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1 Introduction

The landmark detection of gravitational waves [1, 2] has opened a remarkable new window
into the Universe that promises major new advances into black holes, neutron stars, and
perhaps even provides new insights into fundamental physics. The recent experimental
progress has inspired efforts to develop new theoretical tools for predicting gravitational-
wave signals that meet the precision challenges of current and future detectors [3–6]. A
variety of complementary tools are being used, including the effective one-body (EOB)
formalism [7], numerical relativity [8–10], the self-force formalism [11, 12], as well as
perturbative methods such as the post-Newtonian (PN) expansion [13, 14], the effective
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field theory (EFT) known as nonrelativistic general relativity (NRGR) [15–26], as well as
the post-Minkowskian (PM) expansion [27–43] and the observables based method origi-
nally devised by Kosower, Maybee, and O’Connell [44–51]. Information from various ap-
proaches can be combined into state-of-the-art results and provide nontrivial cross-checks,
see e.g. refs. [40, 52–66].

The post-Minkowskian approach is a weak-field expansion in Newton’s constant, G,
and has risen in prominence in recent years. It has the advantage of maintaining Lorentz
invariance and gives results with exact relativistic velocity dependence. The scattering am-
plitude framework for post-Minkowskian calculations [37–40, 44, 48, 67] naturally meshes
with this covariant approach. Calculations of scattering amplitudes have advanced enor-
mously, making this a natural framework for state-of-the-art post-Minkowskian calcula-
tions. The modern amplitude tools include the unitarity method [68–70] which constructs
loop-level scattering amplitude integrands from lower-order gauge-invariant on-shell data,
as well as the double copy which relates gauge and gravity theories [71–75]. Furthermore,
amplitude methods also incorporate powerful integration procedures [76], originally devel-
oped for particle-collider physics applications, such as integration by parts (IBP) [77–79],
differential equations [80–85], and reverse unitarity [86–89].

Combining techniques based on scattering amplitudes with those of effective field the-
ory (EFT), two-body effective Hamiltonians have been derived in refs. [38–40, 67] that
straightforwardly determine the conservative classical dynamics of bound orbits via their
equations of motion, whenever nonlocalities associated with the tail effect [90–95] are ab-
sent. Such Hamiltonians can be imported into the EOB framework [35, 41] used by LIGO
for constructing gravitational-wave templates. One can alternatively obtain bound-state
physical observables from the ones of hyperbolic scattering processes via appropriate ana-
lytic continuation [96–99]. Cases involving the tail effect are more subtle [100, 101].

Scattering amplitudes are the natural realm to describe the hyperbolic motion of clas-
sical objects from the asymptotic past to the asymptotic future. This idea has been im-
plemented in the work by Kosower, Maybee, and O’Connell (KMOC) [44] whose approach
allows us to extract classical observables directly from scattering amplitudes and what are
essentially unitarity cuts. Alternatively, in the classical limit, appropriately defined finite
parts of the scattering amplitudes can be directly connected to the scattering angle or the
isotropic gauge two-body Hamiltonian [40, 96]. The scattering amplitude can also be inter-
preted directly in terms of the radial action [60, 102, 103]. A related but distinct approach
based on the eikonal phase [104] (for more recent examples see e.g. refs. [49, 50, 105–111])
provides a natural way to extract the classical scattering angle from amplitudes. In this
paper we will use a variety of these approaches to extract classical observables in both the
conservative and radiative sectors.

The usefulness of the scattering amplitude framework has been demonstrated through
the first construction of the conservative two-body Hamiltonian at O(G3) [39, 40] (whose
various aspect are confirmed in multiple studies [53–56, 58]), as well as new results at
O(G4) [60, 63]; see also refs. [65, 66, 112]. There have also been a variety of new results
for spin [113–129], tidal effects [130–139], and waveforms [48].
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In carrying out such calculations, it is useful to analyze simpler models compared
to Einstein gravity that eliminate unnecessary complications. As a recent example, the
authors of ref. [140] analyzed N=8 supergravity to demonstrate the cancellation of mass
singularities between conservative and radiative contributions to the classical scattering
angle, leading to a complete resolution [141]. Likewise, gauge theory, especially electrody-
namics, served as a toy model for gravity in the context of two-body dynamics for many
decades [33, 44, 50, 99, 142]. While being a linear theory, it captures some of the technical
difficulties encountered with general relativity (GR) at high orders of perturbation the-
ory. Another reason for studying corresponding quantities in gauge theories, especially in
non-abelian cases, is the double-copy relation between gauge and gravity theories [71–73].

Recently, the conservative and radiative dynamics in classical relativistic scattering
was obtained by Saketh, Vines, Steinhoff, and Buonanno in scalar electrodynamics to the
sixth order in the charges or the third order in the fine-structure constant [99]. This was
accomplished by the direct iteration of the equations of motion. Here, we compare to these
results using scattering amplitudes based approaches, finding full agreement. Using am-
plitude methods, we evaluate the angle including radiative effects in three distinct ways.
First, we use the Kosower-Maybee-O’Connell formalism to obtain the impulse on two mas-
sive charged scalar particles scattering at large impact parameter b from which we extract
the scattering angle. As an alternative, we extract the eikonal phase from the scattering
amplitude which allows us to determine the scattering angle. Finally, using recent obser-
vations on the connection of the scattering amplitude in the classical limit to the radial
action [60] (see also [102]), we present a simple prescription for extracting from the scatter-
ing amplitude a (generalized) radial action that determines the scattering angle, including
radiative effects. Although the system is not conservative, we find that the scattering angle
obtained by differentiating this generalized radial action agrees with the previous results.
All three amplitudes-based approaches for extracting the classical scattering angle match,
and agree with the classical result of ref. [99].

As previously discussed in ref. [99], in electromagnetism we encounter a mass sin-
gularity in the scattering angle, which does not cancel between potential and radiative
contributions, as it does in the corresponding O(G3) calculation in gravity [140, 141]. In
fact, the singularity is power divergent for m → 0, similar to the situation in the con-
servative sector of gravity at O(G4) [60, 63]. From our perspective, we interpret this
singularity as a breakdown of the classical massive point particle expansion which requires
that the Compton wavelength λc = ~/m is much larger than the inter-particle separation
|b|. This leads to the hierarchy of scales m|b|�~ which would be violated as we take m→0,
keeping |b| fixed.1 Another interesting feature of the amplitudes based approaches is that
the Abraham-Lorentz-Dirac (ALD) force in electromagnetism [143–146] and the analogous
Mino, Sasaki, Tanaka, Quinn and Wald (MSTQW) force [11, 12, 147], that appears in

1Classical scattering of massless particles still makes sense, as discussed, e.g. in the classic work of Amati,
Ciafaloni, and Veneziano [105]. In this setup, one starts from scattering amplitudes of massless states. In
all inequalities that define the classical high-energy scattering regime, the particle masses get replaced by
energies. In contrast, in our computations, we explicitly assume massive states in various stages of the
computation, most notably in the expansions in small momentum transfer |q|/~m� 1.
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more tradiational methods [33] is automatically built in and does not require any special
treatment [44].

For the conservative sector, we also extracted a two-body Hamiltonian valid through
the sixth order in the charges analogous to the O(G3) isotropic-gauge Hamiltonian of the
gravitational case. This is obtained from the mapping between infrared-finite parts of
the amplitude to the coefficients in the two-body potential [40, 96]. As for any standard
Hamiltonian it can be directly applied to the bound state case.

The paper is organized as follows. In section 2 we briefly review the methods used here.
Then in section 3 we evaluate the conservative contributions to the two-particle scattering
through the sixth order in the charges. In section 4 we include radiative corrections to
the scattering angle and impulse and also compute the radiated momentum. We give our
conclusions in section 5. All our results are available in computer-readable form in the
ancillary file attached to this article.

2 Review of methods

The present section briefly summarizes and reviews the main technical ingredients that
are required to obtain classical scattering observables in (scalar) QED up to two-loop or-
der (O(α3) where α = e2/4π~ is the dimensionless fine-structure constant in units where
c = 1, ε0 = 1), corresponding to the sixth order in the charges, from various scattering
amplitude based frameworks. Readers only interested in the final results may skip this
section on a first reading. The remainder of this section is structured as follows: we first
review the kinematic parametrization tailored towards the classical expansion of quantum
scattering amplitudes in subsection 2.1, before outlining the generalized unitarity frame-
work to determine the amplitude integrands in subsection 2.2. In subsection 2.3, we tele-
graphically sketch the applicability of modern collider-physics based integration tools to
compute precision-level classical observables with the help of integration-by-parts reduction
to a minimal set of master integrals and their evaluation by differential equation methods.
Subsection 2.4 introduces a new concept that allows us to define a radial action in the
presence of soft-region radiation effects. In particular, we find an efficient computational
scheme that allows us to compute the soft radial action by a well-motivated modification
of the boundary conditions for the soft-region master integrals. Finally, in subsection 2.5,
we briefly summarize the Kosower, Maybee, and O’Connell (KMOC) formalism which al-
lows us to extract the classical electromagnetic impulse, the radiated momentum, and the
classical scattering angle up to O(α3).

2.1 Classical limit of quantum scattering amplitudes — soft and potential
region

We compute classical observables for the relativistic scattering of two point-charges, in
what might be called the “post-Lorentzian” (PL) expansion. This regime is in direct
correspondence to the post-Minkowskian expansion in gravity.

The relevant length scales, summarized in table 1, are the Compton wavelength λc =
~/m, related to Planck’s constant ~ and the particle mass scale m, the typical classical
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GR QED
quantum: λc ∼ ~

m λc ∼ ~
m

classical particle size: rS ∼ Gm rQ ∼
e2q2

i
~

~
m = αλc

particle separation: |b| ∼ ~
|q| |b| ∼ ~

|q|

Table 1. Comparison between relevant length scales in the post-Minkowskian (PM) expansion in
GR and the post-Lorentzian (PL) regime in (scalar) QED in units where c = 1 and the fundamental
charge e is measured in units where ε0 = 1. The classical impact parameter b is Fourier conjugate
to the momentum transfer q/~ in scattering amplitudes.

particle size rS ∼ GM or rQ ∼ ~(eqi)2/(4π~m) ∼ αλc (Schwarzschild radius or classical
charge radius), as well as the inter-particle separation b. The classical PM expansion
corresponds to the following hierarchy of scales: λc � rS � |b|, and similarly λc � rQ � |b|
in the PL case. The classical limit posits that the individual particle size is much bigger
than the Compton wavelength and forces us into a regime of large charges: rS/λc � 1↔ G

m2/~ � 1, or rQ/λc � 1 ↔ e2q2
i /~ � 1, where qi is the electric charge of the classical

object in units of e. The large (macroscopic) charge regime makes intuitive sense from the
point of view that classical physics should arise from the quantum theory in the limit of
large quantum numbers. This regime seems to suggest that we are outside the traditional
range of validity of perturbation theory where we would demand that Gm2/~ � 1, or
e2q2

i /~ � 1. This, however, is a premature conclusion, because the PM or PL regime
amounts to an expansion in terms of the small ratio rS/|b| � 1 or rQ/|b| � 1 which leads
to a well-defined perturbative expansion. For an especially nice discussion of the relevant
scales in the gravitational context, see e.g. ref. [148]. In conclusion, we are left with the
following hierarchy of scales λc/b� rS/|b|, rQ/|b| � 1.

