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ABSTRACT: We study various aspects of the mass deformation of the SYK model which
makes the black hole microstates escapable. SYK boundary states are given by a simple
local boundary condition on the Majorana fermions and then evolved in Euclidean time
in the SYK Hamiltonian. We study the ground state of this mass deformed SYK model
in detail. We also use SYK boundary states as a variational approximation to the ground
state of the mass deformed SYK model. We compare variational approximation with
the exact ground state results and they showed a good agreement. We also study the
time evolution of the mass deformed ground state under the SYK Hamiltonian. We give a
gravity interpretation of the mass deformed ground state and its time evolutions. In gravity
side, mass deformation gives a way to prepare black hole microstates that are similar to
pure boundary state black holes. Escaping protocol on these ground states simply gives a
global AdSs with an IR end of the world brane. We also study the thermodynamics and
quantum chaotic properties of this mass deformed SYK model. Interestingly, we do not
observe the Hawking Page like phase transition in this model in spite of similarity of the
Hamiltonian with eternal traversable wormhole model where we have the phase transition.
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1 Introduction and summary

Recently there are many progresses in understanding the spacetime dynamics like the
chaotic behavior in black holes [1, 2] or making traversable wormbholes [3-5]. The Sachdev-
Ye-Kitaev (SYK) model [6, 7] plays an important role to study these behaviors. The
SYK model is a UV complete model that shares the same low energy dynamics with the
Jackiw-Teitelboim gravity [8-10]. We can solve the SYK model analytically in the large N,
low energy limit [11]. We can also study the large N Schwinger-Dyson equation directly
numerically [11] and further we can study the model numerically at finite N [12-14] by
exact diagonalization, which serves a complemental way to analyze the system.
Traversable wormholes are made by introducing a direct coupling between two asymp-
totic boundaries [3, 5]. After turning off the coupling between two sides, we can make a
two sided black holes [5, 15]. Therefore, traversable wormhole protocol also gives a way to
prepare the thermofield double states. We can consider the similar question for a single
sided system whether we can prepare a “thermofield double” state in a single copy of CFT
from some massive deformation. An analog of the thermofield double states for single sided
case is the boundary state [16, 17], which have a simple entanglement structure. In gravity
side, the dual spacetimes are black hole microstates [18-20], and by state dependent mass
deformation we can reveal the interior of these single sided black holes [21]. Employing the
proposal for holographic duals of boundary CFT (BCFT) [22, 23], these microstates are
modeled by geometry with end of the world (EOW) branes. Now the problem is whether
we can prepare the black hole microstates from massive deformations. In the field theory
side, the relation between boundary states and gapped ground states are discussed in the
literature. Boundary states and the time evolution of them are used to model so called
quantum quench [24, 25]. The quantum quench! is the time dependent process where we

!Precisely speaking, here we consider the sudden quantum quench with a time dependent mass term,
which is a special case of quantum quenches.



suddenly turn off the mass term and evolve the state by the Hamiltonian at critical points.
In this context, boundary states are used to approximate the initial gapped ground states.
This variational approximation is also used to study the massive deformations of conformal
field theory [26] and gives a qualitative picture of the phase diagram.

In the SYK model, an analog of boundary states and their gravity interpretation
are proposed in [27]. We can also reveal the interior by the mass deformation [27, 28].
Motivated by the above observations on the boundary states, gapped deformation of CFT
and their connection to black hole microstates, in this paper we study the ground state
of a mass deformed SYK model that also first appeared in [27] and its relation to the
SYK boundary state in detail. A merit to consider the SYK model is that we can analyze
directly the mass deformed theory itself. This enables us to compare the exact ground state
and the variational approximation and check the validity of the variational approximation,
which is usually difficult.

Another motivation to study this model is to gain an insight to the gravity counterpart
of the chaotic/integrable transition. The relevance of the quantum chaotic properties to
the black hole physics was pointed out in [29-31]. One way to characterize the quantum
chaos is the exponentially growing behavior of the out-of-time-ordered correlation functions
(OTOC) [32] in time which is quantified by the quantum Lyapunov exponent. The OTOC
was also studied in the SYK model [11] in the large N limit, where the quantum Lyapunov
exponent was found to saturate the bound proposed in [2] in the strong coupling limit.
This also supports the relation between black holes and the quantum chaos.

Recently the quantum chaotic property was also studied in a variety of deformations
of the SYK model [13, 14, 33-40]. Among these developments in [13] the authors consid-
ered a deformation of the SYK Hamiltonian by a random mass term and found that the
quantum Lyapunov exponent decreases as the mass parameter is increased. More interest-
ingly, the authors also found that the Lyapunov exponent vanishes at some finite value of
mass parameter, where the system exhibits the “chaotic/integrable transition” [13]. The
chaotic/integrable transition was also captured by another characterization of the quantum
chaos through the level statistics [41-44] as a sharp transition.

With the relation between quantum chaos and the black holes in one’s mind, it may be
natural to speculate the gravitational phenomenon dual to the chaotic/integrable transition
to be the Hawking-Page transition [45]. Note, however, that these two phenomena do not
necessarily happen at the same time. The Hawking-Page like transition can be captured
as a first order phase transition through the entropy, or equivalently, the free energy F =
—%log Z(B) = —% [dE{p(E))e PP where p(E) is the number density of the states. On
the other hand, it is known that the level statistics diagnoses the chaoticity of a quantum
system correctly only after the energy spectrum of the system is unfolded [43, 44], which
essentially subtract the information of (p(E)) from the spectrum. Also, the connection
between chaos and the thermalization property of the system implies that one cannot
see whether the system is chaotic or not just by looking thermodinamic quantities such
as the free energy [46]. Nevertheless, there are some examples [14, 34] where we have
multiple evidences that they are indeed correlated. It would be interesting to ask what
kind of additional properties of a model can relate the chaotic/integrable transition and the
Hawking-Page like transition indirectly, which will define an interesting class of theories.



1.1 Summary of the paper

We have studied various properties of the mass deformed Hamiltonian which is first pro-
posed in [27]. The model consists from N Majorana fermions v; and the Hamiltonian is
given by

Hgyer = Hsyk + Hpyy,

N

2
.9 .
Hsyk =i2 > Jiyigin - Vig,  Ha =iy stbop—1tax, (1.1)
i1 < <ig k=1
J? 17%(g=1)!
ol — 1) = 5%-
effective action in terms of the collective variables and derive the large N Schwinger-Dyson

) = 0 and variance (J? ) =

with mean (J; i1-vig

[ wvig We give an
equation for the mass deformed Hamiltonian. We study this Schwinger-Dyson equation nu-
merically. In the zero temperature case, we found the analytical solution for this Schwinger-
Dyson equation in the small mass parameter limit. The diagonal correlation function is
related to the SYK correlation function by the conformal transformation. The off diagonal
correlation function is also determined in the conformal limit. Using these Euclidean corre-
lation functions in the ground state, we study the several physical observables, which show
the non trivial scaling with respects to the mass parameter p in (1.1) for small p limit.

We have also used the SYK boundary state, which is also first proposed in [27] and
interpreted as a black hole microstate, as a variational approximation for the ground state
of the mass deformed Hamiltonian (1.1). We studied this variational approximation both
numerically and analytically. We compare the numerical results in exact ground state and
in variational approximation and two results show good agreement in the entire mass pa-
rameter regime. In the small p limit, we compare the analytical results in exact ground
state and in variational approximation. We found that the scaling with respect to the
mass parameter coincide but the proportional constants are different. However the coeffi-
cients themselves are also very close. Therefore, the variational approximation is a good
approximation but is not a perfect approximation and has an order N difference even in
the conformal limit.

In section 3.3 we have also computed the large N free energy by solving the Schwinger-
Dyson equations at finite temperature numerically. In contrast to the results in the models
with a similar Hamiltonian [5, 33, 34], in our model we have not found a phase transition.

We have also studied our model for finite NV in section 4. We have computed the overlap
between the boundary state and the true ground state, and have found these two states
are close to each other.? This result supports the validity of the variational approximation
for the ground state in section 3.2. We have also diagnosed the quantum chaoticity of the
system by computing the adjacent gap ratio [47-50] (we explain more detail in section 4.2).
As a result we found that the system is chaotic for any value of the deformation parameter
and at all energy scale.

2While we treat the average over the random couplings by the annealed average in the large N analysis,
assuming that the annealed average is a good approximation to the original quenched average in the large
N limit, in section 4 we directly adopt the quenched average.



In section 5 we have studied the mass deformed model in the large ¢ limit where we
can analyze the mass deformed theory analytically beyond the conformal limit. The large ¢
results are consistent with the conformal limit results when the mass parameter y is small.?
In the large ¢ limit, the variational approximation actually coincides with the exact ground
state in all mass parameter regime. We checked this agreement from the calculation of the
ground state energy and the other observables also perfectly coincide. Furthermore, in the
large ¢ limit we compute the overlap between exact ground state and the SYK boundary
state for the variational approximation. We found the saddle point solution that gives the
maximal overlap 1. Even at finite temperature, we can solve the system analytically. We
checked analytically that there are no phase transition in the model (1.1). At the order of

B ~ q, the chaos exponents grows from 0 to %’T that is maximal [2].

Finally, we give a gravity interpretation of the mass deformed ground state. We studied
the time evolution of the mass deformed ground state under the SYK Hamiltonian. This
is a setup of quantum quench where we suddenly turn off the mass term. We solve this
quench problem analytically in the conformal limit, determined the time evolution of the
reparametrization mode and found that the system thermalizes. We interpret this dynamics
of the reparametrization mode in gravity. The original geometry is interpreted as the global
AdS,; with EOW brane which is static under the global time translation. The quench
corresponds to the black hole generation. Therefore, we interpret the mass deformation as
a protocol to obtain atypical black hole microstates that are similar to pure boundary state
black holes. This is a single sided analog of the preparation of the thermofield double from
the two coupling mass deformation [5, 51]. We have also applied our gravity interpretation
to the escaping interior protocol starting from the mass deformed ground state. The
insertion of the mass deformed Hamiltonian before the quench just delays the generation
of the black hole and shifts the position of the black hole horizon. As a special case, we
can apply the deformed Hamiltonian eternally and we can make the interior escapable
eternally. Actually, this is exactly the global AdSy with EOW brane. This is a single sided
counterpart of the identification of eternal traversable wormholes and global AdSs. We also
point out that the mismatch of the sign of spins in the ground state and the mass term
leads to the excitation. Too much excitation leads to the huge excitation and we expect
that they finally lead to the black hole generation because the system shows the chaotic
behavior at high energy as we studied in this paper. Therefore, the escaping protocol is
successful only when we choose the mass term in a correct state dependent way.

The organization of this paper is as follows. In section 2, we review the mass deformed
SYK model and boundary states those are introduced in [27]. We also review their gravity
interpretation as black hole microstates and their time evolution. In section 3, we study the
mass deformed SYK model in the large N limit. We derive the large N Schwinger-Dyson
equation for the mass deformed SYK model and solve them both analytically and numer-
ically. In section 4, we study the overlap and the level statistics at finite N and compare
with the large N results. In section 5, we study the large ¢ limit of the mass deformed

3This is a non-trivial statement as the two results agrees not only in the strict SYK limit x = 0 but also
in the p-dependent sub-leading corrections (see (3.29) and (5.11)).



SYK model. We calculate various quantities analytically and checked the consistency with
the results in large N, finite ¢ analysis. In section 6, we describe the gravity interpretation
of the mass deformed SYK model. In section 7, we discuss some implications of our results
and possible future works. In appendix A, we present the derivation of the large IV effective
action for collective variables. In appendix B, we discuss the numerical method to solve
the large N equation of the mass deformed SYK model. In appendix C, we show the detail
of large ¢ analysis. In appendix D, we discuss the detail of the large N, g = 4 case.

2 The model
The main purpose of this paper is to study the following Hamiltonian

Hgyet = Hsyk + Hpy,

N
Hsyk = i? Z Jiyvig®iy -+ Vig,
1< <ig
N N
2 /,L 2
Hy =ip Y spthop—1top = ) > sk Sk, (2.1)
k=1 k=1
. . 2 —1 72¢,_ |
with mean (Jj;..;,,) = 0 and variance <Jl212q> = ﬁ(q -1 = é%. We also
defined Sy = —2it9;_119k. This Hamiltonian was first introduced in [27]. First we review

some properties of this Hamiltonian with its connection to particular pure states in the
SYK model. We also review their gravity interpretation of pure states and the evolution
under mass deformed Hamiltonian.

2.1 A review of the SYK model

The Sachdev-Ye-Kitaev (SYK) model [6, 7] is the system of N Majorana fermions v;, which
obey the anti commutation relation {1;,;} = d;;, with the Hamiltonian

N
Hsyk =i% Y Jiyeigthiy -+ iy, (2.2)
11 < <ig
with mean (.J;,..;,) = 0 and variance <J1211q> = N{]—Q_l(q -1l= %%. At large N,
1

the correlation function G(11,72) = & Zf\il (1i(71)i(12)) satisfies the following Schwinger-
Dyson equation

J? _
8TIG(7-1,72) —/dTgZ(Tl,Tg)G(Tg,TQ) == (5(7’1 - TQ), 2(7'1,7'2) == 7(2G(7’1,7‘2))q 1. (23)
This Schwinger-Dyson equation comes from the Euclidean action
2

_ SWE — log (0, — %)) — % /dﬁ /dT2 {Z(Tl,mc(n,m) _ ;(QG(TI,TQ)V L (24)



We can solve the equation (2.3) numerically. In the large ¢ limit, we can solve the equa-
tion (2.3) analytically. It is also possible to solve at long time (1 < J712 < N) regime by
ignoring the derivative term 0, in (2.3) as

G(Tl,TQ) = ca )’2Asgn(ﬁ — 7'2), (2.5)

| T (1 — 72

where the scaling dimension A and the coefficient ca is given by

1 1 tan A1
A= CA—2[<1—2A> — ] : (2.6)

When we ignore the term 0;, the equation of motion have a reparametriztion symmetry
Gri,m2) = L () (r2)AG U (71), £(72)) and S(r1,72) > [ (1) /() A(f (1), £(72)).
In the low temperature (1 < Jf < N) and long time (1 < J712), the thermal correlation
function is obtained from the ground state answer (2.5) with the reparametrization f(7) =
tan %7’.

The low energy reparametriztion symmetry is actually broken by the UV effect. This
leading breaking term is given by the Schwarzian action [11]

_Nag

S =
J

f"(r) 3 (f"m)?
deTvTv f7—77—: - = . 2.7
e e = S (27)
The constant ag can be determined numerically. For example, ag =~ 0.00709 for q = 4,
ag ~ 0.00403 for ¢ = 6 and ag =~ 0.00257 for ¢ = 8 [11]. At large ¢, avg goes as g ~ ﬁ.

2.2 A review of pure states and mass deformation of the SYK model

In the SYK model we can also study the real time evolution of particular pure states. To
define such states, first we define a set of spin operators from Majorana fermion operators.
They are defined as

Sk = —2ithgp_ 102 (2.8)

They satisfy S,% = 1, which means that the eigenvalues of Si’s are 1. Moreover, they
are mutually commuting with each others [Si, Sir] = 0. Therefore, we can consider the
simultaneous eigenstates of the spin operators Sj’s:

Sk ’BS> = Sk ‘Bs> N (29)

where s = (s1,--+,sn) is a set of eigenvalues. These 2% states span the SYK Hilbert
2
spaces. This condition can also be written as

Vor—1|Bs) = —ispar | Bs) . (2.10)

We can produce lower energy states by including the Euclidean evolution |Bs(8)) =
e~ 3 Hsvi |Bs). We can interpret the (2.10) as a transparent boundary condition between
fermion field 191 and 19 in the path integral language. Because the states |Bg) form a



basis, the average of the correlators over all choices of s reproduces the thermal ensemble
exactly:
> (Bs(B)|O|Bs(8)) = Tr[e v 0. (2.11)
sp==%1
This is a true statement for any operator O.

