsq

Thus, in a GNC system, the first variation of E,, around a background 1 of the form
described above can be written on N as

aa)\ vv|)\ 0= 86A< {f (\/>S )JFDASA}))\:O (329)

where 1
=@+ Y XD Dy Rt (3.30)

2 .
Jj=0,p—q>0,¢

with ¢(©) as in (3.22), Xéd)} as in (3.15) for A®) = E,,, and where

s .= WA _yma (3.31)

with V) as in (3.28) and W) as in (3.15) for A® = E,,. In deriving this result
we assumed a perturbation of compact support. If we have instead a perturbation of
non-compact support then, for any compact subset of A/, we can define a perturbation of
compact support that agrees with the original perturbation on this subset and therefore the
above result holds for the original perturbation on this subset. Since the subset is arbitrary,
it follows that this result holds on all of N even for perturbations of non-compact support.

If NV is a black hole event horizon then, when substituted into (1.13), the first term
of (3.30) gives the Iyer-Wald (IW) entropy [2]. The other terms in (3.30) are those predicted
by the argument of Wall [4]. We will therefore refer to (3.30) as the Iyer-Wald-Wall (IWW)
entropy density. The need for the term in (3.29) involving s4 was pointed out in [12].

We will now investigate E,, at the fully non-linear level. Consider a metric g, (z*)
(not necessarily a solution) in GNCs with corresponding ¢ € {a, B4, pap}, define ¥ as
the series in (3.16), choose d1) to be ¥ — 1 and define Guv (A, %) to be the 1-parameter
family of metrics in GNCs corresponding to ¥ () as in (3.16). By construction, this family
interpolates between the stationary metric g|yx—¢ and g|x—1; which is equal to the given
metric g. Now let

FlYp] = Eyy — 0, {\;ﬁ&,(\/ﬁs”) + DASA} : (3.32)

Using (3.15) and the expressions for s¥ and s gives (recall definition 3.1)

F~d, (6O i) + X8, —DAV(”A] : (3.33)

[2f
We expand F' to all orders in A around the background A = 0. The zeroth order term must
vanish on A since all positive boost weight quantities vanish on A in the background.
The linear term must vanish on N by (3.27) or (3.29). Hence F' contains only terms of
quadratic or higher order in A.
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If we consider a typical monomial in F' then it is a product of factors with differ-
ent boost weights. If we evaluate this on C then the zero boost weight factors coincide
with those of 1. For a non-zero boost weight factor we have Dy, . D000 ()| =
ADg, ... Da;08080¢|c if p # q. Thus the power of A in any given monomial equals the
number of factors in that monomial that have non-zero boost weight. Since non-zero boost
weight arises from v or r derivatives, the number of such factors will be bounded if the
total number of derivatives in each monomial of E,, is bounded above (as is the case if we
consider an EFT in which we include terms in the Lagrangian only up to some fixed total
number of derivatives). In such a case, the expansion in A terminates on C.

We will now show that F' ~ 0. Note that the expression in square brackets in (3.33)
involves no terms of boost weight higher than 1. Therefore expanding out the v-derivative
gives

Fr > Aw "[W]Da, - D4, 0L 08y (3.34)
n,q,
where each A(® is a sum of monomials within which each factor has zero boost weight.
Quantities that are ignored in the ~ relation involve monomials with at least two positive
boost weight factors, and such terms are of quadratic order, or higher, in A. Hence

Fle =AY AN A G](Dia, ... Da,y07H20%50)c + O(N2) . (3.35)

n,q,p
However, as we have explained above, the terms in F' linear in A must cancel for any . In
particular, if we fix ¢ and then construct ¢ by specifying d¢ then the linear terms above
(0)Ar-.An [4)] = 0 on C. Our choice of

npy
1 here was arbitrary so this must hold for any 1. Now given 1, let 1), = T where Ty, is

must cancel. Since this §v is arbitrary, this implies A

the diffeomorphism corresponding to translation in v by vg. We then have

A LAp Aj...Ap
0= A Ao = A le = A ]l e (5.36)

where C'(v) is a constant v cut of N'. But v is arbitrary here so it follows that Agj 1An [¢]

vanishes on all of A/. This implies F' ~ 0 as claimed.
We summarize the discussion so far in the following lemma:

Lemma 3.1. Consider a null surface N ruled by affinely parameterized null geodesics and
a generally covariant Lagrangian L. Define a foliation {C(v)} adapted to GNCs. Then we
can define s°, s and F satisfying (3.32), where:

e Each sV, s, F is a sum of primitive monomials.
e FEach primitive monomial in s¥,s*, F has boost weight 0,1,2, respectively.

e FEach primitive monomial in F contains at least two primitive factors with strictly
positive boost weight.

v

e sV contains those primitive monomials in ER"™ which are a product of primitive

factors with zero boost weight (Iyer-Wald dynamical entropy), and all other primitive
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monomials in s¥ contain precisely one primitive factor with positive boost weight.
s consists of a sum of primitive monomials of boost weight 1, each of which has

precisely one primitive factor of boost weight 1.

This justifies equation (1.9). The main novelty of our approach compared to earlier
work [4, 11, 12] has been to demonstrate the connection to the Iyer-Wald entropy. Note
that we could add extra terms to s’ and s that are of quadratic (or higher) order in
primitive factors of positive boost weight without affecting the above results. This will be
important below.

3.3 Transformation of IWW entropy under a change of GNCs

The above procedure for determining s¥ and s worked with the GNC components of the
metric. Even though GNCs are defined geometrically starting from a cross section C' of
N, their construction requires apart from the chosen cut C a choice of affine parameter
for each null generator of N'. Under the remaining reparameterization freedom, o, 34, jtAB
and their derivatives in general transform in a very complicated way (e.g. equation (2.12)),
so it is not clear that for a given cut C, s” is fully covariant, i.e. a functional of g,, that is
independent of arbitrary choices apart from the cut C. Thus, we must investigate if, and
how, s¥ transforms under a change of GNCs.

