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ABSTRACT: We systematically analyse 5d superconformal field theories (SCFTs) obtained
by dimensional reduction from 6d A" = (1,0) SCFTs. Such theories have a realization as M-
theory on a singular Calabi-Yau threefold, from which we determine the so-called combined
fiber diagrams (CFD) introduced in [1-3]. The CFDs are graphs that encode the supercon-
formal flavor symmetry, BPS states, low energy descriptions, as well as descendants upon
flavor matter decoupling. To obtain a 5d SCFT from 6d, there are two approaches: the
first is to consider a circle-reduction combined with mass deformations. The second is to
circle-reduce and decouple an entire gauge sector from the theory. The former is applicable
e.g. for very Higgsable theories, whereas the latter is required to obtain a 5d SCFT from
a non-very Higgsable 6d theory. In the M-theory realization the latter case corresponds to
decompactification of a set of compact surfaces in the Calabi-Yau threefold. To exemplify
this we consider the 5d SCFTs that descend from non-Higgsable clusters and non-minimal
conformal matter theories. Finally, inspired by the quiver structure of 6d theories, we
propose a gluing construction for 5d SCF'Ts from building blocks and their CFDs.
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1 Introduction

5d superconformal field theories (SCFTs) are intrinsically non-perturbative. For instance,
5d gauge theories become strongly coupled in the UV and they can only be low-energy
effective descriptions of the putative superconformal field theories. In particular, their
Coulomb branches can be used to effectively study the SCFTs at low-energies [4]. Generi-
cally 5d SCFTs show very interesting non-perturbative phenomena, such as enhancement
of flavor symmetry at strong coupling, which characterize the spectrum of operators of the
SCFT [1-17].

One of the recent successes of geometric approaches to string theory is the prediction
for the existence of 6d and 5d SCFTs. More specifically, the non-perturbative completions
of string theory, i.e. F- and M-theory, not only predict the existence of these SCFTs by
relying on the geometry of singular Calabi-Yau threefolds, but they also encode key physi-
cal features of the SCFTs. An F-theory geometric classification of 6d SCFTs with a tensor
branch has been realized in [18-20], whereas 5d SCFTs can be engineered from M-theory on
a non-compact singular Calabi-Yau threefold [1-3, 21-24] and torically in [25-27]. Based
on this approach, some partial classifications have been proposed in [1-3, 28-33]. Comple-
menting this, large classes of theories have been constructed via IIB brane webs [34-45].

A natural question is whether 5d SCFT's are related to 6d SCF'Ts upon circle compact-
ification, and even whether they can be classified by descending from 6d. This approach
was initiated in [46]. Recently in [1-3], we utilized the relation between 6d and 5d SCFTs
by systematically studying the singularity resolutions of the singular Calabi-Yau threefolds



that underlie the construction of 6d theories in F-theory. In M-theory, these geometries
model the Coulomb branch of 5d gauge theories. The superconformal flavor symmetry of
the 5d SCFTs is a key datum to characterize these theories, and in [1-3, 25] we initiated
a classification, which keeps manifestly track of the strongly coupled flavor symmetries.
These can be computed geometrically, and more strikingly can be summarized in graphs,
the combined fiber diagrams (CFD). The CFDs are very powerful tools. They contain as
marked subgraphs, the Dynkin diagrams of the enhanced flavor symmetries as well as non-
trivial information about the BPS states of the theory. Furthermore, they comprehensively
encode all mass deformations that trigger RG-flows with new 5d UV fixed points.

The classification strategy in [1-3] can be succinctly summarized as follows: begin
with a 6d SCFT, defined by a singular elliptic Calabi-Yau geometry in F-theory. These
geometries have so-called non-minimal singularities. Depending on the resolution of the
singularities, we obtain different M-theory compactifications, which model 5d gauge theo-
ries on the Coulomb branch. From this geometry, we extract the CFD, which encodes the
flavor symmetry at the origin of the Coulomb branch, as well as the mass deformations,
which trigger RG-flows. The systematic exploration of 5d SCFTs hinges then on obtaining
the CFDs for the marginal or KK-theories, from which all descendant 5d SCFTs can be
obtained by simple graph operations on the CFDs.

The CFDs defined in [1] not only encode key non-perturbative information of the
theory but also the trees of descendant 5d SCF'Ts with the same dimension of the Coulomb
branch (rank). This approach is always applicable in the case of so-called very Higgsable
6d theories [47], i.e. geometries where the base of the elliptic fibration is smooth.

In cases when the 6d theory is not very Higgsable, the approach requires substantial
generalization. Specifically, the base of the elliptic fibration for a 6d SCFT is in general an
orbifold C?/T', where T is a finite subgroup of U(2). These are called non-very Higgsable
theories. Examples are the non-Higgsable clusters (NHCs) and non-minimal conformal
matter theories, corresponding to N > 1 M5-branes probing R x C?/T'spg.

Again the circle reduction of this class of 6d SCFTs lead to 5d KK-theories, which
uplift back to 6d SCFTs in the UV, but differently from the very Higgsable case, they
do have an IR description in terms of a marginal theory with flavor matter (as opposed
to bifundamental matter). In [47], it was conjectured that the reduction to 5d of non-
minimal conformal matter leads in the IR to a 5d quiver gauge theory coupled to an extra
dynamical SU(NNV) vector multiplet, and only the decoupling of the latter can result in a
theory with a 5d UV fixed point. We prove this conjecture geometrically for the case of
non-minimal conformal matter and some of the single node tensor branch theory with a
gauge group, which contains the NHCs. For these theories the only possible way to get 5d
SCFTs consist of the following two options: either the theory in the IR allows decoupling
of a bifundamental hypermultiplet, whereby the resulting 5d theory factorizes into two
SCFTs — this case is not of interest to us.

The second option — which is the main objective of this paper — is the possibility of
decoupling an entire gauge sector, which then allows for the existence of a UV fixed point.
Geometrically, this means sending the volume of the compact divisors, that engineer this
gauge sector, to infinity — i.e. they are decompactified.



We study the geometries for the single curve with gauge group as well as the non-
minimal conformal matter theories. We also present the CFDs before and after decom-
pactification, which match the expected flavor symmetry enhancements [47]. For the NHCs
we always get the geometry and CFD corresponding in the IR to the 5d gauge theory analog
to the 6d theory in the tensor branch. We also study the possible IR low-energy descriptions
for non-minimal conformal matter theories as predicted by the CFDs. This can contain
interesting strongly coupled matter, leading to the construction of 5d generalized quiver,
which happens when non-perturbative flavor symmetries are gauged.

Finally, we propose a gluing construction, motivated by the structure of the 6d tensor
branch. The insight that gauging is gluing was observed from the point of view of surfaces
in [31]. We propose gluing condition on the local Calabi-Yau geometry, in order to real-
ize higher rank theories, such as non-minimal conformal matter starting with lower rank
building blocks, where we use the 6d tensor branch as a guide for this gluing procedure.
In particular we implement this from the graph theoretic perspective of the CFDs, and
describe some rules how to glue them. We verify this gluing from geometry, and from the
perspective of the IR gauge theory description. The existence of strongly coupled matter
as well as these gluing procedure resemble the punctured sphere and their combination for
4d N = 2 theories of class S, [48-50].

The present paper is structured as follows: in section 2 we both revise some basics on 5d
SCFTs, gauge theories and M-theory geometry. We furthermore give an in depth analysis
and derivation of the concept of CFDs as flop-invariants. In section 3, we present the general
strategy to get 5d SCFTs given a general 6d SCFTs, which include mass deformation and
the decoupling of a subsector of the theory and complement it with a decompactification
in the M-theory geometry. In section 4, we list the CFDs for non-Higgsable clusters,
before and after decompactification. In section 5 we present the CFDs and geometries
for non-minimal conformal matter, and discuss various, dual low-energy descriptions that
are motivated by the CFDs. In section 6, based on the geometry we propose gluing rules
for CFDs. We conclude in section 7. Appendix A has a summary of all building blocks,
including the tensor branches in 6d, as well as the CFDs in 5d. The remaining appendices
provide details of the geometric computations that underlie the main text, in particular
the derivations of CFDs for NHCs and non-minimal conformal matter theories.

Note added. While we were completing this work, the paper [51] appeared which pro-
poses the decoupling idea from 6d to 5d as well. Our findings are consistent with the
criteria described therein.

2 5d SCFTs, CFDs and all that

In this section we review some basic and crucial aspects of 5d SCFTs and their construc-
tion from M-theory on non-compact Calabi-Yaus with a canonical singularity. We will
then review how these geometries are captured into graphs called combined fiber diagrams
(CFD), which encode the superconformal flavor symmetry, as well as information on the
BPS states.



2.1 5d SCFTs and gauge theories

5d SCFTs are always strongly coupled and do not have a Lagrangian description at all
energy scales. However, they allow for effective descriptions at low energies. For instance,
mass deformations of SCFTs with

/d%go O(x) = % &z Tr (F'F,) , (2.1)

9ym

lead to effective gauge theories at low energies. This implies that we can write an effective
Lagrangian in the IR, [1, 4, 22, 25, 26, 28]. The content of fields consists of vector multiplets
and matter hypermultiplets. The vector multiplet is in the adjoint representation of the
semi-simple gauge group

Gange = H G e (2.2)

Note that this allows for quiver gauge theories. Here r = Y. r; is the rank with r; the ranks
of the simple factor. Every vector multiplet corresponding to G}’ contains a real scalars
that can take vev in the Cartan of the gauge group. This defines the Coulomb branch of
the Ggauge gauge theory

C={¢r €R"| <<z5, ) > 0 for all 5, I}, (2.3)
( 1)

are the positive simple roots of G’ 7
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where o ;
The dynamics of the gauge theory on the Coulomb branch is parametrized by a real,
one-loop exact prepotential
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where dg.g = %trfund (Ti(l) (T]( )T(I) + T(I)T(I))) C’i(jl) is the Cartan matrix and Wg; are
the weights of a representation Rge) of the gauge group Gj. Moreover, oy; = 1 if there is
a hypermultiplet connecting two gauge groups, it vanishes otherwise.

Evidence for the existence of a UV fixed point are provided if there exist a point
in the physical Coulomb branch such that VI, g{, y — 00, where the physical Coulomb
branch is defined by the subregions of C with positive definite metric and magnetic string

tensions [28]:

2
GE}U) = &jl;;] >0
oF J (2.5)
Ti(l) 6¢Z 0.



A 5d SCFT can have many IR gauge theory descriptions, which are dual in the UV,
meaning that they have the same UV fixed point. For this reason, the gauge redundancies
apart from providing information about the Coulomb branch of the theory, they are not
enough to specify the UV fixed points completely. At the SCFT point one can describe
the theory in terms of operators, correlation functions and states, which are specified by
quantum numbers. An important factor is, in fact, given by the flavor symmetry, which
in the UV is different from the one observed in the IR. For instance, from a gauge theory
perspective there can be a flavor symmetry rotating the hypermultiplets with an associated
current J}fd, transforming in the adjoint representation of Gg_,. In addition, there is a U(1)
topological current in 5d defined by,

1

From the gauge theory point of view there are massive non-perturbative states (like in-
stanton particles), but they become massless at the UV fixed point. Moreover, when they
are generically charged under the classical flavor current as well as the topological U(1)p,
it happens that these symmetries mix quantum mechanically, leading to enhanced flavor
symmetry at strong coupling [6, 12].

2.2 5d SCFTs from M-theory

M-theory on a non-compact Calabi-Yau threefold provides a geometric framework to model
the Coulomb branch and UV fixed points of 5d theories. For instance, it allows to track
the theory from the IR effective description in the Coulomb branch up to the fixed point
in the UV. The SCFT corresponds to the singular point (canonical singularity), and the
Coulomb branches is given by its crepant resolutions [2, 3, 22, 25, 26, 29], The resolution
introduces compact surfaces

S=Js, (2.7)
=1

which supply (1,1) forms that model the Cartans of the gauge group. In particular r
is the rank of Ggauge- These surfaces intersect along curves S; - S; = Cj;, and they can
also intersect with non-compact divisors D, - S; = Ci,. Weakly coupled gauge theory
descriptions exist, if the reducible surface S admits a ruling, i.e. admit a f; = P! fibration
over a collection of genus g curves. In particular, if the surfaces intersect along section of
these ruling such that they form a Dynkin diagram of Ggauge, they will define the Coulomb
branch of the gauge theory in the following way

1. The Cartan of the gauge symmetry is given by expanding the 3-form potential, C3 =
> %(1,1) A A where the (1,1)-form wz(l’l) is the Poincaré dual of S;, and A’ are U(1)
gauge potentials.

2. The W-bosons are given by M2-branes wrapping the generic fiber of the ruling f;,
whose self intersection are f;-g, f; =0 and 5; - f; = —2.

3. The matter is given instead by M2-branes wrapping fibral O(—1) @ O(—1) curves.



In this way S can then collapse to a curve of singularities of the type of Ggauge type, and
we notice that in this limit all these gauge theory states become massless.

Another situation is given if the surfaces are still ruled, but some of them intersect
at special fibers instead of sections. For example, we could have S; - S; C f;, f;. In this
case the geometry collapses to multiple intersecting curves of singularities, and realizes a
5d quiver gauge theories, where the matter transforming in two connected gauge groups
G x Gy comes from M2-branes (antibranes) wrapping fibral O(—1) @ O(—1) curves, which
intersect the curve S; - S; between the two surfaces. If there is no consistent assignment
of ruling and section curves that apply to all S; - S, the theory does not have a gauge
description. In such instances, there can however still exist a low energy effective theory
specified by some generalization of quivers, we will discuss this situation for example in
section 5.4.

The geometric prepotential is computed from the triple intersection numbers
cije = S; - S5 - Sp in the Calabi-Yau threefold

Jrgeo = Ecijf(yb ¢]¢£’ (28)

where ¢’ are the Kihler parameter dual to the compact divisors S;. This matches the cubic
terms in the Coulomb branch parameters of the gauge theory prepotential, if the resolution
realizes the ruling that corresponds to the effective gauge theory description. In general
the extended Kahler cone of the Calabi-Yau, including also the Kahler parameters of the
of the curves S D, associated to the mass parameters my of the gauge theory, corresponds
to the extended Coulomb branch K(¢?, my). The slices at fixed m s, K(¢',mf)|fixed my, are
identified with the Coulomb branch.

2.3 5d SCFTs from 6d and flavor symmetries

An alternative, though closely related approach to studying 5d SCFTs, is to compactify
6d (1,0) theories on a circle with holonomies in the flavor symmetry turned on; these
correspond to mass deformations in 5d. The 6d theories can be engineered from elliptic
Calabi-Yau compactifications in F-theory, and the associated 5d theories are constructed
using M-theory /F-theory duality.

Usually a standard circle compactification of a 6d theory leads to a KK-theory, which
UV completes back in 6d. These KK-theory can sometimes have marginal gauge theory
description in the IR [28], where marginal means that the metric of the Coulomb branch
is positive semi-definite, see also [52, 53]. Mass deformations of these marginal theories
lead to a tree of descendant theories, which in the UV complete to 5d SCFTs. The mass
deformations can be of two types:

1. Decoupling a matter hypermultiplet:

Field-theoretically this is giving mass to a hypermultiplet that is charged under the
flavor symmetry and sending the mass to infinity. In the M-theory geometry, this
corresponds to a flop of an O(—1) & O(—1) curve C, which is flopped out of the
reducible surface S. In the singular limit, when vol(S) — 0, the state obtained by an
M2-brane wrapping C' decouples.



2. Decoupling of a gauge sector:

One can also decouple an entire sector of the theory, such as a gauge vector multiplet.
In the geometry, this corresponds to the decompactification, vol(Sx) — oo, of some
of the compact surface components S C S, thereby sending the associated gauge
couplings to zero.

Both of these are key in the construction of 5d SCFTs from 6d, and will be important in
the comprehensive study of all 5d theories obtained in this way. We will give a detailed
discussion of these in section 3.

In 6d the flavor symmetries are encoded in the Kodaira singular fiber type over non-
compact curves in the base By of the elliptic Calabi-Yau threefold Y3. These flavor sym-
metry generators will be denoted by D; which are ruled surfaces, with fibers ]P’Zl, intersect
in the affine Dynkin diagram of the flavor symmetry group. M-theory on the resolved
Calabi-Yau threefold results in 5d gauge theories on the Coulomb branch. The compact
surfaces that arise in this resolution, & = US}) correspond to the Cartans of the gauge
group. The flavor curves that are contained in S (i.e. they are fibral curves D; - S) deter-
mine the flavor symmetry at the UV fixed point [1, 25]: in the limit vol(S) — 0 the states
charged under the corresponding flavor symmetry become massless. In the next subsection
we will review the geometric/graph theoretic tool, the CFD introduced in [1-3], to track
these flavor symmetries in the process of decoupling hypermultiplets.

2.4 CFDs and BG-CFDs

We now summarize and extend the definition of CFDs and BG-CFDs introduced in [1-3].
We associated to each 5d SCFT a graph, the combined fiber diagram (CFD), which encodes
the flavor symmetry of the UV fixed point as well as the BPS states. Each CFD is an
undirected, marked graph, where each vertex C, has two integer labels (n,g): the self-
intersection number C? = n and genus g. Two vertices C, and Cp are connected with
Co - Cg = mqp edges.
Depending on the values of n and g, the vertices can be divided into the following

types:
(V1) (n,g) = (=2,0)

The vertex is marked (in green), and it corresponds to a Cartan node of the non-

Abelian part of superconformal flavor symmetry Gp.

(V2) (n,9) =(=2p,—(p—1)), p>1
This vertex can be thought as a combination of p disconnected (n,g9) = (—2,0)
vertices, which also contributes to the non-Abelian part of Gg. It is hence a marked
(green) vertex as well. This type of vertex only appears as the short root of a non-
simply laced Lie algebra Hp, which is a subalgebra Hr C Gp.

(V3) (n,g) = (=1,0)
This vertex is considered as the “extremal vertex” that generates a CFD transition,
as we introduce it shortly after. It is unmarked and does not contribute to the
non-Abelian part of Gp.



(V4) (n,g) = (-p,—(p— 1)), p>1
This vertex is a combination of p disconnected (n,g) = (—1,0) vertices, which is
unmarked. In the CFD transition, these p vertices need to be removed together.