In the large N limit, the model possesses an emergent O(N) symmetry. This O(N)
symmetry includes an element f; that flips the sign of 3. Similarly, there are elements
fi that flips the sign of 1o,. Each of fi’s also flips the sign of the spin operator Si. This
flip element f; maps the |Bs) to other state |By) where s’ is given by the flip of s; from
s. Therefore, the norms (Bs(8)|Bs(/)) have the same value in all |Bg) states because of
this emergent symmetry. On the other hand, we saw in (2.11) that the average over all
the |Bs) is equivalent to the thermal one. Therefore, the norms of |Bs(f)) is equal to the
thermal partition function in the leading of the 1/N expansion:

BoBIBB) =253 3 o 3T BB S Sy TS D IBB)

a1==*1as==+1 any=%1
2

M‘Z

= 273 Ty(e PHsvx), (2.12)

Similarly, the two point functions such as 1 (7)11(7") or ¥o(7)1e(7") are also individually
invariant under the flip groups. They are called diagonal corerlators [27]. They also become
the same with the thermal correaltors in the large N limit:

(Bo(B) |3 (7)i(7')| Bs(8)) = 272 Tr(e™ v (7)i(7')) (2.13)
For off diagonal correlators like (Bg(3)[11 (7)1 ( "\|Bs()) we can do similar argument

by inserting Si(7) = —2itho_1(7)hor(7) at 7 = —2. Because
Sk( 5) |Bs(8)) = ¢~ 3155, | B,) = Ske_gHSYK |Bs) = si | Bs(B)) , (2.14)

we obtain

(Bs(B)|Y1(7)1b2(7")51|Bs(8)) = —2i (Bs(B) |1 (7)) b1 (= B/2)12(=B/2)| Bs(B)) - (2.15)

Now, the off diagonal correlator times the boundary condition s; becomes a 4 point function
with 2 %1’s and 2 9’s. Therefore, in the large N limit these are flip group invariant
correlation function. Then,

sk (Bs(8)[tar—1(7) Y2 (7")| Bs(8))
—27% Z —2i (Bs(B)|ar—1 ()2 (7" thar—1(—B/2)bar(—8/2)| Bs(B))

= —2i x 272 Tr[e PH ey (7)hop (7)o 1(— B/ 2) ok (— B/2)]. (2.16)

We also know that in the large N limit the normalization factor becomes (Bg(8)|Bs(3)) =
273 Tr(e #HsvK) and therefore the off diagonal correlator becomes

s (Bs(8)[or—1(7)¢2k(T') | Bs (B))
(Bs(8)|Bs(85))

_ _2.TY[efﬁHSYszkfl(T)wzk(T')%kfl(—5/2)1/}21@(—5/2)}
=4 Tr(e—PHsyx) '

(2.17)



Further because we are taking the large N limit, four point function factorizes to the
product of 2 point functions and the off diagonal correlator becomes

(Bs(8)|v2k-1(1)2r (") Bs (8
(Bs(8)|Bs(B))

D _ 2iGa(T + B/2)Gp(t" + B/2) + O(1/N).
(2.18)
Here we obtain another minus sign because we need to contract 9x’s and to do that we

Gog(T,7') = 53,

need to exchange the order of 19,1 and o.
We can think of the state | Bs(/3)) as a state after projection measurement of thermofield
double state [52, 53]:

L (Bs|TFD(B)) g = |Bs(B)) g - (2.19)

2.2.1 Conformal limit and the symmetry of correlation functions

In the conformal limit (87 > 1, J|r — 7| > 1, r,7" > —7) the correlation function
becomes

/ T 2A
G = BEOWH B _ [ [P em

By (B Bo(5) 7B sin 7]
B B B 2 2A
Gog(r, ') = 5k< s (B)|[ar—1(T)har (7)) Bs (B)) _ 2i(cA)2[ m ] (2.21)
(Bs(B)|Bs(8)) (JB)? cos 7 cos T3
Especially, by analytically continuing to real time 7 — it, we obtain
71_2 2A
Gog(t, ) = 2@[ } (2.22)
’ 2 mt ot
(JB)? cosh 7 cosh 75
Therefore, for example the spin operator expectation value (Sk(t)) = —2iGog(t,t) is
) . 4A
Sk(t)) =4 —_— 2.23
(k) = tonca)* | 750 (2:23)
which decays exponentially in time ¢. Under the reparametrization
i T
Tp = —= tan —, 2.24
the correlators become
G(tp,7p) = ca sgn(tp — 7p) (2.25)
» P ’J( P — T PA P/ .
GOH(TP,TIID) = QZ(CA) . (2.26)

In this coordinate, it is manifest that the translation 7p — 7p + ¢ is a symmetry of both of
the diagonal correlator and the off diagonal correlator. This is the same symmetry of the
Poincare patch in AdSs. Later we consider the gravity setup with similar symmetry.



2.2.2 Evolution under the mass deformed Hamiltonian

Now we consider the evolution under the mass deformed Hamiltonian:

N 3
Haet = Hsyk + Huyr =i Y Jijoigiy - i i Y sptbon—1¥ak. (2.27)
ki

i< <ig

In the low energy limit and small g limit, we can treat this deformation as
(e Sty / D feiSUI=i [t (FO)). (2.28)

The Schwartzian action is

=208 [ == [{ A ™0 0L (2:20

The term (Hj(t)) is evaluated as

N
1 (Bs(B)Hu()|Bs(8)) _ .5 5 (Bs(8)[tar—1(t) 2k (t)| Bs(5))
W (Ba(B)|Ba(B)) 2 (Ba(B)]Ba(B))
N N 2
- igGoH(ti) = (c) A (2:30)
|:J/3 cosh 7rt:|
Therefore, the coupling to the reparametrization mode becomes
Hy(f(t N(epa)?¢ (£)%A
H [‘76 cosh Wﬁ(t)}
Then, we obtain a Lagrangian for f(t¢):
N
5= -2 [ars.np+ Nea)? / dt(f)2. (2.32)
We can write the Schwartzian term using a Lagrange multiplier \(¢) as
Na
295 Ly = 55 [ arfor 07 + Ia0@© - r0)] (2.33)
J 2J
When we integrate over A(t), this impose the condition ¢(¢) = log f’ and the action reduces
to the original one. By introducing 7 = £ (02) the low energy action becomes
Nag d¢ 6 g I
= — — 2 . 2.34
s="¢ /dt[j<dt) A — 1) + 2T e (2.34)

On the other hand, the initial condition we consider is set by the Euclidean evolution with
the Euclidean action

S— NQO‘S/dT[j(Z‘f) )\(T)(e‘ﬁ(f)—f’(T))} (2.35)



Here we put n = 0 because the Euclidean evolution is given by the Hamiltonian without
mass deformation. The solution we are interested in is

s T

T) = —55 tan —-. 2.36
() = 5 tan (2.30)
The equation of motion for A(t) gives
o(r) _ pr m 1
e = fi(1) = TR cos E (2.37)
The EOM for f gives
N(r)=0. (2.38)
Therefore, A(7) should be constant. The equation of motion for ¢(7) gives
2 d*¢
Z2T 4 e = . 2.
P + Ae 0 (2.39)
This determines A = —4.7.

Now we consider the time evolution with the initial condition ¢/(0) = 0, e?(*=0) = JQQBQ .
Because the equation of motion for f implies that A(¢) is constant, we can set A = —4.7.
The Lagrangian is now

Nag 1 /dpN\2 .
_ —(Z2) —47(e® — ) +2Tne?b?| . 2.4
S 5 /dt[j<dt) TJ(e? = f)+2Tne (2.40)

Therefore, the evolution is simply given by the motion of a particle with a potential
V(¢) = 4Te? — 2T7e?A. (2.41)

This potential crosses 0 at ¢ = ¢« that is given by

e(1728)¢x — g (2.42)
for 0 < A< % The bottom of the potential is
Vigm) =0 =  4J(e®™ —qAe?bdm) =0, (2.43)
which gives
P = (RA) T2, (2.44)

The Lorentzian dynamics is simply described by the particle motion under this potential
with the initial condition

2
60) _ ¢o _ T #'(0) =0 2.45
eV = e = , =0. .
CEA (247
A schematic form of the potential is described in figure 1. When the deformation parameter
7 satisfies ¢g < ¢, the motion of the particle is confined in a finite region. In the SYK
model, this especially means that the expectation value (Sy(t)) does not decay and the
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Figure 1. A schematic form of the potential for a particle ¢(¢).

Qv

system does not thermalize. Especially, when ¢g = ¢;,, the particle sits on the bottom of
the potential and does not oscillate. In this case, using f' = e? the expectation value of

the spin operator becomes
4A
(Sk(t)) = dsg(ca)2(f)%2 = 4sp(ca)? (”) . (2.46)
BT
Therefore, the time evolution keeps the expectation value of the spin operator and prevents
thermalization. ¢g = ¢y, gives a relation between § and u, which becomes

Qﬂ;j>?:mAwﬁm - 5@x7:i<M§%iA>%&m{ (247)

2.2.3 The large g limit

For later purpose, we also consider the large ¢ limit of the pure states |Bs(3)). The
correlators are approximated as

1 1
Girr) = yseatr 7)1+ gty +- ),
q
i 1
Goff(Ta T/) = 5 (1 + agoﬁ(T7 T/) +--- > : (248)
The correlation functions in the large ¢ limit become
)
&
e9(T1,m2) , 2.49
j2sin2(d]7'1—72|+’7) ( )
) )
Gorr(T1,72) _ a a 2.50
€ J?cos?(ar) J? cos?(am)’ (2:50)
where & = J sin+, and dg + 5= %‘4 This solution can also be written as
N N
69(7—177—2) _ vhl(Tl)hQ(vTZ) ’ egoﬂ(n,Tz) — fl(Tl)]E(7—2)7 (2.52)
T?(h1(m1) — ha(72))?
“In the notation of [11], we can write the correlation functions as
69(7’1,7'2) — cos L; 2, 6g0ff<‘r1"r2) = cos” % 27 (2'51)

cos (m;(% — %)) cos(%’n)cos (%UTQ)
v

where v € [0,1] and v satisfies —Z% = JB. The relation with that in our paper is given by & = % and

cos “5-

. ® _ 7mv
T=2 2 -
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where

hi(1) = tan (ar + ;) ho(1) = tan <ar - ;)

y y a2

e cos?(ar)’ (2:33)

2.3 Gravity interpretation of pure states

According to [27] here we consider the gravity configuration that have features in common
with the SYK setup. Currently we do not know the precise dual gravity theory of the
SYK model. However, the Nearly-AdS, gravity has some features in common with the low
energy limit of the SYK model. Especially, they share the same low energy theory that is
described by the Schwarzian action [10, 11]. Therefore, we consider the gravity setup that
is similar to the SYK pure states.

In Euclidean signature, the diagonal correlator is the same with the thermal correlator.
This is interpreted as the Euclidean black hole or hyperbolic disc H> and we imagine that
there is a boundary at some finite but very large circle [10]. The difference is the existence
of the special point P that corresponds to the insertion of projection operator |Bs) (Bs|.
Imagining the existence of N bulk fields, this is interpreted as the boundary condition
that relates the bulk fields in pairs like t9r_1 = isp9r at the point P. Except P we
impose the same, standard boundary conditions with the thermal case. Other property is
the symmetry of the correlation function. We saw that both of diagonal and off diagonal
correlation function have the symmetry of Poincare patch in AdSs, where the metric is

dTI% + dz?

ds? =
E 22

(2.54)
In this coordinate, the special point is sent to infinity 7p = +o00 and z = oo. In summary,
the Euclidean gravity configuration is the Euclidean black hole with a special point P with
boundary conditions on the bulk fields on this point, see figure 2. In nearly AdSsy setup,
we interpret this as the special point at large z.

Next, we consider the Lorentzian continuation. The AdSs metric in Poincare coordi-

nate is ) )
—dts + dz —dztdx~
ds? = —2F = 2.55
& 22 Azt —z7)?’ (2:55)

where we defined * = z + tp. Because of the Poincare time translation symmetry of the
SYK correlation function, we are interested in the Lorentzian geometry with this symmetry.
Especially, the boundary condition at special point should be invariant under the Poincare
time translation. This is interpreted as the end of the world line at large z with the same
boundary condition with that on the special point P. We can think of this end of the world
(EOW) brane as a shock wave that is created by the projection measurement on the left
of the thermofield double state and falling to the bulk of AdSs spacetime [54], see figure 3.

Though Poincare time translation is the symmetry of the diagonal and off diag-
onal correlation function, the physical time t is related to the Poincare time by the
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ETW
brane
P P
Euclidean Black hole Lorentzian continuation

with special point P

Figure 2. The gravity interpretation of the SYK pure states. The left picture describes the
gravity interpretation of pure states in Euclidean signature. The right picture describes the gravity
interpretation in Lorentzian signature. The purple line is the UV cutoff surface in Nearly AdSs
gravity [10].

Projection
measurement

™ =) ,

orizon

Horizon

Figure 3. The gravity interpretation of the thermofield double states and the projection on them.
Measurements create a shock wave which propagates along the red line.

reparametrization (2.24). This corresponds to the Rindler Patch. The coordinate trans-
formation tp = f(t) is extended to the bulk by x4 = f(y+) where x4 = z £+ tp and
y+ = X *+ tg with the radial direction X in Rindler patch.

In summary, the Lorentzian configuration consists from the AdSy geometry with the
end of spacetime at large z with the boundary conditions for bulk fields. The cutoff
boundary is located on the constant X. The Lorentzian configuration are drawn in figure 2.

We can also evolve the SYK model with the mass deformed Hamiltonian (2.1). In
this case, the location of physical boundary is oscillating around the constant z and the
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ETW ETW

brane brane

Adding mass term

Figure 4. The gravity interpretation of evolution in different Hamiltonian. The left figure is the
case where we evolve the state by the SYK Hamiltonian. The motion of the UV cutoff particle
terminates at the finite Poincare time and correspondingly only the inside of the Rindler patch
is visible from the boundary. The right figure is the case where we evolve the state by the mass
deformed Hamiltonian. The motion of the UV cutoff particle extends to whole the Poincare time
and whole the spacetime within the EOW brane is visible.

coordinate covers whole the Poincare patch. Therefore, we can see behind the original
horizon in the evolution with deformed Hamiltonian as depicted in figure 4. In gravity
side, this interaction is interpreted as a change of boundary conditions on the bulk field on
AdS boundary. These are interpreted as quantum teleportation [3, 4, 52|, where we measure
the left side of TFD state and then apply the measurement dependent time evolution.
The underlying physics of this teleportation protocol is that we try to put each black
hole microstate on a ground state of the deformed Hamiltonian to prevent the black hole
generation. This is the gravity interpretation of preventing thermalization in the SYK. This
essentially depends on how the ground state is close to the ground state of the deformed
Hamiltonian and its gap. This motivate us to study the property of the mass deformed
Hamiltonian. From next section, we study this Hamiltonian in various methods.

3 Large N, finite g analysis
In this section, we analyze the Hamiltonian

Haer = Hsyx + Hur,
Hgyk =i% Y Jiyeigis =iy,

1< <ig
N

>
Hy = ipy | sptbor-1tbo = —
k=1

S

SkSk, (31)
k=1

VIS

in the large N limit.

Our starting point of the analysis is the Schwinger-Dyson equation for this model
with collective degrees of freedom G, ¥ [6, 11]. According to [5], we also introduce these
collective variables for off diagonal component. We study them in Euclidean time. The
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effective action in the large N limit is

sse= e (3o (3 %))
N . L 1 . X(r, ) Xou(r,T) G(r, ™) —Gog(r',7)
2 /d /d {2T <—EOH(T/,T) X(r,7") ) (Goff(T,T/) G(r,7) )]

2
- J—G(T, T’)q} - ];[iu/dTGoff(T, 7). (3.2)

q

The derivation is shown in the appendix A. The Schwinger-Dyson equation arises as the

equation of motion for this effective action. They become®

0,G(1,7") — /dT"Z(T, ™G, 7) —I—/dT"Zoﬁr(T, NGog (7", 7") = 6(r — 1), (3.3)

0 Gog(T,7") — /dT”Z(T, NGog(",7') — /dT”Zoff(T, ™G, 7) =0, (3.4)
and
j2
Y(r,7') = J2G(r, 7)1 = 7(26’(7’, ) (3.5)
Zo‘ff(Ta 7_/) = —WCS(T - T/)' (36)

By substituting Yog(7, 7') = —ipd (7 — 7’) into (3.3) and (3.4), we obtain
0,G(r,7) — /dT”E(T7 G, 7)) —iuGog(r,7) = 6(7 — 7'), (3.7)
0rGog(T,7') — /dT"Z(T, Gog(", ") +ipG(r,7) = 0, (3.8)
with (7, 7') = J2G(7,7)97 1. It is also useful to rewrite the Schwinger-Dyson equation in

the frequency space. In this representation, we can decouple Gog from the diagonal part
G, Y. The equation becomes

B iw + X(w)
Gw) = - (ot Z.(w))Q —
Gor(w) = _ (3.9)

(iw+ S(@)? — 2

We can determine Gog(w) after solving the equation for diagonal part G,%. In the finite
temperature, the frequency w is quantized to the Matsubara frequency w, = %” (n + %)

5Using the convolution, we can also write the equation more symbolically as

0-G — X+ G+ Yog *x Gogg = 6’
0:Gog — X *xGog — 2ogx G = 0.
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Once we solve the Schwinger-Dyson equation, the energy can be calculated from the
Green functions in the following way:

E  (Hsyxk + Hpy) 1
N = N = anG(T, O)

M2
TO++Z2<1 q)Goﬂ(o,O). (3.10)

This is derived from

NO,G(r,0) e T Z (Orpithi) = Z ([H,¥ili) = (¢Hsyk + 2Hwr)
N £ 1
EGOH(Oa 0) = Z sk (Vor—1Vok) = T (Hpr) - (3.11)
k=1

This is the exact relation between the energy and correlation function for the deformed
SYK model even before the large N limit or the disorder average.

