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1 Introduction

The use of quantum information theoretic concepts in studies of the AdS/CFT duality has
proven to be an extraordinarily fruitful approach towards quantum gravity. One of the most
basic, yet most consequential lessons has been the realization that entanglement between
CFT degrees of freedom manifests itself in terms of a gravitational description [1]. In
particular, the maximally entangled ‘thermofield double’ state, which purifies the thermal
density matrix of a given CFT, has been argued to be dual to an eternal black hole geometry
with an interior that is shared between the system and its purification [2–4]. The shared
interior geometry presents a puzzling aspect of this ‘ER=EPR’ paradigm, as it allows
for signals sent from the decoupled boundary systems to meet even though there are no
boundary interactions [5]. In this paper we discuss how this seemingly mysterious meeting
is encoded in the dual CFT. We study the meeting in the interior by probing the entangled
structure of the state with various six-point functions. We will consider the eternal AdS
black hole geometry with two signals sent into the wormhole, one from each boundary, and
consider several setups to probe the resulting state.

1.1 Overview and summary of results

The theme of this paper is to use thermal six-point functions of pairwise identical operators
to probe properties of the wormhole, which provides a gravitational description dual to the
thermofield double state [2, 3, 6],

|TFD〉 =
∑
k

e−
β
2 Ek |Ek〉L ⊗ |Ek〉R ∈ HCFTL ⊗HCFTR . (1.1)

The basic idea is that the highly entangled structure of this state provides a pattern
of correlations between the two (non-interacting) CFTs, which can be probed using cor-
relation functions. In gravity correlation functions of highly boosted operators are well
approximated by scattering events involving shockwave geometries [7–10]. We will discuss
three different six-point function configurations, which carry information about different
aspects of the wormhole geometry dual to (1.1). Let us summarize these at a qualitative
level (see figure 1 for illustrations):

• (a) Setting up a collision and diagnosing it. Our first setup concerns sending two
signals into the wormhole — one from the left and one from the right. Each signal
corresponds to two operator insertions (one each for the bra and the ket state de-
scribing the perturbed geometry). The correlations between left and right boundary
systems are highly sensitive to the collision behind the horizon. In order to diagnose
whether or not the signals met inside the wormhole before falling into the singularity,
we therefore compute a probe two-point function between the two boundaries at a
late time.

• (b) Characterizing the overlap of the perturbations. A single particle falling towards
the horizon has been interpreted in terms of the growth of its dual operator under
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unitary time evolution due to the quantum butterfly effect [11].1 It was also argued
that the trajectory of the infalling particle in the interior close to the horizon is a
manifestation of the growth of the operator in the quantum circuit stored in the
interior [6, 17–19]. In this paper, we will show that two particles meeting in the
interior can be interpreted in terms of the overlap of largely independent growth of
two operators in a single shared circuit: the two growing operators correspond to
perturbations ‘infecting’ the qubits of the circuit in opposite directions [18, 20]. The
operator size of the thermofield double with two perturbations thus is related to the
number of quantum gates unaffected by both.

• (c) Extracting the collision product from the wormhole. Finally, we may ask if it is
possible to extract information about the result of the collision from the wormhole.
In other words: can we make the wormhole traversable such that one of the signals
reaches the opposite boundary after colliding with the other signal? Again, each
signal corresponds to two operator insertions. To make the wormhole traversable, one
in addition needs to perform time evolution with an operator pair that couples the
left and right boundary systems [21–23].2 For a suitable choice of left-right coupling,
the creation of negative energy density deforms the geometry in a way that opens the
wormhole for transport. However, this negative energy needs to be carefully balanced
against the positive energy created by the additional perturbation.

All three of our investigations involve Lorentzian six-point functions of the schematic form

F6 ∼
〈W1W1OjOjW2W2〉
〈W1W1〉〈OjOj〉〈W2W2〉

(1.2)

for different time orderings and different insertion times (all expectation values refer to the
thermofield double state). The operators W1,2 will be associated with (potentially strong)
perturbations sent into the geometry. The operator Oj will either play the role of a probe
diagnosing properties of the signals and their collision (setups (a) and (b)), or as a piece of
the ‘teleportation operator’ (setup (c)).

Let us note an interesting structure, which we will observe in many cases: our results
for six-point functions take the form

F6 ∼
〈W1W1OjOj〉
〈W1W1〉〈OjOj〉

× 〈OjOjW2W2〉
〈OjOj〉〈W2W2〉

× 〈W1W1W2W2〉
〈W1W1〉〈W2W2〉

× F6,conn. (1.3)

where the four-point factors inherit their time orderings from those of F6. The ‘connected’
factor will be our particular object of interest, as it encodes important physical effects in

1The notion of operator size growth that we employ can be made concrete in the Sachdev-Ye-Kitaev
(SYK) model [12–14], where a concrete decomposition of generic operators into basis operators exists [15]
and is closely related to the gravitational description in AdS2 [16].

2Strictly speaking, we will consider the exponential of an operator pair coupling the two boundaries.
But since we can treat the many scattering events as independent, we will reduce the problem to six-point
functions again.
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Figure 1. The three setups we consider in this paper. (a) Scattering experiment in the eternal
AdS black hole geometry dual to the thermofield double state. Two perturbations are inserted,
one on the left and one on the right, and we probe the state using a two-point function of Oj
on a later time slice. (b) The same setup but with Oj operators inserted at a = b = 0 serves to
quantify the two-sided scrambling process and the ‘overlap’ of the two growing perturbations. (c)
A coupling between the left and right theories modifies the time evolution in such a way that the
wormhole becomes traversable and we can extract information about the scattering process behind
the horizon.

all three examples discussed above.3 However, its precise time dependence and the way
in which it competes (or doesn’t compete) with the ‘four-point factors’ will be different
depending on the setup:

• In the first setup (diagnosing the collision) all the four-point factors are O(1) and play
no important role. All the time-dependent information about the collision is encoded
in F6,conn.: if the operators sourcing the left and right signals are inserted too late,
no collision occurs and F6,conn. ≈ 1, indicating that the full six-point diagnostic F6
is just a product of independent propagators. On the other hand, for signals sent
early, there is a strong collision and F6,conn. ≈ 0, indicating a large deviation from
the factorized result. For intermediate times, the connected piece interpolates in a
way that quantifies details about the collision strength.

• In the second setup (characterizing the overlap of the perturbations) the four-point
factors 〈W1W1OjOj〉 and 〈OjOjW2W2〉 are non-trivial and characterize the scram-
bling (or operator size growth) of each signal separately. The connected six-point
piece stays order 1. This approximate factorization of the six-point function into a
product of two four-point functions reflects the fact that the two perturbations grow
independently from each other in a shared quantum circuit.4

3Let us elaborate on the subscript “conn”. While we will not prove it in generality, we expect the
following picture to be true: the subscript refers to a diagrammatic expansion of the six-point function
in terms of Schwarzian mode (or graviton) exchange diagrams. The contribution F6,conn. originates from
connected diagrams. To order G2

N this agrees with the usual notion of large N factorization (see also
appendix D). At higher orders in GN the usual notion of large N factorization is expected to apply before
exponentiation, i.e., for the quantity logF6.

4We will comment later on the small corrections to this picture due to mild but nontrivial time-
dependence of F6,conn., which is interesting from the point of view of six-point scrambling.
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• In the third setup (making the wormhole traversable) the full correlator is more com-
plicated, and all three four-point factors individually have strong time dependence.
While factorization for two of the four-point factors still occurs naturally, the question
whether or not the full structure (1.3) persists is obscured by the more complicated
setup. See appendix A.2 for more details.

1.2 The structure of gravitational interactions

Thermal six-point functions have been studied in recent years for several reasons: (i) In
suitable out-of-time-order correlation functions (OTOCs), they serve as fine-grained diag-
nostics of the quantum butterfly effect [24], generalizing the well known four-point mea-
sures of chaos [9, 12, 13, 25, 26]. (ii) Six-point functions of a combination of heavy and
light operators encode entropic measures of quantum entanglement [27], diagnose chaos
in the context of the eigenstate thermalization hypothesis [28], etc. (iii) The perturba-
tive gravitational contributions to six-point functions provides a detailed testing ground
for uncovering the structure of gravitational scattering processes and identity conformal
blocks [29, 30]. For other recent work on six-point functions and conformal blocks in the
context of AdS/CFT and thermal systems, see [31–41].

With few exceptions in simple cases, all of these works on six-point functions have
one drawback in common: the gravitational contributions to the correlation functions are
treated perturbatively.5 Physically, this results in a restriction of the regime of validity of
various computations. For example, in the context of six-point OTOCs, perturbative con-
tributions display exponential growth, but they are not sufficient to observe thermalization
(saturation due to higher order effects) after a scrambling time. A technical advance-
ment in the present paper is that we will overcome this issue. We will use the eikonal
formalism [42–47] in the form developed recently in [22, 48] to resum the leading exponen-
tially growing contributions to the scattering process described by the six-point function.
Such contributions have an exponential time dependence, which is balanced by powers
of Newton’s constant, i.e., (Gs)n, where s stands for a suitable center of mass energy.
Perturbatively, such contributions originate from graviton ‘ladder diagrams’. We will also
take the opportunity to discuss the relation between the eikonal resummation technique
and the perturbative approach, which can be made quite precise in the simplest context
of two-dimensional Jackiw-Teitelboim gravity [49, 50] and its description in terms of the
Schwarzian action [12, 13, 51, 52]. We argue for the intriguing structure of (1.3), hidden in
the gravitational contributions to the six-point function, which becomes evident in the out-
of-time-order configuration: the six-point function factorizes into a product of four-point
contributions and ‘connected’ six-point terms.

It is tempting to interpret the structure of (1.3) as a generalized notion of large N
factorization of gravitational contributions to Lorentzian correlation functions. The reason
it emerges can be traced back to the eikonalization of gravitational scattering amplitudes,
which takes into account effects at arbitrary orders in the perturbative gravitational ex-
pansion, as long as they are compensated for by large relative boost factors. The eikonal

5In the language of conformal blocks this usually means that, either one focuses on global conformal
blocks, or on leading contributions at large central charge.
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method that we will use to calculate six-point functions in the various cases is designed to
extract such contributions.

A similar structure was observed for Virasoro identity blocks in two-dimensional con-
formal field theories in [28, 30]. In that case the four-point factors would be Virasoro
four-point identity blocks and F6,conn. would correspond to connected ‘diagrams’ in the
effective theory of stress tensor exchanges. It is interesting to speculate about a general
eikonalization argument of gravitational interactions (or Virasoro identity blocks) based
on the perturbative structure of reparametrization mode exchanges. We elaborate on this
idea in appendix D, but leave a detailed investigation for the future.

Outline. This paper is organized as follows. In section 2 we describe the collision setup
in detail and discuss general properties of the six-point function used to probe the state
resulting from the collision. We also confirm our results from the bulk perspective, using
geodesic approximations in JT gravity and AdS3 gravity. In section 3 we consider the
second setup, which serves to quantify the amount by which the perturbations ‘overlap’ in
the quantum circuit picture. We also offer an interpretation in terms of operator size (in the
case where the boundary dynamics can be simulated by the SYK model). Then, we turn
to the traversable wormhole setup in section 4, arguing that one can extract information
about the collision from the wormhole. In section 5 we discuss the eikonal resummation
calculations underlying most of these results, both from the point of view of momentum
space and in position space. We also give results for some six-point functions with general
insertion times, commenting on their general properties and their features in gravity. We
summarize open questions in section 6 and delegate technical details to several appendices.

2 Diagnosing collisions in the wormhole interior

Our first setup concerns sending signals into both black holes and diagnosing whether a
collision happens in the interior. We discuss a particular six-point function appropriate
for this task, and compute it using eikonal methods as well as gravitational calculations
in asymptotically AdS2 and AdS3 geometries. The setup in this section is largely based
on [20] and here we will provide more details and discussions.

2.1 Setup and general properties

We would like to diagnose features of the collision of two perturbations sent into the
wormhole dual to the state (1.1) from the left and right boundaries, respectively. The
perturbed state of interest is therefore of the form

WR
2 (t2)WL

1 (t1)|TFD〉 , (2.1)

where W1,2 are two CFT operators with dimensions ∆1,2, whose superscripts refer to
whether they are inserted in the left or right CFT. For simplicity we will assume
W †1,2 = W1,2. We suppress explicit labels indicating the spatial insertion points (often
we only discuss one-dimensional boundary theories). The setup is illustrated in figure 1.
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Having understood the left-right perturbed state, we need to probe it. The simplest
probe we can consider is a two-point function of some operator Oj between the two bound-
aries. Such a two-point function will be sensitive to correlations between the left and
right systems and it will develop an interesting time dependence in the presence of the
perturbations described above. The two-sided two-point function of Oj is6

F6(t1, t2; a, b) = N
(
〈TFD|WL

1 (t1)WR
2 (t2)

)
OLj (a)ORj (b)

(
WR

2 (t2)WL
1 (t1)|TFD〉

)
(2.2)

where N is a normalization factor specified below (see, e.g., (2.3)). Note also that — if
possible — it can be more convenient to compute not just a single two-point function,
but sum over all two-point functions of a suitable set of basis operators. This will be
particularly natural in systems with a finite number of degrees of freedom such as the SYK
model (see section 3).

The detailed time dependence of the six-point correlation function (2.2) will illuminate
the physics associated with the meeting of the two perturbations in the interior of the
wormhole. Intuitively, we expect that the behavior of F6 should be different for t1,2 & 0
compared to 0 > t1,2: in the former case the two perturbations do not meet in the interior
before hitting the singularity, while in the latter case they do collide and there exists a
post-collision region (shaded grey in figure 1).

In the following it will be useful to write F6 more explicitly as a correlation functions
involving the thermal density matrix ρ. Also introducing a natural normalization, the
central object of interest in this paper will thus be the following Lorentzian correlation
function:7

F6(t1, t2; a, b) ≡
tr
{
W1(−t1)Oj(−a)W1(−t1) ρ 1

2 W2(t2)Oj(b)W2(t2) ρ 1
2
}
δ

tr {W1W1 ρ}δ tr
{
Oj(−a)ρ 1

2Oj(b) ρ
1
2
}
δ
tr {W2W2 ρ}δ

(2.3)

The subscripts δ on the expectation values indicates that the insertions are UV regulated
by a point splitting procedure: neighboring operators are separated by an additional small
imaginary time. We will take large a, b in this section. The arrangement of operators in
this correlation function is illustrated in figure 2.

2.2 Result for the late time six-point function

Let us now give the results for F6 in the configuration (2.3). The derivation of these results
will be provided later, in section 5.

Result for heavy operators. The result takes the simplest form when W1,2 are much
heavier than Oj . In this case, we can treat the particles created by W1,2 as probes and find
the following result (see (A.11)):

F6(t1, t2; a, b) ≈

 1
1 + G2∆1∆2

16 sin δ1 sin δ2 e
−(t1+t2)

2∆j

(a, b� −t1,2) (2.4)

6See also [48] for a similar setup.
7Note that in this one-sided picture the left time has the opposite orientation of the right time. When

translating between left-right correlators (such as (2.2)) and analytically continued one-sided correlators
(such as (2.3)), we need to flip the sign of insertion times on the left.
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tR
<latexit sha1_base64="fDW8rz9iqiI6iAQMKRFJeNlfRP4=">AAACFXicdVBPS8MwHE3nvzn/VT16CQ7BwyjdVnW7Db14nOI2YSslzbItLE1Lkgqj7Et48at48aCIV8Gb38asW0FFHwQe771f8svzI0alsu1PI7e0vLK6ll8vbGxube+Yu3ttGcYCkxYOWShufSQJo5y0FFWM3EaCoMBnpOOPL2Z+544ISUN+oyYRcQM05HRAMVJa8sxS0ksv6Yqh7ya25dTrju2UbOvEdurVailVas7pVHnXU88sZgmYJWCWgGXLTlEECzQ986PXD3EcEK4wQ1J2y3ak3AQJRTEj00IvliRCeIyGpKspRwGRbpIuNIVHWunDQSj04Qqm6veJBAVSTgJfJwOkRvK3NxP/8rqxGtTchPIoVoTj+UODmEEVwllFsE8FwYpNNEFYUL0rxCMkEFa6yIIuIfsp/J+0K1a5alWunGLjfFFHHhyAQ3AMyuAMNMAlaIIWwOAePIJn8GI8GE/Gq/E2j+aMxcw++AHj/QvU4Zt4</latexit>

tL
<latexit sha1_base64="F+lJ0Dt9bZvgjVamPC/0xjgZGPo=">AAACFXicdVBPS8MwHE3nvzn/VT16CQ7BwyjdVnW7Db148DDBbcJWSpplW1ialiQVRtmX8OJX8eJBEa+CN7+NWbeCij4IPN57v+SX50eMSmXbn0ZuaXlldS2/XtjY3NreMXf32jKMBSYtHLJQ3PpIEkY5aSmqGLmNBEGBz0jHH1/M/M4dEZKG/EZNIuIGaMjpgGKktOSZpaSXXtIVQ99NbMup1x3bKdnWie3Uq9VSqtSc06nyrqaeWcwSMEvALAHLlp2iCBZoeuZHrx/iOCBcYYak7JbtSLkJEopiRqaFXixJhPAYDUlXU44CIt0kXWgKj7TSh4NQ6MMVTNXvEwkKpJwEvk4GSI3kb28m/uV1YzWouQnlUawIx/OHBjGDKoSzimCfCoIVm2iCsKB6V4hHSCCsdJEFXUL2U/g/aVesctWqXDvFxvmijjw4AIfgGJTBGWiAS9AELYDBPXgEz+DFeDCejFfjbR7NGYuZffADxvsXy8Obcg==</latexit>

t
<latexit sha1_base64="bJBaqLQAy+xLpLQfCWfCC8EjRv0=">AAACE3icdZBNS8MwGMfT+TbnW9Wjl+AQREbptqrbbejF4wS3CV0ZaZZuYekLSSqM0u/gxa/ixYMiXr1489uYdSuo6B8CD//f8yRP/m7EqJCm+akVlpZXVteK66WNza3tHX13ryvCmGPSwSEL+a2LBGE0IB1JJSO3ESfIdxnpuZPLGe/dES5oGNzIaUQcH40C6lGMpLIG+knSzy6x+ch1EtOwmk3LtCqmcWpazXq9kjkN6yyV6UAv5xzmHOYcVg0zUxks1B7oH/1hiGOfBBIzJIRdNSPpJIhLihlJS/1YkAjhCRoRW5UB8olwkmydFB4pZwi9kKsTSJi53ycS5Asx9V3V6SM5Fr/ZzPyL2bH0Gk5CgyiWJMDzh7yYQRnCWUBwSDnBkk1VgTCnaleIx4gjLFWMJRVC/lP4f9GtGdW6Ubu2yq2LRRxFcAAOwTGognPQAlegDToAg3vwCJ7Bi/agPWmv2tu8taAtZvbBD2nvX2XImrM=</latexit>

