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1 Introduction

Applications of conformal field theory (CFT) in high-energy and condensed matter physics
are well-known, as is the connection between gravity and CFTs. Motivation for renewed
interest in CFTs includes the plethora of fruitful advances of the bootstrap program [3, 4]
in more than two dimensions. (The modern bootstrap literature is vast. It spans many
interesting numerical results [5—44], a variety of impressive analytic results [45-73], work
involving global symmetries [74-93] and higher-spin fields [94-99], as well as lectures and
reviews [100-103].) The starting point for the bootstrap are the conformal blocks, which
are the building blocks of the four-point correlation functions. Calculating conformal blocks
beyond two dimensions has proved daunting, and only a few cases were successfully worked
out almost twenty years ago [104, 105] (see also [106-109] for earlier work). With the
revival of interest in the conformal bootstrap, several new results for conformal blocks
were developed more recently [110-159] using a variety of different methods.



A different approach for the computation of conformal blocks was recently proposed
in [1, 2]. It relies on using the operator product expansion (OPE) in the embedding
space [160-163]. The framework for embedding space OPE was introduced in [164-169],
with further developments presented in [170-172]. This approach can be applied to yield
any conformal block in general spacetime dimensions. In this formalism, operators in
arbitrary Lorentz representations are uplifted to the embedding space in a uniform manner
using products of spinor representations alone. Derivatives naturally occur in the OPE, and
hence it is of interest to fully determine their action in order to directly obtain the blocks.
These were evaluated explicitly in [1, 2] for any expression that may potentially arise in any
M-point function. With the action of derivatives already in hand, computing conformal
blocks just requires finding the projection operators for irreducible Lorentz representations
and then performing appropriate replacements of terms with the corresponding expressions
obtained from derivatives in the OPE.

In this work, we derive several four-point conformal blocks using the approach de-
veloped in [1, 2]. We have two main goals here. One is to illustrate how the formalism
performs in practice. Another is to validate the approach by comparing the results with
the existing ones in the literature whenever available. Some of the ingredients needed here,
in particular, the projection operators and three-point tensor structures, were studied in
detail in [173, 174]; we rely on those results in this paper.

An interesting aspect of the present approach is that all conformal blocks computed
here can be expressed in terms of the Gegenbauer polynomials onto which particular sub-
stitution rules are then applied. The Gegenbauer polynomials are functions of a variable
X, and a set of substitution rules transforms X into the final answer.

This paper is organized as follows: we start with an overview of our method and main
results in section 2. Section 3 expresses all four-point correlation functions in terms of the
conformal blocks. The conformal blocks themselves are obtained by contracting two ten-
sor structures, each originating from the OPE, with the so-called “pre-conformal blocks”.
These pre-conformal blocks depend primarily on the Lorentz quantum numbers of the ex-
changed quasi-primary operator. They are computed in two steps using the corresponding
hatted projection operators. In the first step, the projection operators are transformed
using the three-point tensorial function. In the second step, the result is transformed fur-
ther by a four-point conformal substitution rule yielding the proper conformal quantity.
The resulting pre-conformal blocks are linear combinations of tensorial objects, which in-
volve the generalized Exton G-functions of the conformal cross-ratios. The contractions of
the pre-conformal blocks with the two tensor structures can be facilitated with the help
of several contiguous relations, leading to the standard conformal blocks. In this work,
all pre-conformal blocks and conformal blocks are computed in the s-channel. Section 4
illustrates how the formalism can be applied to derive pre-conformal blocks and conformal
blocks in a series of examples. The conformal blocks are all written in terms of appropriate
conformal substitutions on the Gegenbauer polynomials. As such, the conformal blocks
presented here are the final answers that do not contain any derivatives. Comparison with
the existing literature demonstrates the validity of the approach. Finally, section 5 con-
cludes, pointing out the importance of hatted projection operators and tensor structures



in the computation of pre-conformal blocks and conformal blocks, respectively. The reader
interested in the general method based on the OPE is referred to [1, 2] for an extensive
exposition of the formalism.

For certain computations, the answers are applicable in d > 3 only, since in that case
extra tensor structures appear which must be taken into account appropriately. Those
cases should be clear from the context. Moreover, although the formalism works for any
spacetime signature, the emphasis here is on Lorentz signature.

2 Overview of methods and results

Here we provide an overview of the main methods used and the most important results
found in this work. Readers familiar with [1, 2] are advised to skip directly to section 3.
As the results obtained here are highly technical in nature, a bird’s-eye view may be of
advantage. For this, the reader is encouraged to consult this section before delving into
the details of the methods and results.

Throughout, we work in the (d 4 2)-dimensional embedding space with light-cone
coordinates denoted by n?. The most important tool used here is the OPE described
n (3.1). The fact that the OPE converges absolutely at finite separation in a CFT has the
powerful consequence that it can be exploited as a tool to compute M-point functions in
terms of (M — 1)-point functions. Here we apply the embedding space OPE to determine
four-point functions from three-point functions.

D%’hij k= Na/2ma) appearing in the OPE (3.1) exhibits several

The differential operator
useful properties explored in [1, 2]. Notably, this operator features derivatives with respect
to m2 only and therefore commutes with all other coordinates. Further, the superscript
label n, on the operator denotes the number of vector indices, which are frequently omitted
whenever it is clear from the context how they are contracted. Setting n, = n, it was found

earlier that Do satisfies the identity

dhn)ArAn A, A, ko (dhn+k)Ar-Ap
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which implies that the action of Di2 on any string of coordinates 7y with free Lorentz
indices may be absorbed into D15 by simply shifting the index n appropriately. As may be

d,hn) AL An
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foreseen from the above property, is symmetric under the interchange of any

pair of indices; moreover, it is also traceless upon contraction with the metric ga, a,.
What is perhaps the most consequential result of [1, 2] is that the action of Dg’h’n)
an arbitrary product IT;za(n; - n2)P* can be evaluated explicitly for the most general quan-
tity appearing in M-point correlation functions. The expression for any CFT correlation
function features coordinates with Lorentz indices that take care of the spin of a given
operator and powers of (n; - ;) that account for the scaling dimension of the operator
in question. Thus, Dg’h’n) can be used to construct higher-point functions for operators
in arbitrary Lorentz representations. The resulting expressions generated by the present
method are naturally found in closed form with no derivatives or integrals that need to be

(d7h7n)
12

evaluated. An M-point function is therefore given in terms of D acting on a function

with M — 1 points. However, the upshot is that the action of the OPE differential operator



has been determined in complete generality. Notwithstanding, even with general formu-
las known, obtaining the final particular expressions in a given case can be cumbersome.

This is because correlators of spinning operators often contain many terms, with each term
(d7h7n)

generically associated with different indices h and n in D;,""", thus leading to complicated
formulas. For three and four points, the relevant action of Dgg’h’n) on the coordinates is

described in (3.6) and (3.16), respectively.

Another crucial ingredient of the calculations described here relates to the treatment
of operators with spin. In this work, we denote Lorentz representations of SO(d) by their
Dynkin indices (N1, No, ..., N,), where r is the rank of SO(d). Here we use Nie;+Naea+. ..
in place of (N1, Na, .. .), interchangeably. We take all operators to carry spinor indices only,
as spinor representations are faithful and an arbitrary representation may be obtained from
a product of spinors. Transformation properties of operators under conformal transforma-
tions are encoded by the half-projectors ('Tév I') appearing in the OPE and correlation
functions, for instance in (3.1) and (3.2), where IN denotes the representation of a given
operator. The half-projectors are present to translate objects from products of spinor
indices into appropriate combinations of vector indices with a given symmetry under per-
mutations if the representation is bosonic and a combination of vector indices and one
spinor index if the representation is fermionic. The half-projectors play essentially spec-
tator roles and are in place to ensure that all expressions transform properly. The more
conventional expressions with operators carrying vector indices instead of spinor indices
can be obtained trivially by contracting the operators with half-projectors, for example
(TwT) * ON | where the * denotes the full contraction of the spinor indices.

As mentioned, the half-projectors serve the function of group-theoretic bookkeeping for
the external operators. The half-projectors square to form projection operators, denoted
by PN hence the half-projector terminology. The projectors act on the vector indices
for bosonic representations, or vector indices and one spinor index for fermionic ones,
given a specific representation IN. The projectors appear in our formulas for the exchange
operators, for example in (3.13).

The central expression that leads directly to the four-point blocks is (3.13). This
result is applicable to exchanged or external operators of any Lorentz representation. The
expression for J illustrates how the invocation of the OPE, and specifically the action of
the derivative Diq, are applied in practice. One needs to keep track of the different ways
in which 72 appears in the expression. In particular, it may carry free Lorentz indices,
denoted by (772)%2, or be found in dot products present inside the conformal cross ratios
denoted z3 and z4. Each individual power of (7j2)%2z5*z)* is accordingly replaced by the
corresponding I}2.34 function that was obtained from the OPE in [1, 2]. In this fashion, the
computation of the blocks has been reduced to substitutions and bookkeeping. Obtaining
the final expressions for the blocks necessitates contracting the indices on J with the
representations of the external operators. This is accomplished by contraction with the
group-theoretic structures at,}j?m and btz?m, which ultimately leads to the result in (3.14).

Let us now give an overview of the concrete examples considered in this paper. Here
we work out five distinct sets of conformal blocks with the following choices of external
operators: four scalars, three scalars and an antisymmetric tensor, two scalars and two



vectors. In all cases, the exchanged operators are either the /-index traceless symmetric
tensor or in the mixed fe; + e5 representation. From the perspective of our framework, we
have found that the most convenient way to express the blocks is in terms of substitution
rules on the Gegenbauer polynomials.

The simplest example of this is the scalar block with symmetric traceless tensor ex-
change fe;. The expression for the block, (4.13), contains a purely numerical normaliza-
tion factor w and the ¢-th Gegenbauer polynomial Céd/ 2_1)(X ) of weight d/2 — 1 that
depends on the conformal cross-ratios. This expression completely encodes the block
when combined with the associated substitution rule. Here the special variable X =
3 [(c4 — ag)ws — (a3 — a2)x3] depends on the cross-ratios z3 = % and 24 = u and on place-
holder variables a2 34. Once the Gegenbauer polynomial has been expanded in terms of
powers of X and in turn X is expressed in terms of g 34 and x3 4 one obtains a finite power
series Céd/ 271)(X ) =D Clisa,ss,5umsra Qs g ot xs®xy*. Each term in the series is replaced
by the function Ij2.34, whose arguments depend on the powers s2 34 and r3 4. The expres-
sion obtained in this way agrees directly with [119]; moreover, the recursion relation (4.16),
given in [104], is satisfied.

All other blocks exhibit very similar, albeit more involved, structures. The depen-
dence on the conformal cross-ratios is given in terms of the Gegenbauer polynomials, see
for example (4.26) and (4.27). These encode some of the blocks for the symmetric tensor
le, exchange with the scalar-vector-scalar-vector external operators. The meaning of these
expressions is exactly the same as before. The block in (4.26) consists of two Gegenbauer
polynomials, while the one in (4.27) of four polynomials. Every one of the Gegenbauer poly-
nomials is associated with a substitution rule that specifies the expressions corresponding
to powers of a3 4 and x3 4 upon expansion of X. The crux of the calculation involves find-
ing the Gegenbauer polynomials and their associated substitution rules. We do not find
it useful, other than for direct comparison with the literature, to expand the expressions
completely, as this is straightforward. In the context of our formalism, conformal blocks
given in terms of the Gegenbauer polynomials and the associated substitution rules are in
fact the final expressions.