Consider a change of coordinates z# = z#(2'*) in a neighborhood of N preserving
the Gaussian Null Form, see (2.4). Thus, on N, we have (v,2%) = (a(2'“)v’,2'4), and
off of N, the — in general very complicated — form of the coordinate transformation
is described in section 2.1. The GNC components of g in the primed coordinates are
denoted by ¢ € {i/y g/, f4, @'}, We want to understand the behavior of s¥ under such
a transformation. If the multiplication factor a in (2.4) is constant, then this behavior
is trivially determined by the boost weight of each quantity, so we get s"[¢)] = s'[¢'] (a
constant), because s¥ has boost weight 0. But for non-constant a, the transformation is not
at all evident. In this subsection, we shall show (proposition 1) that s” can be adjusted by
terms quadratic in positive boost weight quantities, and a total divergence (which does not
affect the total entropy), such that the modified s¥ is manifestly invariant under a change
of GNCs.

To investigate this, we first define I = g,,["d2*, and define, uniquely, an (n — 1)
form € on N by demanding that I A ¢, = € and n-¢ = 0. In our GNCs this gives
€, = /udv Adz! ... Adz™"2 The constraint (n — 1) form C; is defined as in (3.14), giving
C| = 2E,,€;. Similarly we define F; = Fe;. We now define the entropy current as a (n—2)
form s on N by

s := (50, +504) - €

n-2 — 3.37
= sV /pdat Ao Ada" T Z(—I)ASA\/ﬁdv/\dxl/\---dxA/\---d:):”_Q. (3.37)
A=1
In forms notation, (3.32) can be rewritten as
1
L’lds — 501 = Fl on N (3.38)
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In our second set of GNCs we have I’* = al* on N and so the primed version of the above
equation gives

1
Laldsl - §Cal = F:ll on N (339)

In this formula, s’ is the same functional as s but evaluated on the transformed v’ €
{tsp, B4, a'} and in the transformed coordinates. s can be transformed back to the
original coordinates in the usual way using the Jacobian of the coordinate transformation.
Since C| is defined by contracting [ with a local, covariant tensor, we have C; = aC.
We also have L,ds’ = d(al - ds') = aLids’ + da Al -ds’ = al;ds’ where the final equality
uses [ -ds’ oc dz’m A ... Adz'™2) and da = (94a)dz?’. Combining these results gives

1
Lid(s—s")=F,— EF;' on N. (3.40)

We shall now show that this equation implies that the IWW entropy is gauge invariant. In
our first set of GNCs, let ¢ arise from a “background” metric (not necessarily a solution)
for which all positive boost weight primitive factors vanish on A/. This need not be a
background constructed as in the previous subsection (e.g. negative boost weight quantities
need not vanish on C'). The most interesting case is when ¥ corresponds to a stationary
black hole solution with event horizon N'. Now we perturb this background: let ¥(\) be a
l-parameter family such that ¢)(\ = 0) = ¢. Let the corresponding metric be Gag (A, zt).
Consider transforming this metric to the “primed” set of GNCs. These are defined
by a function @ > 0 on the cut C. On N the coordinate transformation does not de-
pend on A\. However, since the definition of GNCs depends on the metric, the change of
coordinates does depend on A away from N: x# = z#(\, 2'%). Under this coordinate trans-
formation, we obtain g = g;5(A, 2'M)dz'*dz’®, corresponding to (A, 2'*) € {1y g/ (N, '),
BN, '), o/ (A, 2'")}. The expression for derivatives DEAI . -Dhj)af,ﬁg,@b’()\, 2'*) in terms
of D(a, -+ Da,)0001 (A, z#) will in general be very complicated on N (with explicit factors
of v but not r), but it follows from lemma 2.1 that a positive boost weight primitive factor
always transforms to an expression only involving positive boost weight primitive factors
times appropriate powers of v (which has boost weight —1). Hence ¢'(A = 0) has the prop-
erty that positive boost weight primitive factors vanish on A. As a consequence, because
F; is at least quadratic in positive boost weight primitive factors, we obtain from (3.40)

0
ﬁldﬁ(s - 8/)|)\:0 =0. (3.41)
Now assume that the perturbation 9v (A, z#)/0\|x=¢ has compact support (we relax this
below). Integrating up the above equation gives

0
da(s —8)|x=0 = 0. (3.42)

We now use the algebraic Poincaré lemma (lemma 2.6) taking ¥y = A(0\¢|an=0) and
® = (1), a). This gives
0

5(3 — 8')[r=0 = dby—3, (3.43)
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where b,,_3 is a local form depending on 9| =g, ¥ and a. Next we investigate (s—5")|r=0-
Because all positive boost quantities built from (A = 0, 2#) vanish on N, we have s4|y—g =
0 and s%|x=0 = (1/2)¢'” [t)|x=0] which is proportional to Ef[t)[x=o] (as ¢*) only contains
zero boost weight primitive factors), Then, because E'y°” is a covariant tensor we easily see

(s—8)x=0=0  onN. (3.44)
Combining (3.43) and (3.44) we find
s— 8 = Adb, 3+ O()\?) on N. (3.45)
Integrating this equation over C' gives
Stwwl[C] = Stwwl[C] = O(A?) (3.46)

where the Lh.s. refers to the IWW entropy defined w.r.t. the two different sets of GNCs.
Hence we have shown that the IWW entropy is gauge invariant to linear order in per-
turbations around our background metric. Note that this is an off-shell result: neither
the background nor the perturbation need satisfy any equations of motion. In deriving
this result we assumed that the perturbation has compact support. For a non-compactly
supported perturbation we can pick a perturbation of compact support that agrees with
the given perturbation in a neighbourhood of C' and then apply the above result.

We shall now extend this to a fully nonlinear result, eliminating any reference to the
background metric. We assume that we have some given metric g,3 and a set of GNCs,
with corresponding quantities ¢). We now define a background metric ¢ such that, on C,
primitive factors of zero or megative boost weight agree with those of our original metric.
We do this by setting

1

¥ i= > == x(epv)X(cqr)vPrI AR08 | =m0 (3.47)
= PT

where y is of compact support, with y identically equal to 1 in a neighbourhood of 0,
and where ¢, goes to infinity suitably rapidly so as to make the sums convergent. The
corresponding metric gog is our background metric. We now define the one parameter
family (A € [0, 1])

P(N) == b + A5, (3.48)

where 01 is of compact support. We let go5(X, 2#) denote the corresponding family of
metrics in GNCs. We choose §¢ such that d1) = 1) — ¢ in a neighbourhood of C' so, on C,
all derivatives of go3(A = 1,2*) coincide with those of the original metric. Since we will
in the end be interested in the behavior of s” on the chosen C, we may therefore replace
gap(z*) with gog(A =1, 2#).