W2(t2)
<latexit sha1_base64="isRndO2Wdo01dj5sKE0UX5/0xTo=">AAAB73icbVBNS8NAEJ34WetX1aOXYBHqpSSloseiF48V7Ae0IWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiu0XG+rbX1jc2t7cJOcXdv/+CwdHTc1nGqKGvRWMSqGxDNBJeshRwF6yaKkSgQrBOMb2d+54kpzWP5gJOEeREZSh5yStBI3Y5fq6Bfu/BLZafqzGGvEjcnZcjR9Etf/UFM04hJpIJo3XOdBL2MKORUsGmxn2qWEDomQ9YzVJKIaS+b3zu1z40ysMNYmZJoz9XfExmJtJ5EgemMCI70sjcT//N6KYbXXsZlkiKTdLEoTIWNsT173h5wxSiKiSGEKm5utemIKELRRFQ0IbjLL6+Sdq3q1quX9/Vy4yaPowCncAYVcOEKGnAHTWgBBQHP8Apv1qP1Yr1bH4vWNSufOYE/sD5/AKQMjxA=</latexit>

W2(t2)
<latexit sha1_base64="isRndO2Wdo01dj5sKE0UX5/0xTo=">AAAB73icbVBNS8NAEJ34WetX1aOXYBHqpSSloseiF48V7Ae0IWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiu0XG+rbX1jc2t7cJOcXdv/+CwdHTc1nGqKGvRWMSqGxDNBJeshRwF6yaKkSgQrBOMb2d+54kpzWP5gJOEeREZSh5yStBI3Y5fq6Bfu/BLZafqzGGvEjcnZcjR9Etf/UFM04hJpIJo3XOdBL2MKORUsGmxn2qWEDomQ9YzVJKIaS+b3zu1z40ysMNYmZJoz9XfExmJtJ5EgemMCI70sjcT//N6KYbXXsZlkiKTdLEoTIWNsT173h5wxSiKiSGEKm5utemIKELRRFQ0IbjLL6+Sdq3q1quX9/Vy4yaPowCncAYVcOEKGnAHTWgBBQHP8Apv1qP1Yr1bH4vWNSufOYE/sD5/AKQMjxA=</latexit>

W1(�t1 � i⇡)
<latexit sha1_base64="zatfj8Ihj/G9H9qpSnN/ogwaXIk=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBHqoSWRih6LXjxWsB/QxrDZbtqlm03YnSil9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tlZW19Y3NnNb+e2d3b39wsFhU8epoqxBYxGrdkA0E1yyBnIUrJ0oRqJAsFYwvJn6rUemNI/lPY4S5kWkL3nIKUEjPbR8t1RG3y3zbsLP/ELRqTgz2MvEzUgRMtT9wle3F9M0YhKpIFp3XCdBb0wUcirYJN9NNUsIHZI+6xgqScS0N55dPbFPjdKzw1iZkmjP1N8TYxJpPYoC0xkRHOhFbyr+53VSDK+8MZdJikzS+aIwFTbG9jQCu8cVoyhGhhCquLnVpgOiCEUTVN6E4C6+vEya5xW3Wrm4qxZr11kcOTiGEyiBC5dQg1uoQwMoKHiGV3iznqwX6936mLeuWNnMEfyB9fkDjMmRQg==</latexit>

W1(�t1 � i⇡)
<latexit sha1_base64="zatfj8Ihj/G9H9qpSnN/ogwaXIk=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBHqoSWRih6LXjxWsB/QxrDZbtqlm03YnSil9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tlZW19Y3NnNb+e2d3b39wsFhU8epoqxBYxGrdkA0E1yyBnIUrJ0oRqJAsFYwvJn6rUemNI/lPY4S5kWkL3nIKUEjPbR8t1RG3y3zbsLP/ELRqTgz2MvEzUgRMtT9wle3F9M0YhKpIFp3XCdBb0wUcirYJN9NNUsIHZI+6xgqScS0N55dPbFPjdKzw1iZkmjP1N8TYxJpPYoC0xkRHOhFbyr+53VSDK+8MZdJikzS+aIwFTbG9jQCu8cVoyhGhhCquLnVpgOiCEUTVN6E4C6+vEya5xW3Wrm4qxZr11kcOTiGEyiBC5dQg1uoQwMoKHiGV3iznqwX6936mLeuWNnMEfyB9fkDjMmRQg==</latexit>

WL
1 (t1)

<latexit sha1_base64="AYgXAUMvj03ntvfzrohxKIosHXc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQLyWRih6LXjx4qGA/sI1hs920SzebsDsRSui/8OJBEa/+G2/+G7cfB219MPB4b4aZeUEiuEbH+bZyK6tr6xv5zcLW9s7uXnH/oKnjVFHWoLGIVTsgmgkuWQM5CtZOFCNRIFgrGF5P/NYTU5rH8h5HCfMi0pc85JSgkR5avvt4W0bfPfWLJafiTGEvE3dOSjBH3S9+dXsxTSMmkQqidcd1EvQyopBTwcaFbqpZQuiQ9FnHUEkipr1sevHYPjFKzw5jZUqiPVV/T2Qk0noUBaYzIjjQi95E/M/rpBheehmXSYpM0tmiMBU2xvbkfbvHFaMoRoYQqri51aYDoghFE1LBhOAuvrxMmmcVt1o5v6uWalfzOPJwBMdQBhcuoAY3UIcGUJDwDK/wZmnrxXq3PmatOWs+cwh/YH3+APIZj8w=</latexit>WL
1 (t1)

<latexit sha1_base64="AYgXAUMvj03ntvfzrohxKIosHXc=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQLyWRih6LXjx4qGA/sI1hs920SzebsDsRSui/8OJBEa/+G2/+G7cfB219MPB4b4aZeUEiuEbH+bZyK6tr6xv5zcLW9s7uXnH/oKnjVFHWoLGIVTsgmgkuWQM5CtZOFCNRIFgrGF5P/NYTU5rH8h5HCfMi0pc85JSgkR5avvt4W0bfPfWLJafiTGEvE3dOSjBH3S9+dXsxTSMmkQqidcd1EvQyopBTwcaFbqpZQuiQ9FnHUEkipr1sevHYPjFKzw5jZUqiPVV/T2Qk0noUBaYzIjjQi95E/M/rpBheehmXSYpM0tmiMBU2xvbkfbvHFaMoRoYQqri51aYDoghFE1LBhOAuvrxMmmcVt1o5v6uWalfzOPJwBMdQBhcuoAY3UIcGUJDwDK/wZmnrxXq3PmatOWs+cwh/YH3+APIZj8w=</latexit>

WR
2 (t2)

<latexit sha1_base64="6OVZ3kHy49jjyobffBrs5ijIMBA=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBHqpSSloseiF49V7Ae2MWy223bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZeEAuu0XG+rZXVtfWNzdxWfntnd2+/cHDY1FGiKGvQSESqHRDNBJesgRwFa8eKkTAQrBWMrqd+64kpzSN5j+OYeSEZSN7nlKCRHlp+5fGuhH7lzC8UnbIzg71M3IwUIUPdL3x1exFNQiaRCqJ1x3Vi9FKikFPBJvluollM6IgMWMdQSUKmvXR28cQ+NUrP7kfKlER7pv6eSEmo9TgMTGdIcKgXvan4n9dJsH/ppVzGCTJJ54v6ibAxsqfv2z2uGEUxNoRQxc2tNh0SRSiakPImBHfx5WXSrJTdavn8tlqsXWVx5OAYTqAELlxADW6gDg2gIOEZXuHN0taL9W59zFtXrGzmCP7A+vwB/l+P1A==</latexit>

WR
2 (t2)

<latexit sha1_base64="6OVZ3kHy49jjyobffBrs5ijIMBA=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBHqpSSloseiF49V7Ae2MWy223bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZeEAuu0XG+rZXVtfWNzdxWfntnd2+/cHDY1FGiKGvQSESqHRDNBJesgRwFa8eKkTAQrBWMrqd+64kpzSN5j+OYeSEZSN7nlKCRHlp+5fGuhH7lzC8UnbIzg71M3IwUIUPdL3x1exFNQiaRCqJ1x3Vi9FKikFPBJvluollM6IgMWMdQSUKmvXR28cQ+NUrP7kfKlER7pv6eSEmo9TgMTGdIcKgXvan4n9dJsH/ppVzGCTJJ54v6ibAxsqfv2z2uGEUxNoRQxc2tNh0SRSiakPImBHfx5WXSrJTdavn8tlqsXWVx5OAYTqAELlxADW6gDg2gIOEZXuHN0taL9W59zFtXrGzmCP7A+vwB/l+P1A==</latexit>

OL
j (a)

<latexit sha1_base64="ArZmlEkhL+7yTDmXzOA3Nfyj4nc=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkpSBT0WvXgQrGA/oI1hst22azebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KYM6Ud59taWl5ZXVvPbeQ3t7Z3CvbuXkNFiSS0TiIeyVYAinImaF0zzWkrlhTCgNNmMLyc+M1HKhWLxJ0exdQLoS9YjxHQRvLtQtohwPHN+P7afyjBsW8XnbIzBV4kbkaKKEPNt7863YgkIRWacFCq7Tqx9lKQmhFOx/lOomgMZAh92jZUQEiVl04PH+Mjo3RxL5KmhMZT9fdECqFSozAwnSHogZr3JuJ/XjvRvXMvZSJONBVktqiXcKwjPEkBd5mkRPORIUAkM7diMgAJRJus8iYEd/7lRdKolN2TcuX2tFi9yOLIoQN0iErIRWeoiq5QDdURQQl6Rq/ozXqyXqx362PWumRlM/voD6zPH44Lkl0=</latexit>

OR
j (b)

<latexit sha1_base64="22Yr4vQEOqrse5jg030ZNp7VPBA=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXkpSBT0WvXiziv2ANobNdtuu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC2LOlHacb2tpeWV1bT23kd/c2t4p2Lt7DRUlktA6iXgkWwFWlDNB65ppTluxpDgMOG0Gw8uJ33ykUrFI3OlRTL0Q9wXrMYK1kXy7kHYI5uh6fH/rP5SCY98uOmVnCrRI3IwUIUPNt7863YgkIRWacKxU23Vi7aVYakY4Hec7iaIxJkPcp21DBQ6p8tLp4WN0ZJQu6kXSlNBoqv6eSHGo1CgMTGeI9UDNexPxP6+d6N65lzIRJ5oKMlvUSzjSEZqkgLpMUqL5yBBMJDO3IjLAEhNtssqbENz5lxdJo1J2T8qVm9Ni9SKLIwcHcAglcOEMqnAFNagDgQSe4RXerCfrxXq3PmatS1Y2sw9/YH3+AJjGkmQ=</latexit>

Oj(b)
<latexit sha1_base64="rfSnYjnbj4LUvtgL5DxYpNcVfBI=">AAAB9HicbVBNSwMxEJ3Ur1q/qh69BItQL2VXBT0WvXizgv2AdinZNNvGZrNrki2Upb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbWV1b38hvFra2d3b3ivsHDR0lirI6jUSkWj7RTHDJ6oYbwVqxYiT0BWv6w5up3xwxpXkkH8w4Zl5I+pIHnBJjJS/tUCLw3aT7WPZPu8WSU3FmwMvEzUgJMtS6xa9OL6JJyKShgmjddp3YeClRhlPBJoVOollM6JD0WdtSSUKmvXR29ASfWKWHg0jZkgbP1N8TKQm1Hoe+7QyJGehFbyr+57UTE1x5KZdxYpik80VBIrCJ8DQB3OOKUSPGlhCquL0V0wFRhBqbU8GG4C6+vEwaZxX3vHJ2f1GqXmdx5OEIjqEMLlxCFW6hBnWg8ATP8ApvaIRe0Dv6mLfmUDZzCH+APn8AwoWRbw==</latexit>

Oj(�a� i⇡)
<latexit sha1_base64="JUkM7oKC5uIS61ao4pmf3/MHSyw=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLURUtSBV0W3bizgn1AE8JkOm3HTh7MTIQQ6q+4caGIWz/EnX/jtM1CWw9cOJxzL/fe48ecSWVZ38bK6tr6xmZhq7i9s7u3bx4ctmWUCEJbJOKR6PpYUs5C2lJMcdqNBcWBz2nHH19P/c4jFZJF4b1KY+oGeBiyASNYackzS5lDMEe3E++hUsVV5sTs1DPLVs2aAS0TOydlyNH0zC+nH5EkoKEiHEvZs61YuRkWihFOJ0UnkTTGZIyHtKdpiAMq3Wx2/ASdaKWPBpHQFSo0U39PZDiQMg183RlgNZKL3lT8z+slanDpZiyME0VDMl80SDhSEZomgfpMUKJ4qgkmgulbERlhgYnSeRV1CPbiy8ukXa/ZZ7X63Xm5cZXHUYAjOIYK2HABDbiBJrSAQArP8ApvxpPxYrwbH/PWFSOfKcEfGJ8/MryT0w==</latexit>

Figure 2. Illustration of the ‘irreducibly’ out-of-time-order configuration (2.3). We show the
complex time contours where the three perturbations have support, as well as the left-right con-
figuration, which is inspired by the bulk picture. The complex contour time coordinate is tR and
−tL − iπ for right and left boundary times, respectively.

where we set β = 2π, as we will often do. First note that for large a, b, this quantity only
depends on t1 + t2. The exponential time dependence of this quantity is purely a six-point
effect and cannot be attributed to disconnected four-point contributions. We can already
see some of the crucial features of F6 in this configuration: it only decays to 0 for large
negative t1 + t2, but approaches an asymptotic value of 1 for positive t1 + t2. The former
case corresponds to very early pearturbations, which lead to an high energy collision near
the bifurcation surface (see figure 1). The exponential decay for negative t1 + t2 happens
over a characteristic timescale

2t∗ = β

2π log
[16 sin δ1 sin δ2

G2∆1∆2

]
, (2.5)

which is twice the scrambling time. This is, of course, related to the fact that we are
computing a six-point function sensitive to more fine-grained aspects of quantum chaos [24].

Geodesic approximation in gravity. In gravity, we can compute the approximate
six-point function using a geodesic limit. As explained above, F6 can be thought of as
a left-right two-point function in a state that consists of two perturbations acting on the
thermofield double background. Such a two-point function can be approximated in terms
of the geodesic distance d between the boundary insertion points of Oj :

F6(t1, t2; a, b) ≈ F (geodesic)
6 (t1, t2; a, b) ≡ e−∆j dpert.

e−∆j dunpert.
, (2.6)

where we normalized the geodesic distance in the perturbed geometry, dpert., by the geodesic
distance in the unperturbed background. We expect this approximation to be good when
Oj can be considered as a probe in the background generated by W1,2. This corresponds
to the assumption that ∆j � ∆1,2. In this case, the perturbed state corresponds to a
geometry with two shockwaves (similar to figure 1). In appendices B and C we compute
the geodesic distances in the perturbed and unperturbed geometries in JT gravity and in
AdS3 gravity. We quote here the final expressions when a, b are large.
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JT gravity result. In two-dimensional JT gravity, we find (see (B.8)):

F (geodesic)
6 ≈

 1
1 + δS1δS2

4(S−S0)2 e−(t1+t2)

2∆j

(a, b� −t1,2) , (2.7)

where S − S0 is the above-extremal black hole entropy, and the entropy differentials due
to the shockwaves are related to the operator dimensions and regulators as follows:

δS1
S − S0

= G∆1
2 sin δ1

= ∆1
C sin δ1

,
δS2

S − S0
= G∆2

2 sin δ2
= ∆2
C sin δ2

. (2.8)

Note that (2.7) is precisely the same as the eikonal result in the saddle point approxima-
tion, (2.4).

AdS3 gravity result. The probe geodesic approximation (2.6) applies also in three-
dimensions as the assumption 1 � ∆j � ∆1,2 continues to suppress fluctuations. For
simplicity we work with zero-momentum operators, which will approximately source sym-
metric, null shocks in the BTZ geometry. Then, pasting vacuum spacetimes together along
null surfaces solves Einstein’s equations while supporting the non-zero stress-energy along
said shocks.8 We explain this calculation in detail in appendix C. For the general result
with arbitrary a, b, see (C.14). For a, b � −t1,2 the result takes exactly the same form as
above. Indeed, we find precisely the expression (2.7) with S0 = 0.

Full eikonal result for large a, b. We now give a more detailed result for the eikonal
integral (5.8). The only assumption we make is a, b � −t1,2 such that the left-right
probe correlator (A.5) simplifies.9 In particular, we do not assume a hierarchy of operator
dimensions anymore. In appendix A.1 we derive the following result:

F6 ≈
Γ(2∆1j)Γ(2∆2j)
Γ(2∆1)Γ(2∆2)

1
z4∆j

1F2

(
2∆j ; 1− 2∆1j , 1− 2∆2j ; −

1
z2

)
+ Γ(2∆j1)Γ(2∆21)

Γ(2∆j)Γ(2∆2)
1

z4∆1 1F2

(
2∆1; 1− 2∆j1, 1− 2∆21; − 1

z2

)
+ Γ(2∆j2)Γ(2∆12)

Γ(2∆j)Γ(2∆1)
1

z4∆2 1F2

(
2∆2; 1− 2∆j2, 1− 2∆12; − 1

z2

) (2.9)

for a, b� −t1,2, where we abbreviated ∆ab = ∆a −∆b and we defined

z2 = G2

64 sin δ1 sin δ2
e−(t1+t2) . (2.10)

Note that (2.9) is symmetric under permutations of ∆i. Further note that despite appear-
ances, (2.9) has a finite limit when any of the operator dimensions become equal. The

8The only complication is avoiding conical singularities at the intersection of multiple shocks. Thus,
there must be a trivial holonomy around any such intersection, which constrains the possible geometries.

