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ABSTRACT: We study the AdS/BCFT duality between two-dimensional conformal field
theories with two boundaries and three-dimensional anti-de Sitter space with two Karch-
Randall branes. We compute the entanglement entropy of a bipartition of the BCFT, on
both the gravity side and the field theory side. At finite temperature this entanglement
entropy characterizes the communication between two braneworld black holes, coupled to
each other through a common bath. We find a Page curve consistent with unitarity. The
gravitational result, computed using double-holographically realized quantum extremal
surfaces, matches the conformal field theory calculation.

At zero temperature, we obtain an interesting extension of the AdS3/BCFTs corre-
spondence. For a central charge ¢, we find a gap ({3, {5) in the spectrum of the scaling di-
mension Ap. of the boundary condition changing operator (which interpolates mismatched
boundary conditions on the two boundaries of the BCFT). Depending on the value of Ay,
the gravitational dual is either a defect global AdS3 geometry or a single sided black hole,
and in both cases there are two Karch-Randall branes.
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1 Introduction

Recent approaches to understanding the black hole information problem using the
AdS/CFT correspondence [1, 2| emphasize the role of entanglement islands in restoring
the unitarity of the underlying dynamics. Models of entanglement islands in higher dimen-
sions are most cleanly realized in the Karch-Randall (KR) braneworld [3, 4], later refined
to the so-called AdS/BCFT correspondence [5, 6]. In these models [7, 8] (see also [9-47]
for related studies), the black hole is living on the KR brane and is coupled to a finite
temperature bath modeled by a conformal field theory (CFT) on a manifold with a bound-
ary. The bath absorbs the radiation from the black hole and the entanglement island of a
subsystem of the bath is the component of its entanglement wedge disconnected from it.
The entanglement island lives on the KR brane and contains the black hole interior.

In these early models, the bath was non-gravitating, but a recent generalization of the
KR construction involves gravitating baths [48]. Several new features of entanglement is-
lands emerge in this setup, and in particular, it becomes possible to study the information
transfer between two black holes using the recently proposed wedge holography [49-51].



Here, “information transfer” is characterized by the entanglement entropy between com-
plementary subsystems of the wedge-holographic field theory dual.

In [20, 52|, entanglement islands were studied for a three-dimensional bulk geometry,
with a non-gravitating bath. Interestingly, in these cases the entanglement entropy can
be computed using both the bulk gravitational description and its dual boundary confor-
mal field theory (BCFT) description. On the gravity side, the entanglement entropy is
computed using the Ryu-Takayanagi (RT) surface [53, 54], while on the CFT side, using
correlation functions of twist operators [55]. These two computations match each other
under a natural extension of the conditions for holographic CFTs (CFTs with a simple holo-
graphic dual- Einstein’s gravity) to BCFTs [56], namely large central charge and sparseness
of the spectrum of light operators.

In this paper, we merge these two lines of research, providing both a purely field
theoretic and a gravitational computation for two communicating black holes. The black
holes are coupled to a common non-gravitating bath, but from the point of view of one
of the black holes, the bath it is coupled to is composed of a gravitating and a non-
gravitating part. This is to be contrasted with the original constructions [8, 57] when the
bath (from the point of view of the only black hole) was purely non-gravitating, and the
recent work [48] where the bath (from the point of view of one of the two black holes) was
purely gravitating.

The field theory setup we consider is a two dimensional CFT living on a strip! with
generically different conformal boundary conditions [58] on the two edges. The dual grav-
itational setup is a three-dimensional AdS bulk with two two-dimensional KR branes, and
with induced black holes living on the branes. The asymptotic infinities of these braneworld
black holes live on the asymptotic conformal boundary of the three-dimensional bulk, but
are separated by a finite distance along the asymptotic boundary. This setup is to be
contrasted with the wedge holography proposal [50] which takes the separation of the two
KR branes to zero, and for which the proposed field theory dual is one-dimensional.

We will compute the entanglement entropy of a simple bipartition of the strip in both
its gravity description and the field theory description, and show that they agree, under
the usual conditions for holographic CFTs, namely vacuum dominance for the correlator
of twist operators. In particular, we are not sensitive to microphysics beyond the proposed
ansatz for the vacuum sector. Interestingly, assigning mismatched boundary conditions
on the two edges of the strip will not only affect the two KR branes but also change
the geometry of the bulk dual itself. The reason for this is that mismatched boundary
conditions source a gradient for fields on the strip which results in a non-vanishing ki-
netic energy, therefore changing the bulk geometry. This insight allows us to generalize
the AdS3/BCFT; correspondence for a (holographic) CFT4 living on a strip with generic
conformal boundary conditions.

To be more specific, we call the lowest energy eigenstate of the Hamiltonian on the
strip the ground state, and denote its energy by Fg. Denoting the central charge by ¢, Egg

is generically larger than given different boundary conditions on the two ends. We will
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IThe strip is the time evolution of an interval.



distinguish this state from the state corresponding to the identity operator, the vacuum
state, which has energy £ = —45. The difference between the ground state energy Eg
and the vacuum energy F = —45 is given by Ay, the scaling dimension of the so-called
boundary condition changing operator.

In the presence of an eternal black hole, the BCFT is in the thermal field double (TFD)
state [59] which has a finite temperature and the effects of Ay, are screened. At zero
temperature, on the other hand, we can determine the effect of a non-vanishing Ayp.. on
the bulk geometry explicitly. Qualitatively different behaviours arise depending on whether
the ground state energy is positive or negative, i.e. whether Ay.. is larger than or smaller
than 5. We find that for a positive ground state energy the bulk geometry is a single sided
black hole with mass M = Egs = Apee — 15 > 0, while for a ground state with negative
energy Fgs = Apec— 15 < 0it is a global AdS3 geometry with a conical defect. Interestingly,
in the second case there appears to be a consistency condition which constraints Ay.. to
be smaller than 5. Therefore, the holographic duality suggests that there is a gap ({3, 15)
in the spectrum of Ap... Moreover, when Ay.. < {5, the calculations of the entanglement
entropy on the bulk and boundary sides can only be consistently matched if the KR branes
have non-positive tension, predicting in turn also non-positive boundary entropies in the
BCFT description (note however that the overall entropy is still positive as it must be).

We emphasize that in a given conformal field theory Ag.. can be in principle computed
if the boundary conditions are known. However, Ay (as a function of the boundary
conditions) is not universal but depends on the microscopic details of the theory. In the
gravitational description, the boundary conditions are mapped to the tensions of the branes.
Still, we do not expect to be able to determine Ap.. in our bottom-up dual gravitational
model explicitly, as it does not contain any information about the microscopic details
of a specific boundary theory. Nonetheless, we can choose Ap.. and the brane tensions
independently (within the previously mentioned constraints) to match our gravitational
computations with the field theory results.

This paper is organized as follows. In section 2 we review relevant previous work and set
up the context for our study. In section 3 we provide the calculations for the entanglement
entropy on the CFT side. In section 4 we compute this entanglement entropy on the gravity
side and show the agreement with CFT side. We conclude in section 5 with discussions
and possible future directions.

2 Review of previous work

In this section, we review the relevant background material [20, 48, 50, 52] and set up the
context for our calculations. We start with a lightning review of the recently proposed
wedge holography [50, 51] from the point of view of Karch-Randall braneworlds [3, 4] and
the AdS/CFT correspondence. Then we come to the system we want to study in this
paper: two communicating black holes. This system was first studied in higher dimensions
using holographic tools in [48], an approach we review in detail. We then discuss the BCFT
calculation of entanglement entropy outlined in [52].



2.1 'Wedge holography

The AdS/CFT correspondence [60-62] states that quantum gravity in an asymptotically
AdS411 space is dual to a d-dimensional conformal field theory living on its asymptotic
boundary. This asymptotic boundary is usually called the conformal boundary as the
isometry group of AdS;; is the conformal group of a d-dimensional conformal field theory.

The observation that an AdS441 space can be foliated by an AdS, space (see e.g. [3])
makes this correspondence even more powerful, and allows a way to relate descriptions
in spacetimes with a difference of two (spacelike) dimensions. This realization has been
fruitful in diverse setups, e.g. in the context of asymptotic symmetries of AdS space [63], and
in the context of black hole information paradox [19]. A dictionary for this codimension
two holography duality was given in [50, 51], using which observables of interest were
calculated there.?