We now apply (3.45) to gas(A, z#). By construction, the O(A?) terms must on C
be at least quadratic in positive boost weight quantities. This is because each factor of
A must be accompanied by dv, and on C' the only non-vanishing quantities linear in J
are those with positive boost weight (e.g. D*¥9P396v|c = 0 if ¢ > p). Furthermore, in
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such quantities we can replace 6y with v (e.g. D*OPOI0|c = D*OPOIp|c for p > q).
Similarly, on C' we can write terms involving ¢ in terms of ¢ using the definition of 1 (e.g.
DEOPOIp|c = DFOPddp|c for ¢ > p). Thus we can write everything in (3.45) locally in
terms of 1 (and a): the dependence on the background has been eliminated.

Now setting A = 1, so that (3.45) is being evaluated for our original metric, we learn
that there exists a local form b,,_3[1, a] on C such that s — s’ — db,,_3 is at least quadratic
in positive boost weight quantities. We now dualize b,,_3 by setting (b,—3)a,. .4, s =
6[#]0,41._14”733”0, (bn—3)vA1...An,4 = %E[H]CDAl._.An74BOD. We then have, on C,

& DuBMA 4. LA iav(\/ﬁBvA) + DeBAC + ... (3.49)
a NG
where the ellipses represent terms that, when expressed w.r.t. the first set of GNCs, are at
least quadratic in positive boost weight primitive factors. These terms depend on a in an
extremely complicated way, but we will now show by a general argument using lemmas 2.2—
2.5 that they can always be reabsorbed in a redefinition of sV, thereby rendering this
quantity invariant (up to total derivative) under a change of GNCs. For this purpose, it
is useful to pass to an infinitesimal version of the transformation (3.49), which in view
of (2.14) is fully equivalent to transformation law (3.49) under finite GNC coordinate

transformations. Consider an a of the form etA/2

and take a derivative of the above equation
with respect to ¢t at t = 0. Calling the corresponding infinitesimal transformation ~ (given

in the basis of monomials of lemma 2.3 concretely by (2.34)), we see that, on C,
75" [¥) = DaX o, Al + Y[, Al, (3.50)

where X4,V are local and Y is linear in A and at least quadratic in positive boost weight
factors. Taking ~ of this equation, we find a consistency condition on Y, which is, on C,

VY[, A] = —Da(vX [, A]). (3.51)

We can use lemma 2.5 to characterize the solutions to this cohomological problem, iden-
tifying Y\/ﬁdn_% = w,_ 9, —Y(*Xdz?) = w,_3. Lemma 2.5 made no assumption
that w,_o be quadratic in positive boost weight factors, but the method for constructing
the solutions to the cohomological problem given in the proof is constructive, and we can
see from the proof that the solution provided by the lemma can be chosen to be at least
quadratic in positive boost weight: firstly, the forms in the descent equations constructed
in the proof do not leave the space of local forms at least quadratic in positive boost weight
factors and with overall boost weight zero. Indeed, the BRST operator = preserves this
space, and applying the algebraic Poincare lemma to construct the subsequent rungs in the
descent equations, we do not leave this space either, as we can see from its proof. Secondly,
the arguments used to analyze the bottom rung of the descent equations which relies on
the method of contractible pairs can be carried out in that space, too, because the BRST
operator v, the exterior differential d on C, and the operators N, p [see (2.36), (2.37)] all

commute with the boost weight number operator.?!

21That is, the operator Nj = ZN,N,w(N - N)aﬁa,{VD(Al ...DAJ>¢8(8N8ND<i -ywrt
NOND(a, ;
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Thus, lemma 2.5 gives, on C,
Y[, A] = 7Z[¢] + DaU i, Al + AV[9], (3.52)

for local forms Z, U4,V at least quadratic in positive boost weight and V invariant under
changes of GNCs, and all quantities have overall boost weight zero. Therefore, on C,

Vs ] = 7 Z[] + Da(XA[w, Al + U4, A]) + AV[], (3.53)

which must hold for all A, . The terms containing undifferentiated A in the BRST trans-
formation 7 (2.34) must cancel in the above expression because Z, s’ have boost weight 0,
so the explicit term AV[¢)] with A in undifferentiated form must be cancelled by the total
divergence term. Thus, V' has to be a total divergence of a local quantity of boost weight
0 which is at least quadratic in positive boost weight monomials, V = D4W#4. Therefore

8 (W] = Y(Z[] = BaWA]) + Da(XA[w, Al + UL, A] + AWA[)). (3.54)

Now we redefine s°[¢)] — s°[¢)] — Z[)p] + BaWA[Y], which still satisfies (3.32) for a new
F[¢] that is at least quadratic in positive boost weight, and which satisfies additionally
v [Y)] = Da(X A, A] +UA[h, A]+ AWA[]). This already shows that our modified TWW
entropy [ s'/pd™ 2z is gauge invariant.

We can say more about the structure of the redefined sV using lemmas 2.4 and 2.7 for
m = n — 2, setting w,,_o = s”\/ﬁdn_Qaz. The non-covariant terms 8 A I,,_3 in lemma 2.4
involving the characteristic classes I,_3 as described in lemma 2.7 (which can only appear
if n is odd) consist exclusively of monomials in the primitive basis such that each primitive
factor has zero boost weight. Such terms are contained in the IW-part of the entropy —
i.e. the term ¢(® in (3.30) — which in turn is given by that part the manifestly covariant
expression F5"" consisting only of zero boost weight terms. Thus, non-covariant terms
B A I,_3 must in fact be absent in s¥ and we have shown:

Proposition 1 (invariance of modified IWW-entropy density). s¥ can be modified
by terms at least quadratic in positive boost weight [so it still satisfies the properties claimed
in lemma 3.1 and (3.32)] in such a way that it is a sum of:

e A local functional of boost weight 0 that is a contraction of the following factors:
Dia, - ..DA].KA)B7 D(Al i 'DAJ'KA)B; GNC components of V(al e Vaj)R[g]Wap [by

the Bianchi-identities, not all these components are independent, see lemma 2.53],

:U’ABf or G[M]Al---An—Z :

o A total divergence DaEA, where £ is a local functional of boost weight 0.

In particular, on C, s¥ is invariant up to at total divergence under a change of the affine
parameter in GNCs.