(V5) All the other cases:

For other values of (n, g), these vertices are unmarked and they do not contribute to
the non-Abelian part of Gp. Nonetheless, they still could generate the Abelian part
and G and should be drawn in the figure. Note that certain combinations of (n,g)
are forbidden, such as the cases with n < —2, g = 0.

In the M-theory geometry picture, an unmarked vertex C,, with (n,g) = (—1,0) can be
thought as a complex curve with normal bundle O(—1) @ O(—1). The BPS state from M2-
branes wrapping C,, is a 5d massive hypermultiplet in the Coulomb branch of IR gauge
theory. Removing such a vertex will correspond to decoupling a hypermultiplet in the
gauge theory. In the CFD language, this operation generates a “CFD transition” with the

following modifications on the graph.
CFD transition after removing a vertex C, with (n,g) = (—1,0).

1. VCps with (ng, gg) and map > 0, the (0, ¢') of Cé in the new CFD are:

an =ng+ miﬁ

95 =9p + 5

2. VC3,C, (B # ) with mag > 0, mqay > 0, in the new CFD, the number of edges
between Cj and C7, is:

Mg, = Mgy + MapMar - (2.10)

On the other hand, a vertex C, with (n,g9) = (—p,—(p — 1)) (p > 1) can be thought

as p complex curves with normal bundle O(—1) & O(—1), which are homologous in the

Calabi-Yau threefold and needs to be removed simultaneously. After the CFD transition

generated by removing C,, the graph is modified as:
CFD transition after removing a vertex C, with (n,g) = (—p, —(p — 1)).

1. VCp with (ng, g3) and mag = pm > 0, where m € Z*, the (n,¢’) of C’é in the new
CFD are:
ns = ng + pm®
m2 —m (2.11)

Go =95+ —5—

2. YOy with (ng, gg) and p{ mag, the (n/,g’) of Clﬁ in the new CFD are:

nf =ng+mis
i (2.12)

g5 =95+ 5



3. VCs,C, (B # ) with mag > 0, may > 0, in the new CFD, the number of edges
between Cé and C7 is:
m,’&Y = MGy + MapMar - (2.13)

For the 5d KK-theory, obtained by circle-reduction of a given 6d (1,0) SCFT, we define
an associated marginal CFD, which often contains green vertices that form Dynkin dia-
grams of affine Lie algebras. For this marginal CFD, we can construct the CFD transitions
in all possible ways, which generates all the 5d SCFT descendants from the KK theory.

More generally, the non-Abelian part of Gr can be clearly read off from the sub-
diagram of marked (green) vertices of a CFD. The intersection matrix between the vertices
C,, is exactly the symmetrized Cartan matrix

2<C¥, Oé>max<a0m aﬁ)
(o, aa)(ap, agp)

where the as are the roots of the Lie algebra. For non-simply laced Lie algebra factor Hp,

Mag = — (2.14)

the short roots correspond to vertices with (n,g) = (—2p, —(p — 1)), where the integer p is
the ratio between the length of the long roots and the length of the short roots.

For a given 5d SCF'T, the CFD is not necessarily uniquely determined. There are two
possible ways to get equivalent CFDs, where equivalence here means, the CFD describes the
same SCFT. Here we specify this as the same theories including the full set of BPS states:

1. Adding vertices into the CFD that are linear combinations of the existing ones:

In the CFD, one can always add more copies C of the existing vertex C,, which are
connected with m, o = n, edges. The resulting CFD is trivially equivalent to the
original one, but this procedure is useful in the gluing construction that we discuss

in section 6.

More generally, one can add linear combination of vertices

k
Co=)_asCa, (2.15)
a=1

where a, are non-negative integer coefficients, to the graph, which do not change
the flavor symmetry or transitions. The values of (7., g«) and number of edges with
other vertices are

k 2 k k
Ny = (Z aaC’a> = Z aina +2 Z Z AaagMag
a=1 a=1

a=1p<a
_ Zi:l aa(2ga —2— na) + Tx (216)
g« =1+ 5
My,q = AN T Z agmag
B#a

The detailed criterion and derivation of these formula will be discussed in the next
section. The main constraint is that the vertices of type (V1)-(V4) that can be added
cannot change the flavor symmetry or transitions.



2. Two CFDs with different marked subgraphs, but same Gpg:

In this case, the sub-diagram of marked vertices are different in the two CFDs, but
after inclusing of BPS states from the (n,g) = (—1,0) and (n,g) = (—p, —(p—1)) ver-
tices, one can combined them into non-trivial representations of a larger Lie algebra.
Detailed examples will be presented in the CFD building block section of appendix A.
This geometrically means that we have chosen two different complex structures of
US;, resulting in two different looking CFDs. Note that there can be multiple such
distinct realizations, e.g. for the rank 1 theories there are CFDs with manifest FEg,
(E7 x SU(2))/Za, (Eg x SU(3))/Za, (SO(8) x SO(8))/Z4 flavor symmetries, [54-56].
These geometries correspond to different choices of complex structure on generalized
del Pezzo singularities, which however collapse to the same SCFT.

Finally, we introduce the way of reading off IR classical flavor symmetry G%l from the
CFD, which leads to constraints on the IR gauge theory descriptions. We define a set of
graphs, the box graph combined fiber diagram (BG-CFD), in table 1. These were introduced
in order to characterize the IR descriptions using box graphs [57], which succinctly charac-
terize the Coulomb branch of 5d gauge theories. If k of these BG-CFDs with Ggauge,i and
Gp,i (i=1,...,k) can be embedded in the CFD without connected to each other, then
the IR gauge theory can have gauge factors Hle Ggauge,i With classical flavor symmetry
[Ti G5y

Note that the gauge groups are not fixed in this procedure, but they are constrained
with the information of the total flavor rank and gauge rank, see [3].

2.5 CFDs from geometry as flop-invariants

In this section, we present a systematic way of deriving the CFD of a 5d SCF'T from the
Calabi-Yau threefold geometry introduced in section 2.2.

The complex curves on the surfaces include the intersection curves S; - S; (i # j)
between different compact surfaces and the intersection curves C;, = 5; - D, with a non-
compact surface D, in Y3. In the CFD, each node C,, is essentially a linear combination of
Ciq on each S;, and we want to read off the labels (n, g) of C,, directly from the geometry.
In [2, 3], the correspondence between resolution geometry and CFDs is developed only for
compactifications of some classes of very Higgsable (VH) 6d theories, focusing on minimal
conformal matter, i.e. collisions of codimension one singularities at a smooth point in the
base. We will generalize this in the present paper to include non-very Higgsable (NVH)
theories, in particular non-minimal conformal matter theories, for which we now define
CFDs more generally. This will be consistent with the previous cases, but generalizes it
substantially.

The idea is that the CFD should capture the geometric invariants under flop among
different compact surface components S; C §. This definition is motivated through the fact
that such flops do not change the 5d SCF'T fixed point, and only correspond to different
gauge theory Coulomb branch phases, with the same UV fixed point. Therefore, CFDs,
which are defined to capture the properties of the SCFTs, should be invariant under such
geometric operations. For all curves D, - S;, we need to introduce a multiplicity factor &; o,
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Ggauge With NgR G BG-CFD

SU(N > 3) + NgF

SU(N > 5) + NRAS 0@e0—000
U(Ng) ——
SU(N > 3) + NrSym N1
E¢ + Nr27

Sp(N > 1) + NgF,

SO(2N
E;+ Npb56,Np € N ( R) |
Ngr € Ny

NR-2
E7 + NRr56, oo 0—0 090
SO(2Ng + 1
NR e N+ % ( R ) = T -
2Ny
Sp(N >2) + NrAS oo0—0 09
SO(N >5) + NgV N1
SU(4) + NrAS Sp(Nr) — 1 a0
Ga + NRT oo e e
Fy+ Nr26

Table 1. The list of BG-CFDs with the gauge theory descriptions and classical flavor symmetry
Gp.,. The grey vertices denote (n,g) = (—1,0) vertices in the CFD that can be removed via
a CFD transition. In the Sp(Ng) case, the two BG-CFDs are equivalent in the sense that the
intersection matrices are rescaled by a factor of two. Note that the grey node in the BG-CFD with
(n,g) = (—4, —1) vertices should be a type (V4) vertex with (n,g) = (=2, —1).

such that the normal bundle of the curve

T
Co=Y &aDa-Si (2.17)
i=1

is invariant under such flops. Then the label (n, g) of the corresponding vertex in the CFD

is given by

T
No =Y &alDa)’ - S (2.18)
i=1
1 T T 2
go =1+ z;fm(Da)z - S;+ Dy - (2 gi,asi> : (2.19)
1= 1=
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With this multiplicity factor, the number of edges between two vertices in the CFD is

,
Mo = &iaDaDs-Si. (2.20)
i=1

In this formula, it is assumed that the two curves D, - S; and Dg - S; have the same
multiplicity factor if they intersect each other on S;. Note however that in certain cases
there can be subtleties as we will discuss later in the rank 2 E-string example.

Similarly, to properly define the linear combination of vertices Cy, (o = 1,..., k) in the
CFD defined in (2.15)

k
Co =) a.Ca
a=1

k r
= Z Z gi,aaaDa -5 s

a=1i=1

(2.21)

one of the following two conditions need to be satisfied for a particular flopped geometry,
and the formula (2.16) hold:

1. All the multiplicity factors & o are the same if a,.S; - D, is non-zero in the second
line of (2.21). If this is the case, then

k r
C, = (Z gi,aaaDa> : (Z SZ») : (2.22)

which is in the form of a complete intersection curve.

2. All the curve components D, -S; in (2.21) lie on the same surface S;. If this happens,
then

k
C, = <Z gj,aaaDa> -85, (2.23)
a=1

which is also in the form of a complete intersection curve.

To define the multiplicity factors, we first study the curve components D, - S; with
normal bundle O(—1) & O(—1), which intersects other Sjs at one or more points. As an
example, consider the geometric configuration in the figure 1, where the curve D; - S3
intersects both S7 and S,. After the curve Dy - S3 is shrunk, both S; and S5 are blown up
at one point, and the curves D; - S} and D; - S}, will have normal bundle O(—1) @ O(—1).
As we can see, if we define the multiplicity factors £31 = 2, {1, = & ; = 1, where the
notation with “/” denotes the quantities after the flop, then the linear combination (2.18)
is invariant.

For more general cases, in principle one needs to perform a sequence of flops | J;_; S; —
Ui_, S/ among the compact surface components, such that all the curve components Dy, - S;
for a fixed a only intersect other S} at one or zero points. From the perspective of the
non-compact surface D, this corresponds to a blow down sequence of D, which terminates
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Figure 1. The flop operation on an example with D?-S3 = —1, D;-S;-S3 = 1 and D;-S5-S3 = 1.
In the picture, each line segment denotes an intersection curve S - S’, and the integer label on the
side of S (or S') is the triple intersection number S - (S")? (or S’ - S?). After shrinking the curve
Dy - Ss, the surface geometry of Dy and S; has a conifold singularity. Then after blowing up S; and
Sy, the geometry will become the D} and S/, which is the flopped geometry of the original one.

when D, cannot be blown down, or all the O(—1) & O(—1) curves D, - S} only intersect
another S} at one point.

In this “terminated” geometry, all the multiplicity factors & , for S; - Dy would be
trivially one. Then the multiplicity factor &; o of the original curve D, -S; can be counted as:

Sia = Y [=(Da)*- 5+ (Da)* - Si). (2.24)
J#
An equivalent simple way to read off the multiplicity factors is to consider the collapse of
the following sequence of curves:

5171 o ) 5172,04 ) §pq,a )
(Do 52,) = (Do~ 82,) = -+ — (Do - 52)
!
: (2.25)
1
1 1 1
(Da : 51/92'1) - (Da : Sgé) - (Da : Sg;,)

We put the self-intersection number of curves in the brackets and the multiplicity factors
over them. In the terminated geometry on the bottom line of (2.25), we assign trivial
multiplicity factor one to all of the curves. We conjecture that such a terminated geometry
always exists and it would be interesting to develop the algebraic geometry associated to
this problem. We have shown the existence in all the theories that have been studied in
this paper. Then when we go up (blow up D, ), the multiplicity of the old curves remain
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the same, while the multiplicity of the new exceptional (—1)-curve is given the sum of the
two multiplicity factors on each side. After repeating the procedure, we can get all the
multiplicity factors in the original geometry. The procedure can be easily generalized to
non-toric D, as well, where the multiplicity of the new exceptional (—1)-curve is given the
sum of the multiplicity factors on all the old curves that intersect the new (—1)-curve.

In fact, it can be shown that the quantities (2.18) and (2.19) are invariant under the
operation (2.25). For the example in figure 1, this sequence is

I (2.26)

We can see that the multiplicity of the middle curve D; - S3 on S5 is indeed two.

If initially we already have

Y Dy-Si-Sj=1, (2.27)
J#i

then we can still construct such a flop, where D,, - S; is flopped into another S;-. Then from
the formula (2.24), we can compute &; o = 1, which corresponds to the trivial case.

From the procedure (2.25), actually we have determined the multiplicity factors of
some O @ O(—2) curves as well. For the other curve D, - S; with normal bundle that is
not O(—1) @ O(—1), if it intersects another curve Dg - S; with a well defined multiplicity
factor & g on S;, then we define §; o = §; 3. This is called “neighbor principle” in the later
references. If this does not happen, then we simply take & o = 1.

Finally, for a curve D, -S; with normal bundle O(—1) ® O(—1) that does not intersect
another S;, one can directly flop it out of | J;_, S; and that corresponds to a CFD transition.
Its multiplicity &; o equals to a previously defined &; g if S; - Do - Dg > 0, unless there are
two different &; g # &, where S;- Do - Dg, S;- Do - Dy > 0. If the latter situation happens,
then &; o is not uniquely defined. We will discuss this situation in the rank-two E-string
example latter.

To illustrate this general framework, we consider two, somewhat more complicated
examples:

Example 1: if Vj # i, Do -S;-S5; < 1. Infigure 2, we show a non-compact surface Dy
with four compact surfaces 5;, S1, S2 and S3. In the first flop, we shrink the curve Dy - S;
and blow up the surface Sy, Sa. After this flop, Dy - S still intersects S} and S%, hence we
need to further shrink the curve D; - S} and blow up the surface S7, S5. Finally, on the
surface components S, all the multiplicity factors associated to D; equal to one, and we
can see that D should correspond to a vertex with n(D;) = —2. From (2.24) applied with
S, we can see that the correct multiplicity factor of D - S; on the original surface S; is
&1 = 3, and the multiplicity factor of Dy - S on S is §5, = 2.
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Figure 2. The necessary flop operations to determine the multiplicity factor &; i of the non-
compact surface D; on S;. The procedure includes two conifold transitions, where we do not draw
the singular geometry explicitly.

We can also apply the procedure (2.25), which explicitly generates the correct multi-
plicity factors:

(=2) = (=1) = (=2) = (=3)
1
(_11) _ (_21) _ (_13) (2.28)
1

Example 2: if 3j # i, (Da)?+S; = Do - (S;)? = —1 and D, - S; - S; > 1. In this
case, the shrinking of D, - S; will change the genus of the compact intersection curve S;-S;.
In [29], it was shown that such genus changing transition involves changing the complex
structure moduli of the surfaces. For example, if one wants to transform a genus-one curve
S;-S; into a genus-zero curve, then one needs to first take the singular limit of S;-S; where
the torus is pinched at a point and then blow up that double point singularity. Nonetheless,
it is still possible to define invariant quantities n, under this kind of geometric transition.

For example, see the resolution geometries of (Eg, SU(2)) conformal matter (rank-two
E-string) in figure 3, which was discussed in [2]. The non-compact divisors DZES and DiS @
correspond to the Cartan divisors of the affine Fg and affine SU(2) respectively. On Sa, the
O(—1) ® O(-1) curve D?U@) - Sy intersects Sp at two points. After this curve is shrunk,
the geometry is flopped such that the intersection curve Sj - S5 has genus one instead of
zero. On the new geometry, we have S - (DSU(Q))2 = —2. Then from the formula (2.24),

U(2)

we can see that the multiplicity factor of Df -5y on the original geometry equals to two.

In this case, we can also apply the procedure (2.25), keeping in mind that DfU(Q) - 51

is actually a combination of two disjoint O & O(—2) curves. The sequence

1 (2.29)
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(-2)
E8 E8 E8 E8 E8 E8
D3 D4 0O 5 OD6 D?

2) (2) (2 (2 (2

D
(-2)
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-2)  (2)

Sl ) D1E8 DQESOD

3

Figure 3. The flop operation on the resolution geometry of (Es,SU(2)) conformal matter (rank-
two E-string). On each surface component S; (labeled by the letter in the box), each node D,
corresponds to the intersection curve S; - D,. The number besides the node is the intersection
number (D,)? - S;. The genus of such a curve is by default zero unless otherwise labeled. In this
geometry, the intersection curve Sj - Sy has genus-zero. After the flop, the intersection curve S7 - S}
has genus-one.

is exactly the same as (2.26), but the DfU@) - S1 corresponds to the two (—2)-curves on

the first line. On the bottom line, the combination of the two (—1)-curves correspond to
D?U(Q) - 51, which is also O ® O(—2) curve with (DfU(z))2 S = =2, DfU@) (812 =0.

Then we can determine the multiplicity factors of the other curves with normal bundle
O(—1) @ O(—1), that intersects another S;:

§oams =1, §1=1 (2.30)

Note that the curve D, - S} is a combination of two disjoint (—1)-curves. Each of the

U@ and S4 at a single point.

(—1)-curve only intersects D?
For the other curves, the multiplicities can be read off by the neighbor principle, which
all equal to one except for D, - Sy on Sy. D, - Se is a O(—1) @ O(—1) curve connected

@ So with multiplicity two and another curve ng - So with multiplicity

to a curve D?U
one. Hence the multiplicity of such “interpolating curve” is not uniquely defined. Despite

of this subtlety, there are two equivalent ways to present it in the CFD:

1. Draw DfU(Q) as a (n,9) = (—2,0)-node, and the node D, is drawn as a node with
(n,g9) = (—2,-2), or two (—1)-nodes in the same circle (as in the (E7,SO(7)) case
in [3]). In the edge multiplicity formula (2.20), the multiplicity factor &; , is always
taken as that of D?U(Q) and D7ES. Hence the nodes D, and DfU@) are connected with
two edges, while the nodes D, and ng are connected with one edge. After the CFD
transition of removing D, the node DfU(Z) becomes a node with (n,g) = (0,0), but
the node D¥® will become a node with (n,g) = (—1,0).
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2. Draw DfU@) as a marked “green (—1)-vertex’ with (n,g) = (—1,0), but it still

contributes to the non-Abelian flavor symmetry. The node D, is simply drawn as
an unmarked (n,g) = (—1,0) node, which connects both DfU@) and Dfs with one
edge. Then after the CFD transition of removing D,, the node DfU@) becomes a
node with (n,g) = (0,0), and the node D* becomes a node with (n, g) = (—1,0).