9See also (5.14).
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Figure 3. Plot of F6(t1, t2; a, b) for a, b� −t1,2. Full lines give the exact result (2.9) for the eikonal
integral. Dotted lines correspond to the ‘heavy-heavy-light’ saddle point approximation (2.4), which
also coincides with the geodesic approximation in JT gravity. The saddle point approximation
gets better as the ratio ∆1,2/∆j increases. The characteristic timescale for exponential decay is
−(t1 + t2) ∼ 2t∗. We set G/(2 sin δ1,2) = 10−6 (such that 2t∗ ≈ 28).

generalized hypergeometric function has the following limiting behavior for early insertion
times:10

1F2

(
2∆; α1, α2; − 1

z2

)
∼ 1− 2∆

α1α2

1
z2 + . . . (z � 1) (2.11)

In figure 3 we plot (2.9) for various values of operator dimensions. We also show
the saddle point (or geodesic) approximation (2.4). The essential feature is again the
following: for positive t1 + t2 no collision inside the wormhole occurs and F6 takes the
value 1. This corresponds to the factorized answer, where the three pairs of operators do
not interact in any detectable way and the six-point function simply factorizes into two-
point functions. On the other hand, when −(t1+t2) approaches 2t∗, a strong collision in the
wormhole interior happens. The six-point function is sensitive to this event, decorrelates,
and eventually approaches 0.

3 Properties of a quantum circuit with overlapping perturbations

Once we can diagnose the happening of the collision, we wish to quantify more detailed
properties of the collision event. From the perspective of ‘ER=EPR’ [2, 4], the collision
can be described in terms of the overlap of two perturbations in the quantum circuit acting

10Similarly, for z � 1, one can show:

1F2

(
2∆; α1, α2; − 1

z2

)
∼ Γ(α1)Γ(α2)

Γ(α1 − 2∆)Γ(α2 − 2∆) z
4∆ + Γ(α1)Γ(α2)√

π Γ(2∆)
z−

1
2−2∆+α1+α2 cos 2

z

Note that for ∆1 + ∆2 + ∆j ≥ 3
2 the small-z behavior is not well-behaved. This reflects the fact that the

eikonal approximation assumed from the beginning that −(t1 + t2) ∼ O(2t∗). Many expressions are valid
beyond this regime, but there is no a priori reason they had to be. In practice, this is not an issue because
the small-z behavior of F6 outside of the regime of validity of the eikonal approximation is known anyway.
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tR = t2
<latexit sha1_base64="teNN5bVyn2nVi86pI8MSDe1Pclw=">AAAB8HicbVBNSwMxEM36WetX1aOXYBE8ld1S0YtQ9OKxiv2QdlmyabYNTbJLMiuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPBDbjut7Oyura+sVnYKm7v7O7tlw4OWyZONWVNGotYd0JimOCKNYGDYJ1EMyJDwdrh6Gbqt5+YNjxWDzBOmC/JQPGIUwJWeoTgHl9hCKpBqexW3BnwMvFyUkY5GkHpq9ePaSqZAiqIMV3PTcDPiAZOBZsUe6lhCaEjMmBdSxWRzPjZ7OAJPrVKH0extqUAz9TfExmRxoxlaDslgaFZ9Kbif143hejSz7hKUmCKzhdFqcAQ4+n3uM81oyDGlhCqub0V0yHRhILNqGhD8BZfXiatasWrVc7vauX6dR5HAR2jE3SGPHSB6ugWNVATUSTRM3pFb452Xpx352PeuuLkM0foD5zPH2sQj4M=</latexit>

tL = t1
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Figure 4. Via ‘ER=EPR’ the quantum circuit model provides a qubit picture for the evolution of
the thermofield double state. Time evolution on the left (right) boundary systems corresponds to
increasing the depth of the circuit towards the left (right). The two signals sent into the wormhole
correspond to two perturbations (‘infections’) spreading in opposite directions of the circuit. We
quantify the amount of overlap of the two perturbations in the circuit (shaded grey in the left panel).

on the EPR pairs (see figure 4) [18]. The larger the overlap is, the stronger the collision is.
The properties of the overlap region in the quantum circuit have previously been related
to the geometry of the post-collision region in the bulk dual. The most direct way to study
such properties is by means of operator growth in the presence of two perturbations.

3.1 Review of operator growth and quantum circuit model

The growth of one single operator in the quantum circuit was well studied [15, 53–55]. For
concreteness, consider the SYK model with N Majorana fermions ψj . The size n∞[O] of
some operator O built out of the fermions can be defined as the average number of fermion
flavors occurring in the operator [55]:

n∞[O] ≡ 1
4
∑
j

tr
(
{O, ψj}† {O, ψj}

)
. (3.1)

This notion of operator size can be upgraded to a measure of size in thermal states [15]:

nβ [O]
nmax

≡ n∞[Oρ 1
2 ]− n∞[ρ 1

2 ]
nmax − n∞[ρ 1

2 ]
, (3.2)

where nmax = N
2 is the size of a completely scrambled operator. The thermal size (3.2) of a

single fermion, nβ [ψ1(t)], is well known to be related to an out-of-time-ordered four-point
function [15], which grows exponentially until it saturates to nmax at a time of order t & t∗:

F (SYK)
4 (t) ≡ 1− nβ [O(t)]

nmax
= −

∑
j tr
(
O†(t)ψjO(t)ρ 1

2ψjρ
1
2
)

∑
j tr(O†(t)O(t)ρ) tr

(
ψjρ

1
2ψjρ

1
2
) (3.3)

The epidemic model of operator growth posits that the size of the operator can be
understood in terms of the perturbation spreading through the quantum circuit, thus ‘in-
fecting’ an exponentially increasing number of quantum gates (cf., figure 4) [53]. More
precisely the quantity F4(t) corresponds to the percentage of healthy gates at circuit time t.
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Figure 5. Six-point configuration F6 corresponding to the case a = b = 0 (‘maximally’, but
not ‘irreducibly’ out-of-time-order). We show both the contour-time picture, and the left-right
configuration.

3.2 Operator growth for two perturbations

The six-point function (2.3) can be understood in terms of the thermal size of an operator
with two perturbations present. To make this precise, we define an SYK instance F (SYK)

6
of the six-point function as follows: first, we replace our generic ‘probe’ operators by SYK
fermions: W1 → ψ1 andW2 → ψ2.11 It is then easy to check that we can write the six-point
function as follows:

F (SYK)
6 (t1, t2; 0, 0) = 1− n∞[ψ1(−t1)ρ 1

2ψ2(t2)]− n∞[ρ 1
2 ]

nmax − n∞[ρ 1
2 ]

(3.4)

That is, the six-point function (2.3) with a = b = 0 can be understood in terms of the ‘size’
of the operator

ψ1(−t1)ρ
1
2ψ2(t2) (3.5)

relative to the thermal background ρ
1
2 . This combination is easy to understand oper-

ationally: it corresponds to perturbing the thermofield double state with two different
fermions ψL1 (t1) and ψR2 (t2) from the left and the right.

From the epidemic model of operator growth we expect that, the probability of being
healthy at a given circuit time when both perturbations are present is equal to the probabil-
ity of being healthy from the first epidemic times the probability of being healthy from the
second epidemic. This simple observation implies a non-trivial relation between six-point
and four-point functions. We saw before that the percentage of healthy gates with one
perturbation is given by the four-point function (3.3). Similarly, the percentage of healthy
gates in the presence of two perturbations is given by the six-point function (3.4). Due to
the independent spread of the perturbations, we would thus predict:

F (epidemic)
6 (t1, t2; 0, 0) ≈ F4(t1)F4(t2) . (3.6)

We now have the tools to study F6(t1, t2; 0, 0) in detail using the eikonal method. The
contour to compute F6(t1, t2; 0, 0) is given in figure 2. The methods developed to compute

11As noted before, summing over all fermions is natural in the context of operator size: we want to detect
the overlap of the perturbed state with all elementary fermions weighted equally. See also [20].
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Figure 6. Illustration of the result (3.7) for t1 = t2 ≡ t. Because the ‘connected’ contribution
saturates to an O(1) floor value, it only changes the full six-point function by a very small amount.
The transition happens when both −t1 ∼ t∗ and −t2 ∼ t∗. We set ∆1,2 = 2, ∆j = 0.05, and
G/(2 sin δ1,2) = 10−6 (such that t∗ ≈ 13.8).

F6(t1, t2; a, b) in the previous section can easily be adapted to the situation where a = b = 0.
In particular, from the eikonal calculation in the approximation where ∆1,2 � ∆j (see
section 5), we obtain the following result:

F6(t1, t2; 0, 0) ≈
[ 1

1 +G∆1 z1

]2∆j
[ 1

1 +G∆2 z2

]2∆j

 1
1 + G2∆1∆2 z1 z2

(1+G∆1 z1)(1+G∆2 z2)

2∆j

(3.7)

where
z1 = e−t1

8 sin δ1
, z2 = e−t2

8 sin δ2
. (3.8)

Note that (as advertised in the introduction), (3.7) is of the form

F6(t1, t2; 0, 0) = F4(t1)F4(t2)F6,conn.(t1, t2; 0, 0) (3.9)

where F6,conn. is the connected contribution that cannot be attributed to four-point effects.
It stays order 1 in the current setup, such that we reproduce the prediction of the epidemic
model, (3.6).12 The relation (3.6) was used in [18] to estimate the total number of healthy
gates in the overlap region and was shown to correspond to the spacetime volume of the
post-collision region. Here, we understand at a more detailed level that this relation is a
result of the property of the connected piece of the six-point function staying order 1. We
illustrate these features in figure 6.

We also note that the result (3.7) can again be obtained from geodesic calculations
in gravity. For JT gravity, the general result (B.8) immediately implies (3.7) in the case
where a = b = 0. Similarly, the general geodesic result in AdS3 gravity, (C.14), implies a
similar structure in three dimensions.

12Due to the qualitative nature of the epidemic model, it does not capture the fact that F6,conn. decays
from 1 to 2−2∆j .
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3.3 Comments on six-point scrambling

The configuration discussed here (figure 5) was previously suggested as a six-point probe
of quantum chaos [24, 30, 56]. In those works it was argued that the exponential time
dependence of the connected factor F6,conn. serves as a diagnostic of scrambling, which
is sensitive to more fine-grained details of the dynamics than the four-point functions.
In addition to the initial exponential decay of F6,conn. from its maximum value 1, we now
observe a surprising new effect, which only manifests after resumming (Gzi)n-contributions
using the eikonal method: the connected six-point factor never decays to zero, but saturates
at a floor value,

F6,conn.(t1, t2; 0, 0) −→ 2−2∆j (−t1,2 � t∗) . (3.10)

This feature is perhaps unexpected from observing the initial exponential decay, but it is
crucial for consistency with notions of operator growth and the predictions of the epidemic
model in the previous subsection. This demonstrates a novel feature of six-point scrambling
in this out-of-time-order configuration. This observation also suggests that F6(t1, t2; a, b)
for large a, b might serve as more immediate six-point diagnostic of scrambling: as shown
in (2.4), this quantity is in fact dominated by its connected contribution. Furthermore
it exponentially decays from 1 to 0, thus being more analogous to the properties of the
four-point OTOCs.

At a perturbative level, we note that the factorization (3.9) and the full eikonal re-
sult (3.7) (including the connected factor) provide a window into the structure of gravita-
tional interactions. In appendix D we discuss in some detail how the structure (3.7) can be
understood from a perturbative treatment of the Schwarzian theory of reparametrizations.
In particular we show that a triple expansion of (3.7) in the parameters G∆1, G∆2 and
∆j can be understood order by order as perturbative Schwarzian mode exchanges. Terms
originating from the ‘four-point’ factors F4 are associated with ‘disconnected’ Schwarzian
mode exchange diagrams. Only ‘connected’ diagrams contribute to F6,conn.. The eikonal
result (3.7) therefore provides a detailed check of the structure (1.3).

4 Traversable wormholes: extracting information about the collision

Having understood the physical significance of the collision and ways to detect it using the
six-point function F6, we can ask an even more ambitious question: is it possible to not only
detect the collision from outside, but to extract the collision product from the wormhole?
The mechanism by which this is possible was first explored in [21]. Our discussion follows
more closely the methods developed in [22].

4.1 Traversable wormhole setup with collision

Starting from thermofield double, we apply the perturbation eiεLψL at time t1 on the left.
The signal sent from the right is modelled by applying the operator eiεRφR at time t2.
With appropriately chosen t1 and t2, the two signals will meet in the interior and collide.
In order to enable the signal φ to traverse the wormhole after the collision, and reach the
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 L(t1)
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Figure 7. Traversable wormhole setup: the ‘signal’ φ collides with the ‘perturbation’ ψ and
subsequently exits the wormhole due to a negative energy shock created by the left-right coupling
exp
[
ig 1
K

∑K
j=1OLj ORj

]
. This way, we can extract information about the collision from behind

the horizon.

left boundary (with information about the collision product), we apply the ‘teleportation
operator’

eigV ≡ eig
1
K

∑K

j=1O
L
j (t)ORj (t)

, (4.1)

which couples the two sides at time t (without loss of generality we will set t = 0). To detect
whether the protocol succeeded, and to measure the collision product at the left boundary,
we compute the expectation value of φL on the left side at a later time t3. See figure 7 for
illustration. The resulting one-point function in the presence of the perturbation and the
teleportation operator takes the following form:〈

e−iεLψ
L
e−iεRφ

R
e−igV φLeigV eiεRφ

R
eiεLψ

L
〉

(4.2)

=
〈
e−igV φLeigV

〉
− iεR

〈[
φR, e−igV φLeigV

]〉
+ iεRε

2
L

〈[
φR, ψLe−igV φLeigV ψL

]〉
+ . . .

Our goal is to detect a signal that depends both on εR (meaning the signal has traversed
the wormhole), as well as εL (meaning the signal has encountered a collision in the inte-
rior). The third term in the above expansion is the first nontrivial indicator of both these
processes. We will therefore compute the commutator〈

[φR, ψLe−igV φLeigV ψL]
〉
≡ −2i 〈φRφL〉〈ψLψL〉 Im C , (4.3)

where the normalized thermal correlator is

C = 〈TFD|ψLe−igV φLeigV ψLφR |TFD〉
〈TFD|φRφL |TFD〉 〈TFD|ψLψL |TFD〉 . (4.4)

Another way to think about this commutator is as the response φL to a signal φR, where
the signal is time evolved subject to both the teleportation operator and the effects of the
perturbation ψL. The competition between these two evolution operators will determine
whether or not the signal exits the wormhole and gives a nontrivial response.
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To compute C, we first make the following approximation:

〈TFD|ψLe−igV ≈ 〈TFD|ψLe−ig〈V 〉ψ (4.5)

where 〈V 〉ψ is the expectation value of V in the presence of the perturbation ψL,13

〈V 〉ψ =

 1
2 + G∆ψ

4 sin δ e
−t1

2∆j

. (4.6)

This approximation is good when the perturbation ψL is not too early (|t1| � t∗).14 Using
this approximation, we have

C ≈ e−ig〈V 〉ψ

〈φRφL〉〈ψLψL〉
〈
ψL(t1)φL(t3)eigV φR(t2)ψL(t1)

〉
. (4.7)

In appendix A.2 we compute the ‘signal’ −2iImC. The important feature to note is that
this can again be obtained from six-point functions: expanding the operator e−igV in g, we
can treat the scattering with each factor of OLj ORj as an independent event. Effectively,
we are therefore instructed to compute six-point functions of the form

〈
ψL(t1)φL(t3)OLj (t)ORj (t)φR(t2)ψL(t1)

〉
. (4.8)

This type of six-point function is illustrated in figure 8. It can be computed using similar
eikonal resummation techniques as in previous sections (see in particular section 5). After
performing some of the eikonal integrals analytically, we find the following expression:

C ≈ 1
Γ(2∆φ)

∫ 0

−∞

dp̃+
−p+

(ip̃+)2∆φ exp

−i
1 + ∆ψ e

−t1

sin δ · G8
e
t3−t2

2

cosh t3+t2
2

 p̃+


× exp

−ig〈V 〉ψ
1−

1−
1 + G∆ψ

4 sin δ e
−t1

2 + G∆ψ

4 sin δ e
−t1
· G8

e
t3−t2

2

cosh t3+t2
2

p̃+

−2∆j



(4.9)

where we set t = 0 for simplicity. The momentum integral can in fact be performed
analytically in terms of hypergeometric functions, which can be resummed to obtain an
analytical approximation to the integral. The resulting expression has a nice physical
interpretation as an infinite sum of scattering events involving any number of particles.
Each term in the sum exhibits an elaborate factorization property. For more details,
see (A.30). To extract physical lessons, we will now consider a particular ‘probe limit’ and
then analyze the full integral numerically.

13This is, of course, just the well-known expression for a conformal two-point function in a ‘heavy’ state.
14Later we will see that in order for the protocol to succeed, the perturbation ψL cannot be too early

and the collision cannot be strong.
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Figure 8. Six-point configuration for the traversable wormhole setup. The blue operators corre-
spond to the insertions of OLj (t)ORj (t) whose exponential can make the wormhole traversable. The
‘signal’ φ corresponds to the red insertions. The ‘perturbation’ ψL(t1) is shown in green.

4.2 Probe limit

A simple way to analyze the integral (4.9) is in the probe limit, where we ignore the
backreaction of φ (i.e., we treat G exp t3−t2

2
cosh t3+t2

2
p̃+ as small). In this case the argument of the

second line of (4.9) can be expanded perturbatively. To first nontrivial order this gives:

C(probe) =

 1

1 + G
4

(∆ψ e
−t1

2 sin δ − g∆j 〈V 〉ψ
)

e
t3−t2

2

cosh t3+t2
2


2∆φ

(4.10)

Setting t3 = −t2 this expression has a pole:

pole: t3 ≡ −t2 = − log

G4
g∆j

 1
2 + G∆ψ

4 sin δ e
−t1

2∆j

− ∆ψ e
−t1

2 sin δ


 . (4.11)

This pole is the first indication that a signal has exited the wormhole and reached the
left boundary. We can even see a more detailed feature of the exact result already in
the probe approximation: the pole disappears if the argument of the logarithm (4.11) be-
comes negative. This illustrates that the negative energy due to the teleportation operator
(measured by g∆j) competes with the positive energy of the perturbation ψ (measured by
∆ψ e

−t1/ sin δ). If the strength of the collision is too large, the latter effect wins, the pole
disappears, and the signal has thus not exited the wormhole. We show these features in
figure 9. Note that the probe limit cannot distinguish the strength or ‘quality’ of the signal
(i.e., the left and middle panels of the figure look identical up to the location of the pole).