Consider such a foliation of AdS441 space by AdS, space (represented by dashed blue
lines in figure 1(a)). These slices meet each other on the AdS;y; conformal boundary at
the defect (the red dot in figure 1(a)), which is the conformal boundary for each AdS,
slice. To see this, it is simplest to start from the standard Poincaré patch of the AdSy, 1,
with metric

_ —dt® + dw? + dF? + dz?

ds® = 5 , 2>0, (2.1)
z

and perform the coordinate transformation
w=ucosp, z=usinpy. (2.2)

This yields the metric

ds® =

sin? 2

1 (—dt2 +di? + du?
U

+du2>, O<p<m,u>0. (2.3)

Each constant p slice (dashed blue lines in figure 1(a)) is a copy of AdS; with conformal
boundary at w = 0. Then we can generate a wedge in the (d + 1)-dimensional bulk by
putting two positive tension branes along the y = 6 and pu = 7 — 65 slices (the two black
lines in figure 1(a)). These are called Karch-Randall branes [3, 4], and their tensions are
determined by solving the Israel’s junction conditions [5, 6, 65]. In the bulk, the two KR
branes remove the portion of the spacetime behind them (gray region in figure 1(a)),
giving us a wedge as the bulk.

The AdS/CFT correspondence for braneworlds [68] tells us that quantum gravity in the
(d+ 1)-dimensional wedge is dual to UV cutoff CFTs living on the two KR branes, coupled
to dynamical gravity. Hence, this lower dimensional dual description is also a theory of
quantum gravity, with two sectors each living on an AdSy; space. Using the standard
AdS/CFT correspondence [60-62], we can further dualize this d-dimensional description to

2Tt is interesting to notice that [64] recently generalized these studies to codimension-n holography.

3More precisely, in string theory constructions, the KR branes are the locations where extra compact
dimensions degenerate [66] and so are also called the end-of-world (EOW) branes. See [67] for a recent
string theory realization of the wedge holography and communicating black holes.
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(a) Wedge holography. (b) UV regularized wedge holography.

Figure 1. (a) An illustration of wedge holography: the bulk geometry is a part of empty AdSgyq
between two end-of-world Karch-Randall branes (black lines), meeting each other on the conformal
boundary of AdSg4+1 at their common boundary (the red dot). The bulk shaded regions behind
the branes are removed, leaving only a wedge in the bulk. Wedge holography states that the
gravitational physics in the bulk wedge is dual to a (d — 1)-dimensional conformal field theory
living on the red dot (the defect). (b) The wedge holography proposal can be UV regularized by
considering a BCFT, with two boundaries (the two red dots). By sending the separation L between
the two boundaries to zero, one goes back to the wedge.

a (d — 1)-dimensional CFT living on the common conformal boundary of the branes, the
defect itself. In principle, this (d—1)-dimensional description has two sectors corresponding
to the two KR branes.

This co-dimension two wedge holography can be extrapolated from the standard
AdS/BCEFT duality by first regularizing the UV, and then taking the regulator to zero [50].
The most straightforward regularization separates the two Karch-Randall branes by a dis-
tance L (see figure 1(b)) on the conformal boundary. In the Poincaré patch of the bulk
AdS411, the two branes have the embedding equations:

Left Brane: w=wucosh, z=wusinb,

Right Brane: w=—L—wucosfy, z=usinby. (2.4)

The dual description is a d-dimensional CFT living on the conformal boundary of the
regulated wedge, with two parallel boundaries (the two red dots on figure 1(b)). We
will study the entanglement entropies associated with a bipartition which cuts this UV-
regularizing interval into two, along a (d — 1)-dimensional sub-manifold parallel to the
two defects.

2.2 Two communicating black holes

In [48], a model of two communicating black holes was constructed by placing two KR
branes into an AdSgy1 black string with line element

1 —h(u) dt? + h(u) "t du?® + di? ud=1
ds? — du? h =1- - 2.
y sin2 ol < u2 + 1% ) (’U,) u;jl_l ) ( 5)

where uy is the location of the horizon. Each of the branes at 4 = 6, and y = 7 — 69
supports an AdS,; planar black hole, which in turn are coupled at their common conformal



boundary and are in thermal equilibrium with each other. Although in equilibrium, they
exchange information in the form of Hawking radiation, emitting quanta and swallowing
quanta from the other. From the viewpoint of each of the black holes, the bath to which
it is coupled is gravitating.

This communication between the black holes can be characterized by considering the
entanglement entropy of an internal bipartition. This internal bipartition makes use of the
fact that the defect Hilbert space can be factorized into two sectors roughly corresponding
to the two black holes. This entanglement entropy was referred to as the L/R entropy in
ref. [48] (see details therein). To study the time evolution of the entanglement entropy, the
time-translation of the system has to be chosen such that the two disconnected components
of the system (corresponding to the two asymptotic boundaries in the maximally extend
bulk geometry) evolve in the same direction.* As noticed in [48], this entanglement entropy
can be studied using the Ryu-Takayanagi (RT) surface in the (d + 1)-dimensional bulk,
and the RT surface has a phase transition between a connected phase and a disconnected
phase. This phase transition gives a Page curve for the L/R entropy, which is consistent
with the unitarity of the time evolution we chose.

However, it is not easy to give a calculable field theory model of this L/R entropy,
since the black string geometry does not have a natural UV regularization preserving the
conformal symmetry on the defect. In particular, in eq. (2.5) the translational symmetry
of the AdS metric in eq. (2.1) along the w-coordinate is broken, and hence it is not pos-
sible anymore to embed two branes with a separation as in eq. (2.4) in a consistent way.
Therefore, instead of a black string, we will consider an eternal AdS3 BTZ black hole [69]
with line element

h(z) dz? dx? 22
2 2
ds* = — 5> dt* + W2 2 h(z) =1-— 2 (2.6)

where 2, is the location of the horizon. Contrary to the higher-dimensional case, in three di-
mensions KR branes can be consistently embedded in such a black hole background, where
the brane-localized action is just a tension term. Moreover, now the two KR branes can be
separated by a distance on the conformal boundary. Each brane contains a two-dimensional
black hole induced from the bulk BTZ, a construction discussed in more detail later (sec-
tion 4). Thus, we have a conformal symmetry-preserving, UV-regularized description of
two communicating black holes. The field theory description consists of two BCFTss, each
with two boundaries. These two BCFTs live on the conformal boundary of the two copies
of the system (since the maximal extension of the Penrose diagram corresponding to the
eternal black holes has two conformal boundaries). On the time reflection-symmetric slice,
these two BCFTs are in a thermofield double (TFD) state.

Based on this observation, we will see that we can have a field theory computation of
the L/R entropy (see section 3) which matches the gravity side computation in section 4.

“In the bulk we considered an eternal AdSqy; black string whose field theory dual is known to be in
a thermofield double state [59]. We applied a general trick used when studying time evolution of the
thermofield double state. By choosing the overall Hamiltonian H to be Hi + Hs rather than Hy — Hs, there
is a non-trivial time evolution.



This provides an explicitly calculable field theory model for two communicating black holes.
Furthermore, it provides another consistency check for the AdS/CFT correspondence and
its possible deformations.

2.3 BCFT calculations of entanglement entropy

In this section, we review the computation of entanglement entropy in two-dimensional
BCFTs, mostly following [52], and clarify some subtleties. We start from the basic concepts
of computing the entanglement entropy using the replica trick. We list useful results for
our computations in the following sections and state our assumptions.

2.3.1 Boundary state at zero temperature

For the sake of convenience, we consider an Euclidean BCFT5 and firstly assume that the
bulk CFT is in the vacuum state. In this case, the CF'T is living on an upper half plane
and the boundary condition on the real axis preserves half of the conformal invariance in
the bulk [58]. The Euclidean time ¢ is going along the horizontal axis (see figure 2). We
want to compute the entanglement entropy of the subsystem A in figure 2. Suppose that
the reduced density matrix of this subsystem is p 4, then the entanglement entropy can be
computed by taking the limit n — 1 of its n-th Renyi entropy

S = — 3 InTr(p) . (2.7)

The trace Tr(p") in the above formula can be computed by the standard replica trick [55].
It is equivalent to the one-point function of a twist operator ®,,(z, z) inserted at the point
that separates A and its complement A (the blue cross in figure 2). This twist operator
creates a branch cut on the upper half plane (UHP) from the blue cross to infinity along
the dashed black line in figure 2.

The twist operator is a primary operator [55] with conformal dimensions

hn:i‘znzm@—i). (2.8)

Therefore, we have the following formula for the entanglement entropy of the subsystem A:

Sy = lim In(®,(z, 2))vnp, (2.9)

n—11—n
where (z, Z) is the location of the boundary of A (the blue cross in figure 2). This one-point
function is fixed by conformal symmetry and can be computed using the doubling trick [52]
to map the BCFT on the UHP to a chiral CFT on the whole complex plane C. Doing this
trick, the one-point function for ®,(z, z) is equivalent to a two-point function of a chiral
primary field ®,(z) (with conformal dimensions h, = 53 (n - %) , hy, = 0) where one @,
is inserted at the blue cross and the other ®,, at its mirror point on the lower half plane,

.Ab

<(I)n(z’2)>UHP = <(I)n(z)q)n('2*)>@ = ma (2'10)

where A%n is a normalization constant that will be fixed soon [52].
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Figure 2. We consider a two dimensional boundary conformal field theory living on the upper half
plane (UHP). The bulk CFT is in the vacuum state, the boundary is specified by the horizontal
axis (in red) and the time direction is along the horizontal direction. We consider a constant time
slice (dashed black vertical line) which defines the state we are looking at. For this state, we want

to compute the entanglement entropy of the region A (between the blue cross and the boundary)
with its complement A.