In practice, we have found it most convenient to work with what we term the “mixed
basis.” Oftentimes, we use the OPE to obtain four-point functions from the three-point
ones but do not exploit the OPE directly to obtain the three-point from the two-point
functions. The price of convenience is that we end up with one basis of group-theoretic
structures for the OPE and another basis for the three-point functions. The mixed basis
blocks are denoted with mixed brackets, for example g(]:‘b]. The transformation from one
basis to another are linear and are discussed in section 4.2.

3 Four-point correlation functions

In this section, we compute four-point correlation functions in the embedding space with
the help of the OPE, as laid out in [1, 2]. The procedure is analogous to the one used
to obtain three-point correlation functions from the OPE [174]. The result combines a
group-theoretic part, which depends on the Lorentz irreducible representation of the ex-
changed quasi-primary operator, and a scalar part, which involves simple powers of the



conformal cross-ratios. The latter is fixed by the conformal dimensions of the exchanged
and the external quasi-primary operators. Afterward, some simple substitution rules are
introduced to transform these objects into tensorial functions appearing in four-point cor-
relation functions, namely the conformal blocks.

3.1 OPE and four-point correlation functions

Four-point correlation functions can be computed from the OPE [1, 2]

'ij

aC; at’L d,h;ik—"Na/2,Nq
Oi(m)0s () = (TE"DNTRT) - 37 37 (b Dy 2 (Tra, ) Ox ),
k a=1
1 1
pijkzi(Ti‘i‘Tj_Tk)a hiji, = _i(Xi_Xj‘i‘Xk)?
0 = Ao — So, xo = Ao — o, §o = So — [So], (3.1)

where Ao is the scaling dimension of the operator in question; Sp is the operator spin,
defined to be half the number of its spinor indices; 7 is the twist; while o is a parameter
that is either 0 for bosonic or % for fermionic operators. The spin Sp is either an integer or
a half-integer and does not provide a complete description of an operator representation,
which can only be specified by the weights. Further, the OPE coefficients acijk are purely
numerical, while the half-projectors 725\’ I" and the tensor at%j% carry Lorentz indices, as does
the differential operator Di2. For now, we have suppressed all Lorentz indices for brevity.
They will be restored shortly, but we stress that this statement applies to arbitrary operator
representations.

The OPE yields four-point correlation functions from three-point ones as

Nijm 12m
(01(1) 05 (1) O(5) Oelma)) = (T (T 1) - > D (- 577773
" (3.2)

. Dggvhijm_na/lna)

(2w, 1) # (Ok(n3) Oe(1a) O (n2)) -
Three-point correlation functions can also be obtained from the OPE (3.1), see [174], as
can be the two-point correlation functions [173].
Upon inserting the result of [174] in (3.2), the four-point correlation functions assume
the form

(Oi(m)O;(n2) Ok (n3)Ou(na)) (3.3)
i a NJ' 3 c
(755 T) Ak (75, ) BB (T ) L0 (T80 ) 1)
(771 . nQ);(Ti—X¢+Tj+Xj)(771 . n3)%(X1—Xj+Xk—Xz)(nl . 774)%(X1:—Xj—><k+xz)(n3 . 774)%(—X1:+Xj+7'k+n)

Nijm Niim
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m a=1 b=1

x [(771 “12) (13 '774)]11”7" Pd:higm—na/2n0) [(771 “12) (13 - 774)} ~hwtm {(771 “12) (13 - 774)]}”*””'
(7)1 '773)(771 “14) 127} (771 '774)(772 : 773) (771 '773)(772 : 774)
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where the three-point correlation function quantities are

c _
aCijk = Z acz‘jlclkn> atzlj%c = atzljmc [(CF 1)]2£k (9)"
l

k
v

(9)", (3.4)

and An, is a normalization constant chosen such that the two-point tensor structures are
orthonormalized [173]. The sets of Lorentz/spinor (upper/lower case, respectively) indices
{Aa}, {Bb}, {Cc}, {Dd} correspond to the external operators, the indices {Ee} to the
exchanged operator, while the set {F'} is associated with the OPE differential operator
Dj2 in (3.1). Both primed and unprimed indices appear for {FEe} and {F'}, as the projec-
tor operators Pijjy ™ carry both upper and lower indices. We should note that the tensor
structures at}j?m and pt3}  serve to contract the indices among the half-projectors 7;?] r

and the projectors P;”™ to the representation of the exchanged operator and the differ-

ential operator. Theré are no restrictions on the Lorentz representations of any operators
in (3.3).

Before delving into a discussion of the conformal substitution rule, we find it necessary
to explicitly display the three-point tensorial function.

3.2 Three-point tensorial function

In (3.3), the three-point tensorial quantity jéjg AN SS known from the three-point cor-

relation functions [174] and is obtained by a simple conformal substitution, namely*

j(2l7g’n?A7N)

3 = (ﬁQFﬁﬁﬁﬁﬁ4F)053

_ = AN AN = 3.5
=P Pag i F’(g)w(ﬁz)w PRTTADINEARS L
><j(d,hfn/Qf34,n+84;X+32/2753/2+S4/2)
34
where the metric g, and coordinates 7; carry Lorentz indices, but we have only exhibited
their total numbers denoted by the powers sp234. The three-point tensorial function is

7(d;h,n; . -
I§4 nip) _ Z S(qom7q37q4)p(d’h’p)K(d’h7p’q°7‘J3”147Q2), (3.6)
40,92,93,94 >0
4=2qo+q2+q3+qa=n
and it is obtained from a general M-point result in [1, 2].
The totally symmetric tensor, the prefactor and the K-function appearing in (3.6) are

Al"‘ALj (A1A2 .

. A _1A :A2q0+1 :A2q0+q2
(90,42,a3,a1) — I 20— 1720 ), )

..g

=A2g0+go+1 =A2g0+43+43 =420 +a2+a3+1 =Ag)

PP = (=2 (D)a(p + 1~ d/2)n,

F(dhipido,a3,94,42) — (=)o (=2)T70! (=h — Dago—as (P + ) a—a—as
q0'q2'q3!q4! P+1-d/2)—g-gs—as

Y

(3.7)

'Departing from the notation used in [174], homogeneized quantities for three-point correlation functions
are denoted by double bars to avoid confusion with homogeneized quantities for four-point correlation
functions, denoted by single bars.



with ¢ = 2qg + g2 + ¢3 + q4. In the totally symmetric tensor, the homogeneized embedding
space coordinates are defined as

1

A 1

(i - nj)%(m "Mk ) 2
with (7,7, k) a cyclic permutation of (2,3,4). Clearly, the three-point tensorial function is
totally symmetric and traceless with respect to the embedding space metric. As such, it
satisfies the following contiguous relations [1, 2]:

g . ]_'?()Z7hvnyp) — 07
= 7(d,h,n; 7(d,h+1,n—1;
iy - g ") = Lg ", (3.9)
i - _f?(’i,h,n;p) _ p(d,l;—h—n)l_g()il,h,nflm)’
7,:]2 . j?()i’h>n1p) — I_§Z7h+1’n71=p71)‘
. 7(d,h,n,A,N) . . 34 -
Since Jy34' is contracted with the tensor structure 75, in (3.3) and the latter com-
mutes through the differential operator Dg’h_n/ Q’n), the contiguous relations (3.9) can be
very handy in simplifying the quantity jéi’; kim T, A, Nom) -pt3}  when computing conformal
blocks. One can also express jéig ktm My, Nom) -pt31 in a generic basis of tensor structures

by constructing it with the help of the quantities As4, €34, I'34 and Asy - 72.
For future convenience, we also define K (&:h:pi40,93,44,42) — p(d’h?p)K (d:hip:00,43,94:92) | which

will appear in the construction of the pre-conformal blocks.

3.3 Rules for four-point correlation functions

The last two lines in (3.3) are homogeneous of degree zero in all four embedding space
coordinates. Following [1, 2], they can be re-expressed in terms of the homogeneized
embedding space coordinates

1 1 1
A (73 - 1m4)2 A _A (m -n3)2(m -m4)2 4
m = 1 ;771 9 Mo = 1 UPE
(m -n3)2(m - ma)2 (- m2) (3 - 14)2 (3.10)
1 1 :
A (m - ma)2 A A (m -m3)2 A
N3 = 1 1 n3 Ny = 1 1 Ny s
(73 - ma)2 (M - m3)2 (73 - ma)2 (M - M4)2
and the conformal cross-ratios
g = o) (03 M) v g — o) (s ma) (3.11)
(m-ma)(n2-m3) v (1 - n3) (2 - na)

Hence, the last two lines of (3.3) can be represented by the following function:

hl *hQ
(b1 hang AN) _ {(m -nz)(n3-n4)] pldh—n1/2n1) {(m -?72)(773-774)} (3.12)
a2 (m - m3)(n1 - na) 12 (m - ma)(n2 - m3)
[(m “m2) (13 - 774)]X+h2 o TPN -PYns- T Fldoha,nz, A N)
X . . . t Y342
(1 -m3) (02 - N4) (n2 - m3)

. Zj(d,hlfm/?,m) —ho _x+ho [ T2 Fﬁé\lj ) ,Pg ns - T j(d,hmnz,A,N)
= 2 Ty "Iy (n2 - 1m3) T J34;2 )



which depends primarily on the exchanged quasi-primary operator, most importantly, on
its irreducible representation IN under the Lorentz group. Using the definition of the three-
point tensorial function (3.5) and the general result of [1, 2] for the action of the differential
operator, we find that there exists a simple conformal substitution rule for (3.12), analogous
to the one in the three-point case [174]. It can be explicitly and concisely given as

j(d7h1 n1,h2,n2,A,N)
34;21

= 22&(7:’2 : Fﬁg ’ ’ﬁg ’ ﬁﬁ ’ 75?91, M4 F)css,cs4
=2% (2 - I‘Pé\{ ) Pg ) Pﬁ ) Pﬁ N1 T)esg (ﬁ2)32x23x24_>j£g»ﬁi*n1/2—527"1+82:*h2+rs,x+h2+r4) )

i (3.13)
where only 7551’ and ﬁﬁ are expressed in terms of the homogeneized three-point embedding
space coordinates (3.8) for the three-point conformal substitution (3.5). After the three-
point conformal substitution has been implemented but before the four-point one is per-
formed, all the embedding space coordinates are re-expressed in terms of the homogeneized
four-point embedding space coordinates (3.10) and the conformal cross-ratios (3.11), with
the homogeneized three-point quantities (3.8) given by

= _ = T3 _ = Ly
T2 = /T3%47)2, N3 =4/ 13, 4=/
T4 T3
The four-point tensorial function ffgfg&n;p 3:P4) appearing in the conformal substitution

rule (3.3) is described in more detail below.

A few comments on (3.13) above may be useful here. As was the case for three-point
functions in (3.5), this expression is valid for any operator spins. The J-function can be
regarded as a pre-conformal block. It depends primarily on the Lorentz group irreducible
representation IV of the exchanged quasi-primary operator. Any conformal block with an
exchanged operator in a given representation IN can be obtained by appropriate group
theory contractions as described below.

The dependence on the exchange operator is clear as the substitutions are performed on
a combination of the projection operators into the representation IN denoted 771-];-’ . Explicit
examples of projection operators are in (4.1) and (4.5). The remaining inputs that deter-
mine the J-function are numerical. These are three real numbers related to the conformal
dimensions of all quasi-primary operators, two integers associated with the two symmetric-
traceless irreducible representations appearing in the two tensor structures described below,
and the spacetime dimension. Consequently, once the irreducible representation of the ex-
changed quasi-primary operator is fixed, the pre-conformal blocks (i.e. the J-functions) are
completely determined from the corresponding hatted projection operator.?

