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ABSTRACT: We consider for the first time level 7 modular invariant flavour models where
the lepton mixing originates from the breaking of modular symmetry and couplings re-
sponsible for lepton masses are modular forms. The latter are decomposed into irreducible
multiplets of the finite modular group I'y, which is isomorphic to PSL(2, Z7), the projec-
tive special linear group of two dimensional matrices over the finite Galois field of seven
elements, containing 168 elements, sometimes written as PSLo(7) or 3(168). At weight 2,
there are 26 linearly independent modular forms, organised into a triplet, a septet and two
octets of I'7. A full list of modular forms up to weight 8 are provided. Assuming the absence
of flavons, the simplest modular-invariant models based on I'y are constructed, in which
neutrinos gain masses via either the Weinberg operator or the type-I seesaw mechanism,
and their predictions compared to experiment.
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1 Introduction

The puzzle of quark and lepton masses and mixing, left unanswered by the Standard
Model (SM), may be addressed by introducing some family symmetry, which is generally
non-Abelian and may be associated with a finite discrete group. Modular symmetry has
been suggested as the origin of such a flavour symmetry, with neutrino masses as complex
analytic functions called modular forms [1]. Finite non-Abelian discrete family symme-
try emerges from the modular symmetry at various positive integer levels, with each level
associated with a particular flavour group. At each level, the physical fields carry vari-
ous modular weights which do not have to add up to zero in the coupling terms of the
effective Lagrangian since the effective Yukawa couplings may be modular forms, which
are holomorphic functions of a complex modulus field 7 [1]. This may allow flavon fields
to be removed, with higher-dimensional operators in the superpotential being completely
determined by modular invariance and supersymmetry. The neutrino masses and mixing
parameters may be predicted in terms of a few input parameters, although the predictive
power of this framework may be reduced by the Kéhler potential which is less constrained
by modular symmetry [2].



The finite modular groups I'y = S3 [3-6], T's = Ay [1, 3, 4, 7-14], T'y = Sy [13, 15-19]
and I's & Aj [18, 20, 21] have been considered. For example, simple A4 modular models can
reproduce the measured neutrino masses and mixing angles [1, 8, 12]. The quark masses
and mixing angles may also be included together with leptons in an A4 modular invariant
model [22], and it has been shown how natural fermion mass hierarchies can arise as a result
of a weighton field [23]. The modular invariance approach has been extended to include
odd weight modular forms which can be decomposed into irreducible representations of the

5 =T has been

homogeneous finite modular group I'y [24], and the modular symmetry T’
discussed, including the new possibility of texture zeroes [25]. Also modular symmetry may
be combined with generalized CP symmetry, where the modulus transforms as 7 — —7*
under the CP transformation [26-30]. The formalism of the single modulus has been gen-
eralized to the case of a direct product of multiple moduli [31, 32], which is motivated
by the additional extra dimensions in superstring theory, assuming toroidal compactifica-
tion. Indeed, from a top-down perspective, modular symmetry naturally appears in string
constructions [27, 33-36]. It has been realised that, if the VEV of the modulus 7 takes
some special value, a residual subgroup of the finite modular symmetry group I'y would
be preserved. The phenomenological implications of the residual modular symmetry have
been discussed in the context of modular Ay [10, 13], Sy [13, 16] and As [20] symmetries. If
the modular symmetry is broken down to a residual Z3 (or Z5) subgroup in charged lepton
sector and to a Zs subgroup in the neutrino sector, the trimaximal TM1 and TM2 mixing
patterns can be obtained [10, 16]. It has been shown that the complex modulus could
possibly be stabilized at some Z5 fixed points in string compactifications [37]. Moreover,
the dynamics of modular symmetry could potentially be tested in present and forthcoming
neutrino oscillation experiments [38].

In this paper we consider the level 7 finite modular group I'; = PSL(2, Z7), the pro-
jective special linear group of two dimensional matrices over the finite Galois field of seven
elements. This is the smallest simple discrete group which contains complex triplets and
sextet representations. It contains 168 elements and is sometimes written as PSLo(7) or
¥(168) [39, 40]. The relationship of this group to some other family symmetries that have
been used in the literature is discussed in [41-45]. It has been proposed as a finite modular
group in [46], whose notations we follow.

We emphasise that there are good motivations to study level 7 modular symmetry. It
is well known that interesting lepton mixing patterns can arise from groups in the sequence
S?2 =1, (ST)> =1, TN =1 for N = 3,4,5 but this sequence leads to an infinite group
for N > 5 [46]. If we require that the finite modular group possesses three-dimensional
irreducible representations to which the left-handed lepton doublets are assigned, modular
symmetry approach with I'y allows to have N = 3,4,5,7,8,16 so in this paper we are
considering the smallest example with NV > 5, which has interesting properties, as follows.
Level 7 is a non-geometrical group with complex representations, being a subgroup of SU(3)
but not SO(3), so opens up new model building possibilities not available for the levels 3, 4,
5 (since Ay, S4, As are subgroups of SO(3)). In particular, there are several advantages to
using a family symmetry with complex triplet and sextet representations [44]. Such models
allow a very nice extension to grand unified schemes such as ¥(168) x SO(10), in which all



fermions are in the (3, 16) representation and the top quark Yukawa coupling arises from a
renormalizable sextet term. Moreover, with complex triplets, the trivial unit mass matrix
(which would destroy the mass hierarchies) is forbidden (unlike A4, S4, As, where it would
be allowed). Although the study of such grand unified models is beyond the scope of the
present paper, the formal results presented here are useful since they pave the way for such
future studies. Moreover, having complex representations allows new possibilities for CP
violation, which could be studied in the future, using the results in this paper.

Thus, we consider for the first time level 7 modular invariant flavour models based
on I'; where the lepton mixing originates from the breaking of modular symmetry and
couplings responsible for lepton masses are modular forms. The latter are decomposed
into irreducible multiplets of the finite modular group I'7. At weight 2, there are 26
linearly independent modular forms, organised into a triplet, a septet and two octets of I'7.
A full list of modular forms up to weight 8 are provided. Assuming the absence of flavons,
the simplest modular-invariant models are constructed in which neutrinos gain masses
via either the Weinberg operator or the type-I seesaw mechanism, and their predictions
compared to experiment.

We organise the rest of this paper in the following. In section 2, we describe properties
of the modular group I' and its finite subgroup I'y. A full list of modular forms of level 7
and weight up to 10 are derived in section 3, based on the SageMath algebra system [47].
We construct a class of flavon-less lepton flavour models and study their experimental
constraints in section 4. Summary is given in section 5. The group theory of I'; is listed
in appendix A. We refer to appendices B and C for alternative methods based on the
Dedekind eta function method [1] and the theta function method [20], respectively. How
to find an independent set of higher weight modular forms from hundreds of constraints is
discussed in appendix D.

2 Modular symmetry and modular forms of level N =7

In the following, we briefly review the modular symmetry and its principal congruence
subgroups. The special linear group SL(2, Z) is constituted by 2 x 2 matrices with integer
entries and determinant equal to one [48, 49]:

SL(2, Z) = {(Z Z)

The SL(2,Z) group acts on the upper half plane H = {7 € C | 7 > 0} as the linear
fractional transformation,

a,b,c,dGZ,ad—bc-l} . (2.1)

a b at +b
*y-(c d):H—)H, T|—>'yT:*y(7'):c7_+d. (2.2)
It is easy to see the following identity
ST a b
23 D — = L(2,72). 2.
) = g 0 ( d) € SL(2,2) (23)



Consequently the image v(z) € H for any v € SL(2, Z) and 7 € H. It is obvious that

Z_—iz is identical with % , (2.4)

and therefore we identify

<CCL Z) is identical with <:Z :Z) . (2.5)

Hence the actions of v and —v on the complex modulus 7 are exactly the same, and it
is sufficient to consider the projective special linear group PSL(2,2) = SL(2, Z2) /{1, -1},
which is the quotient of SL(2, Z) by £I. The group PSL(2, Z) is also called the modular
group in the literature, it is a discrete group with infinite elements and it can be generated
by two transformations S and T [48]

0 1 1 1
s-(5 ) (2 1). »

S% = (ST)*=1. (2.7)

which fulfill the relations

The actions of S and T on H are given by
1
S:iT—=——, T:T—71+1. (2.8)
T

For a positive integer IV, the principal congruence subgroup of level N is defined as

F(N):{(Z Z)eSL(z,Z), a=d=1 (mod N), bECEO(modN)}, (2.9)

which is a normal subgroup of the special linear group SL(2, Z). Obviously I'(1) = SL(2, Z)
is the special linear group. It is easy to obtain

™ = ((1) ?7) , (2.10)

which implies TV € T'(N), i.e., TV is an element of I'(N). Taking the quotient of
I'(1) and T'(2) by {I,—I}, we obtain the projective principal congruence subgroups
T(N)=T(N)/{I,—1I} for N = 1,2, and T(N > 2) = I'(N) since the element —I does
not belong to I'(N) for N > 2. The quotient groups I'y = T'(1)/T(N) are usually called in-
homogeneous finite modular groups, and the homogeneous finite modular group is defined
as I'y = SL(2, Z) /T(N) which is the double covering of Iy [24]. The finite modular group
I'y for N < 5 can be obtained from I'(1) by imposing the condition 7%V = 1. Consequently
the generators S and T of I'y obey the relations

S?2= (8T} =1" =1. (2.11)



The groups I'y with N = 2, 3, 4, 5 are isomorphic to the permutation groups Ss, A4, Sy
and Aj respectively [46]. Note again that for this group, as for all groups with N > 5, at
least one additional relation is necessary in order to render the group finite. It is easy to

—
(ST?)* = (21 . ) : (2.12)

calculate

which implies

— (ST = ((1) (1)) (mod 7). (2.13)

Hence the element —(ST3)* is belong to I'(7). Notice that —(ST3)* and (ST3)?* are iden-
tified as the same element of the T'(1) group, since they lead to the same linear fraction
transformations. Therefore the finite modular group I'y of level N = 7 can be generated
by two generators S and T which satisfy the following multiplication rules’

S2= (ST =T"=(ST3)*=1. (2.14)

The crucial element of the modular invariance approach is the modular forms f(7) of weight
k and level N. They are holomorphic functions of the complex modulus 7 with well-defined
transformation properties under the group I'(V),

fOyr) = (er+d)*f(r), ~= (‘C‘ d) e I(N). (2.15)

The modular forms of weight k& and level N form a linear space My(I'(N)) of finite di-
mension. In the present work, we shall focus on even weight modular forms, i.e., k being
an even number. Then it is always possible to choose a basis of My (I'(NN)) such that the
modular forms transform according to a unitary irreducible representation r of I'y [1],

fityr) = (em + &) (pe(7))i fi(7) | (2.16)
where 7y is a representative element of I'y, and pp(y) is the representation matrix of v in
the irreducible representation r. If the modular weight & is odd, the modular forms can
be decomposed into irreducible representations of the homogeneous finite modular group
Iy [24]. In order to determine the proper basis, it is sufficient to apply eq. (2.16) to the
generators S and T which can generate all elements of I'y.

3 Modular forms of level N =7

The general dimension formula for the linear space of modular forms of level N and weight
k is given by

: (k—1)N+6 5 1
_ B >
dimM(T'(N)) o N ] (1 ) N>2k>1. (3.1)
pIN
For N =7, we have
—1 1
dimM,,(D(7)) = Wj 72 % (1 - 72) — 14k — 2. (3.2)

Hence the linear space of modular forms of level 7 and weight 2 has dimension 14 x2—2 = 26.

!The multiplication rule of T'y is §% = (ST)? = T7 = (ST1ST)* =1 in [46].



One can obtain g-expansions for a basis b; of the space of lowest weight modular forms
for T'7 from the SageMath algebra system [47]. They are given by

(1) = ¢"7(1 — 3¢+ 4¢* + 2¢" + 3¢° — 12¢° — 5¢" + 7¢°) + ...,
bo(1) = ¢®"(1 =3¢ — ¢® +8¢° —6¢° —4¢° +2¢°) + . . .,

(7) = ¢"/7(1 — 4g + 3¢% + 5¢° — 5¢* — 8¢° + 10¢" — 4¢°) + ... ,

(1) = 1+ 252¢° — 8404¢° + 1344¢7 — 840¢% — 420¢° + 588¢'° + ... ,

15

bs(1) = ¢'/7 (1 + ?q?) +30¢* — 41¢° + 444¢° + 5¢% — 8q9> +...,
119 ; 43 4 15 ., g 97 o
4q 4q 4q +30q+2q +...,
br(1) = ¢*/T(1 4+ 15¢> — ¢* — 3¢° + 15¢° + 11¢" — 3¢° + 27¢°) + ...,

bs(r) = ¢*'7 (1—1—652q3+9q4— 1;6q5—|—51q6+656q7—2;3q8+?q9> +...,
bo(T) = ¢®/T(1 +17¢> — 18¢* + 19¢° — 2¢° + 16¢" — 3¢® + 17¢°) + ...,

bio() = ¢%7(1 +15¢> — 13¢* +29¢°% — ¢ — 27¢® +43¢°) + ...,

bii(7) = q + 69¢° — 234¢% + 385¢" — 231¢° — 130¢° + 168¢"° + .. . ,

73
bG(T) = q2/7 (1 + qu _ 13q4+

7
bia(r) = ¢*/" (1 + 50" + 40" +11¢° = 3¢" + 9q8> T
bi3(7) = ¢ T(14+ 3¢ — ¢® +5¢* + 7¢° + 64°) + ...,
bia(1) = ¢"7(1 + 2¢* + 3¢" +2¢° + 4¢° + 5¢°) + ... ,

6 22 23 4 29
bi5(7) = 11/7<1+5Q+5 ‘- +5q6—5q7+5q8>+...7

bis(1) = ¢'¥7(1+2¢> +2¢* +3¢° +3¢%) + ...,

bir (1) = ¢/ (1 — ¢® +3¢° +3¢* —4¢° +3¢° +6¢" —3¢%) + ...,
bis(1) = ¢* — 8¢° + 39¢° — 62¢" + 38¢° + 28¢” —28¢'" + ...,
bio(T) = q15/7(1 —q+3¢ -3¢ +5¢° +...,

bao(7) = ¢'%/" <1— Zq+4q2—%5 +% ! iq5—gq7) o
bor(7) = ¢/ T(1 = 20+ 2¢* + ¢* — ¢* — ¢° + 4¢° = 3¢") +

9 32 12 61 16
baa(T) = q18/7 (1 - 5(]4— qu - 7q4 - gq5 + gq(ﬁ - 5(]7) +...,

bos(7) = ¢'¥T(1 = 3q + 5¢° — 4° + 3¢* — 3¢° + 4¢° = 3¢") + ...,

(1)
boa (1) = ¢®/"(1 = 3¢+ 4¢> —4¢* + ¢® +8¢° —9¢") + ...,
bos(7) = ¢° — 15¢° + 55¢° — 88¢" + 54¢° + 34¢° — 41¢"* + .. .,
bos(T) = ¢* — 6¢° + 17¢° — 26¢" +18¢° + 4¢° — 7¢"" + ..., (3.3)
with ¢ = €2™7 and where fractional powers ¢"/7 should be read as ¢*/7 = ¢2"™7/7_ The

above lowest weight modular forms can be organized into a triplet transforming in the



representation 3 of I'7, a septet transforming in the representation 7 of I'7, and two octets
in the 8 of I';. To be more explicit, we have