In order to simplify our discussion, we focus on the scattering of spinless, structureless
objects described by massive scalar fields. In the PL approximation, the above hierarchy
of scales is converted into momentum space as follows: the impact parameter b is Fourier
conjugate to the momentum transfer q/~ in the scattering process, |b| ∼ ~/|q|. The above
position space inequalities turn into |q|/m � Gm|q|/~, α|q|/m � 1 in gravity and QED,
respectively. The masses of the scalars are very heavy and the momentum transfer |q| ∼
~/|b| is small in the classical limit, (−q2) � m2

i , in complete analogy to gravitational
scattering. In order to extract classical physics, we utilize special kinematic variables that
facilitate the classical ~ → 0 or equivalently soft (small |q|/m) expansion2 in the context
of the method of regions [149]. These variables have previously appeared in e.g. Ref. [76]
and are summarized in figure 1,

p1 = −
(
p1 −

q

2

)
, p2 = −

(
p2 + q

2

)
, p3 =

(
p2 −

q

2

)
, p4 =

(
p1 + q

2

)
. (2.1)

The new vectors pi are orthogonal to the momentum transfer q, pi · q = 0 , which directly
follows from the on-shell conditions p2

1 = p2
4 = m2

1 and p2
2 = p2

3 = m2
2. For later convenience,

2From now on, we work in natural units and set ~ = 1 unless stated otherwise.
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p1

p2 p3 = −p2 − q

p4 = −p1 + q

=

p1 −
q
2

p2 + q
2 p2 −

q
2

p1 + q
2

Figure 1. Parametrization of external kinematics.

we also introduce ‘soft-masses’ mi defined by

m2
i = p2

i = m2
i −

q2

4 → mi = mi + (−q2)
8mi

+O(q4) . (2.2)

Notably, in the specialized barred variables, s=(p1 +p2)2=(p1 +p2)2 the physical scattering
region s>(m1 +m2)2, q2<0 remains the same. Following earlier conventions [76], we define
the soft four-velocities of the two black holes uµi = pµi /|pi|, such that u2

i = 1, and

y ≡ u1 · u2 = 1 + x2

2x = σ − (−q2)
(
m2

1+m2
2
)
σ + 2m1m2

8m2
1m

2
2

+O(q4) . (2.3)

For physical scattering in the s-channel we have y > 1 . Often, it will prove advantageous
to change variables to x in the range 0 < x < 1 in order to rationalize the naturally
appearing square-root

√
y2 − 1 = 1−x2

2x .
Note that the soft velocities ui coincide with the classical four velocities of the massive

scalars only up to corrections of O(q). The KMOC setup directly targets physical observ-
ables where this difference is immaterial. However, for the eikonal computations, the O(q)
corrections do matter and one has to carefully track them. In the classical limit (with-
out restricting to the conservative sector), we are interested in the soft expansion of loop
amplitudes with the hierarchy of scales given by |`| ∼ |q| � |pi|,m,

√
s. Here, ` schemati-

cally represents arbitrary combinations of photon momenta of the form (`1, `2, `1 ± `2, . . .)
and typical photon propagators take the form 1

`2 ,
1

(`−q)2 . These have a homogeneous |q|-
scaling and do not require any further expansions. Distinctly, matter propagators do have
a non-trivial |q| expansion expressed via dimensionless velocity variables ui

1
(`− pi)2 −m2

i

= 1
`2 − 2 ` · pi

= 1
2ui · `

1
mi
− `2 ∓ ` · q

(2ui · `)2
1
m2
i

+ · · · . (2.4)

Each order in the expansion is homogeneous in |q| and the mass dependence factorizes.
The matter propagators effectively “eikonalize” and the soft expansion to higher orders in
|q| can lead to raised propagator powers.

To focus on conservative dynamics one would perform a further expansion where the
temporal part of any photon line is suppressed by an additional power of the formally small
velocity v, related to y ≈ σ = 1√

1−v2 to signal instantaneous interactions. These potential
region expansions have been described in great detail elsewhere [39, 40, 76] and we refrain
from repeating them here for the sake of brevity.
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2.2 Generalized unitarity and scalar QED scattering amplitudes up to O(α3)

As we are going to review in the following subsections, a number of novel approaches to
the classical two-body problem in gravity and electromagnetism involve the (classical limit
of) quantum scattering amplitudes. These enter either in the EFT matching calculation
to a classical two-body potential, in the eikonal approach to classical scattering, or in the
KMOC framework that expresses classical physical observables (e.g. the impulse or the ra-
diate momentum) in terms of scattering amplitudes and weighted cross-section-like objects.
Therefore, it is crucial to have at our disposal compact expressions for the relevant (classical
parts) of the higher-loop scattering amplitudes in the theories under consideration. Recent
years have seen enormous advances in our ability to obtain analytic results for quantum
scattering amplitudes via modern on-shell methods. On one hand, this progress enhanced
our ability to compute phenomenologically relevant collider physics processes in quantum
chromodynamics (QCD) and the Standard Model. On the other hand, in simplified toy
theories such as maximally supersymmetric Yang-Mills theory or in supersymmetric grav-
ity theories, similar computations were crucial to shed light on a number of impressive
theoretical insights into the deeper structures of quantum field theory. A chief ingredient
in many of these calculations is an efficient way to obtain a scattering amplitude integrand,
i.e. an expression of the amplitude before loop integration. Generalized unitarity [68–70]
is based on the factorization of amplitudes into simpler gauge-invariant on-shell building
blocks which allows to export the simplicity of tree-amplitudes to loop-calculations. In
the context of classical gravitational dynamics, these methods have been recently used [47]
to obtain the radiated momentum and the impulse at O(G3) in general relativity from
the KMOC setup and from eikonal considerations [148]. Since these methods have been
comprehensively documented elsewhere in the context of general relativity [39, 40, 47, 76],
we are only giving a telegraphic account of the main ingredients of our QED calculation.

2.2.1 Tree-level amplitudes in scalar QED

The main building blocks in the derivation of loop integrands via generalized unitarity are
on-shell tree-level amplitudes out of which unitarity cuts are built. Later, these products of
tree-level amplitudes are compared to the unitarity cuts of a putative ansatz of Feynman-
like loop integrals in order to fix the free coefficients in the ansatz by solving a linear system
of equations. We are interested in the scattering of two massive charged scalars in scalar
QED that have charges eq1,2 and masses m1,2, respectively and interact via the exchange
of U(1) gauge bosons, i.e. photons. The Lagrangian for the system is

L = −1
4FµνF

µν +
2∑
i=1

[
(Dµφi)†(Dµφi)−m2

iφ
†
iφi

]
, (2.5)

where the covariant derivative Dµ = ∂µ− i e qiAµ contains the photon field Aµ(x) and the
appropriate electric charge qi (in multiples of the fundamental charge3 e) of the scalar φi.
The U(1) field strength is Fµν = ∂µAν − ∂νAµ.

3In the following, we often trade the square of elementary charges for the coupling constant α = e2/(4π).
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The basic input is the three-point coupling between the scalars and a photon in an
all-outgoing convention for the particle momenta

pa pb

= −i e qi(pa − pb)µ , (2.6)

from which we can build the tree-level scattering amplitude between the two charged scalars
due to photon exchange

Atree
4 (p1, p2, p3, p4) =

p1

p2 p3

p4

= −4e2 q1q2m1m2 y

−q2 , (2.7)

written in terms of the soft-kinematics of eq. (2.1). (Note that q1 and q2 are charges in
units of e while q is the momentum transfer.) For higher-order calculations, we also require
the Compton amplitude for the tree-level scattering of two scalars with two photons

p1

p2, ε2 p3, ε3

p4

= −2e2q2
i

(2p1 · p2)(2p1 · p3)

[
2p1·F2·F3·p4 + 2p1·F3·F2·p4 + 1

2(p1+p4)2F2·F3

]

= −2e2q2
i

[
ε2 · ε3 −

ε2 · p1(ε3 · p1 + ε3 · p2)
p1 · p2

− ε3 · p1(ε2 · p1 + ε2 · p2)
p1 · p3

]
,

(2.8)

where we have introduced the linearized field-strengths Fµνi = εµi p
ν
i − ενi p

µ
i . From the

first line of eq. (2.8) it is clear that we have expressed the amplitude in terms of gauge-
invariant building blocks that manifestly vanish when εi → pi, so that physical state sums
that appear in the cut sewing procedure of generalized unitarity can be performed by the
simple substitution (see the discussion in ref. [150])∑

λ

ε∗µi,λ(k)ενi,λ(−k)→ ηµν , (2.9)

where λ denotes the physical polarizations. To get to the compact expression on the
second line of eq. (2.8), we have used momentum conservation to eliminate p4 and the
transversality condition εi · pi = 0 of the polarization vectors.

For the two-loop computation, we also require the amplitude between three photons
and two massive scalars

p1

p2, ε2 p3, ε3
p4, ε4

p5

= −2ie3q3
i

[
(ε3·ε4)(p1·F2·p5)

(p1·p2)(p2·p5)

− ε2·p1
p1·p2

[(ε3·p5) ε4·(p3+p5)
p3·p5

+(ε4·p5) ε3·(p4+p5)
p4·p5

]
+(2↔ 3) + (2↔ 4)

]
.

(2.10)
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One can check that the representation of the amplitude satisfies generalized gauge invari-
ance [150] for each of the photon lines. This property is defined to be that longitudinal
states automatically decouple without the need to impose physical state conditions on other
legs. The net effect is that state sums simplify as described in eq. (2.9).

2.2.2 One-loop integrand in scalar QED

Equipped with the tree-level building blocks, we follow the generalized-unitarity frame-
work [68–70] to write an ansatz of Feynman-like graphs with associated numerators dic-
tated by the power-counting of scalar QED. At one loop, we can write the full integrand
in terms of box, triangle, and bubble topologies. However, sometimes it is convenient to
re-absorb contributions from topologies with fewer propagators (‘contact terms’) into the
definition of the box numerator by multiplying the contact terms by appropriate powers of
inverse propagators Di.

p1

p2 p3

p4D1

D2

D3 D4 =
∫

dD`

(2π)D
1

D1D2D3D4
(2.11)

where the inverse propagators Di are

D1 = (`− p1)2−m2
1 , D2 = (`+ p2)2−m2

2 , D3 = `2 , D4 = (`− q)2 . (2.12)

We employ the graphical notation in which thin lines denote massless propagators and
thick lines denote the propagators of the massive particles. (We do not graphically dis-
tinguish particles of mass m1 and m2 that are always associated to the external momenta
p1, p4 and p2, p3, respectively.) As has been advocated in e.g. ref. [151], it is advantageous
to directly express the numerator ansatz in terms of a basis of inverse propagators and ir-
reducible elements (absent at one-loop). The power-counting of scalar QED dictates, that
the numerator of the box integral should have a mass-scaling like (pi · pj)2. To build the
ansatz, we write the numerator in terms of the following external Lorentz-products

{p2
1, p

2
2, s,−q2} ∪ {D1, D2, D3, D4} . (2.13)

From the power-counting of QED discussed above, we know that our numerator ansatz is
quadratic in the variables of eq. (2.13), so that

nansatz
box = a1(p2

1)2 + · · ·+ a63D3D4 + a64D
2
4 . (2.14)

Every numerator basis element that is proportional to one of the inverse propagators Di

corresponds to a contact term, so that we do not have to list these topologies separately. In
a first step, we impose diagram symmetries of the scalar graph in eq. (2.11) which reduces
the number of unknown coefficients ai and ensures that we only have to determine the
numerator for this single graph.

In order to find the desired integrand, we subsequently compare the cut of the ansatz
against the field theory result as determined by the product of tree-level amplitudes
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summed over the exchanged on-shell states that can cross the cut. Since we are inter-
ested in the classical, long-range interactions between the heavy scalar particles mediated
by photon exchange, we never need to consider contact (i.e. short distance) interactions
between the scalars. In order to obtain the relevant classical and quantum terms (required
for the two-loop eikonal calculation in sections 3.2, 4.2) of the one-loop amplitude, it suffices
to match the two-particle bubble-cut

p1

p2 p3

p4

. (2.15)

Matching the above field theory cut (i.e. the product of two Compton amplitudes of
eq. (2.8)) with our basis ansatz requires relabeling the basic box integrand of eq. (2.11) with
the associated numerator (2.14). Solving the cut equations and dropping all terms pro-
portional to inverse propagators that correspond to pinches of photon lines (which would
correspond to short-distance contact interactions that are irrelevant for the classical physics
of interest), we find

nbox = −4e4q2
1q

2
2

(
4(p1 · p2)2 − p2

2D1 − p2
1D2 − (D2

1 +D2
2) + 1

4(Ds − 2)D1D2

)
. (2.16)

The terms proportional to D1D2 correspond to a bubble integral that is only relevant
for the quantum subtraction for the two-loop eikonal analysis. The triangle topologies are
included through the numerators proportional to D1 andD2, respectively. The result (2.16)
is written in terms of the state-counting parameter Ds = ηµµ and we will work in the scheme
where we set Ds = 4 and write the one-loop amplitude as a sum of a box and cross-box,

A(1)
4 (p1, p2, p3, p4) = nbox

p1

p2 p3

p4

+ nx-box

p1

p2 p3

p4

, (2.17)

where the numerator for the second box, nx-box, is obtained from eq. (2.16) by crossing
p1 ↔ p4 and (the immaterial) q1 → −q1.