The descendant CFDs are exactly the same, no matter which convention is used to compute
them.

3 5d SCFTs from decoupling in 6d

Our goal is to understand 5d SCFTs that descend from S'-compactifications of a general
6d SCFTs. A trivial compactification does not lead to a 5d SCFT, but rather to a KK-
theory [28], which can have many IR descriptions in terms of a marginal gauge theories.
In order to obtain a genuine 5d SCFT in the UV, one usually needs to mass deform the
KK-theory, which corresponds to turning on Wilson lines for the flavor symmetry. For
some 6d SCFT, different choices of mass deformation lead to different 5d SCFT. This,
however, is not always the case and it highly depend on the 6d theory we start with.

A general 6d SCFT can be characterized by the tensor branch, which can be geomet-
rically classified, and is comprised of smaller building blocks — in the geometry these are
curves in the base of the elliptic Calabi-Yau threefold, which intersect in a quiver, that
obeys certain rules [18]. Field-theoretically, this is modeled by constructing higher rank
tensor branches by consistently gauging and adding tensor multiplets.

The same logic can be implemented for the 5d SCFTs obtained by circle compactifi-
cation and deformations. In particular, we start by defining some fundamental building
blocks, which are reduction of 6d SCFTs on S!. We then develop rules how these building
blocks are consistently glued together. We implement this both from the (gauge) effective
field theory prospective as well as using the geometry and CFDs intoduced in [1, 2]. We
note that the theories discussed in [1, 2] form one class of building blocks in 5d, which
descend from 6d conformal matter type theories. In the present paper, we develop the
methodology how to generalize this to an arbitrary 6d theory as a starting point.

3.1 Mass deformations vs. decoupling

It is relevant for our purpose to divide 6d SCFTs in two classes [47, 58, 59]. We give in each
case the field theoretic description, the Calabi-Yau threefold geometry in F-theory, as well
as the tensor branch structure. The latter is characterized by a collection of intersection
rational curves, with self-intersection numbers %2 = (—n). Blowing down (—1) curves
allows moving to the origin of the tensor branch, which transforms their self-intersection
numbers as follows

(—n) = (=1)=(-m) — (—n+1)—(—-m+1). (3.1)

We denote the endpoint of the tensor branch by Behq. The two types of theories in 6d are
distinguished as follows:
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e Very Higgsable Theories (VH Theories):

These are 6d theories which can be Higgsed completely to free hypermultiplets. Geo-
metrically, this means that the non-minimal singularity of the F-theory model occurs
at a smooth point in the base. In terms of the resolved tensor branch geometry (which
is a collection of rational curves in the base of the elliptic Calabi-Yau threefold) we
get the endpoint configuration, which for very Higgsable thoeries is

Bena =10. (3.2)

e non-very Higgsable Theories (NVH Theories):

These are 6d theories which cannot be Higgsed completely, but always have residual
non-trivial 6d SCFTs in the Higgs branch. In F-theory geometry these correspond
to singular elliptic fibrations over an orbifold base C2/T', with ' C U(2) [18], where
the endpoint configuration is

Bend 7é (Z) (33)

3.2 5d SCFTs from very Higgsable theories

A large class of 5d SCFTs arise from the dimensional reduction of VH theories, and mass
deformations. Rank one and two theories are of this type [1-3, 29], and more generally
minimal conformal matter theories, whose descendants and flavor symmetry enhancements
were systematically studied in [1-3].

This approach generates a tree of 5d SCFTs connected by RG-flows triggered by mass
deformations, where the tree originates from the marginal theory, i.e. the 6d SCFT on S!
without Wilson-lines. Most of these SCFTs have at least one IR effective gauge theory
description and the mass deformation corresponds to decoupling an hypermultiplet at a
time by sending their mass, m; — +oo.

From the point of view of M-theory geometry, a 5d SCFT is defined by M-theory on
a Calabi-Yau threefold with a canonical singularity. This implies that the resolution is
given by a collection of intersecting compact surfaces, which collapse to a point at the UV
fixed point. Starting with the marginal theory, on an S' results in a 5d theory with an
additional KK-U(1). To get a theory that UV completes in 5d, we first need to mass deform
the U(1)-KK. In the geometry this means we need to flop the (—1)-curve that corresponds
to the states charged under the affine node of the 6d flavor symmetry. Once the curve is
flopped one needs to decouple the states associated to the wrapped M2-branes. This is
done by sending its volume to infinity, which means that in the geometry the 72-fiber has
now infinite volume.

3.3 5d SCFTs from non-very Higgsable theories

If the starting point is a NVH 6d SCFT, one needs to do something more drastic in order
to actually get a 5d SCFT. In fact, the circle reduction in the Higgs branch gives a 5d
SCFT coupled to an extra sector, which is usually an extra gauge vector multiplet [47].
Since, the Higgs branch moduli space does not mix with the Coulomb branch in 5d, one

~ 18 —



can turn off the Higgs branch vevs, without decoupling the gauge theory. At the origin of
the Higgs and Coulomb branch the resultant KK-theory will be a 5d SCFT non-trivially
coupled to a gauge theory [47]. In this cases we will encounter the following situation

Te = 8M(G)/a, (3.4)

where the 5d SCFT S°¢ whose flavor symmetry is (or contains) G, is modded out by gauge
group G redundancies, or in other words, part of its flavor symmetry is gauged. Let us
assume that the effective gauge theory of S°? has a quiver gauge theory effective description
at low energies, which is indeed usually given by the 6d quiver theory in the tensor branch
S5 = G§6d) X ... X Gng) X ... X Gigﬁi((}) (where GEGd) can also be trivial). S°? couples to
the extra gauge theory with gauge group G, and we can explicitly illustrate this coupling
in terms of an effective Lagrangian

1 . . . 1 . . 4
Leg D (4<I>ZTr(F] N*FT) 4 L ATTH(FY A FJ)) , (3.5)

where (®' = 2Ry}, A" = 21 Ra’) are the Coulomb branch parameters and U(1) Cartan
gauge vector fields for the gauge theory with gauge group G, and R is the radius of S'. In
particular, gpéd correspond to the tensor branch scalars of the 6d theory, and a; = [, g1 B
where B* are the two-form fields of the 6d tensor multiplets. Finally the pairing £2;; € Z
is the Dirac pairing on the string charges lattice and the (anti) self-dual tensors lattice of
the 6d theory [60]. We can notice that this extra gauge theory couples to the kinetic terms
of the quiver gauge theory, as well as non-perturbatively to their U(1)r (GZ(-Gd)) currents.
Moreover, the gauge coupling is

872 1

—5 =5 (3.6)

9a R
The couplings of the quiver theory and the extra gauge theory have different dependence
in terms of the S! radius, gé ~ R and g? ~ R~!. The 5d limit consists of sending R — 0,
and in this limit we conclude that the extra G gauge theory and the coupled quiver cannot
have a common strongly coupled regime. This implies that, in order to obtain a 5d SCFT
we need to isolate S°? and decouple the extra gauge theory with gauge group G.

NVH 6d SCFTs are geometrically constructed from F-theory on a non-compact singu-
lar elliptically fibered Calabi-Yau threefold, where the base is itself an orbifold singularity.
In order to get 5d SCFT's from the circle compactification of these 6d theories we have two
possible geometric transitions:

e The only situation we encounter in where we can flop out a curve is when two compact
surfaces intersect in a curve with O(1) & O(—1) normal bundle, i.e.

S1-S,=0C, C?g, =C?s, = —1. (3.7)

In this case the resulting geometric transition and decompactification of that curve
leads to two disconnected, reducible surface components, and thus a reducible SCFT.
Field theoretically this procedure corresponds to a mass deformation, which from 5d
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SCFT or KK-theory leads to multiple factorized 5d SCFTs. In terms of effective
gauge theory, it correspond to a bifundamental hypermultiplet getting decoupled.
This case is in fact excluded on purpose in the description of CFDs, since we do not
allow the factorization into lower rank 5d SCFTs after a CFD transition as these are
expected not to result in new lower rank SCFTs.

e The second possibility corresponds to decoupling the extra gauge theory, and this is
achieved by a decompactification limit of the compact surfaces

Si i €sq, |sq| = rank(G), (3.8)

which are dual to the Cartans of the extra gauge group G that needs to be decou-
pled. In particular this decompactification retains a compact part of the theory, in
particular taking vol(S;es,) — oo whilst keeping the volume of all other compact
surfaces in S finite, a necessary condition is that the curves S; - S; for i € sg and any
J ¢ s¢ remain at finite volume. This in particular requires potentially flopping curves
before decoupling the surfaces. In the cases we analyze, the limit vol(S;es,) — 00 in
M-theory corresponds to sending the T fiber to infinite volume, [23, 61]. This can
be seen via M/F-theory duality (circle reduction and T-duality), where the radius
of the compactification to 5d, R, is mapped to the inverse radius of one of the two
circles of the T?-fiber in M-theory. Therefore the honest 5d limit is when the T?-fiber
has infinite volume.

An example of these theories are Non-Higgsable Clusters (NHCs), and these two possible
geometric operations in order to get 5d SCFTs were discussed in [23]. More generally, we
also discuss non-minimal conformal matter theories in detail in this paper.

This decoupling/decompactification process will be one of the main foci of this paper,
and before describing these geometric operations in many examples, we briefly illustrate
what happens in terms of the effective IR field theories for cases, where the theory is very
Higgsable to 6d (2,0) SCFTs.

3.4 Non-minimal conformal matter

An illustrative class of theories Higgsable to 6d (2,0) SCFTs is provided by non-minimal 6d
conformal matter theories. They are defined as N M5 branes probing an ADE singularity
C2?/Tq. Their circle compactification leads to KK-theories which UV complete into the 6d
SCFT they originate from. At low-energy they admit an effective gauge theory in terms
of the quivers in table 2.

Note that for A,,_;, the first and last SU(N) are connected via a hypermultiplet,
resulting in a circular quiver with n nodes. The rank of the classical flavor symmetries,
which is obtained by counting the baryonic and topological U(1)s, matches the dimension
of the following 6d flavor groups

Apr: G = S(U(n) x U(n))
D, : G¥ =80(2n) x SO(2n) (3.9)
E,: G¥ =E,xE, n=6,78,
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G Quiver
An—1 //SU(N)—...—SU(N)—...—SU(N)//
SU(N) SU(N)
| |
Dy~3 SU(N) — SU(2N) —SU(2N) — ... —SU(2N) — SU(2N) — SU(N)
n—3
SU(N)
|
SU(2N)
|
Es SU(N) —SU(2N) — SU(BN) —SU(2N) — SU(N)
SU(2N)
|
E; | SU(N)—-SU((2N)—-SU(3N) — SU(4N) —SU(BN) — SU(2N) — SU(N)
SU(3N)
Eg | SU(N)—SU(2N) — SU(3N) — SU(4N) — SU(5N) — SU(|6N) — SU(4N) — SU(2N)

Table 2. The 5d affine quiver gauge theory descriptions of the KK reductions of the non-minimal
conformal matter theories of N M5-branes probing C?/I's.

where the dimension of the flavor groups is given by the total number of nodes of the
Dynkin diagrams respectively, plus an extra node which can be interpreted as a shared
affine extension of the flavor symmetry algebras. This is consistent with the fact that they
uplift to 6d in the UV. Moreover, the group structure of the flavor symmetries (3.9) is
actually given by modding out a common diagonal center symmetry, [54-56]. This can be
seen in 5d from the spectrum of BPS states, in particular, by analyzing the representation
content with respect to the flavor symmetry corresponding to (3.9). As already anticipated,
a useful tool to study the BPS states can be provided by the CFDs, which encode the flavor
symmetries of the SCFTs. The CFDs for these KK-theories are given in tables 5 and 6
(the same applies for minimal conformal matter theories [3]). These diagrams have some
(discrete) symmetries. We argue that these are redundancies, and therefore they must be
modded out also when studying the BPS state. In fact the action of these symmetries has
been already modded out in order to understand some other physical properties such as
the trees of descendant theories after mass deformations [1, 3]. This reflects the global
structures of the flavor symmetry groups for conformal matter predicted in [54-56, 62].
We can first notice that these theories have only bifundamental matter charged under
the gauge groups, and they do not have any flavor matter. As already anticipated, by giving
mass to these the quiver will factorize into subquivers, which might lead to fixed points.
The second, more interesting prospect is to decouple the extra gauge theory, as first
proposed in [47]. These KK-theories consist of 5d SCFTs coupled to a 5d N/ =1 SU(N)
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gauge theory. From the point of view of the classical gauge theories mentioned above, the
difference now is that the SU(N) gauge node corresponding to the affine becomes a flavor
group. The theories are summarized in table 3.

The dimension of the flavor symmetries is given by the number of nodes of the Dynkin
diagrams, consistently with the fact that these theory leads to 5d SCFTs in the UV.

Once we have decoupled the extra SU(N) gauge theory, a low energy alternative de-
scription of these theories is the given by the 5d analog of the partial tensor branch quivers
in 6d,

G -cteT . TaTq, (3.10)
where G is of ADE type, and cm stands for the circle compactification of the conformal
matter, where a G or a G x GG subgroup of the superconformal flavor symmetry has been
gauged. In particular, for the G x G gauging, if we assume that the matter has a weakly
coupled gauge theory description, we have a contradiction. That is, if there exists a gauge
theory, the compact surfaces describing this generalized matter are ruled, but not all the
G x G generator curves are fibers of this ruling. In particular, one of them corresponds
to the topological U(1), and it is a section. Field theoretically, it means that the non-
perturbative symmetry U(1)7 is gauged, which implies that there is no weakly coupled
matter charged under the hypothetical gauge groups. However, this is very analogous to
what happens between gluing by tubes of sphere with punctures of 4d N/ = 2 Gaiotto
theories [49].

We have seen that the decoupling of the SU(NNV) vector leads to a 5d SCFT with at least
two effective descriptions, which might not be always weakly coupled. Geometrically, this
is realized by decompactification of N — 1 divisors of the KK-geometry. A very important
point is that if we have a resolution geometry with a ruling of the affine quiver theory
in table 2, we can immediately identify the N — 1 surfaces responsible for the SU(N)
gauge enhancement, i.e. the affine SU(/V) node. However, we also need to make sure that
the U(1)zy, ., associated to the SU(IV) gauge theory is decoupled from the 5d SCFT.
Geometrically, this can require to flop O(—1) @ O(—1) curves before decompactification of
the N —1 surfaces. Indeed, U(1)1y;y,
and the additional flops make sure that U(1)7 decouples in the decompactification process.

is related to the affine node in the elliptic fibration,

This breaks the affine structure of the flavor symmetry, and the resulting theory no longer
UV-completes to a 6d SCFT.

Keeping track of these operations is very important in order to define a good geometry
where all the surfaces are shrinkable to a point. Moreover it will allow us to write a CFD
for the decompactified geometry, and study its descendant automatically.

4 CFDs for NHCs

Non-Higgsable clusters (NHCs) are an example of NVH theories and they are key build-
ing blocks for 6d SCFTs. We now discuss their counterpart in the reduction to 5d and
determine the associated CFDs, implementing the decoupling philosophy.

- 29 —



‘PG Ul AI}oWWIAS IOARY [RULIOjuodIddNs
Uy se [om se ‘Surdnooop Iejye pourelqo ore jey) swAMmb oyj ojemqe) oA\ Apremsuls O /.0 e soURIG-GIN N 10j 193RI\ [RULIOJUO)) ‘g O[qRL,

(N)NS x 87 x 87 (N2)NS — (NF)NS — (N9)NS — (N9)NS — (NF)AS — (Ne)nS — (Ne)ns — [(N)as] | 87
7
(NE)NS
(N)NS X 47 % 4 (N)NS — (Ne)ns — (Ne)ns — (NP)NS — (Ne)NS — (Ne)ns — [(N)Ns] 4y
_
(NT)QS
(N)NS X 957 x 9 (W)ns — (N2)ns — (Ne)ns — (ve)ns — [(N)ns] 9%
_
(NT)QS
_
(N)NS
e—u
(N)QS x (ug)0Ss x (ug)OS ‘(NS — (N2)ns — (N2)ns — = (N2)ns — (N2)ns — [(A)NS] e<uq
_ _
(N)NS (N)NS
T—u
(A0 x (N)N)S x ((w)n x (w)n)s (NSl — (N)ns = = (w)ns— = (N)ns — [(n)ns] 1ty
Q%U IoAatn(?) pardnoos( 21/ )

~ 93 -



NHCs are characterized by a single (—n) self-intersection curve with the following
gauge algebra

¥2=(-n)| -3 | -4 | -5| -6 -7 -8 | —12
g su(3) | 50(8) | fa | es | er+356 | er | es

(4.1)

To determine the CFDs we first need to compute the resolution geometries. The surface
components in the marginal resolution geometry was presented in [23, 31, 63]. In table 4,
we summarize the CFDs read off from the geometry. In this section, we will only discuss the
case of a single (—3)-curve in detail, in order to show an explicit example of the decoupling
action. The geometry of the surface components and curves in the other cases are presented
in appendix B.

For a single (—3) curve, the 6d non-Higgsable gauge group is SU(3), which is realized
by a type IV split Kodaira fiber. In the marginal geometry, there are three Hirzebruch
surfaces F sharing a common O(—1) @& O(—1) curve in the middle, which correspond to
the Cartan divisors of the affine SU(3). They are denoted by U, u; and ug, where U
corresponds to the affine node.

