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ABSTRACT: Three-dimensional N' = 4 superconformal field theories contain 1d topological
sectors consisting of twisted linear combinations of half-BPS local operators that can be
inserted anywhere along a line. After a conformal mapping to a round three-sphere, the
1d sectors are now defined on a great circle of S3. We show that the 1d topological
sectors are preserved under the squashing of the sphere. For gauge theories with matter
hypermultiplets, we use supersymmetric localization to derive an explicit description of
the topological sector associated with the Higgs branch. Furthermore, we find that the
dependence of the 1d correlation functions on the squashing parameter b can be removed
after appropriate rescalings. One can introduce real mass and Fayet-Iliopolous parameters
that, after appropriate rescalings, modify the 1d theory on the squashed sphere precisely
as they do on the round sphere. In addition, we also show that when a generic 3d N = 4
theory is deformed by real mass parameters, this deformation translates into a universal
deformation of the corresponding 1d theory.
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1 Introduction

Following the work of Pestun [1], there has been a plethora of exact results obtained using
the technique of supersymmetric localization [2], in various dimensions and with various
amounts of supersymmetry (see [3] for a collection of reviews and references). These
exact results are mostly for partition functions of supersymmetric field theories on curved
manifolds and/or for expectation values of supersymmetry-preserving non-local operators,
such as Wilson loops, 't Hooft loops, integrated local operators, etc. Such observables
generally depend on only a few of the parameters that define the theory. For instance, in
three dimensions, the smallest amount of supersymmetry where such exact computations
are possible is N/ = 2, corresponding to four real supercharges in flat space. The dependence
of the partition function on the parameters of the supersymmetric background was studied
in [4, 5]. Particularly relevant to the present work are gauge theories coupled to matter
placed on round or squashed three-spheres [6-10], where the partition function depends on
the squashing, the real masses, and the Fayet-Iliopolous (FI) parameters.

Since the observables mentioned above only depend on a limited set of parameters,
they capture only a limited amount of information. On the other hand, quantum field
theories possess much richer classes of observables. Of particular interest are the local
operators, which are the central object of study in the conformal bootstrap program (for
reviews, see [11-15]). In general, correlation functions of local operators at separated
points are not supersymmetric, and therefore it is not possible to directly calculate them
using supersymmetric localization. In some cases, however, correlation functions of certain
local operators can be determined using supersymmetric localization inputs, provided that
the symmetries of the theory are restrictive enough to fix the position-dependence of the
correlation functions of interest up to a few undetermined parameters. This is the case, for
example, for the two-point functions of conserved currents or of the stress-energy tensor
in 3d A/ = 2 superconformal field theories (SCFTs) [4, 16].! Another example is the four-
point function of stress tensor multiplet operators in holographic theories in three and four
dimensions [18-22].

The goal of this paper is to study a new case in which one can calculate certain cor-
relation functions of local operators directly using supersymmetric localization. We study
correlators of Higgs and Coulomb branch operators of N' = 4 supersymmetric theories on
a squashed three-sphere. In [23-26], it was noticed that all 3d N' = 4 superconformal field
theories contain topological 1d sectors comprised of “twisted” 1/2-BPS operators (i.e. 1/2-
BPS operators whose R-symmetry indices are contracted with certain space-dependent
polarization vectors).? In particular, when such operators are inserted on a line, their
correlation functions are topological in the sense that they depend only on the ordering
of the operators on the line and not on the separation between the insertions. These 1d
topological sectors provide a deformation quantization of the Higgs or Coulomb branch of

See also [17] for computations of Coulomb branch operators in A" = 2 SCFTs in 4d.
2These 1d topological sectors are 3d analogs of the chiral algebra sector of 4d A" = 2 and 6d (2,0) SCFTs
introduced in [23] and [27] , respectively.



these theories, as was further studied in [25, 28, 29].% In [26, 32, 33], it was shown that in
3d N = 4 SCFTs constructed as infrared limits of gauge theories coupled to hypermultiplet
matter, the 1d sectors can be accessed using supersymmetric localization. For instance, in
the Higgs branch case studied in [26], it was shown that, after a conformal map to S°, the
3d theory localizes to a 1d theory on a great circle of S2. This 1d theory can be written as
a topological gauged quantum mechanics, with the matter fields being anti-periodic scalars
on the circle. After gauge fixing, the topological gauged quantum mechanics can be equiv-
alently recast as a 1d Gaussian theory coupled to a matrix model. This 1d theory can be
further modified by introducing real mass and/or FI parameters for the 3d theory on S3.
While the FI parameters retain the topological nature of the 1d theory, in the presence of
the real mass parameters, some of the correlation functions acquire a (relatively simple)
position dependence.

In this paper, we take these constructions one step further and show that the 1d sec-

4 For the more general case of

tors mentioned above persist on a squashed three-sphere.
N = 2 theories, it is known that there are several kinds of squashed sphere backgrounds,
distinguished by the different choices of couplings that are required to preserve supersym-
metry. Before discussing the explicit N' = 4 backgrounds, let us briefly review the various
backgrounds with less supersymmetry that have appeared in the literature.

There are two main background metrics that have been referred to as “squashed”
three-spheres in the literature® [5, 9, 10, 36-38]: 1) a metric with su(2) x u(1) isometry,
also referred to as a “biaxially squashed three-sphere,” obtained by writing the S metric
as a Hopf fibration and changing the length of the Hopf fiber; an ellipsoid with u(1) x
u(1) isometry obtained by embedding a round S$® into R* and contracting two of the
directions. By turning on various background fields, one can complete these metrics into
N = 2-preserving backgrounds. Depending on the background fields, and consequently on
the superalgebra being preserved, the partition function may or may not depend on the
squashing parameter b. Indeed, restricting ourselves to the su(2) x u(1)-invariant metrics,
one can either preserve an su(2) x psu(1|1) superalgebra, in which case the partition function
does not depend on b, or one can preserve su(2|1) xu(1), in which case the partition function
does have non-trivial b dependence. See also table 1.

Moving on to the case of interest in this work, the A/ = 4 preserving squashed sphere
backgrounds are much less studied, and in this work we focus on extending the su(2) xu(1)-
invariant metric to an V' = 4 background.® A standard way of constructing supersymmetric
field theories in curved space is to couple a flat space theory to off-shell conformal or
Poincaré supergravity, and give the supergravity fields expectation values that preserve
supersymmetry [39-41]. For N/ = 2 theories on a squashed three-sphere, the values of
the supergravity fields that correspond to a supersymmetric squashed three-sphere were

3See [30, 31] for the relation of deformation quantization to the VOAs associated to 4d N = 2 SCFTs.

4In [34], a similar extension for theories with hypermultiplets coupled to background vector multiplets
was discussed from a slightly different point of view, using equivariant cohomology. To illustrate their
analysis, ref. [34] discussed a 1d sector of N’ = 4 theories on S* x S2.

A two-parameter family of deformed sphere metrics was also studied in [5, 35].

6Tt would be interesting to investigate the same questions for the u(1) x u(1)-invariant metric. We will
leave this topic for future investigations.



Superalgebra Supersymmetry | b-dependence of partition function
su(2) x u(1) N =0 Yes
su(2|1) x u(1) N =2 Yes
su(2) x psu(1]1) N =2 No
su(2]1) x psu(1]1) N =1 No®
psu(2]2) x u(1) N =14 Yes?

Table 1. The various squashed sphere backgrounds with su(2) x u(1) isometry. In the third column
we indicate whether the partition function of the given background has a non-trivial dependence
on the squashing parameter.

@ After introducing real mass and Fayet-Iliopolous parameters, the superalgebra gets extended to
(su(2|]1) x R) x su(1|1). The partition function in this case does depend on b, but this dependence
is very simple and can be rescaled away.

b The partition function is independent of b for theories with vector multiplets and hypermultiplets,
but it does depend non-trivially on b for twisted hypermultiplets. One can introduce real mass
parameters only for hypermultiplets, in which case the superalgebra gets extended to su(2]2) x u(1).
In the presence of these real mass parameters, the partition function is still independent of b for
theories with vector multiplets and hypermultiplets.

identified in [4]. In the recent work [42], the authors started with A/ = 2 supergravity in
4d and constructed supersymmetric theories on a squashed three-sphere by performing a
circle reduction. They identified a family of backgrounds that generically preserve N = 2
supersymmetry, but for special values of the parameters the symmetry is enhanced to either
su(2]1) x psu(1]1) or psu(2|2) x u(1), thus corresponding to 3d N = 4 theories on a squashed
three-sphere. The downside of this dimensional reduction approach, however, is that one
cannot easily construct 3d theories with twisted vector and twisted hypermultiplets.
Inspired by the work of [42], we construct A/ = 4 theories on a squashed three-sphere
by starting with N/ = 4 off-shell conformal supergravity [43-45] coupled to matter and
giving appropriate expectation values to the fields in the supergravity multiplet. As also
found in [42], we construct two backgrounds preserving su(2|1) x psu(1]1). In particular,
the N/ = 4 conformal supergravity has su(2)y X su(2)c R-symmetry, but our backgrounds
preserve only a u(1)y x u(1)c Cartan subalgebra. The two su(2|1) x psu(1|1) backgrounds
can be related by mirror symmetry, which interchanges the roles of u(1)y and u(l)c. In
addition to the su(2|1) x psu(1|1)-preserving backgrounds, we also find two psu(2|2) x u(1)-
preserving backgrounds, similarly related by mirror symmetry, as expected from [42].
After constructing these backgrounds, we then study the 1d protected sectors in the
su(2|1) x psu(1]1) case. In particular, we show that for a given su(2|1) x psu(1|1)-preserving
background, there exist two 1d sectors (the two sectors get trivially interchanged if we
consider the other su(2]1) x psu(1|1)-preserving background) where operators are inserted
along a geodesic circle of the squashed sphere. In the following we will denote these 1d
theories by T and 7¢, as they are related to the u(1) iy and u(1)¢ R-symmetry, respectively.
For gauge theories built out of vector multiplets and hypermultiplets, 7z contains “Higgs
branch operators” while 7o contains “Coulomb branch operators,” just as on the round
sphere [26, 32, 33]. Following an argument similar to the one in [26], we further show



that the 1d sector Tz is described by a rather trivial modification of the gauged quantum
mechanics from the round sphere case.

As a preview, for a 3d gauge theory with gauge group G and a hypermultiplet trans-
forming in representation Ry of G, the partition function of the 3d theory can be written as

1
Zs(m) = W/hdcr Ay(0) Za(0), (1.1)

where |W| is the order of the Weyl group of the gauge algebra g = Lie(G), and b is the
Cartan subalgebra of g. The one-loop determinant Ay is given by

1
Ay(0) = 7rrgdeti; 2sinh % : (1.2)

with the determinant being taken in the adjoint representation’ and rk G being the rank
of the gauge group. Finally, the partition function of the 1d Gaussian theory is given by

Z14(0) = / 1;[7)21 exp {4m~ / dov (bzlaazf + Z1 (0,7 JZJ)}. (1.3)

In this formula, o € [0, 27) is the one-dimensional coordinate parameterizing a circle on the
squashed sphere, Z! and Z; are anti-periodic bosonic fields® related to the hypermultiplet
scalars, T® are the generators of the Lie algebra g which act in the appropriate representa-
tion Rp. One can use this 1d theory to calculate correlation functions of gauge-invariant
products of Z!. Rescaling 2/ — %ZI and o — bo yields a 1d theory independent of b.
The above results can straightforwardly be extended to include FI and real mass parame-
ters, as will be described in more detail in the main text. Performing the Gaussian integral
over the hypermultiplet fields, one obtains the matrix model for a squashed sphere, whose
independence of b was noticed in [42, 46].

The remainder of the paper is organized as follows. In section 2, we start by introducing
the N/ = 4 squashed sphere backgrounds, study the supersymmetry algebra they preserve,
and formulate the QFTs we will study in these backgrounds. Having defined the QFTs
of interest we proceed to show how one can construct two one-dimensional sectors within
such QFTs. In section 3, we present a cohomological construction of these sectors. In
section 4, we use supersymmetric localization to derive an explicit description of the 1d
T sector of 3d theories constructed from vector multiplets coupled to hypermultiplets.
Next, in section 5, we again take a more general perspective to show that for any N' = 4
QFT on the squashed sphere real mass deformations correspond to deformations of the 1d
Tr sector.? We end with a discussion of our results in section 6. Conventions and several
technical details are relegated to the appendices.

2 N = 4 theories on the squashed sphere

Let us start by explaining how to formulate N' = 4 supersymmetric quantum field theo-
ries on a squashed three-sphere. As mentioned in the Introduction, a general procedure

"The prime indicates that the Cartan elements are excluded.
8The indices are raised and lowered with an anti-symmetric tensor €.
9 After the release of this paper, [47] appeared. This reference overlaps with our section 5.



to construct supersymmetric QFTs on curved manifolds is to consider the action and su-
persymmetry variations of the matter multiplets coupled to off-shell supergravity, and
subsequently freeze the fields in the Weyl multiplet to supersymmetric configurations [39—
41]. The choice of off-shell supergravity theory determines whether a background with
the desired properties exists and at the same time limits the possible terms in the matter
Lagrangians one can write down.

