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ABSTRACT: We compute the flux-induced F-term potential in 4d F-theory compactifica-
tions at large complex structure. In this regime, each complex structure field splits as an
axionic field plus its saxionic partner, and the classical F-term potential takes the form
V = Z4Bpapp up to exponentially-suppressed terms, with p depending on the fluxes and
axions and Z on the saxions. We provide explicit, general expressions for Z and p, and
from there analyse the set of flux vacua for an arbitrary number of fields. We identify two
families of vacua with all complex structure fields fixed and a flux contribution to the tad-
pole Ngyux which is bounded. In the first and most generic one, the saxion vevs are bounded
from above by a power of Ngu. In the second their vevs may be unbounded and Ngux
is a product of two arbitrary integers, unlike what is claimed by the Tadpole Conjecture.
We specialise to type IIB orientifolds, where both families of vacua are present, and link
our analysis with previous results in the literature. We illustrate our findings with several
examples.
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1 Introduction

A powerful feature of F-theory compactifications is that they provide an overall picture of
the set of string vacua, as they are directly connected to most string theory constructions
via dualities. This trait is particularly significant in the context of compactifications to four



dimensions, where they are in addition endowed with a notably simple and efficient mecha-
nism to stabilise moduli. Indeed, complex structure moduli fixing in F-theory through the
presence of background four-form fluxes is a paradigmatic framework to remove unwanted
neutral scalars from the low energy effective theory [1-6]. It is from this framework that
we have developed our current understanding of the string Landscape.

Since the F-theory flux landscape is quite vast, it is not obvious how to describe all the
information encoded in complex structure moduli stabilisation. One possible approach is
to treat the set of flux vacua as an ensemble, and apply statistical methods to extract their
physical properties [7]. A different strategy is to assume that complex structure moduli are
fully fixed at a very high scale, and so one can safely integrate out all of them to analyse
the physics of Kéhler moduli and localised degrees of freedom [8-10]. The information of
complex structure moduli stabilisation is then encoded in a set of parameters that appear
in the effective theory below the flux scale, and which are oftentimes assumed to be tunable
in terms of an appropriate choice of Calabi-Yau geometry and flux quanta.

It has however been pointed out that there could be more to it than this generic picture
of complex structure moduli stabilisation. On the one hand, some works have questioned
the idea that one can generically fix all complex structure moduli and at the same time
satisfy the tadpole consistency conditions of the compactification [11-13]. On the other
hand, it has been shown that at asymptotic limits in complex structure field space the flux
potential simplifies and its form can be classified in terms of robust Calabi-Yau data [14],
leading to certain no-go results and general arguments in favour of the finiteness of flux
vacua [15].

Clearly, these recent results point towards a rich structure underlying F-theory flux
potentials that is yet to be unveiled. In order to uncover this structure, it is important
to gain analytic control over F-theory flux potentials and its corresponding set of vacua.
Ideally, given a Calabi-Yau four-fold and a choice of four-form fluxes, one would like to
understand directly from these data how many complex structure moduli are stabilised by
the potential, at which point in field space they are fixed, and what is their mass spectrum.

It is the purpose of this work to take a non-trivial step in this direction, by providing
an explicit, analytic description of F-theory flux potentials and their vacua. We do so by
focusing on regions of large complex structure of smooth Calabi-Yau four-folds. In this
regime, we are able to provide an explicit expression for the F-theory F-term potential for
any four-fold Yy, up to exponentially-suppressed terms. At this level of approximation, the
only data that are needed to specify the potential are the flux quanta and certain topological
numbers of the mirror four-fold X4. This simplicity allows us to perform a general analysis
of the vacua conditions for an arbitrary number of complex structure fields, and eventually
uncover different families in which such vacua are arranged.

An important ingredient of our analysis is the fact that at moderate and large complex
structure the 4d Kéahler potential displays a number of axionic shift symmetries, only bro-
ken by the exponentially-suppressed terms that we neglect. Because of this, each complex
structure field splits into an axionic and a saxionic component. Microscopically, the peri-
odicity of the axions corresponds to the monodromies around the large complex structure
point that act non-trivially both on the periods of the holomorphic 2 and flux G4 four-



forms. It turns out that in terms of these real variables the scalar potential takes a very

simple form, namely V' = %Z AB 1 pp, with p4 monodromy-invariant combinations of fluxes

Z4B only depending on the saxions. Since the potential is positive semi-

and axions, and
definite and only yields Minkowski vacua, the on-shell equations amount to Z48pp = 0
VA, and so they can be solved algebraically.

Using these on-shell equations, one is able to rewrite the flux contribution to the D3-
brane tadpole Ngux as a sum of positive terms, and from there derive that certain flux
quanta must vanish at large complex structure in order to find vacua in this regime. De-
pending on which quanta vanish we distinguish different families of flux vacua, which we
then analyse. In the most generic family, which is present in any Calabi-Yau four-fold
Yy, the number of stabilised moduli depends on the choice of fluxes, an effect that we
characterise with explicit formulas. Remarkably, even in the most favourable case full
moduli stabilisation is not that easy to observe: it is only manifest when the entries of
ZAB are computed to certain accuracy. In practice, one may compute them 4) in the strict
asymptotic limit [14], 1) by approximating the periods of 2 with their leading behaviour
(section 2.1) , and ii7) by including all the polynomial corrections to such periods, neglecting
only exponentially-suppressed terms (section 2.2). For this family of vacua only with this
third description full complex structure moduli stabilisation is manifest. Less accurate de-
scriptions yield potentials that typically have at least one flat direction. As a consequence,
most vacua cannot exist at parametrically large complex structure. In fact, we find that
the saxion vevs are bounded from above by roughly K (3)N§${%, where K®) represents the
minor polynomial correction to the potential, Ng,x is the flux contribution to the D3-brane
tadpole, and p < h31(Y}) is bounded by the number of complex structure moduli.

In this generic scheme, the condition to achieve full moduli stabilisation depends on
those flux quanta that contribute to Npuy. It is therefore possible that in some instances
Naux grows as we increase the number of moduli, as recently proposed by the Tadpole
Conjecture in [12]. Our framework allows us to propose a formula that tests this statement,
and that can be checked in any compactification. Regardless of whether this happens or not,
we find that in certain compactifications the Tadpole Conjecture is violated, due to a second
family of vacua that emerges for them. This new family of vacua arises whenever a complex
structure saxion appears at most linearly in e (with K the Kihler potential) and the
superpotential, a setup which we dub the linear scenario. Examples of this are Calabi-Yau
four-folds Y; whose mirror Xy is a fibration of a Calabi-Yau over a P!, and in particular type
IIB orientifold compactifications. The new set of vacua appears at large values of the linear
saxion, with Ng,x a simple product of two flux quanta. The remaining non-vanishing flux
quanta are such that they fix all complex structure moduli. Remarkably, in the particular
case of type IIB compactifications the polynomial corrections identified as K () are also
needed to implement this full moduli stabilisation and, in fact, this family of vacua are
mirror dual of the Minkowski type ITA flux vacua originally found in [16]. The necessity
of polynomial corrections is however not a universal feature in other F-theory realisations
of the linear scenario, as we show with an explicit example. This indicates that it is this
more exotic family of vacua, and maybe new ones yet to be discovered, that dominate the
landscape of F-theory vacua at regions of parametrically large complex structure.



The paper is organised as follows. In section 2 we compute the flux scalar potential for
arbitrary four-folds, first using the leading terms of the periods of 2 and then including all
polynomial terms. In section 3 we analyse the resulting vacua equations, and in particular
how a finite D3-brane tadpole affects the existence of vacua. From here we obtain the
most generic family of flux vacua in the large complex structure regime, which nevertheless
cannot exist at parametrically large complex structure. In section 4 we apply our results to
the special case of type IIB orientifold compactifications, matching them with the existing
literature. In particular, we identify a family of flux vacua which is different from the generic
one, in which the expression for Np.y is independent of the number of moduli. Section 5
upgrades this family of vacua to a genuine F-theory setup, which we dub linear scenario.
In section 6 we illustrate our findings with explicit constructions of Calabi-Yau four-folds,
whose mirror are smooth fibrations. We finally present our conclusions in section 7.

Several technical details have been relegated to the appendices. Appendix A provides a
geometric definition of the flux-axion polynomials p4, and relates the Z48 with the Hodge
star action on the space of four-forms. Appendix B gathers the different computations
needed to include all the polynomial terms in the flux potential which, in terms of the
mirror four-fold, can be seen as taking into account curvature corrections. Appendix C
discusses the mondromy-invariant combination of fluxes that appear in our setup, which
are the quantities that fix the saxions vevs. Appendix D computes the most involved part
of the vacua equations for the compactifications discussed in section 6.1, whose mirror
four-fold is an elliptic fibration.

2 The F-theory potential at large complex structure

In a region of sufficiently large complex structure, the moduli space geometry of F-theory
on a Calabi-Yau (CY) four-fold simplifies, in the sense that each complex structure field
splits into an axionic and a saxionic real components. This not only constrains the form
of the 4d effective Kéhler potential, but also of the superpotential induced by background
four-form fluxes. In this section we will compute both, and from there provide an explicit
bilinear expression for the F-term scalar potential, on which we will base our subsequent
analysis. In section 2.1 we will consider the leading form of the potential at large saxion
values, from which one can infer most of the intuition regarding the ensemble of flux vacua,
and in section 2.2 we will include the polynomial corrections to these leading terms. As
we will see in section 3, such corrections turn out to be crucial to fully understand moduli
stabilisation in F-theory.

2.1 The leading flux potential

Let us consider F-theory compactified on a Calabi-Yau four-fold Yy, which is a smooth
elliptic fibration over a three-fold base Cs. In the presence of an internal background four-
form flux Gy, a scalar potential is generated for both the complex structure and Kahler
moduli of Y. On the one hand, the potential for Kahler moduli can be seen as a D-term
potential D = %fm G4 N J N J, with J the Kéhler form of Y;. On the other hand, the
potential for the complex structure moduli can be understood as an F-term potential, with



Gukov-Vafa-Witten superpotential [17]

W = G4 NQ, (2.1)
Yy
where 2 is the holomorphic (4,0)-form of Yy, in terms of which we define its complex
structure moduli. At large volume the Kéhler potential is given by K = —2log V3 + K,
where V3 is the volume of Cs and only depends on its Kéhler moduli, while

Kes=—log [ QAQ. (2.2)
Ya
Both potentials are positive semi-definite, and select global, 4d Minkowski minima at those
points in moduli space where the Hodge self-duality condition is satisfied [18§]

G4 = *G4. (2.3)

Those minima in which G4 is a primitive (2,2)-form are, moreover, supersymmetric [19].

Our goal is to provide an explicit expression for the F-term scalar potential in terms of
the complex structure moduli of the four-fold. To do so one must first determine a basis for
the lattice Ay of quantised fluxes that enters (2.1), and then compute the corresponding
periods of Q. It turns out that the first part of this problem is quite subtle. This lattice
pairs up via (2.1) with the horizontal subspace of the middle cohomology of the four-fold
H$(Yy) € H*(Yy), which is generated by € and its derivatives [20, 21]. We have that
dim H%(Y2) = 2 + 2h31(Y}) + dim H5?(Yy), with the embedding H7(Ys) C H22(Y;)
being quite involved [22]. As a consequence, in a four-fold there is no clear link between
the number of complex structure moduli, which is given by h3!(Y}), and the number of
fluxes that enter the superpotential.’

Fortunately, one may implement the strategy of [23, 24] to overcome these difficulties
and find concrete expressions for the F-term potential. The main idea in [23, 24] is to use
homological mirror symmetry and consider the mirror four-fold of Yy, which we denote as
X4. Then one may compactify type IIA on X4, and identify the periods of €2 in Y; with
the central charges of topological B-branes on X4, which generate the mirror of the lattice
Aw. In the large volume regime, this lattice can be understood as D(2p)-branes wrapping
holomorphic 2p-cycles, with p = 0,1,2,3,4. The subtleties alluded above translate into
constructing a basis of holomorphic 4-cycles, a set that can be generated by intersecting
pairs of divisors of X4. This basis can be constructed explicitly when X, is a smooth
fibration, see [23] and the discussion in sections 5 and 6. An element of the corresponding
lattice will have a central charge of the form | X, e’e N Frr, where Frp is a closed even
polyform and J. = B + ¢J is the complexified Kéhler form of Xy. It follows that, under
these assumptions, the F-theory superpotential (2.1) can be identified with a 2d analogue
of the 4d type ITA RR flux superpotential [25].

'Recall that for type ITB on a Calabi-Yau three-fold we have b3 /2 complex fields on the complex structure
and axio-dilaton sectors, and a real lattice of background three-form fluxes of dimension 2bs. In sections 5
and 6 we will consider F-theory constructions that reproduce the same sort of relation.



The leading order term for the central charge Iy, of a D(2p)-brane wrapping a holo-
morphic 2p-cycle on X, in the large volume limit is

Iy =1, (2.4a)
I, = —717, (2.4b)
My, = %nﬂ,,gngiTj , (2.4c)
Ig; = —éicijlejT’le, (2.4d)
Iy = %l/cijleiTjT’le , (2.4¢)

where T% = b* +it!, i = 1,...,h"1(X}) stand for the complexified Kéhler moduli of Xy,
and K1 for its quadruple intersection numbers. The index p in 14, runs over a basis of
four-cycles generating all the intersections of a basis of Nef divisor classes [D;] on Xy. As a
result we can write the class of their intersection as [vy;;] = [D;.D;] = Z-“j[au] for some set of
integral four-form classes [o,] and some (f; € Z. Finally n,, = [o,,] - [0,] is the intersection
matrix of this sector, which must satisfy

Kkt = G = €k - (2.5)

where in the second equality we have defined (, 11 = [04] - [Dg] - [Di].

Applying the mirror symmetry map, the {7} become the complex structure moduli of
Yy, where now i = 1,...,h>!(Y}). The set of holomorphic 2p-cycles classes of X4 becomes
a lattice of horizontal four-cycles in Yy, such that [0,] — [0} ]. The central charges (2.4)
become the leading terms for the periods of the four-form €2 in the large complex structure
limit, where it admits an expansion of the form

Q = amy + oymh + O‘ZL/T['Z + Blmg; + Brrs - (2.6)

Here {a, o, 05, A%, B} represent a set of harmonic four-forms which is also an integral basis
for H#(Yy). Their moduli-dependent coefficients are given by

1 y
KimTTITFT! .

. ) 1 y 1 .
mo=1, wh=T, 7= CtTTI, 76 =_KiuT'T'T", 5= —
2 6 24
(2.7)

J

The classical intersection numbers for their Poincaré dual four-cycles are
/ alp=1, / ozi/\,Bj:—(Sg, / O'Z/\O'EZT]MV. (2.8)
Yy Yy Yy

In fact the intersection matrix for {«, a;, J}:, 3%, B} is more involved, as (2.8) receive cor-
rections that destroy its block-anti-diagonal form and which, in the mirror four-fold Xy,
arise due to curvature terms. We discuss such corrections in subsection 2.2, where we show
that they can be absorbed in a redefinition of the G4-flux quanta. Thus, for the purpose
of providing an explicit expression for the F-term potential, one may still work with these
naive intersection numbers.



To compute the flux superpotential we only need to expand the flux G4 in the same
basis of four-forms
Gy = ma — mla; + Th“azj —e; B +ef, (2.9)

where m,m', m* e;;e € 7 represent the flux quanta. Using (2.8) we obtain that the
superpotential takes the form

o1 1 o .y
W = et el + 5t G T T + < Ky m T/TT + 7234 Ko T'TVTFT . (2.10)
One can obtain a more symmetric expression by considering a set of integers m% that
satisfy
. 1 g
mh = 3 fm (2.11)

so that the superpotential becomes

m

1 -~ 1 o
W=e+eT" + 1 lCijklm”Tle + 6 ICijkl mTITFT! + 2

Kiju TTITFT . (2.12)
In general the choice of m*¥ is not unique, but it is easy to see that any choice will yield the
same final expression. We will predominantly use the form of the superpotential (2.10),
although in some instances it will be more convenient to use the auxiliary expression (2.12)
that involves the redundant set of fluxes m%.

Notice that this superpotential is nothing but a linear combination of the central
charges Iy, in (2.4) which, upon mirror symmetry becomes a linear combination of the
periods of 2. Indeed, we have that

W = ¢'S0 = elly — e;ITy + Ly, — m'Ilg; + mlls, (2.13)

which clearly reproduces (2.10). Here we have defined the vector of fluxes ¢ =
(m,m*, Mk, e;, e), the vector of periods It = (IIy, IT4, IT}, Tlg;, [1g) and the pairing matrix

00 0 01
00 0 =30

X=10 0 6u 0 0 (2.14)
0-62 0 0 0
10 0 00

We can also use (2.4), (2.6) to compute the piece of the Kéhler potential (2.2). We
have that

Ko = —log [2Re(7ro7r8)/ anB+ 2Re(w§ﬁ§)/ i A B+ wfjﬁi/
Yy Yy Y.

4

Ufj/\dﬂ, (2.15)

from where we obtain

) .
Ko = — 10g(3/Cijkltzt]tktl> . (2.16)

As expected, in this large complex structure limit the leading term of the Kéhler potential
only depends on t' = ImT", and so the field space metric displays abundant continuous



shift symmetries. As we will see below, polynomial corrections to the periods (2.4) do
modify (2.16), but they do not introduce a dependence on b* = ReT". This can be expected
from considering type ITA compactified on the mirror manifold X4, where the b* correspond
to integrals of the B-field. In the large volume limit these fields can be considered as axions,
since the only terms breaking the continuous shift symmetry are generated by world-sheet
instanton effects and are therefore suppressed as eQ“iTi”i, n; € 7Z. The same statement
applies to our setup, where the periodic nature of the fields b* translates into a the familiar
set of monodromies 7; around the large complex structure point, which act non-trivially
on the basis {ag, v, U#,Bi,ﬂo}, the periods Ily, and the flux quanta, but leave Q2 and G4
invariant.

