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1 Introduction

Deformations of supersymmetry transformations play an important role for realising a

partial breaking of extended supersymmetry [1–3]. In N = 2 super-Maxwell theory, such

deformations involve six parameters. Three of them can be generated by background values

of auxiliary fields of the off-shell representation, in a real SU(2) R-symmetry vector. The

other three are their magnetic counterparts, absent in off-shell representations. They can

be obtained formally by considering a constant imaginary part for every component of the

SU(2) triplet of auxiliary fields. In other words, these six deformation parameters form a

complex SU(2) vector ~Y and global supersymmetry is partially broken N = 2→ N = 1 if

the deformation vector is non-trivial and nilpotent in the vacuum:

|~Y |2 > 0 , ~Y 2 = 0 .

This is explained for instance in refs. [3, 4].

An interesting question is to understand the coupling of a deformed supersymmetric

theory to supergravity in relation to (partial) supersymmetry breaking. In this work,
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we make a first step towards this investigation by studying a non-trivial supersymmetry

deformation in a simpler context, namely at the level of N = 1. The type of deformation

considered in the present paper has already appeared in the context of the supersymmetric

Dirac-Born-Infeld theory and partial N = 2 → N = 1 supersymmetry breaking [4–6] but

here we will focus on a purely N = 1 analysis.

Indeed, in N = 1 super-Maxwell theory, the real auxiliary field D can generate an

“electric” deformation (equivalent to a Fayet-Iliopoulos term), while its magnetic counter-

part, which can be formally obtained by adding to D a constant imaginary part in the

supersymmetry variations, corresponds to an integration constant in the supersymmetric

Bianchi identity. In our analysis here, we show that such an integration constant is equiv-

alent to a ‘magnetic’ Fayet-Iliopoulos term, dual under electric-magnetic (EM) duality to

an ‘electric’ Fayet-Iliopoulos term. A corollary of this result is that one cannot add ‘elec-

trically’ charged chiral multiplets in a local action containing the deformation, since they

would correspond to magnetic monopoles in the dual theory which has a Fayet-Iliopoulos

term. In the presence of several U(1)’s with corresponding deformation parameters, charged

matter should satisfy the condition of being neutral under the U(1) combination contain-

ing the deformation, while non trivial charges can exist with respect to all orthogonal

combinations for which supersymmetry variations are not deformed.

We then proceed to the description of the deformation in supergravity, considering the

simplest case of pure N = 1 supergravity coupled to an abelian U(1) multiplet. The main

observation is that an integration constant in the supersymmetric Bianchi identity can be

obtained as a background value of a linear multiplet. Since the Bianchi identity involves

the chiral spinor gauge field-strength superfield Wα, it is natural to consider a general

chiral spinor superfield which contains the degrees of freedom of a Maxwell multiplet and

of a linear multiplet [7, 8]. The usual Bianchi identity eliminates the latter and leaves the

gauge multiplet in the physical spectrum, while the presence of an integration constant

may arise from a background value for the linear multiplet. To avoid adding extra degrees

of freedom in the theory, we identify the linear multiplet with the compensator of the new-

minimal [9, 10] off-shell formulation ofN = 1 supergravity [7, 8, 11]. The deformed Maxwell

theory can thus be constructed in a similar way as the undeformed one by implementing

the deformation in the Bianchi identity of Wα stemmed from the linear compensator.

As in the global case, one finds that the deformation becomes a Fayet-Iliopoulos term

in supergravity after performing a EM duality. The Fayet-Iliopoulos term generates a

positive cosmological constant proportional to the square of the U(1) coupling and can be

described by the well-known Freedman model where the R-symmetry is gauged and the

gravitino and gaugino are charged under it [12]. Therefore, the deformed theory provides

a magnetic dual description of the Freedman model off-shell. However, after eliminating

the auxiliary fields in the supergravity context on the deformed theory side, the leftover

propagating U(1) vector boson gauges again the R-symmetry under which the fermions are

charged (see e.g. [11, 13]).