?Hatted projection operators are discussed in [173].



After using the conformal substitution rule (3.13), the four-point correlation func-
tions (3.3) become

(Oi(m)0;(12) Ok (n3)O1(n4))
; at N , .
(7357 D) (75, ) B8 (T * D) {0 (T3 T) (P
. 3(ri—xi+7i4x;) . L(xi—xi+xE—x1) . T (Xi—X5—Xr+X1) . 2 (—xitXi+TR+T)
(m - m2) (m - n3) (m - na) (n3 - ma)

NUT” Niim
m m E F
XZ Z Z(*l)%")‘l\’macz‘j bCkim (ati; ){aA}{bB}{ H }(btz;lm){cC}{dD}{e’E/}{F’}

m a=1 b=1

j(dahijm MasPktm b, Bm, N m)

E'e/}F'
X (J4i01 ){F}{eE}{ e,

The equation above is valid for all four-point correlation functions irrespective of the ir-
reducible representations of the quasi-primary operators. Moreover, the nontrivial part of
the computation corresponds to the contraction of the hatted projection operators. The
conformal substitution rule (3.13) leading to the pre-conformal blocks is trivial.

The two tensor structures,® which dictate the two integers mentioned above, are then
needed to contract the remaining dummy indices, which leads to

(Oi(1m)0;(12)Ok(13)O1(n4))
_ (T3 D) A (T D) (T D) (O (751 T) (P}
- (771 . 7]2)%(Ti—X¢+Tj+Xj)(771 . UB)%(Xz:—Xj-i-Xk—Xl)(nl . 774)%(X1:—Xj—><k+xz)(n3 .774)%(—X1:+Xj+7'k+ﬂ)

Nijm Ngim

m ij|m|kl
X Z Z Z aCij bcklm(g(;”b)l ){aA}{bB}{cC}{dD}>

m a=1 b=1
(3.14)

with the conformal blocks

g”lmlkl _ (_1)2§m )\N atlzm 7(d:hijmyna7hklm7nb7AM7Nm) 34
m

@p = ij o J34:21 “blkim:

As mentioned earlier, the contiguous relations (3.9) and (3.20) can be quite helpful in
computing the conformal blocks. Therefore, it might be more efficient to contract the pre-
conformal blocks with the appropriate tensor structures before performing all conformal
substitutions, which results in the expression

ijlm|kl
Gy =

A2 (o, TP BN iy T T PN PN 1y D, -olh)
(3.15)

for the conformal blocks, with the conformal substitution rules (3.5) and (3.13), respec-
tively.

3Tensor structures are discussed in [174].
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3.4 Four-point tensorial function

. . . =(d,h,n; .
From the results of [1, 2], the four-point tensorial function I §2.’34’1n’p 5P4) g given by
7(d,h,n;p3,p4) _ d,h;ps+ps) . P3+Path+qgo+a2+qs+qa 1-(d,h;p3,04;90,91,92,93,94) (. .
L1534 = > Sigpl Ly K513 (33 y4),
40,91,92,93,94>0
G=2qo+q1+q2+q3+qs=n
(3.16)
with the totally symmetric tensor S(q)
Ap--Ag _A _A _Ag— _Ag
S(ql) q :g(A1A2 __.gAQQ()—lAqunl 290 +1 771 290+a1 774(1 aatl 1’]4 q)7 (317)

7=2q+q +q+qg3+qsand ys =1 —x3/24.
The K-function is simply a shifted version of the Exton G-function,

(_1)qo+Q3+q4 (_2)q_q0 q! (_h_q><i—qo—qz (p3)q3 (p3 +p4+h)<i—qo—th

KD (00 )) = (P4)
12;34;3 qo'q1!q2'q3!q4! (p3 + P4)q3+q4 (p3 +pat1 _d/2)—q0—¢h—qz o
% nggi:?g—?qo,h+qo+qz;p3+q37p4+q4) (z3;4),
(3.18)
where
K(d,h§P3,p4) . _ (_h)n34 (p3)n34 (p3 + P4 + h)n4 (p4)n4 ng [ L3 e
123843 (€3394)= Z —d (1, — 174
=0 (P34 Pa)nangs (P3Fpat1—d/2)ng, n3a!(na—n3a)! Ya
4,N34 2
= G(pa,p3 +pa+h,p3+ps+1—d/2,p3+ ps;u/v,1 —1/v).
(3.19)

Here G(a, 8,7, 0; x,y) is the usual Exton G-function [109], which can be expressed in terms
of the well-known fourth Appel functions as [175]
PG —a— )
(6 —a)l'(6 —p)
Fo)I'(a+p—9)
I'(a)l(B)

As was the case for the three-point tensorial function, the four-point tensorial function

G(a7ﬂ7775;x71_y): F4(C¥,5,7,@+,8+1—57$,y)

y5—0¢_ﬁF4(5_a,d—ﬂ,’y,d—a_ﬁ"’—l;x’y)'

satisfies contiguous relations that can greatly simplify computations. They are given by

g-T55™ =0,
e Dy Y = Ty Y,
o - Ly ovs) = platimhom pidhntesps), (3.20)
Ma - T ™™ = Ty T,
M- jg;ginms,m) _ j{g;g:l,n—l;pg,p4—1)‘

Further details are provided in [1, 2].
Finally, for future convenience, we define

ij|m|kl _ (d,(E+s2—s3—sa+n1)/2—hijm—(L+n2)/2) —s3 —s4
(n1,n2,n3,m4,n5) A1 Ay — P Ty "y (321)
j(dvhijm,7(527537S4+n3)/27n§7hkl7n+(7‘37T4+”4)/27Xm,+hklm7(T377‘4+n5)/2)
X L12;34 ApAp

This quantity will appear frequently in the conformal substitutions for the conformal blocks,

where the meaning of ¢, s; and r; will become clear.
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4 Examples of four-point correlation functions

In this section, we explicitly demonstrate how to compute the pre-conformal blocks and
conformal blocks using the formalism introduced in [1, 2]. Examples illustrating both
computational paths explained in the previous section are given: conformal blocks will be
computed either directly from pre-conformal blocks or using (3.15). The advantage of the
pre-conformal blocks is that they can be used in any four-point correlation function where
one of the exchanged quasi-primary operators is in the appropriate irreducible representa-
tion of the Lorentz group. Moreover, they only require the knowledge of the corresponding
hatted projection operator.

4.1 Pre-conformal blocks

The pre-conformal blocks (3.13) are some of the most fundamental objects leading to the
conformal blocks. They are straightforward to compute once the corresponding hatted
projection operators are known. However, due to the proliferation of indices, they are
not always expressible in a manner convenient for exposition. Because the substitution
rules (3.5) and (3.13) are trivial, the pre-conformal blocks can be easily generated with
the help of any convenient symbolic computation program. Hence, in the following, only
some simple pre-conformal blocks are shown explicitly. Once the pre-conformal block for
a specific irreducible representation is known, it can subsequently be used to obtain any
conformal block with the corresponding exchanged quasi-primary operator.

4.1.1 Symmetric-traceless exchange

Since the hatted projection operator for quasi-primary operators in the symmetric-traceless
irreducible representation fe; is

(75[81)#["#1#1“'#2 (41)
12/2) O y ’
v (1 9i— 1M 2i+1 K
= § 2211, €+ 9 _ d/2) 9129 ..gNZi—1H2igu2 142 Guoit1 gw) o,

the J-functions (3.5) become

(jéi,gz,nz,A,O)){F’} _ jéi,hzfng/Q,nz;A){F/}

)
F(d,h2,n2,Ae1 E'{F' E’' 7(d,ha—n2/2na;A){F’ = #(d,ha—ns/2—1,n0+1;A)E'{F’
(i N EEY g B b 2ns S s/ ) ()
=F'/ *(d,hg—ng/Q—l,ng—l—l;A-ﬁ-l) {F’}
- 772 B

d,has—ng/2—2no+2;A+1 E'{F'
+I( 2—n2/ 2 )E/ { }’

(4.2)
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for the irreducible representations 0 and e, respectively. Then, the pre-conformal
blocks (3.13) are given by

(j(d,hl,N1,h2,7L2,A70)) {F'y _ (j(d7h2—n2/2,n2;A){F’})
34;21 {F} — 34 cSyq
= E g(F{le .. .gFéqo—lFZIqo ﬁ?’qo“ ... 7752/‘70”3 7752,%”3“ ... ﬁféq0+q3+q4
40,92,93,94>0
2qo+q2+q3+qa=n2 (4.3)
7 !
=(d,ha—n2/2;7;q0,43,q4, (q2+a3—44)/2_(02—q3+q4)/2 ~F2090+a3+a4+1 )
w K (dha—n2/2:8:q0,q3 q4q2)(x3 ) o tastatl o maly

_ [A{'(d,hg—nz/?;A;O,O,O,ng)f(dﬁl—n1/2—n27711+n2§—h2+n2/27A+h2+n2/2) {F'}
= 12;34 {F} )

for scalar exchange and

_(d,hl,nl,hQ,HQ,A7el) E,{F,} _ A E’j(d,hQ-’ﬂQ/?,n%A){F/}
( 34;21 ){F}E —( 123F 34 )654

_E’ E"” 7(d,ha—n2/2—1n2+1;A+1)  {F'}
- (\/9533?4772 Avosp I3, EV )esa

E”j(d,hz—n2/2—2,n2+2;A+1) E'{F'}
34 E cS4

+ (A123p 4
4.4

or, more explicitly,

(j(dyhlynlth»TLQvAyel) E'{F'}

34;21 ){F}E

9 | (dsh2—n2/2—2,A+1;1,0,0,n2)
(n2+2)(n2+1)

% [gEE/f(d,hl—n1/2—n2,711+n2;—h2+n2/2,A+h2+n2/2) {F'}

K (d:h2—n2/2;A;0,0,0,n2) +

12;34 {F}
_E’ 7(d,h1—n1/2—nga—1,n14+n2+1;—hao+ng/2,A+ha+n2/2) {F'}
—M d12:34 {F}E

‘E’(d,hz —n2/2—1;A+1;0,1,0,n2) ‘E’(d,hz —n2/2—2;A+1;0,1,0,n2+1)

ng + 1 ng + 2

_ 7(d,h1—n1/2—n2—1,n1+no+1;—ha+n2/2+1,A+ho+n2/2) E’{F’}
x [773EI12;34 {F}

I}(d,hg7712/271;A;0,0,0,n2+1) 4

_ 7(d,h1—n1/2—n2—2,n1+n242;—ha+n2/2+1,A+ha+n2/2) E'{F'}
12:34 {F}E

K (dha—n2/2—1,A+1;0,0,1,n2) f((d,hQ—n2/2—2;A+1;0,0,1,n2+1)

ng + 1 ng + 2

_ f(d,h1—n1/2—n2—1,n1+n2+1;—h2+n2/2,A+h2+n2/2+1) E'{F'}
X | N4EL12:34 {F}

_(d,hl 717,1/2771272,17,1 +n2+2;7h2+n2/2,A+h2+n2/2+1) E/{F/}
12;34 {FE

'QI}(d,hg—n2/2—1;A;1,0,0,n2—1) Ql}(d,hz—n2/2—2;A+1;1,1,0,n2—1)

ng + 1 B (ng + 2)(n2 + 1)