This large set of axionic variables allows us to derive a simple, analytic expression for
the F-term scalar potential. The main observation is that one should express the scalar
potential in terms of a set of axion polynomials p4 linear on the flux quanta, which are
invariant under the action of the monodromies 7;. Because at the two-derivative level the

scalar potential is quadratic in the fluxes, one recovers an expression of the form

V= %ZABpApB, (2.17)
where ps = pa(b) are independent of the saxions ¢’. The matrix entries Z4? do not depend
on the fluxes, and so they can only depend on the axions through periodic functions.
However, such periodic functions necessarily enter the periods of € through terms of the
form eQmTi”i, which are exponentially suppressed in the large complex structure regime.
Therefore under our assumptions we have that Z48 = Z4B(t) only depends on the saxions
of the compactification, providing a simple, factorised bilinear structure for the F-term
scalar potential. This same strategy was applied for type ITA 4d flux compactifications
in [26-29], where a potential with the structure (2.17) was obtained, in agreement with
general EFT considerations [30-32]. As shown in [29, 33, 34, 36], this bilinear structure
allows one to characterise the set of vacua in a simple, systematic manner, and even to
determine the behaviour of the system away from them [14, 37, 38]. In section 3 we will use
the form (2.17) of the F-theory F-term potential to classify the set of flux vacua at large
complex structure. Finally, as pointed out in [14], the same bilinear expression (2.17) holds
near other points at infinite distance in complex structure field space, and so in principle
our strategy could be extended to these regions as well.

To find the bilinear expression (2.17) one must use the well-known no-scale properties
of F-theory compactifications to simplify the Cremmer et al. [39] formula for the F-term
potential. In particular, the fact that the Kahler moduli do not appear in the superpotential

translates into the following simplified expression [18, 40]

V=Y KID,WD;W, (2.18)
/L'7j
where 4,7 = 1,...,h%1(Y}) run over the complex structure moduli of Y. Here D; =

0; + (0;K) stands for the supergravity covariant derivative, while K i is the inverse of the
Kéhler metric K;; = 0,0;K. Because the Kéhler potential is independent of the complex



structure axions, it is more convenient to express both in terms of tensors with real indices
9ij = %&giaﬁK = K,;. These read
4

CIC: Ko g S T
o= A gl i = Sy oK 2.1
ij 2 3]C g 3tt 3ICIC , (2.19)

with /C¥ the inverse of Kij, and we have defined the contractions
= [ i Rl = JC Rl S, =t
K= ]kaltt t°t, K= ]kalt tt, ICZJ = szklt t, ’Cuk = ’ngklt . (2.20)

The expression (2.18) is already positive semi-definite and bilinear, but still not of the
form (2.17). To make explicit the factorisation between axions and saxions, one must define
the flux-axion polynomials p 4, which capture the discrete symmetries of the superpotential,
and whose geometric interpretation and general definition is given in appendix A. In our
setup they read

;o1 1 o 1 o
p=e+ eibz + imunglbkbl + élCijklmekbl + ﬂmlcijklbzb]bkbl , (2.21&)
Y B SR X S PRI o
pi = €; +mtC, b + 2/Cz]klm b b" + 6mlekleb b (2.21Db)
1
AL oA i u
Pt =+ Gbtm? + Qg“ijbzlﬂ , (2.21c¢)
pt=m' 4+ mb', (2.21d)
p=m. (2.21e)

As pointed out in [28], these polynomials are related to each other via derivatives, leading
to a convenient way to express for the superpotential and F-terms. For the case at hand
we have

=5 92.92
51 (2.22a)

1 S0
W =pi + iGuip" — SKijp" — %Kiﬁa (2.22b)

R S i K
W =p+ipit" — iC,Lp” - élcip’ +

together with 0; K = 2iK;/K, and where we have defined the contractions ¢, = guyijt’itj
and (,; = (puijt’. Plugging these expressions into (2.18) and using the properties of the
metrics (2.19) one finds the following expression for the F-theory flux potential

2
V=ef [4 (P - Zﬁ) + 9" (Pz‘ + Iggikﬁk> (Pj + Iggjlﬁl) + gngCujﬁ“ﬁV] ;o (2.23)
where gg is the primitive component of the inverse metric, i.e. gjg = %(titj — KK¥). This
expression for the potential is one of the main results of this section. It reproduces the
bilinear, factorised structure in (2.17) as a sum of three positive semi-definite terms, that
correspond to a block-diagonal structure for the saxion-dependent matrix Z. Indeed, if we
arrange the flux-axion polynomials in a vector of the form

Pt = (ﬁ, ﬁi,ﬁ“,pijp) , (2.24)



then the said matrix reads

L —1
S i 0
ZAB — 62’6 8 9% CuiCuy , (2.25)
0 A
-1 %

which can be easily taken to a block-diagonal form. Notice that each block is singular, and
that their ranks add up to 2h>1(Yy). Therefore, generically the vacua equations Z48pp = 0
amount to impose 2h3!(Y;) conditions on the same amount of unknowns, namely the
complex structure real fields. Finally, note that we can rewrite this expression as

K K 6 .. 24
2 .
2V32 = diag (247 ggija 9uvs E!]”a IC) — X0, (2-26)

where g, = nu — 2(KY — K719)(,i¢,; and

00 0 01
00 0 =60

Xo=10 0 nu, 0 0], (2.27)
0-6/ 0 0 0
10 0 00

encodes the intersection numbers (2.8). As it follows from the results of appendix A, split-
ting Z in these two terms corresponds to the well-known expression for the scalar potential

1

V:M

|: Gy NGy — / G4 A G4} , (2.28)
Y Yy
at this level of approximation. As we will see below, the polynomial corrections to the
scalar potential will respect the factorisation between axions and saxions, and therefore the
bilinear structure (2.17). On the one hand, the corrections to the intersection numbers (2.8)
will modify p'but not Z. On the other hand, the corrections to the Kahler potential (2.16)
will leave g invariant but destroy the block-diagonal structure of Z.

It is instructive to compare the above results with previous analysis in the literature.
For instance, one would recover the F-theory flux potential analysed in [41] by setting
m! = m* = e; = e = 0 and keeping only m as a non-vanishing quantum of flux. The scalar
potential would still look the same, but the axion dependence in (2.21) would become
very simple. As we will see in section 3, vacua with m # 0 are not allowed at sufficiently
large complex structure, in agreement with the result of [41]. Including the remaining flux
quanta does a priori allow us to find non-trivial extrema of the potential, as we will also
study in the next section.

One may also compare (2.23) with the asymptotic potentials analysed in [14] re-
stricted to the particular case of the large complex structure limit. In the language

~10 -



of [14], the approximation that leads to the expression (2.23) lies in between those that
result in the asymptotic form of the potential and its strictly asymptotic form. To
achieve the latter one must take the expression (2.26) and replace each of the entries
in diag (5—4, %gi], G & 6 g4, K) by its leading term on the complex structure saxions t¢,
which amounts to replace the Hodge star operator by its strictly asymptotic approxima-
tion Cq(2). The plain asymptotic form of the potential (that is, replacing x by Cyy) is
achieved by adding further polynomial corrections to (2.23), which we now turn to anal-
yse. As we will see, full moduli stabilisation is only achieved when these corrections are
taken into account. Moreover, their presence leads to important restriction on the space of
flux vacua, which remain undetected if only the strictly asymptotic form of the potential
is used.

2.2 Polynomial corrections

The leading form of the potential (2.23) receives several corrections of different nature,
which can be classified in terms of corrections to the superpotential and Kéhler potential.
In the following we will address those that depend on the complex structure sector and are
polynomial corrections to W and e~ ®. These can be treated like perturbative corrections
to the leading potential, as opposed to exponentially-suppressed corrections. Taking these
polynomial corrections into account permits to extend our analysis to regions where the
complex structure saxions are only moderately large, so that the exponential corrections
of the form e2™I"n can still be neglected. The reader not interested in the details of the
following derivation may only focus on the results (2.42) and (2.43), that summarise the
polynomial corrections for the superpotential and Kéhler potential, and proceed to the
next section.

To compute the said corrections let us again consider type IIA compactified in the
mirror four-fold Xy4. Here the polynomial corrections that arise in the K&hler sector are
due to curvature corrections, while the exponential corrections that we will neglect arise
from world-sheet instanton effects. The polynomial corrections are encoded in the asymp-
totic expression for the D(2p)-brane central charges, as computed in [42] and reviewed in
appendix B.1. They correct the leading terms in (2.4) as

Hgorr =1 , (229&)
5o = 7 | (2.29b)
corr _ Ly ket 1 e Tk )
4ij — QIC%Jle T+ 2 (Knyk + ’ka) r (QIC“U + 3’sz + QICZ]]J) K )
(2.29¢)

1 . 1 . 1
i = _éKijkle]Tle - */Cu'jijTk */CmJT K(2)TJ - §Ki(i2) +ik® | (2.294)

1
Hgorr _ ﬁICijlelT]TkTvl + K(Q)Tsz _ (3)Tl 4 K( ) (2296)
where we have defined
k®_1 c2(X4) A D; A D; K® — C(3)/ c3(X4) A D; (2.30)
024 Jx, 7 ‘ 8m3 Jx, ’
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and
1
KO =~ 7@2(X4)2 — 4eg(Xy) . (2.31)

Notice that here we are working with the redundant set of four-cycles v;; = D;.D);.

From these expressions it is easy to compute how the corrected version of the F-
theory superpotential (2.10) looks like. Indeed, mirror symmetry translates (2.29) into the
corrected periods of 2 in Yy, and so one simply needs to multiply them by the G4 flux
quanta, as in (2.13). In this case it is more convenient to work with the auxiliary flux quanta
m% defined in (2.11), and therefore to extend the flux vector to 't = (m,m?,m¥ e;, e).
One then finds that

Weor — g NI = elly — eI15 4 %mijﬂz‘;;r — m T + mIIe™™ (2.32)
where ¥ is the obvious extension of (2.14) to the auxiliary flux basis. This is a rather in-
volved expression, but it becomes more manageable if one distinguishes between two classes
of corrections that appear in the periods of 2. The first one corresponds to corrections
to the intersection numbers (2.8), and the second one to the Kéhler potential (2.16). As
we will see, each of these corrections has a different effect on the F-term scalar potential,
which becomes more transparent when it is written in the bilinear form (2.17).

To compute the corrections to the intersection numbers (2.8), one may again consider
type ITA compactified on the mirror manifold X4. There, two D(2p)-branes wrapping holo-
morphic cycles on X4 of complementary dimension have a natural topological intersection
number, that can be thought of as the mirror dual to (2.8). Then, on a D-brane wrapping a
2p-cycle with p > 2, a non-trivial curvature may induce lower-dimensional D-brane charges.
This affects the index that counts the open strings stretching between the two D-branes,
and which in the absence of induced charges amounts to the intersection number between
cycles. The curvature-corrected open string index between two B-branes £ and F reads

xX(&,F) = . Td(Xy) (ch &)Y (ch F) , (2.33)

where ch £ is the Chern character of £, and the Todd class for a Calabi-Yau four-fold is

3¢5 —
Td(Xy) =142 +22_ 4

Bt 7w (2.34)

Finally, for an element 3 € H?¥(Y,Z) we define ¥ = (—1)*3. It is the topological
index (2.33) that is well-behaved under the mirror map, and gives the actual intersection
numbers of the four-forms that appear in (2.6), instead of (2.8). Nevertheless, it turns out
that, upon applying the proper redefinitions, one can still use the intersection matrix (2.8).

Indeed, the open string index for holomorphic 2p-cycles on X4 is computed in ap-
pendix B.1, with the result

x =A"xoA, (2.35)

- 12 —



where Y is defined as in (2.27) and

1 0 0 00
0 &7 0 00
A=|1d ~Ch G 00|, (2.36)

0 $Kisi + K57 4 Ky + Kear) 65 0

KO — LK — %Ki(iz) Akl 01

contains the corrections induced by the curvature. Here we have defined c2(Xy) = cho,
and My = %2 (QK:kkkl + 3k + QK:km) + K,(j) Notice that A is independent of Ki(3)'
With these expressions at hand, it is easy to see that the superpotential (2.32) can be

rewritten as

peorr — (A(j»/) t Yo - (Aﬁcorr) , (237)
where
1 0 000\ /m
0o & oo0o0||n
Az =| 0 0 &oof|x]. (2.38)

—iKY 0 0680]||me
0 —ik® 001/ \ms

€Orr can be interpreted as the corrected moduli-dependent coefficients

The components of 7
of  in the expansion (2.6). Here we will not need the precise expression of such com-
ponents, because the quantities of interest only depend on A7™. The expression (2.37)
implies that, when taking into account the polynomial corrections in our F-theory setup,

one can still use the classical intersection numbers (2.8) if one makes the replacements
7— A7, T — AT (2.39)

in all the computations of the previous subsection. That is, in (2.6) we perform the
replacements
T — TG — iKi(?)) R ] —» Mg — iKZ»(g)Ti R (2.40)

and in (2.9) we replace the flux quanta by

1 S m
mht = mt — B Em' + ECS’ (2.41a)
_ mi ; 2 1
€j =¢ej + F’ijji + mZKi(j) ) (Kjrrr + Kjru) m" (2.41Db)
. (1 1
e=¢e-+ mjk)\jk —m' <24’C““ + 2Kl(lz)) + mK(O) . (241C)

To sum up, the corrected expression for the GVW superpotential takes the form
corr S st 1 _ kil 1 irpj kol
w =e+eT —i—im“(u,le T +61CijklmT3T T

5 Kiu TTTT — ik (! + mT") | (2.42)
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This strategy to rewrite the superpotential not only gives a more manageable expres-
sion, but also yields the corrected Kéahler potential as a byproduct. Indeed, it follows that
the corrections to (2.16) can be computed from the expression (2.15), by performing the
replacements (2.40). One then finds that

2 . .
K& = —log (BKijkltZtﬂtktl + 4Ki(3)tl) : (2.43)

Notice that this expression still respects the continuous shift symmetry of the axionic fields
b' and it only depends on the type IIA a’3-corrections that correspond to the third Chern
class of X,. It is also a natural generalisation of the o/3-correction to the Kihler potential
in type ITA compactifications in Calabi-Yau three-folds, see e.g. [16, 34]. In appendix B.2
we rederive the same expression using a different method, as a cross-check of our results.
From these expressions one can derive the corrections to the F-term scalar poten-
tial (2.23). For this, it is useful to write the superpotential and its derivatives in terms of

shifted axion polynomials. We have that

W = 4 ipitt — 14#5# —i <1IC1- + Kf?’)) P+ < 54 K(?’)ti) 5, (2.44a)
W = b + i — Upﬂ ( - K(3)> (2.44b)
where

p=¢e+eb + %m”gmlbkbl + %Kijklmibjbkbl + 2—14mICijklbibjbkbl , (2.45a)

pi = & +m"Cu bl + 1/cijk,mjb’%l + %ml@-jklbjbkbl (2.45b)

o =mt + C“bzmj + mC“bZ (2.45c¢)
pl=m'+mb, (2.45d)

p (2.45¢)

Notice that if we take K 53) — 0 the corrected scalar potential reduces to (2.23), except for
the flux redefinition (2.41) that only replaces the components of (2.24) by (2.45). As we
show in appendix B.3, the effect of a non-vanishing Ki(g) is to modify the matrix (2.25),
inducing new non-vanishing entries that destroy its block-diagonal structure. Due to its
complicated form, it is easier to characterise the corrections to the vacua equations in terms
of the vanishing conditions for the corrected F-terms, as we do in appendix B.4.

Monodromies

The above expressions allow us to connect the definition of 5 with the monodromies that
act on the periods of 2. For this it is useful to describe the superpotential in terms of the
vector of auxiliary fluxes 't = (m, m‘, m¥, e;, eg), as in (2.32). Then one can rewrite this
expression as

pyeorr — (]?L)q»/) t Rt 712ﬁcorr , (246)
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where B
R=ATR()A =P (2.47)

with A the extension of A to a square matrix, as defined in (B.14), and

1 0 0 00
bt 5t 0 0 0

R(b) = bibI VS 4L 8is 0 0, (2.48)
Kb bt S Kb S 0
Kb bbb L bbb LI b b1
0 0 0 00
8 0 0 00

By=A'PAA=A" 0 sisi4siss 0 0 0fA (2.49)
0 0 ikt 0 0
0 0 0 & 0

Here R(b) is the axion-dependent rotation matrix which transforms the flux vector into the
vector of flux-axion polynomials as RG’ = p’, where p’t = (p, p%, p", pi, p) is the extension
of (2.24) to include the polynomials p¥ = m¥ +m'b + m7b* + mb'/. The matrices P; are
the generators of such a rotation.

One can check that B! ~'SIi°" does not depend on the axions b, and so that (2.46)
expresses the superpotential as a product of an axion-dependent and a saxion-dependent
vector. From (2.29) one obtains that the monodromy action on the periods

Mo (77 + 1) = 7; - T (1Y), (2.50)
is given by
1 0 0 0 O
R LA 0 0 0
Ti=| 0 -—giof sks 0 0 (2.51)
0 0 — 3K oF 0
0 0 S e g

This action is fully encoded in the rotation matrix R, and more precisely in its generators
P. In particular we have that

Ti=Selix=e P, (2.52)

3 Tadpoles and vacua

With an explicit form for the F-term scalar potential in the large complex structure regime
one may characterise the set of vacua in that region. We will pay particular attention to
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the fact that the flux contribution to the tadpole Ngux is bounded from above, something
that forbids the presence of certain flux vacua at arbitrarily large complex structure. As we
will see, this tadpole constraint leads to different moduli stabilisation scenarios, classified
by which flux components are turned on. In this section we will analyse the most generic
of these scenarios, in which one can clearly see that the corrections KZ-(?’) to the Kahler
potential are crucial to stabilise all moduli. As a direct consequence, one finds an upper
bound for the vev of the complex structure saxions, that depends both on K i(3) and Ngyux-
One can also consider a quite different setup in which such a bound is absent, whose general
discussion we leave for section 5.