Remark 2. Proposition 1 uses that L is locally and covariantly constructed out of the
metric g,,, meaning that it is a functional of g,,, €,,...4, and covariant derivatives of the
Riemann tensor (in a purely gravitation theory). Hence proposition 1 does not cover the
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case of gravitational Lagrangians that are covariant only up to d-exact terms like Chern-
Simons terms in odd dimensions n, such as tr (1" AdT + %I‘ AT A I‘) inn =3, where I is
the spin-connection associated with a 3-bein of g,,,. Such terms will result in terms of the
type (2.45) in s¥. For example from a gravitational Chern-Simons term in L in n = 5, we
can see from the formulas for Christoffel symbols in GNCs in appendix A that we would get
a Chern-Simons term of the form 8 AdS in s”\/ﬂdSm, consistent with lemmas 2.4 and 2.7.

On the other hand, fully covariant topological terms in L are covered by our analysis.
For example, in any even dimension an Euler density in L, i.e. e,[g] := R[g]"#2 N --- A
Rlg|n—ttre,, ., will result in an Euler density term e,_o[y] in sV /nd" 2z, whereas a
Chern class in L, ie. c,lg] :== Rlg|*,, A --- A R[g]*»—1,, will result in a term of the
form e,_4[p] AdB in s*\/ud"2z. (Recall that dB can be eliminated in favour of Riemann
components using (2.25).) All of these terms are built from boost weight zero quantities
and are already present in the IW-part of sv.

4 Improved entropy current

4.1 Vacuum gravity

For simplicity we shall consider vacuum gravity in this subsection, i.e., no matter fields.
(In the next subsection we shall consider gravity coupled to a scalar field.) If the spacetime
dimensionality is odd then we assume parity symmetry, again for simplicity. Relaxing this

assumption should be straightforward. We assume the Lagrangian takes the form??

L=|-2A+R+> ("L,|¢ (4.1)

n>2

with a single UV length scale ¢. L, is a local covariant scalar, depending only on the metric
and its derivatives, and of dimension n 4+ 2, i.e., it involves n + 2 derivatives of the metric.
We define the dimension of £ to be —1 and the dimension of A to be +2. Each derivative
0y, carries one index, and g,,, has two indices, so non-zero L, is possible only for even n.23
It will be convenient in this section to imagine that the L, are known for all n. It is then
not hard to obtain results for which only finitely many of the L,, are known, as we will
discuss at the end of this section.

The Einstein equation has the form

1 mn
R, — iRg,“, + Agu = Z "Hy, (4.2)

n>2

where again only even n appears in the sum and H,, ,, has dimension n + 2.
Recall from section 1.7 that we are not interested in all solutions of (4.2). Instead,
we only consider solutions that fall within the regime of validity of EFT. This means that

22In this section we no longer use n to denote spacetime dimension.

23In an even number of dimensions, there may be dependence on the volume form (for a parity violating
theory) but this has an even number of indices, which does not affect the argument. In an odd number of
dimensions our assumption of parity symmetry excludes dependence on the volume form.
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we restrict attention to solutions that, in some set of GNCs near N, are slowly varying
compared to the scale /, i.e., //L < 1 where L is the length scale of variation of the fields.
In the case of a dynamical black hole, L will be the minimum of the size of the black
hole and any length/time scales associated with the dynamics. Writing this out formally
we have

Definition 4.1 (validity of EFT condition). We consider a 1-parameter family of
smooth solutions of (4.2) with parameter L, such that N is a smooth null hypersurface for
all members of the family. We assume that there exist GNCs defined near N such that,
near N, if T,, is a quantity of dimension n (in the sense of definition 2.3) constructed from
{a,Ba,uap} and their derivatives then there is a dimensionless constant Cy, (independent
of L) such that |T,,| < C,,/L"™. We also require |A|L? < 1. Then EFT is valid for sufficiently
small ¢/ L (i.e. large enough L).

For example, on the r.h.s. of (4.2), |H,, | is bounded above by Cy,/L"*2 so (" H,, ;,, =
O™ /L™2). As in section 1.7, from now on we shall not indicate the L-dependence
explicitly below so we would write ¢"H,,, = O({"). Factors of L can be reinstated by
dimensional analysis.

Recall the definition of F' in equation (3.32). We can decompose this into a sum of
terms arising from the various terms in (4.2)

F=Fy+ > ("F, (4.3)
n>2

where F;, has dimension n+2 and has the same general structure as described in lemma 3.1.
As above, only even n can appear in the sum. This is because only even powers of £ appear
in the Einstein equation.

Fy is the expression coming from the Einstein-Hilbert part of the Lagrangian and reads

Fy = —K gK4B, (4.4)

In the EFT spirit, we might expect Fp, which is sign definite, to dominate the higher order
terms in £. This would require in particular that if K 4p vanishes, then so should F,,n > 0.
However, this is not true in general. Nevertheless, we can still make progress with this idea.
To do this we need to understand the structure of the terms F,. We start by using the
equation of motion (4.2) to obtain the following result:

Lemma 4.1. On-shell, F' can be written as in (4.3) where each Fy is a polynomial
in Dea, - Day0NKap, Da, -+ DayONKap, Dia, -+ Da;yB, Dia, - DajyRlulascn,
B, €[p)ay...a, , and A. Each term in this polynomial contains at most n+ 2 derivatives.

Proof. By lemma 2.2, we can write F' in terms of D4, - - -DAj)afijAB, L -DAj)B,{VR'AB,
Dia, -+ DayBe, D, -+ DayRlplapep, pAB €lu)a,.. A, ,, and GNC components of co-
variant derivatives of the Ricci tensor. The idea now is to use the Einstein equation (4.2) to
eliminate the terms involving the Ricci tensor. In doing this we replace each occurrence of
a Ricci tensor either with a multiple of Ag,, or with powers of £? times curvature terms of
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higher dimensions. Then we decompose the GNC components of the latter terms again as
in lemma 2.2, eliminate any occurrence of a Ricci tensor again and so forth. At each step,
any Ricci terms arise with explicit factors of £2 and therefore get pushed to higher order
in £. The end result is that, on-shell, F' can be written in terms of the quantities stated
in the lemma, up to terms vanishing to infinite order in ¢. Finally we can express this
on-shell result in the form (4.3) where each F, can be written in terms of the quantities
just listed, i.e., explicit occurrence of Ricci tensors and their covariant derivatives have
been eliminated.