X |M3E9

E'(F) I‘(d7h1—n1/2—n27n1+n2;—h2+n2/2,A+h2+n2/2—1)
- 12;34 {F}E

E’(F/ _(d,h1 fnl/27n2+1,n1+n271;7h2+n2/2,A+h2+n2/271) F2IF’;L2)
Mol {F}

Fz’---F:Q)}
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2[}(d,h27n2/272;A+1;1,0,1,n271)

(n2 +2)(nz +1)
_ E'(F! *(d,hlfn1/27n2+1,n1+n271;7h2+n2/271,A+h2+n2/2) F2 F, )
[774}39 ( 1I12;34

+

{F}

E'(F! 7(d,h1—n1/2—n2,n1+n2;—ha+n2/2—1,A+ha+n2/2) FyFy,)
—g gl

{ryE

Qk(d,hgfn2/271;A+1;1,0,0,n271) anf(/'(d,hgfn2/272;A+1;1,0,0,n2)
B ng + 1 B (ng + 2)(ng + 1)

% [ (F I(dh1 n1/2-n2,n1+na;—hotna/2,A+ha+na/2)  FoFpg)E

12;34 {F}
_(F{I(d h1— n1/2 na—1,n14+n2+1; —h2+n2/2 A+h2+n2/2) F2 F, )El
12;34 {F}E

SI}(d,hg—n2/2—2;A+1;2,0,0,n2—2)

(n2 +2)(ng + 1)

« E’(F’ QI(dhl TL1/2 no+2,n1+n2—2; h2+n2/2 1A+h2+n2/2 1) F3 F, )
9" "' 9p "3 {r}

_ E'(F] —leI_(d,h1*Tbl/2*n2+1,n1+n271;7h2+n2/271,A+h2+n2/271)
g M7 412:34

)

FF)E}
{F}E
for vector exchange. Here, we first used the contiguous relations (3.9) and afterwards
performed the substitutions to the four-point homogeneized embedding space coordi-
nates (3.10). Finally, we implemented the conformal substitution (3.13) to get the pre-
conformal blocks, after taking into account the possible simplifications stemming from con-
traction with the tensor structure bt%m, due to its double-transversality and tracelessness.
The corresponding results for fe; with larger ¢ are obtained in a similar manner,
although they become quite complicated to display due to the proliferation of indices. The
complexity of the pre-conformal blocks stems from their universality: they generate all
the corresponding conformal blocks once they are contracted with the appropriate tensor
structures.

4.1.2 [lej + es exchange

For the exchange of quasi-primary operators in the fe; 4+ es representation, the projection
operator is simply [119]

Nlei+es 1“"1"'1“‘;”11/;
(P )

L¢/2]
_ vi v m e Hait 1)
- Z Gig[yl gy2] g(M1M2-g o Gugiap 9T "Gpzit1 o ‘gML’)
L(e=1)/2] g , :
’ ! ’ . ’ . ,J/ i
+ Z lg[Vl 1 g(m gMHSgHzMS o '9H2m2i+1gu21um+1gﬂ2i+2 e gM)W
L(Z—l)/QJ
L v (1} TaTA Phithis Hait2 we)
+ Z Cig[yl Gua) (11 9 Guopz 9 U Gpoipoi 9 T Ghgiyo te gll«e)
=0
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L(6=2)/2]

+ Z dig[l/1 (p1 g[”i(#i guz]uzgﬂz V2]gu3u4g'ué#i e gu2¢+1M2i+2g#;i+1uéi+2g#2i+3“%+3 T 'g'w)NZ)
=0
L(¢—2)/2] W 0 o | ,
+ Z € (g[Vl(msz] Vlgu2V2 g(ltlﬂz + g[yl(mg[lq . guz]#zg(#l,W)
1=0
X 9#3#49#{5#/4 t 9M2i+1uzi+2gu;i“u;i”g#ziwuzws e 'gue)ue)’ (4'5)
with
2 (=02
04222 (0 + 2 — (d/2+ 1))
(= 2)[2i+3)d+26+2)0— 4+ 1)
e (d+0—2)(d+20—2i—2) v
. 2(1+ 1)(d+ 2¢ .
bi:(£—2l)ai, dz: ( d+)€(_2 )ai+1’ @i:—z(z+1)ai+1_

It is straightforward to compute the corresponding pre-conformal blocks from the substitu-
tion rules (3.5) and (3.13). However, as the number of free indices is already large for £ = 0
(four free indices in total), the final result is cumbersome and not necessarily enlightening
by itself. We therefore do not display it directly here, although we did use it to compare
with the conformal blocks for £ = 0 and ¢ = 1 obtained later.

We would like to note that, apart from the prefactor 2/(¢ + 2), the coefficients a;
in (4.5) are identical to those appearing in the hatted projection operator for le; (4.1)
with d — d + 2. This observation, which comes about from the equivalent role played
by £ in all towers of irreducible representations IN,, = N + fe;, will have far-reaching
consequences later on.

4.2 Conformal blocks and four-point correlation functions

On the one hand, the conformal blocks can be obtained directly from the pre-conformal
blocks. On the other, they can be computed in two steps, exploiting the contiguous relations
to simplify the contraction with the tensor structures after the first conformal substitution.
In both cases, the final result is the same, although it is more efficient to use the contiguous
relations to simplify the conformal blocks. The convenience of the pre-conformal blocks is
that they are fully determined as soon as the irreducible representation of the exchanged
quasi-primary operator is known.

Here we have computed the conformal blocks for four four-point correlation functions:
symmetric-traceless exchange in scalar-scalar-scalar-scalar, symmetric-traceless exchange
in scalar-scalar-scalar-es, symmetric-traceless exchange and fe; + es exchange in scalar-
vector-scalar-vector, and symmetric-traceless exchange in scalar-scalar-vector-vector. In all
cases, all the possible exchanged quasi-primary operators are considered, and the confor-
mal blocks in all OPE channels are obtained, allowing the implementation of the conformal
bootstrap. The first, third and fourth four-point correlation functions are chosen for com-
parison with the literature, while the second set of conformal blocks is a proof-of-concept
example, which shows that we are able to compute any conformal block, albeit in a sim-
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ple example with only one tower of exchanged quasi-primary operators with one tensor
structure each.?

The conformal blocks 54(” ”:; Ik (3.15) are naturally obtained in the OPE tensor structure
basis. Indeed, the tensor structures used to compute the conformal blocks are the ones
appearing in the OPE. However, since three-point correlation functions appear directly
n (3.15), it is possible to obtain the conformal blocks gﬁh]nw

tensor structure basis. Obviously, the conformal blocks obtained from the OPE tensor

in the three-point function

structures are linear combinations of those obtained from the three-point function tensor
structures. Therefore, the conformal blocks in the latter basis are obtained from the former
ones with the help of (invertible) transformation matrices R;jn, and Ry, as

g[zlbr}nlkl = (Rijm)aw (Rklm)bb’g( /‘ﬁ;‘kl (4.6)

The distinction is irrelevant when there is just a single conformal block (the transformation
matrices are simply multiplicative factors), but in cases with more than one block, the
difference is important. We will see later that the best way of representing conformal
blocks originates from a mixed basis of tensor structures,

%Z"gf "= (szm)bb’g(z ”Z;lkl’
where btkem are natural three-point function tensor structures, while at}fm are natural OPE
tensor structures. The examples below will clarify this distinction.

To simplify the notation, in the following, conformal blocks will be denoted by %(a‘ b)’
%[a‘b] or % (alt] for an exchanged quasi-primary operator in the irreducible representation
N with the OPE or three-point function tensor structures a and b, irrespective of the
four-point correlation function under consideration.

4.2.1 Symmetric-traceless exchange in scalar-scalar-scalar-scalar

For our first example, we focus on the classic case of symmetric-traceless exchange in
the four-point correlation function of four scalars. It is straightforward to compute the
conformal blocks (3.15) from the pre-conformal blocks (4.3) and (4.4). Here we have only
one tensor structure of each type; hence, the indices a and b are superfluous.

For scalar exchange, the normalization constant and tensor structures are simply A\g =

1t12m = 1tklm = 1. These result in

0 _ (d,hkl A )_(dahijm70;7hklm»Am+hklm)
Yan) = LS SPSe:
(d,hklm;A ) Am+h13mK(dhz]m7 hklm:Am+hkl7n)<
L3 12;34;3
Am+thijm

= plHhizmidm) w35 ys)

(4.7)
. u
— p( ijms m)p(dvhklvam) <7>
v

X G(Ap + Mgt A + Rijm, A +1 —d/2, Ay u/v, 1 —1/v),

4The number of conformal blocks increases quite quickly for generic four-point correlation functions.
For example, e1 + ez exchange in spinor-(e; + er)-scalar-ez already has 24 different blocks. Such a large
number of conformal blocks is not convenient for the format of a typical article.
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while for vector exchange, the normalization constant is Ae, = 1/v/d, and the tensor
structures are (1t11j2m)EF = AEF/\/d and (183} Ve = Az /Vd, giving

(=2)Pmim+1/2 (B +1/2)(d — 1 — Ayy)

Yy = B2 (A + Digg—1/2(Bm + 1= d/2) . 172

ij(d7hij7n+1/270;_hklm_1/2=Am+hklm+1/2)

1, 1234
N (2hijm +1)(2hijm — 1 +d) Fhijm=1/2,00= hiin —1/2. At +1/2)

9 12;34
I(d hl]m+1/20 hklm+1/2 ATn""hklm,_1/2)
x3 12:34

N (2hijm + 1)(2hijm — 1+ d) Ifg;gijm71/2,o;fhkzm+1/2,Am+hklmf1/2) ' (4.8)

2

Up to a different normalization, these results match with the usual ones found in the
literature [104].

The other conformal blocks for the fe; irreducible representations can be obtained in
the same manner, although it is simpler to rely on the contiguous relations after the first
conformal substitution. Indeed, from the three-point correlation functions [174]

ter (U A ktm BBy (d+20—2)(d— 1),

X (A4 —t/2(Am+1 —d/2)hklm7£/2ﬁ4E£/ e 774E1'7

the tensor structure, see (4.1),

1£/2]
—0)2; (E1By 4(F\F Eoi 4 Fai 1 F
tl?m Ei1-EgF1---Fp = . _ ( 7 182 112 Ey; 1 E; 2i—1424
(™) fer Zi:o 2%\ (—L 42 — d/2); At A A Az

Egiy1Fo 41 Ey)Fy)
x Ay e Apg

)

and the normalization constant Age, = 1/¢!/[(d + 2¢ — 2)(d — 1),_1], the conformal blocks
are given by (with n, = ¢)

gle: _ (=2)Mn 22 0 (g, — /2 4 1)e(d — 1 = D)
= (d+20—2)(d—1),_,

m\Ey - EgFy - —/2 ¢ ~ley

(Emy PR (g P Pl

(Am + €>hklm7‘6/2 (Am + 1 - d/2)hklm,7£/2

{E}{ }ﬁ4E,{/ - 'ﬁ4E;'>
cS4
(—2)hwem =220\ (B — £/2 4 1) (d — 1 — Apn)e

- (d+20—2)(d— 1) (B + Onis—ty2(Bim 1= /21,72

[4/2]
NE; - (—5)21‘ L/2 £
X (ytggm) e Z 2241(—L 42— d/2); (x3 Pl A7)
=0 !