As mentioned in the Introduction, in this work we are interested in considering QFTs
on the squashed sphere, where the metric preserves an su(2) x u(1) isometry. In particular,
we choose the metric of the squashed sphere to be

2

-1
ds2 = _ (da2 + sin? fdp* + <b+b

2
1 ) (dep + cos 9d¢)2) : (2.1)

In this expression, b is the squashing parameter with b = 1 corresponding to the round
sphere, r is the radius of the sphere, and the angles ¢ and i obey the periodic identifications
¢ ~ ¢+ 2w, ¢ ~ 1+ 4w, while the range of 0 is [0,7]. This metric, combined with
appropriate choices for the other supergravity background fields, can be coupled to a variety
of matter multiplets. In this work we will focus on theories built out of hypermultiplets
and vector multiplets, as well as their twisted analogs. The details about the structure of
such multiplets will be reviewed below.

In the remainder of this section we will introduce several ways to couple our background
to such matter fields where the possible matter coupling are constrained by the choice of
off-shell supergravity theory. In the following list we summarize the various possibilities as
well as their limitations.

o Conformal supergravity (consisting of a Weyl multiplet) [43-45]: we will introduce
supersymmetric backgrounds for the Weyl multiplet for which the metric takes the
form (2.1). These backgrounds preserve either an su(2|1) x psu(1|1) or psu(2|2) x u(1)
superalgebra. In conformal supergravity one is limited to considering only confor-
mal matter on these backgrounds. In particular, one can consider kinetic terms for
hypermultiplets and twisted hypermultiplets as well as mixed abelian Chern-Simons
terms. However, one cannot consider non-conformal terms such as Yang-Mills (YM)
terms for dynamical vector multiplets, and for this reason such a background will not
be sufficient for our purposes.

e Conformal supergravity with a compensating vector multiplet: in this theory, we will
still be able to find the su(2|1) x psu(1]1) and psu(2]2) x u(1)-preserving backgrounds
mentioned above, even after giving non-zero values to the fields in the compensating
multiplet. In addition to the interactions allowed in the previous bullet point, we will
now also be able to add Yang-Mills terms for the vector multiplets, but not for the
twisted vector multiplets.

e Conformal supergravity with a compensating twisted vector multiplet: this case is
mirror dual to the previous one and hence we will again be able to find the su(2|1) x
psu(1]|1) and psu(2|2) x u(l)-preserving backgrounds mentioned above, even after



giving non-zero values to the fields in the compensating multiplet. In addition to the
interactions allowed in the first bullet point, we will now be able to add Yang-Mills
terms for the twisted vector multiplets, but not for the vector multiplets.

e Conformal supergravity with both a compensating vector and twisted vector multi-
plet: this theory only contains the su(2|1) x psu(1|1)-invariant squashed sphere as a
background. In addition to the interactions allowed in the first bullet point, we will
now be able to add Yang-Mills terms for both vector multiplets and twisted vector
multiplets.

o Additional background vector and twisted vector multiplets: for any of the theories
in this list we can add additional background vector or twisted vector multiplets
that couple to global symmetries of the matter theory. By giving supersymmetry-
preserving expectation values to the fields in these vector multiplets, one can intro-
duce real mass parameters and FI parameters. Such additional parameters result in
various central extensions of the supersymmetry algebra.

One shortcoming of these constructions is that they do not include N' = 4 non-abelian
gauge theories with Chern-Simons interactions, such as the ones in [48-52]. For such
theories there is currently no off-shell description available, and hence they fall outside of
the class of theories that can be studied using our methods.

2.1 N = 4 Weyl multiplet and squashed sphere backgrounds
2.1.1 Weyl multiplet

N = 4 conformal supergravity is obtained by promoting the 3d A/ = 4 superconformal
symmetry to a local symmetry. The 3d N = 4 superconformal group is OSp(4]|4) whose
maximal bosonic subgroup is given by SO(4)g x USp(4). The associated gauge fields
together with some auxiliary fields form the N = 4 Weyl multiplet [43-45].10 The field
content of this multiplet is given by!!

Bosons : e,*, b, Vuij, f/#pq, C, D,
Fermions : Zp . XP.
e, is the vielbein while b, Vuij, and f/upq are the gauge fields for dilatations and the
SU(2)g and SU(2)¢ factors of the SO(4)g ~ SU(2)y x SU(2)¢ R-symmetry, respectively.
wflp are the Poincaré supersymmetry gauge fields, and in addition there are the auxiliary
spinors X and scalars C and D. The indices u,v, ... and a,b, ... are curved and tangent
space indices, respectively, while 7, 7,... and p,q,... are SU(2)y and SU(2)¢ fundamen-
tal indices. More details on our conventions as well as on the Weyl multiplet and its
supersymmetry variations can be found in appendices A and B.

1OWe use the conventions of [43].

"1n addition there are also gauge fields f,* and ¢, for special conformal symmetries and supersymme-
tries. However, these satisfy curvature constraints and can be expressed as composite fields in terms of the
other fields in the Weyl multiplet.



When looking for supersymmetric backgrounds, it is convenient to set the values of all
fermions to zero, hence the supersymmetry variations of all bosonic fields automatically
vanish. In order for the background to preserve supersymmetry, we then need to require
the fermionic variations to vanish as well:

U =0,

The explicit form of these equations is given in appendix B, which we reproduce here for

SXP=0. (2.2)

reader’s convenience. We have

(Mff = QD#eip — ’y“nip =0,
ip ip i Lo gp 1 WAL ip (2.3)
Ox'P = 2IPCe™ + De™ + 5@' jeP — 3 €1 +2Cn"P =0,

where G and G are the field strengths associated to V' and 17, respectively, and € and
n'P are the parameters for the Poincaré and conformal supersymmetry transformations,
respectively. D is the superconformal covariant derivative which acts on the supersymmetry
parameter € as

: 1 1 w o, Lo g 1oy
D'uezp — (8# 4 szb'}/ab + 2bu) P+ ivﬂljeﬂ’ + 5V'upqelq i (2.4)

We are now ready to describe the backgrounds of interest. As already mentioned, the
metric takes the form (2.1), for which we choose the following vielbein:

e1 = —g (sindf — sin 6 cosPpdo) ,

eg = g (cos1pdf — sin fsinpde) , (2.5)
-1
€3 = _g : +2b (d¢) + cos fdep) .

For the remaining fields, we find two backgrounds presented in turn below.

2.1.2 su(2|1) x psu(1|1)-invariant background
The first background corresponds to the following values for the Weyl multiplet fields:

V= —§V(03) i

- i~
qu = _§V(U3)pq>

(et el
C= 2r(b b ) D=——05—, (2.6)
b, =0,
where
2b—bt ~ 2bb—b!
=—————(d 6d =———(d 0do) . 2.
1% brb+b_l(¢+cos o), 1% rb+b_1(¢+cos o) (2.7)
With these choices, egs. (2.3) are obeyed provided that
i i i i1 ~1) i —1 i g i
Wac” =yan®,  q”= |5 (007 P+ b7 s(03) 5 +ba(o3)e | L (28)



When b = 1, these equations simplify, and one recovers the conformal Killing spinor equa-
tion on the round sphere, which has eight linearly-independent solutions. When b # 1, on
the other hand, the equations (2.8) have six linearly-independent solutions given by

¢ 12— _ig’ (Al <%1> ’ 22 — <é> ’ (2.9)

where the spinors £ and E are defined as
b 1 (& ~ (- 1\ _, (&
- i , = . >, 2.10
¢ < 1 _\/5> J (52 ¢ ivb g & ( )
g = < cos ge%(¢+¢) sin ge%(¢—w) >

where g parameterizes an SU(2) element given by
_sin ge—%w—w) cos ge—%ww)

G“
.
S

(2.11)

In formulating this background we chose a particular embedding of U(1)g x U(1)¢ in
SU(2) g x SU(2)¢. However, we could have replaced (03)'; and (03)P, by a different choice
of Cartan elements. Furthermore, upon inspection of the solution above, one can see that
the SU(2) g and SU(2)¢ vector fields appear in a symmetric way. Indeed, analogous to the
background introduced above, we can define a mirror dual background by performing the

interchange
V' VP, C —C, D —D. (2.12)

Before moving on to the next squashed sphere background let us justify the title of this
subsection and show that the supersymmetry transformations of this background generate
the superalgebra su(2|1) x psu(1|1). A general supercharge is defined by a spinor parameter
€P, as in (2.9), but from this equation it is not immediately clear what the superalgebra is.
In order to illustrate this more explicitly, let us introduce the following set of supercharges,

Dre@=0. Q7:e(a=1),
D =1), (=) e (52 - 1) , (2.13)
QY iei=1), QM ):ie(=1),

where the parameters denoted between the brackets indicate the values of the non-zero
parameters in the spinors (2.9)—(2.10). As our superalgebra is constructed as a subalgebra
of the N' = 4 superconformal algebra, we can compute the (anti-)commutation relations
using the N = 4 superconformal algebra, given in detail in appendix C. Using eq. (C.7), one
can straightforwardly show that all the supercharges (2.13) are all nilpotent. Furthermore,
the supercharges with superscript (I+), together with the generators Jéﬁ and R generate
an su(2|1) algebra with the non-zero (anti-)commutation relations given by

A=l B @] = (@ renal)
R, Q)] = +Q0® {QU, Q47 = — 2 (S +2asR) .
y W a a % r af af .



In these equations we introduced the SU(2)-triplet J; = —3e%7(0;)%,Jag. Similarly, the
supercharges with superscript (r£) together with the generators J" and R" generate a
psu(1]1) algebra with commutation relations

|:JT” Q(T:t):| _ i}Q(rﬂ:) ’ [RT, Q(T:l:):| _ iQ(r:I:) 7
2 (2.15)
{Q(r+)7Q(T7)} _ _% (Jr + RT‘) )

The generators J., 5 and J" generate the su(2) x u(1) isometries of the squashed sphere and
act on gauge-invariant operators, O, as

JJO=—-£,0, JO=-L,0, (2.16)

where L, denotes the Lie derivative with respect to the Killing vector v. In our coordinates,
the Killing vectors take the form

vt :i(sin¢89+cosqb(cot08¢—csc98¢)), (2.17)

vé:i(cos¢89—sin¢(cot98¢—08008¢)), (2.18)

vl =10y, (2.19)
Y

To define the action of the R-symmetries on the other hand, it is useful to define the Cartan
generators of the SU(2)y x SU(2)¢ R-symmetries as

1 o 1
H=(os) /Yy, C=5(03)7C%, (2.21)
whose action on gauge invariant operators is defined in (C.4). In terms of these generators,
the left and right R-symmetry, R! and R, can be written as

R—— 1 (bH - 1c> R (H+C). (2.22)

T 20+ b b T 20b+070)

2.1.3 psu(2|2) x u(1)-invariant background

To construct the second background, we start from the same metric (2.1) and vielbein (2.5).
However, in this case, we complete the supersymmetric background with different choices
for the other background fields in the Weyl multiplet, namely

‘/ILJ = O’ qu — —§V(O'3)pq,
. 2
i _1 (b+0b1)
= p=-+Y""_/ 2.2
C=—5 (b+67), DTCIE (2.23)
b, =0,
where
-2 .
V=" (b=b7") (A9 + cos fdg) . (2.24)



With these choices, all supersymmetry variations (2.3) vanish provided that
. . . i T1 . .
D = Ngy?, P =" 0+ b HEP 4+ (b — b 1)y (o3)Pee] . (2.25)
T

When b = 1 the second term in the expression for P vanishes, and we again recover the
conformal Killing spinor equation on the round sphere. In this case, however, for non-zero
b #£ 1, these equations still allow for eight independent supercharges given by

l=¢, 2 = —i¢, dl=¢, e = —i¢, (2.26)

where the spinors £ and §~ were defined in (2.10), and, similarly, E and §~ are given by the
same expressions but with independent constants &3, {4 and Eg, 54.

As anticipated in the title of this subsection, the supersymmetry algebra preserved by
this background is given by psu(2|2) x u(1). To clarify the structure of this superalgebra

)
)

let us again introduce a set of supercharges Q! and Q¢ ,
Ql:c@a=1, Q:e(&=
Qhie(e=1),  Qie(b=
@%36(5321% QF : e(s =

@%:6(54:1)7 @%:6(54:1)1

7

)

1

(2.27)

)

in an analogous fashion to (2.13). Together with the su(2) x su(2)y generators, J,g and
H';, these supercharges generate the psu(2|2) algebra, whose non-zero (anti-)commutation
relations are given by

(i, Jj] = igijndi Hj HE)| = oVH, - 6HE,, (2.28)
[ Q1] = 5 (an @+ 23, QL) [, Q8] = otQl - Soioh, (229)
o @] = 5 (an @i+ 23, QL) [05,QL] = obQ - Soidh, (230)
{QL. Q%) = —% (7o + £ape™HIy,) (2.31)

where the Killing vectors v; corresponding to J; are identical to those of the first background
and given, together with the additional u(1) Killing vector, in (2.17). The action of the
su(2) xsu(2) g x u(1) generators on gauge invariant operators is identical as for the previous
case and defined in (2.16) and (C.4), respectively. Similar to the previous case we can also
consider the mirror dual background in this case by interchanging the role of SU(2)y
and SU(2)¢ and performing the mirror map (2.12) on the background fields in the Weyl
multiplet.