We plot the curve configurations on the surfaces as follows:

@ U,

-}Ll/uz oV -1U/u2 oV -1U/ul oV
(1 0L

0 12 0 ly 0 lx
The letter in the box labels the compact surface component, and each node on each surface
component denotes a complete intersection curve between two surfaces. In this case, the
letter V', z, « and y correspond to non-compact surfaces. The number next to a node is
the self-intersection number of such complete intersection curve. By default, these curves
are rational (with genus-0). If this is not the case, we will label it out with g = the
genus. When g < 0, it describes a reducible curve with multiple (rational) components.
For example, here on the surface component U, the complete intersection curve V - U is
a rational O-curve on U, and the curve z - U is a rational l-curve on U. The complete

intersection curve U - uy, U - ug and u; - ug coincides, which are all (—1)-curves on U, uy
and us. One can check that the adjunction formula

DDy + DDy = 2g(Dy - Do) — 2 (4.3)

is always satisfied, where g(D7 - D2) is the genus of the complete intersection curve Dy - Ds.
In the pre-decoupled CFD, there are four nodes that correspond to the non-compact
surfaces V, x,y, z. The self-intersection number n and genus g of each node are read off by:

VAU +uyp +uz) =0, V(U +up +uz)? =0,
22 (U +uy +ug) = y*(U +ug +ug) = 22(U +ug +ug) = 1, (4.4)
z(U +u1 +u)? = y(U 4+ uy +u2)? = 2(U + up +ug)? = -3
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¥2 = (—n) g Pre-decoupling CFD CFD
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@ ©
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g=1
O
-6 €6
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g=1
-7 87+%56

ki
—_
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ki
—_

-12 es
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[uy

Table 4. CFDs for NHCs: the first column denotes the self-intersection number of the rational
curve in the base of the elliptic fibration, g is the non-Higgsable gauge group. The last two columns
show the CFDs before and after the decoupling of the gauge sector.



and the adjunction formula (4.3). Hence V is a node with (n,g) = (0,1), and z, y, z all
corresponds to nodes with (n,g) = (1,0). The number of edges between each nodes are
read off by

Vee-(U4ur4+u)=1,V-y- U+ur4+u)=1, V-z-(U4+us+ug)=1. (4.5)
We hence get the CFD before decoupling
Q) (D
Wg=1. (4.6)
0,

To get a 5d SCFT, we decompactify the surface component U, see also [23]. Then the
remaining compact surfaces are two F; intersecting along an O(—1) & O(—1) curve, which
corresponds to the rank-2 5d SCFT with gauge theory description SU(3)g [29]. In [2], it
was shown to have the following CFD:

However, in the geometry (4.2), the intersection curve u; - ug can also be interpreted

(4.7)

as complete intersection curve between the non-compact surface U after the decoupling.
Indeed, if this curve is shrunk, the two remaining compact surface components become two
disconnected P2, which leads to two decoupled copies of rank-one 5d SCFTs. In [2], such
flop transition is not allowed as the CFD tree only includes irreducible rank-two theories.
However, for the purpose of gluing, it is convenient to attach an additional (—1)-node
corresponding to U, which leads to the final CFD

Q) (D
ON (4.8)

As the 0-node is actually a combination of two O-curves, after flopping this (—1)-node, the
CFD will become two disconnected CFD of the rank-one with (+1)-nodes.

Note that for all the single curve NHC geometries, the decoupled surface U is always
a Hirzebruch surface F,,, and the intersection curve U - u; with another compact surface
is the section curve ¥ with self-intersection ¥? = —m. Then we can always decompactify
the P! fiber of IF,,, which is consistent with the decoupling criterion, [51] and section 3.3.
The remaining cases are discussed in the appendix and are summarized in table 4.

5 Non-minimal conformal matter

As we already discussed in section 3.4 the non-minimal conformal matter theories in 6d
are examples of NVH theories, and they can be Higgsed to 6d N' = (2,0) theories. This
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implies that upon circle reduction, the KK-theory is described by a 5d SCFT coupled to
an SU(N) vector multiplet. The 5d SCFT are isolated by decoupling the extra sector via
decompactification of the M-theory geometry. In this section we derive the 5d CFDs before
and after decoupling for these models of type (G,G) from which all descendants can be
obtained by the usual CFD transition rules [1-3]. The geometric derivation of the CFDs
starts with the tensor branch geometries in 6d.

5.1 Tensor branch geometries

The non-minimal (G, G) conformal matter theories of rank N correspond to the 6d theory
of N Mb5-branes probing a C2?/T'g singularity, which have flavor symmetry is G x G. We
will first summarize the tensor branch geometries in 6d.

The tensor branch for the (A,_1, A;,—1) non-minimal conformal matter theory is a
quiver with nodes su(n) on (—2), i.e. denote by N — 1 the number of (—2)-curves. In the
standard 6d notation,' the tensor branch is

su(n) su(n)

[SU(n)- 2 —---— 2 —[SU(n)]. (5.1)

The non-minimal (D,,, D,,) conformal matter is contructed by the following base geometry
in 6d F-theory:
s50(2n) s50(2n)
[SO(2n)|— 2 —...— 2 —[SO(2n)], (5.2)
where there are N — 1 (—2) curves in the middle. In the full tensor branch, the base
geometry becomes

sp(k—4)  so0(2k)  sp(k—4) so(2k)  sp(k—4)
[SO@2k)]— 1 — 4 — 1 —...— 4 — 1 —[SO2k). (5.3)

There are N (—1) curves and N — 1 (—4) curves in the middle.
The non-minimal (Eg, Eg) conformal matter is contructed by the following base geom-
etry in 6d F-theory:

[Ee] -3 — ...~ % [Eg, (5.4)

where there are N — 1 (—2) curves in the middle.
In the full tensor branch, the base geometry beecomes

su(3) 6 6 su(3)
[Bg)—1— 3 —1-6—...—6—-1— 3 —1—[Eg. (5.5)

There are N (—3)-curves, 2N (—1)-curves and N — 1 (—6)-curves in the middle.
The non-minimal (FE7, E7) conformal matter is contructed by the following base geom-
etry in 6d F-theory:

(B =3 —...— 3 [Eq], (5.6)

where there are N — 1 (—2) curves in the middle.

n particular, in 6d the standard notation is to write —n instead of n = %2.

—97 —



In the full tensor branch, the base geometry becomes

su(2)  so(7) su(2) e7 o7 su(2)  so(7)  su(2)
[B7l-1— 2 — 3 — 2 —1-8—...—8—-1— 2 — 3 — 2 —1—[E]. (5.7)

There are N (—3)-curves, 2N (—2)-curves, 2N (—1)-curves and N — 1 (—8)-curves in
the middle.
Similarly, the non-minimal (Eg, Eg) conformal matter is given by:

[Bs]— % —...— 5 — [Eg], (5.8)

where there are N — 1 (—2) curves in the middle.
In the full tensor branch, the base geometry is

su(2)  go fa g su(2) e
[Eg]-1-2— 2 -3-1-5-1-3—- 2 —2—-1-12—-1—...—1—[Eg]. (5.9)

There are in total N (—5)-curves, 2N (—3)-curves, 4N (—2)-curves, 4N (—1)-curves
and (N — 1) (—12)-curves in the middle.

5.2 Example geometry: (SO(8),SO(8)) non-minimal CM

We now determine the CFDs for the decoupled theories from the tensor branch geometry.
We exemplify this for one Calabi-Yau threefold geometry, the non-minimal (SO(8),SO(8))
conformal matter. We will discuss the decoupling procedure, CFD and the IR gauge
theory descriptions from the geometric perspective. The remaining cases are discussed in
the appendix E and are summarized in tables 5 and 6.

The minimal (SO(8),SO(8)) conformal matter theory is equivalent to the rank-one
E-string theory with Eg flavor symmetry. In the resolution geometry, there is a generalized
dPy (rational elliptic surface) over the (—1)-curve on the base, which has the following set

of genus-zero curves:2

ONONONON (5.10)

This figure is exactly the (SO(8),SO(8)) marginal CFD in table 8.
With this rational elliptic surface as building blocks, we study the non-minimal
(SO(8),SO(8)) conformal matter with N = 2, which has the following tensor branch:

s50(8

SO(s) —1— "4 —1- [30(8)]. (5.11)

For each SO(8), there are five complex surfaces connected in form of an affine SO(8)
Dynkin diagram. They are denoted by (V,v1,...,v4), (U, u1,...,uq), (W,wy,...,wq) from

2This is one of the semi-toric surfaces (C.13) in [64].
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Figure 4. The configuration of curves on the seven compact surfaces (U, uq, us,us, ug, S1,S2) in
the resolution geometry of (SO(8),SO(8)) N = 2 non-minimal conformal matter theory. Here u;
denotes u1, us and ugz, which has the topology of Hirzebruch surface Fs.

left to the right. The surfaces (V,v1,...,v4) and (W, w1,...,ws) are non-compact, while
(U,u1,...,uq) are compact. Here U,V, W corresponds to the central node of the affine
SO(8), and wg,v4, wy corresponds to the affine node of SO(8) which intersect the zero
section z of the resolved elliptic CY3. Finally, the rational elliptic surfaces over the two
compact (—1)-curves in (5.11) are denoted by S; and Ss, from left to the right.

We plot the configuration of curves on the seven compact surfaces (U,u1,ug,us, s,
S1,52) in figure 4. The two surfaces S; and Sy have exactly the same curve configurations
as (5.10). The surface wuj, ug, ug, uyq are all Hirzebruch surface Fy and the surface U is the
Hirzebruch surface Fy, as expected in [23].

From this geometry, the CFD vertex corresponding to non-compact surface z is given
by the following combination of curves

CZ:Z-(51+U4+SQ), (5.12)
where all the multiplicity factors equal to one. From (2.18), (2.19), it corresponds to a
node C, with (n,g) = (0,0). Similarly, the nodes C,, corresponding to y;(i = 1,...,3)

have (n,g) = (0,0) as well. Along with the number of edges computed with (2.20), the
expected marginal CFD is

(5.13)

This marginal CFD corresponds to the 5d KK theory of the 6d (1,0) SCFT with the tensor
branch (5.11), which is a 5d SCFT coupled to a 5d N' = 1 SU(2) gauge theory. In this
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case, one cannot directly generate descendant 5d SCFTs via CFD transitions, because of
the absence of extremal (n,g) = (—1,0) vertices.

To get a 5d SCFT with descendants, we need to decouple the extra SU(2) gauge theory
by decompactifying the surface uy in figure 4. The surface uyq will give rise to a new vertex
in the CFD after this operation. However, from this geometry we will naively get

n(ug) = uj - (S1+ S+ U) = —4, (5.14)

and g(ug) = 0, which is not allowed in a valid CFD. Moreover, if we want to keep the
curves U - uy, S1 - ug and Ss - uy compact, since they are parts of the remaining compact
surfaces, then all the curves on w4 are compact. This is because the 0-curves and the
(-2)-curve on uy4 generate the Mori cone of uy, and the decompactification of u4 will not be
allowed [51]. To resolve this issue, we need to flop the curves z-S; and z- S on S; and So
into w4, which results in the following geometry

uuQ{]%/uﬂ1 s,
3 510 EO

2 U 8,
S1 OE:EQ Y,

-2 U -lg
2 2

(5.15)

Now the surface u4 has two more Mori cone generators u4-v4 and ug-w,4, which can be made
non-compact. Then there is no issue in decompactifying us. In the general case of non-
minimal conformal matter, this flop should always happen before the decompactification,
as expected in the field theory analysis in section 3.

Since all the multiplicity factors are trivially one, and we can read off the corresponding
CFED (the letters label the corresponding non-compact surfaces)

.l
v w W- (5.16)
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In the geometry (5.15), we can assign the following P! rulings on each surface component:

U+U1+UQ+U3+U4+U4)'51

)
; U+U1+UQ+U3+U4+w4)-SQ (5.17)
)

92

—

I
—~

f(uz :Sl'U:SQ'U(i:L...,g).

With this assignment, the surfaces U, u1, u2,us will form the Cartans of an SO(8) gauge
group after the above ruling curves are shrunk to zero size, while S; and Ss gives rise to
two SU(2)s.

We hence have the following quiver gauge theory description:
3F — SU(2) — SO(8) — SU(2) — 3F'. (5.18)

Although the geometry (5.16) does not apparently have an SU(4) x SU(2)? quiver gauge
theory description, we can do a few flops to get it. We shrink the curves y; - S1 (i = 1,2,3)
on Sy and y; - S2 (i = 1,2,3) on So, and consequently blow up the compact surfaces w;
(1 =1,2,3) two times for each. After the six flops, the curve configurations are

(5.19)

@ Section
O Ruling

The assignment of section/rulings is shown in the figure explicitly. We can hence read off
the following quiver description, where each letter in the bracket denotes the Cartan node
of the gauge group

SU(2) (u2)
| (5.20)
SU(2) (u1) — SU4) (S1,U, S2) — SU(2) (u3).

Finally, we can generalize this story to higher N, with more (—1) and (—4) curves in the
tensor branch:

50(8) 50(8)
[SO®)]-1— 4 —1—...— 4 —1—[SO(8)]. (5.21)
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The resolution geometry then would become

”/u )/, L u,®/u,® /4,0 [, ®
3 Ut

2o 08 S o U
-2 -2
u m S0 (k_l) S0 0

7
1) (}. k)
W 2 0 08, O Ui 05,
Q2 Soi:iz O% 5 o i? Y;
v ! Y, (k L, . i

2V 72 oy S, s g ios
80 2z S0 2 #
(5.22)
where S1,..., Sy denotes the N rational elliptic surfaces over the (—1)-curves, and U(k),

ugk) ugk), ugk), ufl ) (k=1,...,N —1) are the compact surfaces corresponding to the k-th

affine SO(8). In this case, the curves z - S; and y; - S; for i =2,..., N—-1,j=1,...,3
have non-trivial multiplicity factors s, . = £s,, = 2, because they are O(—1) © O(-1)
curves which intersect two other compact surfaces. Hence the correct n(z) and n(y;) are
computed as:

N-1
n(z)= (Sl+SN+QZS+Zu >:0

N-1 N1
n(y;) = vi- (51+5N+2 S S+ u;?)) =0 (j=1,...,3).

=2 i=1

(5.23)

The resulting marginal CFD is exact the same as the N = 2 case (5.13), which has
no descendant. In the flop and decoupling process to get a 5d SCFT, we make all the
surfaces ui ) (k=1,...,N —1) non-compact, such that the extra SU(NN) vector multiplet
is decoupled. Moreover, we need to shrink all the z-S; (i = 1,...,N) in (5.15), which

results in the following geometry:

2 g ul(l)/uz(l)/%(l)/ui(l) 2 g ulm/u2<k>/u3(“)/u4“‘)
1 O 0 io S, O 0
41(1) Sl() 0 i SIHO 0

05,
e
v 510 2y, u, M
(5.24)

In the final CFD, the non-compact surfaces u§ (k= 1,..., N — 1) give rise to a chain
of N — 1 flavor nodes with (n,g) = (—2,0), which give rise to an extra SU(N) flavor
symmetry. The CFD is exactly given by the (Dy4, Dy) row in table 5. The superconformal
flavor symmetry Gr = SO(8) x SO(8) x SU(V), which is consistent with [47].
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(G,G) CFD before decoupling CFD after decoupling

iy ST D0

N-1

(D47 D4)
N-1
M= (2k-8)(N-1)
(Dx, Dy) 6 k-6
(Es, Es)

Table 5. CFDs for non-minimal N (G,G) conformal matter. The left hand picture shows the
CFD before decoupling, the right hand one after.

However, in this geometry, there is no consistent assignment of rulings that give rise
to a weakly coupled quiver gauge theory

3F — SU(2) — SO(8) — SU(2) - — SU(2) — SO(8) — SU(2) — 3F . (5.25)

The reason is that on the middle surfaces Sy (kK = 2,...,N — 1), we need to assign the
following linear combination of curves as the ruling

f(Sk) = (U(kfl) + ugk_l) + ugk_l) + u:(,)k_l) + uik_l) + uik)> - Sk
(5.26)
f(Sk)' = (U(k') + ugk) + uék) + ugk) + uik_l) + uflk)) - Sk
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Although they are both curves with self-intersection number zero and genus zero, they
mutually intersect at two points. Hence they cannot both be the ruling curve of a P!
fibration structure. This point was already discussed in section 3.4. Nonetheless, the
theory will have a strongly coupled quiver description with SO(6) x SO(6) classical flavor
symmetry, which will be discussed in section 5.4.

5.3 CFDs for non-minimal conformal matter

In this section, we summarize the CFDs of the non-minimal (G,G) conformal matter
with order N in tables 5 and 6, before and after the decoupling of the extra SU(NN) vector
multiplet. The figures on the left correspond to KK reduction of the 6d non-minimal (G, G)
conformal matter, which is not a 5d SCFT and has no unfactorized descendants (i.e. all
descendants would arise from decoupling bifundamentals, and thus factorizing the theory).
The figures on the right are the CFDs associated to 5d SCFTs with superconformal flavor
symmetry Gp = G x G x SU(N). In the (A,—1,A,—1) CFD after decoupling, there are
four (n,g) = (—1,0) nodes that generate CFD transitions. For the other cases, there are
two nodes with (n,g) = (—1,0) that generate CFD transitions.

The CFDs of the (D4, Dy4) case have already been derived in the previous section, and
we will present the geometric derivation of (D,,, D,,) and (Eg, Eg) cases in appendix E. The
(An—1, An—1) type case follows from the geometry of the single node SU(n) on a (—2) gauge
theory that we derive in appendix A. The CFD after decoupling will be derived in [65] using
toric methods. For the cases (E7, E7) and (Es, Eg), we also derive the (n,g) = (—2,0) and
(—1,0) vertices from the geometry in appendix E.

Given these non-minimal conformal matter CFDs, as well as the quiver structure of
the 6d parent theory, it is natural to wonder, whether there is a gluing construction for
CFDs. We will return to this in section 6, where we propose building blocks for CFDs
and gluing rules. In this context we will re-derive the CFDs for the (D,,, D,,) and (Fs, Eg)
non-minimal conformal matter theories lower rank theories in section 6.4. In this context
we also give evidence for the CFDs of (E7, E7) and (Es, E3).

