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1 Introduction

Over the past several decades, string theory has emerged as the leading framework in which
to formulate a theory of quantum gravity. As is well known, the point particle limit of
string theory is the limit where the string length goes to zero or equivalently the tension of
the fundamental string goes to infinity. This leads back to classical Einstein gravity (and
its supersymmetric cousins). The opposite limit [1], where the tension goes to zero offers
a possible window into the deep quantum mechanical regime of gravity.

This very high temperature limit of string theory is also supposed to carry hints of
a possible phase transition to the ever-mysterious Hagedorn phase of string theory [2–4].
Again, through the seminal work of Gross and Mende [5–7], this sector has been shown
to have interesting simplifications for string scattering. One also expects emergent higher
spin symmetry to appear here. It is also envisioned that the tensionless limit would be
instrumental in understanding singularities in spacetime and how string theory perceives
them. So, in order to address a whole host of interesting problems, a better look at the
theory of tensionless strings is important.
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The classical theory of tensionless or null strings [1] is by now well understood. Building
on the seminal work [8], we now know that the worldsheet of the null string is characterised
by a degenerate metric, which enables a rewriting in terms of vector densities. The action
becomes

SILST =
∫
d2ξ V αV β∂αX

m∂βX
nηmn. (1.1)

There is still diffeomorphism invariance, which is fixed by fixing a gauge for V α. One can
choose the analogue of the conformal gauge, i.e. V α = (1,0). But even with this, there is
some residual gauge symmetry left over which now leads to the symmetry algebra

[Lm,Ln] = (m−n)Lm+n, [Lm,Mn] = (m−n)Mm+n, [Mm,Mn] = 0. (1.2)

This algebra, which replaces the two copies of the Virasoro algebra on the tensionless world-
sheet, is known as the 3d Bondi-Metzner-Sachs (BMS3) algebra [9, 10]. BMS algebras have
made their appearance previously in the asymptotic symmetries of Minkowski spacetimes
on the null boundary [11, 12]. Specifically the algebra (1.2) appears as asymptotic sym-
metries of 3d flat spacetimes [13]. This has recently been heavily used in attempts of a
holographic description of flatspace [14–17].

A formulation of the tensionless string with worldsheet BMS symmetries at its heart has
been recently pursued in [9, 10, 18–20] (see [21–23] for progress on tensionless superstrings).
This paper is another step in this direction. Here we address the rather important question
of critical dimensions of the tensionless string. The past literature on this subject has
been very confusing with various sets of authors finding various different answers to this
question [24–29]. In this paper, we provide a way out of this confusion.

It has recently been shown [19], through a careful analysis of canonical quantisation,
that from a single classical tensionless theory, governed by the ILST action (1.1), there
are three different and distinct tensionless theories that can appear. These are theories
built on three distinct vacua, which were called the Flipped, Induced and Oscillator vacua.
The Flipped vacuum gives rise to the bosonic version of the Ambitwistor string [30]. The
Induced vacuum is one which naturally arises when one takes a high energy limit on a
particular string theory. The Oscillator vacuum is perhaps the most non-standard among
the three and this arises when one considers Bogoliubov transformations on the worldsheet
in an attempt to link tensile and tensionless oscillators. The induced and the oscillator
vacua are intimately related through these Bogoliubov transformations and can be thought
in terms of worldsheet analogues of inertial and accelerated Rindler observers [20].

In our paper, with a lightcone analysis where we focus on the closure of the background
Lorentz algebra, we find that the consistent dimensions for these three different quantum
theories. We find that while the Induced vacuum does not give us any constraints on the
dimensions (and hence can live in any dimension), the Flipped vacuum and the Oscillator
vacuum both lead us to D= 26. This means that all of the three quantum tensionless
theories can be thought of as sectors of usual relativistic string theory.1

1The theory built on the induced vacuum does not have any restrictions on dimensions, and hence there
is no contradiction to this arising as a limit of a parent tensile string theory. There would be contradictions
only if we found dimensions other than D = 26.
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To the uninitiated reader, our results may a priori look trivial, so let us pause to
explain why this is far from obvious. Firstly, we seem to have three distinct quantum
tensionless theories from the canonical quantisation techniques. Let us assume that these
tensionless theories form sectors of a consistent quantum tensile string theory. If the
lightcone quantisation results in anything other than D= 26 (or no further constraints on
D as we have for the induced vaccuum), these tensionless theories would cease to be a
sub-sector in the tensile theory and can be ruled out. We are here of course thinking of
tensionless theories as consistent sub-sectors of a usual tensile theory. It could very well
be that a quantum tensionless theory does not have a tensile parent and the tensionless
strings are fundamental objects by themselves. In this case, where the tensionless strings
are fundamental, these bosonic objects can live in dimension other than 26. But these
theories cannot be connected to any relativistic tensile string theory.

We have seen that on the tensionless worldsheet, the metric vanishes and the (pseudo-)
Riemannian structure is replaced by a Carrollian worldsheet structure. This is indicated
by the emergence of the BMS algebra (1.2) on the worldsheet. Recently, strings have been
studied on non-relativistic Newton-Cartan backgrounds [31–35]. Some of these theories also
yield a worldsheet 2d Galilean conformal algbebra [32, 33], which is isomorphic to the BMS3
algebra (1.2) [14]. Hence the appearance of (1.2) does not a priori guarantee that these
strings can propagate in flat spacetimes for any dimension. It may so happen, as it does
for these non-relativistic string theories, that the background obeys equations of Newton-
Cartan or Carrollian geometry instead of Einstein equations. Indeed the vanishing of the
beta-functions on the worldsheet gives results consistent with this line of thought [35, 36].
Hence our attempt to close the Lorentz algebra may not have yielded any positive result
for any dimension at all. That would mean that the loss of the relativistic structure of the
worldsheet necessarily means that the spacetime has to be deformed and not obey Einstein’s
equations. We have taken a singular limit on the worldsheet by sending the tension to zero.
This manifesting itself as a singular limit on the spacetime, thereby modifying Einstein’s
equations to non-Lorentzian backgrounds would not be very surprising.

Having made an argument each in favour and against the plausibility our results, let us
finally tilt the scale back in our favour. Consider the analogy with point particles. Massless
point particles trace out null trajectories in any spacetime. If strings are thought of as
natural generalisations, tensionless strings are the analogues of massless point particles.
It is then not expected that these strings would need a completely different formulation
from usual tensile strings, and hence we expect that the tensionless theories to appear as
limits of tensile theories and therefore be consistent in the same dimensions as the tensile
parents. Our results in this paper happily support such expectations.

In what follows, we will first revisit the canonical quantisation of the tensionless bosonic
closed string briefly before going on to explain how the three different quantum theories
arise out of a single classical theory. Then we move onto lightcone quantization for the
tensionless theories. We consider each vacua separately and show how the closing of the
Lorentz algebra of the background spacetime leads to consistent dimensions for the three
different theories. The calculations involved are very long and tedious, so much of it is
excluded from the main body of the paper. For the interested reader, we however include
appendices which has details of the calculations.
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2 Tensionless strings: canonical quantisation

We start with the ILST action2

SILST = 1
4πc′

∫
d2σV aV b∂aX

µ∂bXµ , (2.1)

where Xµ are space-time co-ordinates and the string worldsheet coordinates are σ0,1≡
(τ,σ). V α’s are vector densities that have replaced the tensile structure 1

α′
√
ggαβ with the

tensionless structure 1
c′V

αV β . This action can be systematically derived from the tensile
action [8]. We are however free to take (2.1) as the starting point of the analysis of
tensionless strings where we treat these null strings as fundamental objects which may or
may not descend from a tensile parent.

Residual symmetries: the above action (2.1), like its tensile counterpart, has gauge
symmetries on the worldsheet, which have to be fixed. V α has the following transformation
under the worldsheet reparametrization:

σα→σα+εα : δV α =−V β∂αε
α+εβ∂βV α+ 1

2(∂βεβ)V α. (2.2)

This allows us to fix the gauge
V 0 = 1, V 1 = 0. (2.3)

In this gauge the Xµ equation of motion (EOM) becomes

Ẍµ = 0, (2.4)

while the variation of (2.1) with respect to V α followed by usage of the gauge gives the
constraints

ẊµẊµ = 0, ẊµX ′µ = 0. (2.5)

In the above equations, dot represents differentiation with respect to τ while prime repre-
sents differentiation with respect to σ. It is worth noting at this point that reparameteriza-
tion symmetry is still not completely fixed. In fact, for V α = (1,0), the residual symmetry
transformation that still keeps the gauge fixed action invariant are

(τ,σ)→ (τf ′(σ)+g(σ),f(σ)),

where the functions f(σ),g(σ) can be arbitrary. These can be obtained by fixing the gauge
in (2.2). The effect of such a transformation on a generic function of σ,τ (F (σ,τ)) is

δF (σ,τ) = [f ′(σ)τ∂τ+f(σ)∂σ+g(σ)∂τ ]F (σ,τ) = [L(f)+M(g)]F. (2.6)

We can now read off the generators of the residual gauge symmetry:

L(f) = f ′(σ)τ∂τ+f(σ)∂σ =
∑
n

ane
inσ(∂σ+inτ∂τ ) =−i

∑
n

anLn, (2.7)

M(g) = g(σ)∂τ =
∑
n

bne
inσ∂τ =−i

∑
n

bnMn (2.8)

2We now prefix (1.1) by a constant 1
4πc′ to match dimensions in mode expansions that follow.
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where we have expanded f,g in terms of Fourier modes in σ. The algebra of the modes
reads

[Lm,Ln] = (m−n)Lm+n, [Lm,Mn] = (m−n)Mm+n, [Mm,Mn] = 0. (2.9)

This is the classical part of BMS algebra (1.2), i.e. without central extensions.

Energy-Momentum tensor: we now proceed to find the energy-momentum (EM) ten-
sor for the tensionless string, that would be central to understanding quantisation. Let

σα→σ′α =σα+δσα

be an infinitesimal transformation of (2.1). The EM tensor constructed from the Noether
current Jα =Tαβδσ

β is:

Tαβ =V αV ρ∂ρX
µ∂βXµ−

1
2V

λV ρ∂λX
µ∂ρXµδ

α
β . (2.10)

In our gauge of choice, V α = (1,0), δξα = (f ′τ+g,f) and the non-trivial components of Tαβ
are

T 0
1 = Ẋ ·X ′≡T1(σ,τ), T 0

0 =−T 1
1 = 1

2Ẋ
2≡T2(σ,τ). (2.11)

The associated Noether current Q=
∫
dσJ0 =

∫
dσ [T1f+T2(f ′τ+g)] can be expressed as

Q=
∑
n

(
an

∫
dσ (T1+inτT2)einσ+bn

∫
dσ T2e

inσ
)

=
∑
n

(anLn+bnMn). (2.12)

by expanding f and g in fourier modes as before. Thus we have:

Ln =
∫
dσ(T1+inτT2)einσ, Mn =

∫
dσ T2 e

inσ. (2.13)

We can invert the above expressions to find an expansion of the EM tensor in terms of the
modes of the BMS algebra:

T1(σ,τ) = 1
2π
∑
n

(Ln−inτMn)e−inσ, T2(σ,τ) = 1
2π
∑
n

Mne
−inσ. (2.14)

Mode expansions: returning to the EOM, the most general solution of (2.4) is given by

Xµ =xµ+c′pµτ+Aµσ+i

√
c′

2
∑
n 6=0

1
n

(Aµn−inτBµ
n)e−inσ. (2.15)

where xµ and pµ are real, and the mode coefficients Aµn and Bµ
n have to satisfy the reality

condition (Xµ = (Xµ)∗)
Aµn =

(
Aµ−n

)∗
, Bµ

n =
(
Bµ
−n
)∗
. (2.16)

for Xµ to be real. In what follows, we will restrict our attention to closed strings. Hence
this implies Aµ0 = 0. So we have

Xµ =xµ+c′pµτ+i

√
c′

2
∑
n 6=0

1
n

(Aµn−inτBµ
n)e−inσ. (2.17)
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The mean position of the string is

xµ(τ) = 1
2π

∫ 2π

0
dσXµ =xµ+c′pµτ, (2.18)

which implies that xµ is the initial mean position, whereas the canonical momentum con-
jugate to Xµ is given by

Pµ≡ ηµν δS
δẊν

= 1
2πc′ Ẋ

µ = pµ

2π+ 1
2π

√
1

2c′
∑
n 6=0

Bµ
ne
−inσ, (2.19)

resulting in the interpretation of pµ as the mean momentum of the string,

pµ = 1
2π

∫ 2π

0
dσPµ. (2.20)

We have already seen that the constraints (2.5) are expressible in terms of vanishing of the
EM tensor (2.11):

T1 = Ẋ ·X ′= 0, T2(σ,τ) = 1
2Ẋ

2 = 0, (2.21)

where P ·Q≡PµQµ. Using the mode expansion (2.17) and the expression (2.14) of the EM
tensor in terms of its modes, we see that

Lm = 1
2
∑
n

An ·Bm−n, Mm = 1
2
∑
n

Bn ·Bm−n (2.22)

Quantization: the tensionless action in the gauge (2.3) takes the simplified form

S= 1
4πc′

∫
d2σ∂τX

µ∂τXµ . (2.23)

We will proceed to quantise this in the usual canonical way, keeping in mind that there are
constraints (2.5) that we also need to impose. The Poisson bracket structure is given by

{Xµ(τ,σ),Pν(τ,σ′)}= δ(σ−σ′)δµν . (2.24)

which gives rise to the symplectic structure

Ω =
∫ 2π

0
dσ(δPµ∧δXµ). (2.25)

Using the mode expansion (2.17), we obtain

Ω = δpµ∧δxµ+
∑
n 6=0

i

2nδ(Bµ)−n∧δA
µ
n, (2.26)

from which we can read off the nonvanishing Poisson brackets between the modes

{Aµm,Bν
n}=−2niηµνδm,−n, {xµ,pν}= ηµν . (2.27)

which translate into the commutators

[Aµm,Bν
n] = 2nηµνδm,−n, [xµ,pν ] = iηµν . (2.28)

– 6 –
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Figure 1. Tensionless corners of Bosonic String Theory.

We note here that the algebra of A,B is not that of harmonic oscillators. As a sanity check,
we can use (2.28) and (2.22) to rederive the BMS algebra (2.9).

Now to impose the constraints quantum mechanically, we impose

〈phy′|T1|phy〉= 0, 〈phy′|T2|phy〉= 0 (2.29)

on the total Hilbert space to pick out the physical states. Here |phy〉,|phy′〉 are two arbitrary
physical states. Using (2.14), this condition (2.29) is equivalent to

〈phy′|Ln|phy〉= 0, 〈phy′|Mn|phy〉= 0, ∀n∈Z (2.30)

In order to implement this, we shall make the assumption that the vacuum is a physical
state:

〈0|Ln|0〉= 0, 〈0|Mn|0〉= 0, ∀n 6= 0 (2.31)

where the zero mode will come with normal ordering ambiguities and is hence excluded.
Following the analysis of [19], one can then find that there are three distinct choices of
vacuum (and hence three distinct quantum mechanical theories) compatible with the con-
ditions above:

(A) Flipped: Ln|phy〉= 0, Mn|phy〉= 0 ∀n> 0, (2.32a)
(B) Induced: Ln|phy〉 6= 0, Mn|phy〉= 0 ∀n 6= 0, (2.32b)
(C) Oscillator: Ln|phy〉 6= 0, Mn|phy〉 6= 0, ∀n but (2.30) satisfied. (2.32c)

The flipped vacuum imposes the conditions in the familiar highest weight manner.
The resulting theory is actually the bosonic version of the Ambitwistor string [30], which

– 7 –
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has been put forward to explain the Cachazo-He-Yuan formulae for tree-level scattering
amplitudes.

The induced vacuum is named from the induced representations of the BMS algebra
under which it transforms. This can be thought of as the limit of the tensile vacuum.
A lot of interesting phenomena occur here like the emergence of an open string from the
condensation of all the closed string modes [18].

The oscillator vacuum seems to be the most intimately intrinsic tensionless vacuum
and hence has the maximal chance of not satisfying a spacetime Lorentz algebra in any
dimensions. However the oscillator and the induced vacua are closely related by worldsheet
Rindler transformations [20] and our present analysis would show that this too is consistent
in d= 26.

Figure 1 above depicts these three tensionless corners of the closed bosonic string.