X Ara(B1 By * A12Ba; 1 By (A123 - M) Bayyy -+ (Ar23 - 774)15@))

csy
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Since the metrics g, E; and the embedding space coordinates 7;1g, commute with the
conformal substitution and vanish once contracted with the tensor structure, only the
i = 0 term survives in (4.9). The expression then simplifies to

géel (72)hklm*e/22£m(hklm - E/2 + 1)g(d —1- Am)é
= (d+20—2)(d —ugl

x (ltzlgzm)El'“EeFlsz ( 5Pl (A123 Na)E, - (Ar23 ','74)Eg)

—2)Ptm =298\ (R — £/2 + 1)(d — 1 — Ay,
= ( ) (d—iQIZ—2)(C/l— 1)Z)f(1 )e (Am+€)hklm—€/2(Am+ 1 _d/Q)hkzm—l/2

(Am + é)hklm—ﬁ/2(Am +1- d/Q)hklm—Z/2

CS4

L¢/2]

(72)i(7£)2i E E E Eyi =F2i-1_F:
/\ e i 182 5 .. 2i—1L24 i— 2i
X Ateq ; 221i!(—€+2—d/2) 771 772 Ui P
% A1E‘22'i+1F2i+1 "'A%FZ ( 7(/2 (.A123 "74) '(A123 .,'74)Eg)

CSy

(4.10)

In the last equality above, we removed the explicit symmetrizations over the sets of {F'}
and {E} due to the symmetry properties of the I-functions and the product of A3 - 74,

EiE;

respectively. We also used the fact that only the metrics g in the trace terms do not

vanish when contracted.

Moreover, the contiguous relations (3.20) were used to transform AﬁFf into — 277" iﬁ2F 7.
Contracting the embedding space metrics and using simple relations for the product of
A-metrics, we obtain

yler - (=2)"kim =22 0 (hyyyn — £/2 4 1)e(d — 1 = A )e
am (d+20—2)(d—1)p_1

(Am + €>hklm,*z/2 (Am +1- d/z)hkzm*£/2

L¢/2] i
% A Z (_2) (_é)Qi SFy =Fy S Faia FQ'LAE27,+1F21+1 . _AEzFe
Ley 22ii!(—€+2—d/2) mom” T 12

X ( 2y (774 Aoz - 1a)" (A123'774)E2i+1 "‘(-A123'774)Ee)

—2)Ptm =298\ (B — £/2 +1)g(d — 1 — Apy)e
- P~ 1)3_1 (B On—tr2 (B + 1= /D

CSg

L¢/2]
(_£)Qi _F _Foi 1 _Fo; pF2i41F2i41 E.F,
X Ate, zZ:; N—l+2-dj2), M Al - Apg

—0/24+1 —L/241 _ _ _ _ _ _ _ _
X (% P P g (g — ) — w3(7l3 — T2) o - - (24 (s — 712) — 3 (73 — 772)]&) .
CSy

(4.11)

From the contiguous relations (3.20), it is clear that the metrics g%¥i lead to vanishing
contributions. Indeed, if the conformal substitution is performed on terms containing 72, ,
they lead to traces which vanish identically. Moreover, if the conformal substitution is
done on terms with (2474 — 2373)E;, the two contributions cancel due to the contiguous

relations (3.20). Thus, in (4.11) one can replace A%Fi by —ﬁlE "772 — n2 771 However, the
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contractions with —ﬁf" 775 ¢ vanish identically, leading to

(=2)Prm =290V (g — £/2 4 1)g(d — 1 — Apy)e

gZEI (Am + é)hklm—ﬁ/2(Am +1-— d/Q)hklm—Z/2

apm = (d+20—2)(d—1)p_y
Le/2] ¢
(71) (76)21' —F —F _Foi 1 —Fo; —Foit1 _Fai41 _FE, —F,
X ey D i!(—£+2—d/2)/711”22”"’1 M My~ ey

x (a3 P (g — ) — @5 = 1) Baren - [wa (i = 72) = w3(7s — ), )

CSy

(4.12)

At this point, we only need to proceed with the conformal substitution (3.13) and the
contiguous relations (3.20). Moreover, the contractions are straightforward since all the
E-indices are symmetrized and the I-functions are totally symmetrized. Hence, the indices
can be forgotten and (4.12) can be rewritten efficiently as

(—2)Psim 220N (B — /2 4+ 1)(d — 1 — D)o

g(eleﬁ) = (d+20—2)(d—1)_, (Am + Onpp—t/2(Bm + 1 = d/2)ny,,—0/2
4 —2n
L (—0)2n (ag — )y — (3 — 2) 3 2
X /\g Z
DN\ & 22nl(—L+2-d/2), 2
= w(hklma ATI’HK) (Céd/Q_l)(X)) )
‘ (4.13)
where the normalization constant is
W(h A f) _ (_Q)hkl7n+€/22€€!(hklm - Z/2 —+ 1)f(d -1- Am)é
e, !
X (A + Ongyyp—t72(Bm + 1 —d/ 2)hklm—mm’
the Céd/ 2_1)(X ) are the usual Gegenbauer polynomials in terms of the variable
x = (01~ o)z 3 (a3 — az)as. (4.14)
and the s-substitution is
s:axtosiogtreyt — G%[}?,EIT(ZJ,O)
— p(d,(i—l—SQ—53—54)/2;—hi]-m—£/2)x;sgajzm
% ]_’(dyhijmf(SQ733734)/2’0;7hklm+(r37T4)/27Am+hklm7(r377‘4)/2)
12;34
_ p(d,(Z—l—sg—53—54)/2;—hi]-m—£/2)p(d,hi]-m—(52—53—54)/Q;Am)x§m+hijm—(82+83—s4)/2x254
% Kg;gzgn—(w—53—54)/2§—hkzm+(7“3—T4)/2,Am+hklm—(Ts—T4)/2) (23; )
— (d,(€+82783754)/2;7hijm7€/2) (d,hijmf(52783754)/2;Am) Am+hijmf(82+33784)/2 —S4
p p (u/v) u

XG(Am—I-hklm— (7“3—7‘4)/2, Am+hijm — (82—83—54)/2, Am—i-l—d/Q, Am;u/v; 1—1/1}).
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Here, the «; are placeholders for the s-substitution that enable a very convenient form
for the conformal blocks. Indeed, (4.13) gives all the exchanged conformal blocks once
the simple s-substitution is performed. The latter is straightforwardly determined by first
contracting the 7751' with the 73g, and Mag,, followed by the usual conformal substitution
with the contiguous relations for the 771 " and the remaining 772 “ and 772 Finally, the explicit
dependence on the dummy summation index n is transformed into a dependence on ¢ and
s; or r; so that the final substitution can be pulled outside of the sum. The presence of ¢,
s; and 7; in (3.21) should now be clear. The explicit form (4.13) in terms of Gegenbauer
polynomials with proper substitutions is natural from the fe; projection operator and it
is an interesting feature that generalizes to all conformal blocks. Moreover, it allows for a
very effective way of determining conformal blocks for larger £.

Although (4.13) is our final result, we can obtain more explicit equations for the
conformal blocks that can be compared with the literature. For example, using the binomial
expansion for X, the conformal blocks (4.13) can be rewritten as [119]

1£/2] t—2n1 —2n1—n2 mno
hklm Am, K n1+n2+n3+n41—‘(€7n1 +d/2 — 1) 47277,1
gfel . ) ’
S S S SHD i e (S :

ny= 01’L20 n30 n40

o C=2n1 —n2\ (M2\ (40 +n0i—hiym—t/2),—ns, 64201 +na+ns
p xg Py
ns Ny

I(d hijm~+L/2—n1—n2,0;—hiim —L£/24n1+n3+ns, Ay +hgim+£/2—n1—n3z—ny)
12;34

(Rt Ao, ) Vf Zi“ - Qi i ymtnatnstna (g — g 4 d/2 — 1) (e _ 2n1>
T T(d/2-1) =2 = ny!0(¢ —2n; + 1) Ng

% (f —2n; — nQ) <n2>p(d,n1+n2;—hi_7~m—f/2)x3n3x4€+2n1+ﬂ2+n3

n3 N4
0
R c11)
w(h A, 0 ’
( Flm Sms ) hijm—=Rijm+L/2—n1—n2,hkim—Rkim+£/2—n1—n3—ng

(4.15)
where %8‘1) is the conformal block for scalar exchange.
Here we have noted that [see (3.16)]
I(d hl]m+€/2 n1—n2,0;—hiim —£/24n1+n3+n4,Am+hkim+E/2—n1—n3—na)
12;34
— p(d,hijm+€/27n17n2;Am)x3Am+hijm+e/2_n1 —n2
G(Ap + higm +£/2 =1 —n3 — 14, Ay + Riji +£/2 =y —no, Ay + 1
- d/27Am,U/’U, 1- 1/1})7
and that

g(”l) = W(hklma Am, 0) (dhijm;Am )xgijm+AmG(Am + hklm; Am + h‘lﬂm7 Am +1
- d/2a Am)u/va 1- 1/’0)7
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so that

f(d,hijm +£/2—n1—n2,0;—hgim —L/24+n1+n34+n4, Ay +hgim+£/2—n1—n3—ng)
12;34
gO
_ (1
W(hkims Am, 0)

hijm—=Rijm+/2—n1—n2,hgim—hgim+€/2—n1—n3—ny

From the recurrence relation for Gegenbauer polynomials, it is also easy to get the recur-
rence relation for the conformal blocks (4.13) as [104]

24d—4 _ Ctd—4
- 204+d—4 [ w(hklm,Am,ﬁ) 1 ( (—1)er
- (

—1) s 11 )hi jm—Rijm+1/2
20 w(hgim +1/2, A, £ — 1) g \" 1D Brtm—hiim+1/2

+ w(hklmu Am> f) (th]m + 6)(2hl]m +0—-2+ d) (g(e_l)el)
(P + 1/2, A, £—1) 2 (1]1) Rijm—hijm—1/2

Ritm—Prim+1/2
W(hklm7 Amv 6) ]- <g(£—1)61
(

B Ta hijm=—Rijm
T 112 2 =175 (00 Dyt

wW(Pktm, D, ) Rhijm + O)Chigm +£ =2+ d) (g(f_l)el) h h 1/2]
(11) igm = Mijm =

w(hkim—1/2, A, €—1) 2 hkim—hgim—1/2
C+d—4 w(hgim, Am,f) (2hijm + £)<2hijm +4—-2+ d)g(ﬁ—Q)el
14 W(hgim, Am, £ — 2) 2 gy -

(4.16)
Forgetting about the natural OPE normalization used here and normalizing as is usually
done in the literature, we find that the properly-normalized conformal blocks (4.15) and
the recurrence relation (4.16) agree with [119], once the I-functions have been re-expressed
in terms of the Exton G-function, thus demonstrating that (4.13) is indeed correct.

4.2.2 Symmetric-traceless exchange in scalar-scalar-scalar-es

In the previous example, the conformal blocks in the natural OPE basis were computed
directly from the pre-conformal blocks for £ = 0 and ¢ = 1 and from the general definition
for all /. Here, we will compute the conformal blocks directly in the mixed basis.

For a symmetric-traceless exchange in the four-point correlation function of three
scalars and one eo, there is only a single tensor structure per OPE; thus, there is only
one conformal block per exchanged quasi-primary operator. The tensor structure in the
OPE basis is given by

()P BT e, (9)' P,

where the indices were suppressed on the right-hand side. Meanwhile, the natural three-
point tensor structure is chosen to be

:(dzhklm’évAM7eel) 34 _ = = —
Aes Re(J340 “Whim) DaDy (B} = 9Dy By T2DsTIaEy * TRy,

— 21 —



where Ry is the appropriate transformation matrix, i.e. the multiplicative factor that nor-
malizes the three-point correlation functions as on the right-hand side.