5.4 Low-energy descriptions and dualities

We will now describe the possible low-energy effective descriptions of the 5d SCFTs and
corresponding geometries discussed in this section. We also remind that not all the effective
theories will be weakly coupled. For instance, it will sometimes be necessary to introduce
strongly coupled matter, e.g. the 5d analog of conformal matter. In fact, it can happen
that the non-perturbative part of the flavor symmetry is gauged. For example a subgroup,
H, of the superconformal flavor symmetry, G34, has to be gauged and, in particular, it
contains some of the U(1)7 symmetries associated to the gauge vectors,

[[v@WrcHCGH. (5.27)

Geometrically this corresponds to two surface components S1,.Sy intersecting along Co,
which is a section for the ruling of S7 and a fiber for the ruling of Ss.

A straightforward set of examples is given by the 5d theories originating from the
circle reduction of 6d theories, which are single curve with a gauge groups in the tensor
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(G, Q) CFD before decoupling CFD after decoupling

(B, E7) | © @ ©

(Es, Ey) O O N-1

Table 6. CFDs for non-minimal N (E7, E7) and (Es, Eg) conformal matter. The left hand picture
shows the CFD before decoupling, the right hand one after.

branch. Upon decompactification, or decoupling, we get exactly the 5d analog of the 6d
gauge theory in the tensor branch. For instance, the geometry corresponding to the NHC

s5uUs

(5.28)

consists of three F; intersecting along (—1) curves. Decompactifying one of the surfaces
leads to two F; intersecting along the (—1) curve, and this geometry exactly corresponds
to the SU(3)p theory, as we already seen from the CFD prospective in section 4. This
procedure applies also to the other single (—n)-curve theories with n > 1.

We now list some of the possible low-energy descriptions of 5d SCFTs coming from de-
compactification of the geometries corresponding to the 6d non-minimal conformal matter,
which are determined by embedding the BG-CFDs into the CFDs. In order to construct
these dual IR theories of the same UV SCFT, we will sometimes need to locally dualize
gauge nodes of known quiver theory description, and in particular we will use the following
duality,

SU(N)o—2NF +— 2F—SU(2)—...—SU(2)—...—SU(2) — 2F, (5.29)

N-1

which descend from higher rank (D,,, D,,) conformal matter theories [1].

In addition, we will obtain some description with maximum amount of flavor matter.
The descendant 5d SCFTs are obtained from matter mass deformation, which consists of
decoupling the flavor hypermultiplets in the IR gauge theory descriptions. Their super-
conformal flavor symmetries can be straightforwardly read off from the CFD transition, i.e
shrinking (n, g) = (—1,0) vertices.
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A-type non-minimal conformal matter. As already explained a 5d SCFT can be
obtained from (SU(n),SU(n)) non-minimal ((N > 1) conformal matter upon decoupling of
the extra gauge theory. We can deform the SCFT and study the theory in the IR, which
can be a quiver gauge theory. The embedding of the classical flavor symmetries are shown
in figure ba. Two weakly coupled descriptions are pretty manifest, and the 5d SCFT in
the UV after mass deformation leads in the IR to [47]:

U(N)?: NF —-SU(N)—---—SU(N) - NF
n—1
U(n)?: nF —SU(n) —---—SU(n) — nF

N-1

(5.30)

Both of these description have been already anticipated in section 3. The first one is simply
obtained from decoupling the SU(N) from the affine circular quiver. The second is the 5d
analog of the tensor branch gauge theory in 6d.

There is a third embedding in figure 5a with SO(4)* classical flavor symmetry, which
happens generically for N,n > 3. This exactly comes from applying the local duality, (5.29),
at the two tails of the quivers (5.30), where we also need to gauge an SU(NN) subgroup
of the superconformal flavor symmetry of this SU(2) quiver at strong coupling. From the
point of view of the SU(2) quiver on the right hand side of (5.29), the gauging of SU(V)
implies that we are gauging part of the non-perturbative flavor symmetry. The low-energy
effective description is,

SO(4) SO(4)
rk
n-3
SO(4) SO(4)

where at the two ends we have rank (N — 1) strongly coupled trivalent matter, which only
in the Coulomb branch of the neighbor gauge SU(N) is described by

SO(4)
SU(N)
\ Coulomb Branch

rk
N-1 @ <« NI {

(5.32)

/

SO4)

The U(1)¥~! Coulomb branch scalars can couple to the SU(2) gauge groups kinetic terms
and their Jr(SU(2)) topological current. They can also couple to the flavor currents cor-
responding to the baryonic symmetries rotating the fundamental hypers of SU(2) x SU(2)
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UN)XxU(N) U(n)xU(n) SO®4)*

(a)

[——
N-1 N-1
SO(2(k-4))xSO(2(k-4)) SO(4)xSO(4)

N-1 N-1
SO(8)xSO(8)

SO(10)xSO(10)

i

SO(14)xSO(14)

SO(4)xSO(4)

Figure 5. CFDs (on the lLh.s.) of tables 5 and 6 and the embeddable BG-CFDs. Below the
BG-CFDS we note the classical flavor symmetry.
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in the quiver. This is geometrically realized when two surfaces are glued along the section
and a fiber of a consistent ruling. To provide some more evidence for this, one can con-
struct a local description of the surfaces that realize the SU(N)p + 2N F, e.g. using a toric
description [24, 26, 65], and reinterpret the diagram in terms of an SU(2)N ~l-quiver. In
this case there are (N — 1) U(1)7 as well as U(1)p baryonic symmetry currents. (N — 1)
independent linear combinations of these are gauged and they correspond to the Coulomb
branch U(1)V~! of the neighbor SU(N) in the quiver. The precise linear combination
depends on the triangulation, i.e. Coulomb branch phase, of the geometry in question.

This observation should generalize to the D and E-types we will consider next, by
constructing the corresponding rulings. This would be interesting to develop further.

D-type non-minimal conformal matter. The 5d SCFTs resulting from non-minimal
(SO(2n),S0(2n)) conformal matter after decoupling the extra vector multiplet has the two
following IR effective descriptions:

SU(N) SU(N)
| |
U(N):  [SU(N)]-SU(2N)—SU(2N)—...—SU(2N)—SU(2N)—SU(N), 55
n—3 )
SO(2n)?:  [SO(2n)] = S0(2n)~ ... 2'SO(2n) = [SO(2n)]
N—-1

where the first one has been already discussed in section 3 as decoupling of the affine SU(N)
quiver node, and matches the first BG-CFD embedding in figure 5b, whereas the second
one corresponds to the 5d copy of the partial tensor branch quiver. The links = are the first
descendant of (SO(2n),SO(2n)) conformal matter KK-theory [1]. We notice that this 5d
low-energy effective description has already some strongly coupled sectors. At the interior
of the quiver the matter cannot have a direct weakly coupled description. This is due to
the fact that the full superconformal flavor is gauged by SO(2n) x SO(2n). More precisely
also the non-perturbative topological symmetry of a putative gauge theory description is
also gauged. On the other hand, at the two tails there is still an global [SO(2n)], and in
fact the IR theory is also described by the quiver:

cm

[SO(2n —2)] — Sp(n — 3) — SO(2n) — ... = SO(2n) —Sp(n —3) — [SO(2n —2)] (5.34)

N-1

The classical flavor at the two quiver ends matches the second BG-CFD embedding in
figure 5b.

The third BG-CFD in figure 5b comes from locally dualizing the first SU(2N) from
the left in the decompactified affine IR description in (5.33) for N > 3. Applying (5.29),
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we get,

S
LD —D o

n-3

SO4)

In the Coulomb branch of the neighbors SU(N) and SU(2N), the strongly coupled matter
theories are given by

SO4)
SU(N)xSU(2N)
Coulomb Branch
@ @ @ <> 2N1{. (5.36)
SO4)

where the U(1)V~! couple to (N — 1) independent linear combinations of J7(SU(2)) and
currents for the baryonic symmetries charging the bifundamental SU(2) x SU(2) hypermul-
tiplets. Similarly, U(1)2Y~! couple again to (2N — 1) independent linear combinations of
Jr(SU(2)) and baryonic symmetries. At least one SU(2), which does not couple to any of
the U(1), separates the two set of couplings for U(1)V~! and U(1)2V -1

For N = 2 we do actually have an effective Lagrangian description in terms of the
following weakly coupled theory,

[SO(2n — 2)] — Sp(n — 3) — SO(2n) — Sp(n — 3) — [SO(2n — 2)] (5.37)
which matches with the ruling of the geometric resolution.

Eg-type non-minimal conformal matter. The 5d SCFT from non-minimal (FEg, Eg)
conformal matter has the two dual low-energy descriptions:

SU(N)
|
SU(2N)
\ (5.38)
U(N):  [SU(N)] - SU@2N) — SU(3N) — SU(2N) — SU(N),
E2:  [Egl - Ee— ...~ Eg— [E]

N-1
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The first one is again given by the decoupling of the affine gauge node vector multiplet,
and matches the second BG-CFD embedding in figure 5c. The second description is the 5d
analog of the 6d tensor branch after decompactification, where the links are given by the
first mass deformation of the KK-theory coming from straight circle compactification of
N =1 (Eg, Eg) conformal matter [2]. In the interior the link do not have a direct weakly
coupled description in terms of gauge theory, since the full superconformal flavor symmetry
is gauged. In this case, also for the tails of the quiver we cannot have a complete description
in terms of a weakly coupled Lagrangian theory, because gauging the Fg also implies the
gauging of a non-perturbative symmetry in the putative weakly coupled description. On
the other hand, at the two ends of the quiver there might exist a description of this strongly
coupled sector, where some gauge theory with flavor matter can be extracted, but is still
coupled to a residual strongly coupled part. Applying the strategy of [3], we propose
a quiver which is compatible with the embedding of the classical flavor symmetry, see
figure 5c. That is

* cm cm *
4F — Sp(ny1) — Eg — ... — Eg — Sp(ng) — 4F, ny,ns = 1,2,3,4 (5.39)
for some strongly coupled matter . transforming in Sp(ni) x Eg or Sp(n2) x Fg. As we
can see this gives the first embedding in 5c.

Finally, for N > 3 the last BG-CFD embedding in figure 5¢ comes again by locally
dualizing the left most gauge quiver node in the first case of (5.38). The result is given by

SO(4) @

SO(4)

(5.40)

where the strongly coupled trivalent node resolves in the coulomb branch of the neighbor
SU(3N) gauge theory as

SO4)

SU(3N)
Coulomb Branch

SO(4)

(5.41)
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The U(1)?>¥~! couple to (3N — 1) independent linear combinations of J7(SU(2)) and bary-
onic symmetry currents of the SU(2) quiver.

E;-type non-minimal conformal matter. Non-minimal (E7, E7) conformal matter
on a circle and after decoupling of the extra gauge theory and mass deformation has the
following dual low-energy descriptions:

SU(3N)
|
U(N): [SU(N)]—-SU(2N)—SU(3N)—SU(4N)—SU(5N)— SU(6N) —SU(4N)—SU(2N)
cm cm cm cm
E%:[E;)=E;—...— E;—E/]
N-1
(5.42)
They correspond to the decoupling of the affine gauge node of the affine quiver in section 3.4
and to the analog of the 6d tensor branch respectively. The first one is compatible with the
second classical flavor symmetry embedding in figure 5d. In addition, we can observe that
this last one does not have a complete weakly coupled description, because of the gauging of
non-perturbative symmetries of a putative gauge theory describing the conformal matter
link. The links are given by the first descendant of the KK-theory coming from circle
reduction of N =1 (Ejg, Eg) 6d conformal matter.
In the spirit of [3], we propose a description of the 5d conformal matter at the two tails,
which has a weakly coupled part compatible with the classical flavor symmetry embedding
into the CFD in figure 5d. That is given by a gauge theory with some matter hyper-

multiplets, which is also coupled to a residual strongly coupled theory, — transforming in
Sp(ni1) x E7 or Sp(ng) x Ey. That is

* cm cm *
5F—Sp(n1)—E7—...—E7—Sp(n2)—5F, nl,ngzl,...,Q. (543)
As we can see this gives the first embedding in the CFD in figure 5d.

For N > 3 the SO(4)? BG-CFD embedding in figure 5d is derived by locally dualizing
the left most gauge quiver node in the first case of (5.42). The result is given by

SO4) @
PatatataaCRES

SO4)

where the strongly coupled theory resolves in the coulomb branch of the neighbor SU(3N)
gauge theory like in (5.41).
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Eg-type non-minimal conformal matter. The 5d SCFT descending from non-minimal
(Eg, Eg) conformal matter can be described in the IR by the following dual theories:

SU(3N)

|
U(N): [SU(N)]—SU(2N)—SU(3N)—SU(4N)—SU(5N)— SU(6N) —SU(4N)—SU(2N)

cm cm cm cm
EZ:[Eg]— Es—...— Fg — |E3]
N—1
(5.45)

The first theory comes from decoupling the gauge vector of the affine node of the affine
quiver, and the classical flavor symmetry U(NN) shows that is corresponds to the first BG-
CFD embedding in 5e. The second one is the 5d analog of the partial tensor branch quiver
where we have strongly coupled conformal matter transforming under Fg x Fg. This matter
is the first descendant of the KK-theory coming from circle reduction of N = 1 (FEjg, Eg)
6d conformal matter.

Similarly to [3], since only a single Fg has been gauged, we propose a partial weakly
coupled description which is compatible with the CFD in figure 5e. That is

* cm cm *
6F—Sp(n1)—E8 O Eg—Sp(nl)—GF, n17n2:1,...,20. (546)

where — is a strongly coupled matter link transforming in Sp(n;) x Eg or Sp(nz2) x Eg. We
can notice that this corresponds to the first embedding in figure 5e.

At last, the SO(4)? BG-CFD embedding in figure 5e comes from applying (5.29) to
the left most gauge quiver node in the first quiver of (5.45). The result is given by

50(4) @
) o

SO(4)

where the strongly coupled theory in the coulomb branch of the neighbor SU(3V) gauge
theory is described by (5.41).

6 Gluing CFDs from building blocks

6.1 Building blocks and gluing

Any 6d SCFT, in particular NVH theories, in its partial tensor branch can be seen as a
generalized quiver [20], where the nodes are given by

TOUG, %) = 7 [G8Y] (6.1)



where n = £2 < —1 is the self-intersection number of a compact rational curve 3. Over X,
the elliptic fiber can be singular, which is associated to the gauge group G in 6d. There
can be matter hypermultiplet transforming under the flavor symmetry G%d. The matter
can be either given by standard (half) hypermultiplet, or by VH 6d SCFTs with

HI(Gi, Gy) = (G5 — [GH, (6.2)

where — the notation means that the link is non-conventional matter and it has a G%‘Z_l X G?}C}
manifest flavor symmetry. An important class of examples of this type is the mini-
mal (G%l,G%) conformal matter theory. A link H?jd(G%l,G?ﬁ;) is connected to a node
754G, G%d) by gauging the flavor symmetry G%‘j, which should be exactly identical to G
of the 7%4(@, G%d). Repeating this procedure leads to the generalized quivers of [20]. In this
way we can construct general 6d tensor branches, whose origin corresponds to a 6d SCFT.

We implement a similar strategy in 5d based on the M-theory geometry. The building
blocks are defined by the resolution geometries associated to the tensor branch building
blocks in 6d:

1. 8@, G%), which is constructed from T94(G, GS) by S! reduction and decoupling. If
the self-intersection number of ¥ in 7%4(G,G4) is n = —1, then S°4(G, G4Y) is simply
the KK reduction of 7%4(G, GGFd), which in fact corresponds to matter. If n < —1, then
we need to decompactify one compact surface in the M-theory geometry, in order to
decouple the extra SU(2) gauge theory.

2. H?jd(G%‘j, G%‘}), which is similarly constructed from H%d(G%‘j, G%f,). When H?Jd(G%, G%)
is glued to a building block S*(G, G?ﬁl), where a decoupling occurs, we first need to mass
deform H?J-d(Gi, G) before the gluing. In the corresponding M-theory geometry, we flop
a curve out of the reducible surface. This geometric transition is usually necessary to

decouple the U(1)7 of the extra gauge theory when we start from the 6d tensor branch,
since otherwise, 5 (G%!, G?;j) is simply a S' reduction of (G, G%(;).

The bottom-up construction of 6d SCFTs is guided by the definition of a consistent
tensor branch with a superconformal fixed point at its origin. Inspired by the tensor branch
geometries, we propose a set of rules which allow us to glue the geometries associated to
S*(G, G8%) and H?Jd(Gﬁ‘j, G%‘j).

Furthermore, we propose a gluing rule for CFDs, which then allows determining the 5d
superconformal flavor symmetries through a gluing. The input for this construction are the
geometries/theories/CFDs for building blocks that are descendants of simple constituent
of the 6d tensor branch. A class of these building blocks are the circle-reduction of single
curve tensor branches, as listed in [30, 33]. In appendix A, determine and summarize
these constituents and their CFDs, including a single (—1)-curve, gauge group on single
curves (including NHCs) and minimal conformal matter. This is not a comprehensive list
of building blocks, e.g. we do not consider those 6d tensor branch geometries where the
flavor symmetry is not manifest. The building blocks that we computed in appendix A are
single gauge node components, where the flavor symmetry is manifest as well as minimal
conformal matter. These will then be used to propose a gluing construction.
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6.2 CFDs from gluing

We now propose a gluing rule on CFDs, which proceeds in two steps: first we gauge
a common flavor symmetry, and then define how to combine the CFDs. Suppose that
we have already constructed the CFDs for S%4(G, G¢) and Hgd(G%‘,G%d)Sh which are

J

CFD™ and CFD®. Denote their vertices by Cél) and Cg), respectively. Then the gluing
consists of the following two steps:

1. Gauge:

Geometrically, the gauge part essentially corresponds to identifying complex curves in
each building block, and the two set of complex surfaces are glued together. In the CFD
language, this corresponds to identifying linear combinations of vertices in each CFD:

vi=>» a)Cy, i=12, (6.3)

and then remove all the vertices C&i) from both CFDs.
The (n, g) of such linear combinations needs to satisfy the following “gauge conditions”:
n(vy) +n(vy) = 2g(vy) — 2

g9(v1) = g(v2) - (o4

The reasoning is that each C&) can be considered as a linear combination of curves/
vertices

CO=%"€a.DP- 5, i=12. (6.5)
J
Then v; can be written as the following curve in the Calabi-Yau threefold

vi=Y > algDP-5Y . i=1,2. (6.6)
a

Now assume that all the weight factors &, = 1 identically,® then this is a well-defined
complete intersection curve

a j
Thus we can identify the two curves v; and vy with the following gluing condition
1) (1) — (2) 2) 1(2) (1)
Zagmyzzsj , Za&)D&):ZSj : (6.8)
@ J @ J

In this way, we have made D&l) and Dg) compact. Then one can check that the

equalities (6.4) indeed hold, with the formula (2.18), (2.19).