3 Lightcone quantisation

We now turn our attention to lightcone (LC) quantisation. In order to implement this, the
spacetime coordinates {Xµ} are converted in to the lightcone coordinates (X+,X−,{Xi}),
where

X±= 1√
2

(
X0±XD−1

)
(3.1)

and i= 1,...,D−2 denote the “transverse directions”. In these coordinates the nonzero
components of the flat metric of the string background becomes

g+−=−1,gij = δij . (3.2)

We now reconsider the mode expansions (2.17) and introduce the n= 0 extensions of Ain,
A+
n , Bi

n and B+
n

Bi
0≡
√

2c′pi, B+
0 ≡
√

2c′p+, Ai0 = 0 =A+
0 . (3.3)

when acting of physical states. The mode expansion of the first of the constraints in (2.5)
gives

2
∑
n 6=m

B+
n B
−
m−n+2

√
2c′p−B+

m =
∑
n

Bi
nB

i
m−n ∀m 6= 0,

2c′p2 =
∑
n 6=0

(
2B+

n B
−
−n−Bi

nB
−
−n

) (3.4)

The second equation of (3.4) is called the mass shell condition. Here, p2 =−2p+p−+pipi.
Whereas the second constraint in (2.5) similarly gives∑

n 6=0
n 6=m

A+
nB
−
m−n+

∑
n 6=0

A−nB
+
m−n+

√
2c′p−A+

m =
∑
n 6=0

(
AinB

i
m−n

)
∀m 6= 0,

∑
n 6=0

(
A+
nB
−
−n+A−nB+

−n

)
=
∑
n 6=0

(
AinB

i
−n

) (3.5)
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The second equation of (3.4) is called the level matching condition.
Then fixing the residual gauge by choosing A+

n = 0 =B+
n ∀n 6= 0 reduces the m 6= 0 parts

of (3.4) and (3.5) to

A−m = 1
B+

0

∑
n 6=0

:AinBi
m−n:, B−m = 1

2B+
0

∑
n

:Bi
nB

i
m−n: . (3.6)

These constraint equations tell us that the modes in the “−” direction are not independent
degrees of freedom, but they depend on the modes in the orthogonal directions. In these
equations, the free index m runs over nonzero integers. But they also allow us to define
the extensions A−0 and B−0 . The notation :X: indicates that a given operator product
X is normal ordered according to the choice of the vacuum. The A−n and B−n operators
themselves satisfy the algebra

[
A−m,A

−
n

]
= 2(m−n)

B+
0

A−m+n+ cL
12δm+n,0,

[
A−m,B

−
n

]
= 2(m−n)

B+
0

B−m+n+ cM
12 δm+n,0,[

A−m,A
−
n

]
= 0.

(3.7)

cL and cm are called “central charges”, so the terms involving them are called the “central
terms”, and this algebra is called the “central algebra”. These charges depend on the choice
of normal ordering (i.e. the vacuum).

Classically, if we use the definition (3.6) in the mass shell condition and the level
matching condition, we get A−0 = 0 and B−0 =

√
2c′p−. This is analogous to the definitions

in (3.3). However, due to normal ordering ambiguity, A−0 and B−0 don’t follow the same
definitions as the i and + counterparts as in (3.3) but they receive quantum corrections

A−0 = a

B+
0
, B−0 =

√
2c′p−+ b

B+
0
. (3.8)

a and b are constants the values of which will be fixed using the Poincare algebra. When
we separate out the ± indices from the other spacetime indices, we can write the basic
commutators (2.28) as[

Aim,B
j
n

]
= 2nδijδm,−n ,

[
xi,pj

]
= iδij ,

[
x−,p+

]
=−i. (3.9)

These can be used to find some other useful commutations[
Aim,A

−
n

]
= 2
B+

0
Aim+n, ∀m 6=−n,

[
Ai−m,A

−
m

]
= 0.[

Bi
m,A

−
n

]
=
[
Aim,B

−
n

]
= 2
B+

0
Bi
m+n ,

[
Bi
m,B

−
n

]
= 0.

(3.10)

and [
x−,Bj

0

]
= i
√

2c′δij ,
[
x−,B+

0

]
=−i

√
2c′ ,

[
xµ,A−n

]
= i
√

2c′
B+

0
Aµn

[
xµ,B−n

]
= i
√

2c′
B+

0
Bµ
n for µ 6= +.

(3.11)

– 9 –
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The expressions in (3.10) and (3.11) are independent of the choice of the vacuum.3

Lorentz algebra and problematic commutators

We now figure out which of the commutators of the background Lorentz algebra may be
problematic going forward. The below discussion mirrors that of the usual string theory in
e.g. [37], but since we work with a different action (1.1), we revisit and work these details
out carefully.

As mentioned in the previous section, the reparametrization gauge choice here is

X+ =x++c′p+τ.

The theory in this gauge has clear structure for the variables: D zero mode positions xµ

and momenta pµ, and 2(D−2) sets of transverse oscillators namely Ain and Bi
n. The A−n

and B−n oscillator modes are dependent on the transverse oscillator modes.
For the theory to be Lorentz invariant, this gauge choice needs to be preserved by

arbitrary Lorentz transformation, or else this structure is spoiled. Let’s first consider an
infinitesimal Lorentz transformation

δXµ =ωµνX
ν .

The variation of the action (2.1) produced by this transformation is

δS= 1
2πc′

∫
d2σ

(
V aV bωµν∂aX

ν∂bXµ

)
=− 1

2πc′
∫
d2σ ∂b

(
V bωµνX

µV a∂aX
ν
)

=− 1
2πc′

∫
d2σ ∂τ (ωµνXµ∂τX

ν) =−
∫
d2σ ∂τ (ωµνXµP ν) =−1

2

∫
dτ ∂τ (ωµνJµν)

(3.12)

The last equality defines Jµν which is the generator for the Lorentz transformation ωµν .
Considering the antisymmetry of ωµν :

Jµν ≡
∫
dσ(XµP ν−XνPµ). (3.13)

For δS to vanish between two constant τ slices for arbitrary ωµν , Jµν needs to be conserved.
For the theory to be Lorentz invariant, the algebra generators have to obey:

[Jµν ,Jρσ] =−i(Jµρηνσ−Jνρηµσ−Jµσηνρ+Jνσηµρ) (3.14)

Now for the gauge choice to be preserved under an arbitrary Lorentz transformation,
we need to accompany it with a compensating reparametrization gauge transformation as
follows. Let σa→σa+ξa be the compensating gauge transformation for ωµν . i.e.

δX+ =ω+
µX

µ+ξa∂aX+ =ω+
µX

µ+c′ξ0p+. (3.15)
3Naively the equations (3.10) and (3.11) may seem to be contradictory to (2.28). However, note

that (2.28) arose from covariant quantization where A−n and B−n were also treated as independent vari-
ables and constraints were imposed afterwards on the physical states, while here A−n and B−n are treated
as dependent on the transverse oscillators.
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For the gauge to be preserved, we need

δX+ =ω+
µ
(
xµ+c′pµτ

)
. (3.16)

Comparing (3.15) and (3.16) evaluates ξ0:

ξ0 = ω+
µ

c′p+
(
xµ+c′pµτ−Xµ)=− iω+

i√
2c′p+

∑
n 6=0

1
n

(
Ain−inτBi

n

)
e−inσ, (3.17)

having used ω+
−=ω−−= 0. The analysis so far tells us that the Lorentz transforma-

tions ω+
i =ω−i require a nontrivial compensating gauge transformation, so the algebra

elements involving the corresponding generators, namely J i−, shouldn’t necessarily satisfy
Lorentz algebra. We have used reparametrization invariance to set V a = (1,0). Under the
transformation (3.17),

δV a = ξb∂bV
a−V b∂bξ

a+ 1
2V

a∂bξ
b =−∂τξa+ 1

2δ
a
τ∂bξ

b (3.18)

First, for δV 1 = 0, we need ∂τξ1 = 0, so ξ1 is a function of only σ. Then, for setting δV 1 = 0,
we need

∂σξ
1 = ∂τξ

0 =− ω+
i√

2c′p+

∑
n 6=0

Bi
ne
−inσ (3.19)

Thus a ω+
i Lorentz transformation should be accompanied by a compensating gauge trans-

formation obeying (3.17) and (3.19) in order to maintain the gauge choice V = (1,0) and
X+ =x++c′p+τ . This Lorentz transformation is generated by J i−, hence the algebra
elements involving J i− may have anomalies that have to be checked for.

4 Closing the Lorentz algebra in different vacua

As shown in the appendix A, all of the components of the Lorentz algebra are obeyed in
all the vacua, except the

[
J i−,J j−

]
components which are nontrivial, so they have to be

imposed as operator equations. This gives rise to interesting constraints on the theory, the
most important being the determination of the critical number of dimensions.

The goal of this section is to evaluate
[
J i−,J j−

]
in different vacua of the tensionless

strings. The Lorenzian “boost” components J i− are given by

J i−=
∫ 2π

0
dσ :

(
XiP−−X−P i

)
:=Li−+Si−. (4.1)

The expression is split between two contributions, namely the zero mode contribution4

Li−=xip−−x−pi. (4.2)

and the oscillator contribution

Si−=− i2
∑
m 6=0

1
m

(
:Ai−mB−m: + :A−mBi

−m:
)
. (4.3)

4Actually, for neither of the terms in Li− the ordering is fixed by the choice of the vacuum. But it’s
easy to see that for calculating neither

[
Li−,Lj−

]
nor

[
Li−,Sj−

]
does the ordering matter.
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First, it is easy to see that
[
Li−,Lj−

]
= 0, which means[

J i−,J j−
]

=
[
Li−,Sj−

]
+
[
Si−,Lj−

]
+
[
Si−,Sj−

]
(4.4)

The section has three subsections dedicated to three vacua of tensionless strings (induced,
flipped and oscillator). These subsections have roughly the same structure. First, the
annihilators of the vacuum are reported. Then the explicit normal ordered structures are
written, followed by the calculation of the “central terms”. Then

[
Li−,Sj−

]
+
[
Si−,Lj−

]
and

[
Si−,Sj−

]
are computed, and combined to get

[
J i−,J j−

]
according to (4.4). In the

end we impose the Lorentz algebra [
J i−,J j−

]
= 0.

The results of the main steps of this calculation are reposted in this section. The
detailed calculation is done in the appendix which interested readers can refer to.

4.1 Induced vacuum

This vacuum, as mentioned earlier, is defined by

Ln|0〉I 6= 0, Mn|0〉I = 0 ∀n 6= 0 (4.5)

In the oscillator language, this translates into the vacuum being annihilated by all Bi
m

except m= 0:
Bi
m|0〉I = 0 ∀ m 6= 0. (4.6)

We will be concerned with this oscillator definition going forward, not only for this, but
corresponding oscillator definitions for all other vacua. The above fixes the normal ordering
in (3.6),

A−m = 1
B+

0

∑
n 6=0

AinB
i
m−n, B−m = 1

2B+
0

∑
n

Bi
nB

i
m−n. (4.7)

Their commutation gives[
A−m,A

−
n

]
= 2(m−n)

B+
0

Am+n,
[
B−m,A

−
n

]
= 2(m−n)

B+
0

Bm+n. (4.8)

i.e. both the central charged cL and cM vanish. This is in keeping with earlier findings
in [19] and also makes sense when we consider the tensionless limit on the algebra where
the two copies of the Virasoro algebra turns into the BMS3. The normal ordering in (4.3)
is explicitly written as

Si−=− i2
∑
m 6=0

1
m

(
Ai−mB

−
m+A−mBi

−m

)
. (4.9)

Then we evaluate[
Li−,Sj−

]
+
[
Li−,Sj−

]
=−
√

2c′
∑
m 6=0

1
mB+

0

(
Ai−mB

j
m+Bi

−mA
j
m

)
p−

+
√

2c′
2

∑
m 6=0

1
mB+

0

(
Ai−mp

j−piAj−m
)
B−m

+
√

2c′
2

∑
m 6=0

1
mB+

0

(
Bi
−mp

j−piBj
−m

)
A−m .

(4.10)
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The details for this and the subsequent calculations are collected in appendix B. Continuing
with our calculations, we proceed to find[

Si−,Sj−
]

=
∑
m 6=0

1
mB+

0

(
Ai−mB

j
m+Bi

−mA
j
m

)
B−0 −

√
2c′
2

∑
m 6=0

1
mB+

0

(
Ai−mp

j−piAj−m
)
B−m

−
√

2c′
2

∑
m 6=0

1
mB+

0

(
Bi
−mp

j−piBj
−m

)
A−m+

∑
m 6=0

1
mB+

0
Bi
−mB

j
mA
−
0 .

(4.11)

and finally using (4.10) and (4.11),[
J i−,J j−

]
=
[
Li−,Sj−

]
+
[
Si−,Lj−

]
+
[
Si−,Sj−

]
=
∑
m 6=0

1
mB+

0

(
Ai−mB

j
m+Bi

−mA
j
m

)(
B−0 −

√
2c′p−

)
+
∑
m 6=0

1
mB+

0
Bi
−mB

j
mA
−
0 .

(4.12)

Now imposing
[
J i−,J j−

]
= 0 as an operator equation on the physical states requires

A−0 |phys〉 = 0, (4.13a)
B−0 |phys〉 =

√
2c′p−|phys〉. (4.13b)

which is what we expect classically. Also, notice that there is no constraint on the di-
mensionality of the theory. This means that this vacuum is consistent with the Lorentz
algebra in any number of spacetime dimensions. To stress something that we have already
mentioned in the introduction, this means that if we start off with a consistent relativistic
string theory, this quantum tensionless theory, build over the induced vacuum, can emerge
as a consistent quantum mechanical sector of the quantum tensile theory.

4.2 Flipped vacuum

The flipped vacuum, which gives rise to the bosonic version of the Ambitwistor string, is
given by

Ln|0〉F = 0, Mn|0〉F = 0 ∀n> 0. (4.14)

In terms of oscillators, this translates into

Aim|0〉F = 0,Bi
m|0〉F = 0 ∀ m> 0. (4.15)

This is a familiar highest weight conditions for a vacuum, similar to the case for usual
strings. But unlike usual strings, the algebra for the oscillators A,B are not the same as
simple harmonic oscillator. The above condition (4.15) fixes the normal ordering in (3.6):

A−m = 1
B+

0

(∑
n<0

AinB
i
m−n+

∑
n>0

Bi
m−nA

i
n

)
, ∀m 6= 0

A−0 = 1
B+

0

(∑
n<0

AinB
i
−n+

∑
n>0

Bi
−nA

i
n

)
,

B−m = 1
2B+

0

∑
n

Bi
nB

i
m−n.

(4.16)
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Their commutation gives
[
A−m,A

−
n

]
= 2(m−n)

B+
0

Am+n+ 2(D−2)
3(B+

0 )2 (m3−m)δm+n,0 ,

[
B−m,A

−
n

]
= 2(m−n)

B+
0

Bm+n.

(4.17)

According to the normal ordering suited to this vacuum,

Si−=− i2
∑
m>0

1
m

(
Ai−mB

−
m+Bi

−mA
−
m

)
− i2

∑
m<0

1
m

(
B−mA

i
−m+A−mBi

−m

)
. (4.18)

The calculation of
[
Li−,Sj−

]
+
[
Si−,Lj−

]
follows a path very similar to the induced

vacuum case, and we have given the details of this computation in appendix C. The cal-
culation doesn’t have any nontrivial shift of indices as in the case of

[
Si−,Sj−

]
. We just

have to keep in mind the ordering of (4.18). We get[
Li−,Sj−

]
+
[
Li−,Sj−

]
=

−
√

2c′
∑
m 6=0

1
mB+

0

(
Ai−mB

j
m+Bi

−mA
j
m

)
p−+

√
2c′
2

∑
m>0

1
mB+

0

(
Ai−mp

j−piAj−m
)
B−m

+
√

2c′
2

∑
m<0

1
mB+

0
B−m

(
Ai−mp

j−piAj−m
)

+
√

2c′
2

∑
m>0

1
mB+

0

(
Bi
−mp

j−piBj
−m

)
A−m

+
√

2c′
2

∑
m<0

1
mB+

0
A−m

(
Bi
−mp

j−piBj
−m

)
. (4.19)

As shown in appendix C, we also get:[
Si−,Sj−

]
=∑

m 6=0

1
mB+

0

(
Ai−mB

j
m+Bi

−mA
j
m

)
B−0 −

√
2c′
2

∑
m>0

1
mB+

0

(
Ai−mp

j−piAj−m
)
B−m (4.20)

−
√

2c′
2

∑
m<0

1
mB+

0
B−m

(
Ai−mp

j−piAj−m
)
−
√

2c′
2

∑
m>0

1
mB+

0

(
Bi
−mp

j−piBj
−m

)
A−m

−
√

2c′
2

∑
m<0

1
mB+

0
A−m

(
Bi
−mp

j−piBj
−m

)
−4

∑
m>0

m

(B+
0 )2B

i
−mB

j
m−4

∑
m<0

m

(B+
0 )2B

i
−mB

j
m

+ (D−2)
6(B+

0 )2

(∑
m>0

(
m− 1

m

)
Bi
−mB

j
m+

∑
m<0

(
m− 1

m

)
Bi
−mB

j
m

)
+
∑
m 6=0

1
mB+

0
Bi
−mB

j
mA
−
0 .

Finally, using (4.19) and (4.20),[
J i−,J j−

]
=
[
Li−,Sj−

]
+
[
Si−,Lj−

]
+
[
Si−,Sj−

]
=
∑
m 6=0

1
mB+

0

(
Ai−mB

j
m+Bi

−mA
j
m

)(
B−0 −

√
2c′p−

)
+
(
D−2

6 −4
)∑
m 6=0

m

(B+
0 )2B

i
−mB

j
m

+
(
A−0 −

D−2
6B+

0

)∑
m 6=0

1
mB+

0
Bi
−mB

j
m . (4.21)
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Now imposing
[
J i−,J j−

]
= 0 on the physical states requires

D = 26, (4.22a)

A−0 |phys〉 = 4
B+

0
, and (4.22b)

B−0 |phys〉 =
√

2c′p−|phys〉. (4.22c)

This means, unlike the induced vacuum, this vacuum is consistent with Lorentz algebra
only when the number of spacetime dimensions D= 26.