This trick is equivalent to a boundary operator expansion (BOE) (see [70, 71] for
explicit calculations of BOEs in simple models) which states that on the UHP any operator
Oi(z, 2) can be expanded as a series of boundary operators O;(z),

_ B A
Oi(z,2) = XJ: WC[@/, 0:]0;(x). (2.11)

Here A; is the conformal weight of O; (h; = h; = %), Ay is that of the boundary
primary operator O J(x) and we use the complex coordinate z = x + iy (y > 0) on the
UHP. The coefficients Bf‘] are called the BOE coefficients and they are determined by the
boundary condition and the structure of the parent CF'T. The boundary primary operator

is normalized as
A A Gry

(O1(z1)0y (7)) = T =z A (2.12)

By comparing eq. (2.10) with the vacuum expectation value of eq. (2.11), we see that the
only boundary operator in the BOE that appears in (®,,)yp is the identity operator 1, and

Ay =185 ;. (2.13)

Here the index J in Bll-"] is lowered using Gjy. Now we have an exact result for the
entanglement entropy of A:

2
Sa= gln<“) +n(g) (2.14)
€



where {4 = (z — Z)/2i is the length of the subsystem .4 and we have defined the boundary
entropy term In(gp) through the regularization

(B}, (2.15)

Here € is a UV cutoff. We note that this result matches the holographic computation in [5]

In(gp) — gln(e) = lim

n—11—n

and is of a universal form for any BCFT with one boundary such as in figure 2.

2.3.2 Thermal field double state

We now consider the thermal field double (TFD) state of two BCFTs. We will label the two
BCFTs as L and R respectively (not to be confused with the L /R entropy of the previous
sections, the meaning should be clear by context). We can prepare the TFD state using an
FEuclidean path integral. In the gravitational picture, it corresponds to the Hartle-Hawking
state in the maximally extended two-sided geometry. In this Euclidean signature, the
time direction is periodic, and a time evolution for the L and R parts can be chosen that
makes the TFD state evolve non-trivially (see figure 3(a)). We would like to calculate the
entanglement entropy of the subsystem Ay UAg. As in the previous subsection, the replica
trick tells us that the question reduces to the computation of the two-point function of a
twist operator ®,, and an anti-twist operator ®,, inserted respectively at the points which
separate Ay (Ag) and its complement Ay (Ag) (blue crosses in figure 3(a)). Denoting the
location of the crosses by wy, and wg, the relevant two-point function is

(@n(wR,wR)ff)n(wL,u_JL)). (2.16)
The twist operator creates a branch cut from the right blue cross to infinity along the right
dashed green line and the anti-twist operator creates a branch cut from the left blue cross

> To compute the two-point function of the

to infinity along the left dashed green line.
twist and anti-twist operators we can map the configuration to the upper half plane in z

coordinates using the conformal transformation

—i. (2.17)

This transformation maps the boundary circle in w coordinates (red circle in figure 3(a))
to the real axis in z and the infinity in w to z = i/2. The blue crosses are mapped to two
point on the UHP. The branch cuts from the blue crosses to infinity can be deformed to a
horizontal branch cut connecting them (the dashed green line in figure 3(b)) on the UHP.

As a result, we have to compute the two-point function of a twist operator and an
anti-twist operator on the UHP:

(®n(zL,2L)Pn(2R: ZR))UHP - (2.18)

When there is no boundary, this is just the two-point function of primary operators
which is totally fixed by kinematics:

_ _ _ 62dn
<<I>n(ZL7 ZL)q)n(ZR7 ZR)>(C = m s (219)

5The twist operator and the anti-twist operator are related to each other by a reflection (parity only in
one spatial direction) transformation.
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Figure 3. a) The two Euclidean BCFTs L and R in the TFD state: time evolution is rotation
with respect to the origin, hence the red circle is the time evolution of the boundary. The two
black dashed lines define the zero time slice. Under the chosen time evolution, L and R evolve
clockwise and counter-clockwise respectively, as indicated. We are interested in the entanglement
entropy of the subsystem A = Aj U Ag corresponding to the solid green line segments. b) The
UHP which results from the conformal mapping of the region outside of the red circle in figure 3(a).
The circular boundary is mapped to the real axis and infinity is mapped to (0,3). The location
of twist operators is mapped to the two blue crosses, separated in the horizontal direction. The
branch cut is mapped (and deformed) to the dashed green line connecting the two operators.

where the conformal weight d,, equals to 2k, = 2h, = 15(n — %) and we have set the

normalization to be 2% (where € is a UV cutoff) for reasons that will be clear when we
compute the entanglement entropy.

However, when we have a boundary, there is an ambiguity. To see this, first note that,
away from the boundary, the BCFT has the same local structure as its parent CFT. This
means that the operator product expansion (OPE) for two bulk operators is the same as
in the parent CFT:
ck . _ .
i+Aj*Ak CAiAjAk [212, 212, 82, 82]Ok(z2, ZQ) y (2.20)

Oi(z1,21)0;(22, 22) = Y

a2l

for bulk primaries O and OPE coefficients éZ To compute our two-point function, we
can use the OPE and compute the one-point functions of the primaries Oy appearing in
the product, as per eq. (2.10) and eq. (2.11). We call this the bulk channel. Alternatively,
we can perform a BOE (eq. (2.11)) first and then compute the (normalized) boundary
two-point functions. We call this the boundary channel.

Consistency of the parent CFT and the boundary conditions tell us that these two
channels should give the same answer. This consistency requirement allows us to sim-
plify the computation of 2-point function in the case of a holographic BCFT, which we
now define.

First recall that for a holographic (two-dimensional) CFT we have [56]:

e The central charge c is large.

6

 The spectrum of light operators, of conformal dimension O(c?),% is sparse.

i

SIn this paper, the O(...) symbol means “of the order ...”.

~10 -



The first condition tells us that in the OPE the operators of conformal dimension O(c) or
higher, which we refer to as heavy operators, are suppressed (for technical details see [52, 56,
72]). The second condition tells us that the total contributions to the OPE from the light
operators is a multiplication of the contribution of the identity operator. These conditions
greatly simplify the OPE for holographic CFTs because we only have to look at the fusion
to the identity operator.

For holographic BCF'Ts, the two assumptions are naturally generalized to boundary
operators [52], but some subtleties appear. First let us consider the bulk channel. In the
OPE, one-point functions of purely bulk operators are now generically nonzero, and may
compete with the suppressed OPE contribution from the heavy operators when we compute
a bulk two-point function. However, this happens only when we are close enough to the
boundary, where the position-dependent part of the heavy operator one-point function
(calculated using the doubling trick in the previous subsection) is not small.

Now consider the boundary channel. The contribution of a boundary operator of
dimension A ; to the BOE of ® scales as 5/ (see eq. (2.11)). For large y, the contribution
from heavy operators is not suppressed anymore. Therefore, if we want to only look at the
contribution of the boundary identity operator, we must not be too far from the boundary.

In summary, the simplification on the calculation of the bulk two-point function from
using the conditions of holographic BCFTs is useful in the bulk channel only when far
away from the boundary, and in the boundary channel only when close to the boundary.
Consistency of the BCFT requires that the bulk channel result must equal the boundary
channel result.

Practically speaking, when we compute the bulk two-point function for a given pair
of insertions, we examine the identity block in both channels and simply choose the larger
one. This is justified because each contribution to the two-point function from different
blocks is positive and taking all corrections into account should give the same result for
both channels. Therefore, the larger of the two identity blocks is a better approximation.
In other words, in the other channel with a smaller identity block contribution neglecting
everything except for the identity block gives rise to a larger error. This takes into account
the subtleties due to the appearance of the boundary.

As a result, for a holographic BCFT on an UHP we have the two-point function

2d b b
e B<I>n16<1>n1

|zr, — zr|?4n 7 |21, — 2} |0 |2R — 25|

> . (2.21)

<(i)n(ZLa2L)q>n(ZRa2R)>UHP = max (

where the first (second) term is the contribution from bulk (boundary) channel. We can
immediately deduce the entanglement entropy, but we defer details to the next section
where we consider the more general case of two boundaries. We briefly note, however, that
the maximization prescription for the two-point function gives a minimization prescription
for the entanglement entropy (due to the minus sign in eq. (2.7)), consistent with the
Ryu-Takayanagi prescription in holographic computations [53, 54].
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(a) CFT on a strip with bound-  (b) Conformal mapping of the (c) Conformal mapping of the

ary conditions a, b. strip on left to a UHP. UHP on left to a UHP with a
wedge removed.