In general, if the building block S°4(G, G%d) has non-Abelian flavor symmetry G%d, then
we need to choose two sets of v; and v to gauge both G4 and GﬁF‘} of Hgd(G%?, G%?).

30f course there is a similar analysis when the weight factors are not equal to one. For simplicity of
notation, we discuss here the simpler case.
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2. Combine:
After we have removed the vertices C’g), we need to connect the remaining parts of the
two CFDs. We deﬁne the set of vertices connected to C’C(f) in the two building block
CFDs by S; = {Cg)}. For a well defined gluing process, the number of vertices in S;
and Sy should be the same, such that they can be combined pair-wise. The combined

vertex in the glued CFD, Cglued should satisfy

Cglued Z Mﬁ (6.9)
where u(ﬁi) is a “weight factor” or multiplicity of vertices in the CFD, which appears in
certain gluing processes, for which we will give an explicit formula in (6.13). This is
an analogy of the weight factor &; , of curves in each surface component. We will give
concrete examples of this in the following. Finally, after the vertices in S and Ss are
combined pair-wise, the other parts of the two CFDs connecting to S; and Sy remain
the same.

This gluing is motivated by the geometric structure that we observe in higher rank theo-
ries. We will now exemplify it with gluing of NHCs and E-strings, as well as higher rank
conformal matter theories, and show that it provides a consistent framework.

6.3 Example: (—1)-NHC quivers

In this section, we present the simplest example of the gluing philosophy, which is a single
(—1)-curve glued to a single curve with non-Higgsable cluster (NHC) gauge group G, i.e.
we consider quivers

(-1)(-n),  n=-3,-4,-5,-6,-8 —12. (6.10)

In 6d, the theory will have flavor symmetry group H that is the maximal commutant
of G C Eg. This is because the rank-1 E-string theory over a (—1)-curve has flavor
symmetry group FEg, and after the gluing, the subgroup G C Ejg is gauged, while the
maximal commutant H still remains as the flavor symmetry. The tensor branches of these
theories are listed in table 7.

In these cases, after blowing down the (—1)-curve on the tensor branch, we always end
up with a curve with self-intersection —n+1 < —2. Hence the 5d KK theory has an SU(2)
vector multiplet associated to it, which we need to be decoupled. Geometrically, we need
to decompactify the surface associated to this, and the CFDs can be derived from directly
in appendix D. We summarize the results in table 7

From the perspective of CFD gluing, it is useful to pick a convenient representation of
the rank-one E-string marginal CFD in table 9, such that the apparent flavor symmetry
is G x H. In other words, the rank-one E-string theory can be thought as a rank-one
(G, H) conformal matter, which acts as the link theory Hgd(G, H). After the decoupling
process, the marginal CFD needs to be flopped once, as we have discussed before. The
actual building blocks should be this “sub-marginal” CFD with G = G x H 5d flavor
symmetry and the CFD of the NHC after decoupling in table 4.
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6d Quiver 6d Tensor Branch CFD

su(3)
(=) —=(=3) | [E]-1- 3

0O
O
@
@
D
Om®
(3)
(1)~ (~6) | [SUB)—1-6
(3)
©

(-1)—(-8) | [SU@)]-1-§

(—1) - (~12) 1-12

Table 7. CFDs for 5d theories obtained by reduction from 6d quivers with two nodes (—1) — (—n),
where (—n) corresponds to an NHC. The tensor branch geometry is shown in the middle and the
CFDs in the right-most column.

We summarize the gluing process of these two building blocks for n = 3,4,6,8,12 in
figure 6. In order to satisfy the condition for decoupling in section 3.3, we first need to flop
one of the (—1) curves in the E-string CFD. This is the first step figure 6. Then we identify
the curves that we use to gauge a flavor symmetry. The combinations of curves involved
in the gauging part are encircled in yellow, and the vertices that get combined are colored
orange in the gluing process. As one can see, the orange vertices are matched pair-wise,
and they are never flavor vertices in the building block CFDs. The details of matching the
orange vertices should be read off from the geometry in appendix D. However, in many
cases we observe that the discrete symmetries of the CFDs select which curves (orange)
need to be combined. It would be interesting to understand better the role of these discrete
symmetry and their interplay with the 6d and 5d flavors. Note that the multiplicity factors
p in (6.9) are always trivially one in these cases.
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6.4 Non-minimal conformal matter from gluing

Another class of theories that can be studied also from the gluing, are the higher rank
conformal matter theories. The gluing of the (A, _1, A,—1) will be discussed in [65], where
using a toric description it will be even simpler. The first interesting non-trivial case to
consider is (Dy4, D4) non-minimal conformal matter. We already discussed the geometry
of the tensor branches as well as the CFDs from the geometry of the tensor branch plus
decoupling in section 5.

We can also get (D4, D4) N = 2 non-minimal conformal matter by gluing two rank-one
E-string the X2 = (—4) NHC (see table 4). The CFD for rank-one E-string is taken to be
the one with explicit G; x Gj = SO(8) x SO(8). We again first take the descendants of the
conformal matter theories and then gauge the SO(8) flavor symmetries with the so0(8) of
the NHC (shown in yellow) and then gluing the remaining curves (shown in orange), which
results in the following N = 2 (D4, D4) non-minimal conformal matter CFD

s0(8)

[SO®)]-1-[50®)] 4 [SO®)]-1-[S0®)] [SO®)]-1-4-1-[SO®)]
(6.11)

Below the graphs we shown the 6d tensor branch quiver building blocks. The resulting
CFD is in agreement with the one derived directly from the geometry in section 5.

To obtain higher N, we iterate this process as follows

so(8)  so(8)

SO®I-1-50®)] 4 [1SO®I-1-1506)] 4  [SOE)]-1-1S06)]  [SO@]-1-4-1-2-1-[S0)]
(6.12)

Note that the (—1) vertices in the middle building block have g = 2 multiplicity. The gluing
for the general (Dy, D) non-minimal conformal matter theory works along the same logic.

We should now comment on the matter of the multiplicities that are key in the gluing;:
one might think that determining this requires considering the full resolved geometry as
in section 2.5. However, we will be able to extract a relatively simple rule, from consid-
erations of the tensor branch structure. The main point is that the multiplicity p of the
curves (6.9) used to combine the CFDs, the orange-colored curves, has contributions from
both the multiplicities £ in the building block as well as from the surfaces that are getting
compactified in the gauging. For the building blocks in this paper, only the minimal con-
formal matter building blocks in appendix A.3 have non-zero intrinsic s. For the other
simpler building blocks, we have & = 0.
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Let us consider a set of CFD vertices {Cg, 8 € Pgauge }, Where @gayge is the set of roots
that we gauge. They correspond to the set of non-compact surfaces that get compactified
in the gluing process, i.e. these are associated with the Cartans of the flavor symmetry that
is getting gauged. The multiplicity of the orange curves gets modified, as they intersect
these surfaces, according to the (2.24). In general, the new multiplicity p is computed with
the following formula:

[g = max Z mgy | - (£(Cg) +1),1], (6.13)
YEPgauge
where £(Cj) is the multiplicity factor intrinsic to a (n, g) = (—1,0) vertex Cj of the building
block CFD (e.g. for (Eg, Eg) there are multiplicity £ = 1 curves, see appendix A.3). Note
that mg, is the number of edges between the vertices Cg and C, in the CFD.

For instance in (6.12), we observe that the gluing procedure requires to identify the
middle orange (—1) vertices, as well as the yellow SO(8) curves on the left, on the right
and the (0) in the middle, which are then removed by gauging. In the case of (Dy, Dy)
conformal matter, there is no intrinsic multiplicity factor £&. Then the multiplicity (6.13)
of a (—1) in the gluing procedure is simply given by the number of its adjacent vertices
that are gauged (marked yellow).

Let us apply this to the N = 2 (Eg, Eg) non-minimal conformal matter theory. This is
glued from two minimal conformal matter theories along an NHC with ¥? = (—6), which

results in
p=2 u=2
su(3) su(3) su(3) e6 s
[Egl-1-3 -1-[E] [Egl-1-3 -1-[Eg] [Eg]-1-3 -1-6 -1- 1 [Eql

(6.14)

Here the (—1) gluing nodes have multiplicity 1 = 2, following the general rule stated
above. Again the CFD is the one we obtained from a direct computation in the geometry
in appendix E.2. We can iterate this and obtain the N = 3 (Eg, ) from gluing as follows
— note the additive nature of the multiplicity u:

u=2

o -olile o
ool e o

=2

s

su(3)

u=4
su(3) 6 su(3)

[Egl-1-3 -1-[E] 6 [EJl-1-3 -1-[E] [Egl-1-3 -1-[E]
OO
o oo
®
sul e sul e6  su(3)
[13,,]-1-3(3)-1-66 -1—;)-1-6(-1-?:-1-[E6] (6.15)
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Finally, we consider the case of the (E7, E;) and (Eg, Es) for which we earlier conjectured
the CFDs. Although we will require a detailed knowledge of the geometry to compute the
multiplicity factors, which are key to deriving the labels of the unmarked vertices with
n > —1, we can determine the part of the CFD, that encodes the superconformal flavor
symmetry (marked vertices) as well as the mass deformations (i.e. the (—1) vertices). For
(E7, E7) theories with N = 2 the tensor branch suggests the following gluing of two minimal
conformal matter theories of type (E7, E7) with the NHC with 2 = —8 in table 4

@
© O
@
(6.16)
The multiplicity factor is p = 3. Likewise for the (Eg, Fg) theory with N = 2, we glue two
minimal conformal matter theories with the NHC £2 = —12 to obtain
u=5
(8)
0,0
(1)

u=5

(6.17)
The multiplicity factor here is p = 5. Note that these multiplicity factors can be exactly
seen from the resolution geometry after the flop and decompactification, see appendix E.3
and appendix E.4.

7 Conclusions and outlook

In this paper we investigate the possible ways of getting 5d superconformal field theories
(SCFTSs) coming from 6d on a circle. In general, the circle reduction of a 6d SCFTs leads
to a KK-theory, which in the UV completes back into the original 6d theory. To obtain a
genuine 5d SCFT we need to consider mass deformations of the KK-theory, or equivalently,
holonomies in the flavor symmetry. There are two type of possible mass deformation which
we studied, which lead to 5d SCFTs:

1. The first corresponds to in the gauge theory description in the IR to the decoupling
of matter hypermultiplets. In the M-theory Calabi-Yau geometry this corresponds
to flopping the associated (—1)-curves out of the compact surfaces of the geometry.

2. The second one is more drastic and require the decoupling an entire sector of the
theory, like a gauge vector multiplet. In geometry this corresponds to the decom-
pactification of some surfaces.
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In [1-3], we mainly focused on the so-called very Higgsable theories, where the natural
mass deformations are those of the first type: giving masses to the hypermultiplets. We
determined the starting points for such 5d RG-flows, and encoded these in the CFDs,
which enabled tracking the complete tree of descendants and their superconformal flavor
symmetries.

In this work we focused on the exploration of the second possibility, in particular it
turns out that for many not very Higgsable theories the first possibility is not an option if
we want to get a single unfactorized 5d SCFT, and the second approach is unavoidable. We
prove that the decoupling of an entire sector can be necessary for instance if the starting
point is a 6d SCFT single curve with gauge group theory in the tensor branch, as is the
case for non-Higgsable clusters (NHCs). In addition, we studied the circle-reduction of
non-minimal conformal matter theories, i.e. the 6d theory of N > 1 M5-branes probing an
ADE singularity. We show that by decoupling an SU(N) gauge theory, which geometrically
correspond to decompactifying resolution surfaces, we obtain 5d SCFTs of arbitrary rank.
In particular, the geometries describing the Coulomb branched of these theories present
very interesting features. We characterize these theories in terms of CFDs, which again
encode flavor symmetries, mass deformations, descendant structure, and BPS states. We
did not study in detail the descendants for these theories, but they are easily accessible by
applying the descendant rules.

Finally, inspired by the 6d classification, we propose a gluing procedure in order to get
higher rank 5d SCFTs from lower rank building blocks. We first define the building blocks,
which are the single node tensor branch theories (which are not very Higgsable), and the
minimal conformal matter theories. We then use the tensor branch resolution of the 6d
SCF'T, to motivate the gluing rules, and cross-check these against direct computations for
simple quivers and non-minimal conformal matter theories.

It would be interesting to generalize this gluing procedure further, in order to capture
the vast landscape of 5d SCFTs which originate from 6d on a circle. In particular we did not
consider the building blocks in 6d [66], which do not have the manifest 6d superconformal
flavor symmetry realized geometrically. It would be interesting to compute the CFDs for
such models, and consider the BPS states to determine the 5d CFDs and flavor symmetry
enhancements in those cases as well.
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A Building blocks

A.1 Rank 1 E-string building blocks

In the 6d tensor branch descriptions, a single (—1)-curve by itself corresponds to the rank-1
E-string theory with flavor symmetry Gp = Fg. In the tensor branch resolution geometry,
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the compact surface S will be a rational elliptic surface (generalized dPg) over the base
(—1)-curve. Nonetheless, if there are two curves with simple gauge groups g; and go
connected to it:

m—1-1, (A.1)

then the surface S serves as a connection surface between the Cartan divisors of g; and
go. On the rational elliptic surface S, there are degenerate elliptic fibers corresponding to
affine Lie algebra g, and go. Namely, the (—2)-curves on S form the affine Dynkin diagram
of g1 X g2, and there are (—1)-curves connected between them.

In principle, for any g; @ go C Ejg, such a rational elliptic surface exists. However, only
for a subset of (g1, g2), the number of (—1)-curve on the rational elliptic surface is finite.
These surfaces are called “extremal” and has been classified in [67, 68]. In this paper, we
only list the ones that will be used in the later gluing discussions, which happens to satisfy
the extremal criterion. They can be generated by blowing up the generalized del Pezzo
surfaces in [69] or putting together set of (—2)-curves. These are summarized in table 8

In some cases where decoupling happens, the rational elliptic surface needs to be blown
down to gdPg. The set of curves are transformed according to the usual rule of shrinking
(—1)-curves.

A.2 Single curves with gauge group

In this section, we discuss the building block of a single curve with a (tuned) non-Abelian
gauge group on it, which is not an NHC. The flavor symmetry and F-theory realization of
such building blocks are discussed in [66]. We focus on the cases where the flavor symmetry
is identical in table 2 and table 3 of [66], as it is easier to construct the maximal global
symmetry from geometry. While the CFDs are presented in this section, the detailed
resolution geometries are put in the appendix C. Because of the presence of non-Abelian
flavor symmetry, there are typically multiple equivalent CFD building blocks for the same
theory, similar to the rank-one E-string case.

A.2.1 Sp(n) on a (—1)-curve

In this case, the 6d global symmetry is SO(4n + 16). It can be realized by the following

tensor branch:
sp(n)

SO@m) — 1 — [SO(4n + 16 — 2m)], (A.2)

where 0 < m < n+4. When m = n +4, it is realized by (D, 4, Dy+4) minimal conformal
matter theory. The CFDs are shown in table 9.

A.2.2 SU(n) on (—2)-curve
The 6d global symmetry is SU(2n), and the tensor branch can be chosen as:

su(n)

[SUMm)] - 2 —[SU@2n —m)], (A.3)

where 0 < m < n. After the decompling process, the 5d gauge theory description is
SU(n)o + 2nF, which is a descendant of (Dy12, Dy12) conformal matter. For m = 0, the
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(91, 02) CFD
(Es,0)
(E7,5U(2))
(E6,SU(3))
(SO(8),50(8))
=1
(SO(7),50(9))
el

Table 8. CFDs for the marginal rank 1 E-string obtained by different collisions of G; and G4
singularities. The maximal manifest flavor symmetry is realized only in the (Fg, ) model. For all
other the manifest flavor symmetry is @1 X @2, and enhances to Eg by including the additional
BPS states. However these different realizations are useful for the gluing process.
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sp(n)
m [Dm] -1 - [D2n+8—m]

2n+3

2n+1
sp(n)
m [Bim) = 1 — [Bantr—m]
2n
2n-m-+3

Table 9. CFDs for sp(n) on a (—1)-curve in the description on the tensor branch in terms of

S0@m)] — 1" — [SO(n + 16 — 2m)] (a) and for [SO@m+1)] — 1" — [SO(4n + 15 — 2m)] (b).
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m CFD before decoupling CFD after decoupling

2n-1
rm——

2n-m-1

Table 10. CFDs for su(n) on a (—2)-curve in the description on the tensor branch in terms of
su(n)

[SUm)] — 2 —[SU(2n —m)].

CFD is a descendant of the (Day44, Dopta) CED tree in [1]. The CFDs before and after
decoupling are shown in table 10.

A.2.3 SO(2n) on (—4)-curve
Since the non-Higgsable gauge group on a (—4)-curve is already SO(8), we require that
n > 4. The 6d global symmetry is Sp(2n — 8), and the tensor branch can be chosen as:

s0(n)

[Sp(m)] = 4 —[Sp(2n —8 —m)], (A.4)

where 0 < m < n — 4. After the decoupling process, the 5d gauge theory description is
SO(2n) + (2n — 8)V.

When m = 0, the CFD can be read off from the geometry in appendix C.3. The CFDs
are summarized in table 11.

A.3 Minimal conformal matter

Another useful class of building blocks is the minimal conformal matter where the 6d
tensor branch have rank higher than one. For many of these theories, their marginal CFDs
have been constructed in [1-3]. Here we summarize their marginal CFDs in table 12. We
are going to shortly discuss the subtleties associated to non-trivial intrinsic multiplicities
involved in the gluing section 6.4 and non-simply laced Lie algebra.

1. (B, Es):

In this case, there is a non-trivial intrinsic multiplicity factor & = 1 for the three
(n,g) = (—1,0) vertices. In the sub-marginal CFD generated after one CFD transi-
tion, the two new (—1,0) vertices both have £ =1 too.
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Table 11. CFDs for so0(2n) on a (—4)-curve in the description on the tensor branch in terms of

so(n)

[Sp(m)] — 4 —[Sp(2n —8—m)].