4.3 Oscillator vacuum

The third and perhaps the most interesting of the vacua is the oscillator vacuum. This, as
stated earlier is given

Ln|0〉c 6= 0, Mn|0〉c 6= 0, but 〈Ln〉c = 〈Mn〉c = 0, ∀n (4.23)

Here 〈Ln〉c = c〈0|Ln|0〉c and so on. In order to express the above in oscillator modes, we
now define some new oscillators:

Cµn = 1
2(Bµ

n+Aµn), C̃µn = 1
2(Bµ

−n−A
µ
−n) ∀n 6= 0. (4.24)

or equivalently,
Aµn =Cµn−C̃

µ
−n, Bµ

n =Cµn+C̃µ−n ∀n 6= 0. (4.25)

These definitions make the algebra of the C oscillators like that of standard simple harmonic
oscillators. From (3.9) we evaluate[

Cim,C
j
n

]
= δijδm,−n,

[
C̃im,C̃

j
n

]
= δijδm,−n,

[
C̃im,C

j
n

]
= 0. (4.26)

The original motivation in defining these sets of oscillators was an attempt to link the usual
string theory α oscillators to these C oscillators by a worldsheet Bogoliubov transformation.
There are very interesting consequences of this and for a detailed account the reader is
pointed to the recent work [18, 20].

In terms of these new C oscillators, the oscillator vacuum is defined in the usual way:

Cim|0〉c = 0 and C̃im|0〉c = 0 ∀m> 0. (4.27)

Here it turns out that the central algebra is more conveniently and usefully expressed
in therms of commutators involving C−n and C̃−n than those involving A−n and B−n .

[
C−m,C

−
n

]
=m−n

2B+
0

(
3C−m+n+C̃−−m−n

)
+ (D−2)

6(B+
0 )2 (m3−m)δn,−m ,[

C−m,C̃
−
−n

]
=− (m−n)

2B+
0

(
C−m+n−C̃−−m−n

)
,

[
C̃−−m,C̃

−
−n

]
=− (m−n)

2B+
0

(
C−m+n+3C̃−−m−n

)
− (D−2)

6(B+
0 )2 (m3−m)δn,−m.

(4.28)
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Again, we provide the details of this admittedly laborious and tedious computation in
appendix D. Here we provide some of the major steps. According to the normal ordering
suited to this vacuum,

Si−=−i
∑
m>0

1
m

(
Ci−mC

−
m−C̃−−mC̃im

)
−i
∑
m<0

1
m

(
C−mC

i
−m−C̃imC̃−−m

)
. (4.29)

Then we evaluate[
Li−,Sj−

]
+
[
Si−,Lj−

]
=−2

√
2c′

B+
0

∑
m 6=0

1
m

(
Ci−mC

j
m−C̃imC̃

j
−m

)
p−

−
√

2c′
B+

0

∑
m>0

1
m

((
Cj−mC

−
m−C̃−−mC̃jm

)
pi−

(
Ci−mC

−
m−C̃−−mC̃im

)
pj
)

−
√

2c′
B+

0

∑
m<0

1
m

((
C−mC

j
−m−C̃jmC̃−−m

)
pi−

(
C−mC

i
−m−C̃imC̃−−m

)
pj
)
.

(4.30)

and

[
Si−,Sj−

]
= 1(

B+
0

)2

((D−2)
6 −4

)∑
m<0

m
(
Ci−mC

j
m−C̃imC̃

j
−m

)

− (D−2)

6
(
B+

0

)2
∑
m 6=0

1
m

(
Ci−mC

j
m−C̃imC̃

j
−m

)

+ 1
B+

0

∑
m 6=0

1
m
Bi
−mB

j
mA
−
0 + 2

B+
0

∑
m 6=0

1
m

(
Ci−mC

j
m−C̃imC̃

j
−m

)
B−0

+
√

2c′
B+

0

∑
m>0

1
m

((
Cj−mC

−
m−C̃−−mC̃jm

)
pi−

(
Ci−mC

−
m−C̃−−mC̃im

)
pj
)

+
√

2c′
B+

0

∑
m<0

1
m

((
C−mC

j
−m−C̃jmC̃−−m

)
pi−

(
C−mC

i
−m−C̃imC̃−−m

)
pj
)
.

(4.31)

In the end, using (4.30) and (4.31) we have

[
J i−,J j−

]
=
[
Li−,Sj−

]
+
[
Si−,Lj−

]
+
[
Si−,Sj−

]
= 1(

B+
0

)2

((D−2)
6 −4

)∑
m<0

m
(
Ci−mC

j
m−C̃imC̃

j
−m

)

+ 1
B+

0

∑
m 6=0

1
m

(
Ci−mC

j
m−C̃imC̃

j
−m

)(
2B−0 −2

√
2c′p−− (D−2)

6B+
0

)

+ 1
B+

0

∑
m 6=0

1
m
Bi
−mB

j
mA
−
0 .

(4.32)
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where we have used (4.30) and (4.31). Note that the pi and pj terms cancel out. Thus, for[
J i−,J j−

]
to vanish on physical states, we need

D = 26, (4.33a)
A−0 |phys〉 = 0, and (4.33b)

B−0 |phys〉 =
(
√

2c′p−+ 2
B+

0

)
|phys〉. (4.33c)

Hence this vacuum also needs to live in 26 dimensions to be consistent with Lorentz
(Poincare) algebra.

5 Conclusions

Summary. In this paper, through the process of lightcone quantisation and the closure
of the Lorentz algebra in the background, we asked in which dimensions the quantum
tensionless bosonic string theory was consistent. A previous detailed analysis in terms of
canonical quantisation of the tensionless theory had revealed that the quantum tensionless
theory had three, not one, different manifestations. In other words, there were three differ-
ent allowed vacua allowed by canonical quantisation, from which three different quantum
tensionless theories were built. So three different quantum theories emerged from a single
classical one. Our investigations in this paper revealed that two of these theories, the ones
build over the Flipped and the Oscillator vacua, were only consistent in d= 26, while there
were no such constraints on the dimension arising from the Induced vacuum which thus
could be consistent in any dimension. This was in keeping with the idea that these quan-
tum tensionless theories could arise as corners of the quantum tensile theory, envisioned
in figure 1. We believe that our present work clarifies a lot confusion in existing literature
about the dimensionality of tensionless string theory.

Discussions. Moving forward, there are a number of immediate directions of research
that are being currently pursued. First and foremost is the question of the tensionless string
spectra around these different vacua. An initial analysis of this was carried out in [19]. The
lightcone gauge is better suited to this and should yield definitive answers which would
help us concretise the claims of the preliminary analysis in [19]. We are currently working
on this.

The lightcone analysis that we have carried out in this work is of course only an
indication that the tensionless sector is a consistent corner of tensile string theory. There are
anomalies on the worldsheet, reflected by the central terms of the worldsheet BMS algebra.
These central extensions are different for different vacua [19]. Since the worldsheet algebra
is gauge, the total central extension, made up of matter and ghost degrees of freedom would
have to vanish in order to have a consistently defined theory. In the suitably defined path
integral formalism, we hope to find analogous ghost systems to cancel the central terms
arising from the matter sector of the BMS algebra. Again, for the three different vacua,
the ghost systems need to be adjusted accordingly.

– 17 –



J
H
E
P
0
8
(
2
0
2
1
)
0
5
4

In one of the three cases, the Flipped vacuum, the above mentioned analysis simplifies
drastically. This is so because here the central charge cM = 0 and the residual symmetries
reduce from BMS3 to its Virasoro sub-algebra. One can then use standard CFT tools to
calculate e.g. the one-loop string amplitudes. This symmetry reduction, originally discov-
ered in the context of field theory [38] and thereafter applied to holography in [16], has
been employed in the analysis of the ambitwistor string [39], a theory that is built over the
Flipped vacuum. One finds here that the theory is indeed consistent in D= 26, just like
we have found using our lightcone analysis.

The Oscillator and the Induced vacua are expected to be much more involved. But
we are attempting to build vertex operators and build towards the understanding of beta
functions in these cases. The recent analysis [40] of Weyl anomaly in BMS field theories is
expected to be of a lot of use in our understanding of this problem.

It would be good to have a cross-check of our results in this paper by an independent
analysis. BRST quantisation appears to be very suited for such a verification. There are
some older papers which have performed BRST quantisation for the tensionless string,
e.g. [41, 42]. It would be good to re-examine these papers from our recent understanding
of the three inequivalent vacua.

One of the important things to do is an analysis of beta-functions on the worldsheet
to connect concretely to consistent background geometries. Recently, similar analysis have
been done for non-relativistic strings in [35, 36]. But the major difference between their
analysis and what we need to do here is that the worldsheet in those analyses were relativis-
tic and hence writing down of objects like vertex operators were straightforward, whereas
here the algebraic structure on the worldsheet has changed and hence there needs to be a
complete change in how vertex operators and other objects are defined in keeping with the
underlying BMS symmetry.

Another very immediate generalisation is to the theory of tensionless superstrings.
Here the classical theory itself has two different avatars, where the homogeneous and inho-
mogeneous Super BMS3 arise as the worldsheet symmetries. It is of interest to understand
what canonical quantisation leads to here and how many consistent tensionless quantum
theories arise. It would then be important to do the lightcone analysis generalising the
work in this paper to determine the critical dimensions of the obtained quantum theories.

Finally, returning to the bosonic analysis, we would like to address an important point
we made in the introduction. The tensionless limit on the worldsheet is a rather singular
limit. It is then perhaps a valid expectation that this can lead to a similar singular limit
on the spacetime on which the string moves. Our present analysis seems to indicate that
this is not so, and we can think of these in close analogy with massless point particles
which move on null geodesics, but in the same spacetime as the massive particles. It is
perhaps also possible that tensionless strings can consistently live in Carrollian spacetimes
in lower dimensions. It has been shown Carrollian spacetimes can be embedded in higher
dimensional relativistic spacetimes by the so called Eisenhart lift [43, 44]. Hence it is
possible that tensionless strings are consistent in both relativistic and ultra/non-relativistic
spacetimes.
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A Trivial components of Lorentz algebra

In this appendix, we justify the claim in section 3 that the only nontrivial components of
the Lorentz algebra are the commutations between the boosts, i.e. [Ji−,Jj−].

We begin by noting that Jµ+ doesn’t have any oscillator contribution analogous to (4.3),
i.e. Sµ+ = 0, thus

Jµ+ =Lµ+ =xµp+−x+pµ.

With this simple observation, it is very easy to see that the Lorentz algebra components
involving Jµ+ are obeyed in any of the three vacua. So we are left with following potentially
nontrivial ones: [

J ij ,Jkl
]
,
[
J i−,Jkl

]
,
[
J i−,J j−

]
.

We take care of the first two in this appendix. while the last one is truly nontrivial, leading
to interesting Physics that is at the heart of this paper.

A.1 Induced and flipped vacua

Computation of [Jij ,Jkl]. Similar to Ji−, the Jij can be split as

J ij =Lij+Sij . (A.1)

The zero mode contribution is
Lij =xipj−xjpi, (A.2)

and the oscillator contribution is

Sij = i

2
∑
n 6=0

1
n

:
(
AinB

j
−n−AjnBi

−n

)
: (A.3)

First, we have a pretty simple commutator[
Lij ,Lkl

]
=
[(
xipj−xjpi

)
,
(
xkpl−xlpk

)]
,

=i
(
Lliδjk+Lkjδil+Likδjl+Ljlδik

) (A.4)

Then we trivially have [
Lij ,Skl

]
= 0 (A.5)
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Since xi and pi commute with all Ain and Bin. Now we compute [Sij ,Skl]. It comprises of four
terms, each taking the form ∑

m 6=0
n 6=0

−1
4mn

[
:AimB

j
−m:,:AknB

l
−n:
]

with some permutation of the spacetime indices. Now, the commutation “clicks” only when
m=n. But when m=n, :AimB

j
−m: and :AknBl−n: have the same ordering,5 and their commutation

after eating up one A and one B from either side has the same ordering for the remaining
AB product, making it automatically normal ordered. Thus we get[

:AimB
j
−m:,:AknB

l
−n:
]

=−2m
(

:Ai−mB
l
m: δjk− :Ak−mB

j
m: δil

)
δm,n (A.6)

Doing this for all four terms,[
Sij ,Skl

]
=
∑
m 6=0

1
2m

((
:Ai−mB

l
m: δjk− :Ak−mB

j
m: δil

)
−
(

:Ai−mB
k
m: δjl− :Al−mB

j
m: δik

)
−
(

:Aj−mB
l
m: δik− :Ak−mB

i
m: δjl

)
+
(

:Aj−mB
k
m: δil− :Al−mB

i
m: δjk

))
=−1

2
∑
m 6=0

1
m

((
:Al−mB

i
m:− :Ai−mB

l
m:
)
δjk+

(
:Ak−mB

j
m:− :Aj−mB

k
m:
)
δil

+
(

:Ai−mB
k
m:− :Ak−mB

i
m:
)
δjl+

(
:Aj−mB

l
m:− :Al−mB

j
m:
)
δik
)

= i
(
Sliδjk+Skjδil+Sikδjl+Sjlδik

)

(A.7)

When we combine (A.4), (A.5) and (A.7), the zero mode parts from (A.4) perfectly combine
the oscillator parts from (A.7) to give the full Lorentz generators.[

J ij ,Jkl
]

=
[
Lij ,Lkl

]
+
[
Sij ,Lkl

]
+
[
Lij ,Skl

]
+
[
Sij ,Skl

]
= i
(
J liδjk+Jkjδil+J ikδjl+J jlδik

) (A.8)

Thus the spatial rotations in orthogonal directions obey the SO(D−2) Lorentz subalgebra.

Computation of [Ji−,Jkl]. As in (4.1), we separate Ji− into zero mode and oscillator
modes

J i−=Li−+Si−,

following the definitions (4.2) and (4.3). We assume k 6=l. Now we compute[
Li−,Lkl

]
=
[(
xip−−x−pi

)
,
(
xkpl−xlpk

)]
=
[
xi,
(
xkpl−xlpk

)]
p−−x−

[
pi,
(
xkpl−xlpk

)]
= ixkp−δil−ixlp−δik+ix−plδik−ix−pkδil

= i
(
xkp−−x−pk

)
δil−i

(
xlp−−x−pl

)
δik

= i
(
Lk−δil−Ll−δik

)
(A.9)

5For the induced vacuum the ordering is the same for all m and n, so the statement is trivially true when
m=n.
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Then we have[
Li−,Skl

]
= i

2
∑
m 6=0

1
m

[(
xip−−x−pi

)
,
(

:AkmB
l
−m:− :AlmB

k
−m:

)]
= 0. (A.10)

where we have used (4.2) for Li−. Then we evaluate, making ample use of (3.11)[
Si−,Lkl

]
=−

[
Lkl,Si−

]
= i

2
∑
m 6=0

1
m

[(
xkpl−xlpk

)
,
(

:Ai−mB
−
m: + :A−mB

i
−m:

)]

=−
√

2c′
2B+

0

∑
m 6=0

1
m

(
:Ai−mB

k
m: + :AkmB

i
−m:

)
pl+
√

2c′
2B+

0

∑
m 6=0

1
m

(
:Ai−mB

l
m: + :AlmB

i
−m:

)
pk

(A.11)

And finally we compute using (3.10)[
Si−,Skl

]
=
∑
m 6=0
n 6=0

1
4mn

[(
:Ai−mB

−
m: + :A−mB

i
−m:

)
,
(

:AknB
l
−n:− :AlnB

k
−n:
)]
,

=
∑
m 6=0

1
2m

(
:Ak−mB

−
m: δil− :A−mB

l
−m: δik− :Al−mB

−
m: δik+ :A−mB

k
−m: δil

)
−
∑
m 6=0
n 6=0

1
2mB+

0
:Ai−m

(
Bk
m+nB

l
−n−Bl

m+nB
k
−n

)
:

−
∑
m 6=0
n 6=0
m 6=−n

1
2mB+

0
:
(
Akm+nB

l
−n−Alm+nB

k
−n

)
Bi
−m:+

∑
m 6=0
n 6=0

1
2mB+

0
:
(
AknB

l
m−n−AlnBk

m−n

)
Bi
−m:

(A.12)

Now let’s look at the term in red. These have come from commuting Ais and Bis with Skl.
It’s evident that∑
m 6=0

1
2m

(
:Ak−mB

−
m: δil− :A−mB

l
−m: δik− :Al−mB

−
m: δik+ :A−mB

k
−m: δil

)
= i
(
Sk−δil−Sl−δik

)
(A.13)

Then we turn to the terms in green, whic have resulted from the commutation of B−s with
Skl. In the second term, we need to shift the dummy index n→−(m+n), and then a simple
algebra gives

∑
m 6=0
n 6=0

1
2mB+

0
:Ai−m

(
Bk
m+nB

l
−n−Bl

m+nB
k
−n

)
:=
∑
m 6=0

1
2mB+

0

(
:Ai−mB

l
m:Bk

0− :Ai−mB
k
m:Bl

0

)

=
√

2c′
2B+

0

∑
m 6=0

1
m

(
:Ai−mB

l
m: pk− :Ai−mB

k
m: pl

)
(A.14)

Whereas the remaining terms are indicated in blue. Notice that the normal ordering for
the AkBl and AlBk terms is removed, since they commute as k 6=l. A pretty similar change
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of dummy index n as in case of the green terms yields

∑
m 6=0
n 6=0
m 6=−n

1
2mB+

0
:
(
Akm+nB

l
−n−Alm+nB

k
−n

)
Bi
−m:−

∑
m 6=0
n 6=0

1
2mB+

0
:
(
AknB

l
m−n−AlnBk

m−n

)
Bi
−m:

=−
∑
m 6=0

1
2mB+

0

(
:AkmB

i
−m:Bl

0− :AlmB
i
−m:Bk

0

)

=−
√

2c′
2B+

0

∑
m 6=0

1
m

(
:AkmB

i
−m: pl− :AlmB

i
−m: pk

)
(A.15)

Using (A.13), (A.14) and (A.15) in (A.12) we get

[
Si−,Skl

]
= i
(
Sk−δil−Sl−δik

)
+
√

2c′
2B+

0

∑
m 6=0

1
m

(
:Ai−mB

k
m: + :AkmB

i
−m:

)
pl

−
√

2c′
2B+

0

∑
m 6=0

1
m

(
:Ai−mB

l
m: + :AlmB

i
−m:

)
pk

(A.16)

Thus, using (A.9), (A.10), (A.11) and (A.16), ultimately we get[
J i−,Jkl

]
=
[
Li−,Lkl

]
+
[
Si−,Lkl

]
+
[
Li−,Skl

]
+
[
Si−,Skl

]
= i
(
(Lk−+Sk−)δil−(Ll−+Sl−)δik

)
= i
(
Jk−δil−J l−δik

) (A.17)

Thus this component of the Lorentz algebra is also satisfied.