Yi(7) bi(7)
0= e | = | ko) |, (3.4)
Y3(7) —b3(7)
Y4(7’) b4(7’) + 4511(7‘) + 12b18(7) + 16[)25(7’) + 28[726(7‘)
Y5(7) —V2[b5(7) + 15b12(7) + 24b1g(7)]
YG(T) —\[[3[)6( ) -+ 13[)13( ) + 31()20(7‘)]
Y@ = | vir) —2v/2 [2b7(7) + 9b14(7) + 9o (7)] , (3.5)
Ys(7) —V/2[Tbs(7) + 12b15(7) + 39b22(7)]
Yo(T) —2v/2[3bg(7) + 14b16(7) + 10ba3(7)]
}/10(7') —2\/5 [6b10(7’) + 7()17(7’) + 21b24(7’)]
YH(T) 264(7‘) + 2[)11(7’) — 24b18(T) + 56b25(T) - bQG(T)
Yia(7) —V/3[22b11(7) + 30b15(T) + 56b25(7) + 59b26(7)]
Y13(7') —2\/§ [2b5(7) + 15b12(7) + 21[)19(7’)]
Y(Q) (7_) _ Y14(7') } \/5 [366(7) — 16b13(7) + 11620(7’)] (3 6)
8a VT | vas(r) 2 7V/2 [2b7(7) + 3b14(T) + 12b91 (7)) ’ '
}/16(7') —\/i [111)8(7') + 54()15(7’) + 54b22(7’)]
Yi7(7) TV2[bi6(T) + 2b23(7)]
Yis(7) 7V2[3b10(7) + 8b17(T) + 9b24(7)]
Yio (T) 3 [20b11(7’) + 40b1g (T) + 42b95 (T) ~+ 53bog (7’)]
}/20(7') —\/g [2b4(T) — 12b11(7) + 18b18(7') — 42bos (T) + 27b26(T)]
)/21(7') 6\/§ [b5(7‘) + 4b12(7’) + 14b19(7’)]
Ys(g) (7_) = YéZ(T) i —3\/§ [5()6(7') + 20b13(7) + 37()20(7’)]
Ya3(7) 60 21v/2 [3b14(T) + 2b91(7)]
Ya4(7) —3v/2 [5bs(T) + 8b15(T) + 22b2(7)]
Ya5(7) 21/2 [2bg(7) + 3b16(T) + 8b23(7)]
Y26(7') —21\& [blo( ) + 4b17 ) + b24(7')]

(3.7)

Notice that the weight two modular multiplets Ys(f) (1) and Ys(l? ) (1) are not unique, and in
principle they can taken to be any two linearly independent combinations of Ys(j) (1) and
Ys(f) (7). Higher weight modular multiplets can be obtained from tensor products of the
lowest weight multiplets Y3(2), Y7(2), Ys(g) and Ys(l?)' The missing 1 and 6 representations
arise at weight 4. Even though one can form 351 products Y;Y; where some vanishing
modular forms easily seen from the Clebsch-Gordan coefficients are not counted, the space
of modular forms of weight 4 (and level 7) has dimension 14k —2 = 54. Therefore, there are
297 constraints between the Y;Y;, which we list in appendix D. The 54 linearly independent
modular forms of weight 4 can be arranged into the following multiplets of I'7:

Vi) = (v7r7) = 2vie¥s+YP42YeYo+2v7Ys = v (r). (3.8)



= (9%?) =

Vi = (5, -

= () =

4 2)y-(2
Y7(b) = (Y7( )Y7( )>7S =

= (40n?) =

V3Y1Y11+Y Y19 —/6Y3Y16—v6Y2Y1g

V6Y1Y13—/3YaY11 4+ Yo Y1o—6Y3Y17 | =

VBY1Y15—2Y3Y12+v/6Y2 Y14

V2Y3 Y5( (7)
4
vavg | [ vt
Y, | | Vi)
= 4 5
Va2 |y
MY [ | vy V(r)
4
2Y2Y3 Y1(0)(T)
4
VY- 2T Ya—vEVYs\ (Vi (7
—V2Y1Y5+2Y2Y —21/2Y3Yy 3/1(24)(7
~YiYs-2VioYa43VaYs | _ | ViP(r
—2VIN Y7 —V2VaYs+2Y3Ya | | viP(r
3Y1Ys—2Ya Y7 — Y3V Y
—2Y1Yy—YoYs+3Y3Ys yl(é)(T
4
V2Y1Y10+V2Y2 Yy +V/2Y5Y5 yfi(f
_AVY: - 2Y3Ys Y (r
VYR, - 2V1Ys v (r
YNYe+2ViVs+YaYs | =|vi(r
—V2Y3Y) - 2Y>Y5 Y (r
Y1Ys+2YsY7 —Y3Y5 Y2(24)(T
2V Yy — Yy Yy +YsYs 7@
23 (7'

—2Y10Y5+6Y2—2Y5Yy —2Y7 Y3
4N2Y10Ys—2Y1 Y5 +4V2Y7 Yy +2V/2Y3
4N2Y10Y7 —2Y1Ys+2V2Y2 +4V/2Y3 Yy
4N2Y10Ys —2Y1 Y7 +4V2Y5 Y6 +2V/2Y¢
4N/2Y10Yy—2Y, Ys +4V2Y5 Y7 +2V/2Y¢
2V2Y[ -2V, Yy +4v2Y5 Y +4V2Y5Y7

—2Y10Ya+4V2Y5 Yo +42YsYs+21/2Y72

BY1Yig— Y2 Yy —4Y3Y7 Y
—V3Y1Y10+3V3Y2 Yo —2V/3Y3Y7 Y:
—4Y1Y,—3V2Y10Y2+2V2Y3Y5 Y
2V/2Y Y5 —4YaY,—3V2Y3Yy | | Y-
42V Y +V2Y10Ys+2V2YaYs | T | Y
3V2Y1Y7 —2V2Y, Y +4Y3Y, Y.
—2V2Y1Ys—V2Ya Y7 —44/2Y3Y5 Y.
—VANY—4V2YaYs-2v2Y3Ys ) |y

—~

w w

[N

S 9
N e e e e N N N

—
N

w
w
\]

—~
W~

W Y w
SUR R

srererererere 2

N N N N N N N/
S 2

—~
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\]
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Modular form Yr(k)

- v v
4 4 4 4 4 4 4 4 4
k=4 Yl(a)7 Y?:(a)’ Y6(a)7 Yﬁ(b)’ Y'Y(a)7 Y7(b)7 Y8(a)7 YS(b)’ YS(C)

6 6 6 6 6 6 6 6 6 6 6 6 6 6
k=6 Yl( )7 Y3(a)7 Y.?Eb)7 Y?.( )7 Y6(a)7 Yﬁ(b)’ Y7(a)7 Y—'Y(b)7 Y'Y(c)’ Y—'Y(d)7 YS(a)’ YVS(b)7 YS(C)’ YS(d)

YO v®, v ® v v® v® y® v

k=38 3b "3 7 "6a >’ ~6b 6d
8 8 3 8 8 8 8 8 8 8
Y7(U«)’ Y7(b)’ Y’Y(c)’ }/7((11)7 YS(a)7 Ys(b)7 Ys(c)v Yg(d)7 Y8(€)7 YS(f)
10 10 10 10 10 10 10 10 10 10
k=10 Yl( )’ Y3(a )’ Ys(b )7 Y3(c )’ Y:‘s(a )’ Y:§(b )’ Yts(a )’ Yﬁ(b )v Ys(c )a Yﬁ(d ),

10 10 10 10 10 10 10 10 10 10 10 10 10
Yo" v ¥ v vl v v v v v vl v v,

Table 1. Summary of modular forms of level 7 up to weight 8, the subscript r denotes the
transformation property under I'; modular symmetry. Here YS(? and YS(If ) stand for two weight
2 modular forms transforming in the representation 8 of I';. The same convention is adopted for
other modular forms.

v = (vv )

a

S,1
(4)
3V3YZ4 —2Y11 Y12 —3V3Y A +4v/3Y13Y15—44/3Y15Y16 Y3&)(7—)
—Y2 —6V3Y11Y124 Y5 —4Y13Y15+8Y14 Y17 — 41516 Y4((31) (7)
—4v/3Y11Y13+4Y12Y13—4V/6Y14 Y15 +2V6 Y Yy (1)
—8Y19Y14+2V6Y 3 +4V/6Y16Y17 Y (1)
4v/3Y11Y15+4Y12Y15+4V6Y16Y18+2V6Y Y, (1)
4v/3Y11Y16+4Y12Y16—4v6Y13Y15 —2V/6YE Yﬁ)(r)
—8Y15Y17—4v6Y14Y15—2v6Y y4(54)(7-)
—4v/3Y11 Y18 +4Y12Y1s +4v/6Y13Y17 —2V/6YE Y4(§)(7)
v (r)
4Y19Ya0+2v/3Y20 Y05 —21/3Ya3Ya4 4(1)
2Yh — 2V —AYa1 Yo +2Y22 Va5 +2Y23V24 Y4(3)<T>
4Y20Ya1 —2v/6Y23Y05 Yy (7)
4
v® _ (y@y@ B —21/3Y19Ya2 —2Y20 Y2 —2v/6Ya3 Y6 _ Y5(0)(7')
8c T \"8b "8b - 2v/3Y19Ya3 — 2Ya0Yag+21/6Y21 Y- | yW
s 3Y19Y23—2Y20Y23+2v/6Y21 Y22 Y5, (1)
2v/3Y19Ya4 —2Ya0 Y4 —21/6Y25Yag Y5(24)(7-)
—21/3Y19Ya5—2Y20Y25+2/6Y21 Yoy Y5(§L) (1)
4Y50Y26+2v6Y22Y: 4
50Y26+2v/6Y20Ya4 Y5(4)(7-)
(3.16)

We summarize the modular forms of level N = 7 up to weight 10 in table 1, their ex-
plicit forms are given in the appendix D. At weight 10, only the modular forms in the
representations 3 and 3 are presented.



4 Lepton models based on I'; modular symmetry

In this section, we shall construct some typical models for neutrino masses and mixing
based on the I'; modular symmetry. We will not introduce any flavon field, the flavour
symmetry is broken when the complex modulus 7 obtains a vacuum expectation value.
The Higgs doublets fields H, 4 are assumed to be singlets of I'; with vanishing modular
weights. The three right-handed (RH) charged leptons Ef 5 3 transform as singlet 1 under
I'; modular group nevertheless they are distinguished by the different modular weights
k123. We assign the three generations of left-handed (LH) lepton doublets L and the three
right-handed neutrinos N¢ to two triplets 3 and 3 with the weights k7, and ky. We shall
employ potentially the lowest weight modular forms as much as possible in order to reduce
free parameters.

4.1 Charged lepton sector

If the left-handed lepton fields L are embedded into the triplet 3, modular forms in the
representation 3 should be invoked in the charged lepton mass terms. The superpotential
for the charged lepton Yukawa coupling reads as

W, = a (EfLY:-,,(G)Hd>1 ny (EgLY:-,’(S))l Hy+m (E§LY§;0>Hd)1 F v (EgLygblO)Hd)l
(1.1)
Notice that there are two linearly independent weight ten modular forms Y{—,’(; ) and Y(lo)
transforming as 3 at level N = 7. The phases of the coupling constants «, 8 and v; can
be absorbed into the lepton fields while 7o is generally a complex parameter. Modular
invariance of the superpotential W, in eq. (4.1) requires the modular weights should fulfill

the conditions
ki=ky—2=k3—4=06—kj,. (4.2)

After the value of 7 is fixed by certain modulus stabilization mechanism, the charged lepton
mass matrix takes the following form

aY:—,,(? aYg(g) aY(G)
M, = BYy) BYs mf@ i, (43)
(10) (10) (10) (10) (10) o (10)
YSa 1 Y3b 1 Y3a 2 Y3b 2 Y3a 3 Y3b 3
where we denote Y:—,’( ) = (Yg(ﬁl),YS( 2),Y3(63)) , and the expressions of Y, 3(61), Y§(62) and Yg(%)
are given in appendix D. Similar notations are adopted for Y:—,)(S), Yéio), Yé;o) and other

modular forms in the following. Similarly if the LH leptons L are assigned to the triplet
3, the charged lepton mass terms are

W, = a (EfLYg,(Q)Hd>1+6 <E§LY3§§)Hd>1+fyl (EsLYs Ha) R (E§LY3(£)Hd)1 . (4.4)
for k1 = ko — 2 =k3 —4 =2 — kp, and the charged lepton mass matrix is given by
aYéi) ozYé?z) O‘YS(,23)
M, = v v v v (4.5)
€ B 3a,1 ﬁ 3a,2 5 34,3 d - .

6 6 6
(a)l + 'Y?Y3(b )1 ’YlY:s(a,)2 + '72Y3(b)2 71Y3(a,)3 + '72Y3(b)3
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pL | ki23+kL Charged lepton mass matrices
aY—(ﬁ) aYg(’Gz) aYg(g)
cil 3] 6810 | M= ﬂY(B BY BY,S) vy
Y300 +92Y000 M0 Y50 Y303 +1255
aYS(i) ozY3(’22) aY3(723)
Cy| 3 2,4,6 M, = 5Y3(;1,)1 5}/3(3,)2 Bys,(j,)g Vg
NYion+712Y501 1Ya0n+2Yans 1Ya0s+72Ya0s

Table 2. The charged lepton mass matrices for different possible assignments of the left-handed
lepton fields L, where the charged lepton mass matrix M, is given in the right-left basis E° M, L
with Vqg = <H3>

Since there are two triplet modular forms Y:,,(S) and Y?,(g ) at weight 8, the superpotential W,
also comprises four independent terms for the weight assignment k1 = ko — 2 = k3 — 6 =
2 — kL?

W, —a (EfLYS(z)Hd> +8 (E;LY?,(;‘;)Hd) L <E§LY3(S)Hd) 7 (E§LY3(§)Hd) C)
which leads to
aYg(i) ozY3(’22) aY:,,%)
M, = 5Y§j}1 5}@,53}2 BY 42 vy . (4.7)
V1Yo +72Yays  1Yagh +72Yash M Yass +72Ya0k

We find that the triplet modular forms Y?,(Z), Y3(4), Y3(3) and YS.(S) satisfy the following
identities

V2 2
Yoo (1) =11V ()5, (7). ¥y (1) = =5 ()Y (1) + 20 sV (g (). (48)

Therefore the third row of the above mass matrix can be written as a linear combination of
the first and the second rows, and the rank of this mass matrix is 2. As a consequence, the
charged lepton mass matrix in eq. (4.7) would lead to massless electron. This is obviously
not compatible with the present observation, therefore we shall not discuss this case in
the following. The resulting charged lepton mass matrices for the rest possible models
considered above are summarized in table 2.

4.2 Neutrino sector

In the present paper, we assume neutrinos are Majorana particles, and the neutrino masses
are described by the effective Weinberg operator or the type I seesaw mechanism. From the
multiplication rules 3 ® 3 = 34 @ 6g and 3® 3 = 35 @ 65, we see that the sextet modular
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forms Yg are necessary when neutrino masses originate from the Weinberg operator Wy .
We can uniquely determine the form of Wy as follow,

4 4
a (LLYﬁ.(a)>1 H,H, + & (LLYﬁ(b))l H,H, k=2,

Ww = (4.9)

—

(6) (6) _
& (LLYe)) HuHu+ & (LLYY)) HuHi, ki =3.
Applying the decomposition rules of 'y, we obtain the light neutrino mass matrix as
2 V21 Yoo +g2Yers?)) g1 Veor ) +a2Yort)  g1Yers +g2Yess"

my = Yy Ve V291 Yens 402 Yers)  gi¥au +gaYgryt) | for L3,
2k 2k 2k 2k 2k 2k
le(E(a,QL)+92Yti(b,2L) 91Y6(a,1L)+92Y6(b,1L) ﬁ(glyfi(a,ﬁL)+g2Y6(b,6L))

(4.10)
2% 2% 2% 2% 2% 2%
02 ﬁ(glyti(aQL)_'—gQYﬁ(b,QL)) glys(a,3L)+92Y6(b,3L) le(i(a,SL)+g2Y6(b,5L)
my = mYéiEL)—ngYéig) \/5(91Y,i§ﬁL)+gQYé5j”) g1Yé§f€6Lk)+ngé§2Lk) , for L~3,
2 2 2 2 2 2
le(:i(a,SL)+92Y(3(b,5L) leti(a,6L)+92Y(3(b,6L) \/i(glye(a,lL)+Q2Y6(b,1L))
(4.11)

where Yéskffb) stands for Yﬁ(:)ﬁb and ij(s)ﬁb for kz, = 2 and kp, = 3, respectively.