4.3 Numerical result

Figure 10 shows the real and imaginary parts of the correlator C, obtained via numerical
integration of (4.9). We fix the strength of the teleportation coupling g such that one
expects to be able to teleport a certain amount of information. Indeed, by changing the
strength of the collision in the interior (parametrized by the combination ∆ψ e

−t1/ sin δ),
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Figure 9. The signal passing from the right to the left boundary through the traversable wormhole
is given by −2i Im(C). This plot shows the probe approximation. We fix the strength of the
left-right coupling as g = 50 and vary the strength of the perturbation, which is parametrized by
∆ψ e

−t1/ sin δ. For a mild collision (left figure) we observe a pole, indicating that information about
the collision has traversed the wormhole. The signal of a strong collision (right figure) cannot be
extracted. We set ∆φ = ∆j = 0.7, G = 10−8. The scrambling time is t∗ ≈ − logG ≈ 18.
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Figure 10. The numerical results for C from (4.9) with the same setup as shown for the probe
limit in figure 9. The strength of the perturbation is parametrized by ∆ψ e

−t1/ sin δ. For a weak
perturbation (left figure) the negative energy is enough to make the wormhole traversable and we
obtain a clear signal from the collision. In case of a strong collision (right figure) the ‘teleportation
operator’ is not strong enough to extract a signal. Parameters: g = 50, ∆φ = ∆j = 0.7, G = 10−8.

we see qualitatively different behavior: if the collision is weak (left panel of figure 10), we
obtain a clear signal, indicating that information about the collision product has escaped
the black hole. By increasing the collision energy (middle and right panels), the signal
disappears: the positive energy shock due to the collision with ψ is now more than the
what the teleportation operator with g = 50 can compensate for. See figure 1(c) for an
illustration of this competition. Note also that the signal is the strongest when the φL
and φR operators are inserted at roughly a scrambling time in the future and past of the
teleportation operator eigV (t = 0).

In determining whether or not the signal is nontrivial, also the value of t1 matters: if
the perturbation ψL(t1) is inserted too far in the past (−t1 ∼ t∗), then it will destroy the
traversability. This is expected: after a scrambling time, the perturbation has disrupted the
entanglement between the left and right boundary theories too much for the teleportation
protocol to work.
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<latexit sha1_base64="bJBaqLQAy+xLpLQfCWfCC8EjRv0=">AAACE3icdZBNS8MwGMfT+TbnW9Wjl+AQREbptqrbbejF4wS3CV0ZaZZuYekLSSqM0u/gxa/ixYMiXr1489uYdSuo6B8CD//f8yRP/m7EqJCm+akVlpZXVteK66WNza3tHX13ryvCmGPSwSEL+a2LBGE0IB1JJSO3ESfIdxnpuZPLGe/dES5oGNzIaUQcH40C6lGMpLIG+knSzy6x+ch1EtOwmk3LtCqmcWpazXq9kjkN6yyV6UAv5xzmHOYcVg0zUxks1B7oH/1hiGOfBBIzJIRdNSPpJIhLihlJS/1YkAjhCRoRW5UB8olwkmydFB4pZwi9kKsTSJi53ycS5Asx9V3V6SM5Fr/ZzPyL2bH0Gk5CgyiWJMDzh7yYQRnCWUBwSDnBkk1VgTCnaleIx4gjLFWMJRVC/lP4f9GtGdW6Ubu2yq2LRRxFcAAOwTGognPQAlegDToAg3vwCJ7Bi/agPWmv2tu8taAtZvbBD2nvX2XImrM=</latexit>

W1(û1)
<latexit sha1_base64="KvHqm7aQC7W7NxWWBlmr2N4HNxE=">AAACEnicbZDNSgMxFIXv+FvrX9Wlm2AR6qZMRNBlwY3LCvYH2mHIpJk2NJMZk4wwDH0Lwa2+hjtx6wv4Fj6CaTsL23oh8HHOvXBygkRwbVz321lb39jc2i7tlHf39g8OK0fHbR2nirIWjUWsugHRTHDJWoYbwbqJYiQKBOsE49up33liSvNYPpgsYV5EhpKHnBJjJa/j41p/RAxKfXzhV6pu3Z0NWgVcQBWKafqVn/4gpmnEpKGCaN3DbmK8nCjDqWCTcj/VLCF0TIasZ1GSiGkvn4WeoHOrDFAYK/ukQTP170VOIq2zKLCbETEjvexNxX+9ZJRpTrX1ClrMYcIbL+cySQ2TdB4jTAUyMZr2gwZcMWpEZoFQxe1PEB0RRaixLZZtRXi5kFVoX9axW8f3V9WGW5RVglM4gxpguIYG3EETWkDhEV7gFd6cZ+fd+XA+56trTnFzAgvjfP0CyTOdVg==</latexit><latexit sha1_base64="KvHqm7aQC7W7NxWWBlmr2N4HNxE=">AAACEnicbZDNSgMxFIXv+FvrX9Wlm2AR6qZMRNBlwY3LCvYH2mHIpJk2NJMZk4wwDH0Lwa2+hjtx6wv4Fj6CaTsL23oh8HHOvXBygkRwbVz321lb39jc2i7tlHf39g8OK0fHbR2nirIWjUWsugHRTHDJWoYbwbqJYiQKBOsE49up33liSvNYPpgsYV5EhpKHnBJjJa/j41p/RAxKfXzhV6pu3Z0NWgVcQBWKafqVn/4gpmnEpKGCaN3DbmK8nCjDqWCTcj/VLCF0TIasZ1GSiGkvn4WeoHOrDFAYK/ukQTP170VOIq2zKLCbETEjvexNxX+9ZJRpTrX1ClrMYcIbL+cySQ2TdB4jTAUyMZr2gwZcMWpEZoFQxe1PEB0RRaixLZZtRXi5kFVoX9axW8f3V9WGW5RVglM4gxpguIYG3EETWkDhEV7gFd6cZ+fd+XA+56trTnFzAgvjfP0CyTOdVg==</latexit><latexit sha1_base64="KvHqm7aQC7W7NxWWBlmr2N4HNxE=">AAACEnicbZDNSgMxFIXv+FvrX9Wlm2AR6qZMRNBlwY3LCvYH2mHIpJk2NJMZk4wwDH0Lwa2+hjtx6wv4Fj6CaTsL23oh8HHOvXBygkRwbVz321lb39jc2i7tlHf39g8OK0fHbR2nirIWjUWsugHRTHDJWoYbwbqJYiQKBOsE49up33liSvNYPpgsYV5EhpKHnBJjJa/j41p/RAxKfXzhV6pu3Z0NWgVcQBWKafqVn/4gpmnEpKGCaN3DbmK8nCjDqWCTcj/VLCF0TIasZ1GSiGkvn4WeoHOrDFAYK/ukQTP170VOIq2zKLCbETEjvexNxX+9ZJRpTrX1ClrMYcIbL+cySQ2TdB4jTAUyMZr2gwZcMWpEZoFQxe1PEB0RRaixLZZtRXi5kFVoX9axW8f3V9WGW5RVglM4gxpguIYG3EETWkDhEV7gFd6cZ+fd+XA+56trTnFzAgvjfP0CyTOdVg==</latexit><latexit sha1_base64="KvHqm7aQC7W7NxWWBlmr2N4HNxE=">AAACEnicbZDNSgMxFIXv+FvrX9Wlm2AR6qZMRNBlwY3LCvYH2mHIpJk2NJMZk4wwDH0Lwa2+hjtx6wv4Fj6CaTsL23oh8HHOvXBygkRwbVz321lb39jc2i7tlHf39g8OK0fHbR2nirIWjUWsugHRTHDJWoYbwbqJYiQKBOsE49up33liSvNYPpgsYV5EhpKHnBJjJa/j41p/RAxKfXzhV6pu3Z0NWgVcQBWKafqVn/4gpmnEpKGCaN3DbmK8nCjDqWCTcj/VLCF0TIasZ1GSiGkvn4WeoHOrDFAYK/ukQTP170VOIq2zKLCbETEjvexNxX+9ZJRpTrX1ClrMYcIbL+cySQ2TdB4jTAUyMZr2gwZcMWpEZoFQxe1PEB0RRaixLZZtRXi5kFVoX9axW8f3V9WGW5RVglM4gxpguIYG3EETWkDhEV7gFd6cZ+fd+XA+56trTnFzAgvjfP0CyTOdVg==</latexit>

W1(û2)
<latexit sha1_base64="NRScN107SYRky9Ahv6bFdieiGAs=">AAACEnicbZDNSsNAFIVv6l+tf1WXbgaLUDclKYIuC25cVrA/0IYwmU6aoZNJnJkIIfQtBLf6Gu7ErS/gW/gITtssbOuFgY9z7oUzx084U9q2v63SxubW9k55t7K3f3B4VD0+6ao4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn9zO/N4TlYrF4kFnCXUjPBYsYARrI7k9z6kPQ6xR6jUvvWrNbtjzQevgFFCDYtpe9Wc4ikkaUaEJx0oNHDvRbo6lZoTTaWWYKppgMsFjOjAocESVm89DT9GFUUYoiKV5QqO5+vcix5FSWeSbzQjrUK16M/FfLwkzxYgyXkHLOXRw4+ZMJKmmgixiBClHOkazftCISUo0zwxgIpn5CSIhlpho02LFVOSsFrIO3WbDsRvO/VWtZRdlleEMzqEODlxDC+6gDR0g8Agv8Apv1rP1bn1Yn4vVklXcnMLSWF+/ytadVw==</latexit><latexit sha1_base64="NRScN107SYRky9Ahv6bFdieiGAs=">AAACEnicbZDNSsNAFIVv6l+tf1WXbgaLUDclKYIuC25cVrA/0IYwmU6aoZNJnJkIIfQtBLf6Gu7ErS/gW/gITtssbOuFgY9z7oUzx084U9q2v63SxubW9k55t7K3f3B4VD0+6ao4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn9zO/N4TlYrF4kFnCXUjPBYsYARrI7k9z6kPQ6xR6jUvvWrNbtjzQevgFFCDYtpe9Wc4ikkaUaEJx0oNHDvRbo6lZoTTaWWYKppgMsFjOjAocESVm89DT9GFUUYoiKV5QqO5+vcix5FSWeSbzQjrUK16M/FfLwkzxYgyXkHLOXRw4+ZMJKmmgixiBClHOkazftCISUo0zwxgIpn5CSIhlpho02LFVOSsFrIO3WbDsRvO/VWtZRdlleEMzqEODlxDC+6gDR0g8Agv8Apv1rP1bn1Yn4vVklXcnMLSWF+/ytadVw==</latexit><latexit sha1_base64="NRScN107SYRky9Ahv6bFdieiGAs=">AAACEnicbZDNSsNAFIVv6l+tf1WXbgaLUDclKYIuC25cVrA/0IYwmU6aoZNJnJkIIfQtBLf6Gu7ErS/gW/gITtssbOuFgY9z7oUzx084U9q2v63SxubW9k55t7K3f3B4VD0+6ao4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn9zO/N4TlYrF4kFnCXUjPBYsYARrI7k9z6kPQ6xR6jUvvWrNbtjzQevgFFCDYtpe9Wc4ikkaUaEJx0oNHDvRbo6lZoTTaWWYKppgMsFjOjAocESVm89DT9GFUUYoiKV5QqO5+vcix5FSWeSbzQjrUK16M/FfLwkzxYgyXkHLOXRw4+ZMJKmmgixiBClHOkazftCISUo0zwxgIpn5CSIhlpho02LFVOSsFrIO3WbDsRvO/VWtZRdlleEMzqEODlxDC+6gDR0g8Agv8Apv1rP1bn1Yn4vVklXcnMLSWF+/ytadVw==</latexit><latexit sha1_base64="NRScN107SYRky9Ahv6bFdieiGAs=">AAACEnicbZDNSsNAFIVv6l+tf1WXbgaLUDclKYIuC25cVrA/0IYwmU6aoZNJnJkIIfQtBLf6Gu7ErS/gW/gITtssbOuFgY9z7oUzx084U9q2v63SxubW9k55t7K3f3B4VD0+6ao4lYR2SMxj2fexopwJ2tFMc9pPJMWRz2nPn9zO/N4TlYrF4kFnCXUjPBYsYARrI7k9z6kPQ6xR6jUvvWrNbtjzQevgFFCDYtpe9Wc4ikkaUaEJx0oNHDvRbo6lZoTTaWWYKppgMsFjOjAocESVm89DT9GFUUYoiKV5QqO5+vcix5FSWeSbzQjrUK16M/FfLwkzxYgyXkHLOXRw4+ZMJKmmgixiBClHOkazftCISUo0zwxgIpn5CSIhlpho02LFVOSsFrIO3WbDsRvO/VWtZRdlleEMzqEODlxDC+6gDR0g8Agv8Apv1rP1bn1Yn4vVklXcnMLSWF+/ytadVw==</latexit>

Oj(û4)
<latexit sha1_base64="YYjS+4PU69i7doz+SxX8NYnLlU8=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaLUDclkYIuC27cWcE+oAlhMp02YyeTMDMRQsi/CG71N9yJW/0LP8FJm4VtPXDhcM69cO7xY0alsqxvo7K2vrG5Vd2u7ezu7R+Yh0c9GSUCky6OWCQGPpKEUU66iipGBrEgKPQZ6fvTm8LvPxEhacQfVBoTN0QTTscUI6UlzzxxQqQCjFh2l3uPDSdACiZe68Iz61bTmgGuErskdVCi45k/zijCSUi4wgxJObStWLkZEopiRvKak0gSIzxFEzLUlKOQSDebPZDDc62M4DgSeriCM/XvRYZCKdPQ15tFXLnsFeK/XhykkmKpvZIt5lDjazejPE4U4XgeY5wwqCJYdAVHVBCsWKoJwoLqTyAOkEBY6UZruiJ7uZBV0rts2lbTvm/V21ZZVhWcgjPQADa4Am1wCzqgCzDIwQt4BW/Gs/FufBif89WKUd4cgwUYX78rjKJN</latexit><latexit sha1_base64="YYjS+4PU69i7doz+SxX8NYnLlU8=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaLUDclkYIuC27cWcE+oAlhMp02YyeTMDMRQsi/CG71N9yJW/0LP8FJm4VtPXDhcM69cO7xY0alsqxvo7K2vrG5Vd2u7ezu7R+Yh0c9GSUCky6OWCQGPpKEUU66iipGBrEgKPQZ6fvTm8LvPxEhacQfVBoTN0QTTscUI6UlzzxxQqQCjFh2l3uPDSdACiZe68Iz61bTmgGuErskdVCi45k/zijCSUi4wgxJObStWLkZEopiRvKak0gSIzxFEzLUlKOQSDebPZDDc62M4DgSeriCM/XvRYZCKdPQ15tFXLnsFeK/XhykkmKpvZIt5lDjazejPE4U4XgeY5wwqCJYdAVHVBCsWKoJwoLqTyAOkEBY6UZruiJ7uZBV0rts2lbTvm/V21ZZVhWcgjPQADa4Am1wCzqgCzDIwQt4BW/Gs/FufBif89WKUd4cgwUYX78rjKJN</latexit><latexit sha1_base64="YYjS+4PU69i7doz+SxX8NYnLlU8=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaLUDclkYIuC27cWcE+oAlhMp02YyeTMDMRQsi/CG71N9yJW/0LP8FJm4VtPXDhcM69cO7xY0alsqxvo7K2vrG5Vd2u7ezu7R+Yh0c9GSUCky6OWCQGPpKEUU66iipGBrEgKPQZ6fvTm8LvPxEhacQfVBoTN0QTTscUI6UlzzxxQqQCjFh2l3uPDSdACiZe68Iz61bTmgGuErskdVCi45k/zijCSUi4wgxJObStWLkZEopiRvKak0gSIzxFEzLUlKOQSDebPZDDc62M4DgSeriCM/XvRYZCKdPQ15tFXLnsFeK/XhykkmKpvZIt5lDjazejPE4U4XgeY5wwqCJYdAVHVBCsWKoJwoLqTyAOkEBY6UZruiJ7uZBV0rts2lbTvm/V21ZZVhWcgjPQADa4Am1wCzqgCzDIwQt4BW/Gs/FufBif89WKUd4cgwUYX78rjKJN</latexit><latexit sha1_base64="YYjS+4PU69i7doz+SxX8NYnLlU8=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaLUDclkYIuC27cWcE+oAlhMp02YyeTMDMRQsi/CG71N9yJW/0LP8FJm4VtPXDhcM69cO7xY0alsqxvo7K2vrG5Vd2u7ezu7R+Yh0c9GSUCky6OWCQGPpKEUU66iipGBrEgKPQZ6fvTm8LvPxEhacQfVBoTN0QTTscUI6UlzzxxQqQCjFh2l3uPDSdACiZe68Iz61bTmgGuErskdVCi45k/zijCSUi4wgxJObStWLkZEopiRvKak0gSIzxFEzLUlKOQSDebPZDDc62M4DgSeriCM/XvRYZCKdPQ15tFXLnsFeK/XhykkmKpvZIt5lDjazejPE4U4XgeY5wwqCJYdAVHVBCsWKoJwoLqTyAOkEBY6UZruiJ7uZBV0rts2lbTvm/V21ZZVhWcgjPQADa4Am1wCzqgCzDIwQt4BW/Gs/FufBif89WKUd4cgwUYX78rjKJN</latexit>