A.2 Oscillator vacuum

We treat the oscillator vacuum separately from the induced and fipped vacua because the
earlier argument for commutators of normal ordered AB products becomes obscure as we
choose to write the quantities in this case in terms of C and C̃ operators. So it is convenient
to deal with the explicitly normal ordered expressions.

Computation of [Jij ,Jkl]. Here we have, with explicit normal ordering,

Sij = i
∑
n>0

1
n

(
Cj−nC

i
n−Ci−nCjn+C̃j−nC̃in−C̃i−nC̃jn

)
(A.18)

From (A.4),
[Lij ,Lkl] = i

(
Lliδjk+Lkjδil+Likδjl+Ljlδik

)
(A.19)

Here also it’s trivial to see that

[Lij ,Skl] =i
∑
n>0

1
n

[(
xipj−xjpi

)
,
(
Cj−nC

i
n−Ci−nCjn+C̃j−nC̃in−C̃i−nC̃jn

)]
= 0 (A.20)

– 22 –



J
H
E
P
0
8
(
2
0
2
1
)
0
5
4

Now we have[ 1
n
Cj−nC

i
n,S

kl
]

=
∑
m>0

(
i

nm

){
[Cj−nCin,C l−mCkm]−[Cj−nCin,Ck−mC lm]+[Cj−nCin,C̃ l−mC̃km]−[Cj−nCin,C̃k−mC̃ lm]

}
=
∑
m>0

(
i

nm

){
[Cj−nCin,C l−mCkm]−[Cj−nCin,Ck−mC lm]+[Cj−nCin,C̃ l−mC̃km]−[Cj−nCin,C̃k−mC̃ lm]

}
=
∑
m>0

(
i

nm

){
[Cj−nCin,C l−m]Ckm+C l−m[Cj−nCin,Ckm]−[Cj−nCin,Ck−m]C lm−Ck−m[Cj−nCin,C lm]

}
=
(
i

n

){
Cj−nC

k
nδ

il−C l−nCinδjk−C
j
−nC

l
nδ
ik+Ck−nCinδjl

}
(A.21)

This implies,[ 1
n
Cj−nC

i
n,S

kl
]

=
(
i

n

){
Cj−nC

k
nδ

il−C l−nCinδjk−C
j
−nC

l
nδ
ik+Ck−nCinδjl

}
(A.22)

Similarly,[ 1
n
C̃j−nC̃

i
n,S

kl
]

=
(
i

n

){
C̃j−nC̃

k
nδ

il−C̃ l−nC̃inδjk−C̃
j
−nC̃

l
nδ
ik+C̃k−nC̃inδjl

}
(A.23)

This gives us [Sij ,Skl] to be

[Sij ,Skl] = i
∑
n>0

1
n

[Cj−nCin−Ci−nCjn+C̃j−nC̃in−C̃i−nC̃jn,Skl]

= (−1)
∑
n>0

1
n

[{
Cj−nC

k
nδ

il−C l−nCinδjk−C
j
−nC

l
nδ
ik+Ck−nCinδjl

}

−
{
Ci−nC

k
nδ

jl−C l−nCjnδik−Ci−nC lnδjk+Ck−nCjnδil
}

+
{
C̃j−nC̃

k
nδ

il−C̃ l−nC̃inδjk−C̃
j
−nC̃

l
nδ
ik+C̃k−nC̃inδjl

}

−
{
C̃i−nC̃

k
nδ

jl−C̃ l−nC̃jnδik−C̃i−nC̃ lnδjk+C̃k−nC̃jnδil
}]

= (−1)
∑
n>0

1
n

[{
Cj−nC

k
n−Ck−nCjn+C̃j−nC̃kn−C̃k−nC̃jn

}
δil

+
{
−C l−nCin+Ci−nC ln−C̃ l−nC̃in+C̃i−nC̃ ln

}
δjk

+
{
−Cj−nC ln+C l−nCjn−C̃

j
−nC̃

l
n+C̃ l−nC̃jn

}
δik

+
{

+Ck−nCin−Ci−nCkn+C̃k−nC̃in−C̃i−nC̃kn
}
δjl
]

=i
(
Skjδil+Sliδjk+Sjlδik+Sikδjl

)

(A.24)
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Finally, combining (A.4), (A.20) and (A.24),

[J ij ,Jkl] = i
(
Lliδjk+Lkjδil+Likδjl+Ljlδik

)
+i
(
Skjδil+Sliδjk+Sjlδik+Sikδjl

)
= i
(
Jkjδil+J liδjk+J jlδik+J ikδjl

) (A.25)

Thus here as well the spatial rotations in orthogonal directions obey the SO(D−2) Lorentz
subalgebra.

Computation of [Jij ,Jk−]: oscillator case. Writing the expanded form for the angular
momentum generators, we see

[J ij ,Jk−] =
[
Lij+Sij ,Lk−+Sk−

]
=
[
Lij ,Lk−

]
+
[
Lij ,Sk−

]
+
[
Sij ,Lk−

]
+
[
Sij ,Sk−

]
(A.26)

where Lij and Sij are defined in (A.2) and (A.18) respectively, while Lk− and Sk− are defined
in (4.2) and (4.29) respectively. First, we calculate

[Lij ,Lk−] = [xipj−xjpi,xkp−−x−pk]

=xi
[
pj ,xk

]
p−−x−

[
xi,pk

]
pj−xj

[
pi,xk

]
p−+x−

[
xj ,pk

]
pi

= i
(
δik
(
xjp−−x−pj

)
−δjk

(
xip−−x−pi

))
= i
(
δikLj−−δjkLi−

) (A.27)

Then we turn to [Lij ,Sk−].[
xipj ,Sk−

]
=−

∑
n>0

i

n

[
xi,
(
Ck−nC

−
n −C̃−−nC̃kn

)]
pj−

∑
n<0

i

n

[
xi,
(
C−n C

k
−n−C̃knC̃−−n

)]
pj

=−
∑
n>0

i

n

(
Ck−n

[
xi,C−n

]
−
[
xi,C̃−−n

]
C̃kn

)
pj−

∑
n<0

i

n

([
xi,C−n

]
Ck−n−C̃kn

[
xi,C̃−−n

])
pj

=
∑
n>0

√
2c′

nB+
0

(
Ck−nC

i
n−C̃i−nC̃kn

)
pj+

∑
n<0

√
2c′

nB+
0

(
CinC

k
−n−C̃knC̃i−n

)
pj =−i

√
2c′
B+

0
Sikpj

(A.28)

Therefore [
Lij ,Sk−

]
=
[
xipj ,Sk−

]
−
[
xjpi,Sk−

]
=−i

√
2c′
B+

0

(
Sikpj−Sjkpi

)
(A.29)

Next, we can see that [Sij ,Lk−]=0 trivially since x−, pk, xk and p− commute with the
transverse C and C̃ oscillators and therefore with Sij.

Finally, we compute [Sij ,Sk−].

[Cin,Sk−] = i

2B+
0

[∑
m>0

(
n

m

)[
(Bi

n−m+2Cin−m)Cjm−C
j
−m(Bi

n+m+2Cin+m)

+(Bi
n+m−2Cin+m)C̃jm−C̃

j
−m(Bi

n−m−2Cin−m)
]
−δijC−n

]
,

(A.30)

[C̃in,Sj−] = i

2B+
0

[∑
m>0

(
n

m

)[
(Bi
−n−m−2C̃in+m)Cjm−C

j
−m(Bi

m−n−2C̃in−m)

+(Bi
m−n+2C̃in−m)C̃jm−C̃

j
−m(Bi

−n−m+2C̃in+m)
]
−δijC̃−n

]
,

(A.31)
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Let us begin writing the prime commutator now.

[Sij ,Sk−] = i
∑
n>0

1
n

[
Cj−nC

i
n−Ci−nCjn+C̃j−nC̃in−C̃i−nC̃jn,Sk−

]
= i
∑
n>0

1
n

{
[Cj−nCin,Sk−]−[Ci−nCjn,Sk−]+[C̃j−nC̃in,Sk−]−[C̃i−nC̃jn,Sk−]

}
= i
∑
n>0

1
n

{
[Cj−n,Sk−]Cin+Cj−n[Cin,Sk−]−[Ci−n,Sk−]Cjn−Ci−n[Cjn,Sk−]

+[C̃j−n,Sk−]C̃in+C̃j−n[C̃in,Sk−]−[C̃i−n,Sk−]C̃jn−C̃i−n[C̃jn,Sk−]
}
(A.32)

Expanding the commutators, we get

[Sij ,Sk−] = −1
2B+

0

∑
n,m>0

1
m

{
−
[
(Bj
−n−m+2Cj−n−m)Ckm−Ck−m(Bj

m−n+2Cjm−n)

+(Bj
m−n−2Cjm−n)C̃km−C̃k−m(Bj

−n−m−2Cj−n−m)
]
Cin

+Cj−n
[
(Bi

n−m+2Cin−m)Ckm−Ck−m(Bi
n+m+2Cin+m)

+(Bi
n+m−2Cin+m)C̃km−C̃k−m(Bi

n−m−2Cin−m)
]

+
[
(Bi
−n−m+2Ci−n−m)Ckm−Ck−m(Bi

m−n+2Cim−n)

+(Bi
m−n−2Cim−n)C̃km−C̃k−m(Bi

−n−m−2Ci−n−m)
]
Cjn

−Ci−n
[
(Bj

n−m+2Cjn−m)Ckm−Ck−m(Bj
n+m+2Cjn+m)

+(Bj
n+m−2Cjn+m)C̃km−C̃k−m(Bj

n−m−2Cjn−m)
]

−
[
(Bj

n−m−2C̃jm−n)Ckm−Ck−m(Bj
m+n−2C̃j−n−m)

+(Bj
m+n+2C̃j−n−m)C̃km−C̃k−m(Bj

n−m+2C̃jm−n)
]
C̃in

+C̃j−n
[
(Bi
−n−m−2C̃in+m)Ckm−Ck−m(Bi

m−n−2C̃in−m)

+(Bi
m−n+2C̃in−m)C̃km−C̃k−m(Bi

−n−m+2C̃in+m)
]

+
[
(Bi

n−m−2C̃im−n)Ckm−Ck−m(Bi
m+n−2C̃i−n−m)

+(Bi
m+n+2C̃i−n−m)C̃km−C̃k−m(Bi

n−m+2C̃im−n)
]
C̃jn

−C̃i−n
[
(Bj
−n−m−2C̃jn+m)Ckm−Ck−m(Bj

m−n−2C̃jn−m)

+(Bj
m−n+2C̃jn−m)C̃km−C̃k−m(Bj

−n−m+2C̃jn+m)
]}

+i
∑
n>0

i

n

(
−C−−nCinδjk+Ci−nC−n δjk−C̃−−nC̃inδjk+C̃i−nC̃−n δjk

−Cj−nC−n δik+C−−nCjnδik−C̃
j
−nC̃

−
n δ

ik+C̃−−nC̃jnδik
)
.

(A.33)
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Rearranging terms and compiling those that have similar structure to Ckm.

[Sij ,Sk−] = −1
2B+

0

∑
n,m>0

1
m

{[
−(Bj

−n−m+2Cj−n−m)Cin+Cj−n(Bi
n−m+2Cin−m)

+(Bi
−n−m+2Ci−n−m)Cjn−Ci−n(Bj

n−m+2Cjn−m)

−(Bj
n−m−2C̃jm−n)C̃in+C̃j−n(Bi

−n−m−2C̃in+m)

+(Bi
n−m−2C̃im−n)C̃jn−C̃i−n(Bj

−n−m−2C̃jn+m)
]
Ckm

+Ck−m
[
−(Bi

m−n+2Cim−n)Cjn+Ci−n(Bj
n+m+2Cjn+m)

+(Bj
m−n+2Cjm−n)Cin−C

j
−n(Bi

n+m+2Cin+m)

+(Bj
m+n−2C̃j−n−m)C̃in−C̃

j
−n(Bi

m−n−2C̃in−m)

−(Bi
m+n−2C̃i−n−m)C̃jn+C̃i−n(Bj

m−n−2C̃jn−m)
]

+
[
(Bi

m−n−2Cim−n)Cjn−(Bj
m−n−2Cjm−n)Cin

−(Bj
m+n+2C̃j−n−m)C̃in+Cj−n(Bi

n+m−2Cin+m)

+(Bi
m+n+2C̃i−n−m)C̃jn−Ci−n(Bj

n+m−2Cjn+m)

+C̃j−n(Bi
m−n+2C̃in−m)−C̃i−n(Bj

m−n+2C̃jn−m)
]
C̃km

+C̃k−m
[
(Bj

n−m+2C̃jm−n)C̃in+(Bj
−n−m−2Cj−n−m)Cin

−(Bi
n−m+2C̃im−n)C̃jn−(Bi

−n−m−2Ci−n−m)Cjn
−Cj−n(Bi

n−m−2Cin−m)+Ci−n(Bj
n−m−2Cjn−m)

+C̃i−n(Bj
−n−m+2C̃jn+m)−C̃j−n(Bi

−n−m+2C̃in+m)
]}

+i
∑
n>0

i

n

(
−C−−nCinδjk+Ci−nC−n δjk−C̃−−nC̃inδjk+C̃i−nC̃−n δjk

−Cj−nC−n δik+C−−nCjnδik−C̃
j
−nC̃

−
n δ

ik+C̃−−nC̃jnδik
)
.

(A.34)

First, we expand the B’s in terms of C,C̃’s. To get more cancellations and in trying to bring
the expression in a familiar form, we shift (C/C̃)i’s indices to “n or −n”.