More precisely, from the argument in global supersymmetry presented above, one

would expect the absence of charged particles on the side of the deformed theory. Indeed

the fermions (gravitino and gaugino) are neutral under the off-shell Maxwell field. However,
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one finds that the latter becomes unphysical and upon appropriate gauge conditions and

integration over all auxiliary fields, the physical propagating gauge field corresponds now

to the R-symmetry U(1) gauge field, and thus the fermions remain charged. The resulting

theory is shown in fact to be equivalent to the Freedman model on-shell.1

The outline of the paper is the following. In section 2, we discuss the D-deformation in

N = 1 global supersymmetry and show that it corresponds to a magnetic Fayet-Iliopoulos

term. In section 3, we shortly review the new-minimal formulation of pure supergravity [7,

9, 10] needed in the following. In section 4, we construct the coupling of the deformed

super-Maxwell theory to supergravity using the method described above which consists of

modifying the Bianchi identity of a chiral spinor superfield by a term proportional to the

compensator linear multiplet with a constant coefficient playing the role of the integration

constant in global supersymmetry. In section 5, we describe the introduction of the Fayet-

Iliopoulos term in new-minimal supergravity and show how this formulation is related to an

old-minimal theory with the Maxwell multiplet used to gauge the U(1)R superconformal

symmetry, following for instance ref. [11]. This is the Freedman model [12]. We then

compare it with the deformed super-Maxwell theory and verify that the two theories are

indentical once auxiliary fields have been eliminated. In section 6, we work out the EM

duality in supergravity, generalising the result of global supersymmetry and we show that

in the absence of matter the deformed super-Maxwell theory is dual to the Freedman model

of gauged R-symmetry. Section 7 contains a summary of our results and an outlook. The

paper is also accompanied by three appendices: appendix A contains our conventions and

useful formulae; appendix B describes the local superconformal chiral spinor multiplet used

in the main body of the paper; appendix C is devoted to a complementary description of

the deformed Maxwell theory in curved superspace.

2 D-deformation in global N = 1 supersymmetry

The N = 1 super-Maxwell theory is usually formulated in terms of a chiral spinor superfield

Wα subject to the superfield condition2

DαWα = Dα̇W
α̇

(2.1)

which imposes the Bianchi identity ∂[µFνρ] = 0 on the Maxwell field-strength Fµν .

Consider instead an arbitrary chiral spinor superfield Υα, Dα̇Υβ = 0 and its conjugate

Υα̇ = (Υα)∗. The superfield DαΥα −Dα̇Υ
α̇

is real and linear [16, 17]. The condition

DαΥα −Dα̇Υ
α̇

= L (2.2)

1Using BRST methods to study deformations of N = 1 supergravity, a similar but not identical model

has been presented in [14, 15].
2We use covariant derivatives

Dα =
∂

∂θα
− i(σµθ)α∂µ, Dα̇ =

∂

∂θ
α̇
− i(θσµ)α̇∂µ.
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defines Υα for a given L, DDL = 0, up to a solution Υ0α of eq. (2.1), which is3

Υ0α = iWα, Υ0α̇ = iW α̇, Wα = −1

4
DDDαV, W α̇ = −1

4
DDDα̇V, (2.3)

where V is a real superfield. In the simplest case, we can take L to be a (real) constant,

L = 4ζ. This amounts to give a supersymmetric-invariant background value to the lowest

scalar component of L. The solution of

DαΥα −Dα̇Υ
α̇

= 4 ζ (2.4)

is

Υα = −ζ θα + iWα ≡ iW def
α , Υα̇ = −ζ θα̇ + iW α̇ ≡ iW

def
α̇ (2.5)

where the deformed chiral Maxwell superfield is

W def
α = −iλα + θα(D + iζ)− i

2
(σµσνθ)αFµν − θθ (σµ∂µλ)α (2.6)

and satisfies the deformed supersymmetric Bianchi identity DαW def
α −Dα̇W

def α̇
= −4i ζ.

The supersymmetry variation of the gaugino is now

δλα = −ζεα + iDεα −
1

4
ε[σµ, σν ]Fµν . (2.7)

Therefore λ appears to transform like a Goldstino because of the deformation.

To see the role of the deformation, consider the lagrangian

L = −1

2
Im

[
τ̃

∫
d2θΥ2

]
− 1

2

∫
d2θd2θ U(DαΥα −Dα̇Υ

α̇ − 4 ζ), τ̃ =
i

g̃2
+ ϑ , (2.8)

where Υα is a chiral spinor superfield without extra constraint and U is a real scalar

superfield.