Figure 4. a) CFT on a strip with boundary conditions a,b. The time direction is horizontal, and
the black dashed line is a constant time slice (¢ = 0). A twist operator is inserted at the green cross,
separating the subsystem A and its complement A. b) The strip is now conformally transformed to
a UHP. The black circle at the origin is a boundary condition changing operator Op_,,. The twist
operator is mapped to the green cross. c¢) The configuration is finally mapped to a UHP with a
wedge removed: the twisted upper half plane (TUHP). The boundary consists of two mismatched
semi infinite lines, with boundary conditions a and b. The twist operator is again mapped to the
green cross.

3 The CFT computation

In this section, we discuss the two-dimensional CFT on a strip, and calculate the entangle-
ment entropy of a subsystem. Before moving to the finite temperature case, we consider
the zero temperature case first.

3.1 CFT with two boundaries, at zero temperature

We consider a two dimensional Euclidean CF'T, living on a strip, with different boundary
conditions along the two boundaries. We denote these boundary conditions as a and b
respectively.

We can prepare a state of the system at a given time ¢ = 0 by a Euclidean path
integral from the past infinity to ¢ = 0. We are interested in the entanglement entropy for
a bipartition of the interval shown in figure 4(a). As reviewed in section 2, this reduces
to computing the one-point function of the twist operator ®,, inserted at the bipartition
point.

Let (w,w) denote complex coordinates on the strip with width L so that 0 < Im(w) <
L. The subsystem A is of size {4 < L. Without loss of generality, we consider the zero
Euclidean time slice, so that our inserted twist operator ®,(w, w) has Re(w) = Re(w) =0
and Im(w) = —Im(w) = £ 4. Now we perform a conformal transformation to map the strip
with coordinates (w,w) to the UHP with coordinates (z, z) via

w = L In(z). (3.1)

T
The boundary a is mapped to the positive real axis, and b to the negative real axis, as
depicted in figure 4(b). The change in the boundary condition can be achieved by inserting
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a boundary condition changing (bcc) operator Op_,,, which is a primary operator, at the
origin, and another bce operator Oq_y at oo [58].7

Inserting these bee operators is a quench which creates energy in the system. They
can be viewed as local scaling operators with respect to the (open string) Hamiltonian
H = Ly, performing radial evolution on the UHP [58]. Transforming to the strip, the
ground state energy of this state, with respect to strip Hamiltonian, is £ = (7/L)(Lo—5;) =
(/L) (hpee — ¢/24), where Apee = 2hpce is the scaling dimension of the bee operator. We
can conformally map this UHP to another UHP with conical deficit such that the energy
excess Apce is eliminated. This is achieved by yet another conformal transformation to

[ 12A
5= q=g1— b (3.2)
C

which transforms the holomorphic energy momentum tensor to
~ dz\2 c
TZ)=—) T —{z,z}. .
&)= (%) 76+ 512.2) 33)
The Schwarzian derivative {z, 2} can be computed as

o ZHACE e

which gives us the holomorphic energy momentum tensor

coordinates (Z, Z) given by

a2

T(z) = 52 [;ZQT(Z) t o (1 _ 1) 1 . (3.5)

On the (%,2) plane the configuration looks like figure 4(c). We will call this geometry
the twisted upper half plane (TUHP). We can calculate the zeroth order generator of the
Virasoro algebra Lg as

C 2man
= [ ]er@+ o (1- )] (3.6)
= iz {Lo + 2%(&2 - 1)}

Here, in the first line, C is the contour z = eié, 6 e [0,27] and C is the unit circle
z=¢€"0¢ [0,27]. As a result, we have the transformed Hamiltonian H given as

H=a2Z([,- &
@ O‘L(‘) 24)
2
_r L2y 3.7
L<L0+24(a 1) 24> (3.7)
v C
L(LO_M>’

"Or equivalently, it is achieved by inserting a boundary condition changing operator Oy, at the origin
that changes the boundary condition on the negative real axis from a to b and another O, at co.
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which tells us that for H to be in its vacuum state, we need Lo = 57 (1 — a?) = %. This

indeed corresponds to the bce operator insertion at the origin and the infinity of the UHP.

Therefore, we see explicitly that the change of coordinates ensures that the ground
state energy from the bcc operator insertion and the contribution from the conical deficit
cancel. Thus, the one-point function for the twist operator ®,,(w,w) becomes

dz |9
—\\a,b — a
<(I)n(w’w)>strip ~ ldw (Oaep(00,00)Pn (2, 2)Opeal(0,0)) iup
dz || dz |4 I
= 2wl | (Pn(Z, 2))THUP (3:8)
am ar,, " ~ =\\a,b
=7 L (Pn(Z, 2)) Prup -

Although the local scaling behavior of bee operators have been trivialized from a kinematic
perspective, we still have two boundary conditions. This is because the boundary condition
changing operator is not a standard local operator in CFT [58] and the local physics near the
boundary should still be controlled by the corresponding boundary conditions. We know
that on the THUP we have two intersecting boundaries, so for a bulk CF'T operator, we have
two boundary channels in which to perform BOE and theses two channles should match.

For a generic CFT, we expect that the one-point function in the presence of multiple
boundaries is non-universal, since boundary operators associated with a will in turn be
sourced by b. However, for a holographic CFT the calculation simplifies due to the vacuum
dominance. To be conservative, we will treat this as a field theory ansatz for the holo-
graphic CF'T on a strip, and emphasize that a full understanding of these multi-boundary
correlators for a generic CFT remains an open question. This can be studied by construct-
ing a crossing equation for the matching of the two boundary channels and looking for
solutions of this crossing equation.

For the holographic BCFT we are interested in, we compute, as in section 2.3, the
vacuum sector contributions from the two boundary channels and take the maximum for
the one-point function. As a result, we have

(P (w, @) or gzul™ Bi,. Bs,.1
w, W in = |—€L max —— &
8 L 12 1m 2% |27 sin(ar — arg 2)|%"
IS B Bb
= %eTw max( Pn.l T Pn.l p) )
‘26Tw sin%lmw’ ‘QeT“} sina(r — 7 Imw)
dn, B B
aT ®,,1 byl
=7 max<|2 — T - dn> . (3.9)
sin &% Imw|™ " |2sina(r — F Imw)|
From eq. (2.9), the entanglement entropy is
2L l 2L L—1¢
S 4 = min [C ln( sin 2 A) +1n(ga), ¢ ln< sin o A)> + ln(gb)} , (3.10)
6 aTe 6 aTe L

where we used the fact that Imw = ¢4 and the definition of boundary entropy in eq. (2.15).
So far, we have implicitly assumed that « is real or Ay, < 15. However, generically o
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can be imaginary and this changes the scaling behavior of the entanglement entropy with
the subsystem size ¢4 from sin W% to sinh M%. This tells us that when Ape. is large
enough the field theory state is locally thermalized.® This provides an important hint about
the dual gravitational description.

Indeed, as we will see in the next section, on the gravity side the finite L result will be
reproduced by looking at a point particle in the global AdS3 (the defect AdSs geometry)

for real o and by considering an AdS3 black hole for imaginary «.

3.2 CFT with two boundaries, at non-zero temperature

We next consider the CFT living on the strip, now at a non-zero temperature. As in
subsection 2.3.2, we consider the thermal field double (TFD) state of two BCFTs (L and
R) each with two boundaries. Both BCFTs have the same boundary conditions. This state
can be easily prepared using the Euclidean path integral, after making the time direction
periodic (see figure 5). This leads to considering the CFT on an annulus, with the inner
and the outer circles generated by the periodic time evolution of the two boundaries of the
CFT. We will denote the radii as r; and 7o respectively (for inner and outer). The length
of the strip is given by L = rp — ry.

To proceed, we could naively attempt for a conformal mapping to a strip and then use
the technical results of the previous subsection. However, no conformal transformation can
accomplish this, because the annulus has a modular parameter which is generally nonzero
and should be preserved under any conformal transformation [73]. Consequently, there is
no conformal transformation from a generic annulus to a strip. It is still possible to make
progress if we focus on the high temperature limit. Specifically, we can work in the limit of
fixed L = ro —rr and send the radius of the smaller circle r; to be close to zero (r;/L — 0)
in figure 5. In this limit, we can conformally map the annulus (in w coordinates) to the
UHP (in z coordinates) by the transformation,

w:”(z—li/z —i) . (3.11)

In the limit r;/L — 0, this transformation maps the inner boundary of the annulus to the

real axis and its outer boundary to z = /2. This is similar to figure 3(b), but with an
operator @, inserted at z = /2, corresponding to the outer boundary of the annulus.