[Sij ,Sk−] = −1
2B+

0

∑
n,m>0

1
m

{[
−(C̃jn+m+3Cj−n−m)Cin−Ci−n(C̃jm−n+3Cjn−m)

−(Cjn−m−C̃
j
m−n)C̃in−C̃i−n(Cj−n−m−C̃

j
n+m)

]
Ckm

+Ck−m
[
(C̃jn−m+3Cjm−n)Cin+Ci−n(C̃j−n−m+3Cjn+m)

+(Cjm+n−C̃
j
−n−m)C̃in+C̃i−n(Cjm−n−C̃

j
n−m)

]
+
[
−(Cjm+n+3C̃j−n−m)C̃in−(Cjm−n−C

j
m−n)Cin

−C̃i−n(Cjm−n+3C̃jn−m)−Ci−n(C̃j−n−m−C
j
n+m)

]
C̃km
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+C̃k−m
[
(Cjn−m+3C̃jm−n)C̃in+(C̃jn+m−C

j
−n−m)Cin

+C̃i−n(Cj−n−m+3C̃jn+m)+Ci−n(C̃jm−n−C
j
n−m)

]}
+ −1

2B+
0

∑
n,m>0

1
m

{[
(C̃in+3Ci−n)Cjn−m+C̃jm−n(Ci−n−C̃in)

]
Ckm

+Ck−m
[
−Cjm−n(C̃i−n+3Cin)−(Cin−C̃i−n)C̃jn−m

]
+
[
Cjm−n(C̃i−n−Cin)+(Cin+3C̃i−n)C̃jn−m

]
C̃km

+C̃k−m
[
−C̃jm−n(Ci−n+3C̃in)−(C̃in−Ci−n)Cjn−m

]
+
[
(Cin−C̃i−n)C̃jn+m+Cj−n−m(C̃i−n+3Cin)

]
Ckm

+Ck−m
[
−C̃j−n−m(Ci−n−C̃in)−(C̃in+3Ci−n)Cjn+m

]
+
[
C̃j−n−m(Ci−n+3C̃in)+(C̃in−Ci−n)Cjn+m

]
C̃km

+C̃k−m
[
−Cj−n−m(C̃i−n−Cin)−(Cin+3C̃i−n)C̃jn+m

]}

− −1
2B+

0

n≤m∑
n,m>0

1
m

{[
(C̃in+3Ci−n)Cjn−m+C̃jm−n(Ci−n−C̃in)

]
Ckm

+Ck−m
[
−Cjm−n(C̃i−n+3Cin)−(Cin−C̃i−n)C̃jn−m

]
+
[
+Cjm−n(C̃i−n−Cin)+(Cin+3C̃i−n)C̃jn−m

]
C̃km

+C̃k−m
[
−C̃jm−n(Ci−n+3C̃in)−(C̃in−Ci−n)Cjn−m

]}

+ −1
2B+

0

n≤0∑
m>0,n>−m

1
m

{[
(Cin−C̃i−n)C̃jn+m+Cj−n−m(C̃i−n+3Cin)

]
Ckm

+Ck−m
[
−C̃j−n−m(Ci−n−C̃in)−(C̃in+3Ci−n)Cjn+m

]
+
[
+C̃j−n−m(Ci−n+3C̃in)+(C̃in−Ci−n)Cjn+m

]
C̃km

+C̃k−m
[
−Cj−n−m(C̃i−n−Cin)−(Cin+3C̃i−n)C̃jn+m

]}
+i
∑
n>0

i

n

(
−C−−nCinδjk+Ci−nC−n δjk−C̃−−nC̃inδjk+C̃i−nC̃−n δjk

−Cj−nC−n δik+C−−nCjnδik−C̃
j
−nC̃

−
n δ

ik+C̃−−nC̃jnδik
)
. (A.35)

First two major brackets cancel with each other exactly. The result is the remainder.
After changing the sign of ‘n’ in the second bracket so that it takes only positive values,
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we get

[Sij ,Sk−] =− −1
2B+

0

n≤m∑
n,m>0

1
m

{[
(C̃in+3Ci−n)Cjn−m+C̃jm−n(Ci−n−C̃in)

]
Ckm

+Ck−m
[
−Cjm−n(C̃i−n+3Cin)−(Cin−C̃i−n)C̃jn−m

]
+
[
Cjm−n(C̃i−n−Cin)+(Cin+3C̃i−n)C̃jn−m

]
C̃km

+C̃k−m
[
−C̃jm−n(Ci−n+3C̃in)−(C̃in−Ci−n)Cjn−m

]}

+ −1
2B+

0

n<m∑
m>0,n≥0

1
m

{[
(Ci−n−C̃in)C̃jm−n+Cjn−m(C̃in+3Ci−n)

]
Ckm

+Ck−m
[
−C̃jn−m(Cin−C̃i−n)−(C̃i−n+3Cin)Cjm−n

]
+
[
C̃jn−m(Cin+3C̃i−n)+(C̃i−n−Cin)Cjm−n

]
C̃km

+C̃k−m
[
−Cjn−m(C̃in−Ci−n)−(Ci−n+3C̃in)C̃jm−n

]}
+i
∑
n>0

i

n

{
−C−−nCinδjk+Ci−nC−n δjk−C̃−−nC̃inδjk+C̃i−nC̃−n δjk

−Cj−nC−n δik+C−−nCjnδik−C̃
j
−nC̃

−
n δ

ik+C̃−−nC̃jnδik
}

(A.36)

As is easily seen, the terms in the two brackets gives commutator of the terms inside
the square brackets apart from the n=m-component of the first and n=0-component of the
second. Further, all commutators of first bracket are identically “zero”. Once all that’s
taken into account, we get:

[Sij ,Sk−] = + −1
2B+

0

∑
m>0

1
m

{[
−(C̃im+3Ci−m)Cj0−C̃

j
0(Ci−m−C̃im)

]
Ckm

+Ck−m
[
Cj0(C̃i−m+3Cim)+(Cim−C̃i−m)C̃j0

]
+
[
−Cj0(C̃i−m−Cim)−(Cim+3C̃i−m)C̃j0

]
C̃km

+C̃k−m
[
C̃j0(Ci−m+3C̃im)+(C̃im−Ci−m)Cj0

]}
+ −1

2B+
0

∑
m>0

1
m

{[
(Ci0−C̃i0)C̃jm+Cj−m(C̃i0+3Ci0)

]
Ckm

+Ck−m
[
−C̃j−m(Ci0−C̃i0)−(C̃i0+3Ci0)Cjm

]
+
[
C̃j−m(Ci0+3C̃i0)+(C̃i0−Ci0)Cjm

]
C̃km

+C̃k−m
[
−Cj−m(C̃i0−Ci0)−(Ci0+3C̃i0)C̃jm

]}
+i
∑
n>0

i

n

(
−C−−nCinδjk+Ci−nC−n δjk−C̃−−nC̃inδjk+C̃i−nC̃−n δjk

−Cj−nC−n δik+C−−nCjnδik−C̃
j
−nC̃

−
n δ

ik+C̃−−nC̃jnδik
)

(A.37)
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Since, the terms commutes in the first bracket for “m 6=0”, the first bracket is basically
zero.

[Sij ,Sk−] = + −1
2B+

0

∑
m>0

1
m

{[
−(C̃im+3Ci−m)Cj0−C̃

j
0(Ci−m−C̃im)

]
Ckm

+Ck−m
[
Cj0(C̃i−m+3Cim)+(Cim−C̃i−m)C̃j0

]
+
[
−Cj0(C̃i−m−Cim)−(Cim+3C̃i−m)C̃j0

]
C̃km

+C̃k−m
[
C̃j0(Ci−m+3C̃im)+(C̃im−Ci−m)Cj0

]
+
[
(Ci0−C̃i0)C̃jm+Cj−m(C̃i0+3Ci0)

]
Ckm

+Ck−m
[
−C̃j−m(Ci0−C̃i0)−(C̃i0+3Ci0)Cjm

]
+
[
+C̃j−m(Ci0+3C̃i0)+(C̃i0−Ci0)Cjm

]
C̃km

+C̃k−m
[
−Cj−m(C̃i0−Ci0)−(Ci0+3C̃i0)C̃jm

]}
+i
∑
n>0

i

n

(
−C−−nCinδjk+Ci−nC−n δjk−C̃−−nC̃inδjk+C̃i−nC̃−n δjk

−Cj−nC−n δik+C−−nCjnδik−C̃
j
−nC̃

−
n δ

ik+C̃−−nC̃jnδik
)

(A.38)

Using the condition that C0=C̃0, we get

[Sij ,Sk−] = + −1
2B+

0

∑
m>0

1
m

{
4
(
−Ci−mCkm+Ck−mCim−C̃i−mC̃km+C̃k−mC̃im

)
Cj0

+4
(
Cj−mC

k
m−Ck−mCjm+C̃j−mC̃km−C̃k−mC̃jm

)
Ci0

}
+i
∑
n>0

i

n

{(
−C−−nCin+Ci−nC−n −C̃−−nC̃in+C̃i−nC̃−n

)
δjk

+
(
−Cj−nC−n +C−−nCjn−C̃

j
−nC̃

−
n +C̃−−nC̃jn

)
δik
}

(A.39)

[Sij ,Sk−] = + i

B+
0

{
SikBj

0+SkjBi
0+B+

0 S
−i+B+

0 S
j−
}

= + i

p+
0

{
Sikpj0+Skjpi0+p+S−iδjk+p+Sj−δik

} (A.40)

So, the final expression of the [Jij ,Jk−] looks like,

[J ij ,Jk−] = [Lij+Sij ,Lk−+Sk−] = [Lij ,Lk−]+[Lij ,Sk−]+[Sij ,Lk−]+[Sij ,Sk−]

= iL−iδjk+iLj−δik+ i

p+

{
Skipj+Sjkpi

}
+ i

p+

{
Sikpj+Skjpi+p+S−iδjk+p+Sj−δik

}
= i(L−iδjk+Lj−δik)+ i

p+

{
p+S−iδjk+p+Sj−δik

}
= i
((
L−i+S−i

)
δjk+

(
Lj−+Sj−

)
δik
)

= i
(
J−iδjk+J j−δik

)
(A.41)

So this part of the Lorentz algebra also closes without any trouble.
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B Detailed analysis: induced vacuum

This appendix involves the detailed calculations relevent to 4.1.

Central Algebra

Using the normal ordered expressions (4.7), we evaluate

[
A−m,A

−
n

]
= 1
B+

0

∑
p 6=0

[
AipB

j
m−p,A

−
n

]

= 1(
B+

0

)2

 ∑
p 6=−n

2pAip+nB
j
m−p+

∑
p 6=0

2(m−p)AipB
j
m+n−p


= 1(

B+
0

)2

∑
p 6=0

2(p−n)AipB
j
m+n−p+

∑
p 6=0

2(m−p)AipB
j
m+n−p


= 2(m−n)(

B+
0

)2
∑
p 6=0

AipB
j
m+n−p

= 2(m−n)
B+

0
Am+n,

(B.1)

and [
B−m,A

−
n

]
= 1

2B+
0

∑
p

[
Bi
pB

j
m−p,A

−
n

]

= 1

2
(
B+

0

)2

(∑
p

2pBi
p+nB

j
m−p+

∑
p

2(m−p)Bi
pB

j
m+n−p

)

= 1

2
(
B+

0

)2

(∑
p

2(p−n)Bi
pB

j
m+n−p+

∑
p

2(m−p)Bi
pB

j
m+n−p

)

= 2(m−n)

2
(
B+

0

)2
∑
p

Bi
pB

j
m+n−p

= 2(m−n)
B+

0
Bm+n.

(B.2)

In the third step of both (B.1) and (B.2) in the first term the dummy index p has been
shifted.

Calculating [Li−,Sj−]

We have from (3.11)[
xip−,Sj−

]
=− i2

∑
m 6=0

1
m

[
xip−,

(
Aj−mB

−
m+Bj

−mA
−
m

)]

=
√

2c′
2B+

0

∑
m 6=0

1
m

(
Aj−mB

i
m+Bj

−mA
i
m

)
p−.

(B.3)
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and [
x−pi,Sj−

]
=− i2

∑
m 6=0

1
m

[
x−,

(
Aj−mB

−
m+Bj

−mA
−
m

)]
pi

=
√

2c′
2B+

0

∑
m 6=0

1
m

(
Aj−mB

−
m+Bj

−mA
−
m

)
pi .

(B.4)

So,

[
Li−,Sj−

]
=
√

2c′
2B+

0

∑
m 6=0

1
m

(
Aj−mB

i
m+Bj

−mA
i
m

)
p−−

√
2c′

2B+
0

∑
m 6=0

1
m

(
Aj−mB

−
m+Bj

−mA
−
m

)
pi .

(B.5)

Similarly,

[
Si−,Lj−

]
=−
√

2c′
2B+

0

∑
m 6=0

1
m

(
Ai−mB

j
m+Bi

−mA
j
m

)
p−+

√
2c′

2B+
0

∑
m 6=0

1
m

(
Ai−mB

−
m+Bi

−mA
−
m

)
pj .

(B.6)

Therefore[
Li−,Sj−

]
+
[
Li−,Sj−

]
=−
√

2c′
∑
m 6=0

1
mB+

0

(
Ai−mB

j
m+Bi

−mA
j
m

)
p−

+
√

2c′
2

∑
m 6=0

1
mB+

0

(
Ai−mp

j−piAj−m
)
B−m

+
√

2c′
2

∑
m 6=0

1
mB+

0

(
Bi
−mp

j−piBj
−m

)
A−m .

(B.7)

Calculation of [Si−,Sj−]

Now we turn to the commutator of the oscillator contributions:[
Si−,Sj−

]
=−1

4
∑
m 6=0
n 6=0

1
mn

[(
Ai−mB

−
m+Bi

−mA
−
m

)
,
(
Aj−nB

−
n +Bj

−nA
−
n

)]
. (B.8)

The commutator of the first terms in both the brackets is evaluated as follows.∑
m 6=0
n 6=0

1
mn

[
Ai−mB

−
m,A

j
−nB

−
n

]
=−

∑
m 6=0
n 6=0

2
nB+

0
Bi
n−mA

j
−nB

−
m+

∑
m 6=0
n 6=0

2
mB+

0
Ai−mB

j
m−nB

−
m

=−
∑
n 6=0
m 6=−n

2
nB+

0
Bi
−mA

j
−nB

−
m+n+

∑
m 6=0
n 6=−m

2
mB+

0
Ai−mB

j
−nB

−
m+n.

(B.9)

Notice the change of dummy indices. Ultimately all the terms have to be brought in the
following form. Each of the term in [Si−,Sj−] is a product of three operators. The operator
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with the spacetime index i has index −m, the operator with the spacetime index j has
index −n and the operator with the spacetime index − has index m+n. This will be the
same form we would like to bring all the terms into in the flipped vacuum case, and with
some modifications in the oscillator vacuum case. Following this pattern, the other terms
give

∑
m 6=0
n 6=0

1
mn

[
Ai−mB

−
m,B

j
−nA

−
n

]
= 2

∑
m 6=0
n 6=0

( 1
n
− 1
m

) 1
B+

0
Ai−mB

j
−nB

−
m+n−

∑
n 6=0
m 6=−n
m 6=0

2
nB+

0
Ai−mB

j
−nB

−
m+n

=−
∑
m 6=0
n 6=0

2
mB+

0
Ai−mB

j
−nB

−
m+n+

∑
n 6=0

2
nB+

0
AinB

j
−nB

−
0 .

(B.10)

and

∑
m 6=0
n 6=0

1
mn

[
Bi
−mA

−
m,A

j
−nB

−
n

]
= 2

∑
m 6=0
n 6=0

(1
n
− 1
m

) 1
B+

0
Bi
−mA

j
−nB

−
m+n+

∑
m 6=0
n 6=−m
n 6=0

2
mB+

0
Bi
−mA

j
−nB

−
m+n

=
∑
m 6=0
n 6=0

2
nB+

0
Bi
−mA

j
−nB

−
m+n−

∑
m 6=0

2
mB+

0
Bi
−mA

j
mB
−
0 .

(B.11)

and

∑
m 6=0
n 6=0

1
mn

[
Bi
−mA

−
m,B

j
−nA

−
n

]
= 2

∑
m 6=0
n 6=0

( 1
n
− 1
m

) 1
B+

0
Bi
−mB

j
−nA

−
m+n−

∑
n 6=0
m 6=−n

2
nB+

0
Bi
−mB

j
−nA

−
m+n

+
∑
m 6=0
n 6=−m

2
mB+

0
Bi
−mB

j
−nA

−
m+n

=
∑
m 6=0

2
mB+

0

(
Bi
−mB

j
0A
−
m−Bi

−mB
j
mA
−
0

)
−
∑
n 6=0

2
nB+

0

(
Bi

0B
j
−nA

−
n −Bi

nB
j
−nA

−
0

)
=−4

∑
m 6=0

1
mB+

0
Bi
−mB

j
mA
−
0 +2

∑
m 6=0

1
mB+

0

(
Bi
−mB

j
0−B

i
0B

j
−m

)
A−m.

(B.12)

Notice that the terms in (B.9), (B.10) and (B.11) have similar structure, namely they
all involve B−..., hence they should be combined together. The terms in (B.12) have differ-
ent form and they combine among themselves. This pattern is useful again in the flipped
vacuum and oscillator vacuum cases.
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The combination of (B.9), (B.10) and (B.11) is simplified to

∑
m 6=0

2
mB+

0

(
Ai−mB

j
0B
−
m−Ai−mBj

mB
−
m

)
+
∑
n 6=0

2
nB+

0

(
Bi
nA

j
−nB

−
0 −B

i
0A

j
−nB

−
n

)
+
∑
n 6=0

2
nB+

0
AinB

j
−nB

−
0 −

∑
m 6=0

2
mB+

0
Bi
−mA

j
mB
−
0

=−4
∑
m 6=0

1
mB+

0

(
Ai−mB

j
m+Bi

−mA
j
m

)
B−0 +2

∑
m 6=0

1
mB+

0

(
Ai−mB

j
0−B

i
0A

j
−m

)
B−m.

(B.13)

Then, using (B.12) and (B.13),

[
Si−,Sj−

]
=
∑
m 6=0

1
mB+

0

(
Ai−mB

j
m+Bi

−mA
j
m

)
B−0

−
√

2c′
2

∑
m 6=0

1
mB+

0

(
Ai−mp

j−piAj−m
)
B−m

−
√

2c′
2

∑
m 6=0

1
mB+

0

(
Bi
−mp

j−piBj
−m

)
A−m

+
∑
m 6=0

1
mB+

0
Bi
−mB

j
mA
−
0 .