3.1 General flux vacua

Armed with the explicit form of the potential at large complex structure, one may now
analyse its set of vacua. Let us first consider the leading flux potential (2.23). Since it
is a sum of three positive semi-definite terms and its dependence on the Kéahler moduli
only enters through the overall factor eX/C Vs 2 its minima correspond to Minkowski
vacua where these three terms vanish. In other words, we must impose the following set of
on-shell conditions

1.
p= ﬂle (3.1a)
1 y
pi = Ky (3.11)
0= (K¢ui — KiCu) p (3.1c)

where the general solution for (3.1c) reads
pt = ACH + CH,| CuCH =0 Vi, (3.2)

with A, C* moduli-dependent quantities. For those vacua that preserve supersymmetry, we
need to impose that W = 0 on-shell. From (2.22a) we see that this implies two additional
conditions:

tpi=0,  Gp'=—=p. (3.3)

From our discussion in the previous section it follows that, in order to implement the
polynomial corrections that correspond to K ©) and Ki(jQ ), we only need to perform the
replacement

(p7 Piaﬁ“) - (ﬁ7 ﬁi’ﬁu) (34)
in (3.1) and (3.3), with the new quantities given by (2.45). Therefore the above equations
essentially hold whenever it is a good approximation to neglect the correction due to Ki(?’)

in the Kéhler potential (2.43). The vacua equations that follow from including such a
correction to the Kéhler potential are discussed in appendix B.4. In here we simply collect
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the result, approximated to linear order in ¢; = 6Ki(3)/ IC:

1 1 .
s K — gt ~ M
p 24/C,0 486Zt [Kp +18Cup"] (3.5a)
- 1 » 1 ]C s 1 i
pi + gngz'jP] = g’Ci (Ej - Ektklcj) P = gei’CJ’/ﬂ ’ (3.5b)
ICi _ 1 Ki _ _
(Cui - ICC;L) P“ = g (Ei - ektklc> (ICp + QCMP#) : (3'5C)

Finally, those vacua that are supersymmetric will satisfy the additional conditions
1 y e K o
tpi = (Keipl — et lcjpf) LGl =G (1 + eit’) j, (3.6)

up to quadratic terms in e;.

3.2 The tadpole constraint

In any consistent F-theory compactification on a four-fold Y4 one must satisfy the D3-brane
tadpole condition

B ~ x(My)
“2 )y, DY

- ND3 ) (37)

where x(Yy) is the Euler characteristic of Yy, and Npg is the number of space-time filling
D3-branes. The number y(Yy) can take a range of values depending on the four-fold, but
since stability of Minkowski vacua requires Npg > 0, (3.7) sets an upper bound for Ngyx.
Notice that we also need to impose Npgux > 0 in order to find a vacuum, due to the on-
shell constraint (2.3). We therefore have the allowed range 0 < Npuy < x(Y21)/24 for any
Minkowski flux vacuum. To understand what this implies in our setup, one may easily
compute the value of Njuy in terms of the expressions of section 2. Starting from (2.9)
one finds

Ngux = ém — é;m’ + %mwm“m”, (3.8)

where the barred flux quanta are defined in (2.41) and their presence arises from the
corrections to the naive intersection numbers (2.8).

The interesting observation is that this expression for Ny, equals a bilinear of flux-
axion polynomials, namely

Naux = pp — ﬁzﬁl + %nw/ﬁ“ﬁy . (3'9)
One can check this identity directly, or by realising that the flux contribution to the tad-
pole (3.8) is one of the flux monodromy-invariants that constrain the orbit of values that
p can take. In fact, since the entries of p’ are invariant under monodromies as well, their
on-shell value can only depend on such flux invariants and, because of (3.1), the same holds
for the saxion vevs. The invariants that arise in generic F-theory flux compactifications are
listed in appendix C.
This last expression for Nyux can be evaluated at each vacuum via the on-shell con-
ditions derived above. For simplicity, let us assume that we are in a sufficiently large
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complex structure regime such that the Kéhler potential correction term KZ-(B)ti in (2.43)
can be neglected. Then one may use (3.1) with the replacement (3.4) to obtain

Niux = % (52 + 4gijﬁzﬁ]> + %guuf)uﬁy ; (3.10)
where g, is defined as in (2.26), and we have used that for a vector of the form (3.2) we
have that 7,,0” = gu.p"”, see appendix A for details.

Along any limit of large complex structure we have that K — oo, because otherwise
KC; — 0 for at least some ¢, which takes us away from the regime of validity of our analysis.
Then the question is if along these limits all terms on the r.h.s. of (3.10) remain bounded
from above. If they did not, no vacua would be found at sufficiently large complex structure,
for any value of x(Y3). Since all terms are positive definite, they need to be bounded
separately.

The first term on the r.h.s. of (3.10) is clearly unbounded, so we must impose p = m =
0, which then implies p* = m’. For the second term, the question is whether ICgijmimj =
(4KC;K /K —3K;;)mim? remains bounded or not along the different large complex structure
limits. Those choices of m’ where it is not bounded should be set to zero in order to find
a consistent vacuum. This depends crucially on the topology of Y; through the quadruple
intersection numbers K;jz; of its mirror X4. A full classification of all possibilities should
follow from the techniques developed in [14] applied to the special case of large complex
structure limits. Here, we take a simplified approach by asking whether Kg;; remains
bounded or not in the case that we blow up a single modulus t* — oco. If it does not, one
should set m’ = 0 to find vacua in that regime.

We can distinguish four different cases:

(i) The modulus ' appears with a quartic term in the Kéhler potential, i.e. Kj;; # 0.
In this case the component Kg;; is not bounded since

Kgii ~ (t')? = . (3.11a)

In addition, for those indices j # 4 such that K;;; # 0, the diagonal term Kg;;
scales as

41K — 3K ~ (t1)? = o0, 3.11b
K 73

Kg;; =
and it is therefore also unbounded.

(ii) The modulus ¢* appears only cubic in the Kihler potential, i.e. Ky = 0 but Kyix # 0
for some k # . In this case the component Kg;; is unbounded as

Kgii ~ Kirt't* — o0, (3.12a)

with no summation involved. If in addition K5, # 0 for some k, also the component
Kg;j is unbounded, as it scales at least as

’ngj ~ ti — O0. (312b)
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(ii7) The Kéhler potential depends quadratically on the modulus ¢ which corresponds to
Kiiij = 0,V5 but iz # 0 for some k, 1l # . In this case the metric component Kg;;
does not scale:

Kgii ~ Kiit*t ~ const. (3.13a)
But the components Kgj; are still unbounded, since generically they scale as
Kgjj ~ (t')* = o0, (3.13b)
as long as KCj;jx, # 0 for some k.

(iv) Finally, if the Kihler potential is only linear in ¢, i.e. Ky = 0,Vk, [, but Kijii # 0
for j, k,l # i the diagonal component Kg;; vanishes asymptotically as

kgl
’Cijkzﬁt t 0

Kgis ~ 7 (3.14a)
The other components Kgj; are nevertheless unbounded as, generically
ngj ~ ti — 0. (3.14b)

Given this behaviour of the tensor Kg;;, one would expect to find very few vacua in
which m® # 0 for some 4 in regions where t* > %\/m , Vi. Exceptions to this rule may for
instance happen if the index ¢ appears only linearly in the quadruple intersection numbers
Kijki, and if we consider the regime t' > 14,4 # i. In that case one may satisfy the tadpole
constraint for m’ arbitrary and m? = 0,Vj # . A clear setup where this happens is when
we consider a factorised geometry like Y; = Y3 x T2, that can be interpreted as a type
IIB flux compactification, and identify 7% with the complex structure of T2. The type I1IB
setup will be analysed in section 4, while the more general linear setup will be discussed in
section 5. In the next subsection we will consider the more generic case in which we need
to set m = m’ = 0,Vi in order to find vacua in the region ¢ > 1./x(Y4), keeping in mind
that in some special cases this constraint could be stronger than necessary. For smaller
saxion values these restricted flux quanta will also give rise of vacua, but there they will
coexist with vacua with other flux patterns, see e.g. [43, 44].

3.3 Moduli stabilisation

Motivated by the above discussion, let us restrict our attention to flux vacua at large
complex structure such that

gt = (m,m',m* ¢, e) = (0,0,m" &,e), (3.15)
which implies that p = p’ = 0 and that p* = /»*. In this case the flux contribution to the

D3-brane tadpole reads

1
Narwx = 5" (3.16)
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Plugged into (3.1), the restricted fluxes (3.15) imply

p=0
pi =0 (3.17)

K¢ uimt = K;¢umt

where we recall that the last equation is equivalent to the decomposition (3.2) for m#. This
system has the simplifying property that the equations for axions and saxions decouple.
From the first two equations we obtain

3.18b 1_ .

(L8 5 - (3.18a)
pi = 0 = m“(u,ijbj = —€;. (3.18b)

1
p=0 = e+eb + §m“g“,klbkbl =0

To analyse the implication of these two equations let us define the matrix M;; =
M5, and let r be its rank. From (3.18b) we obtain a system of r equations with
h31(Y}) unknowns. This system will only have a solution if the vector é; lies in the image
of M, which will impose h*!(Y;) — r constraints on these fluxes. Only when these con-
straints are met we will be able to find a vacuum, and in this case only r axions will be
stabilised. In particular, notice that then only r complex structure fields appear in the
superpotential (2.42). This suggests that several saxionic directions will not be stabilised
either, as one can see from the third equation in (3.17). Indeed, in general we have that
Cu # 0, as this corresponds to the volume of a holomorphic four-cycle in the mirror four-
fold X4, but also that it only depends on r saxionic directions, and so the remaining ones
are unfixed by the vacuum equations. Moreover this third equation is such that contracted
with ¢! becomes trivial and so, in fact, it only stabilises 7 — 1 saxions. Therefore at least
one saxionic direction is left unconstrained, even in the case of maximal rank.

Coming back to (3.18), we see that only those axions b’ that are fixed by (3.18b) will
appear in (3.18a), which translates into an additional constraint that must be imposed on
the fluxes in order to achieve a vacuum. This time, however, the constraint is removed when
corrections to the Kéahler potential are taken into account, similarly to the effect observed
in [16, 33, 34] in the context of Minkowski type II flux compactifications on three-folds.
Indeed, including the corrections to the Kéhler potential couples the equations for axions
and saxions, which in turn changes the counting of stabilised moduli. This can already be
seen from the vacua equations corrected at linear order in the parameter ¢; = 6KZ-(3) /KC,
see (3.5), which adapted to the present case read

p= —%eiti@fn“ , (3.19a)
pi =0, (3.19b)
1
(KGui — KiGu) i = - (Ke: = exttiC; ) G (3.19¢)

Notice that (3.19b) is the same as before, and therefore gives r equations on the axions.
Similarly, (3.19c) becomes trivial when contracted with ¢ and so, even if modified, still

—90 —



yields 7 — 1 equations for the saxions. The main difference comes from (3.19a), which
couples axions and saxions and using (3.19b) becomes

1_ 3
e+ iézbz = —gﬁitlc‘umu . (320)

On the one hand, this equation no longer sets a constraint for the flux e. On the other
hand, plugging in the value for b’ obtained from (3.18b) one obtains an additional equation
for the saxions which, together with (3.19c), fixes the vev for r of them. Using the results
of appendix B.4, one can check that this structure is in fact preserved at all orders in the
correction parameter ¢;, and so the counting holds at the level of polynomial terms in the
scalar potential.

To sum up, we obtain a system with only r = rank(M) complex structure fields fixed by
the above vacua equations. Fixing the remaining ones would necessarily imply taking into
account the exponentially-suppressed corrections that we are neglecting in our analysis.
It is beyond the scope of our work to determine whether full moduli stabilisation would
then be achieved or not, although in any event such fields would be extremely light in
this regime.

In general we will consider those cases in which the rank of M;; = m*(,;; equals
h31(Yy), which a priori can be achieved by choosing an appropriate flux m*. Since in
this scheme Ngux = %nm,m“m” , one may wonder if such flux choices restrict the possible
values of Ngux. Let us for instance consider the case in which the choice of m* is such that
r = h31(Y,) implies

] R
Cuig M = 5”#””” + By (3.21)

where M ikMkj = (5;, v is a real function of the fluxes with a lower bound o > 0 and
m# 3, < 0. Then we have that N, > ah®1(Yy), which is the sort of behaviour proposed
by the Tadpole Conjecture in [12]. Whenever (3.21) holds, and depending on the precise
value for «, a large number of moduli could be in tension with satisfying the upper bound
for Npux, as pointed out in [12]. It would be thus interesting to determine in which
cases (3.21) occurs.

We can go a step further in our analysis and impose bounds on the saxion vevs by
recalling the leading solution for p*, see (3.2). Since now m’ = m = 0 we have

mt = At + C* 4+ O(e), (3.22)

with C*(,; = 0. Therefore, the tadpole is given by

1 1 1 1
Nitux = g guit' i = SAPK + SCHCVg, + Oei) = A + O(er). (3.23)
On the other hand, substituting in (3.19a) we obtain
45
A=— (’;) . (3.24)
9K Py

Looking now at the equation (3.19b)
& = —mF ¢ ab = —Myb', (3.25)
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we can infer that p behaves like p ~ ¢/P(m*) for some integer ¢ and some polynomial
P(m*) of degree r = rank M in the m*. For instance, when M is invertible and so
r = h*1(Xy), the matrix M;; has integer combinations of the 7# as coefficients, and thus
its inverse

K311 h3:1 k1 K311
Y e M? EDM )™ Sl =k -1
= detM Z_: 2 1:[ P (), s+ A2 e

s=0 kl,...kh37171 =1 =1

(3.26)

depends inversely on det M, which is a degree h*! polynomial on the fluxes m#. The
remaining terms appearing in M ! are polynomials of the integers m*, up to combinatoric
factors. Because in this case 1

§M”éiéj , (3.27)
with M% the inverse of M;;, we can estimate that there exists an integer p < h%1(Xy)
satisfying N _p 2 d?’~1, with d = g.c.d{m*}. When M is not invertible, we instead have
that p < r =rank M. Finally, using (3.23), we conclude that

p=é-

K < (Ngu) 2 a2 (K42 (3.28)

For a given choice of fluxes, this relation sets an upper bound on the possible values of
the complex structure saxions. The details of this constraint will heavily depend on the
topology of the mirror four-fold, through its intersection numbers and the o/3-correction
terms Ki(?’). For instance, notice that for a saxionic direction ¢ along which K grows
linearly (3.28) does not really set a bound, in agreement with our results of section 5. As
a very rough estimate, (3.28) sets an overall bound for the complex structure saxion vevs
of the form )

S NP2 2| ) (3.29)

Remarkably, our reasoning applies also when some fields are not fixed at the polyno-
mial level.

Finally note that, even when M has maximal rank, this moduli stabilisation scheme
suggests that there is a saxionic field direction whose mass is suppressed by €;t compared
to the other ones, as it is only stabilised when the corrections to the Kéahler potential
are taken into account. To check whether the scalar mass spectrum is hierarchical or not
one should describe the potential in terms of canonically normalised fields, which we will
not attempt to do in this work. Nevertheless, we already see that the key ingredient for
such a potential hierarchy is the mixing between different blocks in the saxion-dependent
matrix (2.25), which only appears due to Ki(g) corrections, and so by construction it is
suppressed in the large complex structure regime.

4 The type IIB limit

A celebrated moduli stabilisation setup corresponds to type IIB orientifold compactifica-
tions with background three-form fluxes. In this section we specify our results to this case,
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neglecting the presence of D7-brane moduli and worldvolume fluxes. As we will see, our
findings imply not only a simple form for the scalar potential at large complex structure and
weak coupling, but also two different moduli stabilisation schemes with an upper bound for
the complex structure vevs. One of these schemes provides counterexamples to the Tadpole
Conjecture of [12], that proposes a tension between full moduli stabilisation and the tad-
pole constraint. Such a scheme will be generalised to genuine F-theory compactifications
in section 5.

4.1 The flux potential

Type 1IB compactifications with background three-form fluxes can be understood as F-
theory on (C3 x T?)/Zs, with C3 a Calabi-Yau three-fold, provided that the presence of
D7-branes can be neglected for the bulk dynamics. We can then apply the results of
the previous two sections by splitting the index counting complex structure moduli as

i = {0,a}, where T represents the complex structure of T? and 7%, a = 1,...,h%1(C3)
the complex structure moduli of the three-fold. We also impose
’COabc = Rabe » (41)

where Kgp. are the triple intersection numbers of the mirror three-fold Bs. From (2.12) we
obtain a leading-order superpotential of the form

1 1
W =e+eoT? + e, T + QmabfcabcTcTo + §m0“/§abchTC
0

1
+%WWWWW+?MWWWW+%WJWWT@ (4.2)

This expression does not fully correspond to the superpotential of type IIB flux compactifi-
cations, due to the redundancy associated to the quanta m%. A one-to-one correspondence
between flux quanta is achieved when we consider an expression of the form (2.10), which
involves specifying a basis of holomorphic four-cycles classes {[o,]} in the mirror four-fold
X4 = (Bg X TZ)/ZQ

In this case the basis {[0,]} can be constructed explicitly, as follows. We first consider
the B3 Mori cone generators [C'?], a = 1,...,h"!(B3), and the divisor classes [D!], that
generate its Kahler cone and specify its triple intersection numbers as kqpe = [D}]-[D}]-[DL].
The Kihler cone of X, is generated by [D,] = [D! x T?], and by the class of B3, which we
denote as [Dy)]. Following section 2, we consider the following set of holomorphic four-cycles

vij = Di.Dj, i={0,a}, (4.3)
that correspond to the quanta m%¥ in (4.2). The elements of this set are not independent
in homology, as opposed to the following ones

H,=D!,  Hy=C%xT?, (4.4)

which form the holomorphic four-form basis {[o,]} = {[Ha],[Ha]}. In other words, the
index y in (2.10) splits as u = {a, a}, with a,a = 1,...,hH1(B3). The intersection matrix
for (4.4) is

Naa = [Ha} ’ [H&] = Oad » (45)
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with the remaining entries vanishing. The relation with the redundant set (4.3) is given by

C[C)Lb = CI()IO = 5ab7 Ca,bc = Cl?cn&a = Rabc » (4'6)

with vanishing remaining entries. One can then easily check that (4.1) is recovered
from (2.5).
Having fixed {[0,]}, the superpotential for the mirror four-fold Yy = (C5xT?)/Zs reads

1 0
W= e+ aT® +&T" +m T + Siit*kapeT"T° + %mabCT“Tch

1
+ 5 Kan TT°T° + %FcabcT“T”TCTO — ik (m +m1°) . (4.7)

where we have applied (2.11), defined m, = 6,47m% and already taken into account the
polynomial corrections of section 2.2. Notice that for the case of Y; = (C3 x T?)/Zy we have
that K(©) = K(%) =K g) = K((L3) = 0. We similarly obtain the corrected Kéhler potential