We can also rewrite the energy using the Schwinger-Dyson equation as

1 1
L0.G( )| or = ¢ [ A EO,7)G(,0) + % Gus(0,0)
q q q
- —‘72/617”(2(;(7” 0))? + £ Gog(0,0). (3.12)
2q2 b q )
Here we used X(71,72) = —X (72, 71). Therefore, in the large N limit the energy becomes
E 1 I 2
~ - _Ur ) —|1-- )
N q8 G(T,0) o +z2 ( q)GoH(O 0)
_ —‘72/617(2(;(7 00)7 + it G (0, 0). (3.13)
2q2 ) 2 O )

This expression is useful when we compute the free energy numerically.

3.1 Solving the model in the conformal limit

In this section, we study the ground state of the Hamiltonian Hger. We can study the
Schwinger-Dyson equation (3.8) numerically where the detail of the numerical calculation
is shown in the appendix B. From the numerical analysis for various parameter regions of
1 and ¢, we confirmed that the system has a mass gap above the ground state. We also
find that the numerical solution agrees well with the correlation function that is obtained
from the reparametrization f(7) = tanh(ar) of the SYK correlation function in the small
p limit. This is expected since the long time behavior of the SYK model is controlled by
the reparametrization (or conformal symmetry) [5, 11] and the mass term affects the long
time behavior in small g limit. Therefore, in this section we consider to solve the mass
deformed theory using the approximate conformal symmetry of the SYK model.
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The diagonal correlation function in the conformal limit is given by

22
Gelr=7) = ea <Jsinh alT — T’\) sga(r =)
=c S()](7) AS n(r —1 7) = tanh(at
—ea (G L) s =) f) = tanh(an). (30
no_ J? q—1 () f'(7") (1=2) /
Y (r—1) = 7(26A) <j(f(7) = f(’l'/))2> sgn(t — 7). (3.15)

a is a function of g with a(p = 0) = 0, which we will determine later. The Fourier
transformation of the conformal limit correlation function becomes

2A—1
24, _9p)TA 2 ) sin ™
Gc(w) = ca2 o I'(1-2A) - F<A+22a>F<A ZQa) sinh 5 (3.16)
and
J? _ al—24 cosm(l — A
Bife) = o) 12207 Sirea — ) I
W LW L Tw

F(l—A—i—zm)F(l—A—zza) smh%. (3.17)

We can easily confirm that in the limit w > « these reduce to the conformal limit of the
SYK ground state correlation function

A
@W<rw%fmfm¢g+5w@*wmm (.19
5% ) = i eay 22 m ) ). (319)
c p j2(1 A) NEEN ' '

This says that only the low frequency part w < « is affected by the mass term, as we
expected. This also implies that the solution satisfies the Schwinger-Dyson equation (3.9)
in the regime a < w <« J where we can ignore the mass term p and the UV term 0.
Now, we solve the Schwinger-Dyson equation at w < «. In this regime, the G.(w) and
Y(w) are linear in w. However, the slope is very large and we can ignore the first term
w in w + 3(w) in (3.9). Therefore, we can approximate the Schwinger-Dyson equation for

diagonal part as
s ! 20
- % = —. .
(w) + SRRE) (3.20)

Because ¥(w) is small in w < «a, we can also ignore the first term »(w). Then we solve
the Schwinger-Dyson equation in the leading of w expansion by inserting the expression

for G.(w) and X.(w) (3.16) and (3.17). When we expand as G¢(w) = g.(a)w + -+ and

Ye(w) = oc(@)w + - - -, the Schwinger-Dyson equation gives
oc(a) 2
_— (3.21)
ge(@)
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Figure 5. The plot of the mass gap Fgap, which is defined as the exponential decay rate G(7) ~

e~ Fear™ of the correlation functions, for ¢ = 4,.J = 1 case. In the conformal limit, the mass gap is

given by Egap, = 20A. For small g, the result in the conformal limit agrees with the numerics well.

This determines « as a function of u as

<M>2(1—2A) T2 -2A)T(A)? 1 <9)2’ (3.22)

J T TRA+ 11— A)? (2c4)@2)
1 [ re-—aar@p 1 T s
Oé(:u) - §n7 F(?A + 1)F(1 _ A)2 (2CA)(Q2)] <J> . (3.23)

The power of u is given by ﬁ, which is always larger than 1. Therefore, in the low
energy limit the physical mass gap is much smaller than the naive mass gap p. This is in
contrast with the two coupled SYK model [5] where the physical mass gap is much greater
than the naive gap u. We also compute the mass gap numerically and for small p the
numerics agrees with the conformal limit result (3.23). See figure 5.

Once we determine the conformal limit of the diagonal correlation functions, we
can also determine the off diagonal correlation function. It is convenient to rewrite the

Schwinger-Dyson equation as
ipnG(w)
G = 3.24
1) = G S w) (3.24)
In the conformal limit, we can ignore the w in the denominator and approximate G, 3 by
the conformal limit G¢(w), X.(w). Therefore, Gog(w) becomes
Ge(w) . 4 T(1-A)2  T(A+iz5)T(A—is%)

Goit(w) = ing 10 = AR T I—A+iZ)T(1-A—i2) (3:25)

The Euclidean time off diagonal correlator is obtained by the inverse Fourier transformation

of Gog(w). This inverse Fourier transformation becomes

L D(1—A)? T(24)
T(A)? T(1-2A)

Go(T) = 2ia(p) e AT, By (24, 24 1; e 2017, (3.26)
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Figure 6. The plot of the correlation functions for ¢ = 8, 8 = 10000, J = 1 and g = 0.005 mass
deformed SYK model. Left: the plot of the diagonal correlation functions. We plot the numerical
solution for the Schwinger-Dyson equation, the conformal limit and the conformal limit of the SYK
model. Right: the plot of the off diagonal correlation functions. We plot the numerical solution
and the conformal limit.

We compare the conformal limit and the exact numerical solution for the Schwinger-Dyson
equation in figure 6 and they show good agreements.
The 7 = 0 value of the off diagonal correlator gives the expectation value of the spin

operator Sy = —2ithgp_112;. In the conformal limit, this becomes®

4 T(1 = AT (2A)I(1 - 4A)

Gs(p)|Sk|Gs = —2isxGog(0) = 4 3.27
(GulpISHIG (1) = ~2isuGu(0) = s HE LA BN (3.27)
Using Gog(0), we can calculate the ground state energy:

1 OEy(p) i [(2A)T(1 — A)2I(1 — 4A)

- = (1L Gog(0) = — 2
The first relation comes from the relation for the free energy %8(665) = %GOH(O) and

by specializing this relation to the ground state 5 — oo. By integrating this differential
equation, we obtain the ground state energy as

Eo(p) _ E P2A)T(1 = A)’I(1 — 4A)
3\[ — WO —oafp)(1—-2A) [(A)’T(1 —2A)3 ’

(3.29)

where Ej is the ground state energy of the SYK model. Using the relation Hyef = Hsyk +
Hj;, we can also compute the expectation value of the SYK Hamiltonian under the ground
state of the deformed Hamiltonian as

Gl Hsvid Gal)) = P it G (0)
_E L(2A 4+ 1)I(1 — A)?T(1 — 4A)
= WO a(p) T(APT(1_ 20)° (3.30)

®The result (3.27) contains T'(1 — 4A), which is divergent when ¢ = 4. This means that the spin
operator expectation value is not determined in the conformal limit but is regulated by the UV effect. As
a consequence, the scaling behavior with respect to u is violated in ¢ = 4 case. We treat this case in the
appendix D.
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The |Gs(u)) has larger energy than the SYK ground state and the energy expectation value
N

of |Gs(p)) does not depend on s. Therefore we can prepare 22 (=dimension of the SYK

Hilbert space) states from the mass deformation with the same energy expectation value.

3.2 Variational approximation for the ground state

To study how the SYK “black hole microstate” is close to the ground state of the de-
formed Hamiltonian, we apply the variational method for the deformed Hamiltonian by
the microstate |Bg(f)). This is an SYK analog of variational approximation by smeared
boundary states for mass deformations of (1 + 1)d CFT [26].

For variational approximation, we need to evaluate the mass deformed Hamiltonian in
the microstate |Bs(3)). Here we use the same collection of spins s = {s1,- - ,s%} with

the mass deformation Hyy = § 37, 51,5k. Using the relation

NaTG(T, 0)|7‘:0 _ Z <BS(5)‘aT¢zwz‘Bs(6)> _ Z <BS(B)HHSYK7wz]wz‘Bs(ﬁ»

T (Bu(8)[B(B)) (Bo(3)|Bs(B))
= (¢Hsyx)p, (3.31)

N & BBt Ba(B)) & 1
3OO0 =) TR Gy g e g (s, (32

we can compute the expectation value of the mass deformed Hamiltonian (Hgyk + Hy) B,

as

Hgy + H
(Hsvi = Mp, _ iaTG(T, 0)lr0, + i Gorr(0,0). (3.33)

Here correlation functions are evaluated in the state |Bg(5)). Using the equation (2.17)
and (2.18), we can represent this expectation value completely in terms of the SYK thermal

correlation function:

(Hsyk + Hur) g,
N

1
= ;0-Cs(T)lrm0, ~ pGs(B/2)°. (3.34)
The first term is the thermal energy in the SYK model [11]:

j2

2

ﬂQG 7 = 8l Z =F 3.35
/0< (7)1 =~ 5510w Z = E. (3.35)

1
ga‘r Gﬁ (7_) |T4)0+ =

As usual, we minimize the energy evaluated on the trial wavefunction (3.34), to achieve
the best approximation for ground state energy.

3.2.1 Variational approximation in conformal limit

In the low energy limit, the partition function have the expansion [11]

logZ:—ﬁEg—FSo—i-%—l—'-'. (3.36)
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Here ¢ = W%N is the specific heat of the SYK model and FEjy, Sy are the ground state en-
ergy and the zero temperature entropy in the SYK model that is not calculated analytically.
Therefore the energy expectation value becomes
H, %) Ep Ey, 2r?
(Hsyk) _ logZ——Jr Z Bo WJO;S
202N N = (BJ)

N BJ]
On the other hand, at low energy limit Gz(5/2) = cA(jiﬂ) . Therefore, the expectation

(3.37)

value of the deformation term becomes

4A
Bor) st/ = -ntesl(£5) (3.39)

Therefore, the total variational energy is

(Hsv + Hu) _ By _ 2w°Jas )2<w>4A
JB

N N (8T
= Jag(2e? — {je?2%) = V(¢p). (3.39)
Here we put e®0 = 2252 and ) = £ (622 . We should note that this potential is exactly

the same with (2.41). The derivative becomes 503 = —20,, and the minimal value of the
variational energy is the minimal value of the potential V. This potential has a unique
minimal that is given by

V(o) = 2T ag(e? — Ae?A%) = 0. (3.40)
Therefore, the relation between 5 and p becomes
2A\ 3A23A)
e (7)< (Hear ) .
T B(w) Jas
The variational energy becomes
1

(Hsyk + Har) Eo Eo 1—2A [u(ca)?A T-25)
— — = . 42
N =N V(o) = Jas— Tos (3.42)

Using the variational wave function, we can compute several physical observables. For
example, we can compute the spin operator expectation value (Sk) = —2i (Yor_112k),
which is essentially the off diagonal correlation function at 7 = 0. The half of the spin
operator expectation value becomes

1 . B of T\ o plca)?A =
B (Sk) = —iGo(0) = 2si(ca) <5(M)~7> = 2si(ca) <ja5 > . (3.43)

Another observable we can compute is the energy of the SYK Hamiltonian (Hgyk)

that gives the energy of the ground state of the deformed Hamiltonian as an excited state
of the SYK Hamiltonian. This becomes

<HSYK> E() ( ™ >2 EO <,LL(CA)2A> (1—12A)
= — — | =—42 —_— . 3.44
v = t2Jas 07 ~ T2Jas s (3.44)

As a consistency check, we also solve the minimization condition for the trial en-

ergy (3.34) using the numerical solution for thermal SYK correlation functions. The com-
parison of numerics and the analytical results in conformal limit is shown in figure 7.
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Figure 7. Comparing the u dependence T'(u) = S(p)~! from variational method for low energy
approximation and exact numerical calculation for ¢ = 4 and ¢ = 6 case. The conformal limit is
given by (3.41).
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Figure 8. The plot of observables both in the exact ground state |Gs(p)) and the variational
approximation |Bs(8(u))). Here we choose the parameter to be ¢ = 6 and J = 1. As written in the
central picture, the solid lines represent the numerics and the dashed lines represent the conformal
limit answer. Left: the plot of the ground state Ey as a function of . Conformal limit results are
given in (3.29) and (3.42). Middle: the plot of the half of the absolute value of the spin operator
expectation value | (Si) |, which is equal to the 7 = 0 off diagonal correlation function —iGog(0), as
a function of . Conformal limit results are given in (3.27) and (3.43). Right: the plot of the energy
in the SYK Hamiltonian (Hgyk) as a function of u. Conformal limit results are given in (3.30)
and (3.44).

3.2.2 Comparison of variational approximation and exact ground state

Even Beyond the conformal limit, we can study both of the variational approximation
and the ground state numerically. Especially, we can compare both results in the whole
parameter region. In figure 8, we show the numerical results for the spin operator expec-
tation value (Si), ground state energy Fo(p) and energy in the SYK Hamiltonian (Hsyk)
for both of the exact ground state |Gg(p)) and variational approximation |Bs(3(u))). We
found that these observables in |Gs(1)) and |Bs(5(p))) are very close and |Bs(/3)) is a good
approximation for the ground state. We also checked that the true ground state energy
never goes beyond that in the variational approximation, which is expected.

In the conformal limit, we have analytic expression both for the exact ground state and
the variational approximation. By comparing the results, we can find that the variational
approximation reproduce the correct scaling with respect to the mass parameter u. On the
other hand, the coefficients are different. This means that the variational approximation
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is not perfect even in the small g limit. This is in contrast with the two coupled SYK
model [5] where the observables in the exact ground state and the thermofield double state
perfectly agree in the small mass parameter limit.

However, in the large ¢ limit, the observables in |Gs(u)) perfectly agrees with those in
|Bs(B())). Actually, we can study the large ¢ limit analytically in the whole parameter
regime and we can confirm that the variational approximation is perfect in any p as we
will see later.

3.3 Thermodynamics of the deformed SYK model

In this section we study the thermodynamic property of the deformed SYK model (2.1).
In the complex SYK model with a similar deformation, an interesting phase structure was
found [33, 34] through the analysis of the large N free energy % = _ﬁ log Z: the first
order phase transition in p-T" plane” and the disappearance of the phase transition above
some critical values of p and the temperature 7. The similar phase structure was also
found in the two coupled real SYK model with equal random couplings [5]. It would be
natural to expect a similar phase structure also in our setup.

The large N free energy can be evaluated by solving the Schwinger-Dyson equa-
tions (3.5), (3.8) and then evaluating the partition function on that solution. As we are
interested in the phase structure at finite (u,T"), we solve (3.5), (3.8) directly without any
further approximation and numerically by discretizing 7 direction. See appendix B for
detail. The Schwinger-Dyson equations are discretized as (B.13) and the free energy is
evaluated through (B.15). Here we have chosen the discretization parameter as 7 = g—?{‘
(m =1,2,---,2A) with A = 10%. For each yu, we have first solved the Schwinger-Dyson
equation for 7' = 0.3 numerically by an iterative method ([11], appendix G) with initial
values for G and & = J2G9~! chosen as G, = w’—n (wn, = %’r(n—i—%)) Then we have decreased
the temperature slowly by solving the equation for the temperature T — AT with the ini-
tial condition chosen as the solution obtained for the temperature 7', with AT =5 x 1075,
Once we reach a sufficiently small temperature, we solve the Schwinger-Dyson equation
again by slowly increasing the temperature in the similar way. This recursive technique is
similar to the technique employed in [5, 33, 34]. If we find two different free energy for the
increasing 1" and the decreasing T', crossing with each other at some temperature 7;, we
conclude that there is a first-order phase transition as T = T.

The results are summarized in figure 9. We find that the free energy for each p
interpolates two extreme behaviors: F' = const. (i.e., gapped) for low temperature and
F =~ Fgyk at high temperature, which is consistent with the structure of the deformed
Hamiltonian (2.1). From the observations [5, 33, 34] we suspected that the system exhibits
a first order phase transition in the intermediate temperature (for example, 7" ~ 0.04 for
p = 0.2). However, we have not observed the aformentioned hysteretic behavior which
would indicate the first order phase transition.