2.2 Matter multiplets

Having identified two A = 4 supersymmetric squashed sphere backgrounds, the next ques-
tion is how to write down actions for dynamical fields in these backgrounds. In order
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to do so, let us briefly review the multiplets one can use in 3d N/ = 4 theories. In this
paper we will be interested in theories with vector multiplets, twisted vector multiplets,
hypermultiplets, and twisted hypermultiplets.'?

The components of vector and twisted vector multiplets are given by

Vector multiplet V Twisted vector multiplet y
Bosons: Lr,, YZ:j . Ay Eij , ):/?q , Au ,
Fermions: QP QP

The vector multiplet consists of two triplets of scalars, LP, and Yij, a gauge field A,,, and
a gaugino, transforming, respectively, in the (1,3), (3,1), (1,1), and (2, 2) representations
of SU(2)g x SU(2)¢. In the non-abelian case, all these fields transform in the adjoint
representation of a classical Lie group. The twisted vector multiplet has identical field
content to the vector multiplet, with the only difference being that the SU(2)y indices
are interchanged with the SU(2)c ones. The bosonic fields satisfy the following reality
conditions
o W =19, (V) = v (2.32)
as well as
A=A, () =D (77) =7, (2.33)
The components of nj, (ungauged) hypermultiplets and 7, (ungauged) twisted hyper-
multiplets are given by:

hypermultiplets ! Twisted hypermultiplets 7—77
Bosons: 2 zrl
Fermions: ¢tp E i,
where the index I =1,---,2n;, and I = 1,---,27;, are fundamental indices of USp(2ny,)

and USp(2ny,), respectively. In a gauge theory, a subgroup of USp(2ny) and/or USp(27;)
could be gauged under vector multiplets and twisted vector multiplets, respectively. The
complex scalars 2! transform as doublets under SU(2)z, while the fermions ¢’? transform
as doublets under SU(2)¢. The fields of the twisted hypermultiplets have similar properties,
with SU(2) g and SU(2)¢ interchanged.

While the hypermultiplet scalars z*/ are individually complex, complex conjugation
relates them to one another. The reality conditions on the scalars are given by

(=N =erz’, (2.34)

where e7; is an antisymmetric rank-two invariant tensor of USp(2n;). For concreteness,
one can take €75 to be of the form

o9 0 0
B 0 209 O
€1J = 0 0 iO’Q L (235)

12Tn addition, one could add a number of (twisted) half-hypermultiplets but we will not consider this
possibility in this work. However, our framework can in principle be extended to include these cases.
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Similarly, the twisted hypermultiplet scalars zpl obey the reality conditions
@) =e;5,7 (2.36)
2.3 Conformal matter actions

Having reviewed the multiplets, we are now ready to write down various terms in the action.
However, since so far we have discussed only a conformal supergravity background without
the addition of compensator multiplets, we are restricted to the following conformal actions:

e Kinetic terms for hypermultiplets coupled to a vector multiplet,
« Kinetic terms for twisted hypermultiplets coupled to a twisted vector multiplet,

¢ Mixed abelian Chern-Simons terms.

The bosonic part of the kinetic term in the action of the hypermultiplets H! coupled
a vector multiplet V is given by

1 ; 1 ; 1
Shyp[HI,V] =3 /dgx gery <Duzi1D“zU — Zzilz"] <—2R+ D — 02>
1 , . .
+ iziIquJKLquLZZL +1 ZZ'IYZ]‘JKZ]K (237)
—=pl —~I =i
+iC" PG +iC, Ly ¢ + £/ ) :
where the covariant derivative acting on the hyperscalars is given by

1 .
Dozl = 8,21 + izjf Vili —iAdl 2] (2.38)

In the kinetic term (2.37), we wrote the vector multiplet fields explicitly as 2n; x 2nj
matrices acting in the representation in which the z* transform.

The kinetic term in the action for twisted hypermultiplets coupled to a twisted vector
multiplet is analogous as the one for hypermultiplets and can be obtained by interchanging
the hyper and vector multiplet fields with their twisted counterparts, while at the same
time performing the mirror map (2.12) on the background fields in the Weyl multiplet.

Finally, the mixed Chern-Simons term between an abelian vector multiplet and an
abelian twisted vector multiplet is given by [53]

k ~ k 3 e 1.~ 1 ~
SBF X E/A ANdA + o /d T+/q1 (Qin”’ + injL]i + 2ququ> . (2.39)
2.4 Non-conformal actions, real masses and FI parameters

So far, we have introduced a collection of conformal actions. However, this will not suffice
for our purposes. In the following we will consider dynamical vector multiplets with a
Yang-Mills action. This action is non-conformal in three dimensions, and hence in order to
construct it we will need to introduce additional background compensator vector and/or
twisted vector multiplets. A second application of adding background multiplets is that
they allow us to introduce real masses and/or FI terms. The background values for these
multiplets depend on the chosen background for the Weyl multiplet, and hence we will
again treat the two backgrounds separately.
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2.4.1 su(2|1) X psu(1|1)-invariant background

Let us first consider an abelian background vector multiplet, Vpx = {Lbkpq, Yok s Abks Qfﬁ(}.
As we will explain now, such a multiplet can be either coupled to a conserved current
multiplet made out of the dynamical fields or it can be used to construct a supersymmetric
Yang-Mills action.

In either case, one should give the fields in Vi supersymmetry-preserving expectation
values. As usual, we start by giving vanishing expectation values to the fermions, Qg{ = 0.
In order to ensure that the background is supersymmetric, we then need to require that
the supersymmetry variation for the gaugino Qﬁ{ vanishes,

QP = PLpyP ' — inkab’Vabpr + Yo' € + CLyP €' + L’ ' = 0, (2.40)

where Fy is the field strength associated to the gauge field Apk. In the su(2[1) x psu(1|1)
background, this equation is solved for the following values of the background fields in the

abelian vector multiplet!?

p pbt=b i,
Li’q="(03)"q, A= T (d¢ +cosbde) , Y’y = ;-5 (03)"5, (2.41)
where p is an arbitrary parameter. In the non-abelian case, the vector multiplet fields
as well as the parameter u become Lie algebra-valued. This background preserves all
supersymmetries and hence the full su(2]1) x psu(1|1) superalgebra.

Analogously, one can construct a background for an abelian twisted vector multiplet
Vik = {Lbkij, YokPq, Abks ng(} that again preserves the full su(2[1) x psu(1]1) algebra.
The supersymmetry preserving background values for the fields in the twisted multiplet
are given by

[ T pb—bt

SO ) xm
Lyy'; = o (03)";, Apg = - a

(dY + cosBdg) ,  YiP, = —5 (@3)7. (2.42)
for an arbitrary parameter p. In the non-abelian case, the parameter i as well as the
twisted vector multiplet fields are Lie algebra-valued.

A first application of such background (twisted) vector multiplets is that they allow
us to construct the Yang-Mills action for dynamical vector multiplets V or twisted vector
multiplet V. The construction of the Yang-Mills action for a dynamical vector multiplet in a
general N' = 4 supersymmetric background is discussed in more detail in appendix B.2 and
crucially involves coupling the Weyl multiplet to an abelian compensating vector multiplet
Vo. This coupling gauge fixes part of the conformal symmetries and hence allows us to
consider non-conformal actions. Specifying to the su(2[1) x psu(1|1)-invariant squashed
sphere background, we can put the background values of the compensating vector multipet

13For a non-abelian vector multiplet this supersymmetry variation should be supplemented with an extra
term proportional to the commutator of two L”gs, the full non-abelian supersymmetry variations are given
in (B.13).

1 The background (twisted) vector multiplets are valued in the Cartan of the flavor symmetry group G
(é) However, to simplify the notation we often suppress the flavor indices I, J, ... (T, j, S
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to be Vo = Vpk as given in (2.41). After an appropriate rescaling, one then obtains the
following Yang-Mills action,

1 . .
SymV] =5 [ d'z Vg {DuquD“Lqp e

9ym . ,

%L%L% ~(0-v7) 32_br22b [(05)7 4 L7]” (2.43)
+ %(ag)j i(03) 1, LPY" j — i [LPg, L") [LY, L*,]
+iQPPO, + %(ag)ji(ag)qpﬁ"pajq — 07 [, L) } .

Similarly, by coupling the Weyl multiplet to an abelian compensator twisted vector multi-
plet one can construct the Yang-Mills action for a twisted vector multiplet. The resulting
action is related to the Yang-Mills action above through mirror symmetry.

The second application involving background vector and twisted vector multiplets is
to introduce real masses and Fayet-Iliopolous terms that can be obtained by coupling these
multiplets to conserved current multiplets. Just as there are two types of vector multiplets
(vectors and twisted vectors) in 3d A/ = 4 theories there are two types of conserved current
multiplets, namely conserved current multiplets J = (J ij, ZP ., K P,) that couple to
vector multiplets, and twisted conserved current multiplets J = (jij,éipja,%pq) that
couple to twisted vector multiplets. An example of a conserved current multiplet J can
be obtained from an abelian twisted vector multiplet V via

Jij = Eij ) E'ip = ﬁip, Ja = éfabcﬁbca qu = i}pq ) (244)
with F the field strength associated to the gauge field A. From this equation we see that
the conserved current is simply the Hodge dual of the field strength of a twisted vector.
For this reason we will sometimes denote such conserved current multiplet as J = ). The
relations in (2.44) can be used to determine the supersymmetry transformation rules of
the current multiplet from those of the twisted vector multiplet (B.14) as given in (B.24).
From these transformation rules, one can deduce that the supersymmetric coupling of a
general conserved current multiplet J to a vector multiplet V takes the form

. = i Ui i i
Scurrent [V, j] = /d35L‘ \/§ |:Au]“ + @Qip-::Zp + iyljjji + inqqu . (245)

In the non-abelian case, the only modification to (2.45) is that one should take the trace
of the expression in the square bracket. Note that (2.45) is already included in the kinetic
term for the hypermultiplets in (2.37) when one expands the latter to linear order in the
vector multiplet fields. In this case, quadratic terms in the vector multiplet fields are also
required in order to preserve supersymmetry. Again, we can write analogous expressions
for twisted background vector multiplets. Similar to (2.44), the twisted conserved current
multiplet, J =%V, is given by

~ . . ~ 1 . )
JPy=IP,, EP=Q7, jo=-eaF (A, K=Y

5 i (2.46)
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and the coupling to the twisted vector multiplet takes the form analogous to (2.45),
-~ ~~ = ~. i~ o~ P~ o~
Stwisted current [Va j] = /d3$ \/§ [A,uju + ZQip:zp + §quz]qp + iLZjK]i . (2-47)

In the presence of flavor symmetries, with global symmetry group Gr acting on the hy-
permultiplets, one can introduce real mass parameters m valued in the Cartan of the Lie
algebra of G by coupling the hypermultiplets to a background vector multiplet with back-
ground values (2.41) with g = m. In other words, instead of considering Shyp[H!, V], where
V is a dynamical vector multiplet, one considers

Suyp M1V + Vil ] - (2.48)

Similarly, for every U(1) factor in the dynamical gauge group G one can introduce Fayet-
Iliopolous parameters ¢ corresponding to background twisted vector multiplets in the Car-
tan of the flavor symmetry group taking the values (2.42) with g = (. Explicitly, for an
abelian multiplet V, the FI term in the action is

Sr1 [V] =Stwisted current [17bk|ﬁ:<7 *V]

#U)'s in G 4 . (2.49)
= Y G @i P g et () K
2 b 1) T el TGO R

Note that, in contrast to theories on flat space, where the FI parameters transform in the
(3,1) of SU(2)g x SU(2)¢, on the squashed sphere only the component ¢ = (o3)%;¢%;,
corresponding to the choice of the SU(2)y Cartan preserved by the background, can be
turned on. Analogously, only a single SU(2) g x SU(2)¢ component of the real mass terms,
m = (o3)Pym9, can be turned on the squashed sphere.

Once more, one can construct a twisted analog to the previous discussion. When the
theory contains flavor symmetries Gr acting on the twisted hypermultiplets, one can intro-
duce real mass terms m valued in the Cartan of the Lie algebra of Gy and for every abelian
factor in dynamical twisted gauge group G one can introduce twisted FI parameters E cor-
responding to background vector multiplets in the Cartan of the twisted flavor symmetry
group. The couplings are identical to the above and can be obtained by interchanging the
roles of the vector and twisted vector multiplets and those of conserved current and twisted
conserved current multiplets.