4
K™ = —log(2t") — log <3nabct“t"t0 + 2Ké3)> . (4.8)

One may now connect these expressions with the more standard formulation of type
IIB flux compactifications on Calabi-Yau orientifolds. We start with the superpotential [17]

Wi = / Q3 NGz, (4.9)
C3

where G3 = F3 — 7Hj3 is the complexified three-form flux, with 7 = Cy — ig; ! the axio-
dilaton. The holomorphic three-form €23 of the Calabi-Yau C3, can be expanded as

Q3 = ar X! — ploF, (4.10)

with (as, 87) a symplectic basis of harmonic three-forms on C3. The prepotential in the
large complex structure limit is given by

1 Kape XXX 1 '
EIWT + §K(,1))X“Xb + K@ xex0 %K@ (X924 ... (4.11)

F=- N
where exponential corrections have been neglected. By introducing the projective coordi-

nates z¢ = X%/ X? we can write the holomorphic three-form as

1 1
Q3 =ap + 2%, + (2/<;abczbzc + Kéi)zb + Kéz) + 6%““) B*

- <é/ﬁ;abczazbzc + K@z — iK(?’)) B, (4.12)

where an overall X° factor has been dropped. Similarly, we can expand the G3 flux as
Gy = (F° -~ 7H"ap — (F* — TH") g + (F, — TH,)B* + (Fo — 7Hy)B°, (4.13)
and arrive to the following expression for the superpotential

_ _ 1 1
Wis = Go + Goz% + §Hach“zsz + EGOFLabCZaZbZC —iK® GO, (4.14)
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where we have defined Gy = Fy—rHj and Gy = G, — K3 G+ KPG0, Gy = Go— K Ge.
One can see that this expression matches (4.7) upon performing the identifications

=7, T%=2", (4.15)
as well as K(gB) = K®), (gi) = K(gQ), Ké;l,) = %’iaab and

0 H® = —m?, F% =m*, (4.16)

)

g
|

|
3
2
I
3

Ha:_maa Fa:éau H():_é(]) F():é

Additionally, from (4.12) one also reproduces (4.8), as already shown in [16, 34].
Using the results of section 2 one may give a compact expression for the resulting
F-term scalar potential. The flux-axion polynomials are?

p =+ eph® + e,b% + mgbb°
]‘A(Lbc 1ach 1Oabc 1 ay1b1.c1.0

+ Kabe §mbb+§mbbb—|—6mbbb+6mbbbb ,
— = — 1a 1 apbrc 1 arbrc
po = € + Mmab® + Kape gm b°b —I—Embbb ,

1 1
Do = €q + Mab + Kape (mbbc + mPp0p°¢ + 5mobbbc + mebbe()) ,
1

P = Ma + Kape (mbbc—l—mebbC), (4.17)
ﬁa:ma+mab0+m0ba+mb0ba’
ﬁa:ma+mba’
P’ =m®+md,
p=m,

in terms of which the potential takes the form (2.17). At leading order, the saxion-

dependent matrix Z reads

%toli -1
5 1
%tOWSb dp
4 zﬁgn _ga
AB K 0Jab b
Z = 3¢ % 3t aa 310 b ) (4.18)
=0y 5 9n
3 1 b
5y 205 9n
tO
1 6;
6
-1 o

2For altenative definitions of flux-axion invariants in the type IIB compactifications see [26, 45, 46].
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where gt = (p, p°, p%, p%, ply, Pa, Po, p) and we have defined

K= Kapet 0t Ka = Kapet 1€, Fab = Kabet® (4.19)

and 3 /3 5

KaKp
ghy = o ( 26; - Hab) , g% = 2t — gliliab. (4.20)
Notice that in this case the matrix Z has the structure
A B

7= A=Al 4.21
(Bt BtA—13> | | (a.21)

with A, B non-singular 2h3! x 2h%! matrices. This form is preserved by polynomial
corrections.

4.2 Tadpoles and moduli stabilisation

Let us analyse the conditions for Minkowski vacua and the implications of the tadpole
constraint in the type IIB orientifold limit. If we consider a large complex structure regime
such that the effect of the correction K can be neglected, the vacua conditions read

1
p= gton[} (4.22a)
_ 1k
=———p 4.22b
Po=—575P ( )
_ 2 -
pa = =5t kg (4.22¢)
42K .
Pa = gtjggbpb (4.22d)

All these equations are a straightforward application of the general result (3.1) to the type
IIB limit, except perhaps (4.22d). To see how it arises from (3.1c) notice that

Ko _ _ Kap®
K 3k (4.23)
4 (Cua - ,C“Cu> =400, + drgpp” — =2 (2680 + k) =0,
K
where we used that (500 = dap and (gpe = Kape- Together, these two conditions im-

ply (4.22d).
As in the general case, when turning on the correction K the above vacuum equations
are corrected. In particular, for the type IIB limit we find that the equations (3.5) yield

_ % _ ktOT. 9
P h=—1g {p + Htomap“] , (4.24a)
_ 1k 1 /K ~
po + EfOpO =€ (tOpO - 9/<;ap“> , (4.24b)
_ 2 N 3 N %, _
Pa+ StURGG" = € JHa (po — prb) : (4.24c)
2K o BKa (o o Kby oby
Po = 3709aP = €g |\ 260+ 50" +200, ) (4.24d)
where we have defined € = 3[2(;3)
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In terms of the vacua equations, one can give a more explicit expression for the tadpole
condition in this setup. One begins with the topological quantity

Niyx = ém — &gm’ + maim® = pp — pip’ + pp", (4.25)

which at vacua can be expressed as

0 5012
Ngux = % </32 + ((50))2 + %gﬁbﬁ“ﬁb + 2;92%2%) ) (4.26)
where we have used the conditions (4.22) and therefore neglected the effect of K(®). This
approximation is justified if we aim to obtain the restriction on the fluxes that arise in the
different weak coupling, large complex structure limits &,t® — 0o, as done in section 3.2.
As in there (see also [45, appendix D]), we must set p = 0 when t°, /6 > \/Ngyuy in order
to find vacua, and therefore in this regime p° = m%, p* = m?. The remaining fluxes will
then be constrained depending on the different limits that we take, which we can classify
in a slightly more explicit manner as compared to the general case.

Indeed, let us consider a scaling of the form t° ~ k" — oo, with r € R. If r > 1
then t°xg", will diverge, and we will have to set m® = p% to zero. We will also have that
%92 /k diverges, and so m, = p/, must vanish as well. We then recover a simplified flux

lattice such that ¢* = (0,m,0,M%,0, €., €, €), and the tadpole is given by Ny = —m®

€0.
Alternatively, if » < 1 the m® = 5° must be set to zero and, generically, the same applies
for m® = p*. The question is then whether /% = p® and m, = p|, must vanish or not.
In fact, to have a non-trivial tadpole we need that Ngu,x = >, m%m, # 0, and one can
convince oneself that this is only possible if 0 scales like kg’,, for at least some a. All
these are cases in which r < 1 and ¢* = (0,0, 0,7M%, Mg, €4, €, €), which we will consider
as another subset of vacua. Finally, one can check that this classification is unchanged if
we add to (4.26) the corrections that arise from imposing (4.24). Let us now analyse the

moduli stabilisation of both classes of vacua.

IIB1: ¢* = (0,0, 0, Mm% Mg, €q, €, €)

This case falls into the generic class of vacua discussed in section 3.3. We have that the
vacua equations (4.24) reduce to

3
p= —f/-ea'fn“, (4.27a)
5i=0, i=0,a, (4.27b)
2K . 3Ky g4 4
My = 35096 = €5 Fall", (4.27¢)

to first order in e. We may now apply the general discussion in section 3.3 to set bounds
on the saxion vevs. Using (4.27c) we find that

Ma = Akq+ Coa +O(e), M =24t°% + C* + O(e), (4.28)
where Cyt® = 0, C%q4 = 0 and C%qp, = —t°Cy,. We therefore obtain the inequality

Niux = 242 + C,0% + O(e) > 2A%% + O(e) (4.29)
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while from (4.27a) one can see that

4 p

From here we find the following bound for the complex structure saxions,

flux

t% < N2P+1d2—4p(K(3))2’ (4.31)

where p < h*1(C3) + 1 is bounded by the number of complex structure plus dilaton fields,
and d = g.c.d({h*, m,}). Here we have used a reasoning similar to the one below (3.25)
to arrive to the inequality Nj p 2> d?~1. Finally, notice that taking into account that in
this scheme Y ~ kg%, we end up with a bound for the saxions which is, again, roughly of
the form (3.29).

To obtain a more concrete scheme one may consider that the matrix M;; = m*(,;;,
introduced below (3.18), is invertible. In the type IIB limit and with our particular choice
of fluxes this matrix is given by

0

M = Ma s Sab = lﬁ:abcmc. (4.32)
mp Sab

Then, choosing the fluxes in such a way that M;; has an inverse requires S, to be invertible

as well. If that is the case, the inverse matrix M% has the form

. . -1 S%me b
M~ =S5 , S =S"mgmy, (4.33)
Sbem, S5 — Sachdmcmd

where S is the inverse of Sgp. Notice that for M to be invertible we have to further ensure
S 2 0. If this last condition is not satisfied, the kernel of M is given by

ker(M) = ((1, —5%my)") (4.34)

such that we have a flat direction along T% = (7, —75%my)!. Given the identification (4.16)
this precisely reproduces the flat direction found in [47] for S, invertible but S = 0.

Using these results we can achieve stabilisation of all the moduli of the system. Starting
with the axions, from (4.27b) we have

b0 = —5715%e,my + S, (4.35)
b = —e0S 1S my — €,5% + S71S%m S mge, = —S% (e, 4+ b0my) . (4.36)

Regarding the saxions, the expression (4.27¢) at leading order provides us with a system
of h*1(C3) independent equations of order 4 in the set of h*!(C3) {t*}. Hence, we can use
it to express all the saxions in terms of the saxionic direction t°. We can then substitute
our results in (4.27a) and employ the first order corrections in € to stabilise the remaining
direction t°. Note that we are able to ignore the corrections in (4.27c) because the first
leading contribution of the saxions in (4.27a) is already linear in the parameter e.
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Looking to the shape of M% we observe a very straightforward flux choice for which the
matrix M;; is invertible, and which is related to the ansatz taken in [48] for different reasons.
Indeed, let us consider that m® # 0 Va and take mg = (r/q)Sqpm?, with ¢ = ged(kapenme)
and r € Z. Then the matrix M% simplifies to

-1 gm"
Mt=5"1 ) : (4.37)
rmb S8 — Ly

b

where in this case we have S = (r/q)?(SmmP). Let us study the implications of our

ansatz for the relations derived from the equations of motion. First we evaluate Sgm’ =

b

Kabem®mC using the second relation of (4.28):

Kape Pt = 4A% (192K, + 4k ACP + Ko CPCC
= 4A%(t°) %k — 4(1°)2AC, + K CPCC, (4.38)

where in the last step we have used the relation C%,, = —Cyt’. Now we combine our
ansatz mg = (1/q)Sam® with the first relation of (4.28). This leads to

q
"= 0)2
446 (4.39)
C, = §nabchCC.

Contracting the last expression with ¢* and taking into account that C,t* = 0 we conclude
FapCCY =0 = ¢ CC* =0 = C*=0. (4.40)

Hence, the ansatz m, = (r/q)Sqm® implies that C* = C, = 0 in (4.28). Then Mm% o
t% and Sg X Kap, as in [48]. Moreover the ratio t@/t? is easily fixed at leading order,
since (4.28) gives

ta 2 QA
= rm (4.41)
q
Working now with (4.27b) we have
0 q° r
_ > 40z
b = W (60 — 67’” Ca) s (442)
S abO
b = —Sabg, — L7 (4.43)

Finally, (4.30) determines the vev for the saxion t.

Note that in this particular setup the total tadpole Ngux = >, mem® is a sum of
positive terms and so it exceeds in value to h*!(C3). As pointed out in [12] this kind
of behaviour leads to a significant tension between tadpole cancellation and full moduli
stabilisation for a large number of moduli. From our perspective, this would favour vacua
where C'* # 0. In that case, one should apply (3.21) to see whether Ngux is bounded from
below by h?!(C3) or not.
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4.3 IIB2: @' = (0,m°,0,m%0,é&,, &, €)

This case is dual, via mirror symmetry, to the type IIA non-supersymmetric Minkowski flux
vacua constructed in [16] and analysed from the viewpoint of the bilinear potential (2.17)
n [34]. As shown in there, in this case one can solve for the vev of each field in terms of
the flux vacua and the correction e. One starts with the following vacua equations

p=0, (4.44a)
0 0 k1l+4e
- =€ 4.44
teo+6/<;m €™ (4.44b)
_ 3 K
pa—€§2_a€ 0, (4440)
p* =0, (4.444)

which at first order in € are equivalent to (4.24), restricted to this choice of fluxes. Borrowing
the results from [34, section 4.1] and adapting them to our notation we obtain the solution

1 A . e

bO = —W (/‘iabcmambmc - 3€amam0) - % 9

0 (4.45)
b = ——

m0’

for the axions and
oo Lot (L)
26_606 2-e (4.46)
Kg = ——— | K mme—QmOé)
a 3(m0)26 ( abe al >

for the saxions. Note that the k, are determined implicitly, and that acceptable vacua
correspond to saxion vevs within {t* > 0le < 1}, which imposes a constraint on the
flux quanta.?

Notice that t° ~ k/6, as could have been guessed from the leading order equa-
tion (4.22b) and the fact that py = €y. Also

< (O K®)| < N3 pd 2| K@) (4.47)

a

with d = g.c.d.(m® &). This results in an upper bound on the value of the complex

structure saxions which is roughly of the form (3.29) with p = 2, even if the moduli

2
stabilisation scheme under discussion is different from the one in section 3.3. Note also
that this bound is consistent with the regime in which ¢ < 1, whenever (m%)?|K®)] is
moderately larger than 1.

This class of vacua constitute a counterexample to the Tadpole Conjecture proposed

0

in [12], since the flux contribution to the tadpole Np,x = —m’ep is independent of the

3Explicit solutions to the equations for &, have been proposed in [16], assuming homogeneous vevs for
all t*. Additionally, these equations are similar to those determining the Kéhler moduli vevs in type ITA
AdS, CY orientifolds [367 | and so explicit solutions for such a setup will translate into Minkowski vacua
in this context.
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number of complex structure moduli. There is therefore no tension between achieving full
moduli stabilisation and having an Ng,, that it is bounded. A key property for this to
happen is the fact that most of the RR flux quanta that implement moduli fixing do not
contribute to the tadpole because they do not pair up with €y in the intersection matrix.
What is true is that all complex structure saxions t* are stabilised only when the effect of
the correction K3 is taken into account [16] which suggests that, in this case, decoupling
the expression for Npux from the number of complex structure moduli comes at the cost
of having several light fields. In the next section we will generalise this scheme to genuine
F-theory setups. We will see that most of the features of the type I1IB case will be realised
except for the bound (4.47), which may or may not be present.

5 The linear scenario

The moduli stabilisation scheme IIB2 for type IIB orientifolds provides a class of compact-
ifications in which the flux contribution to the D3-brane tadpole Ngux is independent from
the number of complex structure moduli h%!(Y}), and nevertheless one can achieve full
moduli stabilisation. Therefore it is quite simple to stabilise all complex structure moduli
and at the same time satisfy the bound 24 Ngux < x(Y4), a scenario whose realisation has
been recently doubted [11-13], see also [49]. In the following we would like to generalise the
key features of scheme ITB2 to more general F-theory compactifications, providing further
counterexamples to the Tadpole Conjecture of [12].

We will dub this more general setup the linear scenario, because the key ingredient will
be a four-fold Yy such that at least one complex structure saxion ty only appears linearly

on K = %e*KCS and in the superpotential. This means that K takes the form

K=4Kptr + f, (5.1)

with Kr = Krapt®t®, and f = f (t*) a function independent of ¢;, and homogeneous of
degree four on the remaining saxions t*. This kind of Kéhler potential is found when the
mirror four-fold X, is a smooth three-fold fibration over P!,% see section 6.3 for an explicit
example. In this case the leading saxion-dependent matrix (2.25) is

L ~1
Ko Lorrea 1
. Korrea  Ega o
= Gy — Mo , (52)
5 5 gob — 8 gabe,
1 ~%0%a R9rL + £3"eacy
-1 24

K

4Note that in order for t; to appear only linearly in I the mirror X4 needs to have a nef effective
divisor Dy, such that D7 = 0. The normal bundle Ox, (D)|p, of Dy is then trivial and by adjunction it
follows that ¢i(Dy) vanishes. This is satisfied whenever X4 is a fibration of a CY three-fold, K3 x T2 or
an abelian variety over P!, in which case D corresponds to the class of the generic fibre. See [50] for a
related discussion for CY three-folds.
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where

K
6 gLL

o iel ()
= — 5 €a == aa S 9 (53)
Gt (1 + %ﬁfm) Ak

and §*°gey, = 05 We now consider a limit which takes one or several of the saxions t* to
infinity such that

tLN]CL—>OO. (5.4)

We also assume that t; grows faster than any of the other saxions ¢, so that we realise
the hierarchy t;, > t*. Along such a limit £ — oo and Kg,, — oo. This implies that in
order to find vacua we need to set p = p* = 0, which translates into the flux constraint
m =m® = 0. We also have that

K (5.4)
—9LL —

U9
6 tr, '

1
. (5.5)

and one may find vacua with m’ # 0 in this regime. Finally, one describes the fluxes
m* by constructing the set of four-forms o, in the mirror four-fold Xy. As mentioned, we
assume that X, is a three-fold fibration over P'. Due to this fibration structure, a basis

of holomorphic four-cycles on X4 can be generated from the Kéhler cone generators D, of
the fibre X3

H,=D,.Dy, (5.6)
as well as by fibering the Mori cone generators C® of X3 over the base P!
H; =C" — Pl (5.7)
This last set of basis elements is related to the holomorphic four-cycles v;; = D;.D; as
[Yab) = KLabed“[Hg] - (5.8)

The integral basis of four-form classes [0,] is then {[o,]} = {[H.],[Ha]}, and so the
four-cycle index splits as u = {a,a}, like in the type IIB case, and then (5.2) takes the
form (4.21). The intersection matrix 1), is given by

naE = 6(11;7 Nab = 07 (59)

plus 7,; in general non-vanishing and quite involved (see (6.86) for its form in an explicit
example). The form of g, will then in general be quite complicated, but given the non-
vanishing entries of the intersection matrix 7y, setting m% = 0 leads to Nt = 0 and
the only contribution to the tadpole is

Niux = —m¥er, . (5.10)

which, just as in the IIB2 scheme, is independent from h3'(Y;). We then recover the
flux vector

7" = (0,m",0,m",0,€q,€L,€) , (5.11)
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and we find that m” has the same role as m? in the IIB2 setup of section 4.2. It moreover
follows that the flux-axion polynomials (2.45) reduce to

p=e+erbl + &b + Krape (;m“bbbc + émeabbbC> ,

Pa = €a + KLabe (m”bc + ;mebbC> ,
pr=¢r, p,=0, Pt =m® +mlo?, (5.12)
pr=0,  pt=mt, =0,

which we recognise as the flux-axion polynomials in the ITB2 setup upon the identifying
Krape with Kqpe. The leading-order vacua equations read

5=0, (5.13a)

I G
eL—&—EgLLm =0, (5.13b)
Pa — €abr, =0, (5.13¢)
=0, (5.13d)

and can be solved like for the ITB2 scheme. Indeed, the first and fourth equations fix the
vev for the axions as

1 oAb oA . e
bl = _W (ICLame“mbmc — BeamamL) 3
s (5.14)
bt = ———
L )
m

and the remaining ones the vev for the saxions. In particular we find that Kgrz/6 ~
K1 /6tr, must lie in the range (Nﬂ_ulx, Npux), and that

Lo _iKem  f
6 eL 4’C ’
_ mPea = 5Kpapert®m® N, lea| > 1 (5.16)
€q = mley, " Nim fuxlFal ~ 5 '

(5.15)

Here we have defined N, = m’ée, — %lCLabcmb

m* as a monodromy-invariant flux combi-
nation in the present setup, more precisely the analogue of the third invariant listed in
appendix C. We also obtain the inequality

K _
Gorrlea 2 Ng2. (5.17)

Notice that in the present setup the leading vacua equations in principle suffice to find
a set of vacua with full moduli fixing, unlike in the ITB2 scheme. This is due to the fact
that €, appears at leading order. Nevertheless, further corrections will also contribute to
the above equations, and in some cases they are needed to understand the implications
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of the inequality (5.16). We can read off such corrections from (B.42), focusing on those

(3)
corrections that involve Kj(:?’) , which are the leading ones. To leading order in ¢; = BQKTLL

one can also extract them from (3.5b), obtaining that in (5.13c) now we have
5.4 27 3y tL Kra

_ f> Ko 4) o 27 3 tn
5“_6a<4ICL GGLKLgLLKQ — Ya 400 KL KL

(5.18)

Here we have defined g;° as the asymptotic behaviour of J, (ﬁ) along the limit (5.4).