"The parameter in the complex SYK model playing the same role as p in the Hamiltonian is the chemical
potential dual to the U(1) charge.
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Figure 9. The large N free energy % of the deformed SYK model (B.15) computed by solving
the Schwinger-Dyson equation numerically. Here the horizontal axis is the temperature T'.
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Figure 10. The large N specific heat £ (3.45) of the deformed SYK model (2.1), here the

horizontal axis is the temperature 7. Note that the universal increasing behavior at 7' ~ 0 is a

numerical artifact due to the fact that the numerical UV cutoff |w,| < % is not large enough.

We further examine the presence of the second order phase transition by calculating
the large N specific heat

OF

ETet (3.45)

cr = =T
which would diverge at the second order phase transition point. See figure 10. Though the

specific heat exhibits a peak at some temperature in the intermediate regime, we find that
the peak is finite and smooth.
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From these result we conclude that our model exhibits neither the first order phase
transition nor the second order phase transition.® This result is rather surprising and we
discuss possible explanation in section 7.

4 Finite N analysis of the model

In this section, we study the mass deformed Hamiltonian (2.1) at finite N. We focus on
the case with ¢ =4 and J = 1 of this model.

Since the canonical anti-commutation relation of v, {1;,1;} = 0;; can be realized by
the Gamma matrices I'; as ; = %Fi, the Hamiltonian Hger (2.1) for finite N is written

as the following 27V/2 x 2N/2 matrix

. N/2
1 i
Hgaef = Hsyk + Hy,  Hsyk = i 5 JijreeUiUiTkle,  Hpy = 5 E [oj1lg5, (4.1)
1<j<k<l j=1

with J;;re random coupling chosen out of Gaussian distribution with the mean (J;jr,) =0
pu— %'
Note that Hger commutes with the following chirality (i.e. fermion number in ;) matrix

and the variance <Jz‘2jkz>

N
I'e=¢ 20Ty -T'y (42)

whose eigenvalues are +1. Hence with an appropriate choice of basis, Hqer takes a block
diagonal form

Haet = HSY @ H) (4.3)
with H (gicf) = Hyet HEQFC, regardless of the choice of .J;je.

In figure 11 we display the eigenvalue density of Hger for N = 30 and various values of
p. When g is large, Hger is dominated by Hjy; where the energy levels are discrete F), =
s (—% + p) (p =0,1,---, %) with degeneracies d, = (%) Though these degeneracies are
resolved by Hsyk, the levels at different E), are not mixed for a sufficiently large p, hence
we obtain a blob structure.

4.1 Overlap 3(B( .. )/0t))

In section 5.2 we have realized that the spin ground state [B(| | .. |)) is a good variational

. . . _B
ansatz to realize the true ground state energy of Hye after the Euclidean evolution e~z #svK
with 8 being the variational parameter. In this section we would like to examine the
agreement of these two states more directly, through the overlap of the states

8Strictly speaking, our analysis is not a proof of the absence of the phase transition. For example, it

is not ensured that our algorithm exhausts all the solutions to the Schwinger-Dyson equation which are
relevant in the limit of A — oco. Nevertheless in the large ¢ limit we can explicitly prove that there are no
phase transition in this model. See section 5.3.1 for more detail.
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Figure 11. Eigenvalue density of the Hamiltonian Hger with ¢ =4, J =1 (4.1) and N = 30, with
a single realization of J;;,¢. We observe that the shape of the eigenvalue density around the ground
state exhibits a transition around p = 0.1 from a hard edge to a smooth decay, which is consistent
with the behavior of Egap; for < 0.1 Egap ~ p?, which is significantly smaller than Egap ~ p.

where [0(*)) is the ground state of H*) and |B( | ... |))g is defined as

1 _BHgvk

1Bl 1)) = Z(8)° 2By, Z(B) = (B plePHEIB ), (45)

with |Bs) defined in (2.9) and normalized as (Bs|Bs) = 1. Here § is chosen for each
realization of J;j, such that the overlap (4.4) is maximized.

Note that [B(, | .. ) has a definite chirality T'c|B(, | .. ;y)g = +|B(,},.. 1))s for any
values Jyjre and N. This follows from the fact FE_)\B(%L.A. 1)) =0, where ng) = %

the rising/lowering operator for S;, together with the following alternative expression of
. (4.2)

I = (1 - 2F§+)r§‘)) (1 - 2F§+)F§‘)) <1 - 2F(N+)F(N‘)> , (4.6)
2 2

and the fact that Hgyx commutes with I'.. On the other hand, the chirality of the true
ground state |0) of Hger depends on the value of the random coupling Jjjre, and when
['c|0) = —[0) the overlap with |B( | .. }))s is identically zero regardless of the value of
3. For this reason, in (4.4) we have used |0(*)) instead of |0) to make the comparison
meaningful for all realizations.”
The results are displayed in figure 12. For large p, the Hamiltonian is dominated

by Hjps whose ground state is |B( | .. |)), hence the overlap trivially approaches to 1.

%If one is interested in the overlap between |B( |....,)) and the true ground state |0), one has just to
multiply the “probability of |0) to have I'c = +1” to the results displayed in figure 12. Though we do not
have an analytic expression, we observe for any N that this probability is almost 1 for 4 > 0.5 and not
smaller than 0.5 also for the smaller values of u. Especially the difference between |0) and \O(H) does not
matter when we consider |g(B(,,y,... ,¢)|0(+))|% (figure 13) in the large N limit.
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Figure 12. The maximized overlap averaged over the realizations of random coupling J;jre as
\/<|B<B(¢,¢,--- ’J/)‘O(+)>‘2>Jijk1{. Here the horizontal axis is p.

For small u, the Hamiltonian is dominated by Hsyk. Since the Euclidean evolution with
8 — oo is equivalent to the projection onto the ground state of HS(,J{(%(, the overlap should
again approaches to 1. Note, however, that for N = 4 mod 8 the spectrum of H (+) ig
two-hold degenerate. The degeneracy is resolved by a small perturbation by Hjs, and at
the leading order in p the ground state |0(+)> of Hger is a certain linear combination of the
two ground state of Hgyg which is not necessarily the same linear combination obtained
by the projection of B | ... })). Hence we expect that the overlap is substantially smaller
than 1.1 The results in figure 12 are consistent with these expectations. On the other
hand, for intermediate values of i we have found that the overlap is not close to 1 any
more even for N # 4 mod 8, and the lowest value around p = 0.01 significantly decreases
as N increases.

Note, however, that as the dimension of the Hilbert space increases, the agreement of
two vectors |¢),|x) in the sense of [(¢|x)| =~ 1 becomes less likely to occur. For example
the expectation value of the overlap of two randomly chosen unit vectors in d dimensional
space can be evaluated as follows

(I{etlez)?) - AU AU (e|U]Usle’) (€' |US UL e)
le1),|e2): random U(d)

1
— [ / dULdU, Tr USUSUS U,
d* Ju(a

1
=4/= 4.7
: (4.7
where in the second line we have realized the randomness of |e1),|e2) as |e1) = Uile),

lea) = Usle’) with random unitary transformations Uy, Us and an arbitrary pair of fixed
unit vectors |e),|¢/). In the third line, taking into account that the result is independent of

Though we do not have a clear argument for this effect, we observe that the value of the overlap
approaches some finite value as N increases from N = 12 to N = 28.
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Figure 14. The inverse temperature § maximizing the overlap (4.4), averaged over the ensemble
(B) ;1. compared with the inverse temperature which minimizes the large N variational energy
(Blue; see figure 7 in section 3).

the choice of |e),|e’), we have further replaced |e)(e| and |e/)(¢/| with > |e)(e| = 4 and
Y1) = b o the

hence \/(|{e1]e2)|?) ~ e~ N The large N calculation of the overlap through the saddle

In the current case, the dimension of the Hilbert space is d = 2%_1,

point approximation, which we explain and actually perform for the large ¢ limit in sec-

—N-0(1)

tion 5.4, also suggest that the overlap should behave like [g(B(y | ... y[0)] ~ e . Hence

it would be more reasonable to see |{g(B | .. ,¢)|O(+)>|% instead of [(g(By, ... ;)|0(F))]. See
figure 13. The values are always substantially large compared with the case of random over-
lap 9= = 0.841 (4.7), hence we conclude that |B(| | ... |))s is indeed a good approximation
to |0() for any values of 1 once B(p) is chosen appropriately.

Lastly, the 5 maximizing the overlap at each u are obtained as figure 14. We found a
good agreement for large p (1 > 0.2). On the other hand the two results are significantly
different (by factor ~ 100) for the smaller u. However, it is not necessary to have an agree-
ment in the first place since we have determined S(u) through the two different quantities.
Indeed, though the variational ansatz reproduced the ground stat energy of the deformed
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Hamiltonian well, there was a discrepancy in another observable |(Si)| (see figure 24; for
a possible explanation for the discrepancy, see appendix D). This implies that |B | .. |)g
with S(p) determined by minimizing the energy was actually not so a good approximation
to the ground state itself.

4.2 Chaotic property

In [14] the authors conjectured that the Hawking-Page like transition of the model [5]
is accompanied with the chaotic/integrable transition. Here we would like to test this
proposal also for the current setup. In section 3.3 we have found that our model does not
exhibits a phase transition in p or in the temperature 7. Hence, if the proposal is correct,
our model should not exhibit a chaotic/integrable transition.

As a diagnostics of the quantum chaoticity, in this paper we adopt the level statistics
which is relatively easy to study for finite N. It was conjectured that [42] if we quantize
a classically chaotic system the fluctuation property of the resulting energy spectrum ex-
hibits the same correlation among different levels as in the random matrix theory. Here
the ensemble of the random matrix is determined by the time reversal symmetry of the
Hamiltonian of the quantized system. Though a rigorous proof at fully quantum level is
still lacking, this conjecture have been verified in various systems [43, 44] and also proved
at semi-classical level [55, 56]. Hence one may use the presence of the RMT-like level
correlation conversely as a reasonable definition of the quantum chaos.

Among various ways to characterize the level correlations, here we adopt the following
quantity called the adjacent gap ratio [47-50]:

min(Ejt1 — E;, E; — Ei_q)
max(EHl - Ei; Ez — Ei—l)’

(4.8)

7=
where {F;} is the energy spectrum (E; < FEj;1) and (---) in the right-hand side stands
for the average over the spectrum. This quantity is evaluated for the random matrix
theories with various type of the ensemble [47] as well as for the Poisson distribution which
corresponds to the non-chaotic systems. By comparing the result obtained from the actual
energy spectrum with these known values, one can diagnose whether the systems is chaotic
or not.

As the Hamiltonian of our model is trivially separated (4.3) due to the conservation of
chirality, the adjacent gap ratio should also be defined separately for the spectrum of each
of H(gff) instead of the full spectrum of Hges [44]

e 5 (4.9)

() min(EG) — B, B — BY))
i dgne = ES R Es ( ,
maX(EH'l — B BT - Ei—l) Jijke

N_
where the spectrum {Ei(i)}?jl " of Hc(ljf) is sorted such that Ei(i) < El(ff

taken over Jyji¢ for each fixed i. Here we do not take the average over the spectrum; in

The average is

this way we can diagnose the chaoticity of our model at each energy scale separately. The
results are displayed in figures figure 15 and figure 16.
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Figure 15. Adjacent gap ratio (r%i)) Jiswe OF H éf;) for N = 30. Here the horizontal axis is (Ey(Li)> -
Eo) 7,5, With Ey = min(E(()Jr), E(()_)) the energy of the true ground state. Inset: enlarged view for
first 20 levels per each chirality sector, with dashed red line the peak temperature of the specific heat
in the large N limit (see figure 10) around which we would expect the chaotic/integrable transition
if it exists.

The time reversal symmetry of one dimensional fermion systems were studied in [57].
For N = 30, H(g;tf) has the same time reversal property for both © = 0 and g > 0 which
corresponds to the Gaussian unitary ensemble (GUE) [57, 58], hence we can safely compare
our results with the adjacent gap ratio of GUE rqug = %ﬁ — % and that for the Poisson
distribution rpeigson = 21og2 — 1. In contrast to the result obtained in [14], here we find

that the adjacent gap ratio is close to rgog over whole the spectrum, which implies that

— 30 —



1=0.1, 910 realizations
———————

. . . ———— =
07+ -
06 = T o
07F i
0'5__ 06r W v "'-‘3:-:""c:-‘ ]
05F -
0.4 _— 04L ——
0.00 0.02 0.04 0.06 0.08 |
L L 1 1 | L 1 1 L | L 1 1 L 1 L L 1 L | L 1 | 1 1 |
0.0 05 1.0 L5 20 25 3.0
En—E,
1=0.2, 908 realizations

R T T T e T EE S R T .
07+ o H® -
[ o HO) 1
06F -
07F i
051 0.6 S r ettt ]
L 0'5 = 4
04 _— 04l ——
[ 0.00 0.05 0.10 0.15 0.20 :
L L 1 1 1 1 L 1 L L | L L L L L 1 1 |
0 1 2 3 4

En_EO
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ijke

the system is chaotic for any values of y and the energy scale (temperature); there are no
chaotic/integrable transition. This is consistent with the proposal in [14].

5 Large N, large g analysis

In the large ¢ limit, we can study the mass deformed SYK model analytically beyond the
low energy approximation. In this section we study this limit to confirm the validity of the
low energy approximation and the observation by the numerical analysis of finite ¢ model
in the region where we do not use the low energy approximation. In the large ¢ limit, the
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G, Y action reduces to the Liouville action:'!

S 1
FE = 16q2/d71/d72 (8719(71,72)8729(71,72) —angoff(TlaTQ)angoff(Tla72))

J? fi
Y |4 droed(T172) _ /d o 1
4(]2 / T1 / T2€ 4(]2 Tg ff(Ta T)7 (5 )

with the large ¢ expansion

6(r) = o) (14 290+ ).

Gunlr) = 5 (1+ Tgonl) -+ ) 5:2)

and we also scale u so that 4 = ug is kept finite in the large ¢ limit. The derivation
is shown in the appendix A. At small temperature and the late time of order 7 ~ ¢, this
approximation is not valid because of the exponential decay of the correlation functions. In
this case, we also consider the solution in 7 >> ¢ regime and impose the matching condition
between T < g and 7 > ¢ solutions.

5.1 Large g limit at zero temperature

At large ¢ limit we can write the correlators as

6(r) = goen(r) (14 290+ ).

1

Gontr) = 3 (1+ Sgua(r) 4+ ). (53)

In the mass deformed theory, it is convenient to consider to scale the mass term u = ji/q
and keep ji when ¢ — oo. The Schwinger-Dyson equation reduces to the following two
equation:

%g(r) = 27%97), (for 7>0)
02gort(T) = —206(7), (5.4)

with the boundary conditions

g(O) =0, aTgoff(O+) = — i,
9(7) — got(7) — 0, as T — 00. (5.5)

HNote that in the case of the undeformed SYK model, the Liouville action does not capture the infinite
number of modes in the OPE expansion with dimension h,, = 2m + 1 + O(1/q) [11] which contribute in
the higher point functions even at the leading order in the large ¢ limit [59, 60]. However, this fact does
not affect the two point function itself, and hence does not affect the leading part of the free energy in the
large N limit where the multi point functions factorize to the two point functions. We believe the situation
is the same also for the mass deformed SYK model.
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Figure 17. The plot of Green functions. For the numerical solution of the Schwinger-Dyson
equation, we put ¢ =96, J =1 p = 0.03 and 8 = 1000.

The general solutions of the equations (5.4) become

2
eI — @
J?sinh?(a|r] 4+ )’
~2
odort(7) _ A}azewemm, (5.6)

with constants of the integration «, &,~,7. Each boundary condition (5.5) fixes the con-
stants of integration in a following way

= — =1
9(0)=0 = J sinh v ’
argoff(o+) =—[ = 20 = [,
9(7) — got(7) =0, as T — o0 = =7, a=a.
(5.7)
This means
02+ 472
4T sinhy =20 = e 7= —% + “;7] (5.8)
This solution for 71 — 75 > 0 can be written as
TI,T h (Tl)h/ (T2) T,T:
) = .72(h11(7'1) —2h2(7'2))27 ot = fulm) ), 59
where
_ 2 _ _a
hi(T) = tanh (aT + 2), ho(7) = tanh (aT 2),
2a0 ot 2a0 _ aT
fi(r) = 76 Te~20T, fa(r) = 76 V20T, (5.10)

We can compare the analytic results here and the numerical solution for the Schwinger-
Dyson equation for sufficiently large ¢, and they show good agreement, see figure 17.
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Using (3.10), we can compute the ground state energy of the deformed SYK model in
the large ¢ limit as follows.

E 1 n il 2 2 DV —3
- =—— — —(1— =4 —log(2¢ " sinh @)
N 22 tanh 4q< q + q og(2e sin fy)> +0(@™)
J ., B ( 2 s -3
=—=e =1+ —-log(2e "sinh~) | + O(¢""). 5.11
e A ) +06) (5.11)
In small & limit, we can approximate vy ~ % < 1. In this limit, the ground state energy
becomes . 7 . A .
H H H
—=—-—=—-—+—(|1-log— ). 5.12
N ¢ 4q+2q2< Og~7> (512

The first term is the ground state energy of the SYK model at large ¢ limit. As a con-
sistency check, this result agrees with the ground state energy obtained in the conformal
approximation (3.29) expanded at g > 1 with J, 11 kept fixed.