2.2.3 Two-loop integrand in scalar QED

At two-loops, the cut construction proceeds in a fashion similar to the previous one-loop
analysis. We start from the relevant graphs with cubic vertices, summarized in figure 2
and write down a numerator ansatz for each diagram consistent with QED power counting:
each trivalent vertex is associated with one power of momentum in the numerator. We
then impose the diagram symmetries of the graphs on the respective numerator ansatz. To
determine the pieces of the scalar QED two-loop amplitudes relevant for classical physics,
both in the eikonal and KMOC approach, we fix the numerators by matching against the
spanning sets of cuts depicted in figure 3 built out of products of the tree-level amplitudes
from section 2.2.1.
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Figure 2. Diagrams with cubic vertices relevant for classical O(α3) observables in scalar QED.
The first two graphs appear in the conservative sector and the three “mushroom” graphs are only
relevant for radiative effects. The diagrams split into different gauge-invariant subsectors. The
III and IX graphs (corresponding to the first two diagrams) are proportional to q3

1q
3
2 , whereas the

mushroom graphs are proportional to q2
1q

4
2 (and q4

1q
2
2 for the flipped graphs not explicitly drawn).

Figure 3. Spanning set of unitarity cuts relevant for the classical dynamics at O(α3).

2.3 Soft and potential region expansion, IBP, and differential equations

With the relevant one- and two-loop integrands at hand, we directly follow similar com-
putations that have been performed in the gravitational setting [39, 40, 46, 47, 76]. In
particular, we expand the scalar QED integrands of subsection 2.2 in either the soft or po-
tential region. We take advantage of the technology developed in refs. [47, 76] and import
the explicit values of all soft master integrals supplied in the ancillary files of ref. [47] (for
an alternative computation of the soft master integrals, see ref. [148]). We will not review
these steps in any detail and refer the interested reader to the original references. Briefly,
there are two main steps involved in order to obtain integrated results. The first is to start
from the initial integrands and expand them in small |q| which leaves graviton propagators
unaffected and linearizes (eikonalizes) all matter propagators. This step is related to the
kinematic discussion in subsection 2.1. To obtain conservative physics (i.e. the potential
region in the language of the method of regions [149]), one further expands the propagators
in a formal small velocity parameter v, where the graviton energy component is suppressed
by an extra factor of v compared to the spatial components. This signals instantaneous
interactions in the Fourier-conjugate time domain. In either case, upon expanding the
integrand in the desired kinematic region of interest, one subsequently reduces all resulting
integrals to a basic set of so-called master integrals. One can then solve for the values of
the remaining master integrals using modern differential equation methods [80–85]. For
the KMOC setup, besides the virtual two-loop integrals, one also needs to have access to
certain cut-integrals whose computation was significantly simplified using reverse unitar-
ity [86–88]—a well-known tool from collider physics computations (see e.g. ref. [89]). In this
work, we leverage the fact that all relevant integrals have been computed to the order re-
quired for our work and we essentially re-use the integration pipeline that already has been
successfully implemented for GR both in the soft [46, 47] and potential region [39, 40, 76].
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2.4 Soft radial action and master integral subtraction of classically divergent
terms

In the discussion so far, we mainly focused on the computation of scattering amplitudes in
the so-called soft region where we only assume that the momentum transfer −q2 � m2

i , s

is much smaller than the masses or the energy of the scattering process. As we will ex-
plain in most of the remainder of our work, these amplitudes then enter either the eikonal
formalism or the KMOC framework in order to extract the relevant classical observables
from the scattering amplitudes (or certain combinations of scattering amplitudes). Cru-
cially, inherent in both the eikonal or the KMOC formalism is the fact that amplitudes not
only have classical contributions but, at higher orders in perturbation theory, also involve
classically divergent (‘super-classical’) terms that are more singular and have to cancel for
classically well-defined observables.4 In light of this discussion, one might wonder, whether
or not there exists a formalism that directly targets the classical terms directly, without
the need to compute the classically divergent terms directly and avoid problems at higher
perturbative order of the form ~/~ where the classically divergent terms interfere with
quantum contributions to yield a naively classical result. In the conservative sector, [60]
advocated for an EFT based approach with a particular subtraction scheme of classical
iterations that allowed the definition and computation of the radial action Ir directly from
the relation (eq. (2) of ref. [60])

iA(q) =
∫
J

[
ei Ir(J) − 1

]
, (2.18)

which looks very similar to the eikonal exponentiation, but differs in important details [60].
As is well-known from classical physics, see e.g. ref. [152], the radial action is an impor-

tant quantity, associated with the classical Hamilton-Jacobi equation for the system, from
which to extract relevant classical observables. See e.g. recent work in the probe-limit [103].
Subsequently, the authors of ref. [102] argued for a related exponential representation of
the S-matrix, S = ei N̂ , where one calculates its phase, N̂ , from which one can extract
classical observables (including radiation) due to a relation to the WKB approximation.
This has been assembled into a computational framework in ref. [153] where the radial
action has been tied to certain velocity cuts (see also ref. [154] for related work).

Similarly to the eikonal approach, the radial action Ir(J) (and also the phase of the S-
matrix N̂) has a perturbative expansion Ir(J) = I

(0)
r (J)+I(1)

r (J)+I(2)
r (J)+· · · which leads

to classical iterations from expanding the exponential to higher orders in the small coupling
constant. In this section, we describe an approach to calculate the classical radial action at
a given loop order I(L)

r (J) without the need of explicit classically divergent subtractions.
Our new setup is closest in philosophy to that of ref. [60]. In particular, we are going to
find a prescription that is implemented at the level of boundary conditions for soft master
integrals which manifestly eliminates classically divergent contributions, and allows us to

4Similar statements also hold in the EFT matching approach for the conservative two-body problem
where classically divergent terms correspond to iterations of lower-order potentials, see e.g. ref. [60] and
references therein.
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Figure 4. Master integral topologies related to iteration of radial action or EFT potential, re-
sponsible for classically divergent terms in the amplitude. The IX diagram corresponding to the
second one in figure 2 does not appear since it is not divergent in the potential region, so receives
no subtraction in a conservative calculation. The subtraction in the soft region is designed to be
identical to the subtraction in the potential region — this works as long as we restrict to the real
part where the only divergences comes from A3

tree.

define a soft radial action. By explicit calculation, we show that our prescription works up
to two-loop order. Its study to higher orders in perturbation theory is an interesting open
problem left to future work.

Formally, the perturbative expansion of eq. (2.18) to a given loop-order L still entails
the subtraction of nontrivial exponentiation terms involving two or more lower-order itera-
tions I(L′<L)

r to isolate I(L)
r itself. The aforementioned reference [60] writes such iterations

as (D−1)-dimensional integrals with linearized propagators. Meanwhile, the boundary con-
ditions for soft master integrals near the static limit, when considering only the potential
region, are also given by (D−1)-dimensional integrals where the “divergent” part involves
linearized propagators [76]. Therefore, our strategy is to drop integrals with linearized
propagators from the boundary conditions and then solve the differential equations for the
soft integrals subject to the modified “finite” boundary conditions.

The set of diagram topologies for master integrals related to the above “iterations” is
shown in figure 4. It turns out that only the first graph in figure 4, called the III diagram,
is relevant for the classically divergent terms in the real part of the two-loop amplitude. In
the notation of eq. (4.70) of [76], the top-level soft master integral for the III diagram is

fIII,7 = ε4(y2 − 1)(−q2)G1,1,1,1,1,1,1,0,0 , (2.19)

where G1,1,1,1,1,1,1,0,0 is the scalar double-box integral with a unit numerator, multiplied
by additional prefactors are included. In the Euclidean region we have −1 < x < 0, and
y = (1 + x2)/(2x) < −1, with the value of the master integral given in ref. [76] as

fIII,7 = −1
2ε

2 log2(−x) + 1
12ε

3[− 24Li3(x)− 24Li3(−x) + 12Li2(x) log(−x)

+ 12Li2(−x) log(−x) + 2 log3(−x) + π2 log(−x) + 6ζ3
]

+O(ε4) . (2.20)

By analytic continuation, the value of integral in the Lorentzian region 0 < x < 1, y > 1 is
obtained from the above formula with an infinitesimal positive imaginary part given to y,
or an infinitesimal negative imaginary part given to x,

fIII,7 = −1
2ε

2 [log(x) + iπ]2 +O(ε3) , (2.21)

where we omitted the analytic continuation result at O(ε3) which is needed for calculating
the amplitude but not relevant for the discussion here.
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When evaluated in the potential region, the integral cannot be analytically continued
between positive and negative values of x, and we directly give the value of the integral for
the Lorentzian region 0 < x < 1, y = (1+x2)/(2x) > 1,

f
(p)
III,7 = ε2π2

2 + 0 · ε3 +O(ε4) . (2.22)

Compared with eq. (2.21), in the O(ε2) term only the π2 part survives, and the O(ε3) term
has become genuinely zero, and not an omission.

There are 7 pure master integrals for the soft-expanded III diagram in the even-in-|q|
sector. In the potential region, the boundary condition near the static limit y = 1 is given
in terms of (3− 2ε)-dimensional integrals in eqs. (A.9)-(A.11) of ref. [76]. In particular, for
the top-level master integral near the static limit,

f
(p)
III,7

∣∣
y=1 = πε4(−q2)

∫ dD−1`1dD−1`2 (eγEε)2

(iπ(D−1)/2)2 ` 2
1 `

2
2 (`1 + `2 − q)2(2`z1)(−2`z2)

, (2.23)

which is precisely of the form of a (D− 1)-dimensional integral involving linearized propa-
gators. The superscript (p) in the equation above indicates that only the potential region
is considered. Now we implement a subtraction scheme similar to the 4PM potential-region
calculation, by dropping (3−2ε)-dimensional integrals involving linearized propagators aris-
ing from iterations of lower-loop potentials. This is equivalent to keeping eqs. (A.9) and
(A.10) in the reference while changing the r.h.s. of eq. (A.11), reproduced in eq. (2.23),
to zero. Solving differential equations with the altered boundary conditions, eq. (2.22)
becomes

f
(p),subtracted
III,7 = 0 · ε2 + 0 · ε3 +O(ε4) , (2.24)

i.e. vanishes until O(ε4), which is beyond the order of ε needed in the classical calculation.
The boundary values for the master integrals in the soft region are decomposed into

the sum of their values in the potential region and their soft-region corrections. We perform
the same subtraction for the potential-region part, while keeping the soft-region corrections
unchanged. Since the solutions to the homogeneous system of differential equations have
multi-linear dependence on the boundary conditions, we have

f subtracted
III,7 = fIII,7 +

(
f

(p),subtracted
III,7 − f (p)

III,7

)
. (2.25)

Explicitly,

f subtracted
III,7 = −1

2ε
2
[
log(x)2 + 2iπ log(x)

]
+O(ε3) , (2.26)

where in the O(ε2) term, the π2 part has been removed, and the omitted O(ε3) term (also
needed for assembling the amplitude) is completely unchanged.