If the light neutrino masses are generated by the type I seesaw mechanism, the super-
potential for the neutrino masses can be generally written as

1
Wy = g(NCLYDHu)l + §A(NCNCYN)1 y (412)

where Yp and Yy denote the modular form multiplets, and they are required to ensure
modular invariance. The explicit forms of Yp and Yy are determined by the weight and
representation assignments for L and N¢. The Majorana mass term for the heavy neutrinos
N°¢ is similar to the Weinberg operator in eq. (4.9), and Yy should be modular form
multiplets transforming as 6 under I';. The mass matrix for the Majorana neutrinos N¢
reads as

2% 2% 2% 2% 2% 2%
\/5(913/55(]?,5N) +92Y§f,5N)) leéaéZ) +ggYéb’£;) leG(%}?N) +92Y6(”2’,3N)
my = A leG(a,]:lN) +92Y(i(b,14€iN) V2(q1 YGE?,SN) +92Y6§§,3N)) 9 Ygur") +92Y6(b,11\;) , for N~ 3,
2 9 2 2 2% 2
glye(a,zN) +92Y6(b,2N) le(:‘o(a,lN) +92Y6(b,1N) \@(glye(a,fs]v) +92Y6(b,6N))

(4.13)
VG Yar) 4 oY) g Yarh) 4 goY ) g Yk ga Y
2k 2%k 2% 2% 2% 2%k c 7
my = A le(S(a,SN)+gQY6(b,3N) \/§(91Y6(a,4N)+92Y6(b,4N)) glye(a,aN)Jr%Yébﬁm , for N~ 3,
0Yeus 02V 91Vens +9:Yere  V2qiYeur" +eYers")
(4.14)

where Yé{f%};) = Yé:?Gb for ky = 2 and Yéjgz) = Yég?ﬁb for kyy = 3. Now we analyze the

neutrino Yukawa couplings.
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e L~3 N°~3

In this case, modular invariance requires Yp should be transform in 3 or 6. In the case
of kr, + kny = 2, and the Dirac neutrino mass matrix take the following form

(2) (2)
0 ) Y3’3 —Y%2
mo=g| @ 0 v | (41
(2) (2)
Y3,2 Y3,1 0
Since this mp is a 3 X 3 anti-symmetric matrix with zero determinant, the light neutrino
mass matrix given by seesaw formula is at most of rank 2, such that at least one light
neutrino is massless. If k7, + kx = 4, the neutrino Yukawa couplings would involve three
independent terms, and we have

V2(9Yars+95Yars)  01Ya8+92Ve0s+03Vers —1Yas +9Yg 5 +gsVg
mp = —leé§)+ngéa)4+ngé§)4 TP M N S P AR i
91Y§§)+92Yé3)2+93Yé32 glyrfi)+92yé§,)1+gsyéf)1 V292V +05Ygpp)
(4.16)
The Dirac neutrino mass matrices for kz, + ky > 4 contain more free parameters than
ki + kny = 2. We shall not consider these cases in the present work.

e L~3 N°~3

In this case, the Dirac neutrino mass matrix for the modular weights k; + ky = 4
contains a minimum number of input parameters. Here the modular form Yp can be
6(;1) and YG(b). We can read out the Dirac neutrino mass matrix as follow

\[(hlye(:g + h2Y6(1§1)2) hlyﬁ(j):s + h2Y6(I;1):3 leG(a)5 + haY, 6(b)5
mp = h Yﬁ(a)s + haY, 6(b)3 V2(h Yﬁ(a)4 + haY, 6(b)4) leG(a)6 + h2Y, 6(b)6 Vu -
MY ¥ Yt maYE VAMYE, )
(4.17)
Similar in the case of kj, + kny = 6, we have

6 6 6) 6 6 6 6
\[(QQY(i(a)2+g3Y6b)2) Y( +92Y6(a)3+g3Y6b)3 Y( )+92Y6a 5+g3Y6(b)5
6 6 6) 6 6 6
mp = _gly( )+92Y6a3+93Y6(b)3 \[(925/(3(@ 4+93Y( )4) Y( )+92Y6a6+93Y6(b)6 Uy -
6 6 6) 6 6 6 6
Y( )+92Y6a 5+g3Y6(b)5 - Y( +92Y6(a)6+g3Y6(b)6 \[(QQY(E(a)1+g3Y6b)1)
(4.18)

It contains three complex input parameters.

o L~3 N°~3

For this type of assignment, L and N¢ can form an invariant singlet for k; + ky = 0,
and consequently mp has a simple structure,

o = O

1 0
mp =g |0 0 vy (4.19)
0 1
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The lowest non-vanishing weight kr + kny = 2 gives rise to the following neutrino Yukawa
coupling
h(NCLY D Hy)y + ho(NCLY D H,)1 - (4.20)

The Dirac neutrino mass matrix is given by

V3(g1Ya2y + g2Yar)) 2 2 2 2
?2(3’1 (82b)’1 \/é(glys(a,):a + 92Ys(b,)3) \/g(glys(a,)s) + 92Ys(b,)5)
+91Yg,0 +92Yg, 5
_\/§(le8(2?1 + gzys(g,)ﬂ
2 2
+glys(a,)Q + gZYS(b,)2
2 2 2 2 2 2
_\/6(91Y8(a,)6 + 92Y8(b,)6) - \/6(91Y8(a,)7 + 92Y8(b,)7) - 2(91Y8(a,)2 + 92Y8(b,)2)
(4.21)
which contains one more complex parameter than the above case of kr + ky = 0. A

mp = Uy

—V6(g1 Vark + g2Yapn) V(g1 Yoy + 92Yarn)

number of free coupling constants are introduced for higher modular weights, the expres-
sion of mp would be too lengthy to display. For the assignment L ~ 8 and N¢ ~ 3, the
matrix mp can be obtained from eq. (4.19) by performing transposition. The different
possible forms of the neutrino mass matrices for Weinberg operator and type I seesaw
mechanism are summarized in table 3. We see that the light neutrino mass matrix of
So contains more free parameters than other possible cases. Hence we will not perform
numerical analysis for the So model in the following.

4.3 Benchmark models

In the following, we consider two scenarios: the modular symmetry only acts on the neutrino
sector and the charged lepton matrix is diagonal in the first scenario and the modular
symmetry acts on both charged lepton and neutrino sector in the second scenario.

4.3.1 Modular symmetry on neutrino sector

The possibility that the dynamics of flavour in the charged lepton and neutrino sectors
are different can not be excluded [18]. For instance, certain flavon may be involved in
the charged lepton sector and neutrino sector is dictated by modular symmetry [18]. For
simplicity, we assume that charged lepton sector is diagonal. In this case, there are six dif-
ferent models which are shown in table 3. We find that the model S; can not accommodate
the experimental data, the model Sy contains more input parameters than other models,
consequently we will not discuss it. Then the rest four models in table 3 only depend on
the following four inputs

Rr, S, |g2/91l,  arg(g2/91), (4.22)

and an overall parameter which can be fixed by the mass squared difference Am3; =
m3 — m2. The five dimensionless observable quantities:

sin2 912, SiIl2 913, SiIl2 923, (5Cp, Am%l/Amgé, (4.23)
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PL, PNe kr, kn Neutrino mass matrices

k k k k k k
) ﬁ(gﬂ%?’;ugz%‘?’;)) g1Yé3,42Lk)+92Y6(i42Lk) 91Yé(zk2L)+ngélzﬁL)
Wil 3, — 2(3), — m, = leégﬁL;Jrngé%L) \/§(g1Y;6§;L,§)+ng;62,,3)L>) 91Y6<a,(1;>+92yéb,(1;) )
glys(a,zL +92Y6(b,2L) leES(a,IL +92Y6(b,1L \/i(glyea,GL)"‘g?YGb,aL )
k k k k k k
_ . \/5(913/26;5,2L)+92Y26§,2L)) g1Y€§3‘32Lk)+g2Y6(Z32Lk) g1Yész)+ngégﬁgL)
Wa| 3, — 2(3)7 T my = 3 gly(i(a,3L)+92Y(5(b,3L) \/i(glye(a,f)"'g?yc'fb,f)) le(i(a,GL>+92Y6(b,6L)
G Yer i +g2Yars g Vel + Ve V2@ Yaoi +aaYaht))
2 2
0 Yy -vgd
e —Yé? O(z) Y?'(,Ql) Vus
Yo Y3 0
Sl 37 3 0(_1)7 2(3) 2k 2k ’ 2k ’ 2k 2k 2k
\/5(911/;(;;51,5N)+921/;€;;b,5]\7>) glyéa,éz)+g2ye(b,4;: leé%fN)JrgQYégﬁN)
my=A glyta(a,4N)+92Y6(b,4N) \/i(glye(a,sm‘f‘ﬁye(b,:sm) glyts(a,lN)+g2Y(s(b,1N)
G Yerd Vs Ve gV V2AqiYend +a:Yare™)
\/i(hlllﬁ(f?2+h21§;>2) leéj?iJrthé;)i leg§}5+h2Yé§f5
mp = leG(a,)3+h2Y6(b,)3 \/i(hlyﬁ(a,)4+h2y6(b,)4) hlye(a,)e"'hQYe(b,)es Uu,y
R gl v el a0 )
2 ) (1), 203) V(g1 Y ZEN) gy v 2Ry VRN |y (2RN) Y2RN) | oy (2RN)
g1 6];1,2 g2 2615,2 g1 ea,gk g2 6b,32k g9 6‘3’;5 g2 6%1;5
my =A 91Y6(3,3N)+92Y6(b,3m \/§(le6(&74”)+92}/(5(@4”)) glyts(a,GN)+g2Y6(b,6N)
91 aa )+ g2 YN G Y e+ g2V V2AqYer ) Yo i)
1 0 O
mp=¢g|0 1 0wy,
_ 0 0 1
S3| 3,3 —2(—3), 2(3)
2k 2k 2k 2k 2k 2k
\/5(911(/;621,5;W+923(/§§,5;V>) leG(a’éZ)J)rgZYéb’éZ) : le%%fN;Jrng({%’?Nz
my=A leBa,kZlN +92Y6b,];1N \/i(glyelg,sN +92Y6£,3N ) leBa,ll\; +g2Y6b,11\;
2 2 2 2k 2 2
glyti(a,zN)+92st(b,2N) glye(a,1N)+92Ye(b,1N) ﬂ(leéa’bfV)—i—ggYébﬁN))
1 0 0
mp=g|0 1 0]wv,,
_ 0 0 1
Ss| 3,3 —2(—3) 2(3)
’ ’ \/i(gﬂ;fifé’”—kngzﬁgéN)) leéE%ZngYéi’;QZ) glye(z%m+gzye(zzgm
my =A glys(a,3N)+92Y6(b,3N) \/ﬁ(glyﬁ(aAN)—’_gQYG(bAN)) leiS(a,GN)+92Yf3(b,6N>
G Yer ) 492V g1 Yea s 49 Yere V201 Yens +9:Yer 1))

Table 3. The predictions for the neutrino mass matrices, where only lower modular weight as-
signments are displayed. The models in which neutrino masses are generated through Weinberg
operator and seesaw mechanism are denoted as Wj 2 and S} 2 3.4 respectively.
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only depend on the four input parameters in eq. (4.22), where Am%lz =m3 —m? >0 for

normal ordering (NO) and Am2, = m3 —m3 < 0 for inverted ordering (I0) [50]. Moreover,
our models can also predict the unknown values of absolute neutrino masses, the Majorana
CP violation phase and the effective masses in beta decay and neutrinoless double beta
decay, as shown in the following. In order to quantitatively assess how well a model can
describe the experimental data on the five dimensionless observable quantities in eq. (4.23).
We define a x? function to estimate the goodness-of-fit of a set of chosen values of the input

parameters,

X 225: (B ;ioi>2, (4.24)

i=1
where O; denote the global best fit values of the five observable quantities in eq. (4.23),
and o; refer to the 1o deviations of the corresponding quantities, and P; are the theoret-
ical predictions for the five physical observable quantities for the input parameters taking
certain values. Here the contribution of the Dirac phase dcp is also included in the x?
function. For each value of the input parameters, one can obtain the predicted values P;
and the corresponding x?, then one can find out the lowest x2. After performing a detailed
numerical analysis for the three mixing angles, Dirac CP phase and Am3,/Am3,, we find
that only models Wy with k;, = 3 and Sy with ky = 3 for NO case and models Wy with
kr, = 3 and S3 with kx = 3 for IO case can give results in agreement with the experimental
data. As an example, we only show the results of NO case. For model Wy with k;, = 3, we
find the minimum of x? is x2,, = 1.937, and the best fit values of the free parameters are

RT = 0.448, ST =0.915, |g2/g1] = 0.129, arg(ga/g1) = 0.566m, giv2/A = 56.981meV .

(4.25)
The predictions for various observable quantities obtained at the best fit point are
sin? 6,3 = 0.02236, sin? 615 =0.311, sin? 0,3 = 0.556, Scp=—0.9847,
a1 = —0.594, as; = 0.0814m, m1=63.167meV, my=063.749meV,
m3=80.733meV, mg=63.789meV, mgg = 42.787meV , (4.26)

where mg is the effective mass probed by direct kinematic search in beta decay and mgg
refers to the effective Majorana mass in neutrinoless double beta decay. The latest result
from KATRIN is mg < 1.1eV at 90% CL [51]. The combined results from KamLAND-
Zen and EXO-200 give a Majorana neutrino mass limit of mgg < (120 — 250) meV [52].
Our above predictions for both mg and mgg are compatible with these latest experimental
bounds. The experimentally measured values of lepton mixing angles, Dirac CP phase and
neutrino masses can also be accommodated well in model Sy with ky = 3. The values of
input parameters and predictions for mixing parameters and neutrino masses at the best
fit point are given by

RT=-0491, ST=1.125 |g2/g1|=0.103, arg(ga/g1)=0.0267m, g¢v?/A=101.093meV,
sin® 613 =0.02237, sin?615=0.310, sin?6y3=0.563, dcp=—0.8147,
o1 =0.466m, gz =0.352w, my=122.204meV, my=122.506meV,

m3=132.143meV, mg=122.52TmeV, mgg=96.646meV . (4.27)
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Figure 1. The correlation between dcp and sin® 63, the left and right panels are for the models
Sy with ky = 3 and Wy with k = 3 respectively in the charged lepton diagonal basis. The gray
bands denote the experimentally preferred 1o and 30 ranges of d¢p and sin? fy3 adapted from [50].