Now we focus on holographic CFTs which satisfy the assumptions reviewed in section 2.
On the UHP there are various channels for the two-point function:

(Pn(zR, ZR)Pn(2L, 21)) UEp a0 » (3.12)

where the upper index b denotes the boundary condition b along the real axis and the lower
index a denotes the operator insertion ®, at z = i/2. We refer to the one-point function
with the shorthand (®,)? = (®4(2q, ZQ)%HP. Here we list the channels:

« The boundary channel which, up to the one-point function (®,)°, gives us

B4,185,1
|2p — 27 |4 2R — 2R| M

(3.13)

8This can be seen by observing that for a CFT5 in thermal state, the entanglement entropy scales with
the subsystem size [ as ln(% sinh(%l)) [54, 55].
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Figure 5. The two-dimensional CFT on a strip at a finite temperature: the two BCFTs L and R
are in the TFD state. Time evolution is rotation with respect to the origin, and the red circles are
the time evolution of the two boundaries. The boundary conditions are specified as a and b. The
black dashed line is the ¢t = 0 slice, and the choice of time evolution is indicated. We are interested
in the entanglement entropy of the subsystem A = Ay U Ag corresponding to the solid green line
segments connecting the inner boundary and the blue crosses.

e The connected bulk channel which, up to the constant (@a)b, yields

2dn
_. 3.14
|21, — zg|%dn ( )
e The disconnected bulk channel which is given by the three-point function
<‘I)n(ZL,EL)(T)H(ZR,ER)(I)Q(ZCL,ZQ» . (3.15)

The last channel is a correlator on the whole complex plane, but can be reinterpreted
as the boundary channel associated with a. This can be easily computed using another con-
formal transformation to exchange the large and the small circle.? As reviewed in section 2,
for holographic CFTs we just take the maximum of these vacuum contributions to compute
the entanglement entropy. Mapping back to the annulus, we get the entanglement entropy:

2 .2 _ 2,2
S 4 = min S Y —|—21n(gb),cln<|waL‘),cln o~ +2In(gs) | -
3 3 3 O€

rre € r

(3.16)

9More precisely, we map the larger circular boundary to the real axis and the smaller one to the point
=0y = % This is achieved by firstly transforming the annulus to another annulus such that the two

circular boundaries exchange (w’ = “22) and then we do the same conformal transform as in eq. (3.11).
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Taking wy, = re?, wr = re™ %, and continuing back to the Lorentzian time ¢ using
t= %B, we get
2_ 42 2r cosh 22t 2 _ g2
c re—r c c T r
S =min |1 L) 421 S| ——2 ), S| —— ) +21 :
A min [3 1’1( rre ) + n(gb>a 3 I1< c )7 3 Il( roe + Il(ga)

(3.17)

This gives us a Page curve for a typical r; < r < rog. The monotonically increasing
contribution from cosh(27t/3) is the dominant contribution at early times, but is switched
off at late times due to the min condition. We emphasize that this CFT calculation depends
on taking the high temperature limit, the holographic assumption of vacuum dominance,
and finally, the simple two-boundary ansatz for the BOE introduced in the previous section.

4 The gravitational computation

In this section, we discuss the gravitational picture, and compute the entanglement entropy,
both at zero and non-zero temperature. For the zero temperature case, the corresponding
bulk geometry depends on whether the parameter « is real or imaginary (or equivalently
12Apcc is smaller or larger than the central charge c¢). For the real case, the geometry is a
point particle living on global AdS;. For the imaginary case, the geometry is a one-sided
AdS3 black hole. In both cases we have two KR branes, separated by an arc. For the
non-zero temperature case, the bulk geometry is in general complicated. However, since
we are restricting to the high temperature limit, the geometry is simply a planar BTZ black
hole [59, 69].

Before diving into the computation, we start with a brief review of the realization
of the quantum extremal surface prescription [74] in the KR braneworld [7, 48], which is
relevant for a holographic computation of the entanglement entropy.

4.1 Quantum extremal surface in Karch-Randall braneworld

In this subsection we give a short summary of double holography and quantum extremal
surfaces in the context of KR braneworlds. We begin with the discussion for a single KR
brane, which will then be extended to two branes with a finite separation, the setup relevant
in this paper.

In the simplest case with a single KR brane living on an asymptotically AdS 4,1 space,”

there exist the following three mutually dual descriptions which are depicted in figure 6(a):

(I) Bulk perspective: a (d + 1)-dimensional gravitational theory on My, a part of an
asymptotically AdS;.1 space, containing a Karch-Randall brane M at which the
bulk geometry M}, ; ends.

(IT) Brane perspective: a CFTy living on the Karch-Randall brane M, coupled to dynam-
ical gravity together with a CFTy living on the asymptotic boundary'! 5M’d 41 of

0Here we keep the dimension d general. In the rest of the paper, however, we exclusively consider the
case d = 2.

"Here, to avoid confusion, we use & to denote the asymptotic boundary and 8 to denote the actual
topological boundary.
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the cutoff bulk AdS;y1. These two CFTs are connected with transparent boundary
conditions on their common boundary M&O_)l = 851\/12[ 1= OMg.

(IIT) Boundary perspective: a BCFT, on dM/, 41 with a (d — 1)-dimensional boundary

MSJ,)l with conformal boundary condition imposed.

Here, we emphasize that the geometry on the Karch-Randall brane is asymptotically AdSy
with asymptotic boundary M. These three descriptions are related by a two-fold chain
of the standard AdS/CFT correspondence [60-62], justifying the term “double holography”.

Double holography is particularly helpful to give a holographic derivation and inter-
pretation of the island formula [19, 48]. Consider the entanglement entropy S(R) of a
subregion R in the BCFT, in (III), disconnected from the boundary OMy. Tt can be
computed using the quantum corrected Ryu-Takayanagi formula or the quantum extremal
surface [72, 74, 75] in the holographically dual description (II). This involves finding a sub-
region Z within the gravitating spacetime M, which extremizes the generalized entropy of
the region R UZ. Moreover, if there are multiple such regions, we take the one that gives
the minimum value of the generalized entropy,

S(R) = minzext Seen(RUT). (4.1)

Since 7 is disconnected from R, it is called an entanglement island. In this formula the
generalized entropy functional Sgen is given by

A(dI)
1G4

Seen(RUTZ) = + Smat(RUZ), (4.2)
where A(0I) denotes the area of the boundary of Z and G4 is Newton’s constant of the
gravitational theory on My. Moreover, Sy, is the entanglement entropy of matter (usually
quantum field theories) in the region RUZ. Employing the holographic duality again, Sgen
can be expressed in terms of a classical RT surface ~ in the bulk geometrical description (I),

A(v)

Sgen(RUT) = 4o

(4.3)

Here, v is a codimension-two minimal surface in M/, 41 connecting OR and 91 and Gy is
the (d+ 1)-dimensional bulk Newton’s constant. As a result, we have the following formula
to compute the entanglement entropy of the region R

o A()
S(R) = mlnIext TR (4.4)

This setup can easily be extended to the case with a second Karch-Randall brane, a
construction recently dubbed as “wedge holography” [50, 51]. The corresponding extension
of the above prescription was discussed in [48] for the case that the two Karch-Randall
branes M% and M} share a common asymptotic boundary ./\/lglo_)l = 5./\/13 = 5./\/12. This
implies that the d-dimensional BCFT in (III) degenerates to a (d — 1)-dimensional theory

(0)
d

living on M,;”;. This situation is depicted in figure 6(b).
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In this paper, however, we consider a slightly different configuration and allow for a
finite spatial separation of the two branes at their boundaries (as illustrated in figure 1).
This implies that in the global coordinates the branes can overlap. Therefore, the situation
is slightly more complicated than in the previous cases, see figure 6(c) for details. In
particular, not only a part of the asymptotic AdS spacetime gets removed, but also the parts
of the branes behind their intersection. Moreover, the BCFT in (III) stays d-dimensional,
but obtains another boundary: now it lives on a strip with boundaries 5/\/13 and é/\/lg.

Altogether, we arrive at the following doubly holographic description:

(I) Bulk perspective: a (d + 1)-dimensional quantum gravitational theory on M}, a
part of an asymptotically AdS;y1 space, containing two Karch-Randall branes. We
denote their relevant parts in front of the intersection by M and MZ.

(IT) Brane perspective: two UV-cutoff CFTys coupled to gravity on M¢ and ./\/lg together
with a CFTy living on the asymptotic boundary 5./\/1& +1- These CFTys are connected

with transparent boundary conditions on ./\/léo_)lzé/\/lg UMY, (see figure 6(c)).