W2(û5)
<latexit sha1_base64="T818IzXtnwVPv9zpcpurp13CyIo=">AAACEnicbZDNSsNAFIVv/K31r+rSzWAR6qYkRdFlwY3LCvYH2hAm00kzdDKJMxMhhL6F4FZfw5249QV8Cx/BaZuFbb0w8HHOvXDm+AlnStv2t7W2vrG5tV3aKe/u7R8cVo6OOypOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1x7dTv/tEpWKxeNBZQt0IjwQLGMHaSG7Xa9QGIdYo9a4uvErVrtuzQavgFFCFYlpe5WcwjEkaUaEJx0r1HTvRbo6lZoTTSXmQKppgMsYj2jcocESVm89CT9C5UYYoiKV5QqOZ+vcix5FSWeSbzQjrUC17U/FfLwkzxYgyXkGLOXRw4+ZMJKmmgsxjBClHOkbTftCQSUo0zwxgIpn5CSIhlpho02LZVOQsF7IKnUbdsevO/WW1aRdlleAUzqAGDlxDE+6gBW0g8Agv8Apv1rP1bn1Yn/PVNau4OYGFsb5+AdFrnVs=</latexit><latexit sha1_base64="T818IzXtnwVPv9zpcpurp13CyIo=">AAACEnicbZDNSsNAFIVv/K31r+rSzWAR6qYkRdFlwY3LCvYH2hAm00kzdDKJMxMhhL6F4FZfw5249QV8Cx/BaZuFbb0w8HHOvXDm+AlnStv2t7W2vrG5tV3aKe/u7R8cVo6OOypOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1x7dTv/tEpWKxeNBZQt0IjwQLGMHaSG7Xa9QGIdYo9a4uvErVrtuzQavgFFCFYlpe5WcwjEkaUaEJx0r1HTvRbo6lZoTTSXmQKppgMsYj2jcocESVm89CT9C5UYYoiKV5QqOZ+vcix5FSWeSbzQjrUC17U/FfLwkzxYgyXkGLOXRw4+ZMJKmmgsxjBClHOkbTftCQSUo0zwxgIpn5CSIhlpho02LZVOQsF7IKnUbdsevO/WW1aRdlleAUzqAGDlxDE+6gBW0g8Agv8Apv1rP1bn1Yn/PVNau4OYGFsb5+AdFrnVs=</latexit><latexit sha1_base64="T818IzXtnwVPv9zpcpurp13CyIo=">AAACEnicbZDNSsNAFIVv/K31r+rSzWAR6qYkRdFlwY3LCvYH2hAm00kzdDKJMxMhhL6F4FZfw5249QV8Cx/BaZuFbb0w8HHOvXDm+AlnStv2t7W2vrG5tV3aKe/u7R8cVo6OOypOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1x7dTv/tEpWKxeNBZQt0IjwQLGMHaSG7Xa9QGIdYo9a4uvErVrtuzQavgFFCFYlpe5WcwjEkaUaEJx0r1HTvRbo6lZoTTSXmQKppgMsYj2jcocESVm89CT9C5UYYoiKV5QqOZ+vcix5FSWeSbzQjrUC17U/FfLwkzxYgyXkGLOXRw4+ZMJKmmgsxjBClHOkbTftCQSUo0zwxgIpn5CSIhlpho02LZVOQsF7IKnUbdsevO/WW1aRdlleAUzqAGDlxDE+6gBW0g8Agv8Apv1rP1bn1Yn/PVNau4OYGFsb5+AdFrnVs=</latexit><latexit sha1_base64="T818IzXtnwVPv9zpcpurp13CyIo=">AAACEnicbZDNSsNAFIVv/K31r+rSzWAR6qYkRdFlwY3LCvYH2hAm00kzdDKJMxMhhL6F4FZfw5249QV8Cx/BaZuFbb0w8HHOvXDm+AlnStv2t7W2vrG5tV3aKe/u7R8cVo6OOypOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1x7dTv/tEpWKxeNBZQt0IjwQLGMHaSG7Xa9QGIdYo9a4uvErVrtuzQavgFFCFYlpe5WcwjEkaUaEJx0r1HTvRbo6lZoTTSXmQKppgMsYj2jcocESVm89CT9C5UYYoiKV5QqOZ+vcix5FSWeSbzQjrUC17U/FfLwkzxYgyXkGLOXRw4+ZMJKmmgsxjBClHOkbTftCQSUo0zwxgIpn5CSIhlpho02LZVOQsF7IKnUbdsevO/WW1aRdlleAUzqAGDlxDE+6gBW0g8Agv8Apv1rP1bn1Yn/PVNau4OYGFsb5+AdFrnVs=</latexit>

W2(û6)
<latexit sha1_base64="kzPsjwAglUj5eKiCHfcoYwApccQ=">AAACEnicbZDNSsNAFIVv/K31r+rSzWAR6qYkRdRlwY3LCvYH2hAm00kzdDKJMxMhhL6F4FZfw5249QV8Cx/BaZuFbb0w8HHOvXDm+AlnStv2t7W2vrG5tV3aKe/u7R8cVo6OOypOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1x7dTv/tEpWKxeNBZQt0IjwQLGMHaSG7Xa9QGIdYo9a4uvErVrtuzQavgFFCFYlpe5WcwjEkaUaEJx0r1HTvRbo6lZoTTSXmQKppgMsYj2jcocESVm89CT9C5UYYoiKV5QqOZ+vcix5FSWeSbzQjrUC17U/FfLwkzxYgyXkGLOXRw4+ZMJKmmgsxjBClHOkbTftCQSUo0zwxgIpn5CSIhlpho02LZVOQsF7IKnUbdsevO/WW1aRdlleAUzqAGDlxDE+6gBW0g8Agv8Apv1rP1bn1Yn/PVNau4OYGFsb5+AdMOnVw=</latexit><latexit sha1_base64="kzPsjwAglUj5eKiCHfcoYwApccQ=">AAACEnicbZDNSsNAFIVv/K31r+rSzWAR6qYkRdRlwY3LCvYH2hAm00kzdDKJMxMhhL6F4FZfw5249QV8Cx/BaZuFbb0w8HHOvXDm+AlnStv2t7W2vrG5tV3aKe/u7R8cVo6OOypOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1x7dTv/tEpWKxeNBZQt0IjwQLGMHaSG7Xa9QGIdYo9a4uvErVrtuzQavgFFCFYlpe5WcwjEkaUaEJx0r1HTvRbo6lZoTTSXmQKppgMsYj2jcocESVm89CT9C5UYYoiKV5QqOZ+vcix5FSWeSbzQjrUC17U/FfLwkzxYgyXkGLOXRw4+ZMJKmmgsxjBClHOkbTftCQSUo0zwxgIpn5CSIhlpho02LZVOQsF7IKnUbdsevO/WW1aRdlleAUzqAGDlxDE+6gBW0g8Agv8Apv1rP1bn1Yn/PVNau4OYGFsb5+AdMOnVw=</latexit><latexit sha1_base64="kzPsjwAglUj5eKiCHfcoYwApccQ=">AAACEnicbZDNSsNAFIVv/K31r+rSzWAR6qYkRdRlwY3LCvYH2hAm00kzdDKJMxMhhL6F4FZfw5249QV8Cx/BaZuFbb0w8HHOvXDm+AlnStv2t7W2vrG5tV3aKe/u7R8cVo6OOypOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1x7dTv/tEpWKxeNBZQt0IjwQLGMHaSG7Xa9QGIdYo9a4uvErVrtuzQavgFFCFYlpe5WcwjEkaUaEJx0r1HTvRbo6lZoTTSXmQKppgMsYj2jcocESVm89CT9C5UYYoiKV5QqOZ+vcix5FSWeSbzQjrUC17U/FfLwkzxYgyXkGLOXRw4+ZMJKmmgsxjBClHOkbTftCQSUo0zwxgIpn5CSIhlpho02LZVOQsF7IKnUbdsevO/WW1aRdlleAUzqAGDlxDE+6gBW0g8Agv8Apv1rP1bn1Yn/PVNau4OYGFsb5+AdMOnVw=</latexit><latexit sha1_base64="kzPsjwAglUj5eKiCHfcoYwApccQ=">AAACEnicbZDNSsNAFIVv/K31r+rSzWAR6qYkRdRlwY3LCvYH2hAm00kzdDKJMxMhhL6F4FZfw5249QV8Cx/BaZuFbb0w8HHOvXDm+AlnStv2t7W2vrG5tV3aKe/u7R8cVo6OOypOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1x7dTv/tEpWKxeNBZQt0IjwQLGMHaSG7Xa9QGIdYo9a4uvErVrtuzQavgFFCFYlpe5WcwjEkaUaEJx0r1HTvRbo6lZoTTSXmQKppgMsYj2jcocESVm89CT9C5UYYoiKV5QqOZ+vcix5FSWeSbzQjrUC17U/FfLwkzxYgyXkGLOXRw4+ZMJKmmgsxjBClHOkbTftCQSUo0zwxgIpn5CSIhlpho02LZVOQsF7IKnUbdsevO/WW1aRdlleAUzqAGDlxDE+6gBW0g8Agv8Apv1rP1bn1Yn/PVNau4OYGFsb5+AdMOnVw=</latexit>

Oj(û3)
<latexit sha1_base64="nhB/C+OIR1jT0MSoDdqPv5CaVjI=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaLUDclUUGXBTfurGAf0IQwmU7asZNJmJkIIeRfBLf6G+7Erf6Fn+CkzcK2HrhwOOdeOPf4MaNSWda3UVlZXVvfqG7WtrZ3dvfM/YOujBKBSQdHLBJ9H0nCKCcdRRUj/VgQFPqM9PzJTeH3noiQNOIPKo2JG6IRpwHFSGnJM4+cEKkxRiy7y73HhjNGCibexZln1q2mNQVcJnZJ6qBE2zN/nGGEk5BwhRmScmBbsXIzJBTFjOQ1J5EkRniCRmSgKUchkW42fSCHp1oZwiASeriCU/XvRYZCKdPQ15tFXLnoFeK/XjxOJcVSeyWbz6GCazejPE4U4XgWI0gYVBEsuoJDKghWLNUEYUH1JxCPkUBY6UZruiJ7sZBl0j1v2lbTvr+st6yyrCo4BiegAWxwBVrgFrRBB2CQgxfwCt6MZ+Pd+DA+Z6sVo7w5BHMwvn4BKemiTA==</latexit><latexit sha1_base64="nhB/C+OIR1jT0MSoDdqPv5CaVjI=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaLUDclUUGXBTfurGAf0IQwmU7asZNJmJkIIeRfBLf6G+7Erf6Fn+CkzcK2HrhwOOdeOPf4MaNSWda3UVlZXVvfqG7WtrZ3dvfM/YOujBKBSQdHLBJ9H0nCKCcdRRUj/VgQFPqM9PzJTeH3noiQNOIPKo2JG6IRpwHFSGnJM4+cEKkxRiy7y73HhjNGCibexZln1q2mNQVcJnZJ6qBE2zN/nGGEk5BwhRmScmBbsXIzJBTFjOQ1J5EkRniCRmSgKUchkW42fSCHp1oZwiASeriCU/XvRYZCKdPQ15tFXLnoFeK/XjxOJcVSeyWbz6GCazejPE4U4XgWI0gYVBEsuoJDKghWLNUEYUH1JxCPkUBY6UZruiJ7sZBl0j1v2lbTvr+st6yyrCo4BiegAWxwBVrgFrRBB2CQgxfwCt6MZ+Pd+DA+Z6sVo7w5BHMwvn4BKemiTA==</latexit><latexit sha1_base64="nhB/C+OIR1jT0MSoDdqPv5CaVjI=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaLUDclUUGXBTfurGAf0IQwmU7asZNJmJkIIeRfBLf6G+7Erf6Fn+CkzcK2HrhwOOdeOPf4MaNSWda3UVlZXVvfqG7WtrZ3dvfM/YOujBKBSQdHLBJ9H0nCKCcdRRUj/VgQFPqM9PzJTeH3noiQNOIPKo2JG6IRpwHFSGnJM4+cEKkxRiy7y73HhjNGCibexZln1q2mNQVcJnZJ6qBE2zN/nGGEk5BwhRmScmBbsXIzJBTFjOQ1J5EkRniCRmSgKUchkW42fSCHp1oZwiASeriCU/XvRYZCKdPQ15tFXLnoFeK/XjxOJcVSeyWbz6GCazejPE4U4XgWI0gYVBEsuoJDKghWLNUEYUH1JxCPkUBY6UZruiJ7sZBl0j1v2lbTvr+st6yyrCo4BiegAWxwBVrgFrRBB2CQgxfwCt6MZ+Pd+DA+Z6sVo7w5BHMwvn4BKemiTA==</latexit><latexit sha1_base64="nhB/C+OIR1jT0MSoDdqPv5CaVjI=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaLUDclUUGXBTfurGAf0IQwmU7asZNJmJkIIeRfBLf6G+7Erf6Fn+CkzcK2HrhwOOdeOPf4MaNSWda3UVlZXVvfqG7WtrZ3dvfM/YOujBKBSQdHLBJ9H0nCKCcdRRUj/VgQFPqM9PzJTeH3noiQNOIPKo2JG6IRpwHFSGnJM4+cEKkxRiy7y73HhjNGCibexZln1q2mNQVcJnZJ6qBE2zN/nGGEk5BwhRmScmBbsXIzJBTFjOQ1J5EkRniCRmSgKUchkW42fSCHp1oZwiASeriCU/XvRYZCKdPQ15tFXLnoFeK/XjxOJcVSeyWbz6GCazejPE4U4XgWI0gYVBEsuoJDKghWLNUEYUH1JxCPkUBY6UZruiJ7sZBl0j1v2lbTvr+st6yyrCo4BiegAWxwBVrgFrRBB2CQgxfwCt6MZ+Pd+DA+Z6sVo7w5BHMwvn4BKemiTA==</latexit>

X�
<latexit sha1_base64="j6ZMH/P35J7X5BoIOvxzmZwofK0=">AAACG3icbZDLSgMxFIYz9VbrbdSlm2ARXOgwM7a27opuXFawF2jHkkkzbWjmQpIRyjDv4cZXceNCEVeCC9/GtB1BWw8EPv7/nOTkdyNGhTTNLy23tLyyupZfL2xsbm3v6Lt7TRHGHJMGDlnI2y4ShNGANCSVjLQjTpDvMtJyR1cTv3VPuKBhcCvHEXF8NAioRzGSSurpdtKdXtLhA9dJTOOiWjm3SiemYU5rArZZKpfTpOt6sH13mqY9vfhjw0WwMiiCrOo9/aPbD3Hsk0BihoToWGYknQRxSTEjaaEbCxIhPEID0lEYIJ8IJ5mulcIjpfShF3J1Agmn6u+JBPlCjH1XdfpIDsW8NxH/8zqx9KpOQoMoliTAs4e8mEEZwklQsE85wZKNFSDMqdoV4iHiCEsVZ0GFYM1/eRGatmGdGfZNqVi7zOLIgwNwCI6BBSqgBq5BHTQABg/gCbyAV+1Re9betPdZa07LZvbBn9I+vwE4rJ0l</latexit>

X+
<latexit sha1_base64="nVCoNN4yQCE4I5ZhRHANX1vwfgI="></latexit>

Y+
<latexit sha1_base64="fgKQedQv5jPt+CK4AwkfevI8kug=">AAACG3icbZDLSgMxFIYz9VbrbdSlm2ARBKXMVKntrujGZQV7kZmxZNJMG5q5kGSEMsx7uPFV3LhQxJXgwrcxnVaorQcCH/9/TnLyuxGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29lghjjkkThyzkHRcJwmhAmpJKRjoRJ8h3GWm7w6ux334gXNAwuJWjiDg+6gfUoxhJJXX1cmJnl1i87zqJUTKyOp2BWq1WqVbSxHY9eHd/kqZdvfhrw0Uwp1AE02p09U+7F+LYJ4HEDAlhmUYknQRxSTEjacGOBYkQHqI+sRQGyCfCSbK1UniklB70Qq5OIGGmzk4kyBdi5Luq00dyIOa9sfifZ8XSqzoJDaJYkgBPHvJiBmUIx0HBHuUESzZSgDCnaleIB4gjLFWcBRWCOf/lRWiVS+ZZqXxzXqxfTuPIgwNwCI6BCS5AHVyDBmgCDB7BM3gFb9qT9qK9ax+T1pw2ndkHf0r7+gEucp0g</latexit>

Y�
<latexit sha1_base64="pTh491wFSE/LG0Jgy3DkMrgoa0I=">AAACG3icbZDLSgMxFIYz9VbrbdSlm2ARXGiZqVLbXdGNywr2IjNjyaSZNjRzIckIZZj3cOOruHGhiCvBhW9jOq1QWw8EPv7/nOTkdyNGhTSMby23tLyyupZfL2xsbm3v6Lt7LRHGHJMmDlnIOy4ShNGANCWVjHQiTpDvMtJ2h1djv/1AuKBhcCtHEXF81A+oRzGSSurq5cTOLrF433USo2RkdTIDtVqtUq2kie168O7+NE27evHXhotgTqEIptXo6p92L8SxTwKJGRLCMo1IOgnikmJG0oIdCxIhPER9YikMkE+Ek2RrpfBIKT3ohVydQMJMnZ1IkC/EyHdVp4/kQMx7Y/E/z4qlV3USGkSxJAGePOTFDMoQjoOCPcoJlmykAGFO1a4QDxBHWKo4CyoEc/7Li9Aql8yzUvnmvFi/nMaRBwfgEBwDE1yAOrgGDdAEGDyCZ/AK3rQn7UV71z4mrTltOrMP/pT29QMxfp0i</latexit>

Figure 11. Six-point configuration used to diagnose the collision. We indicate the parts of the
contour where SL(2,R) parameters X± and Y ± have support.

5 Eikonal calculations and general observations

In this section we summarize the calculations leading to the results quoted so far. We shall
particularly focus on the calculation of F6 relevant to sections 2 and 3. Similar calculations
regarding the traversable wormhole setup can be found in appendix A.2.

To simplify notation, let us write F6(t1, t2; a, b) as an analytically continued one-sided
correlator:

F6 =
〈
W1(û1)Oj(û3)W1(û2)W2(û5)Oj(û4)W2(û6)

〉
β

〈W1(û1)W1(û2)〉β 〈Oj(û3)Oj(û4)〉β 〈W2(û5)W2(û6)〉β
(5.1)

with the regularized insertion times

û1 = −t1 − i(π+ 2δ1) , û2 = −t1 − iπ , û3 = −a− iπ , û4 = b , û5 = t2 − 2iδ2 , û6 = t2 .

(5.2)
The corresponding contour is shown in figure 11. The right boundary time is related to
the complex contour time by û = tR. Similarly, the left boundary time is related to the
complex contour time by û = −tL − iπ.

We now discuss how to compute this correlation function using the eikonal approach.
Then, we will comment on some of its general properties.