Since F;, has dimension n+2, each term in F}, contains at most n+2 derivatives. Terms
with fewer than n + 2 derivatives must have enough factors of A to make the dimension up
ton+ 2. O

So far we assumed that our EFT is defined to all orders in n. If only terms with
n < N — 2 are known then the Einstein equation will contain unknown “errors terms” of
order ¢V (equation (1.14)). The off-shell expression for F will have a similar form. The
above argument still works and any terms of order ¢V or higher can be absorbed into the
error term in F. The on-shell expression for F' will be a sum of terms F,, with n < N — 2,
each of the form just described, and an error term of order ¢V,

We will now argue that the on-shell structure of F' can be further rearranged in a
“nice” way. The argument involves induction on the order in £:

Induction hypothesis. For each even n > 0, there are local tensors X, 45, having
boost weights (1,0) and local tensors 32, O,,, each depending polynomially on the quantities
listed in lemma 4.1, such that on-shell we have

n 1 n
F=—(Kap + Xnap)(K*P + X2B) -39, [ﬂav (m;)] 3" Dy + 0,40,
j=0 j=2

(4.5)

such that X, 4p is symmetric, Opy2, D AyJA, ¢y has the same general structure as F' de-
scribed in lemma 3.1 (in particular they are at least quadratic in positive boost weight
quantities) and

Opyo = O(4"F2) (4.6)

as well as X, 4 = O(£?). Furthermore ¢; and yj‘ depend explicitly on £ only through an
overall factor #.

Induction start (n =0). In this case, Xoap = yi' =<8 =0 and Oy = S nso (M Fn = O(42)
so the induction hypothesis is true for n = 0.

Induction step (n —2 — n,n > 2). Consider O,, written in terms of the quantities de-
scribed in lemma 4.1. The induction hypothesis gives O,, = O(¢") and that O, is a sum of
terms where each term is at least quadratic in terms of positive boost weight, and so must
contain at least two factors of the form D4, ~~DAJ.)8§)’_1KAB (p > 1) (as other possible
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factors listed in lemma 4.1 have non-positive boost weight). In terms of pap this means
that O,, must take the schematic form

On=> Apppiy DD O 1+ Opio (4.7)
k,k',p,p’

where p, p’ > 0 in all terms, the coefficient A,, ki ,» has boost weight 2 —p —p’ and, aside
from an overall factor of ", depends only on 3, D¥3, A, u and derivatives of j. Oy
satisfies (4.6). Here and in the following, tensor indices A, B,C,... are suppressed. The
total number of derivatives in each term of the above sum is at most n + 2. Our aim is
to show that the above expression for O, can be rearranged to ensure that the induction
hypothesis is true for n.

The next sequence of steps is designed to bring each term in the sum in (4.7) into
the form An7k7pDk6§p8vp, i.e. linear in J,u and at least quadratic in positive boost weight
quantities, for a new A, 1 ,, possibly at the expense of further terms to be absorbed in
Opy2, or terms involving y;?, 6» as in the induction hypothesis. This is done by moving,
one by one, the derivatives D¥ from the factor Dk’ag’ 1 over to the other terms as if we
were performing a partial integration, but keeping the “boundary terms”. These boundary
terms are then absorbed in yqf as in the induction hypothesis. As a result,

On=3" ApppyD"O0ud? 11+ Dayst + Onsa, (4.8)
k.p.p’
with the summation indices subject to p,p’ > 0. Next, we would like to bring p’ — 1 of the
v-derivatives on 85//1 in the sum over to the other terms, leaving us finally with expressions
that are linear in d,p and quadratic in positive boost weight. This is done by a similar
“partial integration”, moving all boundary terms into a new quantity <, as in the induction
hypothesis, so in particular quadratic in positive boost weight quantities.?* We can do this
by an induction on p’ + p on the terms in the sum, lowering at each step this counter by
at least one until we reach terms of the form An7k7pDk85p8vp or An7k7pDk&,p85u (where
p > 0 in each case). The latter term then can be rewritten in the same form as the former
by the same “partial integration” w.r.t. D argument that we just used, which generates
further additions to y2. To see how this induction works in more detail, note that the
induction hypothesis is true for p + p’ < 3 (since then either p = 1 or p’ = 1) so assume
p+p' > 3. We claim that there exist numbers a; such that
1 p'+p-3

av ﬂAn7k7p1p, Z a/]Dkaiuag+p/727]M = An)k7p7p/Dk85M8£/M + ttt

28
\//j 7j=1

(4.9)

where the ellipsis represent any terms of the form An7,;7]37,;,713,DE8§ 1OP 1 having p+p < p+p/,
p,P > 0 (which can be dealt with inductively), or terms having p+p’ = p+p/, p,p’ > 0, but

2Note that we might encounter 9, acting on a term D?B4 or D%y contained in Ap ki p - We deal
with such terms as in the proof of lemma 4.1, i.e., converting them to the basis of lemma 2.2 and using the
Einstein equation to eliminate any Ricci terms by expressing them in terms of A and quantities of order ¢2:
the latter terms can be absorbed into Onyo (as A, ki, already contains a factor £7).
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P = 1or p=1. We will justify this claim by showing that in order for the terms represented
by the ellipsis to have the desired property, the a;’s must satisfy a linear system of algebraic
equations that has a unique solution. Expanding out the Lh.s. of (4.9), we find

Lhs. of (4.9) = Apkpy | @ D*0uudl P~ i+ (ag + 2a1) DFO; padl =2y

p'+p-3
+ > (a5 42401+ ;o) DI oL iy,
j=3

+(2ap4p—3 + ap/+pf4)Dkagl+p_2N83ﬁ‘

+ ap 3D TP | + . (4.10)
Any v-derivatives of D’ or D94y (arising from v-derivatives of A, /) are dealt with
as explained in footnote 24, and contribute to the terms of the form An7,;7ﬁ7,;,7ﬁ,Dk85 1P 1
with p + p' < p + p’ which are denoted by the ellipsis. (The v-derivatives of /i also

generate such terms, and further such terms arise from commutators of D and 9,.) Now
we require that

Lh.s. of (4.9) = Ay ppp |a1 D*O,ud? P~ 1y 4+ DFOP v i

a3 DO Do) + (4.11)

Then the p’ + p — 3 coefficients a; must satisfy the following p’ + p — 3 linear equations

az + 2a; = 0,
aj +2a;-1 +aj—2 =0, J#p
ap +2ap—1 + ap—2 =1, (4.12)

2y 4p—3 + aprp-a = 0.