Eliminating U imposes the constraint (2.4) on Υα and leads to a deformed Maxwell

theory

LM =
1

2
Im

[
τ̃

∫
d2θW 2

def

]
=

1

2
Im

[
τ̃

∫
d2θW 2

]
+

1

2

(
− ζ2 Im τ̃ + 2ζDRe τ̃

)
, (2.9)

where we used W def
α = Wα + iζ θα. Notice the emergence of a Fayet-Iliopoulos term

proportional to the theta-angle Re τ̃ , induced by the deformation, as was noticed in the

context of N = 2 [3, 4].

Alternatively, we can integrate by parts and rewrite the lagrangian (2.8) as

L = −1

2
Im

∫
d2θ

(
τ̃ Υ2 +

i

2
ΥαDDDαU

)
+ 2 ζ

∫
d2θd2θ U. (2.10)

Eliminating Υ, we arrive at

LE =
1

2
Im

[
τ

∫
d2θW 2

]
+ 2ζ

∫
d2θd2θ U , Wα = −1

4
DDDαU ; τ = −1

τ̃
. (2.11)

3With this convention, W α̇ = −(Wα)∗.
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The last lagrangian (2.11) is the standard “electric” expression of the super-Maxwell

theory with a Fayet-Iliopoulos term. It is the electric dual of the “magnetic” la-

grangian (2.9), with the deformation induced by ζ. In both the electric and magnetic

descriptions, a constant value

− ζ2

2

τ̃ τ̃

Im τ̃
= −ζ

2

2

1

Im τ
(2.12)

is added to the super-Maxwell lagrangian, after eliminating D. The Fayet-Iliopoulos term

can be seen as a nonlinear deformation of δλ induced by a constant 〈D〉. In the mag-

netic dual, the deformation is induced by the parameter ζ introduced in the Bianchi iden-

tity (2.4). As expected, the electric and magnetic couplings are related by τ ↔ −1/τ ≡ τ̃ .

At the superfield level, the magnetic (2.9) and the electric (2.11) versions are related by

the map of field strengths Wα ←→ τ̃ W def
α .4

To summarise, the above argument shows that the deformation in the Bianchi iden-

tity is equivalent to a Fayet-Iliopoulos term in the ‘magnetic’ dual theory. The constant

term (2.12), which is irrelevant in the context of global supersymmetry, acquires relevance

when the theory is coupled to N = 1 supergravity or if τ is promoted to an analytic func-

tion of some neutral chiral superfields. It is then interesting to evaluate the scalar potential

obtained in the presence of both ‘electric’ and ‘magnetic’ Fayet-Iliopoulos terms. This is

possible by adding in the deformed theory (2.9) a term linear in the auxiliary field D with

a constant coefficient ξ, which transforms with a total derivative under supersymmetry. In

this case, the constant (2.12) is replaced by the scalar potential

V =
1

2

{
(ξ + ζ Re τ̃)2

Im τ̃
+ ζ2 Im τ̃

}
(2.13)

which is invariant under τ ↔ −1/τ (or τ̃ ↔ −1/τ̃) and the exchange (ξ, ζ)→ (ζ,−ξ). This

contribution can be obtained from an N = 2 supersymmetric theory by restricting the

electric and magnetic triplets of Fayet-Iliopoulos terms to the D-direction and identify τ

with the second derivative of the prepotential [3, 4]. Note that it has a runaway behaviour

towards strong coupling (Im τ̃ = 0) after minimisation with respect to the theta-angle

ϑ = Re τ̃ , when minimising with respect to g̃. A non-trivial superpotential is needed to

stabilise the theory.

Another question concerns the addition of charged matter. This is straightforward

in the dual version of the theory containing a Fayet-Iliopoulos term. On the contrary, it

is not possible to add charged matter in the presence of the deformation. One can infer

this from the fact that the real vector superfield needed to describe gauge-invariant kinetic

matter lagrangians cannot include the deformation.5 Consider the standard real and gauge

invariant ΦeV Φ used to couple a chiral multiplet (with U(1) charge one) to the real Maxwell

superfield V . The kinetic lagrangian includes a Yukawa interaction involving the gaugino:

ΦeV Φ −→ i√
2

(
zλψ − zλψ

)
. (2.14)

4See refs. [5, 18] for more detail about electric-magnetic duality transformations in superspace with and

without Fayet-Iliopoulos term and Bianchi identity deformations.
5In other words, W def

α in eq. (2.5) cannot be written as − 1
4
DDDαV , with a real V .
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Its deformed variation is

i√
2

(
z(δdefλ)ψ − z(δdefλ)ψ

)
= − i√

2
ζ
(
zεψ − zεψ

)
= −iζ(zδz − zδz), (2.15)

where δdefλα = −ζ εα, δdefλα̇ = −ζ εα̇. This variation cannot be cancelled by a ζ-dependent

counterterm added to the lagrangian. This simple argument easily generalizes to an arbi-

trary Kähler potential.