(IIT) Boundary perspective: a BCFTy on a 9M!,, | with two (d—1)-dimensional boundaries
éMg and 5./\/12 where conformal boundary conditions are imposed .

Now we want to compute the entanglement entropy associated with a bipartition of
the BCFT, in the description (IIT) such that the bipartition manifold OR is parallel to
5./\/13 and 5./\/12. This is exactly the entanglement entropy we computed in section 3 using
field theory techniques. In this case, the quantum corrected Ryu-Takayanagi formula or
the quantum extremal surface is double-holographically realized as

o A(v)
S = mlnIext Gy

(4.5)

where 7 is a disconnected region, from the asymptotic boundary 5/\/12! 41, that lives on
either of the two Karch-Randall branes and v is a minimal area surface in the bulk M},
that connects the boundary of the island 0Z and the bipartition manifold OR.

4.2 Two boundaries at zero temperature

In this subsection, we calculate the holographic entanglement entropy of a subinterval of
the strip gravitationally. The system is at zero temperature. As discussed in section 3.1,
we consider different boundary conditions on the two edges of the strip. To determine
the correct holographic dual, we note that generically the ground state energy of the
strip is bigger than the vacuum value, due to the boundary conditions on the two ends
being different. This difference in the boundary conditions generically results in the fields
acquiring gradients between the edges, which contributes to the energy of the system. In
the CFT language, we have inserted a bcc operator so we are no longer in the vacuum
state, as elaborated in section 3. From the state-operator correspondence, the energy of
this configuration is

T C
Engc = i (Abcc - 12) s (4.6)
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Figure 6. Double holography in global patch with (a) one Karch-Randall brane, (b) two Karch-
Randall branes with coinciding endpoints, and (c) two Karch-Randall branes with spatially sepa-
rated endpoints. The blue shaded regions M, contain a gravitational theory living on a part
of an asymptotically AdS space. The red lines represent CFTs on their asymptotic boundaries
(79/\/(; 41~ The green lines Mgy, Mg, and MY are (parts of) Karch-Randall branes hosting a UV-

cutoff CF'T coupled to gravity. The black dots /\/l((g1 are CFTs on the asymptotic boundaries of
the branes, implemented as boundary conditions of the higher-dimensional CFTs. In each case all
three descriptions are mutually holographically dual. In this illustration we assume that the brane
tensions are positive in (a) and (b) but negative in (c). The reason for choosing negative brane
tension for (c) will be made clear in the next section.

where Ap. is the conformal weight (or scaling dimension) of the bee operator Op_,,. We
set L = 7/2 for convenience.
The AdS3/CFTy correspondence [76] tells us that the dual geometry is of the form

dr?
2 2 2 2 102
= —(r* —8GM —_— 4.
ds (re—8GM)dt +r2—8GM+Td9’ (4.7)
where 6 € [0,27) and
1
M =E®% = Apee — — . 4.8
vac b 8G ( )

Here we have set the curvature scale to unity and used the Brown-Henneaux central charge
3
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4.2.1 Bulk geometry as defect AdSs

Let us first consider the case when Ay, < ¢/12. In this case, the mass parameter M < 0,
so this bulk dual contains a point particle, giving rise to a conical defect. This geometry
is conformally equivalent to a global AdSs geometry with a conical deficit:

-1
ds® = — (r2+1—mb“> dt* + <r2+1— mbcc) dr? +r? do?
C C
S (4.9)

= —(F + 1)di* + ] + 72dh?

where we have defined the new “twisted” variables by t = Kt, ¥ = /K, and 0 = K6, where

K:,/l—ﬂcb“. (4.10)

Notice that the twisted angular coordinate 6 is in the range [0, 27K] with K < 1.

The bulk dual also contains two Karch-Randall branes corresponding to the boundary
conditions a and b. To figure out the bulk embedding of these two branes we go to the
embedding space formulation of the AdSs geometry,

ds® = —dXZ — dX? 4+ dX3 +dX3,

(4.11)
Xg+Xi-X3-X3=1,
For the twisted global patch eq. (4.9), we have
Xo=V1+#cost,
X1 =V1+#sint,
) (4.12)
X9 =7cosf,
X3 = Fsmé,

where 7 € [0,00). Moreover, we notice that an AdSs space can be foliated by AdSs slices
(corresponding to constant R),

Xo = cosh(R)y/1+ p?cos(t),

X1 = cosh(R)y/1+ p?sin(t),
1 = cosh(R)\/1 -+ psin() s
Xy = cosh(R)p,
X3 = Sinh(R) 5
for p € (—o00, 00). Comparing these two parametrizations we find

fan § = LR (4.14)
P
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which tells us that each AdSsy slice is stretched between two boundary points with an
angular separation Af = 7. In terms of the untwisted coordinates this implies A = /K,
which is larger than 7 for ¢/12 > Ape. # 0.

The two branes correspond to two such AdSs slices, with the following embeddings:

Brane a: tanf = M,

P (4.15)
— tanh(R ’
Brane b: tan(9 - 7T—|—7T> = anp(b)

9

where 0/:/71 = 0 — 7K. The two AdS, foliations in which brane a and brane b are constant
R slices are oppositely oriented and not aligned. Therefore, we need to set R, > 0 and
Ry < 0. For definiteness, we restrict the domain of the tan function to [0,7]\{5}. This

implies that brane a stretches from 6 = 0 to § = £ and brane b stretches from 6 = 7 to

0=m—%. 12 This configuration is illustrated in figure 7. To avoid self-intersection for

each brane, we require that I > % which translates to

c
Apee < —. 4.16
bce > 16 ( )
We conclude that there is a gap (13, 15) in the spectrum of Apc.
Such branes satisfy Einstein’s equations if they have a specific tension 1" which can be

determined from the junction condition [65]
Ky = Thyy , (4.17)

where h,, is the induced metric on the brane and K, is its extrinsic curvature [78]. The
latter can be expressed as the derivative of the induced metric with respect to the brane’s
unit normal vector n*,

K = hhyV png . (4.18)

As explained above, we consider a situation where the bulk spacetime ends at the branes
and the branes are located such that the conformal boundary of the bulk stretches from
0 =0 to 8 = m, i.e. from the first endpoint of brane a to the opposite-lying endpoint of
brane b (see figure 7). To satisfy (4.17) the normal vector n* has to be chosen in such a
way that it points in the outward direction from the point of view of the bulk spacetime
ending on the branes. We can then compute K, and h,, explicitly and find

T, = —tanh(R,) and Ty, = tanh(Ry) . (4.19)

The relative minus sign comes from the fact that the two AdSs foliations in which brane a
and brane b are described are oppositely oriented. For the same reason, the brane embed-
dings eq. (4.15) require R, > 0 and Ry < 0, so that both branes have negative tension.

2Notice, that using this embedding, parts of brane b are at negative values of §. Exploiting the 27k
period of @, this segment can be mapped into the previously specified domain § € [0, 27K]. Strictly speaking
however, it is better to describe the brane b using a different fundamental domain for 6 and at the end
exploiting the 27/C period to match with the [0, 27rK] domain.
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To study the RT surface, we use again the AdSs foliation eq. (4.13). In these coordi-
nates, the bulk metric reads

2

dp
2 _ p2 2 (2 2
ds® = dR* + cosh”(R) < (p” + 1)dt” + g 1) , (4.20)

and the two Karch-Randall branes are two constant R slices. We let p = sinh(n) and
parametrize the RT surface by n(R). The area functional for the RT surface ending on a
then reads

Re
A, = / dR\/l + cosh?(R)n/(R)?2, (4.21)
R,
where R, is a UV regulator. The resulting Euler-Lagrangian equation can be integrated to

_ cosh?*(R)1/(R)
1+ cosh?(R)n/(R)?’

(4.22)

for a constant C' determined by the boundary condition for the RT surface near its end
point on the brane a. This boundary condition, worked out in [48], is

7' (R)|ranea = 0 (4.23)
Therefore, we have C' = 0 and the area
Aa=Re — Rq. (4.24)

This is an attempt to calculate the entanglement entropy of the boundary subsystem A
with size #. The UV regularization R. depends on the size of this boundary subsystem,
and can be extracted by comparing eqs. (4.12) and (4.13),

14 72 sin?(f) = cosh?(R). (4.25)
Hence, we have
4 -
= sin?(0) = e2f< | (4.26)

where we take 7 = ¢!