Accordingly the global minimum of the x? function is x2, = 0.0732. The predicted values
of mg and mgg are compatible with the latest results of KATRIN [51] and KamLAND-Zen
and EXO-200 [52], and they would potentially be tested in next generation experiments.
As regards the experimental bound on neutrino mass sum, the result sensitively depends
on the cosmological model and the experimental data considered. Combining the Planck
TT, TE, EE, lowE polarization spectra, baryon acoustic oscillation (BAO) data with the
CMB lensing reconstruction power spectrum, the Planck collaboration gives ), m; < 120
meV at 95% confidence level [53]. However, if only the BAO data and the CMB lensing
reconstruction power spectrum are taken into account in the data analysis, this bound
becomes ), m; < 600 meV [53]. For the above two models, we find the neutrino mass sum
> m; is 207.649meV and 376.853 meV respectively which are consistent with the Planck’s
looser constraint ) . m; < 600 meV.

We perform a comprehensive numerical scan over the free parameters of the above two
models. We find that the three mixing angles can take any values in their 3o ranges. The
two Majorana CP phases are restricted to the ranges a9y /7 € [0.562,0.638] U [1.353, 1.446]
and asp /7 € [0,0.159] U [1.353,1.118] U [1.495,2) in the model W; with k7, = 3, and they
are a1 /m € [0.442,0.497] U [1.503, 1.557] and az1 /7 € [0.278,0.389] U [1.611, 1.709) for the
model Sy with ky = 3. The Dirac CP phase dcp and 63 are strongly correlated in the
two models, as shown in figure 1. The allowed values of the effective Majorana mass mgg
for the model Wy with kr = 3 are displayed in figure 2. We see that there is portion of
parameter space where all the bounds from neutrino oscillation experiments and neutrino
mass bound ), m; < 120 meV from Planck are fulfilled. For the model Sy with kx = 3, the
neutrino masses and mgg lie in quite small regions around the best fit values in eq. (4.27),
consequently the corresponding figure is not shown here.
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Figure 2. The allowed values of the effective Majorana neutrino mass mgg with respect to the
lightest neutrino mass my in the model Wy with &k, = 3, where we consider the case of NO neutrino
masses. The blue (green) dashed lines represent the most general allowed regions for 10 (NO)
where the neutrino oscillation parameters are varied within their 30 ranges [50]. The horizontal
grey band denote the current experimental bound mgg < (120—250) meV from KamLAND-Zen [52].
The vertical grey exclusion band denotes the bound on the lightest neutrino mass extracted from
>, m; < 120 meV by the Planck collaboration [53].

modular weights

Models | mass matrices | pr, pne

k123+kL kr, kn
My Cy, Wi 3, | 6,810 2(3), —
Mo Cy, Wy 3, — 2,4,6 2(3), —
M; Cs, S5 3,3 2.4,6 | —2(—3), 2(3)
M, C1, Sy 3,3 | 6,810 | —2(—3),2(3)

Table 4. Summary of the “minimal” neutrino mass models with the I'; modular symmetry.

4.3.2 Modular symmetry on both neutrino and charged lepton sector sectors

Combining the different possible constructions in the charged lepton and neutrino sectors,
we can easily get all possible models based on I'y modular symmetry. Focusing on the
cases with lower weight modular forms and free parameters as few as possible, we find
four different types of models named as Mj234. The assignments of the weights and
representations for the leptonic fields are listed in table 4. From the superpotential of
C; and Cy, we see that the phases of the parameters «, 8 and 7; can be absorbed into
the right-handed lepton fields. Then the coupling constants «, 8 and -1 in the charged
lepton mass matrix can be taken to be real and positive and v, is a complex parameters
for both C; and Cs. As a consequence, the charged lepton sector only contain four real
dimensionless parameters 5/«, y1/a, |v2/a|, arg (72/a) and an overall scale avy. In the
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neutrino sector, it is easy to check that light neutrino mass matrices for all the four cases
Wy, Wa, S; and Se depend on two positive dimensionless parameters |ga/g1|, arg (g2/91)
and an overall neutrino mass g?v2/A or g*v2/(g1A). We perform a numerical analysis
for each model, the complex modulus 7 is restricted to lie in the fundamental domain

{r|S7 > 0,|R7| < L,|7| > 1} of the modular group. The other dimensionless parameters
randomly vary in the following regions

arg (’72/0‘)7 arg (92/91) S [07 27T) ) ﬁ/a’ fY/aﬂ 71/a7 ‘72/047 ’92/91| € [07 104] . (4‘28)

The overall parameters of charged lepton and neutrino mass matrices are fixed by the
electron mass and the solar neutrino mass squared difference Am%l. Then one can obtained
all the predictions for six lepton masses and three lepton mixing angles as well as three CP
violating phases. We find that good agreement with experimental data can be achieved
for certain values of input parameters for all these four models in both NO and IO cases.
Since NO is slightly preferred by present data, we only present the numerical results of the
four models for NO. The predictions for lepton mixing parameters and neutrino masses
are listed in table 5. The charged lepton mass matrix depends on four parameters «, 3, 71
and 79, the measured values of the three charged lepton masses can be reproduced exactly,
hence we do not show the results of charged lepton masses in table 5. We find that the
global best fit values of neutrino mixing angles and mass squared differences Am3,, Am3,
from NuFIT v4.1 can be obtained, as shown in table 5. Moreover, the most stringent
neutrino mass bound ), m; < 120 meV [53] is saturated in models My and M3, and the
less stringent bound )", m; < 600 meV [53] is fulfilled in models M; and M. The effective
Majorana mass mgg is predicted to be around 10 meV or few tens of meV which is within
the reach of forthcoming Ov(3/ decay experiments such as nEXO [54].

5 Conclusion

We have considered the finite modular group I'y ~ PSL(2, Z7) in the framework of the
modular invariance approach to lepton flavour. I'7 is a quotient group of the infinite
modular group I' which is achieved by imposing the generator condition 77 = 1. An
additional condition (S73)* = 1 should also be satisfied, which is essential to make I'7 finite.
One crucial ingredient of modular-invariant theories is the introduction of modular
forms, which involves the modulus field 7. Given level 7 and an even weight k, there are
14k — 2 linearly independent modular forms, which can all be decomposed into irreducible
representations (irreps) of I'7. At weight & = 2, we constructed all 26 modular forms with
the help of the SageMath algebra system [47]. They are decomposed into a triplet 3, a
septet 7 and two octets 8 of I'7. A full list of linearly independent modular forms of weight
up to 8 is provided in appendix D. We have also considered two alternative ways to derive
modular forms of level 7, the Dedekind eta function method proposed in [1] and the theta
function method proposed in [20], discussed in appendices B and C, respectively. Results
from these methods are consistent with the former one, but incomplete: the Dedekind eta
function method gives only 7 modular forms of weight 2, forming the septet of I'7; and the
theta function method gives 23 modular forms of weight 2, decomposed as 7+ 8 + 8.
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Best fit values for NO

My My M3 My
k=2 k=3 kr=2 kr=3|kn=2 kn=3|kn=2 kny=3
R(T) —-0.219 —-0.299 0.248 0.235 —0.206 —0.0712 0.446 —0.437
S(7) 0.962 1.435 1.315 1.881 1.343 1.962 0.836 1.285
B/a 0.00579 337.346 75.905 29.100 49.078 51.055 | 197.311 392.758
v/ 5.641 1760.614 | 1702.628 692.861 | 1706.880 326.593 | 3858.297 2119.228
|v2/ 0.632 328.957 | 898.143 363.564 | 477.413 817.142 | 84.991 389.175
arg (yo/a)/m | 0.213 1.022 0.0762 0.530 1.611 0.251 0.945 0.819
lg2/ 1] 0.394 0.0344 0.274  0.00880 0.353 0.0410 1.780 0.0781

arg (g2/g1)/m | 0.538  1.404 1.050 1474 | 0290 0304 | 0326  0.584
(2v2/N)/eV | 0.104  0.225 0.221  0.392 | 0.00384 0.00125 | 0.212  0.0143
sin? 03 0.0224  0.0224 | 0.0224  0.0224 | 0.0224  0.0224 | 0.0224  0.0224

sin? 6o 0.310 0.310 0.310 0.310 0.310 0.310 0.310 0.310
sin? 03 0.563 0.563 0.563 0.563 0.563 0.563 0.563 0.563
dop/m -0.772 =072 | —-0.771  -0.773 | -0.773 —-0.772 | —-0.772  —0.770
Qo1 /T 0.0188 —0.937 | —0.225  0.304 0.0732  —0.591 | —0.490 0.415
asi /T 0.381 —0.279 0.360 0.0342 | 0.0629  —0.375 0.615 —0.321

my/meV 39.606  40.078 15.843  10.324 | 10.841 9.072 77.446 31.159
ma/meV 40.528  40.989 18.025  13.434 | 13.836 12.498 77.922 32.323
ms/meV 64.005  64.298 52.717  51.331 | 51.434 51.091 92.336 59.151
mg/meV 40.591  41.052 18.167  13.624 | 14.020 12.701 77.955 32.402
mgg/meV 40.373  14.317 16.434 9.852 11.782 5.856 59.281 24.172

Table 5. The predictions for lepton mixing parameters and neutrino masses for the four models
given in table 4, where we assume neutrino mass spectrum is NO, and similar results can be obtained
for 10.

We also considered flavon-free lepton flavour models, constructed by assigning cou-
plings and matter superfields transforming in irreps of I';. In the considered models,
charged leptons gain masses via renormalisable Yukawa couplings, neutrinos gain masses
via either the Weinberg operator or the type-I seesaw mechanism. Flavour textures arise
after the modulus field 7 gains a vacuum expectation value. Lists of charged lepton (C1,
() and neutrino mass matrices (W7, Wo and Sy, ..., S4) involving 7 are given in tables 2
and 3, respectively.

In the numerical studies, we have considered two scenarios: the modular symmetry
acting on only the neutrino sector, or both charged lepton and neutrino sectors. We have
performed a x? analysis with experimental data of neutrino oscillation parameters in the 1o
range taken into account. In the first scenario, we found that, in the normal neutrino mass
ordering, only models Wy with lepton doublet weight k; = 3 and S4 with right-handed
neutrino weight ky = 3, give results that agree with the experimental data. Similarly, in
the inverted mass ordering, only models Wy with k7, = 3 and S35 with ky = 3 are allowed
by data. The effective neutrino masses mg and mgg, which control the beta decay and
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neutrinoless double beta decay rates, respectively, are predicted to be compatible with
current data. However, the prediction of the sum of neutrino masses is disfavoured by the
current cosmological constraint ) . m; < 120 meV [53] although the less stringent bound
>, m; < 600 meV [53] is satisfied. In the second scenario, eight benchmark models (M,
..., My with two sets of modular weights), listed in table 4, have been studied. While all
of them are compatible with oscillation data, the models My and M3 are also favoured by
the cosmological constraint on the sum of neutrino masses ), m; < 120 meV, while the
prediction of mgg is within the sensitivity of the next generation of neutrinoless double
beta decay experiments.

In conclusion, although the level 7 models that we have considered are no more or less
predictive than level 3, 4, 5 models, they do allow new possibilities due to the complex
3 and 3 representations which are different from those of other models leading to new
predictions. Although it is not possible to fix the underlying parameters in models of any
level, without further theoretical input, modular symmetry at level 7 offers the promise of
new types of SO(10) unification closer in spirit to the SU(3) models due to the complex
triplet and sextet representations.
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A Group theory of I'; = PSL(2, Z)

The group I'; = PSL(2, Z7) is a non-Abelian finite subgroup of SU(3) of order 168. I'7
group can be generated by two generators S and 1" which satisfy the multiplication rules:

S%2 = (ST =T" = (ST3)* = 1. (A.1)
The 168 elements of I'y group are divided into 6 conjugacy classes:

101 : {1} 5
21Cy : {S, T3ST°ST3, T2ST*ST? T°ST, ST3ST*S, ST°ST?S, ST*ST3S, TST®, (A.2)
ST2ST?S, T°ST?, TST>ST?, (ST*)?, T?ST5, (ST3)?, T5ST ST, T*ST?,
ST5ST®, T?ST3ST, ST>ST, T3ST*, TST3ST?},
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Conjugacy Classes

1Cy | 21Cy | 56C5 | 42Cy | 24C7 | 24C%
1 1 1 1 1 1 1
31 3 | —1 0 1 by by
3 3 | —1 0 1 by by
6 6 2 0 0 -1 -1
77 -1 1 -1 0 0
8 8 0 -1 0 1 1

Table 6. The character table of the I'; group with by = (—1+iv/7)/2 and by = bt = —(14+1iV/7)/2.

42Cy

24CY

24C%

{ST,TS,ST3ST?ST3, ST*ST*ST? ST*ST*ST?3, ST3ST5ST*, ST>ST5ST?,
ST2STAST, ST®ST3S, ST3ST°ST?, ST3ST ST, ST?ST*S, ST>ST*ST?,
ST*ST?S, ST?ST*ST®, ST3ST?S, T°S, ST*ST?, ST3ST?, ST°ST?,

ST2S8T*, T5ST°ST*, T2ST3ST®, T°ST, STST?, T3ST*ST3, ST,

TSTSST?, TST3ST*, ST°ST?, T?STS, TST*ST, T°ST3S, T*ST?ST?,

T4ST?, T5ST STS, T8 ST?, TST3S, T?ST*S, T?ST° ST, T3ST°, TST®ST,
T9ST*S, TST?, T*ST?S, TST*ST?, T°ST3, T5ST?S, ST3ST, T3ST3, T3ST>S,
T28T*, T3ST*STC, T2ST5S, ST*STS, T* ST},

A{ST3, 138, TST>ST3, T°ST°ST3, T4, T3ST*ST? TST*ST? T?ST*ST3,

TASTP ST, T3ST, ST*ST3, ST ST, T?ST, T?ST*ST, T?ST5ST?, T°ST,
ST28T3,ST3ST*, T*STS, T3ST>ST>, TST?, T*ST3S, T*ST3S, ST>ST®, T2ST?,
T3S8TPST, ST®ST, T3ST*S, T°ST5, T5ST*S, T°ST°, T6ST?S, TST3, T3ST?S,
STASTS, STPSTS, ST, ST3ST?, T*ST°S, T°ST*, TST®S, ST2ST?S} ,

AT, T?, T4, TST3ST®, T?STST3, 158, ST3STS, T* ST, ST?>ST3S, T3ST°ST?,

STS, T?ST3ST*, T°ST3S, (ST®)?, T3ST?, ST, ST*S, ST3ST?S, T>ST*ST?,
ST?S, T2ST3, TST*STS, ST, (T°S)?},

{13,175, 75, 1T2ST3ST®, T*ST?ST?, 128, T3ST°ST*, STSS, TST3ST®, ST*ST,
T3STS, ST°ST*S, ST?, ST3S,ST*ST?S, TST*S, (ST?)?, T*ST5, T3ST* ST,
T8ST3,(T28)%, 1T?ST*ST®, ST5S, 55T},

where nC}, denotes a class with n elements which is of order k. The character table of

I'; group is given in table 6. Following the convention of ref. [46], we find that I'; group

has ninety-two Abelian subgroups in total: twenty-one Z, subgroups, twenty-eight Z3

subgroups, fourteen K, subgroups, twenty-one Z, subgroups and eight Z7 subgroups. In

terms of the generators S and T, these Abelian subgroups are given as follows:
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e /5 subgroups

Z5 ={1,8}, Z3°5T°ST? = 11, 738T°ST%),
ZI°ST = (1,198}, Z5TSTS = {1,8T38T S},
ZTHOTS (1, 8748135}, ZI9T° = {1,T7ST°},
ZIP5T = {1,1°5T%),  ZI5T°ST° = [1,TST ST},

Z3*5T° = (1,125T%}, Z9T" Z(1,(ST%)2},
2351 = {1,181, Z5T°ST° = [1,8T°ST°Y,
Z5T*ST — {1, ST2STY}, ZI°ST! — (1, 73574},

ZT25T4ST2 ={1, 2974 ST2}

ZSTOST%‘ {1, ST5ST2S}
Z5T*STS = 11,8T2ST° S},
Z = (18T,
Z3°5T°ST = (1, T5ST° ST},
Z3°ST°ST = (1, 72 ST3STY,
ZTSTPST — (1 TST®ST?}.