It follows that in the case of several U(1)’s with different deformation parameters ζi,

charged matter fields should satisfy the requirement of being neutral under the U(1) com-

bination containing the deformation, while non trivial charges can exist only with respect

to the remaining orthogonal combinations for which supersymmetry variations are not de-

formed. This requirement is translated to the follwing condition on the physical charges qi:∑
i

qiζi = 0 , (2.16)

where the various gauge couplings are implicit in the definition of the charges.

This apparent obstruction seems to have an important physical implication for mag-

netic monopoles. Indeed, states with magnetic charges may be in principle added in the

theory with a deformation in the electric Bianchi identity (although its local description is

not known), since they correspond to electrically charged states in the dual theory with a

Fayet-Iliopoulos term. On the other hand, magnetically charged states seem to be forbidden

for a U(1) with an electric Fayet-Iliopoulos term, since they would correspond to electrically

charged matter in the deformed theory in view of the obstruction described above.

In the context of global supersymmetry without coupling to matter, which is the focus

of our paper, the above discussion is not fruitful: we are merely considering a free theory.

It acquires relevance when coupled to N = 1 supergravity that we study in the following.

3 Supergravity

In the previous section, we have introduced in global supersymmetry a deformation of

super-Maxwell theory which is the magnetic dual of the standard, electric, Fayet-Iliopoulos

term. In the rest of the paper, we extend this construction to supergravity. We use a

superconformal formulation,6 which is certainly appropriate to describe the super-Maxwell

system, and, since the idea is to use the linear multiplet L of eq. (2.2) as compensating

multiplet, we use the new-minimal formulation of N = 1 supergravity [9, 10].7 As usual,

the resulting new-minimal theory can be transformed (before Poincaré gauge fixing) into

the old-minimal one by a superconformal chiral-linear duality transformation [11].

The superconformal formulation of new-minimal N = 1 supergravity uses a real linear

multiplet L as compensator [7, 8, 11]. Its lowest component C is used to gauge-fix Weyl

6Reviewed in ref. [13].
7By definition, minimal supergravity has an off-shell multiplet of fields with the gravitino as the sole

fermion. It has then 12 bosonic and 12 fermionic component fields (12B + 12F ). There are two choices of

auxiliary fields, leading to old- [19–22] and new-minimal [9, 10] supergravity.
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symmetry with the condition C = κ−2. Hence, one can transport the discussion of global

supersymmetry to new-minimal supergravity by defining a chiral spinor multiplet with

weights w = n = 3/28 through the equation9

DαΥα −Dα̇Υ
α̇

= 4ζ L. (3.1)

As a consequence, Υα includes the Maxwell multiplet and the “prepotential” of the compen-

sating real linear multiplet L. Gauge-fixing superconformal symmetry will then generate

a deformation parameter 4ζκ−2 in the Poincaré theory, completely analogous to 4ζ in the

global case.

3.1 New minimal supergravity

The auxiliary fields of the 12B +12F off-shell multiplet of new-minimal supergravity are [9,

10] an antisymmetric tensor Bµν and a vector field Aµ. Both are gauge fields and contain

3B+3B field components. The vector Aµ is the superconformal U(1)R gauge field, and Bµν
is in the linear compensating multiplet L together with the real scalar C and Majorana

fermion χ. It is convenient to describe the linear multiplet L as a real multiplet with weight

w = 2, n = 0 and components:

L =
(
C, χ, 0, −Ea, −γbDbχ, −�C

)
, DaEa = 0. (3.2)

The constraint DaEa = 0 can be solved explicitly in terms of Bab and the solution is given

in eq. (B.10). The superconformal construction [7] of the new-minimal theory [9, 10] is

based on the lagrangian

Lnew-min =
3

2

[
L ln

L

SS
− L

]
D

, (3.3)

where S is a non-dynamical chiral multiplet with w = n = 1 and [. . .]D is the real invariant

density formula for a real multiplet with w = 2.10 Since [L(Λ + Λ)]D is a derivative for a

chiral multiplet Λ with w = n = 0, the action is invariant under the gauge transformation

S −→ eΛS (3.4)

even if this gauge symmetry is not explicitly gauged.11 Since the zero-weight real multiplet

ln L
SS

transforms under (3.4) as a Maxwell vector multiplet, one can take the Wess-Zumino

gauge by an appropriate choice of the components ϕ, ψL and f of the chiral multiplet S.