Given the ground state correlation function, we can compute the several physical ob-
servables again. The spin operator expectation value becomes

1 1

2@4MWM%@»=§%Q+;%ﬂm):2%@+jmg%ﬂﬁmw0. (5.13)

The SYK energy evaluated on the ground state of the deformed Hamiltonian is

U]
2¢%2 tanh~y = 2¢2%°

(Gs(p)[Hsyk|Gs(p)) = (5.14)
In 4 — 0 limit, using v ~ % the first term becomes the SYK ground state energy.
Therefore |Gs(p)) serves an excited state of the SYK model with energy higher than the
ground state by 2“?. In i — oo limit, v becomes co and the |Gs(1)) have the 0 energy in
the SYK Hamiltonian, which is expected to the state |Bg) [27].

5.2 Variational approximation in the large ¢ limit

We can also study the variational approximation of the ground state of the deformed
Hamiltonian by the SYK black hole microstate analytically even beyond the low energy
approximation. In large ¢ limit, the trial energy (3.33) becomes

Hsyk + H 1 a z 4, &
(Hsvk + Hm)p, 1 L I AN (5.15)
N ¢®tany  4q qg ~J
Using & = J sin, this can be rewritten as
H [ 4
{ ]ifef) :_q‘zcosﬁ/—ﬁ}(l—i—qlogsin’y). (5.16)

Because we are considering the variational method, we minimize the trial energy as a
function of 4 with fixing fi:

0 (Hyey)
0y N

1
tan

_—0. (5.17)

J R
=——siny+ —
¢ ¢

=2
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This becomes X -
o sin” y
— = . 5.18
J  cosy ( )

The R.H.S is monotonic on % € [0, 5] that runs from 0 to oo and this have the unique

solution. This is solved as
foo N2+ 4T3

cosry:—ﬁ—i- 57

Together with the relation with v and £ (5.8), we can also write the matching condition as

(5.19)

e’ = cos7. (5.20)
The inverse temperature is given by
g =""2 (5.21)
B = siny )

For small 4, % ~ 4% and the temperature (3(fi) is approximately

N |
JB(fr) = \/: (5.22)

On the other hand, for large i, we can approximate % ~ %_7 and the temperature is
2
approximated as

27

TG ~ = (5.23)
Note that in the large S limit, using ca =~ %,ag = ﬁ and A = % the low energy ap-
proximation the low energy approximation for the relation B(J)J — ;(%)2(1—12&
reduces to . y

BT ~ - ?, (5.24)

which completely agrees with the small i limit of the large ¢ answer.

Using the matching condition (5.20), we find that the exact ground state energy (5.11)
and the variational energy (5.16) actually exactly agree up to the order of ¢~2. This means
that in large ¢ limit the black hole microstate |Bs(3)) is the same state with the ground
state of the deformed Hamiltonian! Later we will confirm this fact by computing the
overlap between |Bs(f)) and |Gs(p)) at large g limit using the Liouville action.

5.3 Large ¢ limit at finite temperature

In this section we consider the large ¢ limit at finite temperature. One motivation is to
confirm the absence of the Hawking-Page type phase transition in the mass deformation in
this paper at large ¢ limit. In large ¢ limit, 3 varies over a relatively short time, which is
of order one. Moreover, (3.6) shows that ¥.g is proportional to the delta function. On the
other hand, G and Gog vary with the time scale of order ¢. Using these separation of the
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time scales, we can approximate the convolution (3.4) as follows. 3(7) is an odd function
of 7, and we can approximate X(7) ~ §'(7). Therefore, we can approximate the integral

/dT"E(T, "G, 7)) x 0,G(r,T),
/ 45 (r, 7 Gog(7" 7)) o 0 Clogt(r, 7). (5.25)

However since X(7, 7") contains the factor 1/¢ and the equations already contain 9,;G and
0rGor, we can ignore the term that contains Y. Because we are considering the large 7
regime, we can also ignore the term §(7 —7’) in the right hand side of the Schwinger-Dyson
equation (3.6). Therefore, we obtain the equation

0,G(1,7") — iuGog(t,7') = 0,
07 Gogi(1,7') + iuG(r,7") = 0. (5.26)
The finite temperature solution is
G(71) = Acosh[u(B/2 — 1)), Go(T) = iAsinh[u(8/2 — 7). (5.27)

When we expand them in 7, we obtain

G(r) = Acosh% - MTASiHh% +e
—1Go(T) = Asinh % — putAcosh % +o (5.28)

In the following, we study the thermodynamical properties of the Hamiltonian Hg.
in the large ¢ limit. We study the inverse temperature regime of order glogq, ¢, /q and 1.
The derivations are skipped here and shown in appendix C.

5.3.1 Inverse temperature of order § = gloggq

In this regime, it is convenient to use the parameter ¢ = ge~P*, which is of order one
quantity in this temperature regime. In this temperature regime, we can still use the large
q expansion G(1) = £(1 + ég(T) +++) and Gog(T) = 5(1 + %goﬂ‘(T) .-+ ) at early time. The
solution for 7 <« ¢ becomes

e9() = ° sl = , 5.29
J?sinh?(a|7| + ) J?sinh?(a|r| + 7) (5.29)

with
a=q, Ny =~+o0, i =2a, a = J sinh~, (5.30)

and for 7 > ¢

Glr) = %cosh [,L(g _ 7)} Gn(r) = 5 sinh [M@ _ 7)} (5.31)
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The thermal energy, thermal free energy and the thermal entropy are

E 1 i il il 2 2 . _5
—=—— —— = —(1=-=+-1 h~e™
N 2¢2 tanh~y  4q 4q( q + q og(sinh-ye ))’
BE _ Bi(q 1 : 5 o
——==(=-1 log(2 sinh ve™ —
N  2¢2\2 + tanh y +log(2sinhye™) + o ) + 2q’
S 1lo q 1
v = (14 2) = g (5.52)
We can also rewrite the free energy as
BF _ pu e P Bu : 1
- — = —— | log(2 sinh —v—1]. 5.33
N 4 * 2 * 4q og(2sinh ) + tanh ~y 7 ( )

where i = 27 sinh~ is a function of only u. In this expression, it is clear that the free
energy is a monotonic, smooth function of 5 in this temperature regime. This means that
there are no phase transition in the large ¢ limit. We observe the absence of the phase
transition numerically in large N finite ¢ case in section 3.3, and the large ¢ analysis here
is consistent with this observation. This is in contrast with the two coupled SYK model [5]
where that model have a phase transition in the same temperature regime. The main
difference from that model is that here the temperature is a monotonic function of o.
Because of this, we always have one solution for a given temperature and we do not have
phase transition.

5.3.2 Inverse temperature of order g = ¢

In this order, the off diagonal correlator |Gog(7)| is smaller than 1/2 everywhere and we
cannot use the same large ¢ expansion for the off diagonal correlator as we did in the last
subsection. We can still assume the large ¢ expansion G(r) = (1 + % g(t) +---) for the
diagonal correlation function. The correlation function for 7 < ¢ becomes

2

9(T) — 7 SinhZOEa|T s (5.34)
with
o= %tanh %LL, a = Jsinhvy, (5.35)
and for 7 > ¢,
1 cosh [u(%—r)} isinh[u(%—f)]
G(r) =3 conh 2 o Gor(m) =5 cosh B . (5.36)

The free energy becomes

F 1
_ % =5 log (2 cosh iﬂ) + gg tanh %u [log(? sinh ) +

—v—1]. 5.37
tanh vy 7 } (5:37)
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Figure 18. Plot of free energy. The numerical calculation is done for ¢ = 96, J =1 and u = 0.1.
The red and orange lines are analytical results (5.33) and (5.37) for the large ¢ limit.

The first term, which is of order one, is the same with the free energy of the free fermionic
oscillator. In the small 8 limit, this becomes % log 2 which is the leading of the thermal en-
tropy of the SYK model at large ¢ limit. Therefore, in this regime the entropy is increasing
from low entropy regime of order 8 = qlogq. In the large 8 limit, this can be expanded as

_BE b1

ZeBr @1 2¢inh
N 4—1-26 +2q og(2sin 7)—1—a

oy 1], (5.38)

which reproduces the free energy (5.33) in the order of § = gloggq. In the high temperature
limit, we can expand « and F' as
_aBw)? _BF 1

—log2+

(Bu)? . q(Bp)?
43T N T2 16 log

4q AT
As a check, we compare the large ¢ results (5.33) and (5.37) for free energy with the

+

2
J
(Br) hJ el (5.39)

+
q

free energy calculated from the numerical solution for the Schwinger-Dyson equation in
figure 18, which shows good agreement.

At this order, we obtain the same results with [5]. Actually, we found that both models
have the same Schwinger-Dyson equation at this order. If the temperature is higher than
O(q~') we still have the same equation of motion and we only reproduce the former results
in [5], but to make this paper to be self contained, we still continue the finite temperature
analysis.

5.3.3 Inverse temperature of order 3 = ,/q

In this regime, we can approximate the off diagonal correlation function Gyg as

Guntr) = 505 ~7): (5.40)

which is of order ﬁ. The diagonal correlation function G is approximated as G(7) =

$(1+g(r) + ) everywhere in 7 € [0, 8] and the equation of motion for g becomes

~2
02g(r) — 2% — % = 0. (5.41)
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Figure 19. Plot of Lyapunov exponent as a function of ,/q8u = v/2k with exact, small k and large
k expansion.

The same equation has also appeared in a different mass deformation of the SYK model [13].
The last term is of order 1/¢, which seems to be ignorable. But at the time of order /g,
the other terms are also of the same order. This can be seen clearly after rescaling as

_f
x = 72, el = (BT)%eI. (5.42)
Then, the equation of motion becomes
2
02— 28 — 2k =0, k= q(‘;ﬁ) . (5.43)
The detailed analysis are in appendix C.
The partition function becomes
BF 1 (Buw)?* BT (Bu)* h(gB°u?)
——=—log2+——+— ——~—1 —_— .44
N T plee2t Tt g 1q og(BJ) + 2 (5.44)

where h(k) is a function that we have not determined.
In this regime, the chaos exponent increases from 0 to the maximal value %’r When k
is large, the chaos exponent A becomes

1
ﬁ ~ 7]{3%6_%1{:, (545)
2r  Jm

and for small k£ the chaos exponent becomes

A8 k

— 1 —. 5.46

2 272 (5-46)
For finite k, we can numerically study the chaos exponent. The plot is shown in figure 19

and the details are shown in the appendix C.

5.3.4 Temperature of order =1

In this limit we can ignore the mass term and we obtain the same physics with the large ¢
SYK model [11]. The free energy becomes

BF  BFsyk , (B)?
s e (5.47)
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Figure 20.  Left: the illustration of the Euclidean path integral for the computation of the
overlap. Right: the Euclidean path integral for two time variable. We divide the region to three
parts depending on which Hamiltonian is used in the Euclidean time evolution.

where Fgyxk is the free energy of the SYK model. The chaos exponents are maximal when
1 < B < /q and then decrease to 27 in the high temperature regime § < 1.

5.4 Computing the overlap at large ¢ limit

In the large ¢ limit, we can compute the overlap using the Liouville on shell action. The
strategy is to construct an analog of “Janus” solution [61] in the large ¢ limit, where a
similar holographic computation of the overlap is done in [62]. The overlap is represented as

-2 SYK ,—Tllge
(Bs(8)|Gs(n)) = lim (Bs|e™ 21svke mHaer |0)

, 5.48
7% \/(Bs|e=FHsvK| Bg)/(0]e =2 Haer |0) (549

with an initial condition |0), which only changes the normalization constant that should
cancel between the numerator and the denominator. We can treat the Euclidean path
integral for the overlap as a Euclidean time dependent coupling where 7 runs in the range
T € [—g,oo] and the time dependent coupling pf(7) as depicted in figure 20. After the
disorder average, we can again obtain an effective action for G(71,72), X(71, 72) variables
with 7,7 € [—g, oo] and the time dependent mass term —ipu ffog dr6(7)Gog (T, 7). Because
this mass term explicitly depend on the Euclidean time 7, we do not have time translation
symmetry and the solution depend on two times 71, 7. At 7 = —g, the state |Bs) impose
the boundary condition tgx_1 |Bs) = isk9r | Bs), which leads to the boundary condition

G(Tl, _§> = iGogr (7'1, —g) (5.49)

We also require that the solution approaches to the ground state solution of the deformed
Hamiltonian at 7, 7 — .

In the large ¢ limit, the effective action reduces to the Liouville action. The difference
with the ground state or thermal case is that we do not have time translation symmetry
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and the Green’s functions depend on the two time variables as

1
G(11,m2) = Zsgn(m — 12) <1 + 69(71, Tz)>,

DN | =

Gog(T1,T2) =

(1 T ;goﬁ(ﬁ,m)) (5.50)

DN | .

The field g satisfies the Liouville equation and g.g satisfies the free field equation

32903(7'1 ) 7—2)
87‘1 67'2

829(7-1? 7—2)

-9 2 _g(71,72)
87'1(97'2 j ¢ ’

=0, T1, T2 € [—F/2, 00]. (5.51)
These equation of motion should be satisfied except for the line 71 = 75 where we impose

g(Ta T) =0, (67'1 - 872)905(7—17 7-2)|72%T1 = _21&‘9(7—1)' (5'52)

The two time solutions are locally given by

A= j2(:11(<:11))f12§;2()72))2, et ) = f1(11) fol72). (5:53)

The matching condition from the variational method is

e 7 = cos?. (5.54)
This also gives the relation
tanh% = tan? %, 2¢ 77 sinhy = sin? 5. (5.55)

Actually we can find the two time solution for maximal overlap. The solution is

dZ
e9(T1,m2) 5
SRS .
I. J?sin éc;]ﬁ | +gg 8 (5.56)
egoff("'lﬂ?) — for — =< <0
J? cos?(arm ) J? cos?(ar) g =ThT2 =0
2
69(7_177_2) — a
- J? siQHhQ(oz|7'1 — 7ol +7)
edoft (T1,72) 4%8—276—204|T1—T2| for 0< 7,1 < oo,
g(71,72) ad tan% 1
e ) _ <
J? cosh? (ar+2) cos2(qry— 2 . A\ 2
I - ( ! 2) ( 2 2) (tanh(a7’1+ g)—tangtan(dTg—g)>
201 a? B
edoti(T1,m2) _ Z7 —yp=20m & for 0<m <o0,—= <1 <0.
J J? cos?(ars) == 2 = 2=

In figure 21 we have plotted these functions. More compactly, we can write the solution as

Y (1)h
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Figure 21. The contour plot of the two time solutions for the overlap. In both side we plot e9(71:72)
and e%#(7:72) a5 a function of 71, 72. The parameters are taken to be 4 = 0.9 and 7 = 1, and the
others are determined from & = J sin¥, a = J sinh~ and the matching condition e™ = cos 4.

with the region dependent functions

ha(7) tangtan(dT—l—%;y) TG[—%,O] ha(7) tan%tan(éﬁ—%’y) 7‘6[—§7O:|
1I\T)= , o(T)= ,
tanh (aT + %’y) T>0 tanh (om' — %7) T>0
(5.58)
a2 &2
8 B
T LR )
fi(r)=4 J?cos*(ar) e fa(r)=q J?cos*(ar) 200
27"‘6*76*20” >0 270‘6*7620” T>0
(5.59)

Now we can compute the overlap in the order of q% using the Liouville on shell action.
We denote the on shell action of the Liouville fields for overlap solution as S, and use Sg,
for the on shell action for the state |Bs(8)) and Sg, for the ground state |Gs(u)). To com-
pute the overlap, it is convenient to rewrite the Liouville action (5.1) using dimensionless
coupling 3J and Bp.