The coefficient matrix of this linear system has the form

2 0 0 0
1 2 1 0 0

Myps=]0 1 2 1 0 (4.13)
0 ... 0 1 2

It is easy to check that such a matrix has a nonzero determinant. In fact, the determinant
of an N x N matrix of this form is N + 1 which is found by induction on N: expanding
the determinant along the first row of the matrix gives the simple recurrence relation
det M1 = 2det My — det M_y. Therefore, M, ,,_3 is invertible and the linear system
above has a unique solution for the coefficients a; so we can indeed rewrite terms of the form
Ay kpy DFOPOY 11 as in (4.9) (with the first and last terms in square brackets in (4.11)
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contributing to the ellipsis in (4.9)). The terms ajAn,k,p’p/Dkagu(‘)g*p/*%ju are absorbed
in /. We repeat the procedure until we have obtained

1

On = AnppD 0l udyp + 0, 7

k.p

Oy (VHS) | + Dayi + Onao, (4.14)

where p > 0. Since A, ;1 depend only on D¥B and derivatives of y, the quantity ¢V
have the same dependency on p and 8 as in the induction hypothesis.

The first term in (4.14) depends linearly on K 4p so, reinstating indices, we can write
it as —2KABAX 45 where AX 4p is symmetric in AB and of order ¢ because all of the
terms above, except On42, depend on ¢ only via an overall factor of ¢". Recalling our
original induction hypothesis we can now “recomplete the square” on K 45 as follows:

—(Kap+ Xpn_2ap)(KAP + XAB)) _9KABAX yp = —(Kap + Xnap)(KAP + X1AB) £ O(1"+?)
(4.15)
where X,, = X,, 2+ AX and we used X,,_» = O(¢?) (from our induction hypothesis). The
error term above can be absorbed into O,42. This closes the induction loop.
The inductive structure of the term F' can be combined with lemma 3.1 to get the
following central result of this section, proposition 2. We set, for each given even n > 2

n
Syei=s"+Y ¢, Shi=st VA=Y "yt (4.16)
j=2

and otherwise keep the same notations as in the inductive structure.

Proposition 2. Consider a generally covariant EFT Lagrangian of the form (4.1) and a
1-parameter family of smooth solutions (with parameter L) satisfying our validity of EFT
condition (definition 4.1) with a smooth null hypersurface N ruled by affinely parameterized
null geodesics. Then in the GNCs of definition 4.1 on N we have the (on-shell) equation

1
Dy ﬁav (VESE) + DaS2| = —(Kap + Xnap)(KAP + X2B) — DAY + 0,0,

(4.17)

such that S}, Sfl‘, XnAB, YnA, On+2 have the same general structure as follows from
lemma 3.1 and the induction hypothesis above. In particular, Onio = O("2), X, ap =
O(£?) is symmetric, Y;* = O(¢?).

As discussed in section 1.7, in practice the EFT Lagrangian will not be known to all
orders, instead only the terms with n < N — 2 will be known, for some N > 2. The
equation of motion will take the form (1.14). In this case we could repeat all of the above
arguments, now with lemma 4.1 only determining F up to unknown terms of order /¥ and
the above induction stopping when we reach n = N — 2. Equivalently we could simply
appeal to the above results applied to the full EFT, including the unknown terms with
n > N, and note that these unknown terms will only affect the final answer at O(¢V).
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Either way, we obtain equation (1.16) by setting n = N — 2 in the above proposition (and
dropping the n index on SV, S4, X5 and YA).

We can now define the entropy by equation (1.17) and this will obey the second law
to quadratic order, in the sense of EFT, as explained in section 1.7.

4.2 Scalar-tensor effective field theories

Now we briefly discuss how the previous construction (valid for vacuum gravity) is modified
when we include the simplest form of matter: a real scalar field. We again exclude the case
of parity violating theories in odd spacetime dimension. The Lagrangian for a scalar-tensor
EFT takes the form

L=|R-V($)+X+> ("Ly|e€ (4.18)
n>2

where the scalar potential V' (¢) has dimension +2 and the scalar kinetic term is given by
= —%(6@2. Here, we assumed again that there is a single UV length scale ¢ (of dimension
—1) suppressing the terms L, which are therefore subleading corrections to Einstein’s
theory with a minimally coupled scalar. We further assume that L, are diffeomorphism
covariant scalars (of dimension n + 2) that are locally constructed out of the metric g, the
scalar field ¢ and derivatives of these fields. The fact that L, is a local covariant scalar
implies that n must be even. Moreover, in each monomial in L,, the number of derivatives

acting on the metric and the scalar field must be n 4+ 2 in total.

The gravitational and scalar equations of motion have the form

1 1 1
Ruy = 3R = 50,0000 = 5(X = Vg = 3 0" Hup (4.19)
n>2
O¢—V'(g) =Y I, (4.20)
n>2

where n runs over even numbers and H,, ,,,, and I, are local covariant tensors of dimension
n + 2 constructed out of the metric and the scalar field.

Validity of the EFT requires that we only consider 1-parameter families of smooth
solutions to (4.19)-(4.20) that satisfy the conditions of definition 4.1, with the additions
that any tensor field 7, of dimension n locally constructed out of «, B4, pap, ¢ and their
derivatives must satisfy a bound |7,,| < C,,/L™. Note in particular that this means that
the scalar potential V(¢) must obey L2d*V/d¢* < 1 for any k > 0.

Now we are in the position to state the corresponding result on the existence of an
entropy current for theories of the form (4.18).

Proposition 3. Consider a diffeomorphism-covariant scalar-tensor EFT with a Lagrangian
given by (4.18) and a 1-parameter family of smooth solutions (with parameter L) of this
theory. Suppose that the 1-parameter family of solutions fall within the regime of va-
lidity of the EFT (in the sense of definition 4.1 and the addition provided above) and
the solutions possess a smooth null hypersurface N ruled by affinely parameterized null
geodesics (for any L). Then in the GNCs of definition 4.1 on N there exist quantities
Sy, Sﬁ,XnAB, Pn,YnA, On+2 with the following properties:
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(i) they satisfy an on-shell relation of the form

1
By | —=08y (VSY) + DaSA| = —(Kap + Xnap)(K4P + XAP) +

Vi

1
~5(0u0 + Po)? = DaY + 0y (4.21)

(ii) each of S, S2, Xpap, Pn, Y2, Onio is a sum of monomials such that each
monomial is a product of factors of D(Al--oDA].)af)VKAB, D(Al'--DAj)&],VI_(AB,
D, Dap0Yé, Diay---DayON o, Deay---DayyBn, B, Dia,- - Daj Rlulasen,
elula, A, _, and d*V/d";

(iii) SY, S2, Xnap, Pn, Y2, Onya have the same general structure as follows from
lemma 3.1. In particular, Oy,1o = O(U™?), X, 4B, Py, YnA = O(?).