Notice that the second term asymptotes as I,CC—LL“ — 0, and so the qualitative behaviour of

the system depends on the functional behaviour of g;°. We have two possibilities:

— If g3° — 0 for some a, then (5.16) will set an upper bound on this limit. If moreover
the Kj(:g) correction dominates over g,, then the bound will be similar to (4.47).
Indeed, from (5.17) we then obtain

ICLa
Kr,

9 3 _
SIEE 1S 2 Nl (5.19)

— If for all a, g5° tends to a finite number bigger than NV, —1 then (5.16) is automatically

flux>
satisfied and no bound is imposed on the saxion vevs in order to find vacua in this
region. This is for instance the case of the overall rescaling t¢ — A% A — o0,
since due to the homogeneity of f and Kr, all the go° tend to quotients of intersection
numbers. Therefore for sufficiently large values of Ngux (5.16) becomes trivial. Notice
that in this case the monodromy-invariant flux combination N, only scans a finite
number of values along the limit, and so the set of inequivalent flux vacua in this

regime should be finite.

A potential third possibility would be that g, — oo, Va, which would also imply that the
bound (5.16) is automatically satisfied and that all possible values of N, are scanned along
the limit, yielding an infinity of flux vacua. However, this scenario is not realised here.
To see this, we note that the limit (5.4) requires that we have to blow up (some of) the
saxions t?, possibly at different rates. Now, there is always (at least) one saxion t* that
grows the fastest. Due to the fibrations structure of the mirror X, the terms appearing in
f are determined by the intersection numbers Kpqp. of the fibre X3 and the details of the
twist of X3 over P1. As a consequence in the limit (5.4) we can estimate

F<tKL. (5.20)

With this information, we can now evaluate the component |g2°| as

)=l

Kr,
We can further use t*0,Kr < O(Kr) to see that the second term on the r.h.s. is finite in
the limit (5.4). Given that the first term on the r.h.s. is O(1) we find that at least |g2°|
can never diverge along (5.4), and so the possibility g, — oo, Va cannot be realised.

fa*’CL

<KL
K7

KL t*KroLr,

4)g| =

(5.21)
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Beyond large complex structure

As we have seen, the linear scenario is quite natural in the context of F-theory four-
fold compactifications at large complex structure, and one may construct several explicit
examples like the one discussed in section 6.3. A natural question is then if the same
setup can be realised along other limits of infinite distance within the complex structure
field space. To address this question let us extract the key features and the underlying
geometric picture that lies behind the linear scenario, in order to connect with the results
of [14], where techniques were developed to address the features of flux potentials along
general infinite distance limits.
For this, notice that the leading-order saxion-dependent matrix (5.2) is of the form

H
M Me,
M&a Hab
227+ xo = G L (522
Hab —Hab€a
—H%e, M1 + H%¢, e

Hfl

where xo is defined in (2.27), and H*H, = 0;. From the results of appendix A, we can
interpret this matrix as the Hodge star action on the basis of four-forms {&, &;, 5, B, }
in which the component of G4 are the flux-axion polynomials p4, see eq. (A.1). In (5.22)
this action is block-diagonal, which is a general feature of the large complex structure
regime, cf. (2.25). In fact, it follows from the results of [14] that the Hodge star action is
approximately block-diagonal in any complex structure region in the vicinity of an infinite
distance point.

Now, it is also a general result of [14] that as we approach an asymptotic region
in complex structure field space, the different blocks in the Hodge star action behave
differently. Some of them tend to infinity and some of them tend to zero, while the rest
remain of finite order. In the linear scenario we have that H, Hy, — oo, H™', H*® — 0, and
M remains of order one. To find vacua one then needs to set p = p® = 0, which implies the
flux constraint m = m® = 0. Finally, it is reasonable to assume that it is consistent with
the vacua equations to set to zero some of the fluxes ", in such a way that n,,m*m" = 0.
The only contribution to the tadpole is then

Noux = _mLéLy (523)

which is independent of h%!(Y;). This leads to a vector of flux-axion polynomials of the
form pt = (0, mb,0, 5,0, pa, €r, ﬁ), from where the equations of motion follow

p=0, p*=0, pa=cqbr, eL+Mmt=0. (5.24)
From here one obtains that M & (Nﬂ_ulX7 Nfux), and the inequalities

Nuuxleal 21 = Mlea| 2 N32 . (5.25)
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The relevance of these bounds depends on the asymptotic behaviour of the ¢, along each
limit. By the results of [14] one would expect that &, either tends to zero, increasing the
number of blocks in which the Hodge star action is divided, or it remains finite. If all ¢,
tend to zero, then we recover a bound for the saxion vevs, just as in the IIB2 scheme of
section 4.2. If they do not, there is a priori no bound for the saxion vevs, but the values
that the monodromy-invariant flux bilinear N, can take is limited, and so should be the
number of inequivalent flux vacua.

As we depart from the large complex structure region, some of the entries of (5.22)
will stop being zero, and the above block-diagonal structure will be further broken. A clear
example of this is the effect of K3 corrections in the IIB2 scheme, that besides generating
a non-vanishing ,, induce additional non-vanishing off-diagonal entries in (5.22). How-
ever, in that case such additional corrections do not deform significantly the set of vacua
equations (5.24), as can be appreciated from (4.44). As a result, this moduli stabilisation
scheme can be taken to be valid on a large region of complex structure field space. Whether
this last feature is also present along limits outside of the large complex structure regime
is yet to be seen, although the robustness of the equations in the IIB2 setup suggests that
this could well be the case.

6 Examples

As stressed in section 2, the most subtle part of the flux potential is the piece related to
the four-forms o*, whose basis is not known in general. Exceptions to this are four-folds
Y, whose mirror dual X4 is a smooth fibration, of which the setups in sections 4 and 5
are particular subcases. In this section we provide explicit constructions that illustrate our
previous results, by considering two types of fibrations for X,4. In section 6.1 we apply our
framework to the case in which X4 is an elliptic fibration, which is a natural generalisation
of the type IIB case. In section 6.2 we study a concrete two-field model of this setup, and
show how the bounds for the saxion vevs obtained in section 3.3 are realised in practice.
Section 6.3 considers a four-fold X, that is a fibration of a Calabi-Yau three-fold over P!,
yielding a concrete realisation of the linear scenario of section 5. This illustrates how our
general formulas apply to specific geometries, while a more detailed description of the set
of flux vacua for each case is left for the future.

6.1 Elliptically fibered mirror

A natural generalisation of the type IIB limit is given by Calabi-Yau four-folds Y; whose
mirror X, is a smooth, elliptically fibered four-fold with a section. In this case all the
topological invariants of X4 are determined by the three-fold base Bs and so, as pointed
out in [23], one has explicit control over the set of four-forms o#. In our language, this
allows us to determine the intersection numbers (,,;; explicitly, specify the form of the
flux potential, and to carry out our analysis with the same degree of detail as in the
type IIB limit.

To see how this works, let us construct explicitly a basis of holomorphic 2p-cycles
classes in the mirror four-fold Xy, as done in the type IIB case. On the three-fold base
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B3 of X4, a basis of holomorphic 2p-cycles is given by the point class O, the generators
of the Mori cone [C'%], a = 1,...,hYY(Bs) = hb1(Xy) — 1, the divisors classes [D.] that
generate the Kéhler cone, and the class of Bs. The relevant topological invariants for us
will be the triple intersection numbers and the first Chern class of Bs:

Kabe = [Dg] - [Dp] - [Dg],  and  ¢1(Bs) = cf[Dg]. (6.1)

We embed the holomorphic cycles of B3 into X4 by using the projection of the fibration 7
and the divisor class of the section [E]. In particular, the Mori cone of X} is generated by

c) =Bt ], 1€, (6.2)

with [C°] the class of the fibre. The Kéhler cone is generated by the dual basis of divisor
classes
[Da] = 7*[Dg],  [Do] = [E] +7"c1(Bs) - (6.3)

Similarly to the type IIB case, we can construct a set of holomorphic four-cycle classes as
[vij] = [Di-Dj], i =A{0,a}. (6.4)

Again, all holomorphic four-cycle classes can be generated from linear combinations of [v;;],
but (4.3) does not form a basis because it is not a linearly independent set. For the case
at hand, one can construct such a basis from

[Ha] = [Do.n™'(Da)],  [Ha] = 7*[C7], (6.5)

which reduces to (4.4) when the fibration is trivial. This is a different choice of basis
compared to the one taken in [23], but more convenient for our purposes. The integral basis
of four-form classes [0,] that correspond to the period (2.4d) is then given by {[o,]} =
{[H,),[Ha]}, and so u = {a,a}, with a,a = 1,...,h%(Bs). Notice that the number
of elements of the basis (6.4) is 2h"(X4) — 2, smaller than the $h11(Xy)(RYH(Xy) + 1)
elements in (6.4). The tensor Cf‘j connecting both sets of four cycles as

il = Clou] = ¢ [Hal + ¢y[Hal (6.6)
is specified by
Cgb = CZ?O = dab » Ca,bc = Cl?cnda = Rabc » Cg() = C(f ) (67)

with all remaining components vanishing. This clearly reduces to (4.6) for ¢f = 0, and one
can check that it satisfies the relation (2.5). The intersection matrix for the basis (6.5) is
given by

Nap = 0, Nah = 5(1}37 Nab = Kvabcci = Cab (68)
and so applying (2.5) we recover

c _
]COabc = Rabc » ICOOab = RabcC1 = Cab » (6 9)
bc a b c '
Koooa = KabeC1C] = Ca Koooo = KabeCicici = ¢,
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which indeed are the quadruple intersection numbers of the elliptically fibered four-fold
Xy. Furthermore, for a X, a smooth Weierstrass model the Euler characteristic x(X4) can
be calculated from the adjunction formula as

X(Xy4) = /B, [12¢1(Bs) A ca(B3) + 360 c¢1(B3) A ci1(Bs) Aci(Bs)] (6.10)

which also gives the Euler characteristic for the mirror Y;. In the mirror four-fold Yy (6.7)
translates, via (2.11), into the following dictionary for the set of G4-flux quanta

i1 1
S = 5,4<;abcmbc, m® = md® + gc‘fmoo , (6.11)

Mg

which are the generalisation of the type IIB fluxes m,, m® to the present case and the
actual G4-flux quanta,” while m% should be seen as auxiliary quanta. The superpotential
then reads

1 1 1
Werr —e 4+ T + 5W,mccﬂ’ifc + TO¢oym®T? + §(T0)2cam“ + TOT ", + §(T0)2c‘fma
1 1 1 1
+ émonabcT“TbTC + §ToﬁabcmaTbTC + imOTocabTaTb +3
1 1 1
+ §mO(TO)2caTG + 6(T0)3cam“ + 6m0(T0)3c
m
24
— iK' + mT?) (6.12)

(T0)2cabm“Tb

o (e(T0) + AT Peg T + 6(T°) 2y TT" + AT kg T*T"T°)

where we have included the polynomial corrections of section 2.2, and in particular the flux
redefinition (2.41). Similarly, the corrected Kéhler potential is

2 .
KT = _log (3(4t% + 6(t2)2kact + A(t0)3 kapctch + (t0)4) + 4K§3)t’> . (6.13)

It then follows from our general analysis that we recover a scalar potential of the
form (2.17), where the flux-axion polynomials are given by

1 1
p=e+ eob + eab™ + 1 (b + ) B + 5 Fabet D S et b (b + c§b°)

1
+ g Habe (3mt"°° + 3m b (5°)%° + mechef (4°)°
+mO (B 4 ef6) (0" + efb) (b + c50"))
n %nabc (467870°0° + 60787 (0°)? + 47k (1°)* + egche§ (0°)*)
po = €0 + Ma (b + c$b°) + Kapern®ch (b° 4 c5b0)
1

+ 3 Kabe (m + em®) (6 + 60) (07 + 1)

5Because the mirror manifold X, is a smooth elliptic fibration the quantisation condition for the G4
flux [51] is trivial, in the sense that [G4] must be an integer class [52]. In the present setup this implies that
Mq,m* € Z. In fact, all flux quanta in (2.9) should be integers when X4 is a smooth elliptically fibered
four-fold.
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+ Kabe (mbbo (bc + ;cfb‘]) + %mo(bb + 608 (b¢ + b°c§)>
+ %mabc (30%0°0° + 3(60)2hee + (1)) (6.14)
Pa =Ma + Kabe (mbbc + ;mb"bc) ;
% =m® +m b +m® + Im°° 4 m (bob“ + ;c‘f(b0)2> ,
pt =m" 4+ mb”,
P’ =m" +mb’,

p=m,

and the saxion-dependent matrix reads, in the limit where the corrections Ki(3) can be

neglected
K
57 -1
©9is 5
K B,°AqB% B’
ZAB _ e K a ch b ~a 7 (6.15)
3 Bba Aab
2 xg"
24
-1 2

with gt = (p, 3, p% pl, pi» p). Here we have separated the tensor g, — N = %gjﬁgmgyj
in (2.25) into four blocks, reflecting the splitting 1 = {a,a}. In particular, the matrices
that appear in (6.15) are related to the metric g, defined below (2.26) by

A6,66,0= 0250 Ba"0be = gac — dae, (6.16)
and their explicit form is
A — 9 [icoo (tatb +10(t%ch + P + (t“)%‘fc‘{) K00 (b 4 0chy 4 KO0 (£ 4 1069
ab(40\2 2(t0)2 asb 0/4a b b a 0\2 a,.b
+ (10)2] + [4te” + 200(2ch + te) + ()25l (6.17)
Bb,=-2 [ICOO (Faaccftb + t9(cqat” + ﬁaccfcl{) + (t0)2cacl{) + ICOth(Haccf + cato)
+Kc0¢ (Hactb + to(ﬁaccl{ + cactb) + (t0)2caccl{) + Kbcto(ﬁac + tocac)]
2t" b, (40 b b 042 c b b 03 . b
+ v [2/£at + (¢) (4I€acclt + f@aq) + (t) (2/@166101 + 2¢4t ) + (t) cacl} .
(6.18)

Finally, A, A% = 6%, from where the structure (4.21) is manifest.
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Moduli stabilisation

Let us now write down the Minkowski vacuum equations for the case at hand, and study
to what extent the results from the Type IIB orientifold limit generalise to this class of
compactifications. In this setup the on-shell conditions (3.1) become

0= — 1
P=s3 4/Cp (6.19a)
pi = —glcgijﬁj (6.19b)
g =Tup’ (6.19¢)
where we have defined I'y, = —flaCBCb. An explicit expression for this matrix is given

in appendix D, from where one can see that for vanishing c{, I'yp — %t%ggb, and we
recover (4.22). Using the vacuum equations we can rewrite the flux contribution to the
tadpole as

1 . K _
Neux = pp — Pzp + 277,pr Hp” = = BY ([) +4gi;p P]) (Cab + Lap + Tpa) p° b: (6'20)

where the last term is positive definite by construction, as it equals % gup"p”. Hence, as in
the type IIB case, in order not to overshoot the D3-brane tadpole we have to set p =m =0
and we further set p* = m® = 0. However, unlike in the type IIB case the saxion t° now
enters with a fourth power in K. Thus, based on our general discussion in section 3, we
also need to demand p° = m® = 0 to find vacua that do not violate the tadpole constraint
at large complex structure.