All the above twenty-one Zs subgroups are conjugate to each other.

e /3 subgroups

75T ={1,8T,T°S},

Z5TSTISTY — (1, ST2STST?, ST*ST® ST,
ZST*ST*ST* _ (1 ST3ST°ST*, ST2ST*ST"},

Z5TSTST = (1 ST2ST1ST, ST*ST® ST}

Z5T°ST'S = (1, ST?ST*S, ST*ST°S},
Z5T°5T° = {1,ST*ST®, T2 ST S},
Z5T°ST = {1, 8T*ST*, T*ST® S},

ZIST'ST® = (1, TST'ST®, T*ST*STS},
ZI*ST'S = {1,T2ST5S,ST?ST"},

ZIST*ST® — (1, TSTSST? T*ST ST},
ZI'ST'S = {1,T5ST25,ST°ST?},
ZI'ST = (1, T1ST?, T°ST?},
ZI5T°S = {1,TST?S,ST*ST°},
Z5T°ST = {1, ST ST, T°ST* S},

ZTS

ZST*STST® _ (1 ST2ST*ST3, ST3ST5STY},

={1,8T?ST*ST®,ST3ST>ST?},
={1,8T*ST?S,ST°ST*S},

Z5T' ST = {1,8TST?, T5 ST S},
ZST55T3 _

ZSTZST“ STS
3

Z?:qT4 ST?S

ZT2 ST®ST
ZT5 ST
ZTST ST

ZTST*ST
3

{1,TS,ST°},

{1,8T°ST®, T*ST?S},
={1,T2ST ST, T°ST>ST*},
={1,T°ST, T°ST?},
={1,TST*ST, T3ST*ST?},

={1,T7ST3ST*, T3ST*ST"},

ZTST® — {1, TST®, T*ST®},

ZTST5 ST _
3 =

T25T* _
Z3 =

{1,TST ST, T5ST°ST®},
{1,7%ST*,135T"},

ZI°ST — (1,T3ST?, T*ST*}.

The twenty-eight Z3 subgroups are related with each other by group conjugation.
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e K, subgroups

KT = 75 5 25T — (1,8, TST ST, T*ST*STY},
R{TSTPSTISTES) — g ST o g STSTAS — (1, 12875, ST3ST*S, T3 ST ST,
R{STISTOSIOSTY) g STESTRS o ZI9STY _ (1, ST2STS S, T3ST*, T2ST*ST?},
g {TPSTSTISTY) 2 gTOST o g STOSTS _ (1 788T, STP ST, TST3ST?},

K{TSTHETY) 2 gIsTe o ST — (4 1S TS, (STY)?, STPST2SY,
RIS STIISTS) — gISSTEST o ZTUSTS _ (1 T5STS ST, T*ST?, ST*ST? S},
K(FTSTIOSTS) 2 g ST2ST o ZI°ST? _ (1 ST?ST, TST?, (ST%)?}

KT = 78 5 Z3°STOST — (1,8, T°STO ST, TST*ST?),
K{TTSTSTISTES) o ZIPSTR o g STISTES _ 1) 75872, STAST?S, T ST ST%)
K(STISTSTISTY) _ gSTOST2S | gTUSTS 1 975928, TAST, 72T ST2)

R{TSTSTESIS) — ZI0ST o 7 ST2STPS _ (1, T5ST, ST2STS, (ST%)?}
K(TSTISTYTISTY) _ gISTOST® o 7T9STH _ (1 7 STOSTS, T3ST*, ST3ST'S)
K{TSTUSTEST) — ZISTS o Z8T°ST _ (1, TSTS, ST?ST, T>ST?ST}
KiST53T6,T2ST5) = Z5T°STO o g T2ST® _ (1 75§78 T28T5 (STH)?).

All the fourteen K4 subgroups are conjugate as well.

e 7, subgroups

Z5T" = {1,8T%,(ST%)%, TS}, Z1°S ={1,78,(ST*)?, 5T},

ZT'STST — (1,74 STOST, S, T2ST° ST}, Z§7"51°5 = {1,872 ST, T3 ST ST®, ST ST® S},
ZI*ST* — {1, T28T? T?ST*ST?, T5 ST}, ZIST'ST’ = {1,TST5ST? T°ST, T3ST°ST"},
ZI°ST°ST — (1 T3ST3 ST, TSTS, T°ST®ST?}, I ST'ST = {1, T2ST*ST, ST ST, T*ST*ST?},

ZIST'ST = (1, TSTAST?, ST2ST, T?ST'ST®}, ZFST" ={1,TST® ST*ST*S,T*ST*},
Z5T°ST" = (1,8T3ST?, ST®ST?S,T°ST'S}, 21" 5T ={1,T°ST,ST*ST*S,T°ST"},
ZI'ST°S = {1, 8T ST® T5ST ST, T*ST*S}, 25757 = {1,8T°ST*, T3 ST, T*ST?S},

Z17ST = {1,T2ST, T2ST*ST, T°ST"}, 251" = {1,TST?, TST*ST?, T°ST®},
Z5T° ST = [1,8T2ST%, T2ST°, T*ST°S}, 21 ST'S ={1,1°ST*S, TST°ST®, ST ST},
Z§TST® = (1, 8T*ST®, ST?ST®S, T2ST?S},  Z157°S = {1,8T2STS, T'ST®, TST*S},
Z5T°ST = (1,8T°ST, T*ST*, T°ST?5}.

All the twenty-one Z4 subgroups are related to each other under group conjugation.
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e /7 subgroups

zZ¥ ={1,T7, 7% 13,174, T° 1%},

ZIST — {1, TAST, ST3ST?S, T2ST*ST®, TST*ST?, ST®ST*S, TS ST?},
ZTST — (1, TST*, ST?ST3S, T2ST3ST?, T2ST*ST5, ST*ST?S, T3 ST},
ZT*ST? — (1, T2ST®, T°ST?S, T*ST°ST*, T2ST ST?, T*ST5, ST*ST?},
ZI°ST? — (1, T3ST?, TST*S, T5ST*, T3ST°ST?, T*ST®ST®, ST3STO},

ZT°8 = {1,728, ST°, (ST%)?, TST*STS, TST*STS, (T*S)?},

75T = {1,872, (ST?)%, T2ST3ST*, T*ST*ST?, (T°S)%, T° S},

7215 = {1,8TS, ST?S, ST3S, ST*S, ST®S, STSS}.

All the eight Z; subgroups are related to each other as well under group conjugation.

The I'; group has six irreducible representations: one singlet representation 1, two

three-dimensional representations 3 and 3, one six-dimensional representation 6, one seven-
dimensional representation 7 and one eight-dimensional representation 8. The explicit
forms of the generators S and T in the five irreducible representations are chosen as follows?

—89 —S81 S3 —S92 —81 S3
2 = 2
35=—|—-s1 s3 —s 3:S=—=| —s51 s3 —s
\/? 1 3 2 ’ \/7 1 3 2 )
§3 —82 —S1 §3 —82 —S1
1—co 11—y _ l—c3 _ —_
V2 V2 C2—C1 72 C3—C2C1—C3

l—c1 1l—c3 _ l—co _ _
72 72 C1—C3 72 Cog—C1C3—C2
l—co 1l—c3

1—c;
Co—Ci1C1—C Cz3—C
6: S 2V2 | 2—C1C1—C3 5 G3—C2 T 5

l—c3 1l—c l1—c ’
7 75 5 G3TC 51— —C
1—co l—c3 1—c
C3—C2Cy—C C1—¢C
3 22 1 1\/5 1 3 1\/5 1\/5
i —_ —C3 _ —C1 —C2
a—ae—C 5 G0 5 TR
1
V2 V2 V2 V2 V2 V2
\/i 524+4s3 sl—4so 281 —2s9—4s3 —451—53 45142824253 —2s51+4s2—2s3
VT NG VT VT N VT
\/5 s1—4s9 —4s1—s83 —281+4s9—2s3 so+4s3 251 —289—4s3 4s1+2s9+2s3
V7 VT 7 V7 VT VT
7. S_ 2 \/? 251 —289—483 —281+4s2—283 s1—4s2 4s1+2s2+2s3 Sso+4s3 —4s51—53
M T VT VT V7 & 7 V7
\/i —481—83 So+4s3 45142824253 s1—4s2 —251+4s0—283 281—282—483
7 V7 VT VT VT VT
\/§ 45142824253 2s1—252—483 S2+4s3 —281+4s9—2s3 —451—583 s1—4s9
V7 NG NG NG V7
\/é —25814+4s80—2s83 481+2s9+2s3 —4581—53 251 —289—4s3 s1—4s9 so+4s3
VT VT N VT N4 VT

2In the basis of [44] the triplet representation was given in terms of the standard generators A, B in [42]
and may be related to four generators S,T,U,V, with I'z D Ss D A4 corresponding to the respective
generators being S, T, U,V D S,T,U D S,T. However for our purposes here we shall use the representation
theory for I'7 developed for finite modular groups in [46]. Thus the notation we use for the generators S, T

corresponds to [46] rather than [44].
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2co—c1—c3 c1—c3 c1tca—2c3 c1—2ca+c3 catce3—2¢1 2¢1—ca—c3 2c2—C1—C3 2€3—C1—C2

26 2v/2 2v/3 2v/3 2v/3 2v/3 23 2v/3

c1—c3 c1—2cot+c3  c1—co c3—cy co—c3 c3—Co c1—c3 co—cy

2v/2 26

c1+co—2c3 c1—Co co—cC1 c1—c3 l—c3 co—cC3 c1—1 co—1

2v/3 NG V6 V6 V6 NG NG

c1—2co+c3  c3—cy c1—c3 c3—Co 1—co c1—cCo c3—1 c1—1

8 5:2\/5 2V3 6 6 V6 6 V6 NG

7 co+c3—2cy co—cC3 1—c3 1—co c1—cs3 c1—1 c1—Co co—cC3 ’

2v/3 2 NG V6 V6 V6 NG NG

2c1—co—c3  €3—Co co—cC3 c1—C2 c1—1 c1—c3 1—co 1—cs3

2v/3 2 NG NG V6 NG NG NG

2co—c1—c3 c1—c3 c1—1 c3—1 c1—Co 1—co c3—Co c1—cC3

2V/3 V6 V6 V6 V6 V6 V6

2c3—c1—c2  c2—C1 co—1 c1—1 co—cC3 l—c3 c1—c3 co—cC1

2v/3 2 NG NG V6 NG NG NG

. A5 2 4 Q. — 6 5 3 . A5 1 2 3 4 5 6
3: T'=diag(p,p",p"),  3:T=diag(p’,p",p°),  6:T=diag(p’,p"p",p",p°,p"),

8: T =diag(1,1,p,p°,0°,p*, 0", p°),

2mi /7
9y

7: T =diag(1,p,p*,0% p*,0°,0°),

where the parameter p is the seventh unit root p = e Sp = sin Q"T" and ¢, = cos 2"7”

with n = 1,2,3. We can straightforwardly obtain the Kronecker products between various
representations:

3R3=3AP6s, 33=108, 3x6=3D73D8,
3RT7T=60T08 38=3060708, 3®3 =3 6g,
3R6=30T7T08 37T=60708, 3R8=3L6DT7D8,
626=15P6g1 Dbs2 DT D8 D8A, 6R7T=3D3B6DTIHT2H8 D8,
608=3D3D61D62DTLDT72® 81 D8,
TRT=15D3A D34 P61 D6s2DTsDTA D 8s® 84,
TR8=30306,D62DT; BT3P 8 ©8 D83,

8R8=15®3A D32 D6s1 D6s2BTsDTA 1D TA2D8s1®8s2® 84,

1®r=r®1=r,

(A.3)

where r denotes any irreducible representation of I'7, and 61, 62, 71, T2, 81, 82 and 83
stand for the two 6, 7 and three 8 representations which appear in the Kronecker products.
The subscript “S” (“A”) refers to symmetric (antisymmetric) combinations. We now list
the Clebsch-Gordan coefficients in our basis. We use the notation «; (5;) to denote the
elements of the first (second) representation.

303=3A®6g 323=3A®6g 33=148

3A:

anf33 — 3P
az3fi — a13
a1 82 — aofi

V20333
V2a1 51
a1z + asfr
V23
a183 + azf
az33 + a2

3A

o33 — a3 2
azfi — o183
a1 — aofi

az3 + a3 B2

a183 + azf
V2as8s

a1 B2 + asfr

V2a1 8

V2asf;

1: a181 + azB2 + agfs

V3 (11 — aafa)
a1f1 + a2 — 2a33
V6as i
V6asBs
V6as
—V6a1 83
—V6as3
—V6a1 32

— 96 —



3R6=307TD8

36=307T38

184 + azBi + V2203
12 + B + V2356

2 (186 + 235 + a333)
—2 (V20206 + a3fs)
—2 (a1 81 + V2a385)

3a1B2 — asBi — V2306
—2 (V20183 + a2f31)

—o1 B4 — V20283 + 33y
—V201 65 + 3a2 B4 — 3o

a186 + g5 — 2333
V3 (a2Bs — o1 B6)
V20286 — 2034
V2as385 — 201 81
20231 — V2386
20232 — V21 B3
V2283 — 201 B4
V201 85 — 2033

(%54 + a3y + \/§a1ﬁ5)
3

3

(ﬁmﬁQ + a3 + 04335)

V20284 + a1 B3 + a3fs
V2as361 + a1 B5 + azfs

2 (a1f1 + afB2 + azfy)
—V201 82 + 3a2 B3 — asBs
—V2a081 — 0183 + 3a3Bs

—2 (V20184 + azfs)
—V2a381 + 3a185 — aofs
—2 (V2as32 + a1 )
—2 (V2021 + a3fs)

a181 + azf2 — 2a38y

—V3(a181 — a2fs)
—V20a1 82 + 2035
20133 — V2084
V2a1 B84 — 2005
V2a3B1 — 2008
201186 — V2033
20383 — V2021

3RT=6D7D8

3R7T=6T®8

201 81 — V2 (385 + 2a2/37)
20281 — V2 (a1 B2 + 2ai356)
3agfBe — a183 — 2a387
20381 — V2 (283 + 201 81)
—a3fe — 20234 + 31 B35
3azfB3 — azfs — 20186

V2 (a3Ba + 2B + a1 57)
—V2 (a1 81 + V2a305)
—V2 (a2B1 + V201 82)

azfBs — a1 B3 + 2a387
—V2 (3B + V2023)
—a3fB2 + 20284 + a1 35
asfs — agfs + 20186

—4dagfy — afs + Sa1 87
—V/3 (20384 — 3B + a1 )
V2 (20385 — 3o B7) — 4o B
V2 (20182 — 33 86) — 4B

V2 (20282 + 4on B3 + a3 Br)
4B + V2 (301 84 — 2a233)
—V2 (4a3Ba + B + 201 B5)
—V/2 (20383 + 4o B5 + a1 6)

6 :

2a1 33 + a2 B4 — 3336
—301 B4 + 20285 + a3 Br
V2 (201 85 + a2 fBs) — 2031
2a382 + a1 86 — 337
V2 (20385 + a17) — 2003
V2 (20282 + azfBa) — 204 81