If we calculate the two-loop amplitude in the soft expansion using the subtracted value
eq. (2.26) for the top-level III master integral and unsubtracted original results for all other
master integrals, the real part of the result directly gives the radial action after Fourier
transform.
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2.5 KMOC framework for classical conservative and radiative observables

In this part of our review, we schematically recall aspects of the KMOC framework [44] as
presented in ref. [47]. We only introduce the relevant final formulae. For further details,
the interested reader is encouraged to consult refs. [44] or [47] directly.

In the KMOC [44] approach one first sets up a quantum mechanical Gedanken ex-
periment for the scattering of two wavepackets representing massive particles from which
the classical limit is carefully taken in order to extract the classical observables of interest.
In the quantum setup, we can measure the change of some observable ∆O (corresponding
to some quantum operator O) following the time-evolution of states from the asymptotic
past to the asymptotic future. In the asymptotic past, the wavepackets are represented by
|in〉, an in quantum state constructed from the superposition of two-particle momentum
eigenstates |p1, p2〉in with wavefunctions φi(pi). For the case of interest to us, these states
are well separated by an impact parameter bµ,5

|in〉 =
∫

dΦ2(p1, p2)φ1(p1)φ2(p2)ei b·p1/~ |p1, p2〉in . (2.27)

Such an in state will evolve to an out state in the asymptotic future, |out〉, that might
contain additional particles created during the interaction. ∆O is obtained by evaluating
the difference of the expectation value of O between in and out states

∆O = 〈out|O|out〉 − 〈in|O|in〉 . (2.28)

In quantum mechanics, the out states are related to the in states by the time evolution
operator, i.e. the S-matrix: |out〉 = S|in〉 and we can write

∆O = i
∫

dΦ4(p1, · · ·, p4)φ1(p1)φ2(p2)φ∗2(p3)φ∗1(p4) δ̂(D)(
∑
i pi) ei b·(p1+p4)/~ IO , (2.29)

where we follow the same conventions as ref. [47] for the phase-space dΦn and δ̂ factors.
The kernel IO is related to the matrix elements via

ĨO ≡ δ̂(D)(
∑
pi) IO = −i 〈p4, p3|S†[O, S]|p1, p2〉 . (2.30)

To arrive at this expression, we have used the unitarity of the S-matrix, S†S = 1. Follow-
ing [44], ĨO can be related to scattering amplitudes by writing S = 1 + iT such that

ĨO = ĨO, v + ĨO, r = 〈p4, p3|[O, T ]|p1, p2〉 − i 〈p4, p3|T †[O, T ]|p1, p2〉 . (2.31)

We conveniently separated the kernel ĨO into two contributions ĨO,v and ĨO, r, that we
preemptively call virtual and real, respectively. This nomenclature becomes apparent when
one evaluates the expectation values: the virtual part of the result is

IO, v = ∆O
[
A(p1, p2, p3, p4)

]
= ∆O

 A

p1

p2 p3

p4

 , (2.32)

5The impact parameter bµ is distinct from the eikonal impact parameter be that will appear later.
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where ∆O acts on the scattering amplitude A. In the real kernel

IO, r = −i
∑
X

∫
dΦ̃2+|X| ∆O A A∗

p1

p2 p3

p4

`X

r2

r1

, (2.33)

∆O only acts on the amplitude on the left of the unitarity cut which was introduced by
the insertion of a complete sum over states in eq. (2.31).

While the KMOC formalism can be applied fully quantum mechanically, we are in-
terested in classical observables. The classical limit corresponds to the regime where the
Compton wavelength of the external particles is the smallest length scale in the problem.
KMOC carefully analyze this limit with the net result that all computations ultimately
reduce to those of simple plane-wave scattering. In the classical limit, the wavepackets
sharply peak about their classical values of the momenta which leads to the appearance of
on-shell delta functions and one arrives at a compact expression for the classical change of
the observable O in terms of the (asymptotic) impact parameter bµ, conjugate to the small
momentum transfer qµ = pµ1 + pµ4 ∼ O(~),

∆O = i
∫

d̂Dq δ̂(−2p1 · q) δ̂(2p2 · q)eib·q (IO,v + IO,r) . (2.34)

The KMOC analysis suggests that we ought to focus on kinematic regions where the
massive particle momenta pi are large and scale like O(1) in the classical counting and
the four-momentum transfer q, as well as graviton loop variables that we will denote by `i
below, scale like O(~). In the effective field theory context, employing terminology from the
“method of regions” [149], the classical ~ expansion is therefore equivalent to the so-called
soft expansion.

Furthermore, we also expand scattering amplitudes in the coupling e or equivalently α

A = A(0) +A(1) +A(2) + · · · = + + + · · · , (2.35)

where the L-loop amplitude is O(αL+1). The observables (and kernels) have analogous
expansions

∆O = ∆O(0) + ∆O(1) + ∆O(2) + · · · , (2.36)

IO = I(0)
O + I(1)

O + I(2)
O + · · · . (2.37)

2.5.1 Electromagnetic impulse

In this work, we discuss two observables relevant to classical electrodynamic scattering.
The first is the impulse, ∆pµi , which is defined as the total change in momentum of one of
the particles during the collision. In the KMOC setup this is encoded by the appropriate
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quantum momentum operator Pi, which is measured asymptotically far from the collision
region as follows

∆pµ1 = 〈in|S†Pµ1S|in〉 − 〈in|P
µ
1 |in〉 . (2.38)

As summarized above, in the classical limit, this is simply a Fourier transform of the
impulse kernel Iµp1 from momentum transfer q to impact-parameter space b

∆pµ1 = i
∫

d̂Dq δ̂(−2p1 · q) δ̂(2p2 · q) eib·q Iµp1 , (2.39)

which is separated into virtual and real contributions, given in terms of the amplitude as

Ip1, v = qµ A

p1

p2 p3

p4

, Ip1, r = −i
∑
X

∫
dΦ̃2+|X| `

µ
1 A A∗

p1

p2 p3

p4

`X

`2 − p2

`1 − p1

, (2.40)

where the numerator insertions qµ and `1 arise from the measurement function ∆Pµ1 acting
on the respective amplitudes, which extracts the momentum change of particle 1. Note
that relative to eq. (2.33), we have changed variables in the real contribution by shifting
the massive intermediate momenta ri = −pi + `i, so that all `i are small, O(~), in the
classical expansion. The impulse on particle 2 can be obtained by simple relabelling.

In the following, we often decompose the total impulse into its transverse, ∆p⊥, and
longitudinal, ∆pu, components

∆pµ = ∆pµ⊥ + ∆pµu , (2.41)

where ui·∆p⊥=0 and q·∆pu=0. The respective kernels get decomposed in a similar fashion

Iµp1 = I⊥ qµ +
∑
i=1,2

Iui ǔ
µ
i . (2.42)

We define dual four-velocities,

ǔµ1 = yuµ2 − u
µ
1

y2 − 1 , ǔµ2 = yuµ1 − u
µ
2

y2 − 1 , (2.43)

which satisfy ui ·ǔj = δij and remain orthogonal to the momentum transfer q. Decomposing
the loop momentum dependent impulse numerator

`µ1 = `1 · q
q2 qµ + (`1 · u1) ǔµ1 + (`1 · u2) ǔµ2 , (2.44)

exposes that only the transverse part of the impulse has a virtual contribution

I⊥ = A

p1

p2 p3

p4

− i
∑
X

∫
dΦ̃2+|X|

`1 · q
q2 A A∗

p1

p2 p3

p4

`X

`2 − p2

`1 − p1

, (2.45)
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whereas the longitudinal part only receives contributions from the unitarity cut terms

Iui =− i
∑
X

∫
dΦ̃2+|X| `1 · ui A A∗

p1

p2 p3

p4

`X

`2 − p2

`1 − p1

. (2.46)

Loop amplitudes generically have real and imaginary parts, so one might wonder how
all classical observables end up real-valued, and how various terms in the KMOC setup
combine to serve this purpose. Keeping track of factors of ‘i’, it turns out that the transverse
KMOC kernels need to be purely real to yield a real result after the final Fourier transform
(eq. (2.34)), whereas the longitudinal kernels are purely imaginary. The reality properties
of various quantities has been argued abstractly in terms of unitarity cutting rules in
ref. [47] that later appeared in a slightly different context in ref. [102]. Indeed, it will serve
as a nontrivial check of our computation, that all imaginary contributions to the classical
observables cancel.

2.5.2 Radiated momentum

Another observable of interest is the total radiated momentum ∆Rµ carried away in the
form of electromagnetic waves during the scattering of two heavy charged objects. This
observable is defined by measuring the momentum operator Rµ of the emitted messen-
ger particles, here photons. As explained in ref. [44], this observable only receives real
contributions and its respective kernel is

IµR,r = −i
∑
X

∫
dΦ̃2+X `µX A A∗

p1

p2 p3

p4

`X

`2 − p2

`1 − p1

. (2.47)

Like eqs. (2.39) and (2.40), eq. (2.47) is valid beyond perturbation theory, however,
for explicit calculations we expand it perturbatively in α. The first contribution to
∆Rµ (obtained from eq. (2.47) by performing the Fourier transform to impact-parameter
space (2.34)) arises at O(α3). This can be understood from the fact that Bremsstrahlung
of finite energy photons only arises once one heavy charged particle is slightly deflected
due to its electromagnetic interaction with the other massive charged object.

The impulse and radiated momentum are not completely independent observables. As
already pointed out in ref. [44], their relation goes to the heart of one of the difficulties
in traditional approaches to classical field theory with point sources. Two particles that
scatter in e.g. classical electrodynamics exchange momentum via their interaction with
the electromagnetic field. In the classical context, this is described by the Lorentz force.
However, the energy or the momentum lost by the point particles to radiation is not
accounted for by the Lorentz force. In the classical setup, momentum conservation is
restored by including the additional Abraham-Lorentz-Dirac (ALD) force [143–145, 155]
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and e.g. refs. [156–158] for some recent treatments. In the classical context, the inclusion
of the ALD force term is associated with its own problems. In particular, it leads to
issues of runaway solutions and causality violations in the description of point charges
in classical EM. In contrast, in the quantum-mechanical description of charged-particle
scattering these issues are absent and we will see that our results for the classical two-body
dynamics in electrodynamics will conserve energy and momentum automatically. For more
discussions on this point, see sections 3.5 and 5.4 of ref. [44] for a KMOC integrand level
discussion of this point. The main conclusion of their analysis is that the ALD radiation
reaction is automatically included in the KMOC setup via the cut-contribution where an
on-shell radiation photon is exchanged. This contribution first appears at two-loop order, or
O(α3) and was compared to the classical ALD force computation in section 6.3 of ref. [44].
Our agreement below with the O(α3) scattering angle computed using the ALD force [99]
explicitly affirms these conclusions.

3 Conservative dynamics at O(α3)

3.1 Conservative scattering amplitudes

In this section we give the results for the tree level, one-loop and two-loop scattering
amplitudes in scalar QED in the conservative sector. We combine the integrands derived
in section 2.2 with the integration techniques sketched in section 2.3. A detailed account
of the potential region integrals is found in refs. [39, 40, 76]. All potential region L-loop
amplitudes will henceforth be denoted by A(L)

4,(p).
The tree-level amplitude can be obtained from eq. (2.7) by switching from the soft

variables y, and m1 to σ and mi via the relations from subsection 2.1

A(0)
4,(p) = −(4πα q1q2)4m1m2σ

−q2 , (3.1)

where we use the charge normalization α = e2/4π and denote the multiple of the elementary
charge e of the massive objects by qi. The momentum transfer is q.

The conservative one-loop amplitude can be obtained from the integrand in eq. (2.17)
by taking the small-q expansion of the covariant integrand. Upon reducing the q-expanded
integrals to a basis of master integrals, it is given in terms of the sum of the box and crossed
box integrals, as well as two triangle integrals evaluated in the potential region. (Bubble
integrals are zero in the potential region.)