3)

As before, including the corrections K;”’ will modify the vacuum equations. At linear

order in these corrections we have (3.5) adapted to this setup, which reads:

_1 3 LK.
p— ﬂle = —gezt {18/) + w] ) (6.21a)
_ 1 o1 Ki\ . 1 i
pi + EIng'jﬂ] = 5Ki (€j - Ektklcj> P - geilcjﬂ] ; (6.21D)
E, [K
= b — a |~
Py — Lapp 0 {2 p+ w} , (6.21c)

where we have defined w = (2t%° + (t9)2¢) 7, + (kq + 2kapt0 + cq(t°)?)p% and

5b _ ICaletO ‘
@7 K = 2Kt + Koyci0

Ea = |€p — L (260tc — Eiti):|

Kok (6.22)

Let us now turn to the restricted flux scenario m = m’ = 0 which yields j = ' = 0,
p* =1 and p}, = m,. In this case (6.21) reduces to
_ 3
p= —gfit w, (6.23a)
pi=0, (6.23Db)

1 Ka(ect® — egt® + t2%;,ch)
- Fabm =7 \|€ —
K- 2/C0t0 + Kac‘fto

1 (6.23c¢)
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In order to stabilise all complex structure fields, we need to choose the flux quanta (mg, )
such that the matrix M defined in (3.25) is invertible. In the present case of a smooth
elliptic fibration the matrix M is given by

M= M()() M()a _ C(fma + Cai?;a meg + Cibbbﬁlb ' (6.24)
Meao Mgy Mg + Cap™ Rabe

To see whether this matrix is invertible, let us define the matrices Syp = Kape? and

(ma + Cacmc) (mb + demd)

Sap = Sap — T (6.25)
Now the block-matrix (6.24) is invertible if one of the two is fulfilled
a) : S, invertible and n:&aSabmb +ctmg #£0, (6.26)
b) : cfme +com® # 0, and Sgp invertible.
The solution (3.2) now reads
my = Akg + Co+ O(e),  m® = A (260 + (1°)2¢}) + C* + O(ey), (6.27)
with the coefficients C, and C* satisfying
Cat® = — (kg + cath)Cb , (rapt’ + nb)C’b =0. (6.28)
Then (6.23a) allows us to recover (3.24)
A= _913.(2%1‘ | (6.29)
In addition, (6.23c) simplifies to
ma Tt = (o~ ST 60
and (6.20) becomes
Nuy = %AZIC - t10<mab + ;cabto) CUC + O(g) > %AQIC + O(e) . (6.31)

At this point we may apply the reasoning below (3.25) to obtain the inequality Nguxﬁ pe

d*~! with d = ged(mg, m®) and p < R Hence we conclude that

K < Ngp P a2t (g P2, (6.32)

X
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6.2 A two-field model

As a concrete example of a Calabi-Yau four-fold Y, for which the mirror X4 is elliptically
fibered, let us consider X4 to be the degree 24 hypersurface in P?LI,LLS,H)‘ This man-
ifold has been studied in the context of moduli stabilisation for instance in [23]. This
hypersurface can be viewed as an elliptic fibration over P? with intersection polynomial

I(X4) = 64D% +16D3Dy +4DED? + DyD3 (6.33)

where Dy is the Kéhler cone divisor associated to the zero section F, [D;] = w*[H| the
pull back of the hyperplane class in P? and ¢;(P?) = 4H. For this four-fold we have the
following basis of four-cycles

[Hy] = [Do.D1], [H'] = 7*[C'], (6.34)

with C! the single Mori cone generator of P3. The non-vanishing components of the tensor

n
ij

as in (6.7) are thus given by
Gi=1, Gu=ru=1, (o=c=4, (6.35)
and the intersection matrix 7 reduces to

7711 = 07 77% =1 ) mi1 = 4. (636)

Furthermore, the corrections Ki(g) for this example are given by

K® — _3860 é f))?» . K =960 éf))g : (6.37)

Finally, the Euler number of Xg4 and its mirror Yy = X3, is x(Xa4) = x(X5,) = 23328.
With this preparation we can now look at flux vacua for F-theory on X3, in the large
complex structure regime. To find vacua for large values of the saxions tV, ¢! we restrict to
the flux vector

(jt = (O>O7O7m17m1aéla607é) . (638)
The vacuum equations p; = 0 then translate to

cotma (b +407) 4t (b1 4 40°) =0, er ot (b4 48%) £t =0, (6.39)

such that the matrix M in (6.24) is given by

(6.40)

4mq + 16m mq + 4int
M = ~1 ~1 )
my + 4m m

which is invertible provided mq + 4! # 0 and m; # 0. In case this is fulfilled we obtain

mley é1
W = - = 6.41
mi (4m1 + ml) my’ ( )
Al= — Ae
pl=—g " €0 — (6.42)

mi (4m1 + ml) B dml + mi mi .
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From here we can deduce

2 (41 + mq) mie — myereg + mleg (€g — 4e1) + 3éper (4l + my)
2 (4m1 + ml) m1

p= , (6.43)
for which the numerator is a combination of integer fluxes and thus at least of O(1) if
non-vanishing. We can further use (6.19¢) to solve the vacuum equations for p* at leading
order. For our particular two-modulus case we have

my = Tt (6.44)
with
AV 440413
Iy, — (t) +4t(t) . (6.45)
2(¢1)3t0 + 12(¢1)2(¢0)2 4 16(¢0)3¢!
The corrected equations of motion for p now give
2 (4m1 + ml) mie —mieieg + mléo (é() — 451) + 3epéey (4m1 + ml) 3 tiC "
= ——t'(,m
2(4m1+m1)m1 g ok ’
(6.46)
with
Gum = [(#1)? + 44140 + 16(t°)%| i + (£'1° + 4(t°)%) T (6.47)
Furthermore, in this model the contribution to the tadpole is then given by
Nux = m'my +4(m')? = (Ty1 +4) ()2, (6.48)

We now want to find the bound on K and ¢ for which we expect solutions to the vacuum
equations similar to (3.28). To that end, let us distinguish three different cases depending
on the hierarchy between t' and t°:

i) Vacua with the hierarchy t' > t°. In this case we can approximate

1 0 AN I . 0
m = |5 1+4t1+(9<t1> m =<2t0+2>m +O<t1)- (6.49)

Thus in order to have the required hierarchy we need m; > 7! such that the con-
tribution to the tadpole goes essentially as Ngux 2 I'11. From (6.43) we then find

Niwh 21, (6.50)

i.e. we would expect (3.28) to hold for p = 2. The r.h.s. of (6.46) to leading order is
then given by

9 Ké3)t0 Kf))tl 1N2,51 | 4140 27K£3) 1 1
—— N+ =———1m + — . .51
6 P13 ((t ) s 4ttt ml) 39 10 m (9( ) (6.51)
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Using the bound (6.50) we can derive
05 (4! +ma) (mai! ) K] = T3 0PI S 1K NG (6.52)
Accordingly, ¢! is bounded by

1
m A
'~ 2t S (4! o ) (mamn) |K5Y) S Vil K7 (6.53)

Combining the bound for t° and ! we find
N\ 2
K S (KPH) N, (6.54)
in accordance with (3.28) for p = 2.

ii) Vacua with both sazions of the same order, i.e. t°/t' =~ with v ~ O(1). In this case

_ 144y
1 A1
= —|m 6.55

such that in order for v to be O(1) we also need 7! and m; to be of the same order.
Accordingly, from (6.43) and (6.48) we find

Afﬂux/3 Z 17 (656)

such that we expect the bound (3.28) with p = 1. We can now set a bound on the
overall saxion t'. Using (6.47) we have that

3 1.
—geitléﬁmu ~ tﬁmlf(’y) ; (6.57)
with f a function of v. From here, we derive the bound

St (4! ma ) ma K+ KE | S NG D kG (6.58)

flux

and similar for t°. Combining the scaling of t° and ¢! we find the bound
2
K S (KPH) N, (6.59)
in accordance with (3.28) with p = 1.

iii) Vacua with the hierarchy t° > t'. Here we find

1t A
_ A1
mi= g <t0> +0 <t0> m, (6.60)
such that we need to impose 7! > m; to achieve the required hierarchy. In view

of (6.48) and (6.43) we then find the bound

N5 >1, (6.61)

flux
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which should lead to (3.28) with p = 1/2. In this regime we have that

- Seatiqumt K (6.62)
From here we can then derive the bounds
0 S APl K S Mol K671, 2 S NGEIREL (6,63
Putting things together we then find
K< (K§3)ti)2 N2, . (6.64)

in accordance with (3.28) for p = 1/2.

Type IIB limit

F-theory compactified on the four-fold X3, can be viewed as the F-theory lift of type IIB
compactified on the mirror quintic which has a single complex structure modulus 7. The
intersection number and Euler characteristic of the mirror, i.e. in the quintic itself, are

K111 = 1, XE = —200. (665)

The main difference to the case of X3, discussed before is that now t° only appears linearly
in the Kédhler potential. In this case, the set of vacuum equations simplifies considerably.
For instance at the classical level (4.22d) reduces to

P

=——=p. 6.66
P1 2t0p ( )

Focusing on the restricted flux case ¢* = (0,0, 0,71%, 14, €q, €0, €) this translates into

t! 2ma
In this case the equation for p; read
£0 :éo+mlb1 =0, p1 = €1 —|—m1b0+m1b1 =0, (6.68)
which are solved by
> = A1
pl :_6707 bOZ_eil_i_miQéO_ (6.69)
mi mi my
This can be inserted into p to find
p=é+ Lopi = L1 ((m )2e — eregmy + 16%1) (6.70)
5€i - 1 1€0m1 + 5 € . .

We can now give an estimate for the range where the moduli t°, t! can be fixed, based
on (4.27a):
_ 1o, 9 (gmt
(my)?%e — eregmy + iegml = fK(3)—1(m1)2. (6.71)

As in the case of X3, we distinguish three cases:

45 —



i) At the vacuum we have the hierarchy t' > t°. In this case we have m; > m! such
that the flux contribution to the tadpole is determined by m;. As a consequence

S IKD my (mam!) < [KO NG, (6.72)
and accordingly
K
5 S (KON (6.73)

which agrees with (4.31) for p = 2.

ii) At the vacuum t° ~ t'. For this we need m; ~ m!. In this case we find

S KD my (mam!) < [KONG2, (6.74)
where we used Nél/li > 1! ~ m;. Hence
K .
tio S (K(d))zNg’ux ’ (675)

which corresponds to (4.31) for p = 1.

iii) At the vacuum we have the hierarchy t9 > ¢!, In this case we have Ngux > m! > my

~

such that our bound becomes
' SIE® my (mui' ) < | KO N (6.76)
and
t% < (K®)2 Ny (6.77)
reproducing (4.31) for p = 1/2.

We see that compared to the X3, discussion the bound on ¢! in the case i) is stronger
whereas it is the same in case i) and even less constraining in case iii). In the present
example we further have

3)
K®) = 8 ~1, 6.78
KO = 22 sl (6.78)
such that |K®)|my (m1m') can be made moderately larger than 1 to ensure that we are
always in the regime where the perturbations € < 1.

6.3 A realisation of the linear scenario

In section 5 we discussed a linear scenario that resembles certain features of the ITB2
scheme and in particular allows for full moduli stabilisation for a flux choice with only
one contribution to the D3-brane tadpole Ng.x. In the following we would like to give
an explicit example of an F-theory construction that realises this linear scenario. In our
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concrete model the number of complex structure moduli is four, but as discussed in section 5
the construction can be easily generalised to an arbitrary k3! (Yy).

As pointed out in section 5 we can realise the linear scenario in case the mirror manifold
X, admits a fibration of a Calabi-Yau three-fold X3 over a P'. As the example in this
section, we take the mirror manifold X, to be a triple fibration T? — P! — P! — P!,
which can either be seen as an elliptic fibration over a base Bs = P! — Fy or as a fibration
of a Calabi-Yau X3 = T? — F; over P!. Here, F,, the n-th Hirzebruch surfaces. Such
a manifold can be constructed using toric methods — the toric data for this manifold is
given e.g. in [53]. For this model we have four generators of the Kéhler cone Dy, Dy, Dy
and Dy, with intersection polynomial

I(Yy) = (8D} + DoD1Ds + DoD3 + 2D3Dy + 3D3Ds) Dy, + 6D3 D> Dy + 2Do Dy D
+2DyD3D; +16D3D; + 2Dy D3 + 4D2D? + 6 D3 D3 + 18D3 Dy + 52D .
(6.79)
We can identify Dy as the Kéahler cone generator related to the zero section of the elliptic
fibration as in (6.3). Furthermore Dy, satisfying Dy.Dy = 0, denotes the class of the

generic Calabi-Yau three-fold fibre X3 and D7 and Ds are the divisors dual to the curves
inside the base F; of X3. From (6.79) we can read off

K= [8(t0)% + 2412 +10(12)% + 2(1°)24! + 3(10)%2] 11, + 6(1°) 228" + 20012(¢1)?
+209(#%) 21 +16(t°)3¢ + 2t°(+2)2 + 4(t°)2(t1)% + 6(t9)2(+%)% + 18(2°)3% + 52(¢°)L.

6.80
In the following we will use the indices a,b, ... to refer toi =0,1,2 and o, 5, . .. to( refel)“
just to ¢ = 1,2. The first Chern class of the base Bj is given by
c1(Fy = PY)=2Dy + Dy, (6.81)
and the corrections Ki(?’) can be read off from [53]
c3(Yy)D; = —3136Dg — 960D — 1080D2 — 480Dy, . (6.82)

Since X4 can be seen as an elliptic fibration, a basis of four-cycles is given as in (6.5).
However, here we choose a different basis of four-cycles that is better suited for the study
of the linear scenario that is given by (5.6) and (5.7). The first set of four-cycles is given
by divisors of the generic three-fold fibre X3:

Hy=Do.D;,, H.=Dy,D;, a=12. (6.83)

The second set of four-cycles is obtained by fibering the Mori-cone generators C* of X3
over the base P!. The so-obtained four-cycles H satisfy

Do-Dy = AagHy, Do-Da = Aag (0 Hy + ¢/ Hy) . Do.Dy = Aagef (677 Hy + [ Hy) |
(6.84)
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where A3 = Kroap is the intersection on the two-fold base of X3. From here we can read
off the non-vanishing components of the ( tensor

C?,O =1, C/% = 5%7 Cgﬁ = )‘Ocﬁa Cgo = 5&(1)\046 )
o = 6% Nag, ¢ = Aapcl Co = Aascicl. (6.85)
The non-vanishing components of the intersection matrix 7,, in the four-cycle sector are

Tap = 0apr s = 0aaATA Do Dy DsD,

Nag = 0aadgs (ATNPDEDLDs — (AP + cfAO‘J)MPDOD(;DWDp} . (6.86)
In the following, we use the notation mg = d,47M% for the fluxes associated to H,. With
this information, we can now look for solutions to the vacuum equations. We are interested
in vacua that realise the linear scenario of section 5 and hence look at the limit (5.4), which
in the present case can be viewed as some sort of Sen’s limit. As before, to find vacua in
the region probed by this limit we must set p = m = 0, and since Kg,, will generically
diverge we also set p* = m® = 0 in order not to violate the tadpole constraint. However,
we can have m% # 0 since (5.5) is finite. If we further set p/, = m, = 0 by (6.86) we have a

L

single pair of fluxes contributing to the D3-brane tadpole as Ngux = —m*~er. This results

in the following restricted flux vector (5.11):
q" = (0,m",0,0,1m",0,éq, €, €L, €) (6.87)
and the following flux-axion polynomials:
p=é+eb + % (00" + §0) (b7 + %) + b0 (27 + 1))
+ élCLabcmeabbbC,
po = &0 + Kroas (m? (0 + %) + (v + ")) + %lCLOamebob“bb,

1
Pa = e + MK Loas (bﬁ + cfbo) + P K poash” + 5/cam,m%ﬁbaz#),

pL = €L, (6.88)
7 =0,

5% = 1 4+ mbbe,

pr=0,

5L —ml

p=0,

where we used that the intersection numbers Krqp. are related to A,s and cf via

Kroag = Aag Krooa = Aaﬁcf ; Krooo = Aaﬁc?c’f . (6.89)
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One can check that the polynomials in (5.12) correspond to those obtained in the general
linear scenario in section 5. The axions are stabilised as in (5.14), and also the stabili-
sation of the saxions works as in the general case. For concreteness, let us focus on the
overall rescaling

="\, "~ O0(1), A—oo. (6.90)

together with t;, ~ A3 — co. We can thus write K = 4t x(v)A\% + f(v)A* and K, =
3trka(v)A? + fo(v)A3. The values for the parameters v® can then be inferred from the
equation of motion for p, as in (5.13c) where g, in the present example is given by

Ka (5.4)  K(v)fa(v) — %/ﬁa(v)f(v) 27 (3)ka(V) tr,

9dLa
= — 6eL K — — -
Fa JLL ‘L LgLLIC2 K(v)2 4 F g(v)2 M

(6.91)

Then the equation of motion (5.16) fixes the v®. Since by assumption the v* are of order
one, we also find ¢, ~ O(1), Va, such that the bound Ngux|e,| > 1 is trivially satisfied. As a
result there is no upper bound for the value of ), in accordance with the general discussion
in section 5. Still, since N, is a monodromy-invariant flux combination there should only
be a finite number of inequivalent vacua along the limit. Finally, the ratio t; /A3 is fixed
by (5.13b):
A3 ml t
_ L L

L 6 gLL t, 6 A3~ flux ( )
We thus conclude that the present example indeed captures all the key features discussed
for the general linear scenario in section 5.

7 Conclusions

In this paper we analysed flux potentials and their vacua for F-theory compactifications on
smooth elliptically fibered Calabi-Yau four-folds. We restricted our analysis to the regime
of moderate to large complex structure, where the complex structure moduli split into an
axionic and a saxionic component and the periods of the holomorphic four-form €2 can be
well approximated by polynomial expressions, neglecting exponentially suppressed terms.
In this regime we provided an explicit expression for the scalar potential that allows for
a systematic study of its vacua. To arrive at this result, we used that the periods of the
four-fold in the large complex structure regime are captured, through homological mirror
symmetry, by the central charges of B-branes wrapping the holomorphic 2p-cycles in the
mirror four-fold. This strategy was promoted in [23, 24] to calculate the Gukov-Vafa-Witten
superpotential.

Since in our limit of consideration exponential corrections to the periods can be ignored,
the resulting axionic shift symmetry allows us to separate the scalar potential into a saxion-

ZAB and a set of flux-axion polynomials p4 that depend on the axions

dependent matrix
and the G4-flux quanta. This structure is in fact a general feature of the scalar potential
close to generic large distance singularities, as argued in [14]. In terms of the p4 the

vacua conditions, i.e. the self-duality constraint for the G4-flux, take the particularly simple
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form (3.1) and can be analysed systematically. Using this form of the self-duality condition
allowed us to directly compute the flux contribution to the D3-brane tadpole Ng,y in terms
of the p4 on-shell values.