Using (3.15) and proceeding as in the previous case, the conformal blocks turn out
to be

g(flelh _ ( tél?m)Ey-.Eng--Fz ( —(e— 2)/2&?51/ 772D2~/4123E1D1 (A123 . 774)E2 e (A123 . 77]4)E2>

cSq
1£/2) (=0)2:
:)\eelgzmi'( (+2—d/2);

(ELE Ey 1 E Fo; g Eoiq1F: Ey)F,
.,4 1 2AF1F2 .,41221 1 21A121 1 22./4 2i4+114'2i+1 ”Alz) ‘

X (LU;( _2)/21Uﬁ/ M2DsA123E, D, (A123 - T4) By -+ (Al23 - 774)}3@)68

’ (4.17)
However, here it is necessary to separate the E7j index from the symmetrized set of indices
{E}, since only {Es, ..., By} are explicitly symmetrized on the last line of (4.17). Extract-
ing the F4 index leads to two different contributions, which would later give two different
Gegenbauer polynomials with appropriate conformal substitutions, if it were not for the

antisymmetry properties of es. Indeed, one has

e 1t/2) (00
Yy = Mex Z 25— 1 2 — dJ2);

g 2 E E E. E. F E F FE P
F F2 + + E\ F,
X 14 QA 1 A 2i—1 QZA 21 1 QZA 2i+114L24+1 A — 1 £ 1A 1L

1(E2 4FF b E Foi_1Fo; g Eoiq1F; Ey)F,
A 2A 112 A 2i—1 21A1221 1 21A1227,+1 21+1_..A12€) €:|

X ( S22 6/ M20,A123E, D, (A123 - T4) By - - (Ar23 - 774)E[>CS :

' (4.18)
where the remaining symmetrization over the set {Es, ..., Ey} can now be neglected. At
this point, the computation is completely analogous to the one leading to the conformal

blocks for scalar exchange in correlation functions of four scalars, and gives

Leq LE/QJ (_2)74(_6)21 é 21 EyEs —Fy —F Eo;_1Es; _Foi—1 _Fo; pE2i41F2i41 E.F,
Ty = Aren Z 22l (—0+2—d/2); | £ g g e g T T A - Apg
=0 :

+%9E1E2ﬁflﬁ§2 . .gEQi—1E2i,r—]f2i—1ﬁ§2iA1E;i+1F2i+1 . AEtze
/

X ( s [/2772D2A123E1D1(A123 M) B, -(A123'774)Ee)

CS4

L¢/2] i .
(=2)"(=0)2 il =20 ppy P i1 Faita
= Me, Z 2%5i1(—0 1 2 — d)2), (—2) 7 77{‘17752 T 17752LA 2i+1F2i41 _A%Fz

X ( 7(5 i 2/2 "2p, A123E, Dy (A123 - 114) Baiia "'(A123'ﬁ4)E£—1)

CSy

21
+( 2)1 1 Zﬁflan . 771 20— 1,’7521AE21+1F21+1 . .A%F[

% (z;(é 2)/2+i—1 €/2 Z+1772D2(A23 774)D1 (./4123 774)E2L+1 ...(A123 . 774)E(> ] .
CS4

(4.19)
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Clearly, (4.19) implies two different Gegenbauer polynomials, but the second one has a
vanishing coefficient since (LAg3-74)p, can be replaced by —z372p, without loss of generality
due to its contraction with the half-projector for es. The antisymmetry of the same half-
projector implies that the second term vanishes, leading to

2
te (=) —=20) (=02 g _p,  Fpy Py Eaisr Fu B, _F,
Gy = M D Tt —dja), M I Rt
% <$;(6—2)/2+i$i/2—iﬁ2D2A123E£D1 (A3 - 1) Eyysy - (Ami”'ﬁ‘*)@*l)m (4.20)

—1)(r — )
= e, S (€00)

with the conformal substitution

. S2 83 84 ,.,73,.T4
s:ostaaitriy

2 Q3 0y T3 Ty

_ ij|m|kl = ij|m|kl =1 ~ij|m|kl ij|m|kl
_>772D1G(71,0,1,1,71)D2 771ch’v(1,0,3,1,71)D2 T3 G(71,0,3,3,71)D1D2+ (1,0,5,3,—1)D1 D>

(d,(Zf1+32753754)/2;7h1‘jm7€/2)x3783 S4

=p Ty
_ j(dth‘,jm—(52_53_54“’1)/271§_hklm+(7"3_"’4+1)/27Am+hklm_(TS_T4_1)/2)
X M2Dy412:34 Dy
_p(d,(€+1+32733754)/2;7hijm7Z/2)l,3*83x254

_ j(dvhijm,_(32—53—S4+3)/271§_hklm+(r3_T4+1)/27A7n+hklm_(TS_T4_1)/2)
X Dy 112.34 D»

— _p(d7(£—1+52—33—54)/2§—h1‘,jm,—2/2)p(d,h1,_7‘m—(52—53—34+1)/2;Am)

X{]_—l— [Am+hijm—(82—83—S4+1)/2][—hijm+(82—S3—S4—1)/2+1—d/2] }
[Am—Fhijm — (52 — 83 _54+3)/2HAm +hz‘jm — (32 — 83 —S4+3)/2+1 —d/2]

Am+hijm—(s2+s3—s4+1)/2 _—g, _ _
X g™ Ty 'T[D, 2Dy
(d+2,hijm—(s2—83—84+1)/2;—hgim +(r3—ra+1)/2,Am~+hiim —(r3—ra—1)/2) .
Kizza3” " ! (35 ya),

In the first equality of (4.20), a modified version of the argument based on the contiguous

relations presented earlier was used to show that A%Fé

can nonetheless be replaced by
—ﬁQE Zﬁf ¢. Moreover, in the conformal substitution, all terms symmetric under the inter-
change of D; and Dy were discarded, and the final result was written explicitly in terms
of the K-function, which is simply the Exton G-function. As shown in the first line, with-
out this simplification, the conformal substitution would have four different contributions,
originating from the four different terms appearing in Ay23g,p, -

Finally, it is important to note that the conformal blocks (4.20) exist only for ¢ > 1,
as predicted by the tensor product decomposition. Furthermore, as expected from general
arguments, the conformal blocks can be expressed with the help of Gegenbauer polynomials
written in terms of the variable X (4.14), which is a very convenient feature. Obviously,
it is always possible to obtain explicit solutions and recurrence relations for the conformal

blocks (4.20), following (4.15) and (4.16) respectively, although it is unnecessary.

4.2.3 Symmetric-traceless exchange in scalar-vector-scalar-vector

To elaborate on the mixed basis, we now return to the pre-conformal blocks (4.3) and (4.4)
to compute the conformal blocks for symmetric-traceless exchange in scalar-vector-scalar-
vector four-point correlation functions.
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For scalar exchange, the normalization constant is A\g = 1 and there is only one ten-
sor structure per OPE, given by (1tzlj2m) = A,pf/Vd and (183} Vpr = Asapr/Vd
respectively. From the pre-conformal block (4.3), we find

1~ 19 AL —(dhiim—3/2,2—Rgim+1/2,Am 4 him+1/2)  F
g(({u) — = K(dhkim 1/2,Am,0,0,0,1)A12BFA34DF/I£2;34J / kim+1/ kim+1/ )FF

7(dhijm—3/2,25=hkim+1/2,Am+hgim+1/2)  F

d gt —1/2:8m:0,0,0,1
K (@i =258 Y95" 9 1) P

d
1
d
;K(d Fitm—1/2:Am30,0,0, 1)Ig;ggm—3/2,2;—hkzm+1/2,Am+hkzm+1/2)BD

(4.21)
In the second equality, the transversality of the half-projectors appearing in the four-point
correlation function (3.14) was used to simplify the tensor structures.

This result can obviously be expanded in terms of the Exton G-function as in (3.16),
showing that the conformal block agrees with the one found in the literature [119]. However,
since the I-functions have such nice properties, we do not find it useful to do so.

For vector exchange, there are two tensor structures per OPE, leading to four different
conformal blocks. These are given by

2
6167 =i [ ™A~ s AL
1
(2t12m) P = 7A123E,
vd (4.22)

2 1
(1tz;lm)DE’F2’F1’ AT CED)] |:~A34D(F1’~A34F2’)E’ - dA34DE’~A34F1’F2’:| ;

1
(Qti?m)DE’ = ﬁAMDE'.

These tensor structures are the natural OPE tensor structures, i.e. they are natural from
the point of view of the OPE (3.1). However, they are not the natural three-point function
tensor structures, since they do not lead to simple three-point correlation functions. With
the normalization constant \e, = 1/4/d, the latter are computed from

d,hgim mb,Am, = =
Aei (R1)4 (J( KmoTte e1) btklm) E" = M2DN4E",

i (4.23)
)\el (R ) (J—(d hkl'n’u b,Am,el) btklm)DE” — gDE’/

where the transformation matrix is

Ry = — Vd(d—1)(d/2+ 1)A,
LT T Ay — DA 11— d)p@hiimiAm)
(A —Dhgim+Am (Am—d/2) d?+2(Am—1)hjpm+2A2 —d(2A,,,+1)

2(Am~+hgim) (hrim)2 V/d(d—1)(d/24+1) (Am+hiim)
X Ap—d/2 ([d=2)(Am—
2(hrim)2 d(d—1)(d/2+1)

Clearly, the use of both the natural OPE tensor structures atzljzm (4.22) and three-point
function tensor structures 5t37 =~ (4.23) in (3.15) simplifies greatly the computation of con-
formal blocks. Indeed, the simplest conformal blocks are obtained in this mixed basis.
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With the pre-conformal block (4.4), the conformal blocks are thus

~(d—2)(hijm + 1)(2hijm + d)

@el
A= g /[d—1)(d/2+1)
|: (d hijm—2,2;—hgim+1, Am+hklm) (d Rijm— 272§_hklm7Am+hklm+1)BD
12;34 12 ;34
2 (d,h; —hgim+1,Am+h ) =(d,h; —Rtm > AmA+Pgim+1)
1jm T 7 a klm m klm ijm T a 5 klm,;=m klm
d—2o (7733112 :34 — aBl1934 D)
d 1 F(d,hijm—1,2;=hgim+1,Am+hgim)
+ 12;34 BD
(d — 2>(hzjm + 1)(2hwm + d)
I(d hz]m_l 2 hklm7Am+hklm+1)
:1:4 12;34 BD | |>
ger — (d — 2)(hzjm + 1)(2hl.7m + d)
AR g /(d=1)(d/2+ 1)
I(d Rijm— 272§_hklm+17Am+hklm) I(d hijm—11—=hgim,Am+hiim)
12;34 — MDlyo;34 B
2 (dyhijm—1,1—Pagm+1,Am+h ) =(dyPuigm 05— Pt s D+ hiim)
ijm I klm y=_m klm ijms klm,8m klm
d 9 (7733-’12 :34 - QBD—712 :34 )
+ d 1 I(d hzgm_172;_hklm+17A’m+hklm)BD
(d = 2)(hijm + 1)(2hijm + d) 12;34
#(d,hijm,1; hklm,Am-l—hklm)
772DI12 134 )
(4.24)
and
d,hijm—2,2;—hgim+1,A +hklm) 7(d,hijm—2,25—hgim,Am+hgim+1)
gel I( J kl m - T J BD
@] — \/3 12;34 12;34
#(dhijm—1,1=hgim+1,Am+hgim) F(dhijm—1,1;=hgm, AmA-hiim+1)
—73B1; 3ffm D+ a1y, SZW D>
1 (4.25)
ger - j(dvhijm_272§_hklm+17Am+hklm)BD + gBDI(d gm0 Rktm, AmA-hiim)
(221 T g [z 1234
d,hijm—1,1=hgim ,Am+hg d,hijm—1,1=hpim+1L,Am+hg
771DI£2 34] " m) 77331{2 34J " M)D] ’

once the transformation matrix R; has been used to rotate to the mixed basis.