A(1)
4,(p) = −icII

(
I

(p)
II + I

(p)
X
)
− ic/ I(p)

/ − ic. I(p)
. . (3.2)

The coefficients are

cII = (16π αq1q2m1m2σ)2 , c/ = −1
2(16π αq1q2m1)2 , c. = −1

2(16π αq1q2m2)2 . (3.3)
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Inserting the explicit values of the integrals in the potential region (see e.g. ref. [76]) yields

A(1)
4,(p) = (4πα q1q2)2 1

(4π)2

(
−q2

µ̄2

)−ε{ 1
(−q2)

iπ(σ2m1m2)
2
√
σ2 − 1

eεγEΓ(−ε)2Γ(1 + ε)
Γ(−2ε)

+ 8 1√
−q2

√
π(m1+m2)

eεγEΓ
(

1
2 − ε

)2
Γ
(
ε+ 1

2

)
2Γ(1− 2ε)

− ε 1√
−q2

√
π(m1+m2)
(σ2 − 1)

eεγEΓ
(

1
2 − ε

)2
Γ
(
ε+ 1

2

)
Γ(1− 2ε)

− ε iπ
(
m2

1+m2
2+2m1m2σ

)
8m1m2 (σ2 − 1)3/2

eεγEΓ(−ε)2Γ(1 + ε)
Γ(−2ε)

}
+ . . . ,

(3.4)

where µ̄2 = 4πe−γEµ2, while µ and γE are the dimensional regularization scale, and the
Euler-Mascheroni constant, respectively. The ellipsis stand for terms with polynomial
(including constant) dependence on q2, with or without poles in ε. Such terms give rise to
contact interactions after Fourier transform to impact-parameter space, and are irrelevant
for long-range classical physics.

Finally, the two-loop amplitude in the potential region is given by

A(2)
4,(p) = (4πα q1q2)3

( i
(4π)2

)2
(
−q2

µ̄2

)−2ε{
− 1

(−q2)
32π2m2ν σ3

(σ2 − 1)

[
1
ε2
− π2

6

]

+ 1√
−q2

16iπm
(σ2 − 1)1/2

[
1
ε
− 2 log(2)− 4σ3

σ2 − 1 +O(ε)
]

+ 8π2

ε

[
2ν(1− σ2 − σ4) + (1− 2ν)(σ − 2σ3)

ν(σ2 − 1)2 +O(ε)
]}

+ . . .

(3.5)

where we have used the total mass, m, and symmetric mass ratio, ν,

m = m1 +m2 , ν = m1m2
(m1 +m2)2 . (3.6)

3.2 Eikonal approach to classical conservative scattering

Armed with the conservative amplitude through two loops, we may compute the eikonal
phase. Traditionally, one Fourier transforms the amplitudes to impact-parameter space in
order to extract the eikonal phase. Here, following ref. [76], we instead use the eikonal
exponentiation directly in momentum space. This comes at the cost of products in impact-
parameter space becoming convolutions in momentum space. However, all needed convo-
lutions have already been evaluated in ref. [76]. We summarize the result of our calculation
of the eikonal phase (Our convention for eikonal phase differs by a factor of 2 from that
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of [76] and is consistent with the definition of the eikonal in the soft region of section 4.2.)

2δ(0)
(p)(σ, q⊥) = −(4πα q1q2)4m1m2σ

1
q2
⊥
, (3.7)

2δ(1)
(p)(σ, q⊥) = (4πα q1q2)2 (m1 +m2)

4
1
|q⊥|

, (3.8)

2δ(2)
(p)(σ, q⊥) = (4πα q1q2)3 2ν + (1− 2ν)σ

16(σ2 − 1)ν log(q2
⊥) , (3.9)

where we use the D−2-dimensional spacelike vector, q⊥, transverse to the scattering plane,
satisfying q2

⊥ = −q2. Finally, we can perform the Fourier transform to obtain the more
familiar eikonal phase in impact-parameter space

δ(σ, be) = 1
4m1m2

√
σ2 − 1

∫ dD−2q⊥
(2π)D−2 e

ibe·q⊥ δ(σ, q⊥) , (3.10)

with the result

2δ(0)
(p)(σ, be) = (4πα q1q2) σ

4π
√
σ2 − 1

log(b2
e) , (3.11)

2δ(1)
(p)(σ, be) = (4πα q1q2)2 1

32πmν
√
σ2 − 1

1
|be|

, (3.12)

2δ(2)
(p)(σ, be) = −(4πα q1q2)3 (2ν + (1− 2ν)σ)

64π3m2ν2
√
σ2 − 1

1
b2

e
, (3.13)

where we have dropped terms that do not contribute to the classical scattering angle. As
discussed below (see eq. (3.23)), the eikonal imapact parameter be is distinct from the
geometric impact parameter b.

3.3 Conservative eikonal phase, scattering angle, and two-body Hamiltonian

The stationary phase approximation of the Fourier transform of the exponentiated impact-
parameter amplitude back to momentum space

A(σ,−q2) =
∫
dD−2be

(
e2iδ(σ,be) − 1

)
e−i q·be (3.14)

yields the relation
q = − ∂

∂be
2δ(σ, be) . (3.15)

The magnitude of q is related to the scattering angle χ and the magnitude of the three-
momentum p in the center-of-mass frame by

|q| = 2|p| sin χ2 . (3.16)

From this, we may now calculate the gravitational scattering angle from the eikonal phase
using the formula

sin χ2 = − 1
2|p|

∂

∂|be|
2δ(σ, be) . (3.17)
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where in terms of the center of mass energy E =
√
s and/or σ

p∞ ≡ |p| =
m1m2

√
σ2 − 1

E
= m1m2

√
σ2 − 1√

m2
1 +m2

2 + 2m1m2σ
= mν

√
σ2 − 1√

1 + 2ν(σ − 1)
. (3.18)

Using this formula we find the following result for the scattering angle

χ
(0)
(p) = −α q1q2

|be|
2σ

|p|
√
σ2 − 1

, (3.19)

χ
(1)
(p) = (α q1q2)2

|be|2
π

2|p|mν
√
σ2 − 1

, (3.20)

χ
(2)
(p) = −(α q1q2)3

|be|3

[
σ3

3|p|3(σ2 − 1)3/2 + 2 (2ν + (1− 2ν)σ)
|p|m2ν2

√
σ2 − 1

]
. (3.21)

Comparing the result in eqs. (3.19)–(3.20), we find agreement (up to conventions) with
Westpfahl [33]. It is useful to write the formulae in terms of the angular momentum, J , as
defined via

J = |b× p| = |b||p| , (3.22)

where b is the asymptotic impact parameter perpendicular to the incoming center of mass
momentum p. As noted earlier, this is not the impact parameter, be, relevant to the eikonal
phase and pointing in the direction of the momentum transfer q. The magnitude of b and
be are then related by

|b| = |be| cos χ2 , (3.23)

so that the angular momentum is

J = |be||p| cos χ2 . (3.24)

This difference is unimportant at leading orders, and it will only matter at order J−3.
Using the relation (3.24) we find the scattering angle in terms of the angular momentum

χ
(0)
(p) = −α q1q2

J

2σ√
σ2 − 1

,

χ
(1)
(p) = (α q1q2)2

J2
π

2
√

1 + 2ν(σ − 1)
,

χ
(2)
(p) = (α q1q2)3

J3
4ν(3− 3σ2 + σ4) + (1− 2ν)(6σ − 4σ3)

3(1 + 2ν(σ − 1))(σ2 − 1)3/2 .

(3.25)

One can write the conservative Hamiltonian for a system of two spinless charges in an
expansion in powers of the electromagnetic coupling as

H(r2,p2) =
√
p2 +m2

1 +
√
p2 +m2

2 (3.26)

+ c1(p2) α̃
|r|

+ c2(p2)
(
α̃

|r|

)2
+ c3(p2)

(
α̃

|r|

)3
+ . . . ,
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where α̃=4παq1q2 and the ci(p2) are yet to be determined coefficients. Such a Hamiltonian
was used in ref. [40], to obtain a related expansion of the classical scattering angle

χ = P1
p∞

(
α̃

J

)
+ π

2P2

(
α̃

J

)2
− P 3

1 − 12p2
∞P1P2 − 24p4

∞P3
12p3
∞

(
α̃

J

)3
+O

(
(α̃/J)4

)
, (3.27)

where p∞ was defined in eq. (3.18). The Pi coefficients in the scattering angle are the
natural expansion coefficients for the radial momentum p2

r(r) (see section 11 of [40] for
details in the context of GR), but are also related to the ci coefficients in the Hamiltonian
via [40]

P1 =− 2Eξ c̄1 , (3.28)

P2 =− 2Eξ c̄2 + (1− 3ξ) c̄2
1 + 4E2ξ2 c̄1c̄

′
1 , (3.29)

P3 =− 2Eξc̄3 + 2(1− 3ξ)c̄1c̄2 − 4E3ξ3c̄1
(
2c̄′ 21 + c̄1c̄

′′
1

)
+ 4E2ξ2 (c̄2c̄

′
1 + c̄1c̄

′
2
)

− 6E(1− 3ξ)ξc̄2
1c̄
′
1 + (1− 4ξ)c̄3

1
E

, (3.30)

where c̄i≡ci(p2
∞), primes denote derivatives with respect to the argument, E=E1+E2 =

m
√

1+2ν(σ−1) and ξ=E1E2/E
2=ν(ν(σ−1)2+σ)

(1+2ν(σ−1))2 . Conversely, one may start from our scat-
tering angles in eq. (3.25), deduce the Pi coefficients in eq. (3.27) up to O(α3)

P1 = −2mν σ

(4π) Γ , P2 = 1
(4π)2

1
Γ , P3 = (Γ−1)σ + 2ν(σ−1)

(4π)3 Γmν (σ2 − 1) , (3.31)

where we have defined Γ = E/m =
√

1 + 2ν(σ−1). Relatedly, the coefficients in the
expansion of the scattering angle can also be expressed via suitably defined finite parts of
scattering amplitudes (see discussion around eq. (12) of [39]) in terms of slightly rescaled
coefficients d̃i which differ from Pi by powers of p∞, d̃i = pi−2

∞ Pi:6

χ = d̃1

(
α̃

J

)
+ π

2 d̃2

(
α̃

J

)2
−
(
d̃3

1
12 − d̃1 d̃2 + 2d̃3

)(
α̃

J

)3
+O

(
(α̃/J)4) , (3.32)

where the coefficients now read

d̃1 = − 2σ
(4π)
√
σ2 − 1

, d̃2 = 1
(4π)2 Γ , d̃3 = (Γ−1)(1 + Γ + σ)

(4π)3Γ2
√
σ2 − 1

. (3.33)

An interesting feature is that two-loop function d̃3 vanishes in the test mass limit ν→0
(Γ→1), i.e. d̃3

ν→0−→ 0. This is due to the fact that Γ−1 starts at O(ν) in the test mass
expansion. Crucially, d̃3 = 0 implies that the O(α3) test-body Hamiltonian is fully deter-
mined by lower-loop information. In fact, in the test-body limit, the scattering angle is

6We use d̃i rather than di to signal slight normalization differences by factors of π and the coupling
constant compared to [39].
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computable exactly to all orders in the coupling (see e.g. ref. [103]7 and references therein)

χtest = J√
J2 − (αq1q2)2

(
π + 2 arctan

[
−(αq1q2)

β
√
J2 − (αq1q2)2

])
− π ,

= −2αq1q2
βJ

+ πα2q2
1q

2
2

2J2 − 2α3 (3β2 − 1
)
q3

1q
3
2

3β3J3 + 3πα4q4
1q

4
2

8J4 +O(α5) ,

(3.34)

where β =
√
σ2 − 1/σ is the velocity. With the test-body angle available to all orders in

the coupling constant, we can investigate the angle relation of eq. (3.27) for the Pi to higher
orders in perturbation theory. At O(α4), we would find (see eq. (11.25) of [40])

χ = (3.27) + 3π
8
(
P 2

2 + 2P1P3 + 2p2
∞P4

)( α̃
J

)4
+O

(
(α̃/J)5) ,

= (3.32) + 3π
8
(
d̃2

2 + 2d̃1d̃3 + 2d̃4
)( α̃

J

)4
+O

(
(α̃/J)5) (3.35)

Comparing the explicit angle in the test-body limit (3.34) to the expansion in eq. (3.35),
we see that d̃3 = d̃4 = 0. Indeed, all d̃i>2 = 0 vanish in the test-body limit which in turn
implies that the higher Hamiltonian coefficients ci>2 are equally determined by at most
one-loop data. In light of this discussion, the reason there is a simple closed form solution
for the scattering angle is connected to the simplicity of the test mass Hamiltonian.