Our analysis shows that for generic Calabi-Yau four-folds we have to restrict the choice
of fluxes in order not to violate tadpole cancellation parametrically. This led us to consider
the generic flux choice (3.15). In fact this constraint on the possible fluxes can be viewed as
a generalisation of the result of [41, 54], where it was shown that in 4d type IIB/F-theory
compactifications switching on the flux associated to the top period is inconsistent with
tadpole cancellation and moduli stabilisation at large complex structure.

As it turns out, our generic choice of fluxes compatible with the tadpole cancellation is
too constrained in order for the leading vacua equations to stabilise all complex structure
fields. In particular, the analysis of the set of leading order vacua equations revealed
that at least one saxionic direction necessarily remains flat. This problem is circumvented
when polynomial corrections to the periods are included. While most of these polynomial
corrections can be treated as a re-definition of the flux quanta, the correction KZ-(?’), that
is related to the third Chern class of the mirror four-fold, has important consequences for
the vacua equations as it gives a correction to the action of the Hodge * operator on Yj.
Including this correction allows us to generically stabilise all the complex structure fields.
Still, to achieve full moduli stabilisation the fluxes need to be chosen in such a way that the
matrix M appearing in (3.25) is invertible. Invertibility of this matrix should be read as
a constraint on the fluxes m* contributing to the tadpole Ngux. In the light of the recent
conjecture put forward in [12, 13] it would be very interesting to translate this constraint
into a precise relation between Np,y and the number of fields that need to be stabilised,
which a priori could exist for this particular family of vacua.

In any event, we observed that in this generic flux scenario the regime for the saxion
vevs in which we can find vacua without violating tadpole cancellation is bounded from

above by |K ) \Ngut(% .5 As discussed in section 3, the exponent p is bounded by the number
of complex structure fields in the system, and the upper bound on the saxionic vevs can
be understood as arising due to the full stabilisation of the complex structure moduli by
means of perturbatively suppressed terms. This bound on the saxion vevs nicely parallels
the prediction for the total number of flux vacua based on statistical methods [55-57].
Indeed, it was found that the number of vacua in type IIB flux compactifications grows
like Néié?v with @ the number of flux quanta. Since in type IIB the number of flux quanta
is twice the number of complex structure plus dilaton fields, our bound on the saxion vevs
is indeed in line with the expected number of flux vacua in type IIB. It would be interesting
to make this link more precise, also by adding the D7-brane flux contribution as in [58].
Reducing our general F-theory setup to type IIB, we connected with several existing
results in the literature. We realised that the flux choice made in [48] is one of the simplest
that guarantee that the matrix M is invertible, implying that all complex structure moduli

SWe stress that even taking into account this upper bound, we can find vacua consistent with our
approximation of neglecting exponentially suppressed terms, since the saxion vevs are still allowed to be
moderately large depending on the precise value of K ),
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and the dilaton are fixed. In our scheme, the mass spectrum clearly depends on the
correction K ), as one of the fields is only stabilised when they are taken into account.
This is also consistent with the results of [45, 48], since the parameter ¢ that controls
their mass spectrum is a simple function of K. Furthermore, we also showed that in
one particular case in which the matrix M is not invertible, we recover the residual flat
direction found in [47] for the same flux choices. In that reference it was shown that this
flat direction can be stabilised by including non-perturbative corrections, possibly yielding
to an exponentially small superpotential. Our analysis of section 3.3 provide an F-theory
generalisation of both of these type IIB constrained flux scenarios, and we expect them
to display similar features, see e.g. [59]. In particular, notice that the vacuum obtained
in [47] after including exponential corrections is located at O(1) values for the saxionic
fields. This is analogous to our observation that the small corrections which yield full
stabilisation of all complex structure fields set an upper bound for the regime in which we
expect to find vacua. Based on our analysis presented in this paper, it would be interesting
to investigate whether also in general F-theory models non-perturbative corrections can
lift the perturbatively flat direction of the potential when M is not invertible. Finally, it
would also be interesting to connect our results with the type IIB analysis made in [60].
Besides the class of vacua associated to the flux choice (3.15), which is present in
generic F-theory models, we found a second class of vacua arising for a different pattern
of flux quanta when at least one of the complex structure fields only enters linearly in
e~ and the superpotential. In this case there exists a region in field space where we can
fix all complex structure moduli with the flux choice (5.11), without violating the tadpole
constraint. Most importantly, for this flux choice there is only a pair of flux quanta that
contribute to the tadpole. As we argued in section 5, in the linear scenario the full moduli
stabilisation can be achieved provided the matrix Z4Z entering the scalar potential has
enough off-diagonal components. In the type IIB limit these off-diagonal components are
again related to the K®) correction and reproduce the mirror dual of the Minkowski vacua
studied in [34]. However, as discussed in section 5 in the generic F-theory setup we do
not necessarily need to rely on the K3 corrections, and full moduli stabilisation can be
already achieved just on the level of the classical contributions to the periods of the four-

fold. Notice that in this case the off-diagonal terms of Z4PB

are not necessarily suppressed
in the large complex structure limit. As a consequence there is in general no bound on
the value of the saxion vevs for which we can find these kind of vacua. Still, as argued
in section 5, we expect the number of vacua in this class to be finite. This follows from
inequivalent vacua being characterised by a monodromy-invariant integer which can only
take values in a finite range.

The analysis presented in this paper offers some avenues to follow in the future: first
of all it would be interesting to calculate the precise mass spectra for the F-theory vacua
obtained here as done in [45, 48] for the type IIB case. In this way one could verify whether
there is indeed a hierarchy between the masses of the fields in the complex structure sector.
More precisely, given our analysis one would expect that the mass of at least one of the
fields that is stabilised only through the effect of the K®) corrections is smaller than the
masses of the fields that are already stabilised using the leading order vacua equations.
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Second, one could try to generalise our explicit expressions to other asymptotic regions
in the four-fold complex structure moduli space, as classified in [14]. Our analysis shows
that in order to achieve full moduli stabilisation it is often necessary to include contributions
that are sub-leading in the asymptotic region. In the particular case of the large complex
structure regime, we were fortunate to get general expressions for these contributions via
mirror symmetry. However, for limits other than the large complex structure limit, the
subleading contributions to the periods are not known in general, though for three-folds
there has been recent progress in that direction [61]. As a first step one could consider
infinite distance limits that involve intersections with divisors corresponding to conifold-
like singularities. Moduli stabilisation in type IIB string theory around such regions has
been considered in [62, 63]. Furthermore, for three-folds such limits have been classified
in the dual Kéhler moduli space as emergent string/decompactification limits in [50], see
also [64, 65] for a discussion of similar emergent string limits in CY four-folds. Since such
limits are defined in the large volume phase of the mirror dual four-fold, it should be easier
to relate them to the discussion presented in here. It would be interesting to see whether
or not in these more general limits one also sees the two classes of vacua discussed in this
work, or even if one encounters additional classes of vacua that enhance the flux landscape.

Acknowledgments

We would like to thank Pierre Corvilain for collaboration at the initial stages of the
project, and Alberto Castellano, Alvaro Herrdez, and Raffaele Savelli for useful discus-
sions. This work is supported by the Spanish Research Agency (Agencia Estatal de In-
vestigacién) through the grant IFT Centro de Excelencia Severo Ochoa SEV-2016-0597,
and by the grant PGC2018-095976-B-C21 from MCIU/AEI/FEDER, UE. The work of DP
was supported through the FPU grant No. FPU19/04298. The work of MW received the
support of a fellowship from ‘la Caixa’ Foundation (ID 100010434) with fellowship code
LCF/BQ/DI18/11660033 and funding from the European Union’s Horizon 2020 research
and innovation programme under the Marie Sklodowska-Curie grant agreement No. 713673.

A Geometric interpretation of the py4

In this appendix we provide a geometric interpretation of the flux-axion polynomials p4,
introduced in section 2 to describe the scalar potential in regions of large complex structure,
as well as of the saxion-dependent matrix Z4Z that appears in (2.25). While our discussion
is restricted to the large complex structure region, our reasoning can be easily generalised
to other limits in which approximate axionic shift symmetries appear in the moduli space
metric.

To understand the flux-axion polynomials geometrically, one may first realise that they
can be seen as the components of the flux G4 in a particular basis of four-forms. More
precisely we have that

Ga=pa — p'd&; + p'a, — pif + i, (A1)
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where we have defined

; 1 o 1 o
a=a+ bZOéz' + *bz C'u Y + K;Uklbzb]bkﬁl + ﬂ]cijklblbjbkblﬁ,

ij%v

i = oG + CubjU + ,kalb]b 5 +élCijklbjbkblﬁ,

5= 0} + a6+ L Guaat 815 (A.2)
Bt=p+b'8,
B=5.

The geometric interpretation of the p’s then boils down to the geometric significance of this
tilded set of four-forms, in comparison with the basis of integer four-forms {a, o, U}f, B, B},
that span the horizontal subspace H7 (V). As one can check, two key properties of this
new basis are that:

i) It has the same intersection numbers as the initial basis {«, a;, O'ZL/, B, L.

i1) Their elements are invariant under monodromies around the large complex structure
point.

The first property can be easily checked by direct computation, and it implies the tad-
pole identity (3.9). The second one follows from the characterisation of the large complex
structure monodromies as (2.52), given that the monodromy generators P, also specify the
change of basis {a, a, 0;/, B B} = {a, &, 6, %, B}. Combined, these two properties also
allows us to relate the saxion-dependent matrix Z4Z with the action of the Hodge star
operator on the basis {&, &;, 6y, B, B}

Indeed, this tilded basis is particularly suitable to express monodromy-invariant quan-
tities like the holomorphic four-form €2 and its derivatives. To simplify the discussion, let us

(3

ignore the contribution of the corrections K; ) to the expression of 2. That is, we consider

the expression (2.6), from where we find

. 1 T~ C -
T T e 1 S Y- Al
Q=a+it'q; 2< Ou 6K:16 + 246a (A.3)
1 ~ i = 21K . 1 i~ K=
O —F. Lirls _ Tx Bk _ Dy L AR s L S S (S R
DY = &; +iC 6, 2ICzk6 GICZB—i- e [a—i—zta, 2C Gy 6IC,ﬂ —1-24,3
(A.4)
o AKK 2iK; 2iK;
DiDjQ = ¢l6,, + ik — ”5 <g” ICZJ)Q_}_ICE)TJQ-F S (A5)

2ikC;th 2 4y k Ik
+ ( e — E (61 ICj + 5j K:z)) +iK ,Ciﬂ DkQ :

We now use the fact that the Hodge star operator has a simple action on each of these
four-forms
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and in particular that
I i~ 2 - T 5
gt t DZD]Q + Q =it'q; — g( Op — EICZIB (A?)

is self dual. From the real part of this expression we obtain that

«((Moy) = Mo, (A.8)
and from its imaginary part that
. K =, . K; =,
tia; — 23 = tha; — —F°. A.
* < a G B) a G I6] (A.9)
In addition, using that %2 = Q and the above relations we obtain
. K- . K-
Moreover, from xD;2 = —D;Q) we obtain the following two conditions
R O o Kz 2KKk 5, 4K L
- = —& _ SRR gk L TGt All
(- SEBY) = - SR - SRR 4 S (A1)
- 1. . = . 1~ 4K, /. 1 _,. K -
* <C#Uu - 6]@5) =—(l'ou+ glciﬁ % (Ol - 5(“% + 245) ; (A.12)

where we used (A.9). Taking this into account as well as the above relations, one finds
that the action of the Hodge star operator on the basis {&, &;, 6, B, 5} must be given by

~ ~ 24
*Q = Eﬁa *ﬂ = 76‘)
“o ok (A.13)
*Qy = _élcgij/@la *5Z = _Eg”&j ;
together with (A.8) and
K; N Ki .
* (Cz” - KC") Op = — (CZ-“ - KC’“‘) Fp- (A.14)

It is now easy to identify the action of the Hodge star with the diagonal entries of
the saxion-dependent matrix (2.25). More precisely, we have that the matrix 2V2Z + xo
defined in there corresponds to the entries of the standard four-form metric

GAB = / wh A sw?B | (A.15)
Y4

with {w?} = {a, &4, 0y, 3', B}, computed to the same level of approximation. In fact, to
fully show this statement one must verify that

I = / Gy N\ *6y , (A.16)
Yy

with g, as defined below (2.26). This is easy to argue from the results above. For this,
let us perform the decomposition

PG, = (ACH + B + C") 5, (A.17)
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with components such that
" ]CZ i .
BY =G = dh) & GuCt =0V, (A.18)

for some arbitrary vector . This splitting is directly related to the decomposition intro-
duced in (3.2), to which one can give a geometric meaning in terms of self-duality properties.
Indeed, it follows from (A.8) and (A.14) that the first and second components are Hodge
self-dual and anti-self-dual, respectively, and it is easy to convince oneself (either using
mirror symmetry or (A.5)) that *C*5, = C*5,. Putting all these together we have

) ) - KK\ s
pHp” /Y Gu N*6, = pPiup” — 2B, BY = ptnup” — 26 (Kij — ;C j) ¢
4

= Pt = 20" (K = K7H) Gy, (A.19)
where we have used that &(K;; — %) = (Cuj — %Cu)p“, and so (A.16) follows.

Notice that our results imply a prescription to construct the flux-axion polynomials p4,
without the knowledge of (A.2), and that one can apply it to any other field space region
with approximate axionic symmetries. Indeed, given a real integral basis of horizontal four-
forms {w?} one may construct an alternative basis {&} from axion-independent linear
combinations of the real and imaginary parts of €2, D;Q2 and D;D;(2, so that the elements of
the new basis are automatically monodromy-invariant. One must moreover choose the new
basis such that y4Z = [ @4 AGP = [wA AwB. We then define the flux-axion polynomials
pa as the coefficients of the four-form flux in this basis, and the saxion-dependent matrix
in terms of its Hodge and intersection products:

- 1
Gy = PAWA, Z4P = 27])32 (GAB - XAB) ) (A.20)

with GAP defined as in (A.15).

B Curvature corrections on four-folds

In this appendix we cover several technical details regarding the polynomial corrections
discussed in section 2.2. In B.1 we elaborate on the computation of the corrections to
the periods and the intersection matrix, both seen as curvature corrections in the dual
Calabi-Yau four-fold X4. In B.2 we provide an alternative derivation of the corrected
Kahler potential (2.43). In B.3 we provide the flux potential including all the polynomial
corrections. In B.4 we focus on the corrections to the F-terms, which we use to provide
the corrected vacuum equations.

B.1 Corrected periods and intersection matrix

Section 2.2 discusses the polynomial corrections to the four-fold periods in the large complex
structure regime. These can be obtained via mirror symmetry from the central charges
of B-branes wrapped on holomorphic (2p)-cycles in the mirror four-fold X4. In the large
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volume regime the leading polynomial form of the central charge of a (2p)-brane that
corresponds to a complex & is given by

2() = [ e’Te(Xa) (cn(€)" (B.1)
4
where J is the complexified Kéhler class. The Calabi-Yau n-fold complex I'-class is given by
Fe(X,) =4/ Td(X,) exp(idy, ) , (B.2)
with Td(X,,) the Todd class of X,, and

3 S
h =4 4O

" (2m)
To evaluate these central charges one needs a basis of (2p)-branes, which we take as type
ITA D(2p)-branes on a four-fold X4. For p # 2 such a basis was constructed in [42]: the
D8-brane wrapped on X4 is associated with the structure sheaf Ox, with Chern character

(05 — 6203) “+ ... (B3)

ch(Ox,) = 1. A basis of D6-branes is given by the sheaves Op, with D; the generators of
the Kéhler cone. For these sheaves the Chern character is given by

1 1 1
—D?+-D}— —Di}. (B.4)

Ch(oDi>:Di_2 i 6 ¢ 94

A basis for D2-branes is obtained from the Mori cone generators C? via C* = 1,0 (K é,/f)

for which the Chern character is simply
ch(C) = C*. (B.5)

Finally, as shown in [23] in many cases a basis of D4-branes can be constructed from the
intersection of two divisors D;.D;. The Chern character of the associated sheaf Op, p;
is then

1 1
¢h(Op,.p,) = Di.D; — 5 D;.D;. (D + Dy) + 7 Di.D; (207 +3D:D; +2D2) . (B.6)

Using these expressions for the Chern characters, the central charges in (B.1) can be
explicitly evaluated yielding the periods (2.29). Let us stress that these expressions for the
central charges are valid in the large volume regime. Away from these limits in principle
exponential corrections need to be taken into account that do not necessarily converge in the
entire classical Kahler cone. In order to ensure that we are in the regime of validity of the
polynomial approximation to the central charges we impose that the classical contribution
to the central charges of 8-, 6- and 4-branes is suitably large. We will in particular assume
that the curvature corrections due to ¢;(X4) are small compared to the leading polynomial
expression in (2.29). As an example of what this constraint entails, let us consider the
central charge of a D6-brane on a divisor D; that satisfies D;.D;.D;.D; = 0, VD;. In the
limit of large ¢' we find that

1 o 1 .
Z(0p,) = S KigpT'TIT* — ﬂT@/c2 AD; AD; + ...

/1 .
— 7T (GICiijijTk T Kff)) T (B.7)
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Since the term in the brackets is constant for large values of ¢* we see that for the curvature
correction to be subleading we need to impose

1 .
élciijktjtk > ‘KZ(ZQ)’ R (BS)

which is a condition on the other saxions. For a related discussion of the role of the second
Chern class for the validity of the perturbative expansion in type IIA on CY three-folds,
see [50].