In terms of the components C, χ and Bµν of L, the choice is

ϕ =
√
Ceiα, ψL =

i√
2C

eiαχL, f = 0 (3.5)

8We denote by w and n the Weyl weight and the U(1)R charge of a field or a multiplet. The normalization

of U(1)R is such that w = n for (the lowest component of) a chiral multiplet. Note that, we mostly follow

the conventions of ref. [13], with some exceptions stated in appendix A.
9By DαΥα or Dα̇Υ

α̇
, we mean the local superconformal multiplets with weights w = 2, n = 0 cor-

responding to the global superfields DαΥα or Dα̇Υ
α̇

. A curved superspace meaning to the covariant

derivatives Dα and Dα̇ can be given by using a “conformal superspace” approach [23] to N = 1 conformal

supergravity, see appendix C.
10The term linear in L is added for convenience: it only contributes with a derivative.
11An explicit gauging for the chiral multiplet is given by SeV S with V being the gauge multiplet.
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which as usual leaves arbitrary the phase α of ϕ which always appears in the combination

Aµ − ∂µα. It thus can be eliminated with a U(1)R gauge transformation. Note that this

procedure respects the superconformal U(1)R symmetry. Poincaré gauge fixing applied to

the components C, χ and Bµν of L is then

C =
1

κ2
(Weyl), χ = 0 (S supersymmetry). (3.6)

In addition, conformal boosts are fixed by the choice bµ = 0 (Weyl gauge field). With these

choices and gauge fixings for S and L, one can easily use the D-density formula (A.5) to

compute the component expansion of the lagrangian (3.3) and obtain the pure new-minimal

Poincaré supergravity off-shell theory. These gauge-fixing conditions will be used in the

rest of this section.

There are two useful expressions of the new-minimal Poincaré theory. The first is

Lnew-min =
e

2κ2
[R− ψµγµνρDνψρ]−

3κ2

4
eEaEa −

3

2
eAµε

µνρσ∂νBρσ, (3.7)

where R = eµaeνbR
ab
µν(ω(e, ψ)),

Eµ =
1

2
εµνρσ∂νBρσ +

1

4κ2
εµνρσψργσψν (3.8)

and

Dνψρ = D(P )
ν ψρ −

3

2
iAνγ5ψρ, D(P )

ν ψρ = ∂νψρ +
1

8
ωνab(e, ψ)[γa, γb]ψρ. (3.9)

Note for future use that eq. (3.8) solves the constraint

∂µ

(
eEµ − ie

4κ2
ψνγ

µνργ5ψρ

)
= 0, (3.10)

where the second term includes the divergence of the gravitino chiral current. This first

form (3.7) of the new-minimal action is explicitly invariant under U(1)R, with lagrangian

variation

δR Lnew min = −3

2
∂µ [e λT ε

µνρσ∂νBρσ] (3.11)

induced by the Aµ term is eq. (3.7).

The second equivalent expression useful to eliminate auxiliary fields is

Lnew-min =
e

2κ2
[R− ψµγµνρD(P )

ν ψρ]−
3κ2

4
eEaEa − 3eAaE

a

=
e

2κ2
[R− ψµγµνρD(P )

ν ψρ]− 3eA′aE
a,

(3.12)

defining a shifted U(1)R gauge field as

A′a = Aa +
κ2

4
Ea. (3.13)

In pure supergravity, the equations of motion of the auxiliary fields lead to Ea = 0 and

Aa = A′a = pure gauge, which then also vanishes by a gauge choice.
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The spin connection ωµ
ab = ωµ

ab(e, ψ) solves the constraint Raµν(P ) = 0 on the curva-

ture of space-time translations, with bµ = 0. It decomposes into

ωµ
ab = ωµ

ab(e, ψ) = ωµ
ab(e) + κµ

ab, (3.14)

with Poincaré spin connection

ωµ
ab(e) = −1

2
(∂µe

a
ν − ∂νeaµ)eνb +

1

2
(∂µe

b
ν − ∂νebµ)eνa − 1

2
eρaeσb(∂ρe

c
σ − ∂σecρ)eµc (3.15)

and contorsion tensor

κµ
ab =

1

4

[
ψµγ

aψb + ψ
a
γµψ

b − ψµγbψa
]
. (3.16)