Introducing background (twisted) vector multiplets preserves the full supersymmetry
algebra. However, coupling them to (twisted) conserved current multiplets introduces
additional central charges in the algebra. From the Jacobi identity, it is clear that the only

central charges one can add are given by
_ 44
Q@57 ) = = (Ths + capR +2ap?') | o0
A .
{Qm.Q0} == R, - 2).

All the other commutators in (2.14) and (2.15) remain identical and hence the resulting
centrally extended algebra is given by (su(2|1) x R) x su(1|1), with central charges Z' and
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Z". As shown in appendix C, adding background vector multiplets modifies the supersym-
metry algebra. In line with the central extensions, the supersymmetry algebra acquires an
additional gauge transformation with gauge parameter Aq (see (C.11)). A simple compu-
tation using the expression of A\q and )\6 shows that the central charges appearing in (2.50)
are related to the real masses and FI parameters as follows,

7= i (05

7" = (m+¢) .

) (2.51)
2(b+b-1)

In these formulae, m = m,T}% is valued in the Cartan of the Lie algebra of the flavor
symmetry, where T# are the generators of G acting in the appropriate representation.
The FI parameter ¢ = ), (,t* acts non-trivially only on operators charged under the
topological symmetry, where (, are the FI parameters and the t* represent the appropri-
ate topological charges. Similarly, when the theory contains twisted hypermultiplets and
twisted vector multiplets, an analogous modification of the supersymmetry algebra takes
place with parameter )\6. In this case the central charges are given by

= s (- 57)

:m(@rm),

(2.52)
Z’I’

where in this case m = g1 % is valued in the Cartan of the twisted flavor symmetry group
G r, and the FI parameters are given by E => Eafa, where t, are the twisted topological
charges for the twisted topological symmetry. When both twisted and regular background
multiplets are present, the central charges Z' and Z" are simply given by the sums of the
two expressions above.

2.4.2 psu(2|2) x u(1)-invariant background

In the psu(2|2) xu(1)-preserving squashed sphere background presented in section 2.1.3, one
cannot find any supersymmetry-preserving configuration for a background twisted vector
multiplet. For a background vector multiplet Vpx = {Lpi?q, kaij, Apk, Q;ﬁ{} on the other
hand, the following configuration preserves the full supersymmetry algebra

_Hb_b_l
Crb+bt

RS

(03)Pq, Apk (dep + cosOdg) , Yix'; =0, (2.53)

Ly, =
where 1 is an arbitrary parameter valued in the Lie algebra of the flavor symmetry. Anal-
ogous to the previous background, we can use this background vector multiplet to derive
a Yang-Mills action for the dynamical gauge fields or to add real masses for the flavor
symmetries Gg acting on the hypermultiplets. In this case it will, however, not be possible
to add Yang-Mills terms for dynamical twisted vector multiplets, nor will we be able to
add FI terms.
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Using the general formulae derived in appendix B.2, we can construct a supersymmetric
Yang-Mills action for dynamical vector multiplets in this background. The abelian Yang-
Mills action in this case is given by

1 .
Sym[V] =7 >z \/g {DHLPQD“L‘JP + F F'" — Y'Y,
YM

G

2 (‘quLqp + [(03)pqup]2) - 1

r 4 [qu, LTS] [Lqpv LST] (254)

+ i P, — Q7 [Qug, L9, } .

In the presence of flavor symmetries G, acting on the hypermultiplets, we can again add
real masses m by coupling our background to a background vector multiplet valued in
the Cartan of the Lie algebra of the Gp, with 1 = m. These real masses again manifest
themselves as central extensions of the supersymmetry algebra. From the Jacobi identity
we find that the possible central charges can only appear in the {Q,Q} commutators and
are given by

{01 b} = sz, (@) = cuseza. (259)
{ g, @%} = —% (EijJaﬁ + €a5€ikij + €ij€a5Z3> , (2.56)

where the other (anti-)commutators remain identical as before. The resulting supersym-
metry algebra is given by (psu(2]2) x R?) x u(1).!® Using the expression of Aq in (C.11)
we can relate these central charges to the real mass parameter m as follows:

leo, ZQZO, Zgzm. (257)

As before, the real mass parameter m = m,T} takes value in the Cartan of the Lie algebra
of the flavor symmetry. Therefore, we see that the real mass corresponds to turning on
one of the three central charges and the resulting centrally extended superalgebra is given
by su(2]2) x u(1). It would be interesting to better understand what the additional central
charges represent in the QFT and if they can be turned on by further deforming the theory.

3 One-dimensional sectors from cohomology

In the next two sections, we will focus on the centrally-extended (su(2]1) x R) x su(1]1)-
invariant squashed sphere.'® Having described the N' = 4 squashed sphere background
and its preserved supersymmetry algebra, we now look for protected 1d sectors, similar
to those on the round sphere [26]. We will find two such theories, where one is related to
the u(1)y R-symmetry and will therefore be denoted by Tg while the other 1d theory is
related to u(1)c R-symmetry and will be denoted by 7¢.

15This enlarged psu(2|2) x R? algebra is a contraction of the exceptional superalgebra D(2,1;«), with
a — 0 [54]. The triplet of central charges is the contraction of the additional su(2) factor.
Y6 An analysis of the psu(2|2) x u(1) background is left for future work.
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For the round sphere, a cohomological construction of these sectors was given in [26].
Even though their results were phrased in terms of a centrally extended 5;(\2|/1) XEM) su-
persymmetry algebra, a closer examination reveals that the construction of each protected
sector relies only on the existence of a particular su(1|1) subalgebra, which is not contained
in any N = 2 subalgebra.'” Such an su(1|1) subalgebra exists on the squashed sphere too,
so we can proceed analogously to the round sphere case. The following supercharges inside
our (centrally extended) (su(2|1) x u(1)) x su(1|1) superalgebra are associated to the 1d
Th theory:

ol = Q" - Vb, ol = QY + Vb, (3.1)
while the following ones are associated to the 1d 7o theory:
_ 1 1
Q¥ = Q) = Lt 0f = QM + —_qtrh). (3.2)

Vb Vb

Let us start by focusing on theories built exclusively out of vector and hypermultiplets.
As we will see momentarily, in these cases the 1d theories will be related to the Higgs and
Coulomb branches of the theory, respectively. Individually, each of these supercharges is
nilpotent, but their sums, o — Q{I + ng and Q¢ = Q? + Qg, satisfy the following
non-trivial anti-commutation relations

{QH,QH}:§(¢P5+¢C+1;<T) , (3.3)
{QC,QC}:§<iPﬁ+iH+T) : (3.4)

In these equations, Pg = —idg denotes a translation in the angle 3 = %(@Z) — ¢). In the
following discussion it will also be useful to introduce the translation P, = —id, in the
angle o = 1 (1) + ¢). Note that from the metric (2.1), the squared norms of the vectors dq
and dg are

r2cos? §(1 + 6b% + b* + (b2 — 1) cos 6)
8h2 ’
3.5
72 sin? %(1—1—6()2 + b — (b —1)%cosh) (3:5)
8b? ’
and therefore the circle parameterized by « shrinks at 6 = 7, while the one parameterized
by [ shrinks at 6§ = 0.
A local operator O belongs to the equivariant cohomology of @ or Q¢ only if it is
annihilated by the right-hand side of (3.3) or (3.4),

10all? = [0y + 0g]|>

105]* = 1195 — 05|

(QH/C)QO ~0. (3.6)

Hence, we see that such operators should be invariant under the translation Py or, in other
words, they should be inserted along the circle at 6§ = 0 parameterized by the angle a. In

17A similar situation occurs in 4d, where the construction of the VOA relies entirely on the existence of
a particular su(1|1) subalgebra within the N' = 2 supersymmetry algebra [55, 56].
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addition, they should be invariant under C and ( or H and m, respectively. Next, we can
define the twisted translations

Py=P,+H, 57)
130 =P.,+C, .
and note that the left-hand side of the following expressions,
-~ 1 _ 1
iPy+ =7 {QH, -0y + Q“‘”} ,
rb 4 b3/2 33
b (3.8)

: _Lloc ot 326
iPe+ == = {07 Q7 +07°Q0 )},

are Q- and QC-exact, respectively. By the Jacobi identity, it follows that the twisted
translations are closed with respect to the supercharges QF and Q€ respectively, and
hence can be used to translate cohomology classes along the circle parameterized by a. To
characterize the equivariant cohomology we can therefore restrict ourselves to operators
inserted at @ = 0 and translate them using the twisted translation (3.7) to obtain the
cohomology classes at a # 0. Therefore, the cohomology classes of both Q¥ and Q¢ form
two distinct 1d theories that we will denote by 7z and 7¢. Furthermore, whenever m or
¢ vanishes on some operators, the twisted translation on these operators is Q- or Q¢-
exact and, therefore, the correlation functions between these operators will be topological.
In this case the OPE is independent of the distance between the operators, but crucially
it can depend on the ordering along the circle parameterized by «. For operators which
have non-zero eigenvalues for m and (, respectively, the correlation functions are no longer
topological, but as we will see below, the a-dependence remains very simple.

The discussion above shows that any local operators in the equivariant cohomology of
OH or in that of Q¢ must be inserted at 6 = 0. However, we have not shown whether
there are any non-trivial operators in these cohomologies, which is a question that we now
turn to.

3.1 Local operators in the Q¥ -cohomology

As already suggested by the choice of superscript H, the 1d 7z theory containing the
operators in the Q-cohomology are related to the Higgs branch of gauge theories with
hypermultiplets and vector multiplets. As a first example, let us consider a theory of free
hypermultiplets !, possibly coupled to non-trivial background gauge fields. From the
supersymmetry transformations, summarized in appendix B, it is now easy to see that the
following linear combination, inserted at § = a = 0,

z10) = \}5 (+1(0) + (0) , (3.9)

is QF -invariant. Translating this operator using the twisted translation defined above we
find that the operator

2(a) = == (e2°2{(a) + 7224 (a)) | (3.10)
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inserted on the # = 0 circle parameterized by «, is also invariant under Q. One can then
consider polynomials in Z7(«a), which are also Q-invariant.

More generally, if we consider a gauge theory where part of the USp(2n;,) flavor symme-
try of the free hypermultiplets is gauged, the Q¥ -invariant operators are still polynomials
in the Z, but one should restrict to gauge-invariant polynomials only. In general, it is
non-trivial to argue that such operators are not Q-exact, but this fact will become clear

in the next section where we compute their correlation functions.

3.2 Local operators in the Q¢-cohomology

In this paper we are mostly interested in studying the 7y theory. However, let us briefly
give some details on the local operators in the Q¢-cohomology composing the T¢ theory.
As the subscript C suggest, this sector is related to the Coulomb branch of a theory
with vector and hypermultiplets. We can proceed analogous as for the 7Tz theory and
observe, using the supersymmetry variations for the vector multiplet, that the following
linear combination, inserted at 6 = o = 0 is Q% invariant:

L£(0) = % (Lll(o) — L?5(0) + L'5(0) — ng(o)) : (3.11)

The corresponding twisted translated operator is given by,
1 i i
L(a) =5 (L'1(a) = L25(a) + e2L1s(a) — e"3L2 (a)) . (3.12)

For these operators one can straightforwardly extend the analysis we will perform in the
next sections and compute their correlation function using the 1d theory 7¢. This is,
however, not the whole story for the Coulomb branch as apart from the vector multiplet
scalars, the Coulomb branch chiral ring also contains monopole operators that contribute to
the 1d protected algebra. In addition, this sector contains a variety of line defect operators
called vortex loops, which through mirror symmetry are related to Wilson loops. In this
work we will not further consider the 7¢ theory but instead focus on the 1d Tx theory.
The analogous 1d 7¢ theory on the round sphere was studied in detail in [32, 33] and we
expect a similar story to survive on the squashed sphere.

3.3 (Gauge theories with twisted multiplets

In this section, we have so far mainly dealt with gauge theories built out of vector and
hypermultiplets. However, as discussed in the previous section such multiplets have twisted
analogs for which we can go through the exact same analysis. Therefore, before we continue
to study the 1d Ty theory for theories with vector and hypermultiplets in more detail, let
us briefly comment on their twisted analogs.