S

1 oo [o.¢]
N 8q2/ del/g df [(0919(91,92)3029(91792) = 0, 9oft(01, 02)0p, 9ort (01, 02))
. )

J 2 S oo
_(Bﬂ) 69(01,92)] - 4?:;2/0 dfg.r(0,0), (5.60)

with 6; = 27;3” for i = 1,2. We take the derivative of the action S over J with [ fixed and
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the matching condition 8 = (7, i). Then, we obtain

1 0s 1 9(BT)? /w /m 1 aBa) [
— = == de do 90"1’92)/ dOgo (6,0
N 8j A 87T2q2 aj . 1 01 26 477-(]2 aj 0 gOH( ) )
[
1 oBJ) [~ >
= 357F 07 /§ dm /n d1207,0r, (9(71, T2) — Gott(T1, 72))
1 (i) /°°
— dT o (T, T).
(5.61)
Here we again used the fact that we can ignore the contribution from the variation of the
field g, gor because of the equation of motion. In the third line, we use 6; = 2%” and the

equation of motion for g, gog. Now, using the property of the two time solution

lim 871 (g(Tl,TQ) — goff(Tl,TQ)> = 0, (5.62)

T2—00

we can integrate over 7 in the first term and we obtain

Las| 1 ey o, B
N7 =z e im 0n(a(nm) - gur(m)
i 2
1 o)

o 25(]2 0T /O dTgoff(Ta T)' (563)

This means that the derivative of the on shell action only depends on the correlation
function on 7 = 7 line, and especially that does not depend on the region . Since this
two time solution is equal to that of the boundary state |Bs(f)) in region I and identical
to that of the ground state of the deformed Hamiltonian in region II, we obtain

9 1 | (Bs(B)|Gs(w)) |
0T 7 | V/(Bs(B)|Bs(B)) (Gs(1)|Gs(1))

Since we can explicitly check that the overlap becomes 1 at J = 0, by integrating the

0

- ag

1
-5+ 5(533 +Sc,)| =0. (5.64)

above equation we obtain | (Bs(8)|Gs(u))| = 1 for general J and fi. Since the Liouville
action capture up to q% terms in the % expansion, this overlap computation shows that the

Yz

overlap behaves as e ¢ in large ¢ expansion. In fact, we observed from the variational
approximation that there is a finite difference between |Gs(n)) and |Bs(5(p))) even in

small p regime.

6 Gravity interpretation

In this section, we consider the gravity interpretation of the mass deformed SYK model.
Though we do not know the exact dual gravity of the SYK model, we can consider the
similar gravity setup as we did for the microstate |Bs(3)) [27]. Here we take the same
approach with [27] where we consider the gravity configuration with the same symmetry
with our SYK setup. First we consider the ground state |Gs(n)) and its time evolution
under the SYK Hamiltonian, and then consider the gravity interpretation.
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6.1 Time evolution under the SYK Hamiltonian

In this section, we consider the time evolution of the ground state |Gg(u)) under the SYK
Hamiltonian Hgyk. We can formulate this time evolution as time dependent mass term
Hget(u) = Hsyk +6(—u)Hps where u is the Lorentzian time. This type of time evolution is
called as quantum quench. A different type of quantum quench and black hole formation
was studied in [5, 15, 63, 64]. The quantum quench with time dependent mass terms are
also studied in quantum field theories [65, 66].

We saw that the ground state |Gs(u)) has bigger energy expectation value than the
ground state and is an excited state of the SYK model. Because of the similarity with
the state |Bs(8(1))), we also expect the similar thermalization for the state |Gs(u)). We
solve this time evolution in the low energy limit where the SYK dynamics is governed by
the Schwarzian action. For w < 0 with the Lorentzian time u, the reparametrization is
given by f(u) = tan(a(u)u), which is the Lorentzian version of the reparametrization to
obtain the ground state correlation function. Then, we couple the reparametrization mode
f(u) = tan(a(p)t(u)) where t(u) is the reparametrization. For u > 0, because of the energy
conservation, we impose

Fo = S22 (u),u} = (Gal) Hsvi|Galp) (6.1)

where Fj is the ground state energy and —N;S {f(u),u} gives the energy increase from
the ground state [67]. We have already evaluated the right hand side (Gs(u)|Hsyk|Gs(1))

in (3.30) and the above equation is solved as

a tanh (%u> +0 owmlasT o )r(zA +1T(1 = A)2T(1 — 4A)
ctanh (3u) +d (P TP 2AF

flu) = (6.2)

cd
terms of p.'2 We can also rewrite f(u) = Atanh( u+ B) 4+ C with three parameters A, B
and C. These parameters are fixed by imposing the continuity for f(u) at u =0 up to the
second derivative, which becomes f(0) = 0, f/(0) = a(p) and f”(0) = 0. This condition
fixes the reparametrization to be

flu) = 2((15) ﬁT’] <B ) t(u) = 1M arctan [2(045)57}‘5 nh (Wu)] (6.3)

with (a b> € SL(2,R). The second equation determines the inverse temperature f in

Here we defined ¢(A) = F(QA;(liF)gEf—);g()éﬂm). Using the reparametrization (6.3),
we can study the time evolution G~ (ui,u2) = (Gs(p)|vi(u1)y;(u2)|Gs(p)) using the

reparametrization where 1;(u) = efIsvKtq),e=iHsyku  The diagonal correlation function

12This relation between 8 and p is different from the relation in (3.41) though the scaling of § with
respect to p is the same. This is because here we match the energy in the SYK Hamiltonian (HSYK>. In
the large ¢ limit, the relation here and that in (3.41) agree.
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becomes

> _ imA o)t (1)t (us) A
G, ) = (~72 sin®[a(p) (£(u1) — t(ug) — if)])

= g~imA (5] — [g(; Sp—] >2A, (6.4)

This is exactly the thermal correlation function in Lorentzian time. The time evolution

of the spin expectation value can be studied from the off diagonal correlation function as
(Sp(u)) = —2isp (' (u))?*Gog(t(u),t(u)), which becomes

4T = ATRA)T(1—4A),, on
T(AD(1 - 2A)3 (t(w))

(Sk(u)) = dspa(p)p

= (Sk(0)) (

1 2A ) A -~
1+ <2as L>2tanh2 (gu)> <coshgu> . (6.5)

e(A) B
The spin operator expectation value decays exponentially at late time. Therefore, the
system loses the initial simple correlation pattern under the SYK time evolution and ther-

malizes. The term 1 is close to one because BLJ is very small when

20‘5 Ly 2 h2 ™
1+<m5—3) tan (Bu)
p < J. Therefore, the time evolution is very close to that in |Bs(8)), which is given
in (2.23).13

6.2 Gravity interpretation

As it is done in [27], we can consider the similar gravity configuration of our analysis. The

ground state |Gs(p)) is invariant under the evolution e~Hdef?

because it is the ground state
of the deformed Hamiltonian Hger. Because f(7) = tanh(ar) is the transformation from
Poincare coordinate to the global coordinate [5], we expect the time translation symmetry

in gravity side where the metric in this coordinate is given by

dr? + do? —dt? + do?

Since the system is gapped, we also expect the confined geometry where the emergent
direction is capped off at some scale. Here we simply use the end of the world (EOW)
brane picture on which the geometry terminates [68-71]. Because of the time translation
symmetry the position of EOW branes should be static under the time translation along
global time. We imagine that we have N bulk fields and at EOW branes we impose the
boundary condition 1gx_1 = 1S9y for the bulk fields as we did in the case of | Bs(3)) states.

When we evolve the ground state |Gs(u)) by the SYK Hamiltonian, the system ther-
malizes. The evolution under the SYK Hamiltonian is given by the reparametrization (6.3).

13In the two coupled SYK model, similar spin operator is constructed from left and right fermion as S; =
—2iwpFabf. Under the decoupled Hamiltonian evolution, this behaves as (S;(u)) = (S;(0)) (cosh 2f’ru)72A.
Though this shows the same exponential decay, the early time behavior is different from (2.23) and (6.5).
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Figure 22. A cartoon of the gravity configuration. The left is the bulk interpretation of the | Bs(5))
and the right is that of the |Gs(u)). In the middle picture, we compare two geometries matching
the Rindler patch of both geometries. From the Rindler observer, the EOW brane is falling. The
Rindler observer feels the similar falling pattern for the EOW brane.

In gravity picture, this reparametrization gives the transformation from the global coor-
dinate to the Rindler coordinate, which only covers a portion of global AdSs; and has a
horizon. Therefore we obtain the single sided black hole geometry with EOW brane from
the ground state of the mass deformed Hamiltonian.

We can also interpret the similarity between |Gg(u)) and |Bs(f)) in gravity. The
symmetry of |Gs(p)) is that in global time whereas the symmetry of |Bs(f)) is that in
Poincare time and EOW branes are static under each symmetry. We can still match
the Rindler patch in both geometries. Then, the EOW branes are falling from Rindler
observer in a similar way, as depicted in figure 22. In this sense, two geometries are
similar. Especially, we expect that the state |Gs(1)) contains region behind the horizon.

It is also interesting to consider the protocol to escape the black hole interior [21, 27]
of single sided black holes with the black hole microstate |Gs(u)) instead of |Bg(3)). When
we evolve the system by the SYK Hamiltonian, these correspond to single sided black
holes. The escaping protocol [21] corresponds to evolving the ground state by the deformed
Hamiltonian Hger. We can apply the escaping protocol for finite time 7" and then turn off
the mass term. This corresponds to insert the time evolution by Hger before applying
the SYK evolution as e~#Isvkte=iHaetT |G (1)), Therefore we just delay the black hole
formation by inserting global AdSs region, as depicted in figure 23.

When we apply the escaping protocol eternally, we shift the horizon infinitely and
finally we obtain the geometry without horizon. This corresponds to the evolution
e~HHaeit |G4 (1)) and as we observed this corresponds to the global AdSy patch. There-
fore, in this case after eternally escaping the interiors we obtain the global AdSs with the
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Figure 23. A gravity interpretation of the escaping interior protocol on the mass deformed ground
state. Left: the SYK evolution, which is interpreted as the evolution without any double trace
deformation, makes the black hole with EOW branes. We also evolve in backward by the SYK
Hamiltonian. Middle: we apply the escaping interior protocol for finite amount of time 7" and then
evolve by the SYK Hamiltonian. This is equivalent to shifting the horizon by insert the global AdS,
patch. Right: we apply the escaping interior protocol for eternally. As a consequence, the horizons
are shifted infinitely away from the original horizon. Finally we recover the global AdS, with the
EOW brane.

EOW brane. The matching of spins s in the state |Gs(u)) and those in the escaping proto-

col e~ tHaetT

is important because the mismatch of the spins gives excited states of the Hger.
As we saw in the finite temperature analysis of the Hger, high energy behavior is similar to
that of the SYK model and chaotic. Therefore, when we have mismatch for order N spins,
we expect that this mismatch leads to the black hole formation and failure of the escaping
protocol. Therefore the state dependent deformation is important'* to avoid the black hole
generation. In this way, we can clearly understand the escaping protocol starting from the

special microstates |Gs(p)).

7 Discussion

7.1 Similarities and differences compared with Maldacena-Qi model

Because the model is similar to that of the eternal traversable model [5], it is good to
compare with that. The Hamiltonian of the eternal traversable model is given by

N
Hprw =it Y JE ok ok + (=8 > g ol gl i wlyE, (71)
=1

11 < <ig 11 < <igq
ith JE = JB H introduce t ies of Maj fermi L and ¢F
wi irig-ig — Jiyig-ig- Here we introduce two copies ot Majorana fermions i and 1)y

which satisfy the canonical commutation relation.

141t is also important to choose the correct pair of fermions to make a spin operator.
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The similar thing is that both systems are gapped systems. This is natural because in
both models we explicitly introduce the mass term in the Lagrangian. Both systems can
be analyzed using conformal symmetry and the ground state has the same time translation
symmetry that corresponds to the global time in AdSs. In the large ¢ limit, the finite
temperature behavior beyond the order of 8 ~ ¢ is the same with that of Maldacena-Qi
two coupled model because we obtain the same equations.

When we consider the gravity interpretation, it is more surprising. In the traversable
wormhole case the two side are connected in the deep interior. On the other hand, in our
case the geometry is lost at the mass gap scale, which should happen in duals of confining
phase [68-71]. This suggests that we may be able to understand the spacetime connectivity
in a similar way to understand the confined geometry.

There are differences even in qualitative levels. The first big difference is the absence
of the Hawking-Page like transition. There are many examples of mass deformation of
the SYK model, tensor models or matrix models that show the Hawking-Page like tran-
sition [5, 33, 34] in the large N limit and it is surprising that we have not Hawking-Page
like transition even at small mass range. We expect that this is reminiscent of the higher
spin like nature of the SYK model, which suppress the order of transition.

Another difference is the size of the mass gap in the theory at low energy. In the two
coupled SYK model, the physical mass gap is much larger than the parameter p in the
Lagrangian in small g limit. Therefore the chaos helps to open a gap [51]. On the other
hand, in our case the mass gap is much smaller than the naive gap p. In our model the
chaos suppress the mass gap, which seems to be more natural. We expect this is related
to the absence of the Hawking-Page like transition. We will revisit this problem in the
future [72].

7.2 Comparison with the complex SYK model

It is also good to compare with the complex SYK model [73-75] because this model also
takes the similar form of Hamiltonian. In the complex SYK model, the Hamiltonian is

written in terms of the Dirac fermions ¢;, i =1,--- , N as
N
= o 1 T T
Hesvk = Z le~~~jq/2;k1--~kq/2A{Cj1 Gl ChL T Chyy [ M Z c;ci. (7.2)
N1<+<Jgy2, k1<-<kg2 i=1

Here A{---} is the antisymmetrization and the couplings Jj,...j ,:k;--k,,, are independent

. 2y _ y2(¢/2)'((¢/2)-1)!
1".Jq/2;k1”'kq/2‘ > Nag—1 .
The last term comes from the chemical potential p for the generator of the global U(1)

complex variables with zero mean and the variance (|J;

symmetry Q => czci — N/2. When we rewrite the Dirac fermion by two Majorana
fermions as ¢; = %(wgi_l — i19;), the chemical potential term takes the same form with
the mass term in the mass deformed SYK (2.1) with s, = 1 for all k [76].

The main difference is the existence of the U(1) symmetry. The complex SYK model
have a soft mode that is associated to the U(1) symmetry whereas the SYK model do
not have such a mode. The mass deformed SYK model has always a mass gap at zero
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temperature but the complex SYK model has a gapless excitation.'® The chaos exponents
are also studied in the complex model in the large ¢ limit [76] and the p dependence of the
chaos exponent is different from the mass deformed SYK model in figure 19.

One similarity is the specific charge Q@ = (Q) /N in the complex SYK model and
the spin operator expectation value. In the complex SYK model, a natural correlation
function is

N
1
Gesvic(ri,m2) = = D {ei(m)el (72) - (7.3)
i=1
The specific charge is encoded in the correlation function as lim,_,o+ G(7,0) = —% + Q. By

decomposing the Dirac fermion ¢; = %(ngi_l — i1)9;), in terms of the Majorana fermion
correlation function G(11,72) = (¥i(m1)¢i(72)) and Gog(11,72) = (Yar—1(71)2k(72)) the
correlation function becomes Gegyk (71, 72) = —G (71, 72) — iGo(71, 72). Therefore, we can
think of the specific charge Q as a counterpart of the spin operator expectation value
(Sk) = —iGog(0) in the mass deformed SYK model. A quantitative difference is that the
specific charge in the complex SYK is not fixed in the IR [75], whereas the spin operator
expectation value in the mass deformed SYK is determined by the IR conformal field theory
data as (3.27) in small y limit.

7.3 Possible microstates from the mass deformation

We show that we can prepare the 2% states of the form |Gs (1)) from the mass deformation
Hget- In this paper we focus on the spin operator Si = —2iwor 119 that is constructed
from an even index fermion and the odd index fermion. The way to construct the spin
operator is not restricted to this form. For example, we can shuffle the index of even
fermion as 2k — 20(k) where o € Sk is the element of the permutation group Sk, and
then construct the spin operator Sj, = —2199k—1¢20(k)- The mass deformation WQith S;.
gives a different set of states where the states have a spin operator expectation value in
different directions. We can also construct with a pair of even index fermions. In this way,
we can prepare many set of states as ground states of the mass deformed SYK in this paper.

7.4 Future problems

There are several future problems.

In this work we study the chaos exponent only at large ¢ limit. It is interesting to do
this at finite ¢ numerically. We study the quantum quench problem in the small g limit.
At infinite p, the ground state reduces to the infinite temperature boundary state |Bs) and
in this regime real time evolutions are studied in [27, 77] at finite N. It is also interesting
future problem to study the real time evolution in finite p both in large N and finite V.

In this paper we mainly study the SYK model side. Recently Jackiw Teitelboim (JT)
gravity with EOW brane is studied [78]. It is a good problem to analyze the Jackiw
Teitelboim gravity + matter theory with EOW brane and introduce the double trace de-
formation. When the brane is tensionless, JT + matter with EOW brane system just
reduces to the orbifold of the traversable wormholes [5]. The analysis with the non zero

5However, there is also an observation that the complex SYK model also have a gapped phase [35].
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tension EOW brane may lead to the bulk understanding of (the absence of) the Hawking
Page like transition.

We did not find any energy/u-dependence of the adjacent gap ratio for our model (1.1);
there are no chaotic/integrable transition. This result is in contrast to the observation
in [14] for the two coupled SYK model [5]. Indeed in the two coupled SYK model (7.1) the
level correlation is qualitatively different in the two extreme regime p — 0 and p — oo.
In the limit p — 0 the energy spectrum becomes a direct product of the energy spectrum
of two SYK models {E,, + Ep}mn>0. When the spectrum enjoys such direct product
structure and there are no hierarchy between the level spacings of the two system (which
is true in the current case), the two spectrums are completely mixed up. Hence there are
no level repulsion between the adjacent levels even if each system has the RMT-like level
correlations. In the limit of u — oo the Hilbert space effectively splits into the eigenspaces
of S. Within each eigenspace the direct product structure of the Hamiltonian is lost,
and the levels have the RMT-like correlation. Hence one can expect the transition as p
increases. In our model (1.1), on the other hand, the picture at u — oo is same as the two
coupled SYK model while in the limit @ — 0 the system reduces to a single SYK model
which is again chaotic.