When the theory is expressed in terms of the Poincaré spin connection ωµ
ab(e), the kinetic

supergravity lagrangian produces the usual four-gravitino interactions

L4,SG =
e

16κ2

[
4(ψµγ

µψρ)(ψνγ
νψρ)− (ψµγνψρ)(ψ

µ
γνψρ)− 2(ψµγνψρ)(ψ

µ
γρψν)

]
. (3.17)

4 The deformed super-Maxwell theory in supergravity

The description of the deformed Maxwell theory in conformal supergravity uses a full chiral

spinor multiplet Υ with weight w = n = 3/2 and with 8B + 8F off-shell field components.

As seen in eq. (3.1) which has a superconformal version and in appendix B, it combines

the super-Maxwell fields and the linear multiplet L. Then, as outlined in the global case,

applying the Poincaré gauge-fixing conditions (3.6) to L used as compensating multiplet

will generate a deformation in the Poincaré supergravity theory.

The field content of the chiral spinor superfield includes the real scalars C and D,

the two-form (non-gauge) field Bab and two Majorana spinors λ (gaugino) and χ. Since

this superconformal multiplet does not seem available in the literature, its supersymmetry

variations are given in appendix B. It includes two submultiplets: the Maxwell multiplet

with fields λ, D, Aa (with field-strength Fab), and the linear multiplet with fields C, χ and

the gauge field Bµν . Its decomposition into these two 4B + 4F submultiplets is consistent.

In particular, the vector field Ea present in the supersymmetry variations is defined as

Ea = 1
2 ε

abcdDbBcd in the chiral spinor multiplet and as the solution of DaEa = 0 in

the linear multiplet, with the covariant derivatives relevant to each multiplet. That both

definitions lead to the same expression depending on Bµν , C and χ follows from the Bianchi

identity holding among components of the Maxwell submultiplet. This argument also

implies the decomposition Bµν = Bµν−F̂µν with the superconformal Maxwell field-strength

F̂µν = ∂µAν − ∂νAµ +
1

2
ψµγνλ−

1

2
ψνγµλ , (4.1)

where we use the symbol hat to denote the superconformal field strength, including

fermions.
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To characterize the interaction of the linear submultiplet identified as the compensator

of new-minimal supergravity with the super-Maxwell fields, we need a coupling constant

ζ. It is simply introduced by rescaling the components of the linear multiplet

C, χ, Bµν −→ ζC, ζχ, ζBµν , Bµν = ζBµν − F̂µν ,

within the chiral spinor multiplet. The parameter ζ will characterize the supersymmetry

deformation in the final lagrangian. Note for future use that the vector field (3.8) becomes

Eµ =
1

2ζ
εµνρσ∂νBρσ +

1

2ζ
εµνρσ∂ν(ψργσλ) +

1

4κ2
εµνρσψργσψν . (4.2)

Since the square of the chiral spinor multiplet Υ2 is chiral with weight w = 3, its

components can be introduced in the superconformal F -density action formula, [Υ2]F .

The deformed super-Maxwell theory is defined as

Ldef Maxwell = −1

2
Re[Υ2]F −

ϑ

2
Im[Υ2]F , (4.3)

whose explicit expression is computed in (B.23). The real part provides the super-Maxwell

lagrangian with canonically-normalized kinetic terms and the imaginary part introduces an

arbitrary parameter ϑ. The theory has then two parameters, ζ and ϑ. Adding a coupling

constant factor g−2 to the first term is not necessary since it can be absorbed in Υ and

is not observable.12 After some work to rearrange four-fermion terms and applying the

Poincaré gauge-fixing conditions (3.6), one finds

−1

2
e−1 Re[Υ2]F = −1

4
BabBab −

1

2
λγaDaλ+

1

2
D2 − ζ2

2κ2

+
1

4
ψµγ

µ

(
ζ

κ2
− iDγ5

)
λ− 1

16
Bab ψµγµ[γa, γb]λ

− 1

8
(ψµγνλ)(ψργ

ρµνλ).