As explained above, the 1d Ty theory is related to the u(1)y R-symmetry while the 1d
theory 7T¢ is related to the u(1)c R-symmetry. For theories built out of regular multiplets,
these subscripts are conveniently chosen since the 1d sectors provide respectively a defor-
mation quantization of the Higgs branch and Coulomb branch chiral ring of the 3d theory.
For the twisted multiplets on the other hand, the theory 7o is related to the twisted Higgs
branch, while the theory Tz is related to the twisted Coulomb branch.
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To illustrate this let us consider a theory of free twisted hypermultiplets H! , possibly
coupled to non-trivial background twisted gauge fields. In this case, it follows from the
supersymmetry variations for the twisted hypermultiplet that the following linear combi-
nation of twisted hyperscalars, inserted at 8 = 0 along the circle parameterized by «, is
QC-invariant,

Zl(a) = % (&%{ (@) + eéagg(a)) . (3.13)

Hence, in this case the theory T¢ consist of the twisted translated fields zZT and polynomials
thereof. When part of the USp(2n;,) flavor symmetry of the twisted hypermultiplets is
gauged, these polynomials are furthermore constrained to be gauge invariant.

Analogously, in theories with twisted vector multiplets we can introduce the following
twisted translated operators,

£(0) = 5 (T1(0) — Po(a) +e3°Ihs(a) — e 3°T% (0) | (3.14)

that are Qp-invariant and thus constitute (part of) the 1d Tz theory. For theories built out
of twisted vector and hypermultiplets we thus find that the theory 7¢ is very similar to the
Ty theory for theories with untwisted multiplets. Indeed, in the next section we will show
that the results for the twisted Higgs branch theory are analogous to the regular Higgs
branch theory and we will explicitly compute the correlation functions of operators of the
form (3.13). Similar to the previous subsector, we find that the twisted vector multiplet
scalar constitutes part of the theory 7z, but as in the untwisted case this is not the full
story, and in order to describe the full 1d theory one has to include monopole operators.

4 The Ty sector of gauge theories

Having described the local operators in the 1d sectors, we continue in this section with a
more detailed study of the 7y sector. In particular, we will derive explicit formulae for
computing correlation functions in the 1d Higgs branch sector of 3d gauge theories with
vector multiplets and hypermultiplets. We will also comment on the inclusion of twisted
vector multiplets and twisted hypermultiplets.

4.1 Free massive hypermultiplets

Let us begin with a single hypermultiplet %!, I = 1,2 of mass m. The mass is obtained
by coupling the hypermultiplet to a background vector multiplet Vi taking the values
in (2.41), with u!; = m(o3)!; chosen in the o3 direction without loss of generality. The
action is just (2.37):

Shyp[H!, V] (4.1)

NIJ=m(03)IJ] '

As explained in section 3.1, the operators in the 1d theory are products of the 2! () defined
in (3.10). Since the 3d theory is quadratic, it should therefore be possible to calculate the
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correlators of Z!(a) (or of products thereof) using Wick contractions. To do that, one
would first need to determine the two point function

GYjs(x,a2") = (1 (2)2(a')) (4.2)

where x = (0, ¢,1) and 2/ = (0, ¢',¢’) are two points on the squashed sphere, and then
set # = 6’ = 0 and contract (4.2) with the functions of position in (3.10) to determine the
two point function in the 1d theory:

e 2

G'y(a12) = (Z2(a1) Z5(a2)) = ui(ar)w! (2)G" js(ar, a2),  u'(a) = L <e_2a> ; (4.3)

where by G ;(a12) we mean G ;; evaluated at two points with § = 0 and angular
coordinates a1 and as, respectively, and a2 = a1 — as.

In principle, the two-point function G*/ ji(z,2’) can be computed by inverting the
kinetic operator in the action, as follows. After integration by parts in (2.37), the scalar
part of the action takes the form

1 . )
S = —§/d3x g 2 MY 5297 (4.4)
with
: 1/ 1 1 ,
MY j(z) = —(D, D"y - i <—2R +D - C2> §h+ 5Ll’quLquJ +iYil, (4.5)

where we should plug in the background values of all the fields. In terms of the differential
operator M, the Green’s function GG can be obtained as the solution to the equation

00k

@) .fL'—IE/ . .
0 ) (16)

MY 5 (2)GI e (,2) = —

Formally, one can solve this equation by first diagonalizing M jJ(x). If Az are the eigen-
values and qb%l(:c) are the corresponding eigenfunctions, as in

MY 5 (2)¢% (2) = Aadi (@), (4.7)
then the Green’s function is
i ol (z)¢% (a')*
G (x,2") = _Z()/b() (4.8)

n
Here, 71 is a multi-index labeling the eigenvalues and eigenvectors. This sum, however, is
in general difficult to evaluate for arbitrary z and z/, but we will nevertheless be able to
use this formula to evaluate the 1d theory two-point function (4.3).
Let us proceed to solve the eigenvalue problem (4.7). The squashed sphere (2.1) has
SU(2) x U(1) isometry, so it should be possible to write the operator M/ ; ; in terms of the
SU(2) quadratic Casimir C and the U(1) generator T'

1 .
Co = LL, = ~0F — cothdy — —g (03403 —200800,0,) , T =-2i0,, (4.9)
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where fué are the Killing vectors in (2.17). An explicit examination of (4.5) gives
2
. 1 — b2 62(2+4m2+b2) .
2l 2 v
M*.; = 14Cy — T Lo
T iJ ( 02 <1+b2> + (1+b2)2 ' J

(1-0%)
(ENE

(4.10)
4ibm

m(ff?))ij(%)lw

+2 T((Jg)ij(5§+2ibm5§-(03)lj) —
The eigenfunctions and eigenvalues of M jJ can be determined as follows. To simplify
notation, let us introduce the embedding coordinates

w1 = Cos g o3 (41¢) , wg = sin g ez (=o+v) (4.11)

It is straightforward to check that 1) and __w2 form doublets under SU(2) — hence
w2 w1

they have SU(2) spin £ = 1/2 and Cy = ¢({ + 1) = 3/4 — and have T charges +1 and —1,
respectively. By taking tensor products of these SU(2) doublets, one can construct simul-
taneous eigenfunctions of Cy and T, with eigenvalues ¢(¢ 4+ 1) under Cy and T eigenvalues
ranging from —2¢ to 2¢ in even steps. A complete basis of normalizable functions on the
squashed sphere can thus be labeled as ¥y, with £ € %Zzo and my = —€,—0+1,--- ¢
labeling the SU(2) quantum numbers, and n = —2¢, —2¢+2, - - - | 2¢ being the charge under
T. There is a unique such function for every ¢, my,n. The eigenvalues and eigenfunctions
of M# ;g are then labeled by the quantum numbers (¢, m¢,n), as before, and also by the
eigenvalues & under (o3)%; and (o3)’;. The eigenvalues of M;; are easy to read off
from (4.10) by replacing Co — ¢({ + 1) and T — n, as well as (03)"; — s; € {£} and
(U3)IJ — S9 € {:l:}:18

\es 4 0+ b% — 2ibsysom + (1 — b%)sin (41— b% — 2ibsysom + (1 — b%)sin
bmen 2 2(b2 + 1) 2(b2 + 1) ’
(4.12)
with the corresponding eigenfunctions being

( Z;Le,n)” - wﬁmf”(si(s{’ ( Z;Le,”)u - ¢em£n5§55’ (4.13)

(Brmpin) = Vemm®581 . (Spmyin) = Vlmm553 -

We can then combine (4.3) and (4.8) to compute the 1d two-point function
A oY ( (bjj] ag)*
Gl (ar2) = uilar)u (ag) Y -2 ( I)Ajl (a2) : (4.14)
= n

n

where the ¢ are evaluated at # = 0 and angular coordinates ¢;. Note that when 6 = 0,
we have wy = 0 and wy = €', so the only eigenfunctions that contribute to the sum (4.3)
are those that do not vanish when we = 0. As mentioned above, one can construct

'8The multi-index 7 appearing in (4.7)—(4.8) is 7 = (£, me,n, 51, 52).
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all eigenfunctions as polynomials in w; and w;, and one can show that the normalized
eigenfunctions that do not vanish when ws = 0 are

l+p+qg ¢ k(P\([2), p—k _q—k
fp,q:mZ(—l) o)k wh ™ wi ™ w

k=0

DO

g
CES

, (4.15)

with ¢ = (p+¢)/2 and n=p—q.
Performing the sums in (4.14) is rather onerous, but the resulting Green’s function is
given by!?

_ mmo3 1
.sgnajsle — tanh b 3 ) (4.16)
J

GIJ(CHQ) = <ZI(O(1)ZJ(C¥2)> = (Z S7br e b 2

where 19 is the 2 x 2 identity matrix. Note that the final answer only depends on b in a
very simple way and is therefore closely related to the round sphere result [26].

While this formula was derived for a single hypermultiplet, it is straightforward to gen-
eralize it to ny, free hypermultiplets. This theory has an USp(2n;) flavor symmetry, which
can be coupled to a background vector multiplet that can be given the supersymmetry-
preserving values in (2.41) with p = m,Tf, where T are the USp(2n),) generators. In this
case, the two point function is

Tme %
_sgnaialay,, —tanh — £ mere

I
G r(12) = (21 (1) Z5(a2)) = (Z ebm) , (417)
J

8mbr

where now 1g,, is the 2n, x 2n), identity matrix. To derive (4.17), we can first perform an
USp(2ny4,) transformation to put m,Ts in block diagonal form, with each block proportional
to o3. Then we can use the result (4.16) for each hypermutiplet.

Before moving on to discussing gauge theories, let us ask whether it is possible to
write down a 1d theory that reproduces the two-point function (4.17). Since the two-point
function (4.17) is the same as that in [26] with extra factors of b sprinkled around, it is not
hard to see that the 1d theory that reproduces (4.17) has partition function

2np

Zig = / [[Dz" exp {471'2'7“ / da (b210a2" + Zrma(T)! JZJ)} . (4.18)
=1
To show this, note that the Green’s function (4.17) obeys
—8mir(blay, On — maT“)IJG‘]K(a) = 6%5(04) , (4.19)

which is the equation that follows from (4.18). An alternative path to reaching this 1d
action was described in [34] by explicitly using equivariant localization of the 3d action.

m
_Z.tanh il bUS 61
8mbr J:

19 At coincident points, we take G¥ ;(0) =
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4.2 (Gauge theories

Next, let us consider the 1d sector of gauge theories with dynamical vector multiplets and
hypermultiplets. The dynamical vector multiplets gauge a subgroup G of the USp(2ny)
symmetry of ny, free hypermultiplets. Within USp(2ny,), the commutant of G is the flavor
symmetry group G, for which one can turn on real mass parameters m,7T% as above. In
this case, the action is simply

SV, H] = Shypl:H17 V+ ka|,u=maT§i] + Sym|[V]. (4.20)

Using the supersymmetry variations (see appendix B), one can show that the Yang-
Mills action Sy can be written as

i

Sym = 040 ( (Us)jz’(as)qp/d% VyTr {Q”’qu - QLPinj}> ; (4.21)

209
where . is the supersymmetry transformation associated to Q¥ and ¢_ the transformation
associated to the supercharge obtained from Qf by flipping the relative sign between
the two terms. From this relation it immediately follows that the Yang-Mills action is
O _exact. An immediate consequence of this fact is that correlation functions of the 1d
operators will be independent of the Yang-Mills coupling.

Owing to the fact that the Yang-Mills action is positive-definite, we can take gyy — 0,
and in this limit the dynamical vector multiplet localizes on configurations on which Sy
vanishes. These configurations are nothing but the supersymmetric backgrounds (2.41) we
found in section 2.4, namely

V = Vil (4.22)

p=0’
where o lies within the Lie algebra of G. The entire contribution from the vector multiplet
comes from the one-loop determinant of fluctuations of the vector multiplet fields around
the configurations (4.22), which we now turn to.

4.3 One-loop determinants

In this subsection, we determine the one-loop determinant of fluctuations of a dynami-
cal vector multiplet with action Sym[V] expanded around the supersymmetric configura-
tion (4.22), as well as the one-loop determinant of fluctuation of a hypermultiplet coupled
to a background vector multiplet which is given the supersymmetric profile ka|,u=a' The
first computation is relevant for the localization of the dynamical vector multiplet, while
the latter will be useful for determining an action for the 1d sector of general gauge theories.
We will start with the hypermultiplet because we have already computed the eigenvalues
of the scalar fluctuations in (4.12).