(B.14)

C Detailed analysis: flipped vacuum

This appendix involves the detailed calculations relevent to 4.2.

Central algebra

We use the normal ordered expressions (4.16) to obtain the central algebra for the flipped
vacuum.
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Without loss of generality, let’s assume n<0 for the following

[
A−m,A

−
n

]
= 1
B+

0

∑
p<0

[
AipB

j
m−p,A

−
n

]
+ 1
B+

0

∑
p>0

[
Bj
m−pA

i
p,A
−
n

]

= 2
(B+

0 )2

∑
p<0

pAip+nB
i
m−p+

∑
p<0

(m−p)AipBi
m+n−p



+ 2
(B+

0 )2

 ∑
p>0
p 6=−n

pBi
m−pA

i
p+n+

∑
p>0

(m−p)Bi
m+n−pA

i
p


= 2

(B+
0 )2

∑
p<n

(p−n)AipBi
m+n−p+

∑
p<0

(m−p)AipBi
m+n−p



+ 2
(B+

0 )2

∑
p>n
p 6=0

(p−n)Bi
m+n−pA

i
p+
∑
p>0

(m−p)Bi
m+n−pA

i
p


= 2(m−n)

(B+
0 )2

∑
p<0

AipB
i
m+n−p+

∑
p>0

Bi
m+n−pA

i
p


− 2

(B+
0 )2

−1∑
p=n+1

(p−n)
[
Aip,B

i
m+n−p

]

= 2(m−n)
B+

0
A−m+n−

4
(B+

0 )2 (D−2)δm+n,0

−1∑
p=n+1

p(p−n)

= 2(m−n)
B+

0
A−m+n−

4
(B+

0 )2 (D−2)δm+n,0

m−1∑
p=1

p(p−m)

= 2(m−n)
B+

0
A−m+n+ 2(D−2)

3(B+
0 )2 (m3−m)δm+n,0 .

(C.1)

Similarly,

[
B−m,A

−
n

]
= 1
B+

0

∑
p

[
Bi
pB

j
m−p,A

−
n

]

= 2
(B+

0 )2

(∑
p

pBi
p+nB

i
m−p+

∑
p

(m−p)Bi
pB

i
m+n−p

)

= 2
(B+

0 )2

(∑
p

(p−n)AipBi
m+n−p+

∑
p

(m−p)AipBi
m+n−p

)

= 2(m−n)
(B+

0 )2

∑
p

Bi
pB

i
m+n−p

= 2(m−n)
B+

0
B−m+n .

(C.2)
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Calculation of [Si−,Sj−]

This calculation is divided into five sectors, taking into consideration the lessons about
which terms combine nicely from the [Si−,Sj−] calculation in the induced vacuum case.

[
Si−,Sj−

]
=S1+S2+S3+S4+S5 . (C.3)

Sector 1.

S1 =−
∑
m>0
n>0

1
mn

([
Ai−mB

−
m,A

j
−nB

−
n

]
+
[
Ai−mB

−
m,B

j
−nA

−
n

]
+
[
Bi
−mA

−
m,A

j
−nB

−
n

])
. (C.4)

Note that these are three terms out of four in the m>0, n>0 portion of the calculation. The
remaining term is a part of S5. This pattern will repeat for S2, S3 and S4 too, just for
different signs of m and n.
Now look at the three terms in S1 one by one.

∑
m>0
n>0

1
mn

[
Ai−mB

−
m,A

j
−nB

−
n

]
=
∑
m>0
n>0

2
mB+

0
Ai−mB

j
m−nB

−
n −

∑
m>0
n>0

2
nB+

0
Bi
n−mA

j
−nB

−
m

=
∑
m>0
n>−m

2
mB+

0
Ai−mB

j
−nB

−
m+n−

∑
n>0
m>−n

2
nB+

0
Bi
−mA

j
−nB

−
m+n.

(C.5)

Note the shift of dummy indices performed in the second step in order to conform with the
convention as discussed in the induced vacuum case.
Similarly with other terms,

∑
m>0
n>0

1
mn

[
Ai−mB

−
m,B

j
−nA

−
n

]
= 2

∑
m>0
n>0

( 1
n
− 1
m

) 1
B+

0
Ai−mB

j
−nB

−
m+n−

∑
n>0
m>−n
m 6=0

2
nB+

0
Ai−mB

j
−nB

−
m+n

=−2
∑
m>0
n>0

1
mB+

0
Ai−mB

j
−nB

−
m+n−

∑
n>0

2
nB+

0

−1∑
m=−n+1

Ai−mB
j
−nB

−
m+n.

(C.6)

and

∑
m>0
n>0

1
mn

[
Bi
−mA

−
m,A

j
−nB

−
n

]
= 2

∑
m>0
n>0

(1
n
− 1
m

) 1
B+

0
Bi
−mA

j
−nB

−
m+n+

∑
m>0
n>−m
n 6=0

2
mB+

0
Bi
−mA

j
−nB

−
m+n

= 2
∑
m>0
n>0

1
nB+

0
Bi
−mA

j
−nB

−
m+n+

∑
m>0

2
mB+

0

−1∑
n=−m+1

Bi
−mA

j
−nB

−
m+n.

(C.7)
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Similar looking terms in (C.5), (C.6) and (C.7) can now be grouped together and combined
easily to get

S1 =
∑
n>0

2
nB+

0

−1∑
m=−n+1

Ai−mB
j
−nB

−
m+n+

∑
n>0

2
nB+

0

0∑
m=−n+1

Bi
−mA

j
−nB

−
m+n

−
∑
m>0

2
mB+

0

0∑
n=−m+1

Ai−mB
j
−nB

−
m+n−

∑
m>0

2
mB+

0

−1∑
n=−m+1

Bi
−mA

j
−nB

−
m+n.

(C.8)

Sector 2.

S2 =−
∑
m>0
n<0

1
mn

([
Ai−mB

−
m,B

−
n A

j
−n

]
+
[
Ai−mB

−
m,A

−
nB

j
−n

]
+
[
Bi
−mA

−
m,B

−
n A

j
−n

])
. (C.9)

Similar to sector 1, the terms are calculated individually and combined.

S2 =
∑
m>0

2
mB+

0

−1∑
n=−m

(
Ai−mB

j
−nB

−
m+n+B−m+nB

i
−mA

j
−n

)

−
∑
n<0

2
nB+

0

−n∑
m=1

Ai−mB
j
−nB

−
m+n

+
∑
n<0
m>−n

2
nB+

0
Bi
−mA

j
−nB

−
m+n−

∑
n<0
m>0

2
nB+

0
B−m+nB

i
−mA

j
−n.

(C.10)

Note that the last two terms appear with different ordering, and they are combined as
follows. ∑

n<0
m>−n

2
nB+

0
Bi
−mA

j
−nB

−
m+n−

∑
n<0
m>0

2
nB+

0
B−m+nB

i
−mA

j
−n

=−
∑
n<0

2
nB+

0

−n∑
m=1

B−m+nB
i
−mA

j
−n+

∑
n<0
m>−n

2
nB+

0
Bi
−m

[
Aj−n,B

−
m+n

]

=−
∑
n<0

2
nB+

0

−n∑
m=1

B−m+nB
i
−mA

j
−n−

4
(B+

0 )2

∑
n<0
m>−n

Bi
−mB

j
m .

(C.11)

It is easy to show that
∑
n<0
m>−n

Bi
−mB

j
m =

∑
m>1

−1∑
n=−m+1

Bi
−mB

j
m =

∑
m>0

(m−1)Bi
−mB

j
m . (C.12)

Then using (C.11) and (C.12) in (C.10)

S2 =
∑
m>0

2
mB+

0

−1∑
n=−m

(
Ai−mB

j
−nB

−
m+n+B−m+nB

i
−mA

j
−n

)

−
∑
n<0

2
nB+

0

−n∑
m=1

(
Ai−mB

j
−nB

−
m+n+B−m+nB

i
−mA

j
−n

)
− 4

(B+
0 )2

∑
m>0

(m−1)Bi
−mB

j
m .

(C.13)
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Sectors 3 and 4.

S3 =−
∑
m<0
n>0

1
mn

([
B−mA

i
−m,A

j
−nB

−
n

]
+
[
B−mA

i
−m,B

j
−nA

−
n

]
+
[
A−mB

i
−m,A

j
−nB

−
n

])
. (C.14)

S4 =−
∑
m<0
n<0

1
mn

([
B−mA

i
−m,B

−
n A

j
−n

]
+
[
B−mA

i
−m,A

−
nB

j
−n

]
+
[
A−mB

i
−m,B

−
n A

j
−n

])
. (C.15)

Computations of sectors 3 and 4 follow those of sectors 2 and 1 respectively. The final
expressions:

S3 =
∑
m<0

2
mB+

0

−m∑
n=1

(
B−m+nA

i
−mB

j
−n+Bi

−mA
j
−nB

−
m+n

)

−
∑
n>0

2
nB+

0

−1∑
m=−n

(
B−m+nA

i
−mB

j
−n+Bi

−mA
j
−nB

−
m+n

)
− 4

(B+
0 )2

∑
m<0

(m+1)Bi
−mB

j
m .

(C.16)

and

S4 =
∑
n<0

2
nB+

0

−n−1∑
m=1

B−m+nA
i
−mB

j
−n+

∑
n<0

2
nB+

0

−n−1∑
m=0

B−m+nB
i
−mA

j
−n

−
∑
m<0

2
mB+

0

−m−1∑
n=0

B−m+nA
i
−mB

j
−n−

∑
m<0

2
mB+

0

−m−1∑
n=1

B−m+nB
i
−mA

j
−n .

(C.17)

Now let’s combine the sectors 1 to 4 ((C.8), (C.13), (C.16) and (C.17)) by collecting similar
terms. First notice that, for example, the first term in second line of (C.8) and the first term
in first line of (C.13) have the same structure and the same ordering, and they combine to
give

−
∑
m>0

2
mB+

0

0∑
n=−m+1

Ai−mB
j
−nB

−
m+n+

∑
m>0

2
mB+

0

−1∑
n=−m

Ai−mB
j
−nB

−
m+n

=
∑
m>0

2
mB+

0
Ai−mB

j
mB
−
0 −

∑
m>0

2
mB+

0
Ai−mB

j
0B
−
m .

(C.18)

while the second term in second line of (C.8) and the second term in first line of (C.13)
have the same structure but not the same ordering, so combining them proceeds as follows.

−
∑
m>0

2
mB+

0

−1∑
n=−m+1

Bi
−mA

j
−nB

−
m+n+

∑
m>0

2
mB+

0

−1∑
n=−m

B−m+nB
i
−mA

j
−n

=
∑
m>0

2
mB+

0
Bi
−mA

j
mB
−
0 −

∑
m>0

2
mB+

0

−1∑
n=−m

Bi
−m

[
Aj−n,B

−
m+n

]

=
∑
m>0

2
mB+

0
Bi
−mA

j
mB
−
0 +

∑
m>0

4
m(B+

0 )2

( −1∑
n=−m

n

)
Bi
−mB

j
m

=
∑
m>0

2
mB+

0
Bi
−mA

j
mB
−
0 −

∑
m>0

2(m+1)
(B+

0 )2 Bi
−mB

j
m .

(C.19)

– 37 –



J
H
E
P
0
8
(
2
0
2
1
)
0
5
4

Doing this for all the terms,6 we get

S1+S2+S3+S4

=
∑
m 6=0

1
mB+

0

(
Ai−mB

j
m+Bi

−mA
j
m

)
B−0 −

√
2c′
2

∑
m>0

1
mB+

0

(
Ai−mp

j−piAj−m
)
B−m

−
√

2c′
2

∑
m<0

1
mB+

0
B−m

(
Ai−mp

j−piAj−m
)
−2

∑
m>0

m

(B+
0 )2B

i
−mB

j
m−2

∑
m<0

m

(B+
0 )2B

i
−mB

j
m .

(C.20)

Sector 5.

S5 =−
∑
m>0
n>0

1
mn

[
Bi
−mA

−
m,B

j
−nA

−
n

]
−
∑
m>0
n<0

1
mn

[
Bi
−mA

−
m,A

−
nB

j
−n

]

−
∑
m<0
n>0

1
mn

[
A−mB

i
−m,B

j
−nA

−
n

]
−
∑
m<0
n<0

1
mn

[
A−mB

i
−m,A

−
nB

j
−n

]
.

(C.21)

The manipulations involved in combining the terms are similar to those used in sectors 1

to 4 even though the terms themselves are of a different form. for example, consider the
first term in (C.21)

∑
m>0
n>0

1
mn

[
Bi
−mA

−
m,B

j
−nA

−
n

]
=
∑
m>0
n>0

( 1
n
− 1
m

) 2
B+

0
Bi
−mB

j
−nA

−
m+n

−
∑
n>0
m>−n

2
nB+

0
Bi
−mB

j
−nA

−
m+n+

∑
m>0
n>−m

2
mB+

0
Bi
−mB

j
−nA

−
m+n

=
∑
m>0

2
mB+

0

0∑
n=−m+1

Bi
−mB

j
−nA

−
m+n−

∑
n>0

2
nB+

0

0∑
m=−n+1

Bi
−mB

j
−nA

−
m+n .

(C.22)

The fourth term is similarly straightforward

∑
m<0
n<0

1
mn

[
Bi
−mA

−
m,B

j
−nA

−
n

]

=
∑
m<0

2
mB+

0

−m−1∑
n=0

Bi
−mB

j
−nA

−
m+n−

∑
n<0

2
nB+

0

−n−1∑
m=0

Bi
−mB

j
−nA

−
m+n.

(C.23)

Second and third terms are little more complicated due to mismatched ordering similar
to the sectors 2 and 3, and also due to the presence of central terms. Let’s calculate for

6Some terms have n as the summed index, that shold be transformed to m depending on the desired
final form as in (C.20).
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example the second term.

∑
m>0
n<0

1
mn

[
Bi
−mA

−
m,A

−
nB

j
−n

]

=
∑
m>0
n<0

( 1
n
− 1
m

) 2
B+

0
Bi
−mA

−
m+nB

j
−n−

∑
m>0

2(D−2)
3m2(B+

0 )2 (m3−m)Bi
−mB

j
m

−
∑
n<0
m>−n

2
nB+

0
Bi
−mB

j
−nA

−
m+n+

∑
m>0
n<−m

2
mB+

0
Bi
−mA

−
m+nB

j
−n

=−
∑
m>0

2
mB+

0

−1∑
n=−m

Bi
−mA

−
m+nB

j
−n−

∑
n<0

2
nB+

0

−n∑
m=1

Bi
−mA

−
m+nB

j
−n

+4
∑
m>0

m−1
(B+

0 )2B
i
−mB

j
m−

2(D−2)
3(B+

0 )2

∑
m>0

(
m− 1

m

)
Bi
−mB

j
m .

(C.24)

The third term in the second step has resulted from the mismatch between the ordering of
the first term in the first line and the first term in the second line of the first step. This
calculation is similar to the sector 2. Likewise the third term in (C.21) gives

∑
m>0
n<0

1
mn

[
A−mB

i
−m,B

j
−nA

−
n

]

=−
∑
m<0

2
mB+

0

−m∑
n=1

Bj
−nA

−
m+nB

i
−m−

∑
n>0

2
nB+

0

−1∑
m=−n

Bj
−nA

−
m+nB

i
−m

+4
∑
m<0

m−1
(B+

0 )2B
i
−mB

j
m−

2(D−2)
3(B+

0 )2

∑
m<0

(
m− 1

m

)
Bi
−mB

j
m .

(C.25)

Combining these four terms in the same way the sectors 1 to 4 were combined,

S5 =
∑
m 6=0

1
mB+

0
Bi
−mB

j
mA
−
0

−
√

2c′
2

∑
m>0

1
mB+

0

(
Bi
−mp

j−piBj
−m

)
A−m

−
√

2c′
2

∑
m<0

1
mB+

0
A−m

(
Bi
−mp

j−piBj
−m

)
−2

∑
m>0

m

(B+
0 )2B

i
−mB

j
m−2

∑
m<0

m

(B+
0 )2B

i
−mB

j
m

+ (D−2)
6(B+

0 )2

(∑
m>0

(
m− 1

m

)
Bi
−mB

j
m+

∑
m<0

(
m− 1

m

)
Bi
−mB

j
m

)
.

(C.26)
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And then from (C.3), (C.20) and (C.26),

[
Si−,Sj−

]
=
∑
m 6=0

1
mB+

0

(
Ai−mB

j
m+Bi

−mA
j
m

)
B−0 −

√
2c′
2

∑
m>0

1
mB+

0

(
Ai−mp

j−piAj−m
)
B−m

−
√

2c′
2

∑
m<0

1
mB+

0
B−m

(
Ai−mp

j−piAj−m
)
−
√

2c′
2

∑
m>0

1
mB+

0

(
Bi
−mp

j−piBj
−m

)
A−m

−
√

2c′
2

∑
m<0

1
mB+

0
A−m

(
Bi
−mp

j−piBj
−m

)
−4

∑
m>0

m

(B+
0 )2B

i
−mB

j
m−4

∑
m<0

m

(B+
0 )2B

i
−mB

j
m

+ (D−2)
6(B+

0 )2

(∑
m>0

(
m− 1

m

)
Bi
−mB

j
m+

∑
m<0

(
m− 1

m

)
Bi
−mB

j
m

)
+
∑
m 6=0

1
mB+

0
Bi
−mB

j
mA
−
0 .