— oo and R, — oo. Using the RT formula [53] and the Brown-
Henneaux central charge [77] we get a candidate expression for the entanglement entropy
of the boundary subsystem A,
A 2

SY = ﬁ = gln (e sin(@lC)) +1n(gq) (4.27)
where we used the fact that —R,/4G = In(g,). This RT surface corresponds to the solid
gray line in figure 7.'2 Similarly, if we look at the RT surface which ends on the brane b
we get
Ay =Ry, — R., (4.28)

13Some care is required here. For negative-tension branes, we cut off the right part of the conformal
boundary in figure 7, and we have R, > 0 and R, < 0.
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and we have

—

4 /
= sin?(0 — 7 + ) = e 2fe. (4.29)

Using f—é’ = In(gy) we get another candidate expression for the entanglement entropy of
the boundary subsystem A,

Sh="Cm (z sin|(r — e)/q) +1n(gy). (4.30)

This RT surface corresponds to the dashed gray line in figure 7.
In summary, for Apc. < ¢/12, we obtain the entanglement entropy

S 4 = min [g In (i sin(GlC)) +1n(ga), gln (z sin[(7 — 9)/C]> + ln(gb)]. (4.31)

This exactly matches the result of our field theory calculation eq. (3.10), with the identi-
fications 7l 4/L = 6 and K = «. We have previously established that both branes have
negative tensions. Since the brane tension determines the boundary entropy, this implies
that both In g, and In g, are also negative. Furthermore, it is important to notice that the
minimization prescription tells us that the actual RT surface calculating the entanglement
entropy never probes into the removed region. This is provides a nontrivial consistency
check of our setup (as depicted in figure 7).

4.2.2 Bulk geometry as a single-sided black hole

For Apce > ¢/12 one sees from the metric eq. (4.7) that the bulk dual is a single-sided black
hole with mass m = M 4+ 1/8G = Ay and zero spin. The entanglement entropy calcula-
tion is in parallel with the defect case and the result can be simply obtained by analytic
continuation of the parameter K = /1 — 12A},¢./c from real to imaginary. Consequently,
one just has to change sin — sinh, as on the field theory side. Hence, for Apc. > ¢/12 we
find the entanglement entropy

2 2
Su= min{g In (6 sinh(0|IC|)> +In(ga), n (6 sinh[(x — a)vq]) 4 ln(gb)} L (432)
which also exactly matches the field theory result, given the fact that I = a.

4.3 Thermal field double state

In this subsection, we perform the holographic computation for the entanglement entropy
of the subsystem A at a finite temperature as considered in section 3.2. This is very similar
to the left-right entanglement entropy Sy, that was studied in [48], and characterizes the
communication between two lower-dimensional black holes. The two black holes are living
on each of the branes, and are induced from the bulk BTZ black hole:

h(z) dz? dx? 22
2 _ 2 —
A= ——5df+ st hE=1-5 (4.33)

To match the field theory computation, we focus on the high temperature phase where
the spatial direction x is fully decompactified. We consider the maximally extended black
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Figure 7. A constant time slice of the point particle (defect) bulk geometry eq. (4.7) in the
untwisted radial and angular coordinates (r,6) with two Karch-Randall branes. The blue circle is
the bulk conformal boundary. The two conformal boundaries a and b of the branes (in red and
green) are separated by 7 in the coordinate 6 (6, = 0 and 6, = 7). The black cross is an example
bipartition point on the boundary with two Ryu-Takayanagi surfaces ending on the branes. The
physical RT surface (solid) has always a smaller area than the unphysical one (dashed) ending on
the “hidden” part of the bulk.

hole spacetime with two asymptotic (conformal) boundaries, and the field theory duals are
in the TFD state [59]. For simplicity, when we consider the branes and the RT surfaces
ending on the branes, we only consider a single side of the two-sided bulk geometry.

The two KR branes are both parametrized by z(z) and are chosen to have a separation

Az = In(ro/rr) on the conformal boundary z = 0. For such a brane z(z), the outward
normal vector is

(07 —ZE/(Z), 1)

= VI2(2)h(2)22 + 22 (4.34)

As before, the shape of the brane is determined by the boundary equations of motion in
the form of Israel’s junction condition eq. (4.17). Using eq. (4.18) we find

7(2) = t—m——eee (4.35)
This differential equation integrates to

x(z) = x(0) £ z,, arcsinh <Z}L\/21T—7T2> . (4.36)

Notice that this requires that 72 < 1, consistent with the fact that KR branes are subcrit-
ical [79].

For our purposes, we take both branes to have positive tension (not to be confused
with the defect case, where the tensions were negative), but one takes the positive sign and
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a b
Figure 8. A typical brane configuration on a constant time ¢ = t; slice in the presence of a bulk
BTZ black hole. Both branes have positive tension and are embedded according to eq. (4.37). The

shaded regions are removed and the dashed black line is the planar black hole horizon. We neglect
the parts of the branes behind the black hole horizon which are easily seen to be timelike.

the other one takes the negative sign in the above solution,

TO . 2Ty,
xr(2) = zp ln<> + zparcsinh [ ———— |,
" a1 (4.37)
ZTR

ry .
zr(z) = 21 ln<2h) — zp, arcsinh

Z}m/l—T}%

A typical brane configuration with such an embedding is illustrated in figure 8.

We first study the RT surfaces that start from the conformal boundary and end on one
of the branes. As in [48], this RT surface is time-independent, therefore we can compute
it on the zero time slice with the metric
dz? dxz?

CEA (4.38)

d52|t:0 =
To simplify the computation for these brane-ending RT surfaces, we perform the coordinate
transformation

z_

zesh . (4.39)

= zhe% h(z), z

This maps the zero time slice onto a constant time slice in the Poincare patch,

dz? + dz*
ds?li_g = — 4.40
5%|t=0 72 ( )
The branes become circles on this constant time slice, obeying
2 2
-2 - rolr TO
e A e N =
\J1-=T? 1 =17
) (4.41)
B B riT) r?
x% +|z+ il L

Jiorz) TR

We notice from eq. (4.39) that we require £ > 0, so strictly speaking the branes are only
arcs on these circles.
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We take the bipartition point on the conformal boundary to be at x = z;, In(r/z3), or
equivalently & = r. We parametrize the RT surface ending on the left brane as Z(z) to

A /0 %w/g}f(zy T, (4.42)

where Zj is the z-coordinate of the end point on the brane. This leads to an Euler-

obtain the area functional

Lagrangian’s equation which can be integrated to

53,

11
Z, EVi2+1)

where Z, is the bulk point at which Z’ goes from negative to positive. Integrating the

(4.43)

equation of motion with the boundary condition Z(0) = r we find
(F—r—2)+3 =32, (4.44)

which is again a circle.

To pin down the values of Z, and Zy,, we need the boundary condition of the RT surface
on the left brane. This boundary condition is determined by area minimization over all
possible end points on the brane. As suggested in [48], this is most straightforwardly
determined by parametrizing the RT surface using its (normalized) proper length s (0 <
s < 1). Now the area functional reads

1
A= / dsi\/,é? + 2. (4.45)
0 z

Assuming that the Euler-Lagrange equation is satisfied, the variation of the action is
Ac~ A Cc~ 1
Z0Z + xo%
V2412
Demanding that this vanishes, we find that the end-point of the RT surface for the left
brane obeys

§A = (4.46)

0z

jl(gL) = = _% == 2l(j)|left brane °’ (447)

W] KR

where #'(Z1) is the derivative of the RT surface at its end-point. Thus, we can finally
determine our parameters:

5 — ’I"% — 7‘2 5 — 27“30(1 — TL)TL (4 48)
o9 7 L= 20,2 2 ' '
V1-=T7(rg(1=Tp)+r32(1 +11))
The regularized area is therefore
o dZZ, o dZZ,
Ap = / T ==t T =
e Z\Z2—Z 5L ENZ2—Z (4.49)

o 7‘2077"2 1+ 1717,
N roe 1-1Ty, )
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The integrals are easiest to perform using the polar-parametrized equations for circles.
Similar calculations can be done for the right brane, and the area of the corresponding

r2 —r? 14+Tg
Ap =1 L. . 4.50
R n( TI€E 1-Tg ( )

The brane tensions are related to the boundary entropies In(g) as follows [5]:

brane-ending RT surface is

c c 14T
In(g) = 5 arctanh 7" = 6 ln( 1—T) . (4.51)
Thus, we can simplify the area results to
2 .2 2,2
Ap =In (To ! > + §ln(gL) , Ar=1In (w) + §ln(gR) . (4.52)
ro€ c rre c

To get the entanglement entropy for our two-sided bipartition, we double the areas of the
brane ending RT surfaces.