5.1 Eikonal formalism for the six-point function

As indicated in (2.2), we would like to think of the six-point function F6 as a two-point
correlator in a perturbed thermofield double state. We represent the bra- and ket-states in
momentum space by projecting onto tensor product states |p+, p−〉 with definite momentum
in null directions:

WR
2 (t2)WL

1 (t1)|TFD〉 =
∫
dp+dp− |p+, p−〉〈p+|W2〉〈p−|W1〉 ,

〈TFD|WL
1 (t1)WR

2 (t2) =
∫
dp′+dp

′
− 〈W2|p′+〉〈W1|p′−〉〈p′+, p′−|

(5.3)

To compute the two-point function of matter fields sourced by Oj operators in the above
state, we need to evaluate the projection onto the momentum states. The eikonal approxi-
mation amounts to the statement that these lead to ‘out-states’, which are identical to the
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original state |p+, p−〉 up to a phase that is induced by the gravitational scattering:

〈p′+, p′−|OLj ORj |p+, p−〉 ≈ δ(p′+ − p+)δ(p′− − p−)
∫
dq+dq− 〈OLj ORj |q+, q−〉 eiG(p+q−+p−q+)

(5.4)
where G is Newton’s constant. Therefore:

F6 ≈ N
∫
dp+dp−dq+dq− 〈W2|p+〉〈p+|W2〉〈W1|p−〉〈p−|W1〉〈OLj ORj |q+, q−〉 eiG(q+p−+q−p+)

(5.5)
where we remind the reader that N denotes the normalization by products of two-point
functions. The eikonal phases account for the high energy scattering of bulk particles with
null momenta p± and q∓. The required wavefunctions such as 〈p+|W2〉 etc., are obtained by
Fourier transforming bulk-to-boundary propagators along the relevant horizons. Similarly,
products of wavefunctions are simply the momentum space representations of boundary
correlators subject to finite shifts. For example:

〈W1|p−〉〈p−|W1〉 =
∫
dY −

2π eiY
−p−

〈
W1(û2) e−iY −P̂−W1(û1)

〉
,

〈W2|p+〉〈p+|W2〉 =
∫
dY +

2π e−iY
+p+

〈
W2(û5) eiY +P̂+ W2(û6)

〉
,

(5.6)

where P̂± are the momentum operators. Similarly,

〈OLj ORj |q+, q−〉

=
∫
dX+

2π
dX−

2π e−iX
+q++iX−q−

〈(
e−iX

+P̂+Oj(û3) eiX+P̂+
)(
eiX

−P̂− Oj(û4)e−iX−P̂−
)〉
(5.7)

In appendix A we give more details on the explicit form of the momentum space wave
functions and their Fourier transforms in the simple case of nearly conformal field theories
in one dimension (such as the low-energy sector of the SYK model), see (A.4), (A.5). In
any case, combining the above expressions with (5.5), the evaluation of F6 reduces to an
explicit integral over the scalar quantities X± and Y ±, parametrizing the shifts in the
operator insertion points:

F6 = N
∫
dX+dX−dY +dY −

〈
W1(û2) e−iY −P̂−W1(û1)

〉〈
W2(û5) eiY +P̂+ W2(û6)

〉
×
〈
Oj(û3) eiX+P̂+ eiX

−P̂−Oj(û4)
〉
eiG(X+Y −+X−Y +)

(5.8)

This integral can be explicitly evaluated in different ways. We gave the result in previous
sections and delegate the detailed calculation to appendix A.

5.2 Eikonal method in position space

Given the power of the eikonal method as described in the previous subsection, we take
the opportunity to offer a different perspective on some of the calculations above. In
particular, we would like to understand the eikonal method in position space and in relation
to perturbative approaches such as the Schwarzian theory of reparametrization modes.
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In the low-energy SYK model we can perform calculations using the Schwarzian the-
ory [12–14, 52]. The six-point function is then given by an integral over reparametrization
fields t̂(û):15

F6 = N
∫

dt̂[û]
SL(2,R) e

iS[t̂(û)]G∆1(û1, û2)G∆j
(û3, û4)G∆2(û5, û6) , (5.9)

where the normalization N is the inverse of the same integral, but without the eikonal
phase inserted — this corresponds to the product of two-point functions as in (2.3). The
Schwarzian action (in Lorentzian signature) is given by

iS[t̂(û)] = −iC
∫
dû {t̂(û), û} , (5.10)

where the integral runs over real time û along contours such as those shown in figures 2
or 5. The reparametrization bilocals take the form of reparametrized conformal two-point
functions:

G∆(ûa, ûb) =
[
−t̂′(ûb)t̂′(ûb)

(t̂(ûa)− t̂(ûb))2

]∆

(5.11)

We now make the following assumption: instead of doing the integral over arbitrary
reparametrizations (modulo SL(2,R)), we can approximate the effect of the operator inser-
tions by means of finite SL(2,R) transformations with fixed points at asymptotic locations
û → ±∞. This is implemented through the following piecewise transformation (cf., [52]
for a similar calculation in the case of four-point functions16):

t̂(û) = x− (1 + x)2X−

4 + (1 + x)X− θ(2, 3) + (1− x)2X+

4 + (1− x)X+ θ(5, 6)

+ (1− x)2Y +

4 + (1− x)Y + θ(3) + (· · · ) θ(4)− (1 + x)2Y −

4 + (1 + x)Y − θ(5) ,
(5.12)

where x = tanh û
2 . The θ-functions indicate the contours on which the respective SL(2,R)

transformations have support (cf., figure 11). The explicit form of the term on the fourth
contour will not play any role. Because (5.12) is not an SL(2,R) transformation on contours
3 and 5, the Schwarzian action evaluated on this piecewise reparametrization is nontrivial:

iS[t̂(û)] = iC

2 (X+Y − +X−Y +) + . . . (5.13)

where we work perturbatively in X± and Y ± (subsequent terms are parametrically smaller
in ∼ 1

C ). The bilocal operators (5.11) evaluated on the piecewise transformation t̂(û)
become precisely the Fourier transforms of the momentum space wavefunctions, (A.4)
and (A.5):

G∆1(û1, û2) =
〈
W1(û2) e−iY −P̂−W1(û1)

〉
G∆j

(û3, û4) =
〈
Oj(û3) eiX+P̂+ eiX

−P̂−Oj(û4)
〉

G∆2(û5, û6) =
〈
W2(û5) eiY +P̂+ W2(û6)

〉 (5.14)

15Since we will not be computing any quantum corrections, we can ignore the fact that the Schwarzian
partition function has a nontrivial measure [57].

16See also [58] for a related approach.
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Similarly, the Schwarzian integral (5.9) becomes an integral over the piecewise SL(2,R)
parameters alone, which coincides with the eikonal result (5.8):

F6 =
∫
dX+dX−dY +dY − e

iC
2 (X+Y −+X−Y +) G∆1(û1, û2)G∆j

(û3, û4)G∆2(û5, û6) .
(5.15)

5.3 The Lorentzian six-point function F6 for general insertion times

Here we take the opportunity to discuss F6(t1, t2; a, b) for general a, b (see, e.g., figures 2
and 5). We first discuss the properties of this six-point OTOC and then give its explicit
expression resulting from the gravity calculations.

5.3.1 OTOCology: general properties of the correlator

Let us study the general properties of F6(t1, t2; a, b) as in (5.1) for general a, b. It has
several interesting features as a Lorentzian quantum field theory observable:

• As long as t1,2 < 0, a > t1 and b > t2, it is maximally out-of-time-order, meaning that
it cannot be represented on a complex time contour with fewer than three forward-
backward segments (which is the maximal number of switchbacks that can occur for
six-point functions without introducing redundancies [59, 60]).

• For a < −t2 or b < −t1 (as in figure 5), F6 is not irreducibly out-of-time-order: it
receives some ‘disconnected’ four-point contributions, which are out-of-time-order by
themselves. In this case, F6 is the OTOC that has been previously discussed in the
context of quantum chaos [24, 30, 56].17

• For a > −t2 and b > −t1 (as in figure 2), removing any pair of identical operators
from F6 leaves behind a four-point function which is in-time-order (i.e., requires
only a single switchback in time). The characteristic exponential decay of F6 will
therefore originate entirely from its ‘connected’ properties as a six-point function and
cannot be attributed to ‘disconnected’ four-point contributions. This elucidates the
structure (1.3). We shall refer to this property by saying that F6 is irreducibly out-
of-time-order. This distinguishes our observable from six-point functions that have
been considered previously in the literature.

• Irrespective of the values of real times, the operator ordering along the complex time
contour is always maximally braided [24]. This refers to the fact that the pairwise
identical operators are all interlinked in Euclidean time, i.e., their supports along
contours overlap (as shown by colored lines in figure 2).

17Note the following interesting feature of the six-point function relevant to the traversable wormhole
setup (figure 8): all of its four-point factors are OTOCs even though the full six-point function is not
maximally out-of-time-order.
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5.3.2 Result from eikonal saddle point and geodesic calculations

The saddle point approximation to the eikonal calculation (appendix A.1) yields the fol-
lowing result for general a, b:

F6 ≈
[ 1

1 +G∆1 z1

]2∆j
[ 1

1 +G∆2 z2

]2∆j

 1
1 + G2∆1∆2 z1 z2 ea+b

(1+G∆1 z1)(1+G∆2 z2)

2∆j

(∆1,2 � ∆j)

(5.16)
where

z1 = e
a−b

2 −t1

8 sin δ1 cosh a+b
2
, z2 = e−

a−b
2 −t2

8 sin δ2 cosh a+b
2
. (5.17)

For a, b � −t1,2 and for a = b = 0 this reduces to our previous results (2.4) and (3.7),
respectively.

A similar result is separately obtained through the geodesic approximation in the
corresponding double-shock geometry (appendix C) for general a, b:

F (geodesic)
6 ≈


√

1 + δS1
S

1 + δS1
S z̃1

2∆j 
√

1 + δS2
S

1 + δS2
S z̃2

2∆j

 1

1 +
(
δS1
S

z̃1
)(

δS2
S

z̃2
)
z̃12(

1+ δS1
S

z̃1
)(

1+ δS2
S

z̃2
)


2∆j

(5.18)

for ∆1,2 � ∆j � 1, where

z̃1 =
cosh a−t1

2 cosh b+t1
2

cosh a+b
2

, z̃2 =
cosh b−t2

2 cosh a+t2
2

cosh a+b
2

, z̃12 =
sinh a−t1

2 sinh b−t2
2

cosh b+t1
2 cosh a+t2

2
, (5.19)

and δSi is the entropy introduced by the respective operator insertion, which scales as G∆i

(see (2.8)). Note that if we ignore the terms proportional to δSi
S but not enhanced by e−ui ,

this reduces to (5.16). See also (A.11) and (B.8). In particular, for a, b � −t1,2 and for
a = b = 0 this reduces to our previous results (2.7) and (3.7), respectively.

Regarding the gravitational calculation, a few comments are in order. The factoriza-
tion property of the F6 correlator has an alternative interpretation from this geometric
perspective. In the geodesic approximation, the correlator decays with the exponential of
the geodesic distance between the two Oj probes. Since the state has been perturbed by
the W1,W2 insertions, the corresponding geometry is now that of the background with
two additional shocks. Consequently, the resultant distance naturally expands into a sum
of the background, the independent effects of the W1,W2 insertions, and one “connected”
contribution. Such an expansion of distance effects then exponentiates into the factoriza-
tion of the resultant correlator. This connected contribution is due to the fact that gravity
is not linear, and it corrects for the fact that the two insertions affect each other.

6 Conclusion

Using out-of-time-order six-point functions, we quantified various properties of collisions
behind the horizon of particles sent into the eternal AdS black hole from the two asymp-
totic regions. In sections 2, 3 and 4, we considered three different real-time configurations
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to elucidate different aspects of the collision. At a technical level, we used the eikonal re-
summation technique as well as gravitational geodesic computations to obtain the relevant
expressions for the six-point functions. A common theme was the factorization property of
the eikonal six-point function into four-point factors and a connected contribution, cf., (1.3).

Some unanswered questions are as follows:

• In the setup for diagnosing the collision in the wormhole interior, it appears that the
existence of the singularity plays a crucial role by means of prohibiting the meeting
of signals that are sent in too late. What will happen for geometries without a
singularity, such as charged black holes? In that case, signals can meet no matter
how late they are sent in, but they will meet in a region where the dilaton is negative,
or in other words, where gravity is repulsive. It will be important to understand this
phenomenon in the future as the six-point functions we used are not sensitive to this.

• In the setup for detecting the overlap of two perturbations spreading through a shared
quantum circuit, the connected part of the six-point function (3.7) gives an order one
contribution. This is qualitatively negligible, but physically interesting as it quantifies
the amount by which the perturbations do not spread independently. Is there any
way to account for this factor in the circuit model?

• In the traversable wormhole setup, we can only extract the signal after the collision
if the collision is mild. It seems that this protocol does not allow us to extract
information about a strong collision. Similarly, we only demonstrated how to extract
one collision product (the φ signal), but not the other one (the ψ signal). These are
deficiencies of our protocol. Are there other protocols to improve the situation?18

• The factorization property (1.3) of the eikonal six-point function calls for a more
detailed understanding. Similar structures have appeared before in two-dimensional
CFTs [28, 30, 62], where the eikonalization of Virasoro conformal blocks offers an
explanation. It would be interesting to argue for (1.3) in greater generality (perhaps
using a perturbative expansion as in appendix D). This would open up the possibility
to understand higher-point Virasoro identity blocks in interesting regimes such as
the Regge limit or in configurations with several heavy operators (generalizing [63]),
which would have many applications. We expect that many of the expressions derived
in this paper have a direct analog in Virasoro identity conformal blocks.
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A Eikonal calculations in the Schwarzian theory

In this appendix we give some details regarding the evaluation of the eikonal integrals (5.8)
and a similar expression for the traversable wormhole setup.

A.1 Eikonal calculation of F6

Momentum generators. We define AdS2 in terms of embedding space coordinates
Y ≡ (Y −1, Y 0, Y 1) ∈ R2|1 as the universal cover of the surface Y 2 = −1. We also work
with lightcone coordinates Y ± ≡ Y 0 ± Y 1. The embedding space metric is simply η =
diag(−1,−1, 1). Points X on the boundary are defined up to the equivalence relation
X ∼ λX and satisfy X2 = 0. The shockwave scattering in the bulk induces shifts described
by the translation generators P̂±. These act as follows on the boundary points XR,L at the
right and left boundaries:

e−ia
+P+ :

(
Y −1, Y +, Y −

)
−→

(
Y −1 − a+

2 Y −, Y + + a+Y −1 − (a+)2

4 Y −, Y −
)

e−ia
−P− :

(
Y −1, Y +, Y −

)
−→

(
Y −1 − a−

2 Y +, Y +, Y − + a−Y −1 − (a−)2

4 Y +
) (A.1)

Left and right operator insertions are parameterized as XL(tL) = (1,−e−tL , etL) and
XR(tR) = (1, etR ,−e−tR), respectively. For instance, the boundary insertion points of
the six operators in (5.1) are

WL
1 (t1) : X

(W1)
L (t1) = (1, −e−t1 , et1) ,

WR
2 (t2) : X

(W2)
R (t2) = (1, et2 , −e−t2) ,

OLj (A), ORj (b) : X
(Oj)
L (a) = (1, −e−a, ea) , X

(Oj)
R (b) = (1, eb, −e−b) .

(A.2)

Acting with the momentum operators on conformal two-point functions such as

〈W1(û1)W1(û2)〉 =
[
−2X(W1)(û1) ·X(W1)(û2)

]−∆1 =
[

−i
2 sinh û12

2

]2∆1

, (A.3)

we immediately obtain the expressions (A.4) and (A.5), which are also reparametrized
two-point functions (5.14).

Explicit wave functions in NCFT1. The position space wave functions (5.6) and (5.7)
are rather general, but can be evaluated very explicitly in nearly conformal field theories in
one dimension (or in higher-dimensional CFTs): they are just two-point functions, which
are determined by symmetry in the usual way, and the momentum generators act by simple
translations. We find, for example:

〈
W1(û2) e−iY −P̂−W1(û1)

〉
=

 i

2 sinh û21
2 −

Y
−

2 e
û1+û2

2

2∆1

=

 i

2i sin δ1 + Y
−

2 e−t1−iδ1

2∆1

〈
W2(û5) eiY +P̂+ W2(û6)

〉
=

 −i

2 sinh û56
2 + Y +

2 e−
û5+û6

2

2∆2

=

 i

2i sin δ2 − Y +

2 e−t2+iδ2

2∆2

(A.4)
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and

〈
Oj(û3) eiX+P̂+ eiX

−P̂−Oj(û4)
〉

=

 1
2 cosh a+b

2 + X−

2 e−
a−b

2 − X+

2 e
a−b

2 − X+X−

4 e
a+b

2

2∆j

(A.5)

Fourier transforms. Next, we compute the Fourier transforms of the bilocal opera-
tors (A.4) and (A.5), following [22, 48]. For instance, we define

G∆1(û1, û2) ≡
〈
W1(û1) e−iY −P̂−W1(û2)

〉
≡
∫
dp− e

−iY −p− 〈W1|p−〉〈p−|W1〉 . (A.6)

Using the explicit expression (A.4), we find the wavefunction by Fourier transform:

〈W1|p−〉〈p−|W1〉 = 1
Γ(2∆1) Θ(−p−)(−2p− et1)2∆1

−p−
exp

[
4p− et1 sin δ1

]
(A.7)

Note that the exponent has a small imaginary part due to the regulator δ1, which has the
correct sign to make the integral convergent. Similarly, we find for the Fourier transform
of G∆2 :

〈W2|p+〉〈p+|W2〉 = 1
Γ(2∆2) Θ(−p+)(−2p+ e

t2)2∆2

−p+
exp

[
4p+ e

t2 sin δ2
]

(A.8)

Using the two equations above, we can now write the eikonal six-point correlator (5.5) as
follows (p̃± = 4p±et2,1 sin δ2,1):

F6 = N
∫
dp+dp− 〈W2|p+〉〈p+|W2〉〈W1|p−〉〈p−|W1〉

〈
Oj(û3) eiGp−P̂+ e−iGp+P̂−Oj(û4)

〉
= 1

Γ(2∆1)Γ(2∆2)

∫ ∞
0

dp̃+
p̃+

p̃2∆2
+

∫ ∞
0

dp̃−
p−

p̃2∆1
− e−p̃−−p̃+

×

1 +
Gp̃−

16 sin δ1 e
a−b

2 −t1 + Gp̃+
16 sin δ2 e

−a−b2 −t2 + G2p̃−p̃+
128 sin δ1 sin δ2 e

a+b
2 −t1−t2

cosh a+b
2

−2∆j

(A.9)

where we first did the integrals over Y ± (yielding two delta-functions), and then did the
trivial X± integrals. Also note that the normalization factor

N =
[

1
2 cosh a+b

2

]2∆j [ 1
2 sin δ1

]2∆1 [ 1
2 sin δ2

]2∆2

(A.10)

has cancelled completely in the second step above.