The remaining symmetric-traceless exchange can be investigated more straightfor-
wardly from the definition (3.15). In general, there are two tensor structures per OPE,
which are simple generalizations of the above, and are given by

By EgFy o F, 041 By By Fy 0

(1812m) P BT 2 3 e () PV, (el B BT 6 (9) RS,
41 Y

(1him) DB} ), o] = Aernye P (9) 1, (2tm) DB Bl 1Pl = ey Pas ()",

where the indices have been suppressed on the right-hand side. Again, these are the natural
OPE tensor structures. However, as mentioned above, the conformal blocks are easiest to
display in the mixed basis. The relation between the natural three-point function tensor
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structures and the natural OPE tensor structures is given by

by F(dhkim ne.Am,ler) 34 = = =
Aey (Re)1” (3409 " btim) D{E"Y = T2DTaEy " TAEY

by F(dshiim np,Am Ler) 34 o — =
Atey (Re)o (J34;2 " ) btklm)D{E”} = 9DEYMAEY ** TAE)

with the corresponding transformation matrix R,. Although it is not necessary here, the
latter can be easily computed from the three-point correlation functions.

Adapting the steps leading to the conformal blocks for scalar-scalar-scalar-scalar four-
point correlation functions, while being careful with the explicit symmetrizations appearing
in the tensor structures as in the scalar-scalar-scalar-ey four-point correlation functions,
the conformal blocks in the mixed basis are given by

—1)E0 | a2 d/2
et = Merve, 0 |(CR0) |~ (ax0) (1.26)
(1] = AEer (g9, sty 1 20|
with the conformal substitutions
81 . a820é830484l'r31'T4 N Gij|m|kl
(1]1) = Qo X370y T3" Ty (0,1,3,1,—1)BD>
2 . _ ij|mlkl ij|m|kl
San) ¢ aaajtrdryt — 774BG(1,1,2,O,72)D - G(1,1,4,0,72)BD
_ ij|m|kl ij|m|kl
- 773BG(1,1,2,2,0)D + G(1,1,4,2,0)BD’
as well as
_1\V+1p 1)1
ter (=D —1)! /2 d ([ dj2+1
Y2 = Me+Des (d/2) (Ce—1(X)) , T3 (Ce—1 (X)> )
£ S(112) S(112)
(4.27)
d ( d/2+1 d ( d/2+1
+§ <C€_2 (X)>s3 B 5 (CZ_3 (X)>s4 ’
(1]2) (112)
with the conformal substitutions
S%1I2) raytaztaytrialt — gBDGE{‘,YT(‘)IT(l),o) - ﬁlDGﬁ‘,T‘zﬁé,o)B - 773BG§{[71'?‘2]?£,0)D + Gg‘,?ké,o)fzm

2 . . S2 S3 _S4,_T3_ T4 — ij|m|kl = ij|m|kl =1 ~ijimlkl ij|m|kl

S(1]2) + 0" Q3" Qg Tg" Ty~ — 172DG(71,1,0,0,0)B 771DG(1,1,2,0,0)B T3 G(71,1,2,2,0)BD + G(1,1,4,2,0)BD7
3 . .82 83 _S4_T3 T4 — — ij|m|kl _ ij|m|kl = ij|m|kl ij|m|kl
S(1]2) + Q" Q3" Qg T3" Ty~ —> 12D 77430(0,1,—1,—1,—1) G(0,1,1,—1,—1)B 773BG(0,1,—1,1,1) +G(0,1,1,1,1)B

= — ij|m|kl _ vig|mlkl = ij|m|kl ij|m|kl
o [’74BG<2,1,1,71,71) Giang—1,-n8 ~BBGe1110) T Caiains
1 ij|mlkl ijlmlkl _ ij|mkl ij|mlkl
— T3 [774BG(0,1,1,1,—1)D - G(0,1,3,1,—1)BD - 773BG(0,1,1,3,1)D + G(0,1,3,3,1)BD
_ ij|m|kl _ yiglmkl = ij|m|kl ij|m|kl
+ 774BG(2,1,3,1,71)D G(2,1,5,1,71)BD 773BG(2,1,3,3,1)D + G(2,1,5,3,1)BD

_ iglmlkl
(0,1,3,1,—1)BD>

52 s _ ijmlkl ij|m|kl _ ij|mlklL ij|m|kl
S?1I2) rastagaytaytalt — 774BGEJ1|,717‘2,0,72)D - szl‘,rlrfé‘l,o,meD - 773BGEJ1‘,T|2,2,0)D + szll,?l;,zo)sm
and .
-1 (- 1)! d/2 /2
G Ao, (C (X)) - (C (X)> (4.28)
2|1 €1 -1 -2 ’
(2[1] (d/2)e-1 5%2\1) 5?2\1)
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with the conformal substitutions
1 . 83 83 8473 T4 _ ijlmlkl _ ~iglmlkl
S(g1) + Qo g7y T3TTy — 774BG(—1,—1,2,0,72)D G(71,71,4,0,72)BD
= ij|m|kl ij|m|kl
773BG(—1,—1,2,2,0)D + G(—l,—1,4,2,0)BD=

2 ij|m|kl
St e astagtzPayt — G(—2,—1,3,1,—1)BD’
and finally
/-1 |
ler _ (D)7 (-1t d/2 d ( dje41
Yot = e gy, (G )y, TG ),
4.29)
d ( d/2+1 d/2 d _d/2+1 (
—5 (@), (b -5ait @)
(2[2) st12)
with the conformal substitutions
3%2‘2) satodagtr et —
ijlmlkl _ ij|m|kl _ ij|mlkl ij|m|kl
9B G(—l,—l,o,o,o) - 771DG(—1,—1,2,0,0)B - 773BG(—1,—1,2,2,0)D + G(—l,—1,4,2,0)BD’
5%2‘2) raytaayteP ot —
_ _ 1j|m|kl ij|m|kl _ ij|m|kl ij|lmlkl
2D [774BG(72,71,71,71¢1) — G 11,1,y ~MBG Ty gy G(72,71,1,1,1)B]
_ _ ij|m|kl ijlmlkl _ ij|m|kl ij|lm|kl

—'np {7’4BG(0,—1,1,—1,—1> — G131y~ BBG 1110t G(o,—1,3,1,1)B]

1= ij|m|kl ij|m|kl _ ij|mlkl ij|m|kl
— T3 [774BG(72,71,1,1,71)D - G(72,71,3,1,71)BD - 773BG(—2,—1,1,3,1)D + G(72,71,3,3,1)BD}

_ ij|mlkl ij|mlkl _ ij|mlkl ijlm|kl

+ 774BG(0,71,3,1,71)D - G(0,71,5,1,71)BD - 773BG(0,71,3,3,1)D + G(O,71,5,3,1)BD’

3 . 52 .83 84,73, .74
8(2‘2) : Oé2 Oé3 044 fL‘3 .1'4 —
_ ij|mlkl = ijlmlkl =1 ~ijimlkl ijlm|kl
772DG(—3,—1,0,0,0)B 771DG(—1,—1,2,0,0)B T3 G(—S,—1,2,2,0)BD+G(71,71,/1,2,0)BD
_ ijlm|kl _ ~iglmlkl = ij|m|kl 1j|m|kl
+ ?74BG(71,71,2,0,72)D G(71,71,4,0,72)BD n3BG(71,71,2,2,0)D+G(71,7174,2,0)BD )

4 . 82 83 84,73 T4 ijlmlkl
(o)t gt ot wgiwyt — G(72,71’3,1’71)BD.

Clearly, only (4.26) exists for £ = 0 and matches with (4.21) once the proper rescaling
necessary to convert from the purely OPE basis of the latter to the mixed basis of
the former is done. Moreover, for ¢ = 1, all the conformal blocks (4.26), (4.27), (4.28)
and (4.29) match the conformal blocks (4.24) and (4.25) obtained from the pre-conformal
blocks rotated to the mixed basis. Finally, as for all previous four-point correlation
functions, the conformal blocks are easily displayed as Gegenbauer polynomials in terms
of the variable X (4.14). They can be expanded explicitly as in (4.15), and recurrence
relations can be found as in (4.16).

Before proceeding, it is interesting to note the similarities between the conformal
blocks (4.26) and (4.28) and their respective conformal substitutions. As can be seen above,
other similarities occur, mostly due to their common origin, mainly the OPE. Moreover,
in 5:(32|2) the two terms in red merge. They were kept separate to exhibit the similarities in

the overall rule.
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4.2.4 [le; + ey exchange in scalar-vector-scalar-vector

In the case of fe; + e2 exchange in scalar-vector-scalar-vector four-point correlation func-
tions, there is only one tensor structure per OPE. As before, the easiest way to obtain the
conformal blocks is to work in the mixed basis. The OPE and three-point tensor structures

are simply
12my E1EepoF1-Fop1 142 3le1+es \E1-Ep oF 1-F|
(1tij )B = ey +es((9) " Pra g) aren B
:(d7hklmzz+17Am7Zel+82) 34 _ = =
Ater+es Ri( 340 “1kim) D{E"Y = 9DEYTAEY 4B, >

where on the right-hand side the indices B and F} are matched to E; and FE», respectively,
and Ry is the transformation matrix which is just a multiplicative factor introduced for
proper normalization of the three-point correlation functions. It is understood that E; and
Es (respectively B and F}) are the eg indices of the fe; +es, hence they are antisymmetrized
as in (4.5).

Following the arguments presented above, it is easy to obtain

le;+ex (_1)Z+12£!
Eg(lll] - Aeel""ez (6 I 2)(d/2)£
20—2+3d/2 d d
| (xeion - ZEPURC (0 + X201 () - axcllE O + 5015 ()
s1
1 e dy o gy Ad/2=2) ajrm
5 (200 xatinon - G et )
1/20—-2+3d/2 a2 d(¢+d/2) d/2+1 d a/24+1
+2 < {—2+d lel(X)_F é_2+dXCéf2 (X) 20473 (X) .
1 2(-2+3d/2 d/g d(€+d/2) 2 d/2+1 d d/2+1
- ———X X — 12X X)— =X p X
2< {—2+d Cl—l( )+€72+d 02—2 ( ) 2 Ce—s ( ) . ’
(4.30)
with the conformal substitutions
i|m|kl _ ij|m|kl _ ij|m|kl i |m|kl
51 ap’ag’atesi Tyt — gBDszl‘,T,lJ,O,O) - nlDGl(Jl‘,Yg,o,o)B - ”3BG1(31|,T‘2,2,0)D + szl‘,ﬂ,z,o)BD

52t an*as’atay’ eyt — Map {774BG31T|7]C§771’71) - sz;l,T‘llfl—l,f1)B - 773BGE%|,T|7]€§,1,1) + GE?],TE?DB]
M [TanGET T )~ G L s — TG 1 + CATE ]
— g [ﬁ“BG%‘Z‘l}ﬁ,—l)D - GZél,Tglfi,—l)BD - ﬁSBG%‘,Tlllfé@)D + G%[T‘;ZZ’),I)BD}
+ 774BG1(-J2-‘7T$1,71)D - Gg[?‘s]ﬁ,flw[) - 7733@?,?'3%,1)13 + Gg[?l'fél)BD’

$2 83 84 ,..73

) e = iflmlkl ij|mlkl i5|m|kl ijlmlkl
83t aytastaytrsryt — MG D*G(

(1,1,2,0,—2) 1,1,4,0,—2)BD — T_]3BG(1,1,2,2,0)D + G(1,1,4,2,0)BD
_ ij|m|kl _ ij|m|kl —1 ~ijlm|kl ij|m|kl

+ 120G (21100008 ~ MDG 112008 T3 Glii2208p T G1,4208D
sacafaftaiiafelt = GO pp-
The observation that the coefficients in the projection operator for fe; + e, are related to
those in the projection operator for fe; and the fact that the latter lead to Gegenbauer
polynomials explain why all conformal blocks can be displayed as appropriate conformal

substitutions of Gegenbauer polynomials in the variable X.
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4.2.5 Symmetric-traceless exchange in scalar-scalar-vector-vector

For completeness, in our final example, we determine the conformal blocks for scalar-
scalar-vector-vector four-point correlation functions, which would then empower us to fully
implement the bootstrap for correlation functions of two scalars and two vectors.