Given that the N' = 4 gauge theories we study here are particular cases of N' = 2
theories, and that general N' = 2 theories on the squashed sphere were studied in [9, 10],
we can determine the one-loop determinants from appropriately combining these N = 2
results. On general grounds, the N' = 2 R-symmetry is the diagonal linear combination of
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the U(1)g and U(1)¢ Cartans of SU(2)y and SU(2)¢, respectively, normalized such that
the R-charges of the highest weight states of SU(2) g or SU(2)¢ fundamentals are equal to
1/2. The difference of the two Cartans is a flavor symmetry F from the N' = 2 point of
view. Thus, we have the following decompositions:

N = 4 multiplets N = 2 multiplets

nyg Hypers : — {QnH Chirals : (2!, ¢?) w/ (R, F) = (1/2, 1)}

(=",¢'P)

npg Twisted hypers : — {2%1{ Chirals : (Zlf, Zh) w/ (R, F)=(1/2, —1)}

(27, ¢T) (4.23)
Vector : —  [Vector : (L2, Y12, 4,011, 0%) w/ F = 0]

(L7, Y, A, Q) & [Chiral : (L', 9, Y?2) w/ (R, F) = (1,~2)]

Twisted vector : — [Vector S(L12)y12) ;1“, Q1 02)w/ F = 0}

(L, Y7, A, Qp) @ |Chiral : (L1, Q% Y%2) w/ (R, F) = (1,2)]

A potential challenge is that there are two SU(2) x U(1)-preserving N = 2 backgrounds:
the one in [9] has the property that the partition function is independent of the squashing
parameter b, while for the background in [10] the partition function depends non-trivially
on b. Our N = 4 background corresponds to the latter, as can be seen from matching
the form of the hypermultiplet scalar eigenvalues (4.12) to the eigenvalues of the scalars
in the A/ = 2 chiral multiplets given in [10].2° (Nevertheless, as we will see, the partition
functions of our N/ = 4 theories will be independent of b when the flavor mass parameters
and FI parameters are set to zero, and will have a very simple dependence on b when they
are not.)

The one-loop determinants for N/ = 2 chiral and vector multiplets were computed
in [10]. Let us consider a chiral multiplet transforming in representation R’ ® R/ of a
product G’ x G’ of gauge and flavor symmetries,?! coupled to both dynamical and back-
ground vector multiplets. The dynamical and backgrounds vector multiplets are restricted
to supersymmetric configurations parameterized by constant values ¢’ of a scalar in the
vector multiplet and real mass parameters m’. Here, o/ and m’ belong to the Cartans of
the Lie algebras g’ of G’ and g of G', respectively. For a chiral multiplet of R-charge R,
the one-loop determinant is [10]

R' R,

1
chiral (R7 0/7 m/) - H bb= (o -0’ Lo —i(1—R 4.24
(0 ) €W, Wrr ) S <( +7)(p +§F ( ))> (4.24)

A

201t is also straightforward to check that the eigenvalues in (4.12) do not match the eigenvalues in [9] in
that the relative coefficient of £(¢ 4 1) and n? is different in that case.
21We use primes here to denote properties of the N = 2 theory.
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where Wx denotes the set of weights of the representation R. Here, s; is the double sine
function defined as
mb + nb~* +¥ —ix

omb+nb=t 4 UL g

II

m,n>

sp(z) (4.25)

For an N = 2 vector multiplet, one can write a similar formula in terms of a product over

/

aqj the set of roots, we have

. <<b+ b o'~ z’))
/ .

the roots of g’. Denoting by

ANz 2 vector(J/) = H

P/GWa/dj

(4.26)

For a hypermultiplet that decomposes as a chiral in representation (RQRr)®(RORr)
of G x G and which has flavor charge F' under the U(1) flavor symmetry mentioned above,

we have
J=p oy = (F,pr), for chiral in R®@ Rp, (4.27)
of=—p  pp=(F —pr) for chiral in R @ Rp . ‘
By matching the scalar eigenvalues we identify
20 2mp 2m i(b—b"1h)
/ = —— / e = — 4..28
T Tt (b+b—1’b+b—1)’ me VR (428)
so that we have
2p-0 2p-m  ib—b!
N ! om! = Z . 4.29
O P = e P! (4.29)

From the N' = 2 point of view, the term proportional to the charge F' corresponds to a real
mass mp for this flavor symmetry that is needed in order to preserve N’ = 4 supersymmetry
(See also [42]). We can plug (4.29) into (4.24) with appropriate values for R and F.

A hypermultiplet consists of two chiral multiplets with equal charges (R, F') = (%, 1)
but opposite p — —p. The resulting one-loop determinant is given by:

1
M) = I | |
(p.pr)EWR,Wr ) 5b (p Ot %) b (—p "o T pp-m— %)
1

= H Tpo+mpRmMmY ’
(p.pF)EWR,WR ) 2 cosh( b )

(4.30)

where the second equality can be derived from the definition (4.25) of the double sine
function. Similarly, for a twisted hypermultiplet we have a factor with (R, F) = (%, -1)
and another factor with the same values of (R, F') but p — —p:

1

Atwisted hyper(a) = H ib ib
(ppr)EWr,Wr ) b (p~0+pF-m—§) 5b (—p-a—pF-m—g)

_ 11 1

(ppr)EWr,Wr L) 2cosh(mbp- o+ whpp - m)

(4.31)
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An N = 4 vector multiplet is a direct sum of an N' = 2 vector multiplet and an adjoint
chiral multiplet with (R, F) = (1,—2). For an N' = 2 vector with F' = 0, from (4.26)
and (4.28) we obtain

A./\/': 2 vector(U) = H Sp <U - Z(b_;b_l)>

!
aeWadj

(4.32)

1
= H 4 sinh(mba - o) sinh (bwa : 0) .

!
aEWadj

For an N = 2 chiral with (R, F)) = (1,—2), we have

1 1 \l sinh (%my : a) (4.33)
W

= (a o — i(b—Zb’l)) - pkG sinh(mba - o)

Aadj Chiral(U) =

adj

where rk G is the dimension of the Cartan subalgebra of G. Multiplying (4.32) and (4.33)
we obtain the contribution from an A = 4 vector multiplet:

1 . 1
An =4 vector(a) = brTG H 2sinh <b7TOé ’ U) : (434)

!
aeW, dj

For a twisted vector multiplet, we need to replace the adjoint chiral of (R, F) = (1,—-2)
with an adjoint chiral with (R, F') = (1,2). This simply gives the reciprocal of (4.33), so
in the end we find

A./\f = 4 twisted Vector(U) = brkG H 2sinh (7Tb Q- U) ' (435)

!
erWadj

4.4 A 1d theory for the Higgs branch

We can now put all these ingredients together in order to write down a succinct description
of the 1d Higgs branch theory of 3d gauge theories with vector multiplets and hypermul-
tiplets. In the general case, the squashed sphere partition function of these theories is

1 1 . 1
ng == W /h do-a Ab(O-)Zld 9 Ab((f) brkG H 2S1nh (bﬂ-a ) U> (436)

aEWédj

where the integration is over the Cartan h of the Lie algebra g = Lie(G), |W)| is the order of
the Weyl group of g, and, as above, Z14 is given by the contribution of the hypermultiplet

1

Zia(ovm) = 11 - . 4.37
(ppr)EWr,Wr ) 2cosh (3 (p- o+ pr-m)) (4.37)

However, Z;4 can be written as the one-dimensional Gaussian theory in (4.18), namely

2np,

Z14(o,m) = / H DZ! exp {4m’r /da (bZlaaZI + Z1(0,T* + manﬁ)IJZJ)>} )
I=1

(4.38)
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provided that the integration contour of the path integral is over a middle-dimensional
integration cycle, as in the round sphere case discussed in [26]. In line with the previous
discussions, for every U(1) factor in the gauge group, we can introduce an FI term, which
leads to an additional insertion of e =87 0<% in (4.36).

The advantage of writing the partition function as a one-dimensional Gaussian theory
coupled to a matrix model is that in this formulation we get access to a much wider range
of observables. Indeed, the one-dimensional theory can now be used to calculate correlation
functions of the twisted Higgs branch operators inserted along the circle parameterized by
« as follows,

1
Zsz W

(O1(a1) -+ O = 47 8u(0) (Ou(@n) -+ Oulan)), Zualom). (439)
where (---), denotes the correlation function computed in the 1d theory. Since the latter
is Gaussian we can simply compute these correlation functions using Wick contractions
with the propagator GI (a1 — ag) computed in (4.17).

Note that the dependence on b of the correlation functions can be removed after field
redefinitions. In particular, after redefining m — bm and Z2 — %Z , then after the change
of variables 0 — bo in (4.36) and (4.39) the entire b dependence drops out. Thus, if we
did not perform these redefinitions and change of variables, we would conclude that the b
dependence can be inferred from the scaling dimensions A; of the 3d operators from which
the O; originate:

(O1(v) - - - On(a"»b,m — pie A <<01(a1) . On(an)>1,m ‘ /b> . (4.40)

As was shown in [26], it is possible to interpret this one-dimensional Gaussian theory,
coupled to a matrix model as a gauge-fixed gauged quantum mechanics. This can be seen
by rewriting the partition function (4.36) as follows. First, we rewrite the integral as an
integral over the full Lie algebra instead of the Cartan. Doing so we introduce an additional
Vandermonde determinant and remove the factor [JV|. Noting then that,

2sinh (Fo - 0) 5/ 2 Q-0
—F = — 4.41
a7+ 57) ()

where C is a divergent « - o-independent normalization factor. It then immediately follows,
analogous to [26], that we can rewrite (4.36) as

Zgs = / %"Zm(a) / D'e D'z exp {— / dad0. (aa + O‘b") c] L (4.42)

However, this additional factor can simply be interpreted as the Faddeev-Popov ghost
action [57] corresponding to a gauge fixing condition d,.4, = 0 for a 1d gauge field A,
solved by A, = o/b. Combining the above, we find that when the real masses and FI
parameters vanish, our theory is described by a gauge-fixed version of the following gauged
quantum mechanics

Zgs = / DADZ! exp [4#@'7“ b / do zmazf} , Dy =0 + Aa - (4.43)
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In particular, what this formulation teaches us is that
(2R(1)2") () = 0, for all T € g (4.44)

up to contact terms. When non-trivial real masses and FI parameters are turned on, the
covariant derivative gets modified to Dy = 0n + Aq + % and the path integral acquires
an extra factor exp [—87r2ib Ik TrCA]. In addition, in the presence of non-vanishing FI
parameters, the right hand side of (4.44) receives a contribution proportional to the FI

parameters.

4.5 Theories with twisted vector and hypermultiplets

One can now go through the same steps to derive the 1d theory for a gauge theory with
twisted vector multiplets and twisted hypermultiplets. In this case the partition function
takes the form

~ 1 ~ X e\ X~ G . SO
Zgs = |17\}|/bdaa Ay(0) 214, Ay(5) = bl° H 2sinh (wba - )

acW!_
adj

(4.45)

where |W| is the order of the Weyl group of the gauge algebra g = Lie(é) associated to the
dynamical twisted vector multiplets.The 1d partition function of a twisted hypermultiplet
is

1

Zha = [ .
. . 4.46
W ) 2cosh(mbp- o+ mhpp - m) (4.46)

where m are the real mass parameters. The resulting theory (4.45) differs from (4.36)
only in the replacement b — 1/b, and thus everything we mentioned above also holds in
this case, provided one makes such a replacement. In particular, the 1d partition function
appearing in (4.45) can be written as

2np,

~ ~ 1~ ~ ~ ~ - ~

Ziq = / [[DPZ" exp {47rir / da (bzfaazf + Z1(G. T+ m T8 ;27 ))} o (447)
I=1

and the b dependence is as in (4.40), with b — 1/b.

5 Mass deformations of the 1d theory

So far, we described a cohomological construction for the one-dimensional theories, Tz and
To, in section 3, and then, in section 4, we discussed in detail the resulting 7z theory
arising in 3d theories containing either vector and hypermultiplets or twisted vector and
twisted hypermultiplets. However, the cohomological construction in section 3 applies
beyond this class of examples. In this section, we return to this more general setup and
comment on some additional properties of the 1d theories present for any 3d N’ =4 QFT
in the su(2|1) x psu(1|1l) squashed sphere background, irrespective of their Lagrangian

descriptions.??

22 A similar argument to the one presented in this section was derived independently in [47].
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In particular, we show that real mass deformations in the 3d theory are equivalent, up
to Qf-exact terms, to analogous deformations in the 1d Ty sector. Abstractly, a real mass
deformation is obtained by coupling a conserved current multiplet 7 to a background vector
multiplet Vp which is given the supersymmetry-preserving expectation values in (2.41),

with p =m:
-1 .
S3d:m/d3x\/§ b _bjg—i(ag)i‘ﬂi—i—z(og)p K, . (5.1)
" b=t 407 20r 2 “or
We will show that
5§34 = gl | (Qp-exact term), (5.2)
where -
St — w2 / da [Jll —elogly peTt gt — J22] . (5.3)

What this means is that insertions of S2d into correlation functions of supersymmetric
operators are equivalent to insertions of S14.23 One can argue for the validity of (5.2) in
theories with vector multiplets and hypermultiplets using the explicit description of the
1d theory, but not in the more general class of N' = 4 theories that also include non-
Abelian Chern-Simons interactions. Eq. (5.2) was used in [19, 21, 58-60] and checked
in a perturbative weak-coupling expansion in ABJM theory in [61]. It is analogous to
the equivalence between deformations of the S* partition functions by the integrated top
component of a chiral multiplet and the insertion of the bottom component of the chiral
multiplet at the North and South poles of the sphere [17, 62]. In the supersymmetric
background of section 2.1.2, the SUSY parameter € corresponding to the Q¥ supercharge is
e3(6=¥) gin ¢

2 i 0
11 _ 12 _ 2 5 () z
€ —(\/I;,O), €= 7 ,\/562 cos2 ,

9 e 2(*¥) gin g

2 _ (0. —vb) . 21 _ | /e 5(0T%) o5 ©
€ (0, \[) € Vbe 2 cos2, 7

What we would like to show is that the integrand of (5.1) is a QH-exact term, namely
EgpéEip for some coeflicients e;p, plus a total derivative everywhere away from the circle at
0 = 0. It is important that such a relation should fail precisely at 8 = 0, because otherwise
534 would be QF-exact and therefore its insertion in supersymmetric correlators would
produce a vanishing result.