Saddle point approximation. The most straightforward way to perform the inte-
grals (A.9) is by using a saddle point approximation: when ∆1,2 � ∆j , the integrals
are dominated around p̃± ≈ 2∆2,1 and we immediately get:19

F6 ≈
[ 1

1 +G∆1 z1

]2∆j
[ 1

1 +G∆2 z2

]2∆j

 1
1 + G2∆1∆2 z1 z2 ea+b

(1+G∆1 z1)(1+G∆2 z2)

2∆j

(∆1,2 � ∆j)

(A.11)
19The overall prefactor being 1 follows from a standard Gaussian saddle point integral and use of the

Stirling formula Γ(2∆1) ≈
√

2π(2∆1 − 1) (2∆1 − 1)2∆1−1 e1−2∆1 for large ∆1 (similarly for ∆2).
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where

z1 = e
a−b

2 −t1

8 sin δ1 cosh a+b
2
, z2 = e−

a−b
2 −t2

8 sin δ2 cosh a+b
2
. (A.12)

For a, b� −t1,2 only the third (‘connected’) factor matters and we obtain (2.4). Similarly,
for a = b = 0 we get (3.7).

Exact eikonal integral for a, b � −t1,2. Let us now assume a ≈ b � −t1,2 and
perform the integral (A.9) without resorting to saddle point approximation. We have:

F6 ≈
1

Γ(2∆1)Γ(2∆2)

∫ ∞
0

dp̃−
p̃−

p̃2∆1
− e−p̃−

∫ ∞
0

dp̃+
p̃+

p̃2∆2
+ e−p̃+[

1 + G2 p̃−p̃+
64 sin δ1 sin δ2 e

−(t1+t2)
]2∆j

(A.13)

The integral over p̃+ can be performed explicitly in terms of the confluent hypergeometric
function,

U(α1, α2, z) = 1
Γ(α1)

∫ ∞
0

dt e−zt tα1−1(1 + t)α2−α1−1 (Re(α1) > 0). (A.14)

We find:

F6 ≈
1

Γ(2∆1)

(64 sin δ1 sin δ2
G2 et1+t2

)2∆2

×
∫ ∞

0

dp̃−
p−

p̃2∆12
− e−p̃− U

(
2∆2, 1 + 2∆2j , −

64 sin δ1 sin δ2
G2

e(t1+t2)

p̃−

) (A.15)

where ∆ab ≡ ∆a−∆b. This leaves us with the integral over p̃−, which can also be evaluated
explicitly. If ∆1 = ∆2 ≡ ∆, we get a compact expression in terms of the Meijer G-function:

F6 ≈
1

Γ(2∆)2Γ(2∆j)
1

z4∆j
G31

13

( 1
z2

∣∣∣ 1−2∆j

0, 2(∆−∆j), 2(∆−∆j)

)
(A.16)

More generally, when all operator dimensions are different, we find (2.9). These expres-
sions and their formal properties bear striking similarity with four-point results in the
Schwarzian theory [52, 64, 65] and in two-dimensional CFTs [66]. On the other hand, the
characteristic time scale for the exponential decay is given by twice the scrambling time,
thus distinguishing these observables from the four-point case.

A.2 Eikonal calculation of C

In this section compute the ‘signal’ 2i Im(C) discussed in section 4, which indicates that
the wormhole has become traversable and information about the collision has managed
to escape. The basic quantity of interest is C, which we will compute using the eikonal
method. It will be convenient to work with the unnormalized expression C̃ defined through

C = e−ig〈V 〉ψ

〈φRφL〉〈ψLψL〉
C̃ with C̃ =

〈
ψL(t1)φL(t3)eigV φR(t2)ψL(t1)

〉
. (A.17)
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Furthermore, we consider the scattering events involving n copies of V = OLOR as inde-
pendent, so that

C̃ =
∑
n≥0

(ig)n
n!

∫
dp+dp− 〈φL|p+〉〈p+|φR〉〈ψL|p−〉〈p−|ψL〉

×
[∫

dq+dq− 〈q+, q−|OLj ORj 〉 eiG(q+p−+q−p++p+p−)
]n (A.18)

where the wave functions are:

〈φL(t3)|p+〉〈p+|φR(t2)〉 =
∫
dY +

2π e−iY
+p+

〈
φL(t3) eiY +P̂+ φR(t2)

〉
,

〈ψL(t1)|p−〉〈p−|ψL(t1)〉 =
∫
dY −

2π eiY
−p−

〈
ψL(t1) e−iY −P̂− ψL(t1 − 2iδ)

〉
,

〈q+, q−|OLj ORj 〉 =
∫
dX+

2π
dX−

2π e−iX
−q−+iX+q+

×
〈
eiX

−P̂−OLj (t) e−iX−P̂− e−iX+P̂+ORj (t)eiX+P̂+
〉

(A.19)

In the eikonal integral (A.18), let us first consider a single term in the expansion of the
exponential:

C̃1≡
∫
dp+dp−dq+dq− 〈φL|p+〉〈p+|φR〉〈ψL|p−〉〈p−|ψL〉〈q+, q−|OLj ORj 〉eiG(q+p−+p+p−+p+q−))

(A.20)
The wave functions appearing in (A.19) are explicitly given by:

〈
φL(t3) eiY +P̂+ φR(t2)

〉
=

 1
2 cosh t2+t3

2 − Y +

2 e
t3−t2

2 + iε

2∆φ

,

〈
ψL(t1) e−iY −P̂− ψL(t1 − 2iδ)

〉
=
[

i

2i sin δ + Y −

2 e−t1

]2∆ψ

,

〈
OLj (t) e−iX−P̂− e−iX+P̂+ORj (t)

〉
=

 1
2 cosh t− X−

2 + X+

2 −
X+X−

4 e−t

2∆j

(A.21)

Plugging in these explicit expressions, we find for (A.20):

C̃1 =
∫
dp+dp− e

iGp+p− 〈φL|p+〉〈p+|φR〉〈ψL|p−〉〈p−|ψL〉
[

1
2cosh t−G

2 (p++p−)+G2

4 p+p− e−t

]2∆j

(A.22)
One can also do this computation using the position space method of section 5.2, and
obtain exactly the same result (cf. figure 8).

In order to finally evaluate the eikonal integral explicitly, first note the Fourier trans-
forms of the wave functions (A.21):

〈φL|p+〉〈p+|φR〉=
〈φLφR〉
Γ(2∆φ)

Θ(−p+)
−p+

(
−4p+

cosh t3+t2
2

e
t3−t2

2

)2∆φ

exp
[
−4ip+

cosh t3+t2
2

e
t3−t2

2
−iπ∆φ

]

〈ψL|p−〉〈p−|ψL〉=
〈ψLψL〉
Γ(2∆ψ)

Θ(−p−)
−p−

(−4p− et1 sinδ)2∆ψ exp
[
4p− et1 sinδ

]
(A.23)
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where the normalization factors are just two-point functions:

〈φLφR〉 =
[

1
2 cosh t3+t2

2

]2∆φ

, 〈ψLψL〉 =
[ 1

2 sin δ

]2∆ψ

. (A.24)

In order to exponentiate the traversability operator, we treat the scattering events with
many copies of the left-right coupling OLj ORj as separate according to (A.18), and find:

C̃=
∫
dp+dp− 〈φL|p+〉〈p+|φR〉〈ψL|p−〉〈p−|ψL〉 e

iGp+p−+ig
[

2cosh t−G2 (p++p−)+G2
4 p+p− e−t

]−2∆j

= 〈φ
LφR〉〈ψLψL〉

Γ(2∆φ)Γ(2∆ψ)

∫ 0

−∞

dp+
−p+

∫ 0

−∞

dp−
−p−

(
4ip+

cosh t3+t2
2

e
t3−t2

2

)2∆φ

exp
[
−4ip+

cosh t3+t2
2

e
t3−t2

2

]

×
(
−4p− et1 sinδ

)2∆ψ
e4p− et1 sinδ e

iGp+p−+ig
[

2cosh t−G2 (p++p−)+G2
4 p+p− e−t

]−2∆j

(A.25)

We change variables to

p̃+ = 4p+
cosh t3+t2

2

e
t3−t2

2
, p̃− = 4p− et1 sin δ , (A.26)

which gives:

C̃ = 1
Γ(2∆φ)Γ(2∆ψ) 〈φ

LφR〉〈ψLψL〉
∫ 0

−∞

dp̃+
−p̃+

(ip̃+)2∆φ e−ip̃+

∫ 0

−∞

dp̃−
−p̃−

(−p̃−)2∆ψ ep̃−

× exp

 iG p̃+p̃−

16 e
t2−t3

2 cosh t3+t2
2 et1 sin δ

+ig

2 cosh t− G

8

 p̃+ e
t3−t2

2

cosh t3+t2
2

+ p̃− e
−t1

sin δ

+ G2 p̃+p̃− e
t3−t2

2 e−t1

64 cosh t3+t2
2 sin δ

e−t

−2∆j


(A.27)

Let us now assume ∆ψ is large so that we can perform the integral over p− by saddle
point.20 The integral is dominated around p̃− ≈ −2∆ψ and we get:

C̃ = 1
Γ(2∆φ) 〈φ

LφR〉〈ψLψL〉
∫ 0

−∞

dp̃+
−p+

(ip̃+)2∆φ e−i(1+G∆ψ z̃ )p̃+

× exp

ig
2− G

4

 p̃+ e
t3−t2

2

2 cosh t3+t2
2
− ∆ψ e

−t1

sin δ

− G2∆ψ

4 z̃ p̃+

−2∆j


(A.28)

20Specifically, we find (for f(p̃) decaying sufficiently quickly):

1
Γ(2∆ψ)

∫ 0

−∞
dp̃− (−p̃−)2∆ψ−1 ep̃− f(p̃−) ≈ f(−2∆ψ) .
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where we set t = 0 for simplicity and defined

z̃ ≡ e−t1 e
t3−t2

2

8 sin δ cosh t3+t2
2

. (A.29)

This expression immediately leads to (4.9). We have checked numerically that the saddle
point approximation made above is not crucial. Even for small values of ∆ψ, the above
approximation is close to the result obtained by performing both momentum integrals
in (A.27) numerically.

While it is most convenient to perform at least the final integration over p̃+ numerically,
we note that it can in fact be done explicitly in terms of a sum over confluent hypergeometric
functions:

C = e−ig〈V 〉ψ
〈φLφR〉ψ
〈φLφR〉

∑
n≥0

(ig 〈V 〉ψ)n
n!

{
Z2∆φ U (2∆φ, 1 + 2∆φ − 2n∆j , Z)

}
(A.30)

with

Z ≡ −8i
G

cosh t3+t2
2

e
t3−t2

2

2 + G∆ψ

4 sin δ e
−t1

1 + G∆ψ

4 sin δ e
−t1

(1 +G∆ψ z̃) . (A.31)

Here, we returned to C instead of C̃, thus including the normalization factors from (A.17).
Explicitly, the four-point functions appearing above are

〈V 〉ψ
〈V 〉

≡ 22∆j

 1
2 + G∆ψ

4 sin δ e
−t1

2∆j

,
〈φLφR〉ψ
〈φLφR〉

≡
[

1
1 +G∆ψ z̃

]2∆φ

. (A.32)

Note that the result (A.30) has a simple interpretation: the n-th term in the sum cor-
responds to n scattering events with particles created by the OLj ORj operator pair. Due
to our assumption of the independence of these events, they formally look like a single
scattering event involving a particle associated with operator dimension n∆j . Let us also
remark that the above series expansion in g is not convergent. It formally needs to be
resummed before it can be compared to the numerical results of section 4.3.21

Factorization of C̃1. It is interesting to study the factorization property (1.3) for the
traversable wormhole setup. For simplicity, consider the six-point function C̃1 describing a
single scattering event. It can be evaluated using the same methods:

C̃1 = ig 〈ψLψL〉 × 〈V 〉ψ 〈φLφR〉ψ ×
{
Z2∆φ U (2∆φ, 1 + 2∆φj , Z)

}
, (A.33)

We again observe a natural factorization of C̃1 into two-point, four-point, and six-point
pieces. Similar to the behavior of F6(t1, t2, 0, 0) in section 3.2, the six-point factor (curly
bracket in (A.33)) interpolates between 1 and a finite floor value. Note, however, that we
only factored out two of the three out-of-time-order four-point functions in (A.33). In the

21This is similar to the situation for Lorentzian four-point conformal blocks in two-dimensional CFTs [66].
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present example, one may wonder if it is natural to factor out the last four-point factor,
which now also takes a nontrivial form:

〈V φLφR〉
〈V 〉〈φLφR〉

=
[
−16i
G

cosh t3+t2
2

e
t3−t2

2

]2∆φ

U

(
2∆φ, 1 + 2∆φj , −

16i
G

cosh t3+t2
2

e
t3−t2

2

)
. (A.34)

Factoring out this contribution certainly seems natural from a diagrammatic point of view,
as the remaining fully connected six-point factor C̃1,conn. will only involve Schwarzian mode
exchange diagrams involving all three operators. On the other hand, the resulting ‘con-
nected’ factor will diverge as t3 − t2 � t∗. We leave a more detailed investigation of this
idea for the future.

B Geodesic computation in JT gravity

In this appendix we explain the geodesic approximation for two-sided boundary correlation
functions in JT gravity. In particular we derive the result (2.7) and a similar result for
a = b = 0, which takes the same form as (3.7).

Let us work in AdS2 embedding space again (see appendix A.1 for conventions). The
geodesic distance between two boundary points X and X ′ is given by d = log(−X ·X ′),
where the dot product denotes the flat embedding space inner product with signature (2, 1).
Our aim is to compute

F (geodesic)
6 (t1, t2; a, b) ≡ e−∆j(dpert.−dunpert.) =

(
−X̃R(b) · X̃L(a)

)−∆j

(−XR(b) ·XL(a))−∆j
. (B.1)

Here, XR,L denote the boundary trajectory without perturbations:

XR(tR) = (1, sinh(tR), cosh(tR)) , XL(tL) = (1, sinh(tL), − cosh(tL)) . (B.2)

Similarly, X̃R,L denote the boundary trajectories after the perturbations with W1,2. In
order to solve for the perturbed boundary trajectory, we treat the boundary as a charged
particle moving in a electric field [22]. The equation of motion satisfied by the right
boundary particle is given by

CẌR − 2ERXR = QR , (B.3)

where QR is the charge vector of the particle, and ER = − 1
2C Q

2
R. After the perturbation

W2(t2) the perturbed charges are:

q2 = δS2
2π

(
1, sinh

(2π
β
t2

)
, cosh

(2π
β
t2

))
Q̃R = QR − q2 = −

(2πC
β

, 0, 0
)
− δS2

2π

(
1, sinh

(2π
β
t2

)
, cosh

(2π
β
t2

))
ẼR = −Q̃

2
R

2C = 2π2C

β2 + δS2
β

(B.4)

– 30 –



J
H
E
P
0
8
(
2
0
2
1
)
1
3
4

where q2 is the matter charge due to the perturbations W2. Solving (B.3), we get

X̃R(tR) =− Q̃R

2ẼR
+
(
XR(t2)+ Q̃R

2ẼR

)
cosh

√2ẼR
C

(tR−t2)

+
√

C

2ẼR
ẊR(t2)sinh

√2ẼR
C

(tR−t2)


(B.5)

Similarly, the left boundary trajectory after the perturbation W1(t1) is given by

X̃L(tL) = Q̃L

2ẼL
+
(
XL(t1)− Q̃L

2ẼL

)
cosh

√2ẼL
C

(tL−t1)

+
√

C

2ẼL
ẊL(t1)sinh

√2ẼL
C

(tL−t1)


(B.6)

where

q1 = −δS1
2π

(
1, sinh

(2π
β
t1

)
,− cosh

(2π
β
t1

))
Q̃L = QL − q1 =

(2πC
β

, 0, 0
)

+ δS1
2π

(
1, sinh

(2π
β
t1

)
,− cosh

(2π
β
t1

))
ẼR = −Q̃

2
L

2C = 2π2C

β2 + δS1
β

(B.7)

Plugging (B.5) and (B.6) into (B.1), we get

F (geodesic)
6 =

 1
1+ δS1

2(S−S0) z
′
1

2∆j
 1

1+ δS2
2(S−S0) z

′
2

2∆j


1

1+
δS1 δS2

4(S−S0)2
z′1 z
′
2 e
a+b(

1+ δS1
2(S−S0) z

′
1

)(
1+ δS2

2(S−S0) z
′
2

)


2∆j

(B.8)
where

z′1 = e
a−b

2 −t1

2 cosh a+b
2
, z′2 = e−

a−b
2 −t2

2 cosh a+b
2
. (B.9)

We ignored terms which are proportional to δSi
S−S0

but are not enhanced by e−ti . This result
has the same form as the eikonal saddle point result (A.11). From the above expressions one
immediately obtains (2.7) in the limit where a, b� −t1,2. Similarly, when a = b = 0, (B.8)
yields precisely the same as the saddle point expression (3.7) with operator dimensions
replaced by entropy differentials according to (2.8).

C Geodesic computation in AdS3 gravity

Here we explain how to obtain the AdS3 approximation to the six-point function. In the
probe limit, two of the operators simply measure the geodesic distance between points
on opposing conformal boundaries. They do so in a geometry sourced by the rest of the
operators. In particular, on a BTZ background (or AdS3-Rindler, as our approximation
will not distinguish the two), the operators W1(t1) and W2(t2) locally insert energy at t1
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on the left and t2 on the right respectively (see figure 1). We approximate the resultant
geometry as being that of two null shocks on the background spacetime.

We expect that the increase in distance caused by two sources is approximately the
sum of the increases in distance caused by solely the individual sources and some non-linear
correction. This is equivalent to saying that a natural structure for the decorrelation of the
six-point function is given by product of the four-point functions and some multiplicative
correction, a non-trivial statement from the boundary perspective [30].

C.1 Colliding shocks in AdS3

The corresponding full solution to Einstein’s equations pastes together geometries of dif-
ferent masses along the shocks, with the caveat that the mass of the post-collision region is
fixed by the other regions so as to avoid a conical singularity. The different symmetric ge-
ometries are specified by their radius R and in three dimensions take the form (in AdS units)

ds2 = − 4
(1 + UV )2 dUdV + r2dφ2, r = R

1− UV
1 + UV

, R2 = 8πGM , (C.1)

where the geometry under the identification φ ∼ φ + 2π corresponds to BTZ and AdS-
Rindler otherwise. Points on the conformal boundary satisfy UV = −1, thus all points on
the left may be written in terms of their positive null coordinate UL = eRtL and similarly
for the right VR = eRtR .