(4.4)

At this stage,

Dµλ = ∂µλ−
3

2
i Aµγ5λ+

1

8
ωµab[γ

a, γb]λ+
1

2κ2
ψµ −

i

2
Dγ5ψµ +

1

8
[γa, γb]ψµ Bab. (4.5)

Defining the Poincaré-covariant derivative

D(P )
µ λ = ∂µλ+

1

8
ωµab[γ

a, γb]λ (4.6)

with spin connection ωµab given by eq. (3.14) leads to the deformed super-Maxwell theory

−1

2
e−1 Re[Υ2]F = −1

4
Bab Bab −

1

2
λγaD(P )

a λ+
1

2
D2 +

3

4
i λγaγ5λAa −

ζ2

2κ4

− 1

4
ψcγ

cabλBab +
ζ

2κ2
ψµγ

µλ− 1

8
(ψµγνλ)(ψργ

ρµνλ).

(4.7)

12We will return to this at the end of the section.
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For ζ = 0, the lagrangian (4.3) reduces to the one of super-Maxwell theory, with also

Bab = −F̂ab. But for ζ 6= 0 the Maxwell gauge field Aµ is not expected to propagate

degrees of freedom since it can be eliminated by a gauge variation of Bµν .

If the Poincaré spin connection ωµab(e) is used in expression (4.7), a second four-fermion

terms is generated by the contorsion tensor (3.16) located in the Dirac kinetic lagrangian.

Using λγaλ = 0, it reads

− 1

8
κabcλγ

abcλ = − 1

32
(λγabcλ)(ψaγbψc). (4.8)

The fact that supersymmetry is broken when C = κ−2 follows from the presence of a

constant, nonlinear term in the gaugino variation:

δλ = −1

2

(
ζ

κ2
− iDγ5

)
ε+ linear, (4.9)

which also shows again that the ζ-deformation cannot be absorbed or generated by a

Fayet-Iliopoulos term inducing 〈D〉 6= 0. In addition, since

δχ = − 2i

κ2
γ5η +

1

2
Eaγ

aε, (4.10)

the invariance of the Poincaré fixing condition χ = 0 implies that the Poincaré supersymme-

try has a parameter εP which combines ε ≡ εP (Q supersymmetry) with a S supersymmetry

variation with parameter η = iκ2

4 Eaγaγ5εP .

The ϑ-term in the lagrangian (4.3) is

−ϑ
2

Im Υ2 = ϑ

[
−e

8
εµνρσ(Bµν + ψµγνλ)(Bρσ + ψργσλ) +

e

κ2
ζD

− ie

2κ2
ζ ψµγ

µγ5λ−
i

4
∂µ(e λγµγ5λ)

]
.

(4.11)

It depends on

Bµν +
1

2
ψµγνλ−

1

2
ψνγµλ = ζBµν − ∂µAν + ∂νAµ (4.12)

and for ζ = 0 it reduces to the super-Maxwell expression

−ϑ
2

Im Υ2
Maxwell = −e

8
ϑ εµνρσFµνFρσ −

i

4
ϑ∂µ(e λγµγ5λ) ; Fµν = ∂µAν − ∂νAµ

= −ϑ
2
∂µ

(
e εµνρσAν∂ρAσ +

i

2
e λγµγ5λ

)
, (4.13)

which is a total derivative. If the theory is deformed by coupling the Maxwell theory to

the compensator, i.e. if ζ 6= 0, it also naturally includes a Fayet-Iliopoulos term eκ−2 ϑζ D

with free parameter ϑ. Since it is a derivative for ζ = 0, the ϑ-term generates a lagrangian

with terms linear or quadratic in the linear multiplet fields C, χ and Bµν . Before applying

the Poincaré gauge fixing (3.6),

−1

2
Im Υ2 = −e

8
ζ2 εµνρσBµνBρσ + eζ CD − eζ λχ+

e

4
ζ εµνρσBµνF̂ρσ

− i

2
eζ C ψµγ

µγ5λ−
1

4
eζ εµνρσBµν ψργσλ+ derivative .