To prove this statement, one can follow the algorithm devised for vacuum gravity with
minor modifications. Hence, to avoid repetition, we merely highlight the key differences in
this section rather than giving a complete proof.

We start by noting that a primitive factor D4, -+ Da,)080%¢ with p,q > 1 can be
written on A in terms of the factors of u4%, Dy, -+ DA].)(?Z)VKAB, Dy, -+ DAJ.)G,],VI_(AB,
Dia, - Dapdy ¢, Dia, - DapdNe, Dia, - DayBp, Dia, - DayRlplapcp, and co-
variant quantities of the form V,, ... Voo, Vi, ... Vu, )Ry so that the expression
has polynomial dependence on each of these quantities. To prove this statement, one
starts with the expression of ¢ in GNCs:

O¢ = 20,000 + p*PDaDpo+ Kdpdp + KOy + fADadp + . .. (4.22)

where the ellipsis stands for terms vanishing at r = 0. Taking derivatives of this identity
and arguing inductively as in the proof of lemma 2.3 lets us eliminate all mixed r — v
derivatives of ¢, in favour of the quantities listed above, establishing our claim.

The next step is to apply this result to F' (defined in equation (3.32)) and use the
gravitational and scalar equations of motion (4.19)—(4.20) to eliminate the dependencies on
Via, - Vapo and Vg, ... V4 )Ry This yields the scalar-tensor version of lemma 4.1:
on-shell, F' can be written as

1
F=F+)Y ("F,, with Fy=-KspK"? - 5(avgzs)Q (4.23)
n>2

where each F, depends polynomially on p5, Da, - ~DA].)8{)VKAB, Dy, -+ DAJ.)&{VKAB,
Dia,- - Day0Yé, Da,- - Dayy0N &, Dia,- - Da,)Bs, Dia,- - DayyRlulapep, €[pla;..a,_,
and d*V/d¢F.

To obtain (4.21), one can argue inductively in n. At n = 0 (4.21) holds with Xz,
Py, Y§! vanishing, S = sV, S§' = s4 and Oy = 3,59 (" F, = O(?). Next, we assume
that (4.21) is true for any n’ < n —2 and argue that it ‘must hold for n’ = n. This amounts
to showing that O, can be brought to a form that has the same structure as the r.h.s.
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of (4.21). To do this, we first write Oy, in terms of the quantities listed at the end of the
previous paragraph. By assumption, O, must be O(¢") and it must take the form (tensor
indices are suppressed in the rest of the discussion)

On= Y Ankpwp o D"ORYDY Y + Oy ys (4.24)
kK p.p',
Yo' e{pn,0}

where p,p’ > 0 in all terms, i.e. O,, must contain at least two factors with quadratic boost
weight and these factors can only involve p and ¢. Now one can proceed as in the case of
vacuum gravity and perform a sequence of “integrations by parts” to produce terms that
are linear either in O,u or in J,¢. This of course comes at the cost of boundary terms to
be absorbed in Y;, S¥ or terms that can be absorbed into O, 42. (The latter class of terms
may arise when a v-derivative is moved from one of the two positive boost weight factors
to the coefficients A, 1, p 17 17 p47- The reason for this is that these coefficients can depend
on DB, D04 or D™M0d¢. When 0, is relocated to act on such terms, the resulting
objects need to be expressed with the desired set of primitive factors and some covariant
components involving R,, and J¢. However, the covariant components can be shifted
to higher order in ¢ by using the gravitational or scalar equations of motion.) Note in
particular that to determine the boundary terms to be added to S}, one needs to use an
identity of the form (cf. equation (4.9))

p'+p—3
Oy \;ﬁav VA joppt > apDFOIpN T =20 | | = Ay g DEORGOT ) +
j=1
where 1,9’ € {u, ¢}, and the ellipsis stands for terms of the form An’,;,ﬁ’,;,,ﬁ,’w’w,Dkagwaflw’
with either (1) p+p’ < p+p', p,p' >0, (2) p+p =p+p,p > 0,p' =1, 0r 3) p+p’ = p+p/,
p' >0, p =1. The coefficients a; in this identity are to be determined by solving the linear
system (4.12) (for any ¢, 9" € {u, ¢}). In the end, this procedure lets us write

On="3" (AnkpyD 0000+ By py D 000,0)
k,p>0,
Ye{n,0}

1

VI

The quantities y;:l, 6o can be absorbed into YnA, Sy, and they have the same dependencies

+8, Dy (VESY) | + DAyl + Opia. (4.25)

on u, ¢ and B as required by the proposition. The terms in the first line of the r.h.s.
of this equation can be dealt with by “completing the square” on K4p and 9,¢, thereby
producing terms with definite signs and an error term that is higher order in ¢ and to be
absorbed into O, 2, concluding the sketch of the proof of proposition 3.
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A Curvature components in Gaussian null coordinates

Below we provide the expressions for the curvature components in Gaussian null coordi-

nates. The metric is given by
g = 2dvdr — r?adv?® — 2rBadz?dv + uABda:Ade . (A.1)
The nonzero components of the inverse metric are
g =r2(a+ £2), gV =1, gA = A, gAB — AB (A.2)

where MAB is the inverse of uap, 64 = p48Bp and 2 = 484, We introduce the following
variables

1 _ 1
The nonzero Christoffel symbols are given by
r 1 2 1 A
r, = —iar(r a) — irﬂ Or(rB4)
1
Iy = —5n" P 0u(rfp)
1 _
ra = —50:(r8a) + 18" Kap
1
Iy, = =0,(%)

2

ry, = —%728@04 + %7‘2(a + %), (r’a) — r?p4 (avﬂA + ;rDAa>

1 1
r), = —57"5’437«(?"204) + ruAB (—&,ﬁg + 2rDBa)