A shock fired from the left at U = eRt1 collides with a shock fired from the right at
V = eRt2 at the radius

rc = R tanh
(
R
|t1 + t2|

2

)
(C.2)

and thereby separates out four regions:

1. Background region (M,R)

2. W1(t1) shock exterior left region (M1, R1)

M1 = M + E1 ≥M, E1 ∼ m1

3. W2(t2) shock exterior right region (M2, R2)

M2 = M + E2 ≥M, E2 ∼ m2

4. Post-collision region (MPC , RPC) within the future interior

MPC ≥M + E1 + E2

The different regions are pasted together so that the radii of the transverse circle is contin-
uous across the shock. Next, a relative boost ambiguity is fixed by requiring continuity of
the asymptotic coordinates. Finally, in order for the geometry be smooth at the collision,
a series of boosts between the regions must return to the same frame [67]. Consequently,
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the mass of our post-collision region gets inflated to much larger values based on how close
the collision occurs to the horizon:

MPC = (M + E1 + E2) + E1E2
M

cosh
(
R
t1 + t2

2

)2
. (C.3)

Note that the first term is the background mass and total energy added to the system,
while the new term is additional mass that becomes significant at the scrambling time of
the two shocks. This produces a solution to Einstein’s equations for a geometry with a
stress tensor localized to the location of the shocks.

C.2 Geodesics in two-shock AdS3

Our strategy to calculate the geodesic going between tL = a and tR = b in such a piecewise-
continuous geometry will follow [54]. The spatial geodesic will either pass through the
background region or post-collision region but not both. We begin by solving for the
geodesic when it passes through the background region. We will find that the final geodesic
distance determined this way even applies when the actual geodesic goes through the other
region instead! In this regime, various local quantities one solves for will become unphysical
(e.g. positive distances become negative), but the global geodesic distance will remain as
the same physical function.

We begin in the left W1(t1) shock exterior region with the tL = a boundary point
(UL = eR1a, VL = −1/UL) and geodesically connect it through the left exterior region to an
arbitrary point on the W1(t1) shock: (UL = eR1t1 , r = r1). We do the same with the other
side, geodesically connecting the tR = b boundary point (UR = −1/VR, VR = eR2b) through
the right exterior region to an arbitrary point on the W2(t2) shock: (VR = eR2t2 , r = r2).
These two arbitrary points specified by r1, r2 are also in the background region at (U =
eRt1 , r = r1) and (V = eRt2 , r = r2), respectively. We complete a path between tL = a and
tR = b by geodesically connecting the two arbitrary r1, r2 points through the background
region. We have thus connected three geodesics passing through three regions as well as
arbitrary points on each shock. This is a geodesic almost everywhere, except for the two
arbitrary points. We then solve for the geodesic between tL = a and tR = b by extremizing
along r1, r2 the total distance of these three segments,

d
(W1W2)
a,b = ext

r1,r2
(da,1 + d2,b + d1,2) . (C.4)

When regulated, the three-geodesic path passing through the arbitrary points r1 and
r2 is comprised of distances

da,1 = ln
(

2R1
ρ1 − r1
ρ2

1 −R2
1

)
, ρ1 ≡ R1 coth

(
R1

a− t1
2

)
d2,b = ln

(
2R2

ρ2 − r2
ρ2

2 −R2
2

)
, ρ2 ≡ R2 coth

(
R2

b− t2
2

)
d1,2 = cosh−1

(
1 + 2(r1 − rc)(r2 − rc)

R2 − r2
c

)
, rc ≡ R tanh

(
−Rt1 + t2

2

)
.

(C.5)
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Extremizing the distances over r1, r2 nets the relations

tanh d1,2
2 = r1 − rc

ρ1 − r1
= r2 − rc
ρ2 − r2

(C.6)

This allows us to determine the radii at which the geodesic crosses the shocks in terms of the
boundary parameters, bundled together into the functions rc(t1 + t2), ρ1(a− t1), ρ2(b− t2)

rgeo1 − rc
ρ1 − rc

= rgeo2 − rc
ρ2 − rc

= 1
2

(
1− R2 − r2

c

(ρ1 − rc)(ρ2 − rc)

)
, (C.7)

as well as the distance between the two shocks that is crossed by the global geodesic,

ed
geo
1,2 = (ρ1 − rc)(ρ2 − rc)

R2 − r2
c

. (C.8)

We thus have that the total distance for this geodesic is given by

ed
(W1W2)
a,b = 2R1(ρ1 − rgeo1 )

ρ2
1 −R2

1

2R2(ρ2 − rgeo2 )
ρ2

2 −R2
2

(ρ1 − rc)(ρ2 − rc)
R2 − r2

c

= R1R2(R2 − r2
c )

(ρ2
1 −R2

1)(ρ2
2 −R2

2)

(
1 + (ρ1 − rc)(ρ2 − rc)

R2 − r2
c

)2
.

(C.9)

A finite G gives a small but finite shift to the R1, R2 due to the energy inserted by W1,W2.
We shall parametrize such a change as Ri ≡ R(1 + εi). It is natural in this context to
express the entropy changes in terms of the small increases ε1,2 of the horizon radii due to
the insertion of the operators:

ε1 = δS1
S

= R1 −R
R

, ε2 = δS2
S

= R2 −R
R

. (C.10)

Thus the nonlinear G physics is contained within the variables ρ1, ρ2, which corrects both
its pre-factor and rate of change. The latter effect manifests in terms that grow with times
as eGt, and thus we will approximate

ρ1 ≡ R1 coth
(
R1

a− t1
2

)
≈ R1 coth

(
R
a− t1

2

)
+O(eε1(a−t1))

ρ2 ≡ R2 coth
(
R2

b− t2
2

)
≈ R2 coth

(
R
b− t2

2

)
+O(eε2(b−t2))

(C.11)

This small approximation allows us to observe a factorization structure of this total
distance. We will find that it is almost the change in distance separately induced by only
W1 and W2. To being seeing this, let us set ε1 = 0 and ε2 = 0 to note that in thermal units
the distance between the two points in the background is (up to a regularization constant)

ed0 = cosh
(
a+ b

2

)2
(C.12)

Similarly, we find that the change in distance (d̃ ≡ d − d0) induced by a geometry with
either a single W1 shock or a single W2 shock is given by

ed̃W1 =

1 + ε1
cosh

(a−t1
2
)

cosh
(
b+t1

2

)
cosh

(
a+b

2

)
2

ed̃W2 =

1 + ε2
cosh

(
b−t2

2

)
cosh

(a+t2
2
)

cosh
(
a+b

2

)
2

(C.13)
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Thus, we see that there is a non-linear effect in our overall distance for the geodesic in the
geometry with both a W1 shock and a W2 shock:

exp
(
d̃W1W2

)
=

exp
(
d̃W1 + d̃W2

)
(1 + ε1)(1 + ε2)

1 + ε1ε2
4

sinh(a− t1) sinh(b− t2)

cosh
(
a+b

2

)2
exp

(
d̃W1+d̃W2

2

)


2

(C.14)

The increase in distance is almost but also more than just the linear sum of the individual
effects of only W1,2. Let us take a moment to emphasize that regardless of whether or not
the geodesic goes through the post-collision region, the sign of the non-linear correction
is given by sgn((a − t1)(b − t2)). Thus for our configurations, this nonlinear correction is
always positive.

D Comparison of large-C perturbation theory and eikonal method

In this appendix we unearth how the eikonal resummation of exponentially boosted con-
tributions to the six-point function emerges from a perturbative treatment of the theory
of boundary reparametrizations. While we focus on the case of the Schwarzian action, we
expect qualitatively similar arguments to apply in higher dimensions.

The ‘heavy-heavy-light’ eikonal result for the six-point function, (3.7), can also be
understood perturbatively in terms of Schwarzian reparametrization mode exchange di-
agrams. To be slightly more general, let us consider the analogous saddle point result
(∆1,2 � ∆j) for general values of a, b, which we reproduce here (see (A.11)):

F6(t1, t2; a, b) ≈
[

1
1 + 2∆1

C z1

]2∆j
[

1
1 + 2∆2

C z2

]2∆j
1 +

4∆1∆2
C2 z1 z2 e

a+b(
1 + 2∆1

C z1
) (

1 + 2∆2
C z2

)
2∆j

,

(D.1)
with z1,2 as in (B.9), and C = 2

G . To investigate this perturbatively, let us first perform
an expansion of (D.1) in the small parameter 1

C :

F6 ≈ 1− 1
C

4∆j (∆1z1 + ∆2z2)

+ 4
C2 ∆j

[(
∆2

1z
2
1 + ∆2

2z
2
2

)
(2∆j + 1) + ∆1∆2 (4∆j − 2ea+b)z1z2

]
+O

( 1
C3

) (D.2)

Note that this can also be thought of as a triple expansion in the parameters {∆1
C ,

∆2
C , ∆j}.

We would like to associate the various terms in this expansion with Schwarzian mode ex-
change diagrams. The general structure will contain two types of diagrams: ‘disconnected’
diagrams give rise to terms that originate from the four-point function factors in (D.1).
On the other hand, ‘connected’ diagrams account for the third factor in (D.1), which is
the new six-point piece. One can immediately see from (D.1) that connected pieces will
always contain at least one power of each of the three operator dimensions.
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Reparametrization mode rules. The perturbative approach has the same starting
point as the eikonal computation, i.e., the Schwarzian integral (5.9). The difference is that
we now expand the reparametrization t̂[û] perturbatively around the thermal saddle. For
clarity, let us first work in Euclidean signature and in the end perform the analytic continu-
ation (we denote Euclidean time as u and Lorentzian time as û). The reparametrization of
the saddle then takes the form tε[u] = tan

[
1
2

(
u+ ε+ 1

2εε
′ + . . .

)]
, where ε(u) is the small

reparametrization. The bilocal operators (5.11) can be expanded in ε accordingly. In the
present context we find it more conventional to work with normalized bilocal operators,
whose expansion takes the following form [30]:

B∆(ua, ub) ≡
G∆(ua, ub)

〈O∆(ua)O∆(ub)〉
= exp

∑
q≥1

b
(q)
∆ (ua, ub)

 = 1+b(1)
∆ +

[ 1
2!
(
b
(1)
∆

)2
+ b(2)

]
+ . . .

(D.3)
where the exponential structure comes about when one attempts to expand in ‘atomic’
building blocks b(q)∆ , all of which are proportional to a single power of ∆:

b
(1)
∆ (ua, ub) ≡ = ∆

[
ε′a + ε′b −

εa − εb
tan uab

2

]
,

b
(2)
∆ (ua, ub) ≡ = ∆

2

[
ε′′aεa + ε′′b εb −

ε′aεa − ε′bεb
tan uab

2
+ (εa − εb)2

2 sin2 (uab
2
)] , . . .

(D.4)

where εa ≡ ε(ua) etc., and we use a simple diagrammatic notation from [28]. In these
diagrams, each ‘node’ corresponds to a power of ∆ associated with the bilocal operator
insertion, and each line corresponds to a reparametrization mode ε.

The propagator and interaction vertices of the Schwarzian mode follow from the ex-
pansion of the Schwarzian action. In Euclidean signature and up to total derivatives:

− S[t(u)] = C

∫ β

0
du

[
const.− 1

2ε (ε′′ + ε′′′′) + 1
8ε
′ε′(2ε′ + ε′′′) + . . .

]
(D.5)

The propagator is well known [52]:

〈ε(u)ε(0)〉= 1
2πC

∑
|n|≥2

einu

n2(n2−1) = 1
2πC

[2sinu−(π+u)
2 (π+u)+2πΘ(u)(u−sinu)

]
.

(D.6)
The three-point vertex follows from (D.5) in a similar manner [68]:

〈ε(ua)ε(ub)ε(uc)〉=
i

8π2C2

∑
|m|,|n|≥2
|m+n|≥2

mn(m+n)(m2+mn+n2−3)ei(nuac+mubc)
n2(n2−1)m2(m2−1)(m+n)2((m+n)2+1) (D.7)

This can be evaluated straightforwardly, but is not very pleasant to look at in position
space.

– 36 –



J
H
E
P
0
8
(
2
0
2
1
)
1
3
4

Six-point function to second order. The six-point function can now be expanded in
terms of bilocal blocks b(q)∆ . Even just expanding F6 = 〈B∆1(û1, û2)B∆j

(û3, û4)B∆2(û5, û6)〉
to order O(C−2) gives a rather large number of terms. However, these can be repackaged
in a compact way by noting that most of the terms are ‘disconnected’ in the sense that
they only involve Schwarzian mode exchanges between a subset of the bilocals. These
disconnected contributions are precisely of the form that one expects from expectation
values of two or one bilocals. More precisely:

F6 = 〈B∆1 B∆j
B∆2〉

=
〈
B∆1 B∆j

〉〈
B∆j
B∆2

〉〈
B∆1 B∆2

〉〈
B∆1

〉〈
B∆j

〉〈
B∆2

〉
×
[
1 + 〈b(1)

∆1
b
(1)
∆j
b
(1)
∆2
〉+ 〈b(2)

∆1
b
(1)
∆j
b
(1)
∆2
〉conn. + 〈b(1)

∆1
b
(2)
∆j
b
(1)
∆2
〉conn. + 〈b(1)

∆1
b
(1)
∆j
b
(2)
∆2
〉conn. + . . .

]
(D.8)

where we suppress time arguments and “conn.” instructs us to extract the piece which
connects all three bilocals. For example:

〈b(2)
∆1
b
(1)
∆j
b
(1)
∆2
〉conn. ≡ 〈b(2)

∆1
b
(1)
∆j
b
(1)
∆2
〉 − 〈b(2)

∆1
〉〈b(1)

∆j
b
(1)
∆2
〉 ≡ − ≡ +O(C−3)

(D.9)
The first term involves four-point functions 〈εεεε〉 of the Schwarzian mode, which need to
be Wick contracted into products of two-point functions in order to obtain the leading
large-C contribution (we ignore 1/C corrections). One can easily verify that (at least at
the level of abstract diagrammatics) the structure of (D.8) holds to arbitrary orders: two-
and four-point function contributions can be factored out and one is left with the last line,
which captures the fully connected, genuinely six-point Schwarzian mode exchanges. In
terms of Schwarzian mode exchange diagrams, these connected contributions correspond
to diagrams which connect all three pairs of probe operators and cannot be written as
products of diagrams connecting only two of the pairs each. And indeed, this is also the
structure we found for the exponentially growing contributions in the eikonal calculation.
Let us now corroborate this connection in some more detail.

Connected contributions. First, let us discuss the most interesting contribution to (D.1),
which comes from connected diagrams in the sense described above. The first connected
term at this order is:

〈b(1)
∆1
b
(2)
∆j
b
(1)
∆2
〉conn. =− ∆j∆1∆2

2C2 sinδ1 sinδ2

(a−t1−sinh(a−t1))(b−t2−sinh(b−t2))
cosh2 a+b

2
+O(δ−1

1,2)

(D.10)
which is obtained by extracting the ‘connected’ Wick contractions (where b(2)

∆j
is contracted

with both b(1)
∆1

and b(1)
∆2

, as opposed to with itself) and evaluating them using the propaga-
tor (D.6). For large a−t1 � 1 and b−t2 � 1, the exponentially growing contribution is just

〈b(1)
∆1
b
(2)
∆j
b
(1)
∆2
〉conn.

∣∣∣
exp.

= −∆j∆1∆2
C2 8 ea+b z1z2 . (D.11)
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This reproduces one of the terms in the second line of (D.2). One can check that the same
diagrams with permuted insertion points (〈b(2)

∆1
b
(1)
∆j
b
(1)
∆2
〉conn. and 〈b(1)

∆1
b
(1)
∆j
b
(2)
∆2
〉conn.) do not

give any exponentially growing contributions.
The last remaining connected contribution in (D.8) is of the form

〈b(1)
∆1
b
(1)
∆j
b
(1)
∆2
〉 ≡ (D.12)

and can be computed using the vertex (D.7). Its general form is complicated, but one can
check that it does not exhibit exponential growth (nor does it contribute at leading order
in the small-δ expansion).22

Disconnected contributions. The disconnected contributions to (D.1) originate from the
four- and two-point factors in the second line of (D.8). Obviously, the terms at order
O(C−1) are all disconnected; indeed, the first four-point pre-factor of (D.1) is easy to
compute and the result is well known [52]. Its exponentially growing contribution takes
the form

〈b(1)
∆1
b
(1)
∆j
〉
∣∣∣
exp.
≡

∣∣∣
exp.

= − 4
C

∆j∆1z1 , (D.13)

which we recognize as one of the terms in the expansion (D.2). The term proportional
to ∆j∆2 follows similarly. The third four-point factor, 〈B∆1 B∆2〉, does not exhibit expo-
nential growth (the operators involved are always in-time-order) and therefore makes no
appearance in (D.1).

Next, we consider disconnected contributions at O(C−2). There are quite a few such
terms. We shall only write the ones, which give rise to exponentially growing contributions.
In particular, the four-point pre-factors contain terms such as

1
2!〈b

(1)
∆1
b
(1)
∆1
b
(1)
∆j
〉+ 1

2!〈b
(1)
∆1
b
(1)
∆1
b
(2)
∆j
〉
∣∣∣
exp.
∼ 4
C2 ∆j (∆1z1)2 + . . . ,

1
(2!)2 〈b

(1)
∆1
b
(1)
∆1
b
(1)
∆j
b
(1)
∆j
〉
∣∣∣
exp.
⊃ 2×

( 1
2! 〈b

(1)
∆1
b
(1)
∆j
〉
)2 ∣∣∣

exp.
∼ 8
C2 (∆j∆1z1)2 + . . . ,

1
2!〈b

(1)
∆1
b
(1)
∆j
b
(1)
∆j
b
(1)
∆2
〉
∣∣∣
exp.
⊃ 〈b(1)

∆1
b
(1)
∆j
〉〈b(1)

∆j
b
(1)
∆2
〉
∣∣∣
exp.
∼ 16
C2 ∆2

j∆1∆2z1z2 + . . . ,

(D.14)

where the omitted terms (‘. . .’) do not lead to exponential growth in any of the configu-
rations we consider. We evaluated these expressions just using the propagator (D.6) and
the vertex (D.7). Note that we count the third term as ‘disconnected’ despite the fact that
it involves all three operator dimensions; this is because it is of the form of a product of
lower order contributions, each of which involves only two out of the three bilocals.

Adding up the above terms completes the perturbative computation of (D.2) to or-
der O(C−2). There are two interesting physical lessons: (i) the organization of diagrams
into connected and disconnected pieces, (D.8), is a very intriguing and efficient structure

22This is consistent with analogous observations regarding the global six-point identity conformal block
in two-dimensional CFTs [30].
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and shows that the connected contributions are relatively few and simple. (ii) exponen-
tial decay of the connected piece and due the out-of-time-order arrangement originates
from Schwarzian mode ‘ladder diagrams’; self-interaction vertices are not important. This
makes the calculation tractable at higher orders and underlies the simplicity of the eikonal
approach.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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