(C.27)

D Detailed analysis: oscillator vacuum

This appendix involves the detailed calculations relevent to 4.3. In addition to (4.26) we
also have [

xi,C−m

]
= i
√

2c′
B+

0
Cim,

[
x−,C−m

]
= i
√

2c′
B+

0
C−m. (D.1)

and identical relations for C̃−. Some more useful commutators are

[
Cim,A

−
n

]
= 2m
B+

0
Cim+n ∀m 6=−n,

[
Ci−n,A

−
n

]
=− n

B+
0
Bi

0,[
C̃im,A

−
n

]
=− 2m

B+
0
C̃im−n ∀m 6=n,

[
C̃in,A

−
n

]
=− n

B+
0
Bi

0,[
Cim,B

−
n

]
= m

B+
0

(
Cim+n+C̃i−m−n

)
∀m 6=−n,

[
Ci−n,B

−
n

]
=− n

B+
0
Bi

0,[
C̃im,B

−
n

]
= m

B+
0

(
Cin−m+C̃im−n

)
∀m 6=n,

[
C̃in,B

−
n

]
= n

B+
0
Bi

0 .

(D.2)

Central algebra

According to the normal ordering suited for this vacuum,

A−n = 1
B+

0

∑
m 6=0

:AimB
i
n−m:

= 1
B+

0

∑
m>0

(
Cin−mC

i
m−C̃i−mC̃im−n

)
+ 1
B+

0

∑
m<0

(
CimC

i
n−m−C̃im−nC̃i−m

)
+ 1
B+

0
AinB

i
0 .

(D.3)

– 40 –



J
H
E
P
0
8
(
2
0
2
1
)
0
5
4

Without loss of generality, let’s assume n<0.

[
A−m,A

−
n

]
= 1
B+

0

∑
p>0

([
Cim−pC

i
p,A
−
n

]
−
[
C̃i−pC̃

i
p−m,A

−
n

])

+
∑
p<0

([
CipC

i
m−p,A

−
n

]
−
[
C̃ip−mC̃

i
−p,A

−
n

])
+
[
AimB

i
0,A
−
n

]
= 2

(B+
0 )2

∑
p>0
p 6=−n

p
(
Cim−pC

i
p+n−C̃i−p−nC̃ip−m

)

+ 2
(B+

0 )2

∑
p>0

p 6=m+n

(m−p)
(
Cim+n−pC

i
p−C̃i−pC̃ip−m−n

)

+ 2
(B+

0 )2

∑
p<0

p
(
Cip+nC

i
m−p−C̃ip−mC̃i−p−n

)
+ 2

(B+
0 )2

∑
p<0

p 6=m+n

(m−p)
(
CipC

i
m+n−p−C̃ip−m−nC̃i−p

)
− 2n

(B+
0 )2A

i
m+nB

i
0+ 2m

(B+
0 )2A

i
m+nB

i
0

= 2
(B+

0 )2

∑
p>n
p 6=0

(p−n)
(
Cim+n−pC

i
p−C̃i−pC̃ip−m−n

)

+ 2
(B+

0 )2

∑
p>0

p 6=m+n

(m−p)
(
Cim+n−pC

i
p−C̃i−pC̃ip−m−n

)

+ 2
(B+

0 )2

∑
p<n

(p−n)
(
CipC

i
m+n−p−C̃ip−m−nC̃i−p

)
+ 2

(B+
0 )2

∑
p<0

p 6=m+n

(m−p)
(
CipC

i
m+n−p−C̃ip−m−nC̃i−p

)
+2(m−n)

(B+
0 )2 A

i
m+nB

i
0

= 2(m−n)
(B+

0 )2

( ∑
p>0

p 6=m+n

(
Cim+n−pC

i
p−C̃i−pC̃ip−m−n

)

+
∑
p<0

p 6=m+n

(
CipC

i
m+n−p−C̃ip−m−nC̃i−p

)
+Aim+nB

i
0

)

+ 2
(B+

0 )2

−1∑
p=n

(p−n)
([
Cim+n−p,C

i
p

]
−
[
C̃i−p,C̃

i
p−m−n

])
= 2(m−n)

B+
0

A−m+n .

(D.4)

While B−n is given according to this normal ordering by

B−n = 1
2B+

0

∑
m

:Bi
mB

i
n−m:= 1

2B+
0

∑
m>0

(
Cin−mC

i
m+C̃i−mC̃im−n

)
+ 1

2B+
0

∑
m<0

(
CimC

i
n−m+C̃im−nC̃i−m

)
+ 1
B+

0

∑
m 6=0
m 6=n

CimC̃
i
m−n+ 1

B+
0
Bi
nB

i
0 .

(D.5)
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Again assuming n<0, and making rearrangements very similar to those in (D.4),

[
B−m,A

−
n

]
= (m−n)

(B+
0 )2

( ∑
p>0

p 6=m+n

(
Cim+n−pC

i
p+C̃i−pC̃ip−m−n

)
+

∑
p<0

p 6=m+n

(
CipC

i
m+n−p+C̃ip−m−nC̃i−p

)

+2
∑
p 6=0

p 6=m+n

CipC̃
i
p−m−n+2Bi

m+nB
i
0

)
+ 1

(B+
0 )2

−1∑
p=n

(p−n)
([
Cim+n−p,C

i
p

]
+
[
C̃i−p,C̃

i
p−m−n

])

= 2(m−n)
B+

0
B−m+n+ (D−2)

3(B+
0 )2 (m3−m)δn,−m .

(D.6)

Therefore

[
C−m,C

−
n

]
= 1

4
([
B−m,A

−
n

]
+
[
A−m,B

−
n

]
+
[
A−m,A

−
n

])
= m−n

2B+
0

(
2B−m+n+A−m+n

)
+ (D−2)

12(B+
0 )2

(
(m3−m)−(n3−n)

)
δn,−m

= m−n
2B+

0

(
3C−m+n+C̃−−m−n

)
+ (D−2)

6(B+
0 )2 (m3−m)δn,−m ,

(D.7)

Similarly,

[
C−m,C̃

−
−n

]
=−(m−n)

2B+
0

(
C−m+n−C̃−−m−n

)
, (D.8)

and [
C̃−−m,C̃

−
−n

]
=−(m−n)

2B+
0

(
C−m+n+3C̃−−m−n

)
− (D−2)

6(B+
0 )2 (m3−m)δn,−m. (D.9)

Also, from (D.2)

[
Ci−m,C

−
n

]
=− m

2B+
0

(
3Cin−m+C̃im−n

)
∀m 6=n,

[
Ci−m,C

−
m

]
=− m

B+
0
Bi

0 =−m
√

2c′
B+

0
pi,[

C̃im,C
−
n

]
= m

2B+
0

(
Cin−m−C̃im−n

)
∀m 6=n,

[
C̃im,C

−
m

]
= 0,[

Ci−m,C̃
−
−n

]
= m

2B+
0

(
Cin−m−C̃im−n

)
∀m 6=n,

[
Ci−m,C̃

−
−m

]
= 0,

[
C̃im,C̃

−
−n

]
= m

2B+
0

(
Cin−m+3C̃im−n

)
∀m 6=n,

[
C̃im,C̃

−
−m

]
= m

B+
0
Bi

0 = m
√

2c′
B+

0
pi.

(D.10)
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Calculation of [Li−,Sj−]+[Si−,Lj−]

We have from (D.1)[
xip−,Sj−

]
=−i

∑
m>0

1
m

[
xi,
(
Cj−mC

−
m−C̃−−mC̃jm

)]
p−−i

∑
m<0

1
m

[
xi,
(
C−mC

j
−m−C̃jmC̃−−m

)]
p−

=
√

2c′
B+

0

∑
m 6=0

1
m

(
Cj−mC

i
m−C̃i−mC̃jm

)
p−,

(D.11)

and[
x−pi,Sj−

]
=−i

∑
m>0

1
m

[
x−,

(
Cj−mC

−
m−C̃−−mC̃jm

)]
pi−i

∑
m<0

1
m

[
x−,

(
C−mC

j
−m−C̃jmC̃−−m

)]
pi

=
√

2c′
B+

0

∑
m>0

1
m

(
Cj−mC

−
m−C̃−−mC̃jm

)
pi+
√

2c′
B+

0

∑
m<0

1
m

(
C−mC

j
−m−C̃jmC̃−−m

)
pi,

(D.12)

So [
Li−,Sj−

]
=
√

2c′
B+

0

∑
m 6=0

1
m

(
Cj−mC

i
m−C̃i−mC̃jm

)
p−

−
√

2c′
B+

0

∑
m>0

1
m

(
Cj−mC

−
m−C̃−−mC̃jm

)
pi

−
√

2c′
B+

0

∑
m<0

1
m

(
C−mC

j
−m−C̃jmC̃−−m

)
pi.

(D.13)

Similarly
[
Si−,Lj−

]
=−
√

2c′
B+

0

∑
m 6=0

1
m

(
Ci−mC

j
m−C̃

j
−mC̃

i
m

)
p−

+
√

2c′
B+

0

∑
m>0

1
m

(
Ci−mC

−
m−C̃−−mC̃im

)
pj

+
√

2c′
B+

0

∑
m<0

1
m

(
C−mC

i
−m−C̃imC̃−−m

)
pj .

(D.14)

Therefore[
Li−,Sj−

]
+
[
Si−,Lj−

]
=−2

√
2c′

B+
0

∑
m 6=0

1
m

(
Ci−mC

j
m−C̃imC̃

j
−m

)
p−

−
√

2c′
B+

0

∑
m>0

1
m

((
Cj−mC

−
m−C̃−−mC̃jm

)
pi−

(
Ci−mC

−
m−C̃−−mC̃im

)
pj
)

−
√

2c′
B+

0

∑
m<0

1
m

((
C−mC

j
−m−C̃jmC̃−−m

)
pi−

(
C−mC

i
−m−C̃imC̃−−m

)
pj
)
.

(D.15)
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Calculation of [Si−,Sj−]

The sector structure here is easier than that in the case of the flipped vacuum.

[
Si−,Sj−

]
=S1+S2+S3+S4. (D.16)

We now proceed to calculate these sectors one by one.

Sector 1.

−S1 =
∑
m>0
n>0

1
mn

([
Ci−mC

−
m,C

j
−nC

−
n

]
−
[
Ci−mC

−
m,C̃

−
−nC̃

j
n

]

−
[
C̃−−mC̃

i
m,C

j
−nC

−
n

]
+
[
C̃−−mC̃

i
m,C̃

−
−nC̃

j
n

])
.

(D.17)

We evaluate (D.17) as following. First, let’s collect the terms on the r.h.s. resulting from
[−,−] type commutators, namely [C−m,C−n ], [C−m,C̃−−n], [C̃−−m,C−n ] and [C̃−−m,C̃−−n]

∑
m>0
n>0

( 1
n
− 1
m

) 1
2B+

0
Ci−mC

j
−n

(
3C−m+n+C̃−−m−n

)

+
∑
m>0
n>0

( 1
n
− 1
m

) 1
2B+

0
Ci−m

(
C−m+n−C̃−−m−n

)
C̃jn

+
∑
m>0
n>0

( 1
n
− 1
m

) 1
2B+

0
Cj−n

(
C−m+n−C̃−−m−n

)
C̃im

−
∑
m>0
n>0

( 1
n
− 1
m

) 1
2B+

0

(
C−m+n+3C̃−−m−n

)
C̃imC̃

j
n .

(D.18)

Note the operator ordering that the individual product terms have. Corresponding prod-
ucts in all other terms in this sector will be brought in this order. For example, the [i,−]
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type terms give

∑
n>0
m>−n
m 6=0

1
2nB+

0

(
−
(
3Ci−m+C̃im

)
Cj−nC

−
m+n−

(
Ci−m−C̃im

)
C̃jnC

−
m+n

−C̃−−m−n
(
Ci−m−C̃im

)
Cj−n+C̃−−m−n

(
Ci−m+3C̃im

)
C̃jn

)
−
√

2c′
B+

0

∑
m>0

1
m

(
Cj−mC

−
m−C̃−−mC̃jm

)
pi

=
∑
n>0
m>−n
m 6=0

1
2nB+

0

(
−3Ci−mC

j
−nC

−
m+n−C

j
−nC

−
m+nC̃

i
m−C

j
−n

[
C̃im,C

−
m+n

]

−Ci−mC−m+nC̃
j
n−Ci−m

[
C̃jn,C

−
m+n

]
+C−m+nC̃

i
mC̃

j
n+
[
C̃imC̃

j
n,C

−
m+n

]
−Ci−mC

j
−nC̃

−
−m−n+

[
Ci−mC

j
−n,C̃

−
−m−n

]
+Cj−nC̃−−m−nC̃im−

[
Cj−n,C̃

−
−m−n

]
C̃im

+Ci−mC̃−−m−nC̃jn−
[
Ci−m,C̃

−
−m−n

]
C̃jn+3C̃−−m−nC̃imC̃jn

)
−
√

2c′
B+

0

∑
m>0

1
m

(
Cj−mC

−
m−C̃−−mC̃jm

)
pi

=
∑
n>0
m>−n
m 6=0

1
2nB+

0

(
−Ci−mC

j
−n

(
3C−m+n+C̃−−m−n

)
−Ci−m

(
C−m+n−C̃−−m−n

)
C̃jn

−Cj−n
(
C−m+n−C̃−−m−n

)
C̃im+

(
C−m+n+3C̃−−m−n

)
C̃imC̃

j
n

)
−
√

2c′
B+

0

∑
m>0

1
m

(
Cj−mC

−
m−C̃−−mC̃jm

)
pi.

(D.19)

In the first step, the dummy index m is shifted so that the index structure is brought in
the form of (D.18), on similar lines as discussed in the induced vacuum case. The magenta
terms involving pi come from the m=n contribution (magenta equations) from (D.10). In
the second step, the terms are brought into the order same as that in (D.18), resulting
into commutator terms. While going from the second step to the last step, notice that the
commutator terms cancel out.
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And similarly the [−,j] type terms give

∑
m>0
n>−m
n 6=0

1
2mB+

0

(
Ci−m

(
3Cj−n+C̃jn

)
C−m+n+Ci−mC̃−−m−n

(
Cj−n−C̃jn

)

+
(
Cj−n−C̃jn

)
C−m+nC̃

i
m−C̃−−m−nC̃im

(
Cj−n+3C̃jn

))
+
√

2c′
B+

0

∑
n>0

1
n

(
Ci−nC

−
n −C̃−−nC̃in

)
pj

=
∑
m>0
n>−m
n 6=0

1
2mB+

0

(
3Ci−mC

j
−nC

−
m+n+Ci−mC−m+nC̃

j
n+Ci−m

[
C̃jn,C

−
m+n

]

+Ci−mC
j
−nC̃

−
−m−n−Ci−m

[
Cj−n,C̃

−
−m−n

]
−Ci−mC̃−−m−nC̃jn

+Cj−nC−m+nC̃
i
m−C−m+nC̃

i
mC̃

j
n−
[
C̃jn,C

−
m+n

]
C̃im

−Cj−nC̃−−m−nC̃im+
[
Cj−n,C̃

−
−m−n

]
C̃im−3C̃−−m−nC̃imC̃jn

)
+
√

2c′
B+

0

∑
n>0

1
n

(
Ci−nC

−
n −C̃−−nC̃in

)
pj

=
∑
m>0
n>−m
n 6=0

1
2mB+

0

(
Ci−mC

j
−n

(
3C−m+n+C̃−−m−n

)
+Ci−m

(
C−m+n−C̃−−m−n

)
C̃jn

+Cj−n
(
C−m+n−C̃−−m−n

)
C̃im−

(
C−m+n+3C̃−−m−n

)
C̃imC̃

j
n

)
+
√

2c′
B+

0

∑
m>0

1
m

(
Ci−mC

−
m−C̃−−mC̃im

)
pj .