In the mixed basis, the necessary inputs are the tensor structures for symmetric-
traceless exchange, which are

()P BT = Ay (9) Ps

(d hkzm,nb,Amlel)

b _
Ate, (Re)y bthim)oDiEry = TocT2nilapy - Tagy,

b (d hkzm,nb,Amlel)
ey (Fe)o (34

blhim)CD{E"} = 9oDMaEy ** TaEy

b (d hkzm,nb,Amlel)
ey (Ry) 4

b (dhkl My, Am,ler)
Mey (Re)s (Jg400™ ™

CD{E"} = gDE"TZ2C774E” T 774E;/7

(Re)y”(J3 )
(Re)o'( )
)\eel(Re)gb(J(d hklm’nb’Am’eel) btiim)CD{EYy = 9oy 2D amy - TaEy
(Re)y’(J3 * bthim)
(Be)s'( )

’ btklm CD{E"} = QCE”QDE”TME” : '54E,g"

Once again, the indices were suppressed on the right-hand side of the natural OPE ten-
sor structure, and the transformation matrix Ry leads to the natural three-point tensor
structures.

The conformal blocks are thus

¢
g(gfﬁ] = )\gel(d(/_Qlil;!)g <Cj/2_1(X)>sm) ) (4.31)
with the conformal substitution
sap) : ey atayteiryt — G%lglf; —9)CD"
followed by ,
g(gle@ = ey (d(/_211 i!)g <Cj G )>s(12) ’ (4.32)

with the conformal substitution

5473 ijlmlkl
S12) ¢ a’asatrd )t — QCDG(O,O,QO,O)’

as well as
—1)f( —1)! d/2 d/2
e = rgg, —L L= D) (chx), — (%), | (4.33)
(3] = ! (d/Q)Zfl ! S%1|3) 2 ?1\3)
with the conformal substitutions
1 _ ij|m|kl _ ij|m|kl
S(113) * ay’a’agta eyt = Mo Gz(j T0,1,1 ~1)D ~ 7710G?1,H?3,1,71)D
—1 ~ij|lmlkl ij|m|kl
— I3 G( 1,0,3,3,-1)CD T G(1,0,5,3,—1)CD’
2 jlm|kl
()t o astagtr?ayt — G%gfm, 2)CD>
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and

ler _ M d/2 _ (/2
G = Mer gy (Czl(X))S%M) (CH(X))S?H), (4.34)

with the conformal substitutions

1 S4,.73 = ij|m|kl = ij|m|kl
S(1)4) * a’ o ajtrd )t — 772DG( 1,01,1,-1)C — 771DG(17073,1,—1)C
_1 ij|mlkl ijlm|kl
G( 1,033,-1)cD + G(1,0,5,3,71)CD’
2 §3 84,73 ,.74 l]|m|k’l
()  atagtzea)t — G 0,04.2,-2)CD
and finally
1) — 2! d
ley __ ( 1) (5 2)- d/2 d/2+1
g(1|5] = Atey (d/2) Cel5(X) .t 9 Gl (X) )
-1 5(115) 5(115)
(4.35)
d ( d/2+1 d ( d/2+1
-5 (7)), +5(citm), |
(115) (1]5)
with the conformal substitutions
Shis : aS2asializ 3t — GiImlkl
(1]5) * Q" Qg Oy T3" Ty 9gcoG oo o,o,o)v
2 N G m|kl — Gij|m|kl _ —1Gij|m|kl +Gz]|m\kl
S(1]5) - ay’aztagtrt eyt — fac |f2p (- 20 —2,0,00 — MDY (0,0,0,0,00 ~ T3 Y(-2,0,0,2,0D (0,0,2,2,0)D
jlm|kl — ij|lml|kl —1 ij|m|kl ij|m|kl
— e |:n2DG(00000) 77117G(]20200) G(J00220)D +GJ20420)D]
- ij|m _ jlm|kl - ij|m|kl ij|m|kl
- T3 [772DG(] 2,0 0,2,0)c nlDG(o 022,00 ~ T3 G(J—2,o,2,4,o>CD + 0(6,0,4,4,0)@]
_ ij|m|kl — ij|m|kl —1 ~ij|m|kl ij|m|kl
+ 772DG(0 0,2,2,00C 771DG(2 0,4,2,00c — T3 G(o 04,4,0CD T G(2,0,6,4,0)CD’
3 T ij|m jlm|kl ij|m|kl ij|m|kl
s(s) oo oz agtrst oyt — 772DG(J 1 0 1 1,-1)C 771DG(1 0,3,1,-1)c — T3 G(J 1,0,3,3,—~1)cD T G(]1,0,5,3,—1)CD

+{C « D},

4 S4,..73 T4 ij|m|kl
s1s5) + ap”agtagtatrlt — G(o 0,4,2,—-2)CD"

In this example, there are two conformal blocks for £ = 0, four conformal blocks for £ =1,
and five conformal blocks for ¢ > 1, as expected from the tensor product decomposition.

4.2.6 Conformal blocks as linear combinations of Gegenbauer polynomials
with substitutions

All of the examples above led to expressions for conformal blocks given by linear combi-
nations of Gegenbauer polynomials with appropriate conformal substitutions. On the one
hand, noting the identical simplifications that occur in the procedure leading to the confor-
mal blocks, we anticipate that there are generic Feynman-like rules for the corresponding
conformal substitutions that can be deduced from the previous examples, starting from the
mixed basis.

On the other hand, the presence of Gegenbauer polynomials in terms of the variable
X might at first seem intriguing. The origin of the variable X is clear, as it is directly
obtained from the A-metric contractions. We can also argue that the Gegenbauer poly-
nomials appear for any tower of conformal blocks with exchanged quasi-primary operators
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in N + fe;. Indeed, starting from the mixed basis, the three-point correlation function
does not have any special features. Then, the three-point function is multiplied by hatted
projection operators at different embedding space coordinates. In [174], it was proved that
the hatted projection operators merged into one hatted projection operator constructed
from the two A-metrics. Subsequently, the result is transformed into the conformal block
with the help of the conformal substitution (3.13) and contractions with the tensor struc-
ture. At this point, the implicit hatted projection operator can be extracted from the
tensor structure, as described in [174], moving all the nontrivial ¢-dependence to the hat-
ted projection operators. Now, from the tensor product decomposition, we know that the
hatted projection operator for IN + fe; can be obtained from the tensor product of N and
feq. In that product, one must subtract the smaller irreducible representations. The trace
ones are easily discarded, while the non-trace ones can be removed by simply demanding
that the resulting projection operator satisfy the proper symmetries. Hence, the hatted
projection operator for IN + fe; is built from the fixed projection operator for IN and the
projection operator for fe;. The latter carries the /-dependence through its coefficients,
see (4.1). The coefficients, which re-sum into simple Gegenbauer polynomials, ultimately
lead to linear combinations of Gegenbauer polynomials after the steps necessary to deter-
mine the conformal substitutions are completed. Hence, in a fixed four-point correlation
function, conformal blocks for a tower of quasi-primary operators in irreducible representa-
tions IN + fe; are expressed as linear combinations of Gegenbauer polynomials with proper
conformal substitutions, in agreement with the examples above. Moreover, the conformal
substitutions replace the variable X by I-functions, which are tensorial generalizations of
the Exton G-function, without derivatives.

5 Discussion and conclusion

We have shown how to obtain conformal blocks using the method described in [1, 2].
Given the agreement with several results in the literature obtained using other methods,
and our earlier calculations of two- and three-point functions in [173, 174], it is clear that
the approach is sound. Using the OPE in embedding space, one can indeed systematically
build up M-point functions from (M — 1)-point functions and so on and obtain explicit
expressions for M-point functions. As we have already stressed, the method is universal
and is not limited to any particular Lorentz representation or spacetime dimension.

This claim is that the result (3.15) for the conformal blocks is completely general, with
the conformal substitution rules given by (3.5) and (3.13), respectively. All that one needs
to supply in order to determine a particular conformal block of interest are some group-
theoretic quantities, namely the projection operators for the exchanged representations
and the tensor structures. The method rests on the embedding space OPE framework,
which was carefully developed in [1, 2] and was subsequently placed on a firmer footing
in [173, 174]. The examples described above serve to illustrate the application of the method
in practice. In each case, one first determines the form of the three-point tensor structures
for the left and right OPE and then supplies the appropriate projector for the exchanged
operator. Together, these objects comprise all the input data needed for a specific block.
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Next, one directly inserts this data into the general formula for the conformal blocks given
in (3.15) and extracts the relevant linear combination of Gegenbauer polynomials, with
each term coupled to its associated substitution rule. That is the overall idea behind
the universal formula presented here. The method is general, because arbitrary Lorentz
representations may be considered, and the only components which vary from case to case
are the group-theoretic input data.

Now, the general procedure for obtaining conformal blocks is described in section 3,
and it involves starting with the hatted projection operators and then performing substi-
tutions. The two required substitutions involve first the three-point tensorial function and
then the four-point tensorial function on the outcome of the first substitution. Carrying
out the conformal substitutions is straightforward but can become tedious for four-point
correlation functions of quasi-primary operators in large irreducible representations. Ob-
taining the hatted projection operators is perhaps less straightforward, but can also be
done systematically by starting with small representations and then working up to larger
ones. It is likely that the procedure for computing conformal blocks could be automated
and handled by a computer program.

The intermediate expressions for the blocks involving the Gegenbauer polynomials,
which lead to the actual conformal blocks through the s-substitutions, are certainly in-
triguing. Based on the examples we have worked out, we argued that this feature is general
and applicable to other conformal blocks. Moreover, it should be possible to codify the
procedure for obtaining the appropriate conformal substitutions as a set of Feynman-like
rules. This will be addressed in a future publication.

While many of the conformal blocks derived here were already known, it was useful to
rederive such results using the new method. Looking ahead to what can be accomplished
with this method soon, we consider tackling several specific conformal blocks. One of
the most fundamental objects for exploring CFTs is the four-point function involving four
energy-momentum tensors. Because of the sheer number of blocks involved in a four-point
function of energy-momentum tensors, this will be the subject of a separate publication.

Looking further ahead, we hope that our approach will be useful for both the numerical
and analytic bootstrap. Despite an enormous amount of progress, it is apparent that CFT's
have a rich and complicated structure that has not been fully explored yet.
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