1
VA = 5&(7"[3,4)
1 1
vA = 57“2(04 + %0, (rBa) — §T2DA0£ —r?BPDuBp + 1B Kas
1
g = 57B9:(rBp) + ru'“Dichp + K’
Ip = —Kap
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g = —r? (a + /32) Kap —rDafp) — Kap
[ = MwSp —rB“Kas. (A.4)

Then the components of the Riemann tensor are as follows

Ryurs = 020,810, (r55) + 302(r%)

1 -
RT‘U’I’A = _QKABaT(r/BB) + §8E(TBA)

Rrpwa = %8U8T(TBA) + %KABar(T/BB) KA Tav,ﬁB - 77‘/8 O (T/BA) (TBB)

—%TMBC&,(T'/BC)D[A/BB} — iDAar(T'ZOé) + §r2RABDBa + ET’/BBRAB Oy (r’a)
Rearp = Ka“Kpc — 0, Kap
Reavs = —0sKap + Ka“Kpc + 1B Kpc0r(rBa) +
—rKg® DaBey — *DBa (rBa) — *8 (184)0-(rBB) — *KAB@ (r*o)
Roavp = —0yKap + Ks“Kpc — 2rBCK 4 Ba (rBey) — 2rB° K p40r (rBey)
(ot B0, (rBa)D () — 520, (rB(a) Diyar-+ B0, (ra) Dy B
+rKoaDBp) — 1Ko(aDpyBY — rDpdyBay + %T2DBDAOC
+%T3I_(ABBCD004 - %TQBCar(rﬁ(A\)DCﬁ|B)
+uCPr’DicBaDipBe) + %KAB&(T%) + %7”2(04 + B%)Kapdr (rPa) +
_ETD(AﬁB)ar(TQOé) - %TQRAB&;OK
Rapvc = —2DuKpjc + 0y (TB[A)KB]C + 2KD[AKB crB” + 0, (rBa) Kgjor*(a + 57)
+r’KopaDpgjo + 7“3 (rB1a)Dp)Bc — *TDcﬁ A9, (rBp))
+rDeDiaBp) + r*KeaBP D Bp — r*BpKcaDP B
Raprc = 2DpK g0 — 2rKpa Ko P — 0:(rBa) K)o
Rapep = Rlulapep + 2K picKpja + 2Kaip Ko + 2r(a + B°)KapKep
+rKpipD g — rKepDaBp + rKppDeyBa — rKapDe)Ba -
The components of the Ricci tensor are given by the following expressions
Ryy = —p*P0,Kap + KapK*P — rKBA0,(rBa) + 2rK*P 80, (rBp) +
—r3KapBtDPa + %F’Kﬁf‘p AQ — %TQGT(rﬁA)DAa +r2840,(rBg)DAB® +

1 1 ,-
—rDA9,B4 + rﬁADAar(rza) — rzﬁAar(rﬁg)DBﬁA + irzDADAa — §r2K8Ua +

— H8 —



—r2D(4Bp DP B + %K@T(rza) + %7“2(04 + BHK8,(r*a) — r340,0.(rB4) +
PR anf370,(%0) — 5rDAB0, () + L+ ) (r%0)
37+ P00, (rB)u — L2 A5R0. ()0 (r )

Ryw = —pP0,K pp + KPR — %rkﬁf‘&(m) +rEAB3L0,(rBs) — %af(ﬂa) 4

‘%MAB&(TM&WB) - %DA@"WA) - % Koy(r*e) - %Tﬂ 10 r0a)
Ry = KapK*® — p*P0,Kup
Rea = DuRaP — DaR — J02(rBa) — LKon(ra) + KaP0, () +
—TBB (ZK'ACKBC — KapK — &"KAB)
Rya = DpKa” — DaK + %&)(%(rﬂfx) + %K Or(rBa) = rK4"0,(8p) +

220, (B0 KpjoB8° + 5787 00(rBA)0 (r) +

—r*(a+ B2) K40, (rBc) — r*KBP DaBp) + rop(rBia) Dy B°
+2r2KopaBP DO Bp) — 2r° KoaBP D € — 2r KA“Kpo P + rKapK P +
—%DA(?T(TQQ) + TDBD[AﬁB] + TzkABDBOz — %T’QRDAQ

B 1 =~ aBg (.2
+rp3 <D38T(r5A) — 2DAar(TﬁB)> +rK pp &(r a)

(ot 82) (0(rBa) + KOu(rBa)) + 7870, K as
Rap = R[plap — 20,Kap — KKap + 4K (1 Kpyc — KapK
+r2(a + B2) (2KACKBC - KABKaTKAB) — 4 K4 KpypB°aP
+2r0, (rBa) KpycB — 2rKapB°0,(rBc) — Kapor(ra)
+2rBYDaKepp + 2rY DipKopa + 1K DpBay +
—D(p0r(rBay) — %8T(TBA)8T(TBB) —rKapDcBC + 2rKcaD By .
A.1 Expressions on N
The nonzero Christoffel symbols on A are given by

ra=—TUs=pasly, = _%5A
paclip = —Thp = Kap
MACFgB =-Tup = Kap
FgB = F[M]%B- (A.5)
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The Riemann components on N simplify as follows
L oo
Ryvro = ZIB +a
1 _
RT’U?"A = _iKAB/BB + 87"/8.4

Revoa = 50064 + 5 K45
Roarp = Ka%Kpc — 0, Kap
Reavp = —0,Kap + Ka“Kpc — %DBBA - i/@AﬁB
Ryavs = —0yKap + KA%Kpc
Rapve = —2D4Kpjc + BlaKpc
Raprc = 2D5K yjc — BaKpc
Rapep = Rlplasep + 2KpicKpja + 2KapKep -
The components of the Ricci tensor on N are given by
Ry = —p*P0,Kap + KapK*P
Ry = —p*P0,Kap + K*PKpp — o — %MAB/BABB - %DAﬁA
R, = KapK*P — B0, K ap

1 5= 1 _ 1 _

Roa = =084+ *5BKAB + (DB + 253) KB — (DA + 25/}) K
1 5 1 1

Ry = 3 OpfBa + KA B+ (DB — *53 K48 — (D4 — iﬁA K

Rap = Rlula B—28UKAB—KKAB+4K(A KB)C—KABK‘F

1
—DpfBa) — §ﬂAﬁB :
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