For the sake of completeness, we also tabulate the ci coefficients in the Hamiltonian or
general mass dependence up to O(α3). This yields

c1 = 1
4π(2Γ2ξ2)(2Γ2ξ2ν̃) , (3.36)

c2 = 1
(4π)2m(2Γ2ξ2)

(
−ξ + 2Γξν̃ − Γξ(1− ξ)ν̃2

)
, (3.37)

c3 = 1
(4π)3m2(2Γ2ξ2)

{
σ2

1− σ2

(Γ− 1
Γ

) 1
ν̃
− 1 + σ + 2Γξ

(1 + σ)Γ (3.38)

+2Γ + 1− ξ
Γ ν̃ − (3− 4ξ)ν̃2 + (1− 2ξ)ν̃3

}
,

where ν̃ = σν
Γ2ξ = σ(1+2ν(σ−1))

ν(σ−1)2+σ .

3.4 Conservative impulse and scattering angle via KMOC

Besides extracting the classical observables via the eikonal approach discussed in section 3.2
or in terms of a classical Hamiltonian (see section 3.3), we have also computed the con-
servative electromagnetic impulse within the KMOC framework, generally discussed in
section 2.5. In the conservative setting, energy is conserved in the scattering process, so
that there is no radiated momentum or energy loss to consider. In terms of the method
of regions, this is encoded in the fact that all photons are purely potential and can never

7In comparison to ref. [103], our scattering angle is defined to go to zero in the absence of interactions
(α→0) which explains the additional −π. Our conventions for the charges lead to an additional sign in the
argument of the arctan.
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go on-shell, so that the radiation cuts in eq. (2.47) are always absent. Likewise, for the
impulse, we only have to consider elastic processes without exchanged messenger particles
in the real contribution in eq. (2.40).

Due to energy conservation in the conservative sector, it suffices to determine the
transverse impulse only and the longitudinal part is completely determined by the on-shell
conditions and momentum conservation of the process

(pi + ∆pi)2 = p2
i ∆p1 + ∆p2 = 0 . (3.39)

Employing generalized unitarity, we constructed the relevant conservative integrand to
extract the transverse impulse kernel from eq. (2.45) where only the first two diagrams
of figure (2) are relevant at O(α3). Using the same integration and assembly pipeline
that has already produced the conservative gravitational results in ref. [47] together with
the potential region values of the master integrals from ref. [76], we obtain the transverse
impulse on particle 1 at two loops8

∆pµ,cons.
1,⊥ = (αq1q2)3 2

(
2m1m2

(
σ4−σ2 + 1

)
+ (m2

1 +m2
2)σ
)

m2
1m

2
2 (σ2 − 1)5/2

bµ

|b|4
. (3.40)

The conservative longitudinal impulse at O(α3) is

∆pµ,cons.
1,u = (αq1q2)3 π (m1 +m2)σ

m1m2 |b|3 (σ2 − 1)

(
ǔµ2
m2
− ǔµ1
m1

)
. (3.41)

Both the longitudinal and transverse impulse agree with the ones obtained from the scat-
tering angles (3.25) and the help of the parametrization of the impulse in terms of the
conservative scattering angle of appendix B in ref. [47]. We also agree with the recent
computation of the impulse obtained by solving classical equations of motion [99].

In comparing to the gravitational result [47], in electrodynamics there is no
arcsinh

√
σ−1

2 high-energy singularity in the transverse impulse, which also renders this
feature absent from the scattering angle. At high energies, i.e. large σ � 1, and fixed
impact parameter b, the leading large sigma behavior of the transverse and longitudinal
impulse scale like 1/σ and 1/σ2, respectively. For the longitudinal impulse, one has to take
the definition of the ǔi

σ�1∼ 1/σ in eq. (2.43) into account.

4 Radiative dynamics at O(α3)

4.1 Radiative scattering amplitudes

In this section we give the results for the scattering amplitudes in the soft region that
includes radiation effects by combining the integrands from section 2.2 with the integration
techniques sketched in section 2.3. Detailed results of all soft-region integrals can be found

8We drop the explicit label of the perturbative order of the observable (see eq. (2.36)) for brevity. The
same information is encoded in the order of α.
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in ref. [47]. The tree-level amplitude remains

A(0)
4 (p1, p2, p3, p4) =

p1

p2 p3

p4

= −(4πα q1q2)4m1m2 σ

−q2 , (4.1)

The one-loop amplitude in the soft region is

A(1)
4 (p1, p2, p3, p4) = (4πα q1q2)2

[
i
( 1

4π

)2−εe−γε

(−q2)ε

][
4π2m1m2

(
z2 + 1

)2
eγε csc(πε)Γ(−ε)

(−q2)z (z2 − 1) Γ(−2ε)

+
iπ2 (m1 +m2) 4ε+1eγε

(
4
(
z2 + 1

)2
ε−

(
z2 − 1

)2) sec(πε)√
−q2 (z2 − 1)2 Γ(1− ε)

+ π3/222ε+1eγε csc(πε)
Γ
(

3
2 − ε

)
m1m2 (z2 − 1)3 f(z, ε) +O(|q|)

]
,

(4.2)

where γ is the Euler-Mascheroni constant and

f(z, ε) =
[
2π
(
m2

1 +m2
2

)
z
(
z2 + 1

)2
ε(2ε−1) +m1m2

{
4
(
z2 + 1

)2 (
(π + 2i)z2−2i+ π

)
ε2

− 2
(
π
(
z2 + 1

)3
+ 2i

(
z2−1

)3
)
ε

+ 2i(z2 + 1)(2ε−1)
(

2
(
z2 + 1

)2
ε−z4 + 6z2−1

)
log(z)

− i
(
z6 + 5z4 − 5z2 − 1

)}]
, (4.3)

is written in terms of z, related to σ = 1+z2

2z in order to rationalize square roots such as√
σ2 − 1 = 1−z2

2z . When converting the computations in terms of the soft-variables y, x, mi

to the original masses mi and σ, z, one has to be careful to take into account subleading
O(q2) terms in the conversion in order to obtain the correct expression for the one-loop
quantum piece.

The relevant parts of the two-loop amplitude are

A(2)
4 (p1, p2, p3, p4)

(4πα)3 =
[
i
( 1

4π

)2−εe−γε

(−q2)ε

]2
 a(2)
−1,−2

(−q2) ε2 +
a

(2)
−1,−1

(−q2) ε +
a

(2)
− 1

2 ,−1√
−q2 ε

+
a

(2)
0,−2
ε2

+
a

(2)
0,−1
ε

,
(4.4)

where the two-loop amplitude coefficients a(2)
i,j are labeled by the order in the q and ε ex-

pansion. In principle, we also have access to higher-order terms in the ε and q expansion,
but they do not play a role for the purpose of our discussion here. The expression for
the classical term a

(2)
0,−1 is rather lengthy, so we do not display it here. (We supply all

expressions in computer readable form as an ancillary file.) The classical term a
(2)
0,−1 con-

tains contributions from both the charge sector proportional to q3
1q

3
2 as well as from the
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mushroom topologies q4
i q

2
j . In contrast, the classically divergent terms as well as the 1/ε2

coefficient of the classical piece are entirely within the q3
1q

3
2 sub-sector,

a
(2)
−1,−2 = −(q1q2)3 16π2m1m2

(
z2 + 1

)3
z (z2−1)2 , a

(2)
−1,−1 = 0 , (4.5)

a
(2)
− 1

2 ,−1 = (q1q2)3 16iπ3 (m1 +m2)
(
z2 + 1

)
(z2 − 1) , (4.6)

a
(2)
0,−2 = (q1q2)3 8iπ

(
z2 + 1

) (
3z6 + 7z4−7z2−3 + 2

(
z6−9z4−9z2 + 1

)
log(z)

)
(z2−1)4 . (4.7)

Again, all results are written in the terms of the z variable that rationalizes
√
σ2 − 1.

4.2 Eikonal approach to classical scattering including radiation effects

In a first implementation of radiative effects in scalar QED at O(α3), we follow the eikonal
approach that has been successfully used in ref. [148] to extract the classical scattering angle
in gravity. The steps in their derivation are independent of the theory under consideration
as long as they admit a suitable classical limit. It is therefore natural to expect that we
can follow section 2.2 of ref. [148] for scalar QED. As we will show, this expectation is
indeed correct. Since the physical intuition behind the eikonal approach has already been
discussed extensively by Di Vecchia et al. [148], we restrict ourselves to only the most
important formulae. At the heart of the eikonal approach is the expected exponentiation
of certain parts of the scattering amplitude in impact-parameter space

1 + iÃ(s, be) =
(
1 + 2i∆(s, be)

)
e2iδ(s,be) , (4.8)

where δ(s, be) is the classical eikonal phase and ∆(s, be) is a quantum remainder that
starts with one-loop contributions. (We follow the notation of ref. [148] but keep in mind
that we express s in terms of σ or z.) Let us note, that it is a priori unclear what
part of the amplitude exponentiates beyond leading order. In the conservative sector
discussed in section 3.2, there is an good argument based on elastic unitarity, that the
amplitude (including quantum terms) exponentiates. Here, we follow the prescription
of ref. [148] that exponentiate strictly classical terms and all quantum corrections are
assigned to ∆(s, be). However, from the conservative perspective, one could expect that
certain quantum terms that originate from the potential region should still exponentiate
and lead to quantum corrections of the classical eikonal phase δ(s, be) and only quantum
radiation pieces need not resum to a phase. We do not pursue this separation further and
leave a detailed investigation to future work. The momentum-space amplitude A(s,−q2)
is Fourier-transformed to the D− 2-dimensional impact-parameter space, conjugate to the
(space-like) momentum-transfer q

Ã(s, be) =
∫

dD−2q

(2π)D−2
A(s,−q2)

4m1m2
√
σ2 − 1

eibe·q . (4.9)
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Here, we distinguish the eikonal impact parameter be from the asymptotic impact parameter
b related by the geometric identity

be = b

cos χ2
, (4.10)

where χ is the scattering angle. The momentum-space scattering amplitude A(s,−q2)
entering in eq. (4.9) has an expansion in terms of the coupling constant (loop-expansion)
as well as an expansion in powers of −q2. Via standard Fourier integrals, the power-series
expansion in −q2 gets converted to a similar expansion in impact-parameter space

A(0)
4 =

a
(0)
−1
−q2 → Ã(0)

4 =
ã

(0)
−1

(−b2e)
−ε , (4.11)

A(1)
4 =

a
(1)
−1

(−q2)1+ε +
a

(1)
−1/2

(−q2)
1
2 +ε

+ a
(1)
0

(−q2)ε → Ã(1)
4 =

ã
(1)
−1

(−b2e)
−2ε +

ã
(1)
−1/2

(−b2e)
1
2−2ε

+ ã
(1)
0

(−b2e)
1−2ε ,

(4.12)

A(2)
4 =

a
(2)
−1

(−q2)1+2ε +
a

(2)
−1/2

(−q2)
1
2 +2ε

+ a
(2)
0

(−q2)2ε → Ã(2)
4 =

ã
(2)
−1

(−b2e)
−3ε +

ã
(2)
−1/2

(−b2e)
1
2−3ε

+ ã
(2)
0

(−b2e)
1−3ε ,

(4.13)

where the impact-parameter space coefficients ã(`)
j are directly related to the momentum-

space expressions around D = 4− 2ε dimensions via∫ dD−2q

(2π)D−2
eibe·q

(−q2)α = Γ (D/2− 1− α)
22α+2(π)