V2 (a1 B2 + aaBs + asfs)
20183 — oy + 36
a1f4 + 200835 — asfr

—V2 (a3Br + V2020)
2a332 — o186 + 37
—V2 (21 + V201 87)
—V2 (0181 + V2a304)

Sa By — aaf3 — dazfs
—V/3 (o182 — 3aaBs + 2a335)
V2 (01 B3 + 4y + 2a36)
V2 (201 81 + 85 + dagBr)
V2 (20285 — 301 B5) — 4P
—V/2 (e3P + 41 B + 202 87)
das B + V2 (3asBs — 201 B7)
4o 1 + V2 (3282 — 2a34)
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3R8=306DT7TD8

3R8=306D7D8

V3a1B1+a1 B —V6(asBs+azfs)
3: | —vBagBi+asBe+v6(a1 83 —as3br)
—203B2+V6(a2B1+01 B5)

o1 81— V31 B2+ V2 (a3 86 — 2 Bs)
21 +V3a2B2— V2 (a1 B3 +asB7)
2 (a1f4+as3fs)

V2 (o1 85— azBs) — 20351
2(azf3—a2fs)

2 (a1 Br— a2 fBs)
4(—a3fB5+azfr+a1fs)

Saq 1 — \/504152 +/2 (3o Bs—3f36)
V2 (a1 B3+3a37) — az 81+ 33023
2v/2 (20283 + a1 By — a3 Bs)

V2 (asBs—30165)—2 (23614 V3asp:)
2v/2 (a3 B3+ a2 B5 — 201 Bg)
2v/2 (20384 — v B — 01 Br)

—a3fB5—2afr+a1Bs
V3 (asBs+a1s)
a1 B1+V3a1 B+ 2a356
—200 31 — 201 B3
—V/2(azB3—an Ba+azfs)
V3asBa—asgfi+v2as8
—V/2 (3 B3+0a2B5+a156)
V2 (asBatasBs+aipr)

V3a1 81+ Ba+v6(azf3+a3fs)
—V/3aoB1+asBa+v6(azfs—a1fs)
—2a38s—V/6(1 Bs+azB7)

2018420235
20388 — 20236
20381 +V2 (a1 86 — a2 37)
2 (asf3+01 57)
—a2B1+V3a282— V2 (a3 fs+a1Bs)
V3o Ba— a1 B1+V2 (a3 B5—azBs)

4 (o B3 +azfs—as3fs)
—2v2 (o1 Ba+ 2B —2a337)
2v/2 (=201 85+ a2 86+ a3 Bs)

2 (20381 +v30382) +v/2 (287 — 31 Bg)
2v/2 (—asBs+a1Br+2028)
aaB1—3v3asBa+v2 (3asBy+aiBs)
V3ai B2—5a1 81 +V2 (3azBs —asfs)

a183—2a084— a3
V3 (a1 B3+asfs)
—V/2 (a1 Bs+azBs+a3pr)
V2 (a1 B5+aaB+asfs)
V3asBr—asfi— V2287
V2 (asBs—ai1 Br+azfs)
V201 B —2a231
a1 B1+V3a1 B2 — V20335
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6206=15D6g1 D6s2DTA D8 D8

TA: 21 — o1 By + V2 (o6 Ba — afBs)

8a:

1s :apB + asPB2 + asfls + azfBy + a5 + a1
V2 (asB83 — auBs + aspBs)

V2 (—a1 1 + a3 + a3fs)
2B + 1Bz — V2 (6B + aufe)
V2 (—agfs + agBs + a5 56)
1B — V2a3B2 — V2a285 + a1Ba
—V2a561 + aufr + @By — V20185
V20482 — asB3 — asBs + vV2aa86
—agBs + V20581 + V20485 — asfs

6s o : —V2 (21 4 182 — asfs)

“ | V2asB1 + V2185 — aBs — asBs
—V2 (auf + 181 — a6 fs)
—V2 (a2 — o3B3 + a2 Bs)
apfB + asfB2 — aafls + azfBy — a5 — a1

V2062 + 583 — asfs — V2a26
—agB3 + V2a581 — V2B + a3l

6371 .

V2as3B1 — V20183 + asfBs — asBs
—auBr + V2362 — V2283 + a1 B4
V20581 + auBa — oy — V201 B
V3 (asB1 — 3a5 B2 + 2043 + 200384 — 32 B5 + a1 Bg)
Sagf1 — asPe — daufs — dazfs — azfBs + Sa1 B
—V/3 (V20682 + 20583 + 4o By + 20385 + V20236
—V/3 (401 B1 + 20683 + V20584 + V2085 + 2036
—V/3 (20281 + 20182 + V20684 + 45 B5 + V2004 56)
V3 (V2a3B1 + daofa + V201 83 + 20685 + 205 56)
V3 (201 + V20382 + V20283 + 201 s + 4o o)
V3 (V2a581 + 20 + 4asfs + 20284 + V201 B5)

—agfB1 — a5 — 20433 + 20334 + o B5 + 1 s
V3 (a6B1 — asBa + azfs — a1 36)
V20682 — 20583 + 20385 — V2023
206633 + V20581 — V20485 — 2036
—2081 + 20182 + V2 (B4 — v Bs)
—V2a381 + V20183 + 20685 — 20556
—2au4f1 — V2a3Bs + V20285 + 201 84
—V2a561 + 20482 — 20281 + V201 B5
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6RT=303P6DT,DT2D8, D8,

|
|

812

823

201 B1 — 20683 + 3as B — 220485 — azBs — V2a2B7
20281 — 2v/2a1 B2 — agBs — 20585 — V2486 + 3az By
20481 — 20382 — 2v/202 83 — V201 By + 3686 — 5 57

20681 — V20582 — aufBz — 2v/ 20384 + 3azfBs — 201 B
20581 + 3Bz — V2a3B3 — 2001 — a1 85 — 2v/ 20687
20381 — a2fa + 301 B3 — V20685 — 2V 20586 — 20437

o181 + asBs + V2auB5 — asfs + V20067
21 + V201 B2 — agBs + V2046 + a3 Br
—asBi + aofe — a1Ps — V2a6P5 — V205
B + V20283 + V2a1 84 + agBs — asfr
—asB — aufe — V2383 + a1 85 — V20687
—agB1 — V2asPa + asPs — V2381 — s

2 (6P + asfs + azfs)
V20584 + 2085 + V20386 — 200237
2011 B2 + V20681 — 2046 + V20387
710 | 20381 — azfBe — a1 B3 — V2a685 + 207
20983 — 201 By + V2 (6B + a5 57)
20501 — e — V20383 + 20284 — 185
20681 — V20582 — aufBs — aafs + 201 Bs

2 (a4fPs + 2P + 1 f7)
2001 81 + 20683 — a5 Ba — 36 — V20287
20281 — B + 20585 — V20486 — a3 fr
72 V20282 + V201 B3 — 206 85 + 2053
2041 + 20382 — V201 B4 — agfBs — asPBr
V20 — 20383 + V201 B5 + 20687
=205 82 + V204 B3 + 20381 + V20235

3v20a68s — 320583 + 204 s — 286 — 1 B7
V3 (V20682 + V205835 — 2v2a385 — azfBs + a1 37)
4oy B — 20683 — 200584 + 4o B + V20087
daa B + Ao s — 20585 + V20 Bs — 200387
2v/2002 B + 2v/201 B3 + 20 B85 — 20586 + 3v/ 204 B7
—dau B + 2a3P2 — V201 B + 20686 — das Br
—2v20a4f2 — 20383 — 3v/202 84 — 27201 B5 + 20637
—2a585 — 2v/20u B3 + 20384 — 220085 — 3v/201 Bs

6Pz + asBs — 20385 + 3v/2 (286 — 1 Br)

V3 (—aeBa + a5 + 2v2a481 — V20286 — V201 B7)
V2 (—30683 — 20581 + V2085 — 200386 — V202 37)
201 B2 — V2 (20684 + 35 85 + V20486 + 2a337)
—dazBy — dasfa + 20183 — V2685 + 20187
3v2a382 — 20283 + 201 B + 2v/2 (636 + s 87)
das B — 2042 + V2385 — 20034 + 4ot B
dagBr + V2580 + daufBs — 20085 — 201 B

|
|
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6R8=303061062DT1PT2D 81 P 8>

@21 + V3asfe + V2a1 83 + 20685 + 20566 + V204 7
—20481 — 2383 + V2284 — V201 B85 — 2588

(Oteﬂl —V3agf2 — V2a56s 4 204 Ba + V20385 + 20é1ﬁ7)
3

(Onﬁl — V31 B — 20661 — V24P — 20387 + \/§Oé2ﬂs>
3

asBr + V3asB2 — V2asBs — 20285 — 20186 — V20688
—2a3B1 + 20283 + V268 — V2057 + 204 Bs
4o B2 — 2v/3as B — 23585
—2v3a261 — 20282 + 2v/3as 86 + 2V 33 fs
—2a382 — 230283 + V6aesfs + V657 + 2v/304 85
2V304 81 — 201482 — 2v/33 03 + 2v/306 87
—V3BasB1 + asfz — V6asBs — 2v/3a265 + 2v/3a1Bs + V6o s
V3agsBi + asBz — V6asBs — 2v/3aaBs — V6asfs + 2v/301 B7
a1B1 — V3ai1B2 + 20585 + V2 Bs + 203687 + V20285
2B + V3azB2 — V201 B3 — 20685 + V247 — 2038
2031 + 2023 — 20184 — V20686 — V20567
—2a41 — V225 — V201 85 — 20687 + 20588
—asB1 — V3asB2 — 2045 + V20381 — 201 Be — V20683
—agP1 + V3as B2 + V20583 + 20 B4 + V2385 + 202
4 (—aufs + a2f7 + a1fs)
o1 B1 — V3o B2 + 2a6Bs — dasBs + 3v2a4Bs — 200387 + V20288
21 + V3a2B2 — 3v/201 83 + 20685 — 25836 + V2 Br + dasBs
T1: 2\/6a3ﬂ2 — Qﬂagﬁg — 2\/50[154 + 20686 — 200587
—204B1 + 20383 — 3v/20284 — V2015 4 4agBr — 205 Bs
3v2a581 — V6as B2 — 2v2aafBs — 2a3 B4 + 27201 Bs — 20683
—3v2a6B1 — Va2 — 20583 — 2v/ 204 B + 2a3B5 + 2v/ 2286
—4 (agfs + asPa — azfs)
—3v201 81 — V61 B2 — 2v/2a565 — 2016 + 220387 + 2025
3v2a2p1 — V6azB2 + 20183 — 232685 + 2c4Br + 2720385
T2 —2a381 + 20283 — 4an1 B + V2066 + 3V 257 — 204 Ps
2v604 B2 + 20281 — 201 Bs + 2206 87 + 2205 85
asB1 + V3asfa — daafls — V2364 + 20285 — 201 B + 3v/ 206 85
asB1 — V3asfa — V2503 + 204 s — 3V 20385 + 40 Bs — 200 Br
V20683 + V2584 + 3a4fs + 2v/2a3Bs + 301 Bs
—V6as B3 + V6as B + V3auBs + 2v3aefr — V3 Bs
—3a1 51 4+ V3o B2 + 20585 + V20486 — 20387 + 21/ 2205
—2/3a2f2 — V2185 + 20685 + 2v/ 20487 — 2038
—2v2a361 — V2a2B5 — V2a1 B4 — 4asfBs + V20 Bs
—3auf1 — V3auf2 + V20084 + 2v/2a1 85 + 20687 + 2588
—V2a561 — V6as B2 + V2 B3 — 4azfs + V20265 — v2a1Ps
—V2a6P1 + V6asB2 — 4asfs + V2a4fs — V20206 — V20167
30683 + 220485 + 33 Bs + V2287 + V21 Bs
—V3asBs + 2v/3as5 B4 + V3aszBs + V62 fr — V61 Bs
—V201 81 4+ V601 B2 + V20681 + V20585 — V23 b7 + dazfs
—V281 — V602 B2 + V20685 — V20586 + 4aaBr — V2308
—3a3B1 — V3asfa — 20283 — 201184 — 2V 20686 — V20567
—2v/20481 — V20383 + 4ai s + V2667 + V2568
—2v/3as B2 + 20483 — 220384 — 201 86 + V200685
—3a6B1 + V3asB2 — 2v205 83 + 20484 — V20385 — 20236

62 :

81:

82 :
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TRT7T=1s 034 P34 D651 D6s2DTsDTa D8s D 8a

1s : a181 + arf2 + aefs + asfa + asfs + as3fe + a7

—V2a2B1 + V201 B2 + 20783 + s — ca s — 203 Br
3a: _\/501351 + \/5&1/83 - a7/84 + 20[6,85 — 20[5,86 =+ a4ﬂ7
—V2a561 4 204 B2 — 20284 + V201 85 + azrfs — a6 fBr

—V2a7B1 — 20682 — asBs + asBs + 20286 + V2017
3a 1 | —V2a6B1 + asf2 — 20483 + 20381 — 285 + V201 Bs
—V20u 81 — azfa + azBs + V2181 — 20765 + 2057
20281 + 2182 + V2 (684 — s Bs + afs)
2031 — V200282 4 2011 B3 + V2a7 B4 + V207
—a3f2 — a3 + 20785 — 2066 86 + 20537
20581 — V20383 + 201 85 + V207 86 + V20687
—asf2 + 2043 + 20384 — @25 — 200787
20602 — asf3 — 20ufs — a3fs + 20236
20783 — a6 fa — 20585 — o Bs + 200387
—2a2f2 — arfa + 2065 + 2a5 86 — aaBr
20481 + V20382 + V20283 + 201 Ba — V20686
2042 — 20303 + 20284 — arBe — s Br
206601 + V20582 + V20285 + 201 86 — V207 87
200781 + V20583 — V204 Ba + V20385 + 201 Br
6a181 — arBz — asfs — asPBs — aufls — azfe — a2P7
—azf1 — a1Ba + 2v2a7Bs + 220681 + 2v/205 85 + 2v/204 86 + 2V 2037
_04351 + 2\/§a2ﬂ2 — a1,33 + 2\/50(764 + 2\/50(655 + 2\/§a5ﬂ6 + 2\/50{457
Ts : | —aufr + 2v20382 + 2V 20203 — a1 B1 + 220785 + 220686 + 2V 20587
—as 1 + 2v2a4B2 + 2v2asB5 + 220281 — 01 85 + 2v/207 86 + 2V 20687
—aef1 + 220582 + 2v/ 2043 + 220384 + 220265 — o1 Bs + 2V 20787
—arf1 + 2v2a6B2 + 2v2as 85 + 2204 B + 2v/2a3 85 + 2v/ 20286 — a1 Br
—arfe —aefz + asBa — aufs + azfPBe + 27
—a2f1 + a1z — V20681 + V20486
—asf1 + a18s + V2a7Bs — V24 b7
A : 1B — V2a3B2 + V2265 — a1
_QSBI + a1ﬁ5 - \/§a756 + \/§a6ﬂ7
asBr + V2as5B2 — V20285 — a1Bs
arfBi — V2as58s + V2a36s — aiBr
504752 - aaﬂg - 4&5,34 - 4&4,35 - a3[5’6 + 50(2[‘37
—V/3 (7B — 3aeBs + 2584 + 20485 — 3az B + a27)
4B + 4o Ba + V2 (B3 — 20684 + 4asBs — 204 B + a3 fBr)
daz B + 4vV2a2f2 + 41 B3 — 2V 2781 + V2685 + V20586 — 2v/ 204 7
4o — 220382 — 220283 + 4a1 fa 4+ V27 B5 + 420686 + V20587
—dasB1 — V2a4Bs — 4v20a383 — V20284 — dai fs 4+ 22786 + 2v/ 20687
—doef1 + 2V 20582 — V20483 — V20384 + 2V 2285 — 401 B — AV 207 57
—darBr — V2a6B2 + 2V 2585 — 4V 204 B + 220385 — V20286 — 4o Br
a7fB2 — boef3 — dasfs + 4asfs + dasfe — afr
V3 (3arf2 — asfls + 20584 — 2045 + 3B — 3a27)
—4aB1 + darBa + V2 (—3arfBs + 20684 — 204 B6 + 3a3Br)
—4a3B1 + 4o Bs + V2 (=207 Ba — 3 Bs + 3asBe 4 204 87)
4o i + 2V 20382 — 220083 — 41 By + 3v/2 (s Br — arBs)
404561 + 3\/5014/32 — 3\/5&2,34 — 4a1,35 -+ 2\/5(6!6/87 — a756)
—dagB1 + 2V 20562 + 3v2a483 — 3v 20361 — 220285 + 4o Bs
—4arB1 + 3v 2682 — 2V 20583 + 2v/2a3 65 — 320286 + 4 Br