Using the supersymmetry variations of the conserved current multiplet, given in (B.24)
one can show that it is possible to write

g3 _ / & /G [E,057 — D@y eTiy)] | (5.5)

23 An analogous equivalence holds when a theory which has a twisted flavor symmetry Gr is deformed
by a twisted real mass parameter m by coupling the twisted conserved flavor current multiplet J to a
background twisted vector multiplet V.

~ 31—



provided that the following three conditions are obeyed,

. ; I
—26;p706Zp — Af)k‘#:m =0, e;qelp — §Lbkpq‘“:m =0, (5.6)
- . P . :
-D, (Egpyuﬁm) — Cé, &P 4 & P — §ka]i —0.
A bit of algebra shows that all these conditions are satisfied if one chooses
L 2iv/be~¥'m csc 6 4 ib%/2e= 1) 2, sec 6
€1 =10, - b2 11 ) €12 = U — 02+ 1 ) 1)
i iv/be' =)/ 2m csc 6 4 '
€91 =10, b2 11 ) €39 = (0,0) .
Because E;péEip is by definition Qp-exact, we can then write
g3d — [ g3 D. (e ~*eP Jt. _
e z /g Dy (€,7"€P ") + (Qu-exact term). (5.8)

One can explicitly check that Egpq/“ejp is not a smooth vector field over the entire Sp — if it
were, then, as mentioned above, S24 would be Qp-exact. The vector field E;p’y“ejp fails to
be smooth precisely along the 8 = 0 circle, but it nevertheless stays bounded everywhere.
To perform the integration in (5.8), it is thus useful to split the integration range into two
regions:

d*z\/gD, (E;p’y“eijij) + (Qp-exact term),
(5.9)
for some 6y > 0. In the limit 85 — 0, the second term vanishes because Egp'y“ejp is bounded.

S3d:—/ &Bxy/gD,, (€. PP Tt —/
m >0 \/g 12 ( zpfy J)

0<6o

Applying Stokes’ theorem to the first integral, we obtain

$34 = — lim &’z Vhn,e, A*EP T + (Qp-exact term), 5.10
m H*ip J
00—0J9 = 0,

where h is the determinant of the induced metric on the 6 = 6y surface, and n, is the
outward pointing unit normal. Taking 6y — 0 and performing the integral over the angle
B parameterizing the shrinking circle, the deformation term becomes

g3 _ ﬂ'mr2/ dov [Jll _elegly peiag2 JQQ} + (Qpu-exact term)
. (5.11)
= SM 4 (Qp-exact term).

Hence, Sf;ld and S;,? differ only by a Qp-exact term, which is what we set out to prove.

6 Discussion

In this paper we studied the correlation functions of a particular sector of operators in
N =4 QFTs on the squashed sphere. The main results are summarized as follows:
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o We formulated N/ = 4 squashed sphere backgrounds, preserving either a su(2|1) x
psu(1]1) or a psu(2]|2) x u(1l) superalgebra, and described how to put gauge theories
containing vector and hypermultiplets on these backgrounds.

o For the su(2|1) x psu(1l|1)-invariant N' = 4 theories, we found two protected one-
dimensional sectors, Ty and To. When the N = 4 theories have Lagrangian de-
scriptions in terms of vector multiplets and hypermultiplets, the 7Ty and 7o sectors
are related to the Higgs and Coulomb branches of these theories, analogously to the
one-dimensional sectors found on the round three-sphere [26, 32, 33].

e For N' = 4 gauge theories with matter hypermultiplets, we used supersymmetric
localization to derive an explicit description of the Tz sector. Even though all the
intermediate steps were greatly complicated by the introduction of the squashing,
the end result is remarkably similar to the round sphere case, and, after appropriate
rescalings, the dependence on the squashing parameter b can be removed entirely.

e We showed that for any theory on the squashed sphere, irrespective of Lagrangian
description, real mass deformations of the full theory are translated into deformations
of the one-dimensional theory.

There are various questions we leave open for future research. First of all, it would be
interesting to investigate whether there exists a more fundamental reason for the trivial
b-dependence of correlation functions in the Tg sector that we observed in this work.
In particular, it would be interesting to see whether such a trivial b-dependence extends
beyond the class of theories we studied here and/or to the 7¢ sector. A possibility is that
such a trivial b-dependence is required by supersymmetric Ward identities, in which case
it is plausible that a general proof would be available.

In this work, we focused on gauge theories with vector and hypermultiplets, but the
general framework developed in section 3 can be applied to a wider range of theories,
such as the Chern-Simons matter theories discussed in [48], ABJ(M) theory [49, 50], and
generalizations thereof [51, 52]. The main difficulty to studying such theories using super-
symmetric localization is that at present there is no formulation of such theories where the
algebra of the needed supercharges closes off-shell. Nevertheless, there is no obstruction
that we are aware of to obtaining such an off-shell formulation.

As already mentioned in the main text, one can consider other NV = 4 supersymmetric
backgrounds and investigate whether they admit protected sectors. While in this paper we
studied squashed sphere backgrounds with SU(2) x U(1) isometry, it would be interesting
to see whether such a large isometry group was necessary for preserving the 1d sectors.
One could also investigate, for instance, a squashed sphere with just U(1) x U(1) isometry.
Another interesting case is the S? x S! case discussed in [34] for free hypermultiplets coupled
to background vector multiplets.
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Index type Range Meaning

WV Py 1,2,3 Spacetime indices
a,b,c,... 1,2,3 Tangent bundle indices
0,5, k, ... 1,2 SU(2) g indices

D, QT .. 1,2 SU(2)¢ indices
a,B,... 1,2 Spinor indices
I,JK,... 1,2,...,2n;, | Fundamental USp(2n;) indices
I,J, %, . 1,2,...,2n;, | Fundamental USp(2n;) indices

Table 2. The various types of indices used in this paper. The labels nj, and nj; denotes the number
of hypermultiplets and twisted hypermultiplets respectively.
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A Conventions

In this appendix we collect our conventions and notation. We employ a plethora of indices
all of which are summarized in table 2 together with their respective meanings.

We will work exclusively in three-dimensional Euclidean signature where we choose
the v matrices as follows

71 =01, Y2 =02, Y3 =03. (A.1)
The Pauli matrices o, are given by the standard expressions
01 00— 10
= = = : A2
01 (1 O) ) 02 (z 0) ) 03 (0 _1> (A.2)

The charge conjugation matrix C' = ioy and the complex conjugation matrix B = aC” are
defined such that

W =-Cy%C™', i =ByB'. (A.3)

In Euclidean three-dimensional space one cannot consistently define a reality condition to
define Majorana spinors. We will introduce the following ‘conjugate’ spinor
2= \Tc, (A.4)

which after Wick rotation to Lorentzian signature becomes the Majorana conjugate of the
Lorentzian spinor. Both the spinorial and SU(2)y/¢ indices are raised and lowered with
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the SU(2)-invariant tensor €%/, eP? or e*?. We use the NW-SE convention for contracting
both spinorial and SU(2) /¢ indices, and hence we have

Eijefjk = —5?, €12 = 612 =1. (A5)

The symplectic indices are raised and lowered with the symplectic form 7 or €7 following
the same NW-SE convention.

B 3d N = 4 conformal supergravity

In this appendix we collect some useful facts about N/ = 4 conformal supergravity in 3d.
We use the conventions of [43], and we will summarize their results for the supersymme-
try transformations and conformal actions for hypermultiplets and vector multiplets. In
addition, we give some more details on how one can gauge fix the conformal action for the
vector multiplets using a compensator vector multiplet in order to obtain the Yang-Mills
action on the squashed sphere.

B.1 Supersymmetry variations

The field content of the 3d N = 4 Weyl multiplet is given by

Bosonic: e,*, b,, V., V.lq, C, D,

Fermionic : f}’ , X7 (B-1)
The Poincaré and conformal supersymmetry transformations of the fields are?*
51/1/3” = 2D, — v, (B.3)
(5Xip = 2])Ce™ + DeP — %@pqeiq + %@'ijejp + 2Cnip, (B.4)
de, " = Eip’yawip, (B.5)
8b,, = %aqujf — %ﬁi,,%p +X%eua (B.6)
V' = Epdu™ — 2080,™ — Epx P + Tjp’® — trace, (B.7)
SALP = €iqdu' + 2CE00, " + EigyuXP + Mg — trace, (B.8)
6C = %apxip, (B.9)
0D = Eiplﬁxip - ﬁipxip. (B.10)

Z4Note that the sign of the field strengths of the R-symmetry background fields in the supersymmetry
variation for x are opposite to those in [43]. One can check that this is indeed the correct sign in our
conventions by checking the supersymmetry algebra on the R-symmetry gauge fields, i.e.

[(517 (52] Vuij = faGauij - 28Hvij — Mik’l}kj + VMkj’Uik — trace. (BQ)

The first term gives the correct covariant general coordinate transformation, and it would have been absent
with the original sign.
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In these equations, G and G denote the field strengths of V' and ‘7, respectively, and the
covariant derivative of € is defined as

, 1 1 Lo gp o, Lo
D, = (8“ + szb%b + 25u> €P 4 ivﬂzjem 4 §V“pq61q' (B.11)

Further, from the curvature constraints on finds

1
Jut = R~ Jeu R, (B.12)

In 3d N = 4 supergravity, vector and twisted vector multiplets have the following

components
Vector multiplet V Twisted vector multiplet %
Bosonic: Lr,, Yij . Ay, Eij , }Z'pq, ﬁ#,
Fermionic: Qr QP

Their supersymmetry variations are given by

) , 1 _ o , A 1 )
0P = PLP e — S Fupy™ e + Y367 + OLP gt + Ly — o [Py, L] €

SLPy = 24P — 6y, T |

SA =&~ QP 4 [P & iq (B-13)
p = Eip VS + LP€ipthy™
5Yij = QEjplDQip - qugjpxiq - QCEijip - ﬁijip + gjp [Qiq, qu} - trace,
and
- -~ 1~ . - -~ o 11~ ~.
oN? = ﬁL’jeﬂ’ — §Fabfy“be’p + que’q — CLZje”’ + szn]p -3 [sz, ij} ekp,
~. ey S~
SL'j = 26;,QP — 6, 0P (B.14)

A, = Epy QP + L&t 77
5{/17(1 = 2€iqw§ip + Eijgjqxip + QCEZ'qﬁip — ﬁiqﬁip + €iq [ﬁjp’ Ez]} — trace,

where F and F are the field strengths of A and A respectively, and the covariant derivatives
on L and L are defined as

1~ 1~
DulPy = 0uLPy + 5Vilr Ly = Vil oLy, .
Fi R S e (B-15)
DMszauLj+§VukL j_§VM ij.

Finally we also consider hypermultiplets and their twisted relatives. Their field content

is given by
hypermultiplet ! Twisted hypermultiplet H/
Bosonic: zl, Z!
Fermionic: ¢rr E I
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A set of nj, hypermultiplets consists of 2n;, scalars z;! and 2ny, fermions ¢, where I =
1,...,2n,. Similarly, a nj, twisted hypermultiplets consists of scalars ZpI and fermions 5“,
with I = 1,...,27 but they transform in the opposite way under the SU(2)g x SU(2)¢
R-symmetry. The supersymmetry variations are given by

Sz = 2e,¢'P (B.16)
5P =Pzl e? — %Cziléip-F %Zilnipa (B.17)
6%, = 26,C1, (B.18)

where the covariant derivatives are given by

1 .

Dozl = 0,27 — §Z§Vaﬂi, (B.20)
~ ~ 1 ~__

Doz = 0.5, — §zqfvaqp. (B.21)

The fields in the hypermultiplet transform in the fundamental representation of USp(2ny,).
When we consider hypermultiplets coupled to a background vector multiplet gauging a
subgroup of USp(2ny,), the fields in the hypermultiplet transform in the appropriate rep-
resentation R of the gauge group G. In this case an additional term proportional to the
gauge field has to be added to the covariant derivative (B.20), namely

1 .
’DCLZZ'I = 8(12’1'] - 52][‘/@]1' — iAa[JZiJ, (B.22)

~ ~ 1 ~ __ -~
Dz, = 82, — izqf Valp —iAs" 57,7, (B.23)

where we also wrote the analogous equation for the twisted hypermultiplets gauged under
a twisted vector multiplet. Finally, in the main text we introduced the conserved multiplet
J = *V and its twisted version J = %V in eqs. (2.44) and (2.46). The supersymmetry
variations for these multiplets can be obtained from those of the twisted vector and vector
multiplet, respectively, and are given by

i 9z =ip _ giz =kp
0J"; = 2€;,E O€rp=?