To gain more insight on the mechanism of the Hawking-Page like transition and the
chaotic/integrable transition (or their absence) and on how these two phenomena can be
correlated, it would be very useful to repeat the same analysis for a generalization of the
two coupled SYK model [5] such that the left coupling JZ%M and the right coupling JgM
are chosen independently to each other. From the viewpoint of our model, this model is
obtained by stating from the Hamiltonian (1.1) and then omitting all terms in Hsyk which
mix ¥9;_1’s and 9;’s. This model share the same features of both of the two coupled SYK
model and our model. By rewriting the partition function in the large N limit by using the
bi-local fields, one finds that the large N partition function is completely identical to the
partition function of our model. On the other hand, the Hamiltonian of this model has the
structure of direct product in the limit 4 — 0 similar to the two-coupled SYK model, which
strongly suppress the RMT-like level correlation in the small u regime. It is worthwhile to
test whether this model actually exhibits a chaotic/integrable transition at some finite
or not. One can further consider an interpolation of the two coupled SYK model and this
model by tuning the independentness of J;}M and Jf}ké continuously, where we observed
that the Hawking-Page like transition disappears at some intermediate point before the
two couplings become completely independent with each other. It would be interesting to
clarify how the chaotic property as well as the other thermodynamic quantities behaves
around this point. We would like to report these results in [72].

Note that it is subtle whether we should really classify a model which is almost the
tensor product of two chaotic system as “integrable” although the nearest-neighbor level
repulsions are highly suppressed. To clarify this point, it is worth to study other diagnoses
of the quantum chaos such as the spectral rigidity or the spectral form factor (i.e. the
long range correlation of the level fluctuations) and the OTOCs. Especially, while in the
analysis of the level statistics one always has to take into account the finite NV artifact, the
OTOCs allow a direct large N evaluation [11] which would be more appropriate for the
purpose of comparing the chaotic property with the large N Hawking-Page like transition.
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A A derivation of the large IN equations

In this appendix, we give a derivation of the large N effective action and the Schwinger-
Dyson equation of mass deformed SYK model. The deformed Hamiltonian is

N
2
Heey = it Z R R e iﬂzsk%kq%k, (A1)

1< <ig k=1

with mean (J;,..;,) = 0 and variance (J2. ig) = N 2(g—1) = {21&/) L' By shifting the

sign of ¥; and J;,... ;,, we can set s = 1 for any k = 1,--- N/2 in the following derivation.
The partition function becomes

o] T ot TTpstnon| -ty 5 e fork s

1< <lq Z1< <7,q

_is Z Jil...iq/dﬂbil( )i, (T lu/dewk 1(7) Y2 ( )] (A.2)

11 < <lg

The integral over J;,..;, is

H d‘]il"'iq exp[ 2J2 Z 7«1 g i Z Jiy - ZQ/dT¢“ 'd}iq(T)

1< <ig 11<<lg 11 <+ <iq

e[t ¥ / i (r)-,(r) [[ar'vu (7))

:exp[‘fz(]qvq})( niz )y [arvam- o) | df’wh(r’)---wz-q(r’)}

1<iy, - ig<N

- x| g (DT Y /df/df B (0 (7) -+ (0 (70,7

1<y, ig<N

— oxp [Qq]{;_l / ir / dr'<é¢i(7)¢i(¢')> } (A3)

In the second line, the phase factor (—1)? appears from ((i)2)2. In the third line, we
extend the sum from Zil<--~<iqt0 Z1<z’1,.-. iy <N Because ;(7) is a Grassmann number,
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¢i(7)? = 0 and the sum Y, _; . i,<n Survives when all of 4y, --- i, are different. There
are ¢! same contributions, we divide by ¢! and then the sum reduces to the sum in the

second line. In the fourth line, we reorder the fermions and we get the sign (—1)2i=1(4=0,
a(q=1) q a(g=1) 2

which becomes (—1)" 2z . The phase (—1)3(=1)" 2z ~ = (=1)% becomes 1 because g is

an even number. The partition function now becomes

:/HDwi(T)eXp[—/dT Z% Doii(r
+2q]{:{1_1/d7’/d7‘/<iwi(7)¢i(7/)>q —m/dfzg:w%_l(ﬂw%(f)} (A.4)
i=1 k=1

Next, we further rewrite the partition function in terms of the correlation function
G(7,7'") and the self energy (7, 7"). First we insert the delta functional

/HDGTT H5<Zﬂ% i NG(TT)):L (A5)

T>T1/ T>T7/

to (A.4):

/sz I pG(r.7) H‘;(Zﬂ’l Wi NG(TT))

T>7! T>7!

xexp[ [ s sz 0i(r) + 5 1/dr/d¢< wz(w)>q
~in | dT;m_lmmm}
:/Hmz ) I o) T 6 <Zw, i NG(TT)>

T>7/ T>T7!

Xexp[—/dT sz e (T ‘]QN/dT/dT’GTT

—iﬂ/dTi%kl(T)%k(ﬂ} (A.6)
k=1

. N NS !
In the 2nd line, we replace the factor ( > ., ;(7)¥s(7") ) by NIG(7,7")? because we have
the delta functional that relates them. Next, we represent the delta functional as the
following integral'16

11 Zwl bi(r') = NG(7,7"))

T>7!

/HDZTT exp[ /dT/dTZ‘TT (Zm Vi (T NG(T,T’)>]. (A.7)

> !

163trictly speaking, we need to take the correct contour to make the integral convergent.
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Using this expression for the delta functional, we obtain

/Hm)l I pc ) I P(r. )

T>T1/ >/

xexp[ /dT sz Orhi(T /df/dewZ% i (T

v / / /
5 /dT/dT E(T,T)G(T,T)—i- 2q dr

—W/dewzk 1(7)thok(T )} (A.8)

dr'G(r, 7)1

Until now we do exactly the same transformation with that of the ordinary SYK model.
From now, we further introduce the additional delta functional

/HDGCHTT Ha(Zw% L () (77) — OH(TT)> =1. (A.9)
’7'7'
With this delta functional, we can replace the fermions in the mass term by Gog(7, 7'):

/HDZ/% HDGTT HDZTT HDGOﬁCTT

T>T7/ T>T7!

H(S(Z%kl J¥ar(T )_];[GOH(TaT/)>
1
cexp | = [ary S utronntr) + [ar [arse ) S vyt
[k sioisior s fir farsienS

2

—];[/dT/dT/E(T, ™G (r,7) + J2N dT/dT’G(T, 74 —iu2/dTGoff(T, 7')}
q

(A.10)

N4

Next, we represent the delta functional as

H(S(Z%k 1(T)hor (1) — JZGOH(T’T/)>

7,7’

_ /TI_T[/DEOH(T’ ') exp [/dr/dr’Zoﬁ(T, T’)( Por—1(T)har(T’) — gGoff(T, TI)>].

k=1

N4

(A.11)
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Using this expression for the delta functional, we get

/HD% HDGTT HDZTT HDGOHTT HDEOffTT ) exp

T>7 T>T7/

/dT Z% A (T /dT/dTZ‘TT sz Yabi (T

N4

—i—/dT/dT/Eoff(TaT/) Po—1(7)hor (')

k=1
—];/dT/dT/Z(T, ™G (r,7") — J;r/dT/dleoff(T, ™Gog (7, 7")
2
4 J2N / dr / G, T')q—wg / drGog(T, T)]. (A.12)
q

The fermion path integral gives the following functional determinant:

/Hml exp[ /dT Zm Brihi(r

—|—;/d7'/d7/2(7, T/)iwi(T)i/Ji(T,) +/d7/dT'Zoﬁ(T, ) ) o1 (T)ai(T)
=1

k=1

Sk

N/2

/HW exp[—/dT/dTZ
(o) [ () e 1= (2520, o) | ()]
(6 (%)
()

Then, we get the effective action in terms of the G, X variables:

/HDGTT HDZTT HDGOHTT HDZOHTT

>/ T>T1/

N 10 S S
—/dT/dT’E(T, ™G (r,7') — /dT/dT/ZOH(T, ™VGog(T, ")
J2
+/dT/dT/G(T, ') —iu/dTGoff(T,T) . (A.14)
q

(A.13)
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A.1 Large q expansion and Liouville action

In this section we derive the Liouville action at large ¢ limit. The original Euclidean
action is

SE 1 10 DRI
A (() e ()
1 . L S,y Zom(r, ') G(r, ") —Gog(r',7)
Q/d /d (—ZOH(T/,T) X(r,7") ) (GOH(T,T/) G(r, 1) )]
J2

1
— ?G(T7 T/)q] — QiM/dTGoﬂ(T,T)

1 10 Y Yo
= —log Pf , —
27 <<Ol>a <—EOTHE>>
2

1
~5 [ dn [ dn (G m)Rnm) + Gunlr ) Ban(r ) - 51 (26, )

1
iTr

i
- QZ/dTlGoff(Tl,Tl). (A.15)

We define

1
G(71,72) = Go(11,72) <1 + 59(71, 7’2)>,

1
Gost(11,72) = Gooi(T1,T2) <1 + q%ff(ﬁﬁz))- (A.16)

where Go(71,72) = 3sgn(m1 — 72) and Goog(71, 72) = Zsgn() is the two point function of
free fermion with a Hamiltonian H = ip ), Yop—1t2r with g — 0 limit. In large g limit,
they satisfy

10 5 Go(r, ") —Goog(T',T) _ (10 P %sgn(T—T/) —Lsgn(f)
01) 7" \Goo(,7')  Go(r,7") 01) 77\ gsen(p) gsen(r —7')

_[o(r—=T) 0
()

Then, we can write them as

[ Go(r,7") —Goos(7',T) (10
Goab = (GOOH(T, 7 Gol(r ) ) , [Gol = (0 1) Or. (A.18)

We can expand the Pfaffian as

log PG — %) = log PA(Gy (1 — Gy * X))
= log Pf(Gy ') — %Tr(GO * X)) — iTr(Go xLxGoxX)+---. (A.19)
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Then, the action becomes

1 1 1
%z—il g PG )—|—4|'Z| dT—I—gTr(GO*Z*GO*E)

1
+2q/dTl/d72<2(7'1772)G0(7'1a7'2)g(7'1,7'2)‘|‘EOH(71772)GOOH(TM72)903(71772)>
*72 T1,T: ’ﬂ’
—4q2/d7'1/d7'geg( 1,72) _ P AT 9ot (T, T)
1
= —§long(Ga )—l—"u’/d + = Tr(GO*E*GO*E)

1
+4q/dTl/dTQZEab(leTQ)GOab(leTQ)gab(Th7'2)
ab

2 A~
—4172/d’7'1/d7'269(7—1’72) — M AT gos(T, 7). (A.20)
q
To integrate out X field, it is helpful to introduce
(I)ab(Tl, TQ) = [GO * E]ab(Th 7'2) = /dTG()ac(Tl, T)Zcb<T, TQ). (A.21)

Then, this satisfies
Eab(T1,72) = Or, Pap(T1, T2). (A.22)

Then, the effective action becomes

1 1
SE/N%—ilong(G )+4":‘ dT+§TT(G0*Z*GO*Z)

1
+4q/dTl/dTQZb:zab(Tla7_2)G0ab(7-177_2)gab<7-177-2)

2
—qu/dTl/dTQGQ(TI’TQ) \,u\ /dTgOff T,T)

L1 —1y . LAl
~ 2long(GO )+4 . /dT+8TI‘((I>>I<(I))
1
_4q/d'rl/d7_2Z<I>ab(7—1a7_2)87'1(G0ab(7—1a7-2)gab(7_177_2))
ab

2 A
—Z]z/dﬁ/dmeg(ﬁ’”) — M AT gogt (T, T). (A.23)

By integrating out ®, we obtain the effective action as

1
Sg/N = /dTldTZZan Goab(T1: 72)9ab (71, 72)) Or, (Goab(T1, 72) Gab (71, 72))

8
\7 g T1,72 " ’

There is a nontrivial Jacobian when we change the integration variable from ¥ to @, but
this is g, independent. We also omit the other terms that are g,, independent. Because
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Goap are constants except for 7 = 7 and g(7,7) = 0, the effective action now becomes

S 1
WE = qu/dﬁ/dm (8719(71772)8729(71772) _angoff(Tla72)8rggoff(71772))

1 2 T1,T: ‘ﬁ"
—4q2/d7'1/d7'2j ed(T1m) _ 4q2/d7'goff(7',7'). (A.25)

B Numerical solution to the Schwinger-Dyson equations

After the Wick rotation and the compactification of 7 direction 7 ~ 7+ 8 with ¢;(7+ ) =
—1;(7), we can rewrite the partition function of the mass deformed SYK model as

7 — </D¢e—fd7(é¢3rd)+Hdef)> — /DG’DZDGOﬂ.Dzoﬁe—NSCH(G727G037203)’ (B.1)
J,

ijke

where
Set = S + 82 + 5% 4 5, (B.2)
with
1 —L5(r =)0 + 12(7, 1) 1% (T, )
S(l) — _71 Pf 2 T 2 ) 2 <o I ’
eff 2 o8 —%ZOH(T,, T) —%5(7’ — 70 + %E(T, ')
sE =3 / drdr’ (S(7, )G (7, 7') + Soa(r, ™) Gon (7, 7)),

J2
Se(?f) = —2q/d7'd7JG(T, )4,

s =" [ drGuatrm), B.3)

as explained in the appendix A. In the limit of N — oo, we can evaluate the integrations
over the bi-local fields by the saddle point approximation

Z ~ e_Nseff(G7szoffonH)’ (B4)
with G, X, Gog, Yo satisfying the saddle point equations (namely, the equation of motion
for Seg)

SG(r, ) 0X(1, 7)) 8Geg(T,T)  6Zen(T,T) '

In this section we explain how to solve the saddle point equations and evaluate Seg over
the solution numerically. First we assume that the solution depends on 7,7’ only through
the difference 7 — 7/ and satisfies the anti-periodicity G(7 — 7' + 8) = —G(7 — 7’) reflecting
the anti-periodicity of ;, so that we can expand G, X, Gof, Xog in discrete fourier series
G(r) = % Yo e~ T G(wy) with wy, = %ﬂ(n—i— 1). Now, for the numerical computation,
let us further discretize 7 coordinate as

_ bm

T_ﬁ7 (m:0,1772A_1)7 (B6)
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which is equivalent to introducing an UV cutoff to w, as —A < n < A — 1, so that each of
G, X, Gof, Xof 1s a finite (2A) dimensional vector both in w-space and 7-space and related as

ﬁ 1 A—1 ) L 6 2A—1 ) .
_ _ _ _ mim n+i ~ ~ . ~ o mTim n+i
Gm N G<T - 2Am> B BnZ:—Ae A ( Q)Gna Gn - G(wn) - ﬁ mEO e A ( Q)va

(B.7)

and the same for X, Gog, Xog. With (B.7), each term in the effective action (B.3) reduces

to a discrete summation!”

A— ~ ~ ~
S(l) = —1 z:l log |:<1 + En)Q o EOH,nZOﬂ7—n—1:| . 10g2
eff — - ,

4~ iwn, w2 2
o B 2A—1 A L
Seﬂ‘ - H (Eme + Eoﬁ,mC;oﬁ,m) = 5 Z (EnG—n—l + Eoﬁ,nGoﬂ,—n—l)p
m=0 n=—A\
2J2 2A—1
s = 2N @
4Aq =
. A1
g _ N & B.8
off — ? Z off,n - ( . )
n=—A

and the saddle point equations are given by the ordinal derivatives of these terms by either
the 7-components or the w-components of G, %, Gog, Xog. It is convenient to perform
G-derivative by 7-components and the derivative in X, Gog, Yog by w-components and

we obtain
aSeff 2 -1
=0—=X,=J(Gpn)? ",
oG, 07 (Gm)
~ wn — S
O3ett _ Ly G ——— ol —0,
0%, (an - E77171)2 + Eoff,nzoﬁf,—n—l
aSeff il .
O 0 Sofrn = —ip, B.9
0o [ (B.9)
0S5, ~
= ff =0— Goﬂ"n
azoffm,
_ ioﬁr,n 1 _ n 1

2 (iwn - i—n—l)z + f]off,nzoﬂ,—n—l (iwn + in)2 + sz]off,nioff,—n—l .