63,1 :

65,2 N

8s:

8a :
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TR8=30306,D62DPT1 D720 8, D8 D83

asf1 — 3V3asfa + 3V2a0 85 + da1 Ba — 2V 20785 + 2V 20686 + V20587 + 4v204Bs
das P + 2V3a5 B2 — 2v/204B3 + 3V 20384 — V20085 — dan B + 4V 207 B7 + 24/ 20685

( 5arf1 — V3arfa + V20683 + 2V 20581 — 3V 20485 — 420385 — 2v/200 87 + 41 Bs )

(—504251 +V3agBs + dai B3 — 2v2a7 B4 — 4V 20685 — 3V 2536 + 21/ 2487 + \/§Oé3ﬁ8>
3

3: | —asBr +3V3Bagh + 4v205 83 + V20 Ba + 2v2a385 — 2V 20286 + 4ai Br + 3V 207 s

—dau By — 2v/304 Bz + 2v/203 83 + 420084 — 4a1 B — V2786 + 32687 — 21/ 2585

—4\ 20031 + 4v201 B3 + 20784 + 6085 — Sz By
2v2a381 — 2603 B2 + 4v/201 Bs — 20686 — 8ais B7 — 6ava Bs
6, : —204 1 — 4V/3au s + 220385 — 4v2a8s — 4o B5 + 5v2a78s — V20687 + 2V 2055
2v2a581 + 2V605 82 + 200 B3 + 8B — 4201 s — 6avr B
—5a681 + 3V3a6 2 — 4V2a5 85 — 5vV24 81 — 22385 — 220086 + 4o Br — V2a7 s
TazB + V3ar B2 — 5V 20683 + 220581 + V20 Bs + 4V 20386 + 2v/200 87 + 41 Bs

V6 (V3azBi + asBa) — 2 (a7 s + agBs + asB6 + 207 — a3 fs)
V6 (3B — V3asBi) + 2 (a2fs + 20785 + B + s Br + aafBs)
2041 + V2 (20385 + 20284 + 2201 B5 — 37 B — v B7)
—2 (V6as B2 + cafs — asBs + s — arfr + 2a6s)
— (B + V3agBa) — V2 (—20583 — 3aaBs + 20286 + 2v/201 Br + a7 Bs)
V3azBa — a1 + V2 (BagBs + 200584 + cuBs — 20385 — 22011 Bs)

4 (—asfs + asfr + azfs)
—3aaB1 — V3azBs — 4a1Bs — 2v2a7B4 — V20586 — 2V 20487 — V235
3By — V3asBa + V20285 — 4o fa + 2V 20785 + 2v206 86 — V20587
71 dau By + 220284 + 2V 20786 + 23/ 20687 + 27/ 201585
2v/3a58s — 2v/20 B3 + V20384 + V20285 + 4ot B — 2v/ 200635
—2a681 — 2V/3a6B2 + 2v2a5 85 — 2v/204Bs — 2v/203 85 + 2V 2007 Bs
=207 1 + 2V3ar B2 — 2v/206 83 — 2v/ 204 85 — 2v/ 2386 + 2V 2037
—4 (a7 3 + agfBs — g fBs)
=201 + 2v/32 82 — 2v/207 81 + 2v/206 85 + 2v/ 2005 86 + 2V 201388
—2a381 — 2V/3a3B2 — 2v20283 + 2v20686 + 2V 20587 — 21/ 200 Bs
T2 2v/30 B2 + 2V 20383 — 4y Bs — V2786 — V206 87 + 2v/20i5 Bs
das P — 2v/2a4fB5 — 2320384 — 2v2a085 — 2v/2a737
3a6 1 — V32 + V2auBs — 2V 20385 — 2v/ 2006 + da Br — V207 s
—3a7B1 — V3azfBa + V2asBs + 2v2a581 + V24 b5 + 2320087 + 4a Bs

3V3a1 b1 + 4aiBe — 2v3a6Bs + 2v3a5B5 — 2v/30uBs + 2v/3a3 87
—don B1 + 3V3a1 B2 + darfBs — 20681 — 20585 + 2046 + 20387 — dazfs
2v3a21 + 20282 — V3a1 B3 — 2607 By + 2v6auB7 — 2v/6385
—2v3a3B1 + 20382 — V3ai1 B4 — 2v/60a7B5 + 2v/606s — 2v/605 87
—dau By — 2¢/60383 — V31 Bs — 2V/60r B + 2v/605 85
das By + 2v60aa B3 — 2v/60a2B5 — V3a1Bs — 2v/6a63s
2v/3a6 1 — 20682 — 2v/604Ba + 2v60a3B5 — 2v/60285 — V3187
—2V3a7B1 — 20782 — 2V/60w B3 + 2v/605 81 — 2v/60287 — /31 Bs

622

812
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2v/3a1 B2 — 2075 — 20681 — a5 Bs — daufBs — 20387 + aofBs
—2v/3a1 81 + 2v3az783 — 2v/3a6B1 + V3as 85 + V3aabs
a1 + V3azB2 — 201 85 + 22685 — 3v2a586 + 220487
—2a351 + 320283 — 201 Ba — 227 85 — 2204 Bs
—dau B — V2a3B5 + V2B + 201 B5 + 3v 20585

—asB1 + V3as B2 — 3v2a38s — 201 86 + 2V 20787 — 2v/ 20635
—2a681 — 2v/3a6B2 — V20583 + 3v20385 — V20086 + 2011 B
—207 81 + 2V307 B2 + V20581 + V2386 — 3v2aB7 + 201 Bs

arfB3 + dag By + basPs + bayfs + dazB7 + ainfs
—3V3a7 B3 + 2v3a6 81 — V3as 85 — V3auBs + 2v3a3 87 — 3v/3a2s
a2B1 — 3v3aaB2 + 4o B3 — 3v2a781 — V20685 + 3V 20585 — V2087
daz P + 2v3a3Bs — 3v2a283 + 4o B1 + V20785 + 3v 20686 + V20 Bs
5aaBr — V3aufa — V20383 + V20281 — don B5 — 3v206 87 — 3205 85
5a581 — V3as B2 + 3v2au 85 + 3v2a3Bs + dan Bs — V2a7 87 + V20688
dagB + 2v3a6B2 — V2as B3 — 3v2a3 85 — V2286 — 4o Br + 3v2a7Bs
arf1 — 3V3ar B2 + V20581 — 3v20uB5 + V2a38s + 3v2a287 — 4o By

82:

832

8R8=15B3AD3ADB6g1D6s 2BTsBTA1BTA 20851D8s 2B8a

63,12

6572 :

Ts:

1s: a1 81 +agBr—agfs—arfs—oefs —as B —asfr—aszfs
—a3B1—V3asBa+ a1 Bs+V3aa B3+ V208 81— V207 B+ 205 87 — /2014 By
3a: ( 20481 — 2011 Ba+V 20885 — V207 B+ 206 87 — /215 Bs )
a6 81— V30 B2 — V205 B3+ V23 85 — a1 B +V/ 3 B + V208 B — V27 Bs

—as 1 —V3as B+ V20785 — 20681+ 206 — V203 B+ a1 Bs +V/ 3z Bs
3a: ( 20781 +V 206 83 — V2005 1+ 204 Bs — V203 86 — 201 B7 )
as 1 — V305 B2+ V20483 — V20381 — a1 Bs +V 3 s — V20 86+ V206 Bs
2v/20381 +2v/2011 B3 — 2008 B4 — 2014 B
—V204 81 + V60 B — V201 By + V602 B1+ 207 B+ 206 37
a5 81— V3as 82— V20483 — V203814 a1 B5 — V3 85+ V208 86 — 2V 2007 B+ 2006 Bs
V206 81 +V/606 B2+ 205 83 + 2003 85 + /21 B + v/ 62 B
20781+ 2006 83+ v/ 2005 Ba+ v/ 2004 Bs + v/ 203 86+ 2001 7 — 2+ 201 Bs
—agf1—V3asBs— V207834V 206 81— 2V 205 85+ v 20 Bs — V203 87 — a1 Bs — V32 Bs
a3 B1+V3as B2 +a1 B3+ 3283 — V208 Ba+V 207 B5 — 2V 206 86+ V205 87 — V204 Bs
—20u4 81 — 2V 2003 83 — 2001 Ba+V/ 208 B +V/ 2007 B + v/ 2006 B+ v/ 25 Bs
—V2a581 — V605 B2 — V2011 B5 — V6o 5+ 2005 36 + 2006 B
—agB1+V3asB2+ V20585 — 2204 B1+ V203 85 — a1 B + V3 s — V208 Br — V27 Bs
V20781 — V607 Ba 205 B4+ 204 B5 + /201 B — 6z Br
—2v2a5 81 — 207 B3 — 2003 87 — 221 B3
3a1 B1+3az B2 +as Bz +arBi+aeBs+ s Be+auBr+aszfs
a3 B1+V3as B2+ B3 +V 32 B3+ 20 1+ V27 85 +2v/ 206 86 +V/ 2005 B7 + V2004 Bs
—2004 81 +2v/ 203 B3 — 201 Ba+V/ 2018 B5 — V2007 B — V2006 B+ 205 85
s 81— V3as B2 — V2 83 — V203 81+ 01 B5 — V3 85 — V208 Be +2v/ 2007 B — V206 Bs
—agB1+V 3682 — V205 8342V 204 81— V2003 85 — o1 B + V3 Bs — V208 Br — V27 Bs
20781 +V 20683 — V205 81— V204 B5 + V203 86 + 201 Br+2v/ 200 85
—agB1—V3asBa+V 207 B34+ 206 B4+ 2V 205 85+ v/ 204 B+ V203 87 — a1 Bs — V/3va Bs
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4oy Br —4an By
V3az B —aszfBa—v3a1Bs+asBs+V6asBi+V6ar s —V6as B — 60 Bs
204 B0 — 2012 81— V608 B5 — V67 B + V6 Bz +V/6ais Bs
Taa: | —V3aspi—asBo+V6auBs—vV6asBs+V30n Bs+azBs+v/6as s — V6o s
V3o 81+ a6 B — V65 B3 +V/60is 85 — V3 B — vz B — V6w 87+ v/ 6ar Bs
—20a7 B2+ 60683+ 605 Ba — V60u B5 — V603 s + 200 37
—V/3as 1 +as B —V6ar 3 — V606 B+ V604 Bs+V/ 63 Br +v/3a1 Bs —aaBs

4( g3+ a7 By — g B + s B — a Br — 3 Og)
a3 1 —3V3a3 82 —a1 B3+ 3v3a283 —3v2a8 B+ 2a7 85 — V25 B+ 3204 Bs
dag Br+2V30u B — Ao By — 2302 B4 — V208 85+ 3V 2007 B — 3V 206 87+ V25 Bs
Taz:| BasBi—v3asB2—v2a4Bs+ V2038, —5ai Bs+v/3a2Bs+3v2as 86 —3v 20655
581 — V368243V 205 83 — 3v/ 23 85 — 5 B + V32 86 — V208 Br + v/ 207 s
4oz Br+2v30v B — V206 B3+ 3/ 2005 81— 3v/ 200 B5 + /2003 B — 4ot B — 2/ 32 B7
asB1—3v/3as B2 —3v 207 B3+ V206 B4 — V200 B + 3V 203 87 — a1 Bs +3v/ 32 Bs

3V/3a1 81 — a1 — a1 o —3v/3a2 e +2v/3as B3 — 2v/ 30 B5 — 2v/3ais B +2v/ 33 Bs
—a1 81 —3V3a281 — 3301 Ba+ a2 Ba — 208 B3 +dar Ba — 206 85 — 2cu5 B +4Acva B — 2385
—2v/303 81 4203 82 — 2v/31 B3+ 200285 — 2v/ 608 Ba + 2/ 616 36 — 2V 6014 Bs
—4as Bo+2V60i3 B3 — 4o B +2v/6a7 s+ 2V 60 B
2v/3as 81 425 B2 +2v/3a1 Bs + 2010 85 + 21/ 68 Bs + 2607 B7 +2+/606. Bs
2v/306 41 420682 — 2v/60i5 B3 — 2v/ 600 B4 — 23/ 603 85 +2v/ 31 B + 202 B
—dav7 B2 —2V605 81— 2V 6014 5 — daz Br — 2608 Bs
—2v3agB1 4205 B2+ 2607 B3 — 2v/605 85+ 2v/6u3 87 — 2/ 301 Bs + 20285

20031+ 201 B2+ V307 Ba — V36 Bs — V35 s+ V3w Br
201 81 — 20982 — 208 B3+ r B+ B + s B+ Br — 203 Bg
20382420233 — V67 B — V65 B
—V/3au 1 —aufo—3a1Bs—asBsi—6asPBs —v6asPs
V3as 81— a5 Ba+V/60u B3+ V63 Ba+V3au B — az B
V3o 81— a6 Ba+V/ 3 B — B — V6 s Br — 6z Bs
—V3azB1—arBa+V6agBs+v 6038 — V3 fr—as By
20882+ 606 81+ V601 B + 2285

—2ag83+ 74— e fB5+ s B — g Br+ 20388
—V3ar Ba— V3w B5+ V305 86+ V3 7
20381 — 201 B3 — V207 85+ 25 B7

—auB1+V3auBa+ a1 Ba— V3 Bi+V 20885 — V2058

s B1+V3as B2+ V20 B3 — V23 81— o1 B5 — V3o B
—agB —V3agBa+ a1 Bs+ V3286 — V208 87+ 207 s

a7 1 —V3az B2 — V20683 +V 238 — a1 Br+V/3as By

—20ag81+V 20681 — V20 Bs+201 Bs

85’12

8572 :

8a:

B Constructing weight 2 modular forms of I'(7) by derivative of
Dedekind eta function

For any complex number 7 with 7 > 0, the Dedekind eta-function n(7) is defined as

nir)=¢d/*[[0-¢), q="7. (B.1)
n=1
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The n function satisfies the following identities
n(r+1)=€e"n(r),  n(=1/7) = V=it n(7), (B.2)

which implies 7(7) is a modular function of weight half. Moreover, we see that the set of
functions #(77), n(r/7), n((7 +1)/7), n((T +2)/7), n((T+3)/7), n((r +4)/7), n((r +5)/7)
and n((7+6)/7) are closed under the action of the generators S and 7. To be more specific,
we have the following transformation rules under T,