D−2
2 Γ (α)

1
(−b2e)

D−2−2α
2

. (4.14)

Furthermore, the a(`)
i are simply related to the a(`)

i,j of eqs. (4.1), (4.2), and (4.4). Expanding
the right-hand-side of the eikonal ansatz in eq. (4.8) perturbatively in the coupling α

δ = δ(0) + δ(1) + δ(2) + · · · , ∆ = ∆(1) + · · · , (4.15)

one can match both sides of eq. (4.8) to the desired order in α to determine the eikonal
quantities in terms of fixed-order amplitude results. Note that all classically divergent (or
‘super-classical’) terms are completely determined by lower order data and serve as non-
trivial cross-check of the computation. Equipped with the eikonal phase, one can Fourier-
transform back to momentum space which allows for the identification of the classical
momentum transfer Qµ from a stationary-phase approximation

Qµ = −∂ Re 2 δ(s, be)
∂bµe

, (4.16)

which is related to the scattering angle χ via

|Q| = 2p sin χ2 , (4.17)

where p =
√
σ2−1m1m2√

m2
1+m2

2+2m1m2σ
is the asymptotic center of mass momentum.
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In terms of the asymptotic impact parameter that is tied to the center-of-mass angular
momentum J = p b (see eq. (4.10)), the scattering angle is

tan χ2 = − 1
2p
∂ 2Re δ
∂b

. (4.18)

We can now take the perturbative expansion of eq. (4.8) together with the explicit values
of the tree-, one-loop, and two-loop amplitudes in momentum space of eqs. (4.1), (4.2),
and (4.4) to convert the variables to the normal masses mi and to σ in order to obtain
the explicit values for the a(`)

i (s) coefficients in eq. (4.11) from which we can extract the
eikonal parameters

δ(0)(s, be) = 1
(−b2e)−ε

πε Γ(−ε)
32πm1m2

√
σ2 − 1

a
(0)
−1 , (4.19)

δ(1)(s, be) = 1
(−b2e)

1
2−2ε

2−2επε Γ
(

1
2 − 2ε

)
16πm1m2

√
σ2 − 1 Γ

(
ε+ 1

2

) a(1)
−1/2 , (4.20)

δ(2)(s, be) = 1
(−b2e)1−3ε

1
2m1m2

[
4−2επε Γ(1− 3ε)
4π
√
σ2 − 1Γ(2ε)

a
(2)
0 (4.21)

− i 2−2επ2ε Γ(1− 2ε)Γ(−ε)
64π2m1m2 (σ2 − 1) Γ(ε) a

(0)
−1 a

(1)
0

]
,

and the one-loop quantum remainder,

∆(1)(s, be) = 1
(−b2e)1−2ε

2−2επε Γ(1− 2ε)
8πm1m2

√
σ2 − 1Γ(ε)

a
(1)
0 . (4.22)

We note that the imaginary part of the two-loop eikonal, δ(2), still contains a 1/ε infrared
singularity (due to the 1/ε2 contribution of a(2)

0 in eq. (4.22)), consistent with a similar
feature in gravity [148], whereas the real part of the phase which is relevant for the physical
scattering angle is IR finite.

With the explicit values of the eikonal parameters at hand, we can take eq. (4.18),
convert the eikonal impact parameter in eq. (4.19) with the help of eq. (4.10), and pertur-
batively expand the angle χ = χ(0) + χ(1) + χ(2) + · · · . This allows us to solve eq. (4.18)
order by order in the coupling in terms of expressions that we know from the scattering
ampliutudes. In particular, we find

χ(0) = −(αq1q2) 2σ
J
√
σ2 − 1

, (4.23)

χ(1) =(αq1q2)2 π(m1 +m2)

2J2
√
m2

1 +m2
2 + 2m1m2 σ

, (4.24)

χ(2) =(αq1q2)3
(m2

1+m2
2)
(
6σ−4σ3)+4m1m2

(
3+(σ2−3σ

√
σ2−1−3)σ2+6σ2arcsinh

√
σ−1

2

)
3J3 (σ2−1)3/2 (m2

1 +m2
2 + 2m1m2 σ

)
+ α3q2

1q
2
2

4σ2 (m2
2q

2
1 +m2

1q
2
2
)

3J3 (m2
1 +m2

2 + 2m1m2 σ
) , (4.25)
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where the second line of eq. (4.25) originates from the mushroom sector. Our results are
in complete agreement with those of Saketh et al. [99], once we take into account the
different conventions χ(L)

us = −χ(L)
[99]. Before discussing these results in a bit more detail, it

is beneficial to split the O(α3) scattering angle into conservative and radiative parts,

χ(2) = χ(2)
cons. + χ

(2)
rad. , (4.26)

where

χ(2)
cons. = (αq1q2)3 2

(
σ
(
3− 2σ2) (m2

1 +m2
2) + 2m1m2

(
σ4 − 3σ2 + 3

))
3J3 (σ2 − 1)3/2 (m2

1 +m2
2 + 2m1m2 σ

) , (4.27)

χ
(2)
rad. = − (αq1q2)3 4m1m2 σ

2
(
σ
√
σ2 − 1− 2 arcsinh

√
σ−1

2

)
J3 (σ2 − 1)3/2 (m2

1 +m2
2 + 2m1m2 σ

)
+ α3q2

1q
2
2

4σ2 (m2
2q

2
1 +m2

1q
2
2
)

3J3 (m2
1 +m2

2 + 2m1m2 σ
) . (4.28)

The radiative part of the angle can also be used to extract or compare to the radiated
angular momentum [141, 159] at one order lower via the linear response relation

χrad. = 1
2
∂χcons.
∂J

Jrad. +O(α4) . (4.29)

where χcons. starts at O(α).

High-energy limit of scattering angle. Similar to the discussion in ref. [99], we can
investigate the behavior of our generic scattering angles of eq. (4.25) in special kinematic
limits. One interesting regime is the high-energy limit where the center-of-mass energy E
is large, with the masses m1 ∼ m2 held fixed

E=
√
m2

1 +m2
2 + 2m1m2 σ � (m1 +m2) , m1 ∼ m2 held fixed . (4.30)

This is achieved by taking σ � 1, where σ = E2/(2m1m2) + O(mi/E). As we will soon
see explicitly, the high-energy limit (4.30) is not equivalent to the massless limit where

{m1,m2}→0 , σ=E2 −m2
1 −m2

2
2m1m2

→∞ , E held fixed , (4.31)

which is outside the range of validity of our classical approximation m2
i � |q|2, since the

Compton wavelength of the particles λc ∼ 1/m becomes large compared to the impact
parameter |b| ∼ 1/|q|, whereas classical physics requires λc � |b|. The exact details
of the high-energy limit depend on the parameters that are held fixed in the scattering
experiment.9 In particular, so far we have opted to write the scattering angle in terms of
the large angular momentum J , related to the impact parameter b,

J = m1m2
√
σ2 − 1 |b|√

m2
1 +m2

2 + 2m1m2 σ

HE−→ |b|E
2 +O(1/E) , (4.32)

9One may consider, for example, fixing a small χ(0) ∼ q2
i
Eb

and then take the high-energy limit E � m.
Instead, we choose to fix qi and b in addition to the masses.
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by an additional factor of E in the high-energy limit which shifts the overall energy depen-
dence of the answer by overall powers of E in the conversion of L-loop results which are
proportional to 1/JL+1.

We are now in the position to discuss the high-energy limit and the massless limit of
the conservative and radiative scattering angles. The high-energy limit is taken according
to eq. (4.30), where we express all quantities in terms of σ and expand around σ � 1,
keeping m1,m2 fixed. At the end of the expansion, we identify σ ' E2/(2m1m2). The
massless limit is taken according to eq. (4.31), by writing all quantities in terms of E
(held fixed) by substituting σ = (E2 −m2

1 −m2
2)/(2m1m2) and series expanding for small

masses ε ∼ m1 ∼ m2. Up to O(α3), the leading order expressions for the high-energy
limit and the massless limit coincide functionally (in each individual charge sector), but
the interpretation will be different. We find

χcons.
∣∣∣
HE

=χ(0)
∣∣∣
HE

+ χ(1)
∣∣∣
HE

+ χ(2)
cons.

∣∣∣
HE

+O(α4) , (4.33)

where we have the explicit high-energy values of the scattering angles

χ(0)
∣∣∣
HE/m→0

= −4αm1m2
E |b|

[
q1
m1

] [
q2
m2

]
, (4.34)

χ(1)
∣∣∣
HE/m→0

= 2πα2m2
1m

2
2 (m1 +m2)

E3 |b|2
[
q1
m1

]2[ q2
m2

]2
, (4.35)

χ(2)
cons.

∣∣∣
HE/m→0

= 16α3m3
1m

3
2

3E3 |b|3
[
q1
m1

]3[ q2
m2

]3
, (4.36)

in terms of the charge-to-mass ratios ri≡qi/mi. The conservative scattering angles are both
well-behaved in the high-energy limit E → ∞, mi fixed, as well as in the massless limit
mi → 0, E fixed. The radiative angle is more interesting,

χ
(2)
rad.

∣∣∣
HE/m→0

=− 16α3m3
1m

3
2

E3 |b|3
[
q1
m1

]3[ q2
m2

]3
+8α3m2

1m
2
2

3E |b|3

([
q1
m1

]4[ q2
m2

]2
+
[
q1
m1

]2[ q2
m2

]4
)
. (4.37)

It is still finite in the high-energy regime, but, as has been pointed out in ref. [99], develops
a mass singularity in the mushroom sector due to uncanceled 1/m2

i in the second term of
eq. (4.37). From our perspective, one should not take this as a true singularity of the result
but rather as a breakdown of the classical massive point particle approximation which
requires |q|2 � m2

i , or equivalently m2
i |b|2 � 1, which prevents us from setting mi→0 in

our approach. Presumably, one could take into account coherence effects to discuss the
classical scattering of light states [48]. There, however, the particle interpretation breaks
down and one should instead talk about the scattering of classical waves described by
coherent states.

Note that the mushroom contribution is dominant in the high-energy limit and behaves
like 1/E at O(α3) whereas the q3

1q
3
2 sector scales like 1/E3 at large E. Combining the

high-energy limit of the conservative angle in eq. (4.36) with the high-energy limit of the
q3

1q
3
2-sector of the radiative angle, we find

χ
(2)
q3

1q
3
2

∣∣∣
HE/m→0

=− 32α3m3
1m

3
2

3E3 |b|3
[
q1
m1

]3[ q2
m2

]3
=

[
χ(0)

∣∣∣
HE/m→0

]3

3! , (4.38)
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which is given in terms of the third power of the high-energy limit of the tree-level angle.
The contribution from the mushroom diagrams on the other hand does not follow such an
iterative structure at high energies.

As noted in the introduction, we view QED as a useful model for gravitational calcu-
lations that not only lets us test computational setups in a simpler context, but also sheds
light on important physical questions. To this end, we would like to compare the results
of some classical observables in electrodynamics to the ones in GR. One of the simplest
places of comparison is the high-energy limit of the scattering angle. First, at tree- and
one-loop level, the leading order behavior of the gravitational scattering angle is [33]

χGR

∣∣∣
HE

= χ
(0)
GR

∣∣∣
HE

+ χ
(1)
GR

∣∣∣
HE

+O(G3) = 4GE
|b|

+ 15πG2E(m1 +m2)
4 |b|2 +O(G3) . (4.39)

The high-energy-limit of the tree-level gravitational scattering angle, χ(0)
GR

∣∣∣
HE

is the double-
copy of the QED angle with the replacement qi → E and α → G. This is a direct
consequence of the fact that the tree-level amplitude is dominated by the t-channel exchange
diagram which is obtained as the product of two three-particle amplitudes. In the high-
energy limit, these have the double-copy property. At one-loop, there is still some residual
double-copy property present that is exposed by the same replacement as above. However,
the numerical prefactor does not directly match anymore.