Hence, using the RT formula, ¢ = 3/2G, and eq. (4.52), the candidate contributions
to the entanglement entropy from these quantum extremal surfaces read

2A4; 24 2 2 2 _ .2
S1 Zmin[ L R] :min[c ln(ro 4 >+21n(9L)a gln<r r1> +21n(9R)]-

4G 7 4G 3 roe rre
(4.53)

However, there is another candidate entangling surface that stretches between the bipar-
tition points on the two asymptotic boundaries. This is called the Hartman-Maldacena
surface [80] and it plays a central rule in the recent computations of Page curves for black
holes in the KR braneworld [7, 8, 48].1

In our case, the area of this surface is most easily obtained using embedding space co-
ordinates. Suppose that the bipartition point on one asymptotic boundary has coordinates

Z=ze*h =€, T =zpe*h\/h(z)=r. (4.54)

Then its embedding space coordinates read

| 22 2
Xy = Z—g — 1Sinh(7rt> ,
z g

2
X = thosh(m> ,

: b (4.55)
2 2
Xy = z—g — 1cosh(gt> ,
X, = Zhsinh<m> ,
z B

14This program has recently been extended into de Sitter holography. In [81] a page curve for de Sitter
space was obtained along similar lines.
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where the inverse temperature of the black hole is § = 2mz,. The embedding space
coordinate for the bipartition point on the other asymptotic boundary is obtained by
sending t to —t + %,15

(4.56)

zn . 2mx
Xt ="ginh| == ).
3 > Sin < IB )

As a result, we get the area of the Hartman-Maldacena (HM) surface as the geodesic
distance between these two points on the two asymptotic boundaries:

Apn = arccosh(Xo X)) + X1X] — Xo X5 — X3X3)

222 2nt
— h | 222 cosh? ()
arccos ( 2 cos 3

212 2mt (4.57)
= arccosh [ == cosh? ()
€2 B

=2In (2: cosh (?)) ,

where in the last step we used the fact that we are taking the limit ¢ — 0. Therefore,
using the RT formula and the Brown-Henneaux central charge, its contribution to the
entanglement entropy is

AHM C 2r 2mt
SuMm e 3 n( - cos ( 5 )) (4.58)

Putting all our candidate minimal surfaces together, we find an expression for the holo-
graphic entanglement entropy capturing the communication between two braneworld
black holes:

2 .2 9 ot 2 .2
S = minlg 1n<TOrOZ ) +21In(gr), ;m(; cosh (g)) gln r m” +21In(gr) |-
(4.59)

This precisely matches the result of our field theory calculation, eq. (3.17).

It is straightforward to see that for a generic r and boundary entropies gy, and gg the
entanglement entropy, as a function of time, has a rising part (coming from the cosh(27t/3)
and a constant part (coming from the other two candidates, which ever is lower, for a given
r). This is consistent with the spirit of a Page curve (shown in figure 9(a)) and an underlying

15This can be seen by going to the Euclidean signature, rotating around the thermal circle, and then
returning to Lorentzian signature.
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Entropy
Entropy

Time Radius

(a) (b)

Figure 9. (a) The entropy of a subsystem as a function of time (red solid line). The green
dashed line is the temperature dependent term, which scales as cosh 27t/8 while the horizontal
lines correspond to the time independent terms in the formula for the entropy, eq. (4.59). (b)
The entropy as a function of the size of the subsystem, r. The gray lines correspond to the time
independent terms in eq. (4.59), and are monotonically increasing/decreasing with r. The green
lines correspond to the time dependent part, which increases as time increases (f; < to < t3). At
smaller times, this contributes non-trivially to the entropy (green solid and green dashed lines), but
is irrelevant at later times (green dotted line).

unitarity of the dynamics, which prohibits entropy from monotonically increasing with time.
Another interesting feature is the behavior of entropy as a function of the radius r. Since
the system has a finite length L, we expect the entropy to start and end at zero as we vary
the length of the subsystem (in one limit, the subsystem is the full system and in other, the
complement is the full system). However for given ry, ro, the time dependent cosh(27t/f3)
part can contribute, at least for small ¢. This makes the entropy as a function of r also
depend on time, at least for initial times. The situation for three different times t1 < t9 < t3
is shown in figure 9(b). However, it deserves to be noticed that if r is close enough to ro
or ry or if the boundary entropies gr and gr are small enough, the Hartman-Maldacena
surface is subdominant even at the very beginning. Hence in these cases we will see a
constant Page curve. This is consistent with the observation in [48] that to see the time
dependent part of the Page curve, the subsystem Hilbert space has to be large enough.

5 Conclusions and future directions

In this paper, we constructed a conformal field theory model for information transfer be-
tween two braneworld black holes. The black holes are embedded in two Karch-Randall
branes, induced from a bulk AdSs planar black hole geometry. The field theory is a two-
dimensional CFT living on a strip, with generically different conformal boundary conditions
on the two edges. Using the AdS/CFT correspondence, these edges are dualized to two
Karch-Randall branes.

We computed an entanglement entropy similar to the L/R entanglement entropy in-
troduced in [48] to characterize the communication between the two black holes. The
calculations were performed on both the field theory side and the gravitational side. We
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found perfect agreement between these descriptions, and a Page curve in accord with the
unitarity of the underlying dynamics was obtained.

The setup introduced in [48] can be obtained from the brane configuration discussed
here by sending the spatial displacement L of the brane endpoints on the conformal bound-
ary to zero. It is hence a natural question whether one can take the L — 0 limit of our
results in a meaningful way. However, as far as our results for the entanglement entropy
are concerned, this limit is obstructed as it requires sending also the regulator e to zero.
Moreover, we notice that in this limit the boundary conformal field theory degenerates to
a one-dimensional theory living on the brane-endpoint. It is well known that such a the-
ory, namely conformal quantum mechanics, generically does not have normalizable energy
eigenstates [82, 83]. We therefore do not expect that the L = 0 case can be straightfor-
wardly recovered by naivly taking the formal L — 0 limit of our expressions.

An interesting story appears in the study of the zero temperature case. To perform
this calculation on the field theory side, we used a conformal transformation to eliminate
the local scaling behaviour of the boundary condition changing operator. This reduced the
question to a one-point function of a primary operator on the twisted upper half plane.
Then, as it is standard in holographic CFTs, we invoked vacuum dominance and simply
maximized over BOE channels for the two boundaries. On the gravity side, we followed
the double-holographically realized quantum extremal surface prescription to compute this
entanglement entropy in the AdSs geometry with two Karch-Randall branes. We found a
precise match with the field theory result. This provides an extension of the AdS3/BCFTs
correspondence.'® However, we emphasize that it would be interesting to repeat the anal-
yses of [52, 56] and determine the microscopic conditions which ensure the vacuum domi-
nance on the twisted upper half plane. Presumably, this would involve constraints on the
spectrum of excitations induced by the presence of distinct boundaries.

We also discovered that in the conical defect geometry at zero temperature, correspond-
ing to Apce < ¢/12, geometric constraints translate into nontrivial spectral constraints. The
requirement that the brane does not self-intersect results in a gap in the allowed spectrum
of bee operators, (13, ﬁ).” Similarly, the requirement that the branes subtend the correct
angle forces their tension to be negative to ensure that they do not wrap around the coni-
cal defect. These implications from the simple holographic dual are somewhat surprising,
and deserve further exploration from the microscopic viewpoint. Along similar lines, for a
generic CFT living on the twisted-upper-half-plane the matching between the two bound-
ary channels provides an interesting bootstrap constraint.'® We leave these problems to
future work.

Moreover, as a consequence of the mismatching boundary condition or equivalently of
the different brane-tensions, the two branes intersect at an angle in the bulk, as illustrated

161t deserves to be emphasized that for the KR branes to model conformal boundary conditions it is
essential that the branes are non-dynamical (no DGP term [84]) and that there are no extra degrees of
freedom localized on the branes. Otherwise the branes can absorb and store energy from the bulk violating
the conformal boundary conditions. We thank the referee for pointing this out.

"This is consistent with the bound hpec > ¢/24 proposed in [85]. It would be interesting to better
understand the connection between the two approaches.

¥During the final stages of our work, reference [86] appeared, which studies some aspects of the bootstrap
constraint we propose here.
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in figure 7. Typically, in theories which allow for a quantum gravity UV-completion, there
can be additional light degrees of freedom localized at the intersection of branes. For
example, in string theory intersecting D-branes give rise to charged matter states localized
at the brane intersection, a fact which was often used in phenomenological model building
(see e.g. [87]). Such states are evidently not visible in our low-energy effective action and
therefore not included in our computation, but one might speculate whether their inclusion
could have a qualitative effect on our results.

Finally, it should be emphasized once more that our extension of the AdS3/BCFT4 cor-
respondence has another interesting feature. The energy sourced by a boundary condition
changing operator warps the bulk in a scaling-dimension dependent way, rather than sim-
ply cutting out portions of vacuum AdS3 with Karch-Randall branes. This may therefore
be a profitable setting in which we can further study the connection between information
transfer, gravitational backreaction, and the black hole interior.
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