From the fourth equation in (B.9) we find that éogm satisfies the following symmetry
property:

Goff,—n—l = Goff,n- (B]_O)

'"Here we have renormalized the functional determinant S éflf) such that the partition function correctly
reproduces the partition function of N free fermions in the limit of J, u — 0, as explained also in [11].
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For én and in, we find that we can consistently impose the following symmetry property

G—n—l = _Gna 2—n—l = _Ena (Bll)

though they may not be satisfied for general solutions. In the same way we can also impose
the following reality relations:

G =—Gp, X5 =-%,, Gog,=—Goin- (B.12)

off,;n

If we impose these symmetry properties, the Schwinger-Dyson equations (B.9) finally sim-
plifies into the following pair of equations
~ iwy, + ¥

G, + T =0, Xpm=J%Gn)" ", B.13
(iwn + Zn)z - /~L2 ( ) ( )

together with

- —q _ .
GOan = 7. = Hz 5 2off,n = —. (B14)
(an + En) — K

The equation for G and ¥ (B.13) can be solved numerically by using the same iteration
technique as exploited in the undeformed SYK model ([11], appendix G). Once we obtain
a set of solution (G,X) the large N partition function, or the large N free energy F' =
—% log Z, can be evaluated from (B.4) with (B.3) as

F Ngeff (B.15)
1 & o\ 2 = BPRE log 2
=15 2, K”w) wn] Z PnGn = xg 2 (Gn)" =5

where we have also used the symmetry property of G (B.11).

Note that in the above formulation Gyg is merely an auxﬂlary field which does not
contribute to the partition function, but just play a role to fix Zoﬂc as Eoffn = —iu. Nev-
ertheless Gog itself is a physically meaningful observable Gog(7) = (192;—1(7)12;(0)) and
useful for the consistency check of the different approaches of the computations.

C Detail of the large q finite temperature analysis

In this appendix we give a detail of the large ¢ analysis. As it was done in [5], we divide the
range of the inverse temperature into four region that consists from the inverse temperature
of order qloggq, q , \/q and 1.

C.1 Inverse temperature of order g = qloggq

In this order, we fix
o = qe Pr, (C.1)
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The general solution at early time is given by

2

e9(T) — o ,
J?sinh?(a|T| 4 7)
~2
pdorr(7) _ 4‘170‘2€2i62d|7|7 (C.2)
with the boundary conditions
9(0) =0,  9r901(04) = — 2, (C.3)

and at 7 — oo we impose that (C.2) matches with the early time expansion (5.28)

;—i—;log?—g— %T—i—--- = ACOSh%—MTASiHh%—F'“ ,
;%—;log?—f;—(ST—i—---:Asinh%'u—,uTAcoshBQ'u—i—---. (C.4)
The condition at 7 =0 (C.3) gives
a = J sinhy, 26 = fi. (C.5)
The condition at 7 — oo gives
%—k 2log?7a — g = Acosh%7
;—i—ilog?—Z:AsinhﬂQ’u, (C.6)
and
@ uAsinhﬂ—M,
q 2
(O; = A cosh %, (C.7)
which lead to
a=a, A=7+o0. (C.8)
The parameter A is also determined as
A= % (C.9)
We ignored subleading terms in large ¢ expansion.'®
"¥For example, we find that & = tanh 2% = £,77 = 1 — 257 4 ... This can be approximated by 1 in

the large ¢ limit.
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The energy is given by

) _ u 2
N = 68 G(T, 0) _ +'l§ <1 q>G0ff(O O)]
_ 11 o2V L
2287'9( ’O) r—>0+12q 1 q>2(1+ 2903(0))

1 1 [0 [l 2 2 5
N N S L 'u<1 ~ 2y log(sinh767)>
q g

I p f 2 2 b5 -3
__ 1 L s A ) C.10
2¢2 tanh vy 4q< PR je ) +0l) ( )

In terms of ~y, o variables, it can be written as

57
op
Bii g, 1 : -4
Sl ~log(2sinhye™?
[ 5+ anhy og(2sinhye )]
gl ¢ 1 .
= o —+1- — log(2sinh~ve™7)|. A1
2q { 5+ tanh og(2sinh e )] (C.11)
Here we defined [ = longZ = —BWF. To derive the free energy, it is convenient to take the
derivative of the partition function:
B / g 2,9(m) — B'& 1
— —1 12
jaj 72 drJe 2¢? tanh'y ’ (C-12)
ol BM . -5
#% = — ﬁuGoff(O 0) = 1+ glog(2 sinhye 7). (C.13)
Note that
8l B,& 1 q . _x
— — — 14+ = + log(2sinh v —. .14
j@j - 2¢? [tanh’y * 2 + log(2sinhye™) 58ﬁ (C-14)

This is because the partition function is the function of dimension less quantity: [ =
(B, BT). The free energy is given by

log? /q 1
v, 0) = T+ - +log(2sinhy ) +
l(v,0) 20 \2 o og(2sinhve o

logZ /g 1
=201 log(2 sinh ve~ (V1) —. 1
2q <2 * tanh +log(2sinh ye )+ ) - 2q (C-15)
As a function of 8 and u, the free energy becomes
B B
l log(2 sinh —v—1 C.16
Bop) =~ 2 1q og(2sinh ) + by 7 (C.16)

where i = 27 sinh+y is a function of only u. The thermal entropy is given by

L+ BE —l—ﬁ— q(l—i—logg) = e PR+ Bu). (C.17)

SIN="% B
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C.1.1 Temperature of order 5 =g

_By
In this regime % = e Pt = ¢ a" is finite. In other word, o is of order ¢, if we extrapolate
the large g expansion the off diagonal correlation function becomes

Gor(T) = (1 + ;goﬁ(T) +. >

i 1 it -
=—|1+—-(2log=—-2y—f4r |+
2< q( 77 M) )

(T ey c1s

N | .

Therefore, even at 7 = 0 the leading of ¢ expansion of G.g(7) becomes smaller than %

Especially, we do not expect the expansion Gog(7) ~ % (1 + %QOH(T) + - ) We still have
the long time expansion

G(71) = Acosh[u(B/2 — 1)], Go(T) = iAsinh[u(8/2 — 7)), (C.19)

and early time 1/¢ expansion for diagonal correlator

2

1 1 «o
G(r)=s(1+—g(r)+--), eI = . C.20
(7) = 51+ colr) + ) T (C20)
Matching the late time and early time correlator for G(7) gives
1 1. 20 v «a Bu . B
- +—-log——-—-——7+---=Acosh— — urAsinh — +--- | C.21
st e~y 5 —H 5 (C.21)
which leads to
1 1. 20 v Bu
—+ —log— — — = Acosh —,
27T Ty 2
o . Bu
— = pAsinh —. C.22
* — udsinh ] (C.22)
The first equation gives
1
A cosh % =3 +o(q™h), (C.23)
which determines ]
A= ———— to(¢ ). C.24
2 cosh ’%“ (@) ( )
. . _ 1 -1
The second equation with A = ——- m +o(q™") gives
o= g tanh %u (C.25)
The initial condition gives g(0) = 0, which gives
a = Jsinh~. (C.26)
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This determines v as

sinh~y = % tanh — ﬁ,u (C.27)
Therefore, the correlation functions become
1 cosh it <§ — 7')
G(r) = -———= +0(1/q),
)= g O/
; sinh i <§ — 7'>
Gogi(T) = s ———= +0(1/q). C.28
) = 5 g O/ (c.28)
To evaluate the partition function, it is convenient to use
Bu Bl 1
= 2 tanh 22 -1
Jog1 2q tan 2 |tanh~y ’
Bu BM
poul = — tanh — + o(1/q), (C.29)
and use J0zl + p0,l — B0gl = 0. The integral becomes '’
1 1
l= 3 log (2 cosh 6“) gg tanh — bu [log(2 sinh ) + tanhy v — 1]. (C.30)
In the high temperature limit, we can expand v and [ as
q(Bp)? 1 (Bp)? ﬂj (B)* a(Bp)?
~ ~ —log?2 lo cee 31
LTy A L T 1q g46j+ (©31)

C.2 Temperature of order 3 ~ /g

We study the temperature of order 3 ~ ,/g. In this regime we can approximate G(7) =
% (1 + %) everywhere in 7 € [0, 8]. The Schwinger-Dyson equation becomes

O—-&{%Hh)—l/dHZCr—TﬂGdﬁH)+iuGﬁﬁhu&(%ﬁﬁ)+ig. (C.32)

Here we ignore the term that contains ¥ because ¥ is of order q which can be ignored at
the leading of the 1/q expansion. We also approximate G(7) ~ 7, which is the leading of
the 1/q expansion that we mentioned above. Then we can solve this equation with the
condition Gog (g + 7') = —Goft (g — 7') as

i (B
GOH(T) = 2/,L<2 — T> . (C33)
The equation for G(7) becomes
:&@mﬂ—/mﬁﬁ—ﬂmﬂ+mQMﬂ. (C.34)
19This only reproduce noul = T“ tanh %, which is order one in 1/q expansion.
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Using the expansion G(7) = 3 (1 + %) and Gog(T) = p (g - 7'), we obtain the Liou-
ville like equation
%g(r) —27%97) — qu? = 0. (C.35)

We can further change the variables as

_B .
w=" B 2, I =(BT)%, (C.36)
where = € [ — %, %] Then, the Liouville like equation becomes
2
02 —2¢9 — 2k =0, k= Q(“f) . (C.37)

k is now finite in our parameter regime 3 ~ /g, 1 ~ 1/q. The boundary condition for g is
eI(£3) — (BT)?, (C.38)

which is oo in the leading of 1/¢q expansion. Therefore, we should seek the solution which
diverges at = £3. The first integral of the equation (C.35) is

dj\ > . .
<di> — 469 — 4Gk = const = —4e%0 — 4gok, (C.39)

where we defined go = §(0) with §’(0) = 0. Then, we can take the integral of this first
integral as

g dg
do /eI —e9 + k(g — go)

The condition g(:l:%) = oo determines gy as a function of k through the integral equation

2 = (C.40)

1= . — (C.41)
do /eI —eP + k(g — Go)
or - p
S Y (c.42)
0 y/ed —1+kg
where we defined k = ke=%.
As a check, we can consider the £k = 0 case. In this case, we obtain
2
e = 72 I = — (C.43)
’ cos? mz’

which is consistent with the 8 — oo limit of the large ¢ SYK model with keeping % finite.
The free energy in this regime is given by
(Bu)?* BT (Bp)?

1
= -log2 s
28t g T T Ty

2.2
log(BT) + h(q§2u)7 (C.44)
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with an undetermined function h(k). The J dependence is determined from the derivative
of the free energy

e 1 (3 /1% 1
_— = gl@) — = 1o7g _ Ly B
jaj 2 2/ dv ™ =50 / <2 972 k) 27 @ W/2) k). (C45)

2 2

. . A 2 a . .
Here we use the equation of motion e = %% — k. Using the first integral, we can express

the derivative ¢'(z) for x > 0 region as

§(x) = 2y/ed — e + k(3 — go). (C.46)
Therefore, in the regime of 3 ~ /g, we can approximate ¢'(1/2) as
g (1/2) ~278. (C.AT)

In this way we obtain the J dependent term in the free energy [, but this method leaves
1 dependence unfixed. The leading 4 dependent term comes from

o _ B

8# **ﬁ off( ) ] (0'48)

C.2.1 Chaos exponent at order of 3~ /g

Here we consider the out of time ordered four point function

F(t1,t2) = N2 Z Te[p(B/4)¢i(t1)p(B/4) 15 (0)p(B/4)¢i(t2) p(8/4)5(0)],  (C.49)

1,5=1

where p((/4) = (e PHdaes /Z(B))i and we study exponential growth of this correlator. We
can study the growth rate from the retarded kernel, which satisfies the following equation
at large ¢ limit:

6t18t2KR(t1, to; ts, t4) = 2q(5(t13)5(t24)2 <§ + it34> . (C.50)

Here we neglected the contribution from ¥,¢. The chaos exponent is given by the eigenstate
Kpg %1 = 1) with the form of ¢ (t1,t3) = e*B1H2)x(t; — t5). Then, y satisfies the equation

2
- () - 20x(0) = (7)) o) (©51)

where we defined the Lorentzian continuation §;(y) = §(iy). Therefore by studying the
bound state in this Schrodinger type equation with the potential —ed(®), we obtain the
chaos exponent. The function §(y) has a maximum at y = 0 and decreases as |y| — oo.
The second excited state is given by x = 9yg;(y), with the eigenvalue 0. Because of this
the above Schrodinger equation has only one negative energy state. This equation can be
studied analytically in the large k£ or small k limit and numerically for general k.
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C.2.2 Large k limit

In the large k limit, we can solve the equation (C.41) as
k
Jo ~ ~1 + 2log k.

From the Schrodinger equation

d2g -
@ — 2€g — 2]4} = O,
we know the second derivative as
d2§

3| =200 2k = 2P 4 2k ~ 2.
Xz

=0

Therefore, §;(y) = g(iy) becomes

R . 1d% _k
) =0 5 55| _vP+OW) =log(Ke™ 1) — ky> + O(°).

The potential for chaos exponent is given by
W) m f2e~ i e Y,

Because the potential is very narrow for k — 0o, we can approximate this as

5 2
) KT 50) = vkt iFa(y),
where we use
e i ()
e 202 = o(x),
27102
for small . In our case, o = 1/v/2k. The chaos exponent is now derived as
A\B3)? 3 1
- () = [ - 92 - 2vkEe () x (o).

The bound state of delta function potential
— O(x) — Vod()y(z) = Eqib(x),

is given by

with the ground state wavefunction

Yo(z) = \/?Q_VQOW

AB = 2/mk3e ik,

Therefore, we obtain
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C.2.3 Small £ limit

At k = 0, we obtain ¥ = ﬁ and this gives A = %’r, which is the maximal chaos
exponent. For small k, we can approximate §(x) = g.y(v) + ga)(z) + --- where 90 () —
2
cosﬂ—2 T

we obtain the potential V(y) = —2e9(%) = — 2’ (] 4 g1 (#y)). Therefore, this gives
1)

cosh? my
a shift of the potential 6V (y) = —2657(@)@(1)(@). The shift of ground state energy JF =
(x0| 6V |x0) gives the shift of the chaos exponent. x¢(y) is the “scramblon” wave function
at k = 0 that is given by (y|xo0) = xo(y) = \/gcos}lmy.
The equation of motion for §(;)(x) becomes

is the k = 0 case and g(y) is the first order correction in k. After Wick rotation,

272
2, N _
0z9)(2) = —5—d)(z) =2k =0. (C.64)
The solution is given [13] by
2 1 . .
g—kﬁ(l)(:v) = —1+log(2cosmx) + i(LiQ(—eQW) — Lip(—e~2™%)) tan 7. (C.65)
After Wick rotation, we obtain
7.‘_2 ~ : L. 2m : —2m
ﬂg(l)(zy) = —1+log(2coshmy) + Z(ng(—e Y) — Lig(—e™ ™)) tanh my. (C.66)

Then, the shift of the “ground state energy” is given by

© - q 2x2
00laV o) = [y iy i) = & (C.6)
The “ground state energy” at k =0 is
A8\’ 2
Eqy = —<2> = —7". (C.68)
Therefore, the ground state energy shift is
E=Egn+Ey+ - =-m"+k+--. (C.69)

This gives the leading correction to the chaos exponent as

MB_ kR (C.70)

2 T 272
D Comments on g = 4 case

We have derived analytic formula for the conformal limit of spin operator expectation
value (3.27), the ground state energy (3.29) and the energy in the SYK Hamiltonian (3.30).
These expression contains I'(1 —4A) =T'(1 — 4/q), which diverges at ¢ = 4. This does not
mean that these observables are divergent but we should take into account the UV effects
in the actual deformed SYK model. Numerically we observe that the exact value is finite
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Ground-state Energy Spin Operator Expectation value Energy in SYK Hamiltonian
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H i H

Figure 24. The plot of observables both in the exact ground state |Gs(u)) and the variational
approximation |Bs(8(u))). Here we choose the parameter to be ¢ = 4 and J = 1. As written in the
central picture, the solid lines represent the numerics and the dashed lines represent the conformal
limit answer. Left: the plot of the ground state Ey as a function of u. Middle: the plot of the half
of the absolute value of the spin operator expectation value | (Sk) |, which is equal to the 7 = 0
off diagonal correlation function —iGog(0), as a function of . Right: the plot of the energy in the
SYK Hamiltonian (Hgyk) as a function of .

but the scaling behavior is violated by the UV effect. We found that in the small y regime
the logarithmic behavior appears in the exact answer as

2 2
Eo(p) — Eo ~ cg, (ﬁ) log %, —1Go(0) ~ cGoEﬁ log %, (HSYK) ~ CHgyx (ﬁ) log %
(D.1)
We use 0.05 < p/J < 0.2 region to fit the numerical data and the fitting gives cg, ~ 0.34,
cGs ~ —1.2 and cpgy =~ —0.26. We show the numerical plot of these observables and
their comparison with variational approximation in figure 24. It may be possible to derive
these coefficient analytically and we leave these problems as future works.
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