At two-loop order, it is worthwhile to recall that the conservative scattering angle in
GR [39, 40] contains a logarithmic high-energy singularity that is canceled by radiative
contributions [140, 141]

χ
(2),GR
rad.

∣∣∣
HE

=
8G3E3

(
6 log

(
E2

m1m2

)
− 5

)
3 |b|3 , (4.40)

χ(2),GR
cons.

∣∣∣
HE

= −
8G3E3

(
6 log

(
E2

m1m2

)
− 9

)
3 |b|3 , (4.41)

(
χ(2),GR

cons. + χ
(2),GR
rad.

)∣∣∣
HE

= 32G3E3

3|b|3 =

[
χ

(0)
GR

∣∣∣
HE

]3

3! . (4.42)

The fact that the leading high-energy limit of the full scattering angle in gravity is given
by the third power of the tree-level angle is furthermore responsible for the observed high-
energy universality of gravitational scattering at O(G3) [140, 141]. In comparison, for QED,
only the box-sector (∼ q3

1q
3
2) angle follows the same iteration structure (see eq. (4.38)),

whereas the mushroom terms (that are actually leading in the high-energy limit) do not.
Nonetheless, as was the case at one-loop order, the structure of the high-energy limit

of the angle still follows a double-copy-like relation between QED and gravity under the
replacement qi/mi → 1, mi → E, and α → G. Notably, at two-loops in gravity, the loga-
rithmic high-energy singularity of the individual conservative and radiative contributions
to the angle is directly entangled with the mass singularity. This is due to the fact that
both quantities appear linked as the argument of a logarithm log E2

m1m2
so that one can
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think about mass or high-energy divergences interchangeably. In our setup, in QED, this
is no longer true, as we have explicitly seen in eqs. (4.37) and (4.36) above.

Interestingly, in the conservative sector of GR at O(G4), dimensional analysis and
explicit computation exposed a 1/m singularity [60] whose fate is unclear once radiation
effects will ultimately be taken into account. Ref. [60] speculated that the 1/m is canceled
by radiative contributions similar to the cancellation of the logm at O(G3); however, it
is also possible that this term remains and merely signals the breakdown of the classical
massive point particle approximation which requires that m2 � |q|2. As such, QED seems
to be an ideal toy example that exposes these features already at lower-loop order than
gravity which is a consequence of the different mass dimensions of the electromagnetic (α)
and gravitational (G) coupling constants. An explicit investigation of this aspect in gravity
is an interesting open problem.

4.3 Radiative impulse, energy loss, and scattering angle via KMOC

Besides the eikonal analysis of the previous subsection, we have furthermore analyzed the
classical two-loop scalar QED observables in the KMOC framework in complete analogy
to the gravitational case that has been obtained by two of the authors [47]. Due to the
linearity of QED, the present analysis is a lot simpler due to the limited number of diagrams
appearing in the computation. In fact, we were able to use exactly the same analysis
pipeline from before, just substituting in the new QED integrands from section 2.2.

We first assemble all relevant terms for the transverse part of the impulse, which
receives both virtual and real contributions according to (2.45). Now that we are in the
soft region, we do have situations where internal photons are allowed to go on-shell, so that
we have to both consider two- and three-particle cuts at O(α3) to find

∆pµ1,⊥= (αq1q2)3

m1m2

8σ2arcsinh
√

σ−1
2

(σ2−1)5/2 − 4σ3

(σ2−1)2 + 2
(
2m1m2

(
σ4−σ2+1

)
+ (m2

1+m2
2)σ
)

m1m2 (σ2−1)5/2

 bµ
|b|4

+ α3 q2
1q

2
2

4σ2 (m2
2 q

2
1 +m2

1 q
2
2
)

3m2
1m

2
2 (σ2 − 1)

bµ

|b|4
. (4.43)

In comparison to the conservative sector, we now have two different charge sectors, the one
with (q1q2)3 dependence and the other with q2

i q
4
j . In QED, these sectors are independently

gauge-invariant and do not interfer. This is distinct from the gravitational setting, where
all results were proportional to G3 which can be roughly understood from a double-copy
point of view where the charges in gauge theory qi get replaced by the gravitational charges,
i.e. the masses mi. Unlike in the conservative sector, now the arcsinh

√
σ−1

2 appears, but
is not proportional to any leading power of σ so that the ultrarelativistic limit is well-
behaved. From the above result, we can subtract the conservative contribution to single
out the radiative part of the impulse

∆pµ,rad.
1,⊥ =α3q2

1q
2
2

m1m2

bµ

|b|4

[
q1q2

8σ2arcsinh
√

σ−1
2

(σ2 − 1)5/2 − 4σ3

(σ2 − 1)2

+ 4σ2 (m2
2q

2
1 +m2

1q
2
2
)

3m1m2 (σ2 − 1)

]
.

(4.44)
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From the radiative transverse impulse, one can extract the radiative correction to the
scattering angle [47, 99] which equally splits into different charge sectors

χ
(2)
rad=α3q2

1q
2
2

4σ2
[
3m1m2q1q2

(
2arcsinh

√
σ−1

2 − σ
√
σ2 − 1

)
+ (m2

2q
2
1 +m2

1q
2
2)
(
σ2 − 1

) 3
2

]
3J3 (σ2 − 1)3/2 (m2

1 +m2
2 + 2m1m2 σ

) .

(4.45)

For the longitudinal part, we only give the additional contribution due to radiation effects.
In order to obtain the full longitudinal part, one would have to add the conservative result
from eq. (3.41)

∆pµ,rad.
1,u = α3q2

1q
2
2π

m1m2 |b|3
ǔµ2

[
q1q2

(
3σ3−4σ2+9σ−4

)
(σ2 − 1)− 2

(
3σ2+1

)√
σ2−1 arcsinh

√
σ−1

2

4 (σ2 − 1)5/2

−
(
3σ2 + 1

) (
m2

2 σ q
2
1 +m2

1 q
2
2
)

12m1m2
√
σ2 − 1

]
, (4.46)

where the radiative part of the momentum change on particle 1 is purely in the direction
of ǔµ2 . We now can compute the radiated momentum in the scattering of two charged
scalars in QED in two different ways. First, we simply take the impulse on particle 1
plus the impulse on particle 2 (which can be obtained from the above results by simple
relabeling) together with momentum conservation ∆pµ1 + ∆pµ2 + ∆Rµ = 0. Alternatively,
we can directly compute the radiated momentum from KMOC, see eq. (2.47) to find

∆Rµ = α3q2
1q

2
2π

|b|3

[
q1q2
m1m2

uµ1 + uµ2
σ + 1

{2
(
3σ2+1

)
arcsinh

√
σ−1

2 −
√
σ2−1

(
3σ3−4σ2+9σ−4

)
4(σ2 − 1)2

}

+
(
3σ2 + 1

) (
m2

2q
2
1u

µ
1 +m2

1q
2
2u

µ
2
)

12m2
1m

2
2
√
σ2 − 1

]
, (4.47)

which points entirely along the longitudinal directions uµ1 and uµ2 with appropriate strength
proportional to the charge-to-mass ratios qi/mi of the scattering particles. In comparison to
the GR results obtained previously [46], where the masses are always positive, the electric
charges can change sign. For the q3

1q
2
2 charge sector, this implies that the contribution to

the radiated energy can be positive or negative. However, the combined energy loss e.g. in
the center-of-mass system

∆Ec.m = ∆R · (m1u1 +m2u2)
m1 +m2

, (4.48)

is numerically positive for arbitrary values of the charge q1/q2 and mass m1/m2 ratios.

4.4 Radiative radial action

For completeness, we give the explicit results for the soft radial action for which we found
an empirical shortcut in terms of explicit subtractions of master integrals that has been
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described in section 2.4. Upon Fourier-transforming to impact-parameter space b, the
two-loop soft radial action is

I(2)
r (J, σ) = (αq1q2)3

3J2 (σ2 − 1)3/2 (m2
1 +m2

2 + 2m1m2σ
)
[ (
m2

1 +m2
2

)
σ
(
2σ2 − 3

)

− 2m1m2

{
3 +

(
σ2 − 3σ

√
σ2 − 1− 3

)
σ2 + 6σ2arcsinh

√
σ − 1

2

}]

− 2α3q2
1q

2
2 σ

2 (m2
2q

2
1 +m2

1q
2
2
)

3J2 (m2
1 +m2

2 + 2m1m2σ
) ,

(4.49)

from which we find the scattering angle

χ(2) = ∂I
(2)
r (J, σ)
∂J

, (4.50)

which exactly agrees with our eikonal result in eq. (4.25) and the ones that can be obtained
from the impulse via the KMOC setup. At this point, our prescription for the modification
of the boundary conditions for the soft master integrals was inspired by an analogous
procedure in the conservative sector and it would be interesting to understand this method
more systematically so that it can be applied at higher orders. It would be very interesting
to find a direct computational method for the phase of the S-matrix in the representation
of ref. [102] and the relation to the velocity cuts of ref. [153] as well as the heavy-particle
effective theory implementation of related ideas of ref. [154].

5 Conclusions

In this paper we applied scattering amplitude techniques to study the classical two-body
scattering problem in scalar electrodynamics in a regime similar to the post-Minkowskian
expansion of general relativity. Scalar QED has many similarities to GR, except that it
is far simpler because the underlying interactions are linear, making it useful as a toy
model of the gravitational problem [33, 142]. The recent calculation of the scattering angle
through O(α3), including radiative effects, by iteratively solving the classical equations of
motion [99] motivated the computation of the corresponding results from amplitudes based
approaches. We derived the classical scattering angle from both the eikonal phase [104] of
the amplitude, and from the KMOC formalism [44]. We also noted a simplified computa-
tion of the radial action including radiative effects. The ‘soft radial action’ was obtained
by a change in the boundary conditions of the differential equations for the soft master
integrals. This automatically removes classically singular iterations and directly yields the
radial action (including radiative contributions) up to two-loop order from which we obtain
the classical scattering angle. All three approaches give the same scattering angle which
furthermore agrees with the one found by solving the classical equations of motion [99].

An interesting feature of the scattering angle in QED is that, at O(α3), it contains
factors of 1/mi which are singular for mi → 0, despite having included both conservative
and radiative effects consistently. Of course, this region is outside the validity of our setup
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since it violates the classical requirement, for point particles, that the Compton wavelength
is smaller than the inter-particle separation. Translated to momentum space this amounts
to the classical hierarchy of scales −q2 � m2

i where the masses are larger than the momen-
tum transfer which is violated for mi→0. The same breakdown of the approximation was
found in ref. [99], where it was tied to terms generated via the ALD force [143–145]. In
the classical setup, the ALD force has to be added ‘by hand’ to account for radiation loss
during the scattering event. The situation in gravity is similar where an MSTQW force
needs to be added [11, 12, 147]. In contrast, in amplitudes-based frameworks, the radiation
loss is taken into account automatically and is on an equal footing with other terms in the
amplitudes. The appearance of the mass singularities in QED may be contrasted with the
corresponding O(G3) scattering angle in GR: once radiative effects are included the mass
singularity cancels [140, 141]. On the other hand, at O(G4) the pure potential contributions
to the scattering angle contain a 1/m singularity [60]. Our results for the electrodynamics
suggest that these may not cancel even after including gravitational radiation.

Following refs. [96, 97, 99, 101] many physical observables can be analytically contin-
ued from the scattering problem to the bound-state problem. In particular, the scattering
angle is directly tied to the periastron advance. In gravity, at O(G4) this is greatly com-
plicated by the nonlocal-in-time tail effect [92, 93, 95, 101, 104]. Since the tail effect arises
from gravitational radiation interacting with potential gravitons (due to nonlinear gravi-
ton couplings in GR), electrodynamics should be immune from this complication, given
that photons do not self interact classically in the absence of nonlinear higher derivative
corrections to QED.

In summary, we expect electrodynamics to continue to serve as a useful toy model for
the classical gravitational binary dynamics.
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