SZP = PJeP — ij.e? + KP e — CJ" e + J' P

5ja — —igz‘p’)/aCDcEip o iﬁipVaEip, (B24)
SKPy = 26igDEP + J'jEigx?? + 2CE,E™ — 1P — trace,
and _ B 4
0JPq = 2€14E" — 0g€iq=",
5%@ — @queiq _ i}c'yceip + Eijejp _ erpqeiq + quﬁiq 7 (B 25)

~a S~ _acTy =i = A=l
0j% = —1€p7Y D.E" — MipY = P,

OK'j = 265y D= + JP €jpx'? + 20€,="" — 7= — trace.
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B.2 Lagrangians and gauge fixing

The Lagrangian of a collection of nj, hypermultiplets charged under a vector multiplet is
given by

Shyp[H', V] = - % /\/§61J (DyZzID”zU - iZiIZiJ (;R - D+ 02>
+ %zi]quJ kL0 L2t iz Y R (B.26)
i PG +iC, Py k¢ 4 210G ) :
Similarly, the Lagrangian for n;, charged twisted hypermultiplets is given by

~7 1 _ Fwai 1_Fo7(1
SenypH V] = — 3 / \/gsﬁ(l)uzp’ DrP + Zzpf e (2R+ D+ 02)
1 5 % o~ = = ~ o~
+ izprljfl?Lﬂinsz +i5, VP 2K (B.27)

+ il PG + i L 2K + zifﬁipfz;’> .

Here, we introduced the skew-symmetric USp(ny,)-invariant tensor e;; and USp(ny,)-inva-

riant tensor gfj- For concreteness we can take these rank-two tensors to be

o9 0 0
_ 0 ’l:O'Q 0
€1J = E'sz 0 0 dog- |- (B.28)

These action are invariant under the full osp(4|4) algebra. Hence the action for hypermulti-
plets on the squashed sphere is simply obtained from the flat space action by covariantizing
all derivatives and inserting the additional mass terms given by the second term on the
first line.

For the vector multiplets we will be interested in a Yang-Mills kinetic term. The
Yang-Mills action, however, does not preserve the full superconformal group, and it cannot
simply be inferred from the flat space action. To construct the non-conformal YM action
for the vector multiplets we will use the tools of superconformal tensor calculus (see [63, 64]
for a review). The strategy we will follow is to start with conformal supergravity coupled
to a set of vector multiplets and gauge fix the unwanted conformal symmetries by adding
an additional abelian compensator vector multiplet. Starting from a conformal action
for n, + 1 vector multiplets we can then obtain the non-conformal action for n, vector
multiplets by fixing the background values of the additional compensator vector multiplet.

Let us very briefly describe the various steps in this process. Starting from conformal
supergravity we gauge fix the special conformal transformations by setting b, = 0. Since,
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all elementary fields, except b, itself, transform trivially under special conformal transfor-
mations, this gauge is automatically preserved. In order to fix the remaining symmetries we
introduce an additional compensator vector multiplet V. To fix the SU(2)¢c R-symmetry
to its Cartan subalgebra we set

Lo?q = m(o3)?q. (B.29)

In addition, we set Qép = 0, which fixes the special conformal supersymmetry transfor-
mations. However, to preserve this gauge choice we have to accompany every Poincaré
supersymmetry transformation by a conformal supersymmetry transformation with the
following field dependent parameter

P = ﬁFo(az)pqeiq - %(Us)pqyoijﬁ‘jq — Ce?. (B.30)
The supergravity theory thus obtained will be a SU(2)y x U(1)¢ gauged N' = 4 Poincaré
supergravity theory, and the Poincaré supersymmetry transformations act as 6 = d. + 9,
where 7 is determined by (B.30). In a similar fashion we can add an additional compensator
twisted vector multiplet to gauge fix the SU(2)y symmetry to its Cartan. This will be
necessary when we want to construct a YM action for twisted vector multiplets but we will
not discuss this in detail.
Having discussed the gauge fixing, we can now continue to construct the YM action.
To do so we start from the following conformal action for n, + 1 vector multiplets [43],

1 1
Syee = —5— / VIFsA (DMLPQED”L%A + LPELeM <2R +D+ O2>
9y m
(B.31)
. FMVEFW/A + YijEYjZ‘A> ’
where X, A = 0,1,--- ,n,. The zeroth vector multiplet corresponds to the compensating

% is a function of the vector multiplet
scalars LP, that can be obtained as the second derivative of the prepotential F, which in

vector multiplet and the function Fyp(L) =

turn encodes the geometry of the scalar manifold. The dependence of F on the abelian
compensating multiplet is fully determined and we can write it as

_ g 2 FanlP LP — Ly Lo,

F
LOTSLOST' ’

(B.32)

where A, B =1,...,n, and the minus sign reflects the fact that Lg belongs to a compen-
sator vector multiplet. Using this expression for the prepotential we can determine the
functions Fx; A as follows,

Fap =FaB, (B.33)
1
1 3
Foo = _47”12‘/?’43 (quALqu _ WquALoqursBLOST> ) (B.35)
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Substituting these expressions in the conformal action (B.31) we obtain the non-conformal
Yang-Mills action

1 ) )
SvM [V] = \/.a]:AB ('D#quADMLqu + F‘LWAFMVB - Yszy]Z,B

Iy M
v A B | (AR Dy +L(F FfY + Yo' ;Y ) (B.36)
q p 219 Am?2 Opvdto 07107 .
1 ) 1/1 3 o
— o (Lt (17 Lo,) [4 <zR+D+02) =g (Fow ”%Za‘mﬂ

gt (00) (221) ).

Finally, we can now insert the values for the compensator background vector multiplet
for the respective background which reproduces the bosonic part of the Yang-Mills ac-
tions (2.43)—(2.54) quoted in the main text.

In this work we are mainly interested in theories built out of vector and hypermulti-
plets. However, one can also consider theories with twisted hypermultiplets and twisted
vector multiplets. To write down a twisted Yang-Mills term for dynamical twisted vector
multiplets one can proceed analogous as for the untwisted vector multiplet. In addition to
the gauge fixing procedure introduced above one needs to add an additional compensator
twisted vector multiplet to gauge fix the SU(2)¢ to its Cartan. After this one can start
from an analogous conformal action as (B.31) and substitute the background values of the
compensator twisted vector multiplet to obtain the twisted Yang-Mills action. We will not

go through this procedure in detail but simply state the resulting action:
~ 1 - ~. .y -~ .
Sym[V] :% / V9FaB (DuszAD”LJz’B + FMVAF“”B - quAquB

+ LALIB

1/1 Nl e o
5 <2R— D+C ) + 1=z (FowFy" + Y()quoqpﬂ

g (B0 (B0L) [ (57D C%) = o (P P35

b gra (700) (E5°1a7) ).
(B.37)

which can equivalently be obtained from the untwisted action (B.37) through the mirror
map (2.12).

C Supersymmetry algebra

This appendix discusses in some detail the N' = 4 superconformal algebra and how its
generators act on local operators. Although the main application in this paper is to non-
conformal theories for which the conformal symmetry is broken, it is nonetheless very useful
to study the action of the full superconformal algebra. In particular, the backgrounds in-
troduced in the main text all preserve some N = 4 subalgebra of the N' = 4 superconformal
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algebra and hence the action of this superalgebra can be inferred from the action of the
full superconformal algebra.

The three-dimensional N' = 4 superconformal group is given by OSp(4|4) which con-
tains the maximal bosonic subgroup SO(4)r x USp(4). The spacetime symmetries are
generated by translation, special conformal transformations, Lorentz transformations and

dilatations with generators
P, K, My, D. (C.1)

The dilatation operator acts on a field with Weyl weight w as

D = wg, (C.2)
while the generators of Lorentz transformations acts on fermions as
1
MapX = 5YabX - (C.3)

In addition to the conformal symmetries, the bosonic part of the algebra contains the
R-symmetry SO(4)p ~ SU(2)y x SU(2)c. We denote its generators by H'; and CPg,
respectively, and use conventions where they act on the fundamental representation as

) 1. 1
H'j¢" = oF¢' — ié;gb’f, CPe¢" = 679" — 555 T (C.4)

With these definitions, the covariant derivative with respect to the standard superconformal
gauge fields becomes

1 1 .. 1~
D,=0,+ §wszab —b,D - f,"Kq + §V,joJZ- + iVuquqp + fermions . (C.5)

By adding 8 Poincaré supercharges QP Q. ip and eight conformal supercharges Sf, S«ip

we obtain the full N’ = 4 superconformal algebra. The supersymmetry generators act on
an operator O (without spacetime indices) as

5O = (gip Qip + ﬁipsip) 0. (C.6)

The supersymmetry parameters € and 7 are anti-commuting hence the commutator of two
variations is related to the anti-commutator of two supercharges and given by

1 N
[61, 2] = Ocget (§) + iAabMab + A5 Ko+ ApD + 0" ;H; + 0P, CY) (C.7)

where 6cget (§) is a covariant general coordinate transformation which is given by d¢get(§) =
§*D,, when acting on a scalar field. The coefficients in (C.7) are given by various spinor
bilinears defined in terms of the supersymmetry parameters as follows

~ )
&t = 2egpy" el
ab _ ~ ab_ ip ~ ab _ip
P GQip’Y M +n2ip7 €1

o S L ,
s p be ~ Jp q
A = ToipYny + 55‘1 “E2ip (Gabljﬁ + Gl q€] ) ,

. , (C.8)
s ip | ip
AD = —€4pn; + Ty €lip
i _ = W = _ip =~ _ip
V' = —€jpn — Tojp€; + 2C€&5,€; — trace,
Pz W D = ip
0Py = —€iqny — Toige] — 2CE€zq€; — trace.
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Our solutions preserve either the superalgebra su(2|1) x psu(1]|1) or psu(2]2) x u(1l) and
therefore the parameters (C.8) should be restricted to lie in this subalgebra. In addition, as
described in the previous appendix, whenever we perform a supersymmetry transformation
in our non-conformal theory it should be accompanied by a conformal supersymmetry
transformation with field dependent supersymmetry parameter (B.30).

C.1 Central extensions of the supersymmetry algebra

When the theory contains flavor symmetries Gg or gauge symmetries G, we can couple
our background to background vector and twisted vector multiplets valued in the Cartan
of G or G, respectively. Adding such background multiplets corresponds to adding real
masses or FI terms, respectively. In an N/ = 4 superconformal theory, these additional
parameters would break part of the superconformal symmetries. However, they preserve the
full supersymmetry algebras of the squashed sphere backgrounds introduced in section 2,
and, as already mentioned in the main text, they correspond to central extensions of it.

For our purposes it will suffice to consider abelian symmetries only, in which case we
will denote the generators of the global and gauge symmetries by Q and Q, respectively.
These generators are defined such that in the abelian case they act on a field ¢ of charge
+1 as

Qp=Qp=6. (C.9)

In the presence of background (twisted) vector multiplets, we have to modify the covariant
derivative to include a connection term involving the abelian symmetry generator Q or its
twisted analog Q,

1 1. . . 1~
Dy =0, + —w, "My, — b,D — f,°K, + =V, ;H; + VP, CY
w u+2wu ab — Ou Ju a+2 ] Z+2 uq~f (C.10)
—1A4,Q —iA4,Q + fermions.

In addition to modifying the covariant derivative, this has the effect of centrally extending
the supersymmetry algebra. This effect can be observed as additional gauge transforma-
tions in the commutator of two supersymmetries:

1 S s
(01, 02] = Oeget (€) + 5ACL"Mab + M Ka + ApD + v HY; + 77,C%, + AqQ + A Q. (C.11)

The parameters A\q and )\6 can be read off from the commutator acting on vector in an
abelian (twisted) vector multiplet,

[51, 52] AM = faFaM + 8M (2qu€2 ipeliq> , (C.12)
[51, 52] AVH = gaﬁau + 8# (2Eij€21'p€1jp) . (013)

The first term on the right-hand sides of these equations represents a covariant general
coordinate transformation, while the second terms represent a gauge transformation with
parameters

)\Q == 2qu€2ip€1iq 5 )\é == QEingipeljp . (014)
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When a hypermultiplet or twisted hypermultiplet is charged under a vector multiplet with
gauge charges g for the fields z;/ and ¢’? (and equivalently, twisted gauge charges a5 for

EpI and Z” ) the supersymmetry transformations (B.16) are modified to include a gauge
transformation:

I - I
5zi = 2€ipC p7

. 1 1 . .

5CIP = Pzile? — iCziIeZp + §z7;117”’ + qIquzl-Ielq,
7 7 (C.15)

5Zp = 2EipC ! y

= = 1 5. 1 5. o~

oCl =Pz, e + iC’szew t3 P+ Lz P
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