(D.20)

Here, too, the commutators arising from rearranging the terms cancel out.
Combining (D.18), (D.19) and (D.20), we get

S1 =
∑
n>0

1
2nB+

0

−1∑
m=−n+1

(
Ci−mC

j
−n

(
3C−m+n+C̃−−m−n

)
+Ci−m

(
C−m+n−C̃−−m−n

)
C̃jn

+Cj−n
(
C−m+n−C̃−−m−n

)
C̃im−

(
C−m+n+3C̃−−m−n

)
C̃imC̃

j
n

)

−
∑
m>0

1
2mB+

0

−1∑
n=−m+1

(
Ci−mC

j
−n

(
3C−m+n+C̃−−m−n

)
+Ci−m

(
C−m+n−C̃−−m−n

)
C̃jn

+Cj−n
(
C−m+n−C̃−−m−n

)
C̃im−

(
C−m+n+3C̃−−m−n

)
C̃imC̃

j
n

)
+
√

2c′
B+

0

∑
m>0

1
m

((
Cj−mC

−
m−C̃−−mC̃jm

)
pi−

(
Ci−mC

−
m−C̃−−mC̃im

)
pj
)

(D.21)
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S1 =
∑
n>0

1
2nB+

0

−1∑
m=−n

(
Ci−mC

j
−n

(
3C−m+n+C̃−−m−n

)
+Ci−m

(
C−m+n−C̃−−m−n

)
C̃jn

+Cj−n
(
C−m+n−C̃−−m−n

)
C̃im−

(
C−m+n+3C̃−−m−n

)
C̃imC̃

j
n

)

−
∑
m>0

1
2mB+

0

−1∑
n=−m

(
Ci−mC

j
−n

(
3C−m+n+C̃−−m−n

)
+Ci−m

(
C−m+n−C̃−−m−n

)
C̃jn

+Cj−n
(
C−m+n−C̃−−m−n

)
C̃im−

(
C−m+n+3C̃−−m−n

)
C̃imC̃

j
n

)
−
∑
n>0

1
2nB+

0

(
CinC

j
−n

(
2B−0 +A−0

)
+CinA−0 C̃jn+Cj−nA−0 C̃i−n−

(
2B−0 −A

−
0

)
C̃i−nC̃

j
n

)
+
∑
m>0

1
2mB+

0

(
Ci−mC

j
m

(
2B−0 +A−0

)
+Ci−mA−0 C̃

j
−m+CjmA−0 C̃im−

(
2B−0 −A

−
0

)
C̃imC̃

j
−m

)

+
√

2c′
B+

0

∑
m>0

1
m

((
Cj−mC

−
m−C̃−−mC̃jm

)
pi−

(
Ci−mC

−
m−C̃−−mC̃im

)
pj
)
.

(D.22)

In the last step, terms involving C−0 and C̃−0 (in green) are added and subtracted, and
written in terms of A−0 and B−0 .

Sector 2.

−S2 =
∑
m>0
n<0

1
mn

([
Ci−mC

−
m,C

−
n C

j
−n

]
−
[
Ci−mC

−
m,C̃

j
nC̃
−
−n

]

−
[
C̃−−mC̃

i
m,C

−
n C

j
−n

]
+
[
C̃−−mC̃

i
m,C̃

j
nC̃
−
−n

])
.

(D.23)

This sector allows m=−n since m and n run over opposite signed integers. So the [−,−] part
gives central terms (in red).

∑
m>0
n<0

( 1
n
− 1
m

) 1
2B+

0
Ci−m

(
3C−m+n+C̃−−m−n

)
Cj−n

+
∑
m>0
n<0

( 1
n
− 1
m

) 1
2B+

0
Ci−mC̃

j
n

(
C−m+n−C̃−−m−n

)

+
∑
m>0
n<0

( 1
n
− 1
m

) 1
2B+

0

(
C−m+n−C̃−−m−n

)
C̃imC

j
−n

−
∑
m>0
n<0

( 1
n
− 1
m

) 1
2B+

0
C̃jn

(
C−m+n+3C̃−−m−n

)
C̃im

− (D−2)

6
(
B+

0

)2
∑
m>0

(
m− 1

m

)(
Ci−mC

j
m−C̃imC̃

j
−m

)
.
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However, since m=n is not allowed, the terms involving pi and pj won’t appear unlike sector 1.
The [i,−] type terms give

∑
n<0
m>−n

1
2nB+

0

(
−
(
3Ci−m+C̃im

)
Cj−nC

−
m+n−

(
Ci−m−C̃im

)
C̃jnC

−
m+n

−C̃−−m−n
(
Ci−m−C̃im

)
Cj−n+C̃−−m−n

(
Ci−m+3C̃im

)
C̃jn

)
=

∑
n<0
m>−n

1
2nB+

0

(
−3Ci−mC−m+nC

j
−n−3Ci−m

[
Cj−n,C

−
m+n

]
−C−m+nC̃

i
mC

j
−n

−
[
C̃imC

j
−n,C

−
m+n

]
−Ci−mC̃jnC−m+n+C̃jnC−m+nC̃

i
m+C̃jn

[
C̃im,C

−
m+n

]
−Ci−mC̃−−m−nC

j
−n+

[
Ci−m,C̃

−
−m−n

]
Cj−n+C̃−−m−nC̃imC

j
−n

+Ci−mC̃jnC̃−−m−n−
[
Ci−mC̃

j
n,C̃

−
−m−n

]
+3C̃jnC̃−−m−nC̃im−3

[
C̃jn,C̃

−
−m−n

]
C̃im

)
=

∑
n<0
m>−n

1
2nB+

0

(
−Ci−m

(
3C−m+n+C̃−−m−n

)
Cj−n−Ci−mC̃jn

(
C−m+n−C̃−−m−n

)

−
(
C−m+n−C̃−−m−n

)
C̃imC

j
−n+C̃jn

(
C−m+n+3C̃−−m−n

)
C̃im

)
+ 2(

B+
0

)2
∑
n<0
m>−n

(
Ci−mC

j
m−C̃imC̃

j
−m

)
.

(D.25)

Notice that another difference from sector 1 is that in this sector the commutators arising
from rearrangements don’t cancel out, resulting into the blue terms. The explicit calcula-
tion of the commutator contribution is as follows.

∑
n<0
m>−n

1
2nB+

0

(
−3Ci−m

[
Cj−n,C

−
m+n

]
−
[
C̃imC

j
−n,C

−
m+n

]
+C̃jn

[
C̃im,C

−
m+n

]

+
[
Ci−m,C̃

−
−m−n

]
Cj−n−

[
Ci−mC̃

j
n,C̃

−
−m−n

]
−3
[
C̃jn,C̃

−
−m−n

]
C̃im

)
=

∑
n<0
m>−n

1

4
(
B+

0

)2

(
3Ci−m

(
3Cjm+C̃j−m

)
+C̃im

(
3Cjm+C̃j−m

)

−m
n

(
Cin−C̃i−n

)
Cj−n+m

n

(
Cin−C̃i−n

)
C̃jn+m

n

(
Cin−C̃i−n

)
Cj−n

−Ci−m
(
Cjm+3C̃j−m

)
−m
n

(
Cin−C̃i−n

)
C̃jn−3C̃im

(
Cjm+3C̃j−m

))
= 2(

B+
0

)2
∑
n<0
m>−n

(
Ci−mC

j
m−C̃imC̃

j
−m

)
.
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And the [−,j] type terms give

∑
m>0
n<−m

1
2mB+

0

(
Ci−mC

−
m+n

(
3Cj−n+C̃jn

)
+Ci−m

(
Cj−n−C̃jn

)
C̃−−m−n

+C−m+nC̃
i
m

(
Cj−n−C̃jn

)
−
(
Cj−n+3C̃jn

)
C̃−−m−nC̃

i
m

)
=

∑
m>0
n<−m

1
2mB+

0

(
3Ci−mC−m+nC

j
−n+Ci−mC̃jnC−m+n−Ci−m

[
C̃jn,C

−
m+n

]

+Ci−mC̃−−m−nC
j
−n+Ci−m

[
Cj−n,C̃

−
−m−n

]
−Ci−mC̃jnC̃−−m−n

+C−m+nC̃
i
mC

j
−n−C̃jnC−m+nC̃

i
m+

[
C̃jn,C

−
m+n

]
C̃im

−C̃−−m−nC̃imC
j
−n−

[
Cj−n,C̃

−
−m−n

]
C̃im−3C̃jnC̃−−m−nC̃im

)
=

∑
m>0
n<−m

1
2mB+

0

(
Ci−m

(
3C−m+n+C̃−−m−n

)
Cj−n+Ci−mC̃jn

(
C−m+n−C̃−−m−n

)

+
(
C−m+n−C̃−−m−n

)
C̃imC

j
−n−C̃jn

(
C−m+n+3C̃−−m−n

)
C̃im

)
.

(D.27)

The final result for this sector

S2 =−
∑
n<0

1
2nB+

0

−n∑
m=1

(
Ci−m

(
3C−m+n+C̃−−m−n

)
Cj−n+Ci−mC̃jn

(
C−m+n−C̃−−m−n

)
+
(
C−m+n−C̃−−m−n

)
C̃imC

j
−n−C̃jn

(
C−m+n+3C̃−−m−n

)
C̃im

)

+
∑
m>0

1
2mB+

0

−1∑
n=−m

(
Ci−m

(
3C−m+n+C̃−−m−n

)
Cj−n+Ci−mC̃jn

(
C−m+n−C̃−−m−n

)
+
(
C−m+n−C̃−−m−n

)
C̃imC

j
−n−C̃jn

(
C−m+n+3C̃−−m−n

)
C̃im

)
+ (D−2)

6
(
B+

0

)2
∑
m>0

(
m− 1

m

)(
Ci−mC

j
m−C̃imC̃

j
−m

)
− 2(

B+
0

)2
∑
m>0

(m−1)
(
Ci−mC

j
m−C̃imC̃

j
−m

)
.

(D.28)

For the blue term we have used the change of order of summation

∑
n<0
m>−n

(
Ci−mC

j
m−C̃imC̃

j
−m

)
=
∑
m>0

−1∑
n=−m+1

(
Ci−mC

j
m−C̃imC̃

j
−m

)

=
∑
m>0

(m−1)
(
Ci−mC

j
m−C̃imC̃

j
−m

)
.
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Sectors 3 and 4. The calculations for sectors 3 and 4 proceed similarly to those for
sectors 2 and 1 respectively.

S3 =−
∑
m<0
n>0

1
mn

([
C−mC

i
−m,C

j
−nC

−
n

]
−
[
C−mC

i
−m,C̃

−
−nC̃

j
n

]

−
[
C̃imC̃

−
−m,C

j
−nC

−
n

]
+
[
C̃imC̃

−
−m,C̃

−
−nC̃

j
n

])

=−
∑
n>0

1
2nB+

0

−1∑
m=−n

(
Cj−n

(
3C−m+n+C̃−−m−n

)
Ci−m+

(
C−m+n−C̃−−m−n

)
Ci−mC̃

j
n

+C̃imC
j
−n

(
C−m+n−C̃−−m−n

)
−C̃im

(
C−m+n+3C̃−−m−n

)
C̃jn

)

+
∑
m<0

1
2mB+

0

−m∑
n=1

(
Cj−n

(
3C−m+n+C̃−−m−n

)
Ci−m+

(
C−m+n−C̃−−m−n

)
Ci−mC̃

j
n

+C̃imC
j
−n

(
C−m+n−C̃−−m−n

)
−C̃im

(
C−m+n+3C̃−−m−n

)
C̃jn

)
+ (D−2)

6
(
B+

0

)2
∑
m<0

(
m− 1

m

)(
Ci−mC

j
m−C̃imC̃

j
−m

)
− 2(

B+
0

)2
∑
m<0

(m−1)
(
Ci−mC

j
m−C̃imC̃

j
−m

)
.

(D.30)

and

S4 =−
∑
m<0
n<0

1
mn

([
C−mC

i
−m,C

−
n C

j
−n

]
−
[
C−mC

i
−m,C̃

j
nC̃
−
−n

]

−
[
C̃imC̃

−
−m,C

−
n C

j
−n

]
+
[
C̃imC̃

−
−m,C̃

j
nC̃
−
−n

])

=
∑
n<0

1
2nB+

0

−n∑
m=1

((
3C−m+n+C̃−−m−n

)
Ci−mC

j
−n+C̃jn

(
C−m+n−C̃−−m−n

)
Ci−m

+C̃im
(
C−m+n−C̃−−m−n

)
Cj−n−C̃imC̃jn

(
C−m+n+3C̃−−m−n

))

−
∑
m<0

1
2mB+

0

−m∑
n=1

((
3C−m+n+C̃−−m−n

)
Ci−mC

j
−n+C̃jn

(
C−m+n−C̃−−m−n

)
Ci−m

+C̃im
(
C−m+n−C̃−−m−n

)
Cj−n−C̃imC̃jn

(
C−m+n+3C̃−−m−n

))
−
∑
n<0

1
2nB+

0

((
2B−0 +A−0

)
CinC

j
−n+C̃jnA−0 Cin+C̃i−nA−0 C

j
−n−C̃i−nC̃jn

(
2B−0 −A

−
0

))
+
∑
m<0

1
2mB+

0

((
2B−0 +A−0

)
Ci−mC

j
m+C̃j−mA−0 Ci−m+C̃imA−0 Cjm−C̃imC̃

j
−m

(
2B−0 −A

−
0

))

−
√

2c′
2πB+

0

∑
m<0

1
m

((
Cj−mC

−
m−C̃−−mC̃jm

)
pi−

(
Ci−mC

−
m−C̃−−mC̃im

)
pj
)
.
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Now it’s time to combine the four sectors. The black (and brown) terms in (D.21), (D.28),
(D.30) and (D.31) can be organised in equal and opposite pairs, but these pairs have
dissimilar ordering. For example, consider the brown terms in (D.21) and (D.28).

−
∑
m>0

1
2mB+

0

−1∑
n=−m

(
Ci−mC

j
−n

(
3C−m+n+C̃−−m−n

)
+Ci−m

(
C−m+n−C̃−−m−n

)
C̃jn

+Cj−n
(
C−m+n−C̃−−m−n

)
C̃im−

(
C−m+n+3C̃−−m−n

)
C̃imC̃

j
n

)

+
∑
m>0

1
2mB+

0

−1∑
n=−m

(
Ci−m

(
3C−m+n+C̃−−m−n

)
Cj−n+Ci−mC̃jn

(
C−m+n−C̃−−m−n

)
+
(
C−m+n−C̃−−m−n

)
C̃imC

j
−n−C̃jn

(
C−m+n+3C̃−−m−n

)
C̃im

)

=
∑
m>0

1
2mB+

0

−1∑
n=−m

(
−Ci−m

[
Cj−n,

(
3C−m+n+C̃−−m−n

)]
+Ci−m

[
C̃jn,

(
C−m+n−C̃−−m−n

)]
[
Cj−n,

(
C−m+n−C̃−−m−n

)]
C̃im−

[
C̃jn,

(
C−m+n+3C̃−−m−n

)]
C̃im

)

=
∑
m>0

2

m
(
B+

0

)2

( −1∑
n=−m

n

)(
Ci−mC

j
m−C̃imC̃

j
−m

)
=−

∑
m>0

(m+1)(
B+

0

)2

(
Ci−mC

j
m−C̃imC̃

j
−m

)
.

(D.32)

Similarly combining other black terms, we get one more m>0 and two m<0 summations. So
the total sum reads

[
Si−,Sj−

]
=−

∑
m 6=0

2(m+1)(
B+

0

)2

(
Ci−mC

j
m−C̃imC̃

j
−m

)
−
∑
m 6=0

2(m−1)(
B+

0

)2

(
Ci−mC

j
m−C̃imC̃

j
−m

)

+ (D−2)

6
(
B+

0

)2
∑
m<0

(
m− 1

m

)(
Ci−mC

j
m−C̃imC̃

j
−m

)

+ 1
2B+

0

∑
m 6=0

1
m

(
Ci−mC

j
m+Ci−mC̃

j
−m+C̃imCjm+C̃imC̃

j
−m

)
A−0

+ 1
2B+

0

∑
m 6=0

1
m
A−0

(
Ci−mC

j
m+Ci−mC̃

j
−m+C̃imCjm+C̃imC̃

j
−m

)
+ 1
B+

0

∑
m>0

1
m

(
Ci−mC

j
mB
−
0 −B

−
0 C̃

i
mC̃

j
−m+B−0 Ci−mCjm−C̃imC̃

j
−mB

−
0

)
+
√

2c′
B+

0

∑
m>0

1
m

((
Cj−mC

−
m−C̃−−mC̃jm

)
pi−

(
Ci−mC

−
m−C̃−−mC̃im

)
pj
)

+
√

2c′
B+

0

∑
m<0

1
m

((
C−mC

j
−m−C̃jmC̃−−m

)
pi−

(
C−mC

i
−m−C̃imC̃−−m

)
pj
)
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This gives us the result for this part of the calculation as,[
Si−,Sj−

]
= 1(

B+
0

)2

((D−2)
6 −4

)∑
m<0

m
(
Ci−mC

j
m−C̃imC̃

j
−m

)
− (D−2)

6
(
B+

0

)2
∑
m 6=0

1
m

(
Ci−mC

j
m−C̃imC̃

j
−m

)

+ 1
B+

0

∑
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1
m
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j
mA
−
0 + 2

B+
0

∑
m 6=0

1
m

(
Ci−mC

j
m−C̃imC̃

j
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)
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+
√

2c′
B+

0

∑
m>0

1
m

((
Cj−mC

−
m−C̃−−mC̃jm

)
pi−

(
Ci−mC

−
m−C̃−−mC̃im

)
pj
)

+
√

2c′
B+

0

∑
m<0

1
m

((
C−mC

j
−m−C̃jmC̃−−m

)
pi−

(
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i
−m−C̃imC̃−−m

)
pj
)
.
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