Besides the periods, to extract the form of the flux potential we also need the corrected
intersection matrix y associated to the integer basis of 2p-cycles on the Calabi-Yau four-fold
X4. Asreviewed in the main text, this intersection matrix is given by the open string index

X(E,F)= [ Td(Xy4)(ch&)"(chF), (B.9)
Xy
where the Todd class is given by (2.34) and £ and F are complexes corresponding to the
branes wrapped on the 2p-cycles. Using the Chern characters of the associated complexes
reviewed above, we can calculate the intersection matrix to be

5 [3c3 —c4 —Ki(f) — 51 Kiii X(Op,.p;, Oy) 01
*Kﬁ) — 1 Kok x(Op,,Op,) — 3 Kkkij + 3 (Kniij + Krij;) —6% 0
X=| x(Op,.0,,0v) —3Kiira + 3 (Kiui + Krrai) Kriij 0 0]
0 —ok 0 0 0
1 0 0 0 0
(B.10)
where
X(Op,.p, Oy) = %(2niiij 3Ky + 2Kagyy) + 2K (B.11)
X(Op,, 0p,) = —2KP) + ilciikk: - é(lciiik: + Kikkk) - (B.12)

This matrix can now be rewritten as a product of three matrices

x = A'%oA, (B.13)
where
1 0 0 0 0
0 &/ 0 0 0
A=|Ld —675! 56t 0 0f, (B.14)
0 B+ K 5 (Kjiak + Kjint) 6% 0
(2)
KO — LK — 5K Aik 01
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with \;p = % (2’C”zk + 3kk + QICZkkk) + Ki(Q), and we have

00 0 01
00 0 =300
xX0o=10 0 Kimy 0 O (B.15)
0-6 0 0 0
10 0 00

As emphasised in the main text, to describe the potential in terms of physical fluxes
we need to rewrite xo so that it describes an intersection on the actual basis of four-cycles
o,. We can do this by defining

0 = 0'x00, (B.16)
with
10000
067000
©@=(00¢;00]. (B.17)

00 040
00001

Then, by defining A = ©A we arrive at the expression (2.36) and
x = A'xoA, (B.18)
with xo given in (2.27).

B.2 Corrections to the Kiahler potential

In the main text, we derived the polynomial corrections to the Kéhler potential (2.16)
via the correction to the periods of {2 and the intersection numbers. We noted that the
resulting Kéhler potential (2.43) remains of the classical form up to a term proportional
to the third Chern class of the mirror. In the following we will review a more direct way
to arrive at the same result, based on the results of [66].

In [66] the Kéhler potential on the complexified Kéhler moduli space of general Calabi-
Yau n-fold X,, was argued to be of the form

h(l,l)(Xn) f‘ (X )
e_K:/ exp (2i Z tiD¢> (AC o ) +O(€2mT)a (B.19)
Xn

i=1 I'c(Xn)

based on calculating the perturbative corrections to the S? partition function of the asso-
ciated gauged linear sigma model. Here t* = ImT" is the saxionic part of the complexified
Kéhler moduli of X,, and fC(Xn) is the complex I'-class (B.2) that also appears in the
calculation of the central charges (B.1). Since the Todd class is real, its contribution to the
Kéhler potential drops out and we are left only with contributions from the term exp(iAx, ).
For Calabi-Yau four-folds there is only one term in Ay, proportional to the third Chern
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class, indicating that only the third Chern class gives a correction to the Kéhler potential.
Evaluating (B.19) for a four-fold thus yields

4¢(3)
(2m)?

up to exponentia -Su ressed corrections, wi . ernnea as 1 . . 1S polyno-
p ponentially-suppressed ions, with K defined as in (2.30). This poly

2 - .2 . )
e K = glcijkltztjtktl + / c3(Xy).Dit* = glcijkltzt]tktl + 4Ki(3)tl , (B.20)
X4

mial structure was previously conjectured in [67], and one can easily check that it agrees
with (2.43).
B.3 Corrected F-term potential
To compute the F-term potential we use the standard Cremmer el al. formula [39]
¢ Vi = g™ Dy WD W = 3|W [, (B.21)

where D,,W = 0pm W + (07pm K)W , g™ is the inverse field space metric and m, n run over
all moduli. Ignoring corrections to the Kéhler sector of the compactification we recover the
standard cancellation of no-scale structure models and the above expression simplifies to

e KVp = ¢ D;WD;W (B.22)
= g" [ Re W; Re W; + Im W; Im W
+ ((ReW)? + Im(W)?) Ki K + K;WW; + KWW |,

where W; = 0;W and now 4,5 only run over complex structure moduli. We proceed
to consider the version of the superpotential (2.44) and the Kéhler potential (2.43) that
include the polynomial corrections:

| g 1 ' K ;
W = po+ ’LﬁitZ — ZICijﬁU —1 <6Kl + KZ(?))) ﬁl + <24 + Kl-(g)tl> 0, (B.23)

9 o .
Ko = —log (3 Kot o t5 e 4 4 KPtl) 7 (B.24)

where the p’s are given by (2.45). From the Kéhler potential we can derive the corrected
version of the metric of the complex structure moduli space. We have

. 3
Kopi = 0pi K, Ci(K3EY) i+ ke
T = Uillcs — (3)k _2IC 1+ tk )
K+ 6Kt €k

(B.25)

gZ] = aTi 87?3 KCS

(1+ Ektk)Q { K2 J _ ICJ + i (’Ciej +Kjei — 3/Cij6ktk> + 461'64 , (B.26)

where we have defined ¢; = 6K l-(g) /K. The inverse metric can be computed as a series in
powers in €;, whose first terms are given by

g 4. 1 . Koo . .
gu — (1 + thk)Q [315175] _ gICK:Z] + EkT (Kz]tk + ICzktj + ]Cjktz)

ICQ
12

K

| kgt — 3 (IC”tktl T t’tJICkl> T gtltjtktl

erer + O(ez)] . (B.27)

— 59 —



Working with the inverse metric in its full extension would be extremely cumbersome.
We take a different approach with the final aim of obtaining an expression for the scalar
potential where the uncorrected part can be easily identified. To do so we make use of the
following relation: '

3i &

2 (1+¢€)?2’
with € = ¢;t* and & = g% (e; — 4ekC;/K). Then Vi becomes

g F K = 20t — (B.28)

e BVr =g (Re W; Re W, + Im W; Im W;) + 4 Re W (Re W + ¢* Im W;)
(1+4¢€)?
- ((Re W)? + (Im W)2) L, (B.29)

+4Im W (Im W — t' Re W;) +

(Im W Re W; — Re W Im W;)

where 4
3e 3€é

- 1—|—e+4(1—|—e)3lC

Substituting the superpotential and its derivatives in terms of the flux polynomials and

(4K; + Ke;) . (B.30)

denoting the uncorrected metric and its inverse (2.19) by g% and géj , respectively, we
arrive to

B K \? | K .. K oq o ) . Y
e Vp =4 (p - 24p> +90 (pi + 69%[)’“) (pj + 69?ml) + (97 = ') CuiCuin"p

. 1 2
(2K Kej + Keieg) i — 5 eK?p + “Kpp

+i(9”—90)’CKJP+1 3

36 369
s K s Cger Sus i _ 5.5
t3 (go -9 )Cm’ij p— 59" Cuieip"p+ SKCup"p + (9" — 95 )pip;

o 1 . . L 2 . .
— (97 = aif) Kinpi* + 5 (97 — 9’ ) Kuekind*d' — 5 it
3¢

5.0 — J
1+ o2 {Pzﬂkt (’Ck6 + 3Kit?)pjp*

LT IS I S
g Vi iP 9 iP (

1. . 1
- 6’C€kpkpi+ﬁ(lcj+’c€]) kP p* = pCuid” + = (/C + Kei)pp + Cup Cuip”

1 . 1 K/1 9
- E(’Cz‘ + Kei) pCup” — (24 6) KpCuip" + — 5 (24 6) (Ki + Kei)p }
€ 1 €

— L1352 _(oaks = 4= 55

[p + - (Cup ( 6> Cud''p + (12 + 3> Kpp

1 2, 1 1_ i

— Gl g+ g ) Ko+ (oit 02+ 36 (i +Kei)p 2 - 3Pit' (Kj + Kej) | -

(B.31)
One can then see that in the limit ¢; — 0 we recover the leading form of the potential (2.23)
from the first line of this expression. Notice that as expected all terms are quadratic on the
flux-axion polynomials p4, and so one has a potential of the form (2.17). The expression

for the matrix Z is, however, much more complicated than (2.25), with several new non-
vanishing entries that destroy its block-diagonal structure.
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We can use the result in (B.31) to generalise (2.25) to account for the presence of linear
order corrections in ¢;. The new matrix will be given by

Z =Zo+ e 2 + O(7), (B.32)

where Zj is the uncorrected matrix from (2.25) and Z* is given by

k k -

% _% pt %’Clk@n‘ —t
k ki
Xij Yi*

nizk = | e, 4 KKk, M, S+ G | (B3

yfj zZkij

. k k

—tk 3](:1199”, 6t"° CM %

where we have arranged the flux-axion polynomials in a vector of the form gt =
(B, 7%, p*, pi, p) and we have defined

tk tk
LA k gk
Xl =ik = 5 Kij — 1251 Kj— 126]IC (B.34)
2tk ; w3t
vk Eftlc + 7ol — /cj/ck 5k (B.35)
LAtk g o o
ZH ==t — 2K — K iCJ’“tZ, (B.36)
po_t k ij Lok Lok
M, =Gl = 2K iy + 5K Gy + 5K i (B.37)

In general, given the complicated form of the potential, it is easier to characterise the
corrected vacuum equations in terms of the corrected F-terms, as we now turn to discuss.

B.4 Corrected vacuum equations

The polynomial corrections to the superpotential (2.42) and Kéhler potential (2.43) modify
the on-shell conditions (3.1) at leading order. In the following we would like to compute

(3)

such a modification which, as pointed out in the main text, essentially depends on K
Using (2.44) and (B.25) we find the F-term condition D;W = 0 to be equivalent to

p + K(?’)tf
(B.38)

3
=—2i (ICi + KZ-(S)) {p—i— ipt! — f@p — fIC i - ZK(g)p7 +

2 24

Contracting this expression with t* yields
i\ (=i o or o L i b (3), -
(/c + 6K %Z) [pjt] +iGupt — K’ — Kb~ i )t]p]

Y 3@ i) [syiagi Lo P @ Ko@)
_—21<IC—|—2K1- t)[p+zpjt7—2@p“—61ij7—sz p7—|-ﬂp+Kj t'pl .
(B.39)
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We now split this equation into real and imaginary part. The real part gives

1\ _ 5 N\ Kipd N Keip?
1 7iz izz_ 1 71.1 J 4 iZ J B.4
<+26t>pt (+26t> . +(4+et!) ot (B.40)

and the imaginary part

L G\ Kp Keit'p  3et'Cup”  K(eith)?p
(Hzﬁt)p_ 24 96 s o

(B.41)

where again ¢; = 6K i(g) /K. Inserting the above expressions back into (B.38) we obtain

2 (% + %61)
1+ Se;t7 — L(eth)?

) 1 y 1. .. 1 1 i
i = kb - 5557 + gathir - ke (L at)] . B2

and

<<,M- - ’,CC"@) p=- % (1+ext®) (Kiewt" —eiK) - Zekt’“@,iﬁ“
1

4

(B.43)

K 1 _ _

+ (Klektk + 4€i) Cup# + (Giektkgu - (ektk)ZC/L,i) JZa

As expected, in the limit ¢, — 0 equations (B.41), (B.42) and (B.43) reduce to the classical
vacuum equations (3.1). To capture the leading effect of the corrections, we can also expand

to linear order in ¢; to find

1 1
0 — — D — ——€; g 0 piad 2
P fCp = —geit [Kp +18Cup"] + O(ei) (B.44a)
1 1 1 K
i+ SKoigp = — el — 3K <6jtjlck - ek) 740, (B.44b)
Ki \ ., 1 Ko\ .. _
(Cu,i - ICC“> = 3 (62‘ - thk’C> (Kp+2¢.p") + O(e), (B.44c)

which gives (3.5) in the main text. If we further impose the condition for supersymmetric
vacua W = 0 we get the additional constraints

1 . . .
pitt =7 (Keip' = etk ) + O(eD), (B.45a)
K .
G = ¢ (1+et)) 5+ 0. (B.45b)

where we have also made use of the linearised equations (B.44).

C Flux invariants and moduli fixing

The introduction of the flux-axion polynomials p4 is a powerful technique that allows for
the study of moduli stabilisation in a clear and systematic way. Since the flux polynomi-
als depend on the axions b?, fixing the moduli amounts to solve the system of algebraic
equations in the saxions t' and the flux polynomials p4 that arises from the vanishing
derivatives of the scalar potential with respect to the set of moduli.
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As discussed in [29], using the pa as a stepping stone to stabilise the b° may lead to
some questions regarding whether it is actually possible to accomplish this task, since in
most examples the number of polynomials will exceed the rank of the system of equations.
The solution to this problem comes through the fact that the ps4 are not a set of fully
independent variables. There are many constraints that arise from their definition and
they can be expressed by the set of combinations of flux polynomials which are invariant
under shifts of the axions. More precisely, we look for invariant multilinear combinations
of pa under the transformation g — R(b)p, with R(b) given by (2.48). After some algebra
we find that these invariants are

~ ~ e 1 o . 1 ;
P*pi = Plusi P 0 + K 69 = m?e; — mGuigmim® + SKijum?mim!, - (C.1a)
o 1
o0p — pip + =nuwpt'p’ =em—em' + =—n,,m'm", .
pp = pib" + P p” " C.1b
o 1 s B 1 .
P'p— <l = mtm — S Clmim? (C.1c)
p=m. (C.1d)

Looking at (3.1), we could think the system is composed of 2k

+ 1 linearly inde-
pendent equations but note that the last family of equations has an additional constraint,
since (K¢ — KiCy) t* is trivially zero. Therefore we actually have 2h3:1) equations in the
variables {t', p4}, which amount to 323 + h(22) 4 2 unknowns. If it were not for the
invariants this would imply that we have an extremely unconstrained system. However,
the existence of invariant combinations of axion polynomials greatly reduces the number
of degrees of freedom. From (C.1) we see that we have 2 4+ A3 + h(22) constraints. Con-

(3:1) which is just enough to fix all the

sequently, the p’s move in an orbit of dimension h
axions using half of the vacua equations. The remaining h(*1) vacua equations can be used
to fix the saxions ¢%.

Notice that, by construction, the multilinear combinations of flux quanta in the r.h.s.
of (C.1) are invariant under the monodromies 7; around the complex structure point,
see (2.52). This implies that they label flux-inequivalent vacua, and therefore that the sax-
ion vevs should only depend on such invariants, simply because the value of the invariants
pA in the vacuum also must depend on them. Finally, in some specific scenarios where some
flux quanta vanish, like in sections 3.3), (4.2 and 5, the flux-axion polynomials will simplify
and some other combinations of fluxes may play the role of those in (C.1). For instance,
only (C.1b) remains non-vanishing in the moduli stabilisation scheme of section 3.3, but
other invariants like m* appear in this case.

D Vacua equations for elliptic fibered mirrors

In this appendix we analyse the vacua equations for the particular case in which the mirror
manifold Xy is elliptically fibered, as considered in section 6.1. In particular we want
to provide an explicit expression for I'y, = —flacBCb in (6.19¢). While one could simply
compute the inverse of (6.17) and apply the definition, in the following we would like to
obtain an expression for I' directly from (3.1c), in the same spirit as in (4.23). This strategy
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should be useful in cases where X4 is not a fibration, and so the index splitting u = {a, a}
does not occur. Then, in general g,,, — 1, will be a singular matrix, and we cannot have
an expression of the form (6.15), because A does not have an inverse.

To proceed one may expand the vacua equations (3.1c) in the basis (6.5). This is
equivalent to consider the equations

¢ [Bbclecdédeﬁe + Bbcﬁ'c] =0, (D.1)

¢ [Bbclzicdédeﬁe + Bbcﬁé} + Cab [Bbcﬁc + Abcﬁ,c} =0, (D.2)

which are in turn equivalent to (6.19c). Expanding (3.1c) using (6.7) and after some algebra
we obtain:

K (t + 1) (a + cand”) = Ko [t(2t° +1°65) (pe + canp®) + "] (D.3a)

K (Fab” + t°(a + can”)) = Ko [1°028 + 1°¢}) (5 + coep) + 1] (D.3b)

which can be simplified with the following change of basis

Oa = Pa + Cabﬁba Qa = ﬁa ) (D4)

in terms of which (D.3) read
K (t“ + c‘llto) 0a = Ko {t0(2tc + %) 0e + mbgb} , (D.5a)
K (Habgb + tOQa) =K, [to(%b + %) 0 + Hb@b} : (D.5b)

Note that there is some redundancy among this set of equations, inherited from the
fact that the contraction of (3.1c) with ¢! vanishes identically. To extract the information
contained in (D.5b) that is independent of (D.5a) we introduce two projection operators

Kot Kat®
P,)¢ =60 — —% Pt = —% . D.
( p)b b K — /Coto ) ( P)b C— ’C()to ( 6)
Then applying P, to (D.5b) we obtain
K K
9 (00 — —2 1, | = ——2ppo” — a b D.7
(Q K~ Kold Q) K K0/ he ~ an (D.7)

which is solved by

Kav 1 K
b : ] a'Vb a
a — ga ) W ga = a ’ D.
@ be it b [IC — Kot0 0 <IC Ko T b)} (D8)

where vy, is a vector that still needs to be determined. Projecting (D.5b) with Py, is
equivalent to (D.5a), which can be rewritten as

(K — Kot?) (t“ga + toc‘fg()a) =Ko (tot“Qa + libe) . (D.9)
From this equation we can determine v, to be

(K = Kot?) c§kep + (Ko — §Ke) K
K — 2KC0t0 + t0ci K, ’

vy = (D.10)
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such that the matrix Iy, = Gup — cap is given by

1 (K — Kot®) S kepKa + (Ko — SKe)Karip 1 1
Fa - 7ICCL — J0Mvab T Ca
b T Z KCot0 K — 2Kot0 + 10K, +q0/tat |~ gghab ~ Cab
(D.11)
 Ka(ke + t0%kpec§) 1 (D.12)

= — —=KRgb — Cgb -
O(K — 2Kot0 + 19c8K,) 10 ® "

Finally, we may rewrite 'y in terms of base quantities by expanding it in t%¢}. The result is:

0 (2/-@ + 3¢Skt + c‘fc‘li/-icd(toy) Loy =3kakp — 26Kap

Open Access.

(D.13)
+¢0 (3Kackp + 3Kakpe — 3Kabke — 2KKgbe) €5
+ (t0)2 (3Hac/fbd — KedBab + KacdKb — 3"§abc/€d) Cicil

+ (t0)3 (K‘acd’{be - chdffabe) C'iccllc(i .
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