2. (Er, Er):

In this case, there is a non-trivial intrinsic multiplicity factor £ = 2 for the two (n, g) =
(—1,0) vertices. In the sub-marginal CFD generated after one CFD transition, the
two new (—1,0) vertices both have £ = 2 as well.

3. (Eg, Eg):
In this case, there is a non-trivial intrinsic multiplicity factor £ = 4 for the (n,g) =
(—1,0) vertex that connects the two affine node of Eg. In the sub-marginal CFD
generated after one CFD transition, the two new (—1,0) vertices both have £ = 4 as

well.

4. (Es,SU(2K)):

Similar to the rank-two E-string case in section 2.5, one can choose to draw a “green
(—1)-node” that still contributes to the non-Abelian flavor symmetry. Alternatively,
one can draw a (n,g) = (—2,0) node instead, but the (n,g) = (—1,0) node will
become an “interpolating node” that connects to the Fg node at one edge but connects
to the SU(2) node at two edges.

5. (Er7,S0(7)):

Note that there is a green node with (n,g) = (—4, —1), which is a linear combination
of two disjoint (n,g) = (—2,0) nodes. In the Calabi-Yau threefold geometry, they
correspond to two homologous O @& O(—2) curves. It can also be interpreted as a
(—2)-curve with multiplicity two.
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(91, 92) CFD

‘00000
e e ee
@

(Er, E7)

®
©
©,

(Es, Eg) @ ©

(Es,SU(2k + 1))

(Es,SU(2k))

(E7,50(7))

(Es, G2) o=

Table 12. CFDs for minimal conformal matter building blocks.
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Above this node, there is an interpolating (n,g9) = (—2,—1) node with a similar
property. It connects to the E7 node with one edge but connects to the SO(7) node
with two edges. After the CFD transition where it is removed, the F7 node above
it will become an (n,g) = (—1,0) node, while the SO(7) node below it becomes an
(n,g9) = (—2,—1) node.

6. (Eg,GQ)Z
Similar to the (E7,SO(7)) case, there is a green node with (n,g) = (=6, —2), which
is a linear combination of three disjoint (n,g) = (—2,0) nodes, or a (—2)-curve with
multiplicity three. Above that node, there is an interpolating (n,g) = (—3, —2) node
that is three copies of a (n,g9) = (—1,0) nodes. After the CFD transition where it
is removed, the Eg node above it will become an (n,g) = (—1,0) node, while the G
node below it becomes an (n,g) = (—3, —2) node.

B Geometry for NHCs

B.1 (—4) with SO(8)

For a single (—4) curve, the 6d non-Higgsable gauge group is SO(8). In the marginal
geometry, the five surface components are arranged as:

Fo(ug)
|
]F2(U1) — Fo(U) — Fg(u;g), (Bl)

|
Fa(uy)

Here uy4 denotes the affine node.

We plot the curve configurations on the surfaces here:

u,/u,/u,/u, ul 2 .

/) U/ U U v _2U v _QU W

i -
2?]2 0 ng 0 2

V, zand y; (1 = 1,...,3) are non-compact surfaces. Before the decoupling, the CFD
is read off to be:

e
® g=1 oF (B.3)
@

where the middle node with genus ¢ = 1 corresponds to the non-compact surface V' and
the four (42)-nodes correspond to z and y;.

To get a bd SCFT, we decompactify the surface component ug. Then the remaining
compact surfaces are three Fo with one IF1, with the following triple intersection numbers:

U =ud =u3 =uld =8, vdU = u3U = u3U =0, U?u; = Uug = Uuz = —2. (B.4)

— H8 —



The compact surface components are connected via the sections of the P! fibration
on the Hirzebruch surface components, and there are no O(—1) ® O(—1) curves in the
geometry. From this, we conclude that the 5d gauge theory description is a pure SO(8)
gauge theory. We can read off the following CFD from the geometry, where the three
(42)-curves correspond to y1, y2, y3 and the O-curve corresponds to V:

®
O—0O—0. (B.5)

©
B.2 (—5) with F

For a single (—5) curve, the 6d non-Higgsable gauge group is Fy. In the marginal geometry,
the five surface components are arranged as:

Fg(U) — Fl(ul) — Fl(UQ) = Fﬁ(Ug) — ]Fg(U4) (B.G)
U is the affine Cartan divisor that will be decompactified.
The curve configuration is

@ uf uf u

Uu.
! oV o

T =T iﬁI“

2 (B.7)

Note that on u3 and u4, the intersection curve with non-compact divisor V' is a reducible
0-curve with two identical fiber components. V, z, y and z are non-compact surfaces.
Before the decoupling, the CFD is given by:

0
O—0=0" (B8)
g=1

where the (+3)-node corresponds to z, the middle (n,g) = (0,1) node corresponds to V'
and the (+8)-node corresponds to y. From the geometry of compact surface ug in (B.7),
we can clearly see that the y-node should connect to the V node via a double line.

After we decompactify U, the remaining compact surfaces have the following triple
intersection numbers:

ui = uj :ug =ul =8, vluy = udu; = -1, uduz = —6, uguz =4, u%w; = -8, uluz = 6.
(B.9)
After the ruling curves on u; (i = 1,...,4) are shrunk to zero size, the intersection

matrix between the ruling curves and surface components on each surface component are:

-21 0 0
1 =22 0
F-S: = , B.10
J 0 1 -2 1 ( )
0 0 1 -2
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which is the (—C);; of Lie algebra Fy. Hence the 5d gauge theory description of this
geometry is a pure Fy gauge theory. The CFD can be read off as follows, where the (+1)-
curve corresponds to U, the O-curve corresponds to V' and the 8-curve corresponds to y:

®

For a single (—6) curve, the 6d non-Higgsable gauge group is Eg. In the marginal geometry,

B.3 (—6) with Eg

the seven surface components are arranged as:

F4 (UG)

|
Fo(us) (B.12)

|
Fy(U) — Fa(ur) — Fo(uz) — Fa(uz) — Fa(ua)

U is the affine Cartan divisor that will be decompactified.
The curve configuration is

mw fada s

(B.13)
5 U uG U5
-4 oV 2~2 oV 4 oV
i:i i:izu‘i 0 47
Before the decoupling, the CFD is read off as:
O
, (B.14)

O—O0—®
g=1

where the middle node corresponds to the non-compact surface V' and the (+4)-nodes
correspond to non-compact surfaces z, y, 2

After we decompactify U, the remaining compact surfaces have the following triple
intersection numbers:

I
e

:ug =8, u%ug :u§u2 :ugug =0, u%ul :ugug :u%u5 =-2,

I

<

I

IS
ww
=

Ugls = Uju3 =2, U%'LLG = U§U4 =—4.

(B.15)
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After the ruling curves on u; (¢ = 1,...,4) are shrunk to zero size, the 5d gauge theory
description is a pure Eg gauge theory since there is no O(—1) @ O(—1) curve. The CFD
can be read off as follows, where the (+2)-curve corresponds to U, the 0-curve corresponds
to V and the (+4)-curves correspond to z, y:

(B.16)

B.4 (—7) with E; + 156

For a single (—7) curve, the 6d non-Higgsable gauge group is F; with a half-hypermultiplet
in the fundamental representation 56 of Ey. This case is different from others in the sense
that the surface components have more connections than the affine F; Dynkin diagram.

The curve configurations on the eight surface components U, u; (i =1,...,7) are

U
Uu,

U oV g~ OV 0y
OE:IE) oi:i

z
" . (B.17)
-3 OV 4 4
u7 :
1@2’“5 6u6 _
17U

As one can see, U, uy, ue, ug and us are F5, Fs, Fy, F; and F4 respectively, while uy, ug
and uy are blow ups of Hirzebruch surfaces. They are arranged into the affine £; Dynkin

diagram as:
Bip1F3(u7)
| (B.18)
F5(U) — Fs(u1) — Fi(u2) —  Fi(us) — Blp1Fs(us) — Fa(us) — Blp1Fs(ue)
where U is the affine node. Before the decoupling, the CFD is read off as:
9
(B.19)

O—OO—0O
g=1

where the middle node corresponds to V, the (+5)-node corresponds z, the (+7)-node
corresponds to y; and the (+2)-node corresponses to ys.
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After we decompactify U, the remaining compact surfaces have the following triple
intersection numbers:

ui’:ugzug:ug’:ug:& uizu%zu%z?, u%ulz—?), uqu:—l, u%uQ:I,
u%u;g =-1, uiu;») = u%u;g =1, U§U4 = -3, u%w; = u%uzl =-1, uiz@ =—4, U%Ug, =0,
uiug = =8, uiug = udiug = —1, uiur = -3, vwiuy = ugu; = —1
(B.20)
The ruling structures of the surface components are
flur) = fluz) = f(us) = flus) =V
Ug) = V= ug + uy
flua) (B.21)
flug) =V =us +uy
f(U7) = V = U4g —l—u6

The 5d gauge group is E7 after the ruling curves are shrunk to zero size. In this case, there
are three O(—1) & O(—1) curves in the ruling:

Cl = U4q - U7
Co = uy - ug (B.22)

C3 = Ug " U7.

Their charge C; - u; under the Cartans of E7 are weight vectors in the 56 representation of
FEg. However, we cannot flop them out of the compact surface, since the surface components
U4, ug and u7 cannot be blown down twice. From these information, we conclude that the
5d gauge theory description should be E; + %56.

The CFD can be read off as:

@
(B.23)

O—0O—C0
B.5 (—8) with E;

For a single (—8) curve, the 6d non-Higgsable gauge group is F; and there is no matter
field. In the marginal geometry, the eight surface components are arranged as:

Fo(ur)
| (B.24)

FG(U) — F4(U1) — FQ(UQ) — Fo(Ug) — FQ(U4) — F4(U5) — F6(U6)
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The configuration of curves are:

U1 u3 UQ/U4/U7

oy oV -2 ov 0 oV
m m4 U o0 2U; 0
(B.25)
5 ur 'U,3
U U, oV -6~° 0 Vo -2 0 V
i:i i:if% 0 ¢ o L
Before the decoupling, the CFD is read off as:
@

(B.26)

O—O—O®
g=1

where the middle node corresponds to V', the (+2)-node corresponds to y2 and the (+6)-
nodes correspond to z and y;.

After we decompactify U, the remaining compact surfaces have the following triple
intersection numbers:

3 _ 3 3 3 3 3 _ .3 2 2 2

U] = Uy =U3 =U; =Us =Ug =U; =8, Ugu] = —4, uzug = —2, ujug =2,

2U3 —u4u3 —u7u3 =0, u3u4— -2, u§U4:2, ui% = —4, ué% =4, ’U%UG: —6,
U3U7:—2

(B.27)

The assignment of sections on each surface component is the same as the (—7) case.

Along with the fact that there is no O(—1) @ O(—1) curve in the geometry, the 5d gauge
theory description is a pure E; gauge theory. The CFD is read off as:

@
(B.28)

O—O—®
B.6 (—12) with Eg

For a single (—12) curve, the 6d non-Higgsable gauge group is Eg and there is no matter
field. In the marginal geometry, the nine surface components are arranged as:

Fo(ug)
| (B.29)

Flo(U) — Fg(ul) — ]Fﬁ(UQ) — ]F4(U3) — ]F2(U4) — Fo(’u,g,) — FQ(U(;) — F4(U7)
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The configuration of curves are:

Kadins m fadlne

l%/u@/u8 u 2 u,

0 oV 2~ OV 4 Y% oV

(B.30)

. 1T T

771,
Before the decoupling, the CFD is read off as:

0
o 0 o , (B.31)
g=1

where the middle node corresponds to V', the (410)-node corresponds to z, the (+2)-node
corresponds to y and the (44)-node corresponds to x.

After we decompactify U, the remaining compact surfaces have the following triple
intersection numbers:

uh = u%:u%:ui:ué:ué:u%:ué:& udu; = -8, U§U2:—6, utuy =6,
2’LL3— —4, u§U3:47 u§U4:—2, u§U4:2, UiU5:u§U5:u§U5:0, u§u6:—2,
u%uﬁ =2, u%m =—4, ugug = -2

(B.32)
The 5d gauge theory is a pure Eg gauge theory since there is no O(—1) ® O(—1) curve
in the geometry. The CFD is read off as

. (B.33)
O—0O—0O
C Resolution geometries for the single curve building blocks
C.1 SU(3) on (—2)-curve
We first consider the following tensor branch
su(3)
[SU6)] — 2 . (C.1)

In the resolution geometry, we denote the non-compact Cartan divisors of the SU(6) by
V,v1,...,v5 and the Cartan divisors of the SU(3) by U, Uy, Us,. The configuration of curves
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on U, uy,us are

(C.2)

Note that the intersection curve U - v3 is reducible, with two (—1)-curve components. Note
that this collection of surfaces does not satisfy the shrinkability condition [29], because
there exists a genus-one fibration structure where the singular fiber is a ring of three Pls
and the sections are the intersection curves U - Uy, U - Us, U7 - Us.

To get a 5d SCF'T geometry, we need to either flop curves out of these compact surfaces
or decompactify a surface component. The former choice is only possible if we shrink the
curve Uy - Uy and results in the same surface geometry U with two P%s. However, this
geometry has no gauge theory description either, since the surface P? does not have a
ruling structure.

For the latter choice, we can flop curves out of U and then decompactify U, and we
consequently get a theory with more descendants. We first shrink the two (—1)-curves that
consist of U - vs, and then shrink U - v, U - vy, U - v1 and U - vs consequently.

In this process, U is blown down six times, while U; and Uy are blown up three times
for each. The final surface geometry after the process is:

U, -1

/R )

§TETO O O

el (C.3)
U, -l

0

z

] 2 -2 -l -2
11)3 ’U:J v:J Vu OU

In this geometry, the surface U is Fg and U, Uy are two identical gdP4s. After U is
decompactified, the (—2) curves U - u; and U - uy are actually unrelated. Similarly, the
(—1)-curves V - u; and V - ug become independent, since we can shrink one of these (—1)-
curves without changing the geometry of the other surface component. Hence in this case,
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these curves should not be combined, in contrary to the usual rule of extracting CFD from
the geometry. The only combined curves are vs - u1 and vs - ue, and the CFD is read off as:

: : : (C.4)

which is exactly the CFD of the 5d rank-2 gauge theory SU(3)¢ + 6F [2].
Similarly, we can study the resolution geometry for the equivalent tensor branch

su(3)

[SU(m)] — 2 — [SU(6 — m)] (C.5)

for other m as well, which gives rise to the CFDs in table 10.

C.2 SU(N) on (—2)-curve

We can generalize the SU(3) discussions to arbitrary SU(N) as well, with the tensor branch
geometry

su(N)
[SUQN) — 2 . (C.6)

In the resolution geometry, the non-compact Cartan divisors of SU(2N) are V,
v1,...,v2N-1, and the Cartan divisors of SU(N) are U, Uy,...,Un_1. The configuration
of curves on U, u; are:

(C.7)

_(N-2)

Uy N-2
The intersection U - vy is reducible. We can flop curves out of the affine Cartan divisor

U 2N times by shrinking U - vy, U -ony—_1,...U -v1, U - vny1...U - vay_1 consequently.
As a result, the surface components U; and Uy _1 are blown up N times for each, and the
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resulting surface geometry is

v, Vv
%
% Uy, ~(N-2)
“ Ura (C.8)
-2 -2 -1 -2
10—0- O—0—0y
v, Uyip Yo
U, ~(N-2k)
U
0 N-2k
v UkLl

After U is decompactified, the curves V - U; and V - Uy can be independently shrinked.
Similarly, U - Uy and U - Uy becomes independent curves. The CFD is then

z —— g (C.9)

which is consistent with the CFD for the gauge theory SU(N)g+ 2N F' as a descendant of
the marginal (Dy42, Dn+2) CFD [1].

For other equivalent tensor branch

su(N)
[SUMm)] — 2 —[SU@2N —m)], (C.10)

with other m, a similar resolution gives rise to the CFDs in table 10.
C.3 SO(2n) gauge group on (—4)-curve

We study the resolution geometry of the tensor branch:

s50(2n)
[Sp(2n —8)] — 4 . (C.11)

We use the resolution sequence of SO(2n) in [70], and the resolution sequence for Sp(2n—38)
is given by:

(.’13, Y, ‘/a Ul) ’ ($) Y, v1, ’UQ) yrey (l‘) Y, V2n—9, ’U2n_8) (012)
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Denote the Cartan divisors of SO(2n) by U, Uy, Us,. .., U,, the configuration of curves
on each surface component are:

U, -2 U, ~(2k4) U, 2n-8 copies of (-2)
2 1
,,
OC CZ OO OUAH
4 z 4 (2k-4)
U, -2 U, -(2n-8) v (-2),g=
OO—OQ 0 Un—l/ Un Vl ('4)7.{]:_1 . (013)
14 Y 4 (2n-8) : .
o Vo
U . -(2n-6 2n-8 s of (0
U0 0 U, o A 2n_)8 U, 2n-8 copies of (0)
Ui 218
0 0 Yy
J Oh VO—O(2n-6)
Note that the curves with ¢ = —1 are a double copy of a rational curve on the surface.

Moreover, the intersection curve U, - U, consists of (2n —8) copies of rational curve. The
intersection relations among surface components are:

, (C.14)

which is consistent with the geometric picture in [31].

To get a 5D SCFT, we need to decompactify the surface U, and the CFD can be read
off as the one in table 11. Note that the vertices V,Vi,..., Vo,_g form the BG-CFD of
Sp(2n — 8), see table 1. The nodes with n > 0 are given by U, y1, y2 and ys.

We can similarly work out the resolution geometry for

s50(2n)

[Sp(m)] — 4 —[Sp(2n —m — 8)] (C.15)

as well.

D (—1)-NHC gluing from geometry
In this appendix we derive the CFDs from the tensor branch geometry.