T +1
0 (77) — T (7r) | 77(7>—>77< - )
T+1 T+2 T+2 N T+3
"\ 7 7 "\ 7 7
T+ 3 T+4 T+4 N T+5
"\ 77 7 7 7
T+5 T+ T+6 it (T
77( - >—>n< - > n( 7 > 12 (;) (B.3)
Moreover, we find the following transformation behaviors under S
—1T T T _
n(77) — Tn(?)a 77(;)%\/—72777(77)7
. T+1 T O T+6 o T+ 2 e T T+3 ’
7 7 7 7
A 9 4 A
17 7—+3 _)6”1—/12\/_77:7"’7 7_+ ’ ’[’] 7_+ —>e_”r/12\/_7@'7-77 7_+5 ’
7 7 7 7
, 4
77(71;5) L eim/12 /T (Ti_ >7 n<7-%7—6> _>65m/12\/7n< T+ ) (B.4)

Following the approach proposed in [1], we can construct the weight 2 modular form by
linear combination of the logarithmic derivative of above mentioned complete set of 7
functions,

Y (21, %2, x3, 24, 5, T6, X7, T8|T)

d 1 2
== [xﬂnn(?r) +z9lnn <7> + z3lnn <T;> +z4lnn <T—7'—> +z5lnn <T—;3>

4 5 T+6
+ xglnn <T;L> +x7lnn <T;> +x81nn< - >

Y

BN Y T AL Y W 1 Gt Y AL T
() 7 e T 0 T e T (90
A (407 (57 (4 6)/7)

M R ey e ey B (B:5)

with ©1 + 2z + 23 + x4 + x5 + 26 + 27 + 23 = 0. Notice that 120/(7)/n(7) = inEs(7), where
E5(7) is the well-known Eisenstein series of weight 2. Under the action of the generators
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S and T, this function transforms as
T
Y (x1, %2, 23, %4, 5, T, 7, 28|T) — Y (21, 28, T2, 3, T4, T5, T, T7|T) ,
S . 2
Y(l’l,l’Q,Jfg,$4,$5,[I)6,!E7,$8|7_) — T Y(IZ‘Q,$1,$8,$5,IE4,1’7,1’6,1’3|7—) . (BG)

We can construct a septet Yz(7) = (Y{,Yd, Y4, Y], Y2, Y{,Y))T by the modular function
Y (x1, x9, x3, x4, 5,6, x7, 28|7T), and Yz (7) transforms as 7 under I'; = 3(168),

Y7 (—1/7) = 72p7(S) Y7 (1), Ye(r+1) = pr(T)Yr(7). (B.7)
We can then straightforwardly find the solutions for Y/ (i = 1,2,...,7) are given by

Y{(T) - 27\6/51/’(77 _17 _17 _17 _17 _17_17 _1|T) )

Yy(r) =Y (0,1,p7 1,072,072, 0%, p%, pl7)
Yi(r) =Y (0,1,07%,0% p, 07" 072, 017)
Yi(r) =Y (0,1,p” ,p,p”,p? p‘l,p?’lf) ,
Y3(r) =Y (0,1,0% p7 1, p%, p 20T,
Y5(r) =Y (0,1,0%p7%, p~ ,p,p p27)
Yi(r) =Y (0,1,p,0% 0% 0%, p7 %07 T) (B.8)

up to the overall constant ¢. We shall choose ¢ = —
of Y/ reads

i
V2

Y{(7) =1+ 4q+12¢% + 16¢° + 28¢* + 24¢° + ...,

Ya(7) = —v2¢"7 (1 4 15¢ + 24¢° + 364> + 30¢* + 91¢° +...)

Y{(r) = —V2¢*7 (34 13q + 31¢% + 24¢% + T2¢* + 38¢° + ..) ,

Yi(r) = —2v2¢%" (24 9¢ + 9¢* + 30¢* + 16¢* + 30¢° +...) ,

Y2(r) = —v2¢"7 (7 + 12q + 39> + 31¢° + 63¢* + 56¢° + ...)

Y{(7) = —2v2¢%7 (3 + 149 + 10 + 21¢° + 24¢* + 45¢° +...)

Yi(r) = —2v257 (6 + T + 21¢° + 20¢° + 27¢* +21¢° + ... . (B.9)

Further we find that the above modular forms can be expressed in terms of Miller-like basis
vectors in eq. (3.3) as follows,

Y] (1) = ba(7) 4 4b11(7) 4 12b18(7) + 16b2s (1) + 28bog(7)

Y3(r) = —v2[bs(7) + 15b1a(7) + 24b1o(7)]

Y3(1) = —V/2[3b6(7) 4 13b13(7) + 31bao(7)] ,

Y{(7) = =2v2[2b7(7) + 9b14(7) + a1 (7)]

YZ(1) = —V2[Tbs(7) 4 12b15(7) + 39bas(7)] ,

Y{(7) = —2V2[3bo(7) + 14b1(7) + 10b23(7)] ,

Y7(7) = —=2v2[6b1o(T) + Thi7(7) + 21boy(7)] . (B.10)

We see that the modular form Y7(7) is exactly the same as Y7(2) (1) in eq. (3.5).
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C Constructing weight 2 modular forms of I'(7) by theta function
method

The modular forms of level 5 can be constructed from the Jacobi theta functions [20]. In
the following, we proceed to construct the weight 2 modular forms of level N = 7 by using
the Jacobi theta functions 03(u,7) which is defined as

7_) _ Z qk2/2627riku ) (Cl)

kez

It can also be expressed as the following infinite product,

93(,“’ 7_) — H(l - qn)(l + qn71/2627m'u)(1 + qn71/2672ﬂ'iu) ] (02)

n=1

The theta function 03(u, 7) has the following properties [55]:

1
O3(—u,7)=03(u,7), O3(u+m,7+2n)=~0s(u,7), 03<u+2+m,7+1+2n>:03(u,7'),

. 1 0,2
Os(T—u,7) =P 05 (u, 1), O3(u,7)=——e " /705 (u/T,—1/7) , C.3
5( ) 3(u, ), O3(u,7) i 3 (u/7,=1/7) (C.3)
with m,n € Z. The lowest weight modular form with k& = 2 can be expressed as linear
combinations of the logarithmic derivatives of some “seed” functions o (7). We choose

the closed set of the seed functions «; j(7) as follows,

2mir (3741 6mit . (5741
1,1 7') 93( ) 0427_1(7')26 7 93( T+ 77’) Oz3,_1(7'>—6 7 93( T+ 77’)
T+3 T T+5 T
ano(7) =0a( 7 7) azo(r) = 0a ("5 ;) aso(r) = 0a( "33 ;>
T+2 T+1 . T+4 T+1 . T4+6 T+1
o1 (7) =03 = a1 (7) =03( = az1(7) =03
7'—|—3 T—|—2 T+5 T—l— T+T7 T—|—2
aio(T) =063 — (1) =03( = — az2(7) =03 =
T+ T+6 T7+3 T+8 T-|—3
a1 3(7) = 93( 1 ’T)’ ag3(T 293( T ) az3(T 93( T )
T 5 T+4 T+7 T4+4 7+9 T—|—4
a1.4(T) =103 . (7)) =03 41— a34(T) =03 =
P T+5 (T8 T+5 _p.(TH10 r+5
041,5(7) 3 1 ’T s Oéz5 7’ =B\ 7 0135 7’ 3\ 711
- 7 46 749 T+ 7—+11 T+6
a1,6(T) = 93( ) as6(T =93( T asz,6(7) 93(

(0.4)

Note the set of seed functions is not unique although the same results for modular forms
are obtained. Under the action of the generators S and T, we can check that each of
these seed functions «; j(7) is mapped to another, up to some 7-dependent multiplicative
factor. The transformation properties of «; ;(7) under S and 7" are shown in figure 3.
Hence we can start from any seed function «; j(7) (e.g. aq,—1(7)) to generate all the others.
Moreover, we find that each seed function is mapped into itself under the actions of the
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) @ a3

Figure 3. The graph illustrating the transformations of the set of seed functions «; ;(7), defined
in eq. (C.4), under the actions of I'y = PSL(2, Z7) generators S and 7. The red and blue solid lines
denote the transformations of S and T respectively.

modular transformations S2, (ST)3, (ST3)* and T” up to some 7 relevant factors. Taking
logarithmic derivatives, we find

d i 1 1 d s

Elog a; j(—1/7) = 28 (1 — 7_2> + > + Elog a; (), (C.5)

d d T

. log o j(T+1) = . log a; ;(7), (C.6)
where afj and ag:j are the images of a;; under the maps of S and T shown in figure 3,

respectively. As a consequence, the modular functions

d .
Y(z1,-1,. -y 16,0215+, T26; 3,1, .., L36|T) = E xm% log o j(7), with E z;j =0,
1,J

1,J

(C.7)

span a 24-dimensional linear space of weight two modular forms of level N = 7. Under S
and T, the modular function Y transforms as follows,

S :Y(l'1,71, ey L1,67L2,—15---L2,65L3,—1,-- .x3,6|7’) i)Y(xL,l,. ey L1,65L2,—1,---22,6,X3,—1, ...x3,6|—1/7’)
= T2Y(£1,0751?1,717301,6,%2,37553,27303,5,$2,47I1,1;$2,0,$2,717I2,67$3,3,J31,27CI?1,57$3,4,J32,1;
1’3,07$3,—17-T3,671’1,37$2,27$2,571’1,4,$3,1|7')7
T ZY(.Tl’_l, e ,LE176;$2’_1,. . ~$2,6;£3,—1,- . .£C’3’5|T) )LY(:EL_M. .. ,331’6;322’_1,.. ..1‘276;333’_1, ...$3’6|T+1)
= Y($1,—1,$1,6,$1,0,$1,1,$1,2,$1,3,$1,4,$1,5;$2,—1,xz,o‘,xz,o,332,1,$2,2,$2,3,$2,4,$2,5;

x3,-1,T3,6,L3,0,L3,1,L3,2,L3,3,L3,4,L3,5|T). (C.8)
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As shown in eq. (2.16), we can always choose a basis such that the modular forms can be
organized into different multiplets of I'7:

2\[ (7 V077 V0a77 _VOIT)
Y (0,vy; 0,vy;0,vi| T
Y (0,v; 0,v2;0,va| T

2
) =

( )
( )
(0,vs3; 0,v3;0,v3| T)
(0,v4; 0,v4;0,v4[ 7)
( )
( )

0,V5; 0,V5; O>V5| T

i

O,Vﬁ; Oavﬁ; O>V6| T

%Y (2(c1 — ¢3),0;2(ca — ¢1),vo; 2(c3 — ¢2), —Vo|T)
—%Y (1 + 6¢cg, —2vg; 1 + 6¢3,vo; 1 + 6C1,V0‘7')
Y (0,v1;0,0;0, —vy|7)

Y (0,0;0, —v3; 0, va|T) 7 (C.10)
Y(O, —V3,0 V370 0|7’)
Y (0,v4;0, —v4;0,0|7)
Y(O 0 0 V5, V5”7’)
Y(O, V6,0 0 0 V6’7‘)

%Y (2(c3 — c2), —vo;2(e1 — €3),0;2(c2 — c1), vol7)
—%Y (1 + 6¢1,vo; 1 4 6¢9, —2vg; 1 + 6¢3, vo|T)
Y (0, —vy;0,v1;0,0|7)
0 VQ,O 0 0 VQ’T
0 0 0 V370 V3’T

T (r) = Yo |
(0 0 0 V4, s V4’T)
Y( )
Y( )

: (C.11)

0,—v5;0,0;0,vs|T
0 V6, y V6,0 0’7’

where v, = {1, pS% p% pF o3k o2k pFYfor k =0,1,--- ,6 and 0 = {0,0,0,0,0,0,0}. From
the expressions of g-expansion, we see that the modular form Y7(2) (7) in the representation
7 coincides with Y7(2) (1) of eq. (3.5). Moreover, the two modular octets Ys(f)(r) and YS(I?) (1)

in egs. (3.6), (3.7) are linear combinations of 178(2) (1) and 178(5 )(7’) as follow,

@ V(D) +pVe () @ Vel (1) + VS ()
YSa . ) 8 — ; s (0.12)
2V/2mi 2V/2mi
with
2 2
Y1 = —?(401—{—62—563) Yo = —?(501 — 4eg — c3),
1

7 = 5 (201 —3ca+c3), z29= 35( c1 — 2¢o + 3c3) . (C.13)

In short, we can construct 23 modular forms of weight 2 and level 7, and they can be
decomposed into one septuplet and two octuplets of I';. We can not build the modular
multiplet Y3(2) (7) in the representation 3 of I'; from the theta function 03(u, 7).
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D Higher weight modular forms and constraints

Through the tensor products of the modular forms Y3(2), 7(2), Ys(j) and Ys(g ), one can find,

at weight 4, the following modular multiplets:
) _ (v(2y-(2) @) _ (v24-(2) 1) _ (v2y(2) ) _ (v2y(2)
Yla - <Y7 Y7 )17 Ylb - (YSa YSa )17 ch - (YSa YSb )1’ Yld - (YSb YSb )1 :

(D.1)
= () Y- (v) = ()
- (W), - (), 2
VO v () - () o3
V= () Y= () v = ()
W () L v = () = ()
Yo, = () ve = (), vl = (DY),
Vo = (), Yo =(0veY) o ve) = (D),
Vo = (), o Yon = (WD), o Yer = (WD),
= (), o
VO ()L V= () L w0 = ().
VD= (G v () vl (),
vy = (), v = (WD), v = (),
v = (D), v = (), v = (),
- (k) o3
v = () v = (D) D= (),
- ()= () v (),
Vo = (), vl =), D= (),
v = (D), v =), = (Y,
Vo = (W), Y = (W), v = (D),
Ygﬁ)z(y7(2)ygf)>83, Ygﬁ):(ygj)ygf))%. (D.6)
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Notice that not all of the above modular multiplets are linearly independent. From the
g-expansions of Y;(7) given in eq. (3.7), we find the following 297 constraints between the
different weight 4 modular multiplets Yr(4),

v =viP=300v\?, v¥=o0. (D.7)
Y?fa)_—soy?fb)_—%y& = V6V = —5v6YiY. (D.8)
Vil =y = v = (0,0,0)". (D.9)
Yés>:1(myé:>+yé:>>, V= L (v s, vt < (v varh),
vad =V -avgd v =2 (v -ovavg), v =1avave) -svy).

(4) _ @ _ Yoo (4) “)

Yo =1 <2Y6b —3v2vg)), vy = 0\[, Y = —2vav

v = 19v2y ) _sy Yéﬁj_ll()( VYY), e =2 (v +vavg))),
v = (14Y(4)+3\f 2y, ) A Yo (D.10)
6o — 95 6a 6p 502

T R 2
T T8 I i L)

V= L) v v L
- o) oy
v =avary, v = v ason?)

vy = 3(150( 91V/6Yy, ~16Yy, +186004. ), ng):—iygj),

yh- L = (35v6v4,) +2v) —s400%!) Yéf):ﬁ (—vove -,

Yol = _Z (\/§Y8(3> —80\/§Y8(4)) S A % (—51\/§Y§§> —8V3(V) — 150Y8(j>)) :
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These constraints in egs. (D.7)-(D.12) imply that the linear space of modular forms of
weight k = 4 and level 7 has dimension 54, as explicitly listed in egs. (3.8)—(3.16).
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There are 82 linearly independent modular forms arising at weight 6 and level N =7

which may be necessary in model construction, we give them in the following,
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For modular forms of weight 8 (k = 4), we find
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Because of space limitation, we only present modular forms transformlng as 3 and 3 under
I'7 in the following. There are three linearly independent triplet modular forms Y?SO), YS(; 0
and Y:,,(io) of weight 10:
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We have two linearly independent triplet modular forms Yg(io) and Yg(; 0 of weight 10, which

can be chosen as
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