(—1)(—3): G = SU(3). In the tensor branch resolution, we denote the non-compact
Cartan divisors of Eg by V,v1,vs,...,vs, the compact vertical divisor over (—1)-curve by
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S and the compact Cartan divisors of SU(3) by U, uy, us. The curve configurations on the
compact surfaces are:

(D.1)

In this case, to circumvent the multiplicity factor subtlety, we do a flop on (D.1) by
shrinking the single intersection curve among the surfaces U, u; and ue. Consequently, the

surface S is blown up at the point where three curves U - S, u1 - S and us - S intersect. The
curve configurations after this flop are:

U 2 U2

Tl
) N\
u_
O—O0—>0
2 20, -2v, -1y -3
/‘\

20, 2V Tz

59, (D.2)
s &

15 1 IS

m&l | c&
z

To get a valid 5d theory, we need to flop the curve z - S on S into U, and then

decompactify U. This leads to the following curve configurations on the remaining compact

L]

i>®

surfaces:
U2 Y2 x:l -3 Uy
N4 N\
U
1
-2 O O @, .
U, 20, -2v, -1y 3 -
O
2v, 1V 2 (D.3)

—
E>©H
—_
—_
—_
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Hence we can read off the following CFD:

The rank-3 5d theory has Grp = Fg x SU(2) superconformal flavor symmetry and an IR
quiver gauge theory description of:

4F — SU(2) — SU(3). (D.5)

The BG-CFD of SU(2) + 4F can be embedded in (D.4).

(—1)(—4): G =SO(8). The curve configurations in the tensor branch resolution are

(D.6)
V, v1,...,v4 are the non-compact Cartan divisors of the SO(8) in the tensor branch
50(8)
[SO®)—-1—- 4, (D.7)
and U, uy,...,us are the compact Cartan divisors of the s0(8) on the (—4)-curve. The

affine nodes are uq and vg. S is the vertical divisor over the (—1)-curve, which is a gdPyg.
We flop the curve z -5 on S into U and then decompactify U, which result in the following
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curve configurations

(D.8)

The CFD can be read off as

(D.9)

(—1)(—6): G = Eg. The resolution geometry is similar to the G = SU(3) case. Here we
denote the compact Cartan divisors of Eg by U, uq,uo,...,us, the compact vertical divisor
over (—1)-curve by S and the non-compact Cartan divisors of SU(3) by V, vy, vs. The curve
configurations on the compact surfaces are:

-2 0,

U, U,
rl 2% 9%
N\ -/
Y my fg4 9\3
-2 I 2 2 g
2
) N A!
" u1 U,/ U, U
U, 09 2 ~09 0 08 20— 05" (D.10)

71—



Similar to the previous cases, we shrink the curve z - S on S and decompactify U. The

resulting CFD is going to be:

>@‘/_®U (D.ll)

Y

(—1)(—8): G = E7. In the resolution geometry, we denote the compact Cartan divisors
of E7 by U, uy,...,ur, the compact vertical divisor over (—1)-curve by S and the non-
compact Cartan divisors of SU(2) by V,v;. The curve configurations on the compact

surfaces are:

" u3 u2/u4/u7

’lL1 -6 OS -4 2 (]S -2 OS OE:EOS (D12)
0 i:iﬁz Oi:iz; U OE:EQ% 0 0
u u %y, Uy
93 09 A4t 0S5 -6~° 0S zi:IoS
OEEQ% 0 EEJ‘G OEEG Yoo oY
After we shrink the curve z - S on S and decompactify U, the resulting CFD is:
(D.13)

(—1)(—12): G = Es. In this case, there will not be any non-Abelian flavor symmetry
on the non-compact curve. We just have a resolution geometry of a gdPg glued with the
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exceptional divisors of a I1* Kodaira singularity. The curve configurations are:

U, -10 oS s Y oS 6 0S 4 08 -2~ ~0S"

U U.
0 100 s8U 0 6Uh o YR 3

u4/u6/u8 U

0 0S5 -2
oi:io 0 9 Uz oi:izlx oi:iQy

After the shrinking of curve z - S on S and decompactification of U, we just get a CFD
with no (—1) or lower node:

(D.15)
E Geometry of non-minimal conformal matter
E.1 Non-minimal (D, D,,) conformal matter
The tensor branch of non-minimal (D,,, Dy,) (n > 4) conformal matter is given by:
sp(n—4)  so0(2n) s50(2n) sp(n—4)
So@2n)- 1 — 4 —--— 4 —— — [SO(2n)]. (E.1)

When N = 1, the theory is the minimal (D,,, D)) conformal matter, with the equivalent
descriptions of marginal CFD in table 9.

In the tensor branch (KK) resolution geometry, we label the Cartan divisors of each
SO(2n) by UD and U, where j =0,...,N, k=1,...,n. The ones with j =1,..., N —1
correspond to the compact surfaces which are fibered over the curves in the middle of
tensor branch, while j = 0 and j = N correspond to the two non-compact SO(2n). For
each Sp(n — 4), the Cartan divisors are labeled by V) and Vk(j), where j = 1,..., N,
k=1,...,n—4. We plot the configuration of curves in figure 7.
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. )
U -2 Vi U9 _-(2k4) 0 U, .9 _ 2n-8 copies of (-2)
U6 O

U Uk(;) n
; 2n-8
()
Oo—é2 _ o U

: (-2),9=-1 Un<“> Vl(j) U(.i) (2n-2k-4) V (/

U ()
(0),9=-1

0 ),9=-1 2n 2k 4)

AL
(0) 792'1
A
" Yy
0)9=1 1

Figure 7. The configuration of curves in the KK resolution geometry of non-minimal (D,,, D,,)
conformal matter with order N.

Here U ,gj ) denotes the compact surface components with & = 3,...,n — 3 and Vk(j )
denotes the compact surface components with k = 1,...,n—>5. For V() withyj=2,...,N—
1, the curves VU . z, ) -y and 174%2 - y2 has non-trivial multiplicity two, and the curves
VTEZ - Y3 on Vn@4 has multiplicity two as well.

Hence in the CFD from this geometry, the vertices z, y1, y2 and ys have:

N-1 N-1
n(z) =Y 22 UV 422 VW 4 2.y 4932 y0) =0,

j=1 j=2
N-1 ) N-1 ‘

n(y) =Y u U+ v g2 v 42 N2 v o,
= = (E.2)
N-1 N-1 ‘

n(y) =3 13 UL 43 VD 43 v 12572 v = (20 - 8)(V - 1),
j=1 Jj=2
N-1 N-1 )

n(ys) = >3- UD + 93 VI +u3- v 423 3V =0
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The CFD, see tables 5 and 6, then does not have any possible transitions to a 5d SCFT
descendant. To get a 5d SCFT, we shrink the curves z - VU) for j = 1,..., N and then
decompactify the surfaces UU) for j = 1,...,N — 1. The configuration of curves on the
new compact surfaces is plotted in figure 8.

The curves with multiplicity two are still V@) .y, V@) .y and Vrfjll -y3 with j =
2,...,N — 1, and we can read off:

n(U©)=U)2.y1)=_1,
n(UM)=UWN)2.y(N) = 1,
(

n(UY) = U2 (v 4vUtDy=—2 (j=1,....N-1),
N—-1 ) N-1 ‘
n(y) =Y U+ VO 2 v 12 32 v =0
=1 =2 (E.3)
N-1 N-1
n(y2) =Y 3-UP 43 VO 42 v 123" 270 = (20 -8) (N 1),
j=1 j=2
N-1
1
n(ys)= Y 3-UD +3- VD a2 v Z =
j=1 —2

Along with the edge multiplicities computed from (2.20), we can exactly read off the CFD
in tables 5 and 6. It has an extra chain of N (—2,0)-vertices that correspond to the
decompactified surfaces UY) j=1,... N — 1.

E.2 Non-minimal (FEg, Eg) conformal matter

In the resolution geometry of the tensor branch, we label the Cartan divisors of the left and
right non-compact Eg by V,v1,...,vg and W, wy,...,ws, including the affine nodes. The
Cartan divisors of the N —1 compact Eg in the middle are denoted by U® ug ), .. ug) (i =
1,...,N —1). The Cartan divisors of the N compact SU(3)s are denoted by Q1 ,q1 ,qg)
(t=1,...,N). The vertical divisors over the (—1)-curves are denoted by S; (i = 1,...,2N).
Then we plot the curve configurations on each surface components in figure 9, where x, y
and z corresponds to non-compact divisors. For the surfaces Q). qgk), qék) label k goes
from 1 to N, and we effectively have U®) =V, UW) = W.

As we can see, the surfaces S; are gdPgs with Eg and @(3) singular fibers, and
the configuration of Mori cone generators is exactly given in the table 8. The divisors
QW), qg ), qé) are Hirzebruch surface F; sharing a common O(—1) & O(—1) curve. In this
geometry, the multiplicity factor of the intersection curves between the compact surfaces
with z, y, z can be computed from the procedure (2.25). For z, obviously the intersection
curves on the non-compact surface z form the following chain, which is exactly the same
as the tensor branch base geometry:

(1) = (3) = (1) = (~6) — (1) = (=3) = (~1) =+~ (=3) — (~1) = (=6) (1) — (-3 ~ (-1).
S QMW Sa U@) Ss3 Q®@ Sy QN-1) Son_o UN-1) Son_1 QN San

(E.4)
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U 9 2n-8 copies of (-2)

n-1 O

2n-8

: (-2),9=-1 Un<“> Vl(j) U(.i) (2n-2k-4) V (/

U )
. (0),9=-1

0 ),9=-1 2n 2k 4)

AL
(0) 792'1
A
" Yy
0)9=1 1

Figure 8. The configuration of curves in the decoupled and flopped geometry of figure 7. Note
that the decompactified surfaces U) has been removed.

Then we try to shrink this chain of curves by blow down the (—1)-curves in the middle
of the chain, and finally we get:

(D= (=2)=(=3) = (=2) == (=2) = (=3) = (=2) = (=), (E.5)

S Qv U y® UN-2)  pN-1) Q) Say

Now we assign weight factor one to all the curves in the chain above, and blow up back
to the original chain (E.4). In the process, the weight factor of a new (—1)-curve is given
by the sum of its two neighbors. Finally, we get all the weight factors for the chain (E.4),
which is labeled above each curve:

(1) = (=8) = (<) = (6) = (1) = (=) = (1) == (-3) — (1) = (~6) — (~1) ~ (=) ~ (~1).
S QW Sa U@) Ss3 Q®@ Sy QN-1) Son_o UN-1) Son_1 QN Saon
(E.6)
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Figure 9. The configuration of curves in the KK resolution geometry of non-minimal (Eg, Fg)
conformal matter with order N.

Then for the vertex z in the CFD, we can compute:

2N -2 N-1 N-1
n(z) =2 <51+S2N+25’2+252N—1 +3 ) Si+QW+QM 42> QW+ Y " U(“) E
=3 =2 i=1 :
—0

for any N.

Since there is a permutation symmetry among x, y and z, we can carry over the same
analysis to x and y, and compute n(z) = n(y) = 0 as well. The CFD is then given in
tables 5 and 6, with no descendants.

In the decoupling process, we first flop all the (—1)-curves z - S; on each S; into the
surface components Q*), and then shrink the (—=1)-curves z- Q). After these flops, we de-
compactify the divisors U, (i = 1,..., N —1). Finally, we get the following configuration
of curves on the compact surfaces in figure 10.

The CFD will contain vertices V', v;, W, w;, =, y and U® for k=1,...,N — 1. Note
that the O(—1) @ O(—1) curves U®) . Sy, and U®) - Syi, 1 have multiplicity two as well,
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S, a 1S
'1)5 9 ’UG ) 33/:\1 -2 (]2 2k
N\ N\
q (1)
-2 O O O
U\ 20, 2w, Ty -2
O
2v, aV 1=om
S ) (%) (k+1) |5,
2U5 _QUG T -1 _2q2
M) M)
(k) - - (k+1)
u, 5 ug(k) u4(k’) g,
-2 O——0 O
-2 1Y 2
k
u® g
2 1o
(k) k
2k+1 k+1 2k+1

o o o 0
2k O2J» 2k 2k
] k>/q2 /qsk »
ket k
o o 0 I . O
O Qk O1 v
Qk 00 2k 00 21» 0

Figure 10. The configuration of curves in the decoupled and flopped geometry of figure 9. Note
that the decompactified surfaces U) has been removed.

which can be derived from the chain of curves on U®):

1 2 1 2 1
(=2) = (=) = (-4) = (-1) = (=2)
Q(k) Sok ugk) Sok+1 Q(’H—l)
i (E.8)
1 1 1
(1) = (=2) = (=1

QW B QU
Hence the vertices U*) actually have (n,g) = (—2,0) in the CFD:

n(UW) = (UW)?. (25% + 25001 +uf” + QW + Q(k+1))
= -2,
1 (E.9)
g(U®) =143 [nU®) + UD - 285 + 280011 + uf) + Q) + Q12|

=0.

and we can read off the CFD in table 5 and 6, with Gp = Eg x Eg x SU(N).
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E.3 Non-minimal (E7, E7) conformal matter

In the resolution geometry of the tensor branch, we label the exceptional divisors as follows
(0<EkE<N):

U(k)’ul(k) Soki1 P(2k+1)7pl(2k+1) Q(k+1)’Q§k+1> P(2k+2)’Pl(2k’+2) Sok2 U(k+1)7u§_k+1>
=8 -1 - 2 — 3 — 2 -1 - 8 — ..
(E.10)
The divisors U, ugo) and UW ),ul(-N) correspond to the non-compact flavor E7. We plot
the configuration of curves in figure 11. Then we do a series of flops on the geometry.
First we shrink the O(—1) & O(—1) curves z - S; on all Si. After that, we shrink the
O(-1) ® O(—1) curves z - P*) on all P*). Finally, shrink the O(—1) @ O(—1) curves
2-Q® on all Q). In the end, we get the configuration of curves on the flopped geometry
in figure 12, where U®) are decompactified.
To compute the n(U(k)) for k=1,...,N — 1, we need to compute the correct multi-
plicity factors for the curves U®) . Sy and U®) . Sy, 11 in figure 12. The chain of curves
on U®) and the multiplicity factors are:

1 2 3 1 3 2 1

(=2) = (=2) = (=) = (=6) = (=1) = (=2) = (=2) . (E.11)

Q) P2k Sk ugk) Sok41 P2kl QUe+D)

The number in the bracket denotes the self-intersection number of that complete inter-
section curve inside U®). Hence the multiplicity factors for U®) . Sy, and U®) . Sok+1
(k=1,...,N —1) are 3, and we can compute that the vertices U*) (k=1,...,N —1) in
the CFD has n(U®) = —2, g(U®)) = 0. Then we can read off the CFD in table 5 and 6,
with GF = E7 X E7 X SU(N)

E.4 Non-minimal (Eg, Eg) conformal matter

In the resolution geometry of the tensor branch, we label the exceptional divisors as follows
(0<k<N):

U(k),UEk) Sop+1  P(2k+1) V(%H),Vl(%ﬂ) W(2k+1),Wi(2k+1) Topt1 Q(k+1)7Q§k+l)

- 12 =1 = 2 — 2 - 3 -1 - 5 =

Togy2 W(2k+2)7Wi<2k+2> V(2k+2),V1(2k+2) P(2k+2)  Sopio U<k+1>7u§k+l>

1 - 3 - 2 - 2 -1 - 12 —...

(E.12)

The divisors U (0),u§0) and UWN ),ugN) correspond to the non-compact flavor Eg. We
plot the configuration of curves in figure 13. Then we do a series of flops on the geometry.
We first shrink the O(—1)®&O(—1) curves z-Sj, on all Sx. Then we shrink the O(—1)®0O(—1)
curves z - P*) on all P(). After that, we shrink the O(—1) @ O(—1) curves z - V¥ on all
V(&) After this step, the curves z - W®) are 0-curves on W), which cannot be shrunk.
So we shrink all the curves z - T as well, which results in the blow ups of Q). Finally,
we shrink the O(—1) ® O(—1) curves z - W®) on all W®*). The final curve configurations

after the flop is shown in figure 14, where the surfaces U*) are already decompactified.
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u (®) .

'2 Oy
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NCQ

P(zk+1)

2k+1
S P D R

0 0,g=1

P (2k+1)
1

P(Qk P(?kl/P (2k)

Ql(l) 0,g=-1
QW

Oag -1 y6

Figure 11. The configuration of curves in the KK resolution geometry of non-minimal (E7, E7)
conformal matter with order N. Dotted line means negative intersection number.

The chain of curves on U®) and the multiplicity factors are:

1 2 3 4 5 1 5 4 3 2 1
(=2)=(=2)=(=2)=(=2) = (=)= (-10) = (=1) = (=2) = (=2) — (=2) = (=2). (E.13)

Q(k) W (2k) Vv (2k) P(2k) Sok ugk) 52k+1 P@k+1)  y(2k+1) (2k+1) Q(k:+1)

The number in the bracket denotes the self-intersection number of that complete intersec-
tion curve inside U*). Thus the curves U®) . Sy and U®) - Sop 1 (k=1,..., N — 1) have
multiplicity factors 5, and we can compute that the vertices U (k) (k=1,...,N—1)in the
CFD has n(U®)) = =2, g(U*)) = 0. Then we can read off the CFD in table 5 and 6, with
GF = Eg X Eg X SU(N)



) *
u. u,

u.® 2 ® 5 Ju,
4.2 2l 27

2k+1)
Sy
10

Q *® 13 2% Q ® (k) 2%k (k) 2 ;
| 1_1Q2() p1(> 1 Q, p1<> Q, P PI(ZIcl)/Pl(Zk)

(k) ! Q" 0.g=-1
fos 0 ! QW
Pl(zm) Q:s(k) P 2D Y 0,g=1 36
4

Figure 12. The configuration of curves in the flopped geometry of non-minimal (E7, E7) conformal
matter with order N. Dotted line means negative intersection number.



2 4 =-1
- Ql([k/Q]) - Q(W?]) 8=-

Qv Q0 ’ Q" Q.0
-3 Ql(k) 021»' -1 Qz(k) ZL -1 %1 @ -6 2 0 2k 8Q3L

Y g=1 g=-1
0 3 0 é@@ iiI ® Oﬁ
TQk‘—l o TZk—l k-1 Q

Figure 13. The configuration of curves in the KK resolution geometry of non-minimal (Es, Eg)
conformal matter with order N. “[]” means the rounded up integer value. Dotted line means
negative intersection number.
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[/Vl(k') Tk

=0 O
1o =2 (2 -4g=-1

1 3
QW Qlw Q2<k Q’1<k>
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A 0 - )
1 el y g=1 .(92-1
-1 0 1 0 @‘i) 0 6 (1) 0 8T
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Figure 14. The configuration of curves in the flopped geometry of non-minimal (Eg, Fg) conformal
matter with order N. “[]” means the rounded up integer value. Dotted line means negative
intersection number.
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