(4.14)
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Coupling the deformed super-Maxwell theory to new-minimal supergravity amounts

to consider

L = Lnew min SG + Ldef Maxwell =
3

2

[
L ln

L

SS
− L

]
D

− 1

2
Re
[
Υ2
]
F
− ϑ

2
Im
[
Υ2
]
F
. (4.15)

In components and with Poincaré gauge fixing (3.6), this lagrangian reads

e−1L =
1

2κ2
R− 1

2κ2
ψµγ

µνρD(P )
ν ψρ

− ζ2

2κ4
− 1

2
λγaD(P )

a λ− iζ

2κ2
ψµγ

µγ5(ϑ+ iγ5)λ− 1

8
(ψµγνλ)(ψργ

ρµνλ)

+ e−1Laux..

(4.16)

The auxiliary lagrangian Laux. includes the contributions of Bab, of D and of the U(1)R
gauge field Aµ. A first expression is

Laux. = −3eκ2

4
EµE

µ − 3eAµE
µ +

3ie

4
Aµ λγ

µγ5λ+
e

2
D2 +

e

κ2
ζϑD

− e

4
BabBab −

ϑ

8
e εµνρσ(Bµν + ψµγνλ)(Bρσ + ψργσλ)− e

4
Bcd ψaγacdλ,

(4.17)

where Eµ is given in eq. (4.2). The first two terms originate from the supergravity la-

grangian, while all others from the Maxwell lagrangian.

Working from here on with ζ 6= 0 and defining a new U(1)R gauge field by generalis-

ing (3.13) as
ζ

3
Ãµ = Aµ +

κ2

4
Eµ +

κ2

16
iλγµγ5λ, ζ 6= 0 (4.18)

leads to a second expression:

Laux. = −eζÃµ
(
Eµ − i

4
λγµγ5λ

)
− e

4
BabBab −

e

4
Bcd ψaγacdλ

− ϑ

8
e εµνρσ(Bµν + ψµγνλ)(Bρσ + ψργσλ)

+
3eκ2

64
(λγaγ5λ)(λγaγ5λ) +

e

2
D2 +

e

κ2
ζϑD .

(4.19)

The first contribution, which follows from the coupling −3eAµE
µ of eq. (4.17), indicates

that even if Bab has a two-derivative lagrangian in eq. (4.17), it does not propagate degrees

of freedom. It is auxiliary, as in pure new-minimal supergravity, but it is not any longer a

gauge field. It includes then six components, the number required by minimal supergravity.

Using now expression (4.2) and integrating by parts, one finds an equivalent Laux. in which

Bab has a simple algebraic field equation:

Laux. = −e
4
BabBab −

ϑ

8
e εµνρσBµνBρσ

− 1

4
e εµνρσ

̂̃
FµνBρσ −

1

4
e εµνρσ

̂̃
Fµνψργσλ+

e

2
D2 +

e

κ2
ζϑD

+
iζ

4
e Ãν

(
1

κ2
ψµγ

µνργ5ψρ + λγνγ5λ

)
+
ϑ

8
e εµνρσ(ψµγνλ)(ψργσλ)

+
e

4
(ψµγ

µνρλ)(ψνγρλ) +
3eκ2

64
(λγaγ5λ)(λγaγ5λ).

(4.20)
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The above expression depends on the abelian field-strength of Ãµ,

̂̃
Fµν = ∂µÃν − ∂νÃµ +

1

2
ψµγν(iγ5 + ϑ)λ− 1

2
ψνγµ(iγ5 + ϑ)λ. (4.21)

It is covariant under the supersymmetry variation

δÃµ = −1

2
εγµ(ϑ+ iγ5)λ , (4.22)

suggesting that the supersymmetric partner of Ãµ is λ̃ = (ϑ+iγ5)λ. Note that in eq. (4.20)

the field strength
̂̃
Fµν constructed from the U(1)R gauge field Aµ has a B ∧ ̂̃F (electric-

like) interaction with the antisymmetric tensor while the original Maxwell field strength

F̂µν only appears in the (magnetic-like) combination Bµν = ζBµν −F̂µν , which is auxiliary

(see eqs. (4.7) and (4.11)). As we will soon see, the emergence of the B ∧ ̂̃F coupling plays

a crucial role in the integration of the auxiliary fields and an associated electric-magnetic

duality transformation in the theory.

Eliminating D leads to

D = −ζϑ
κ2

, (4.23)

implying the supersymmetry variations

δλ = − ζ

2κ2
(1 + iϑγ5)ε+ linear , δλ̃ = − ζ

2κ2
(1 + ϑ2)iγ5ε+ linear, (4.24)

while the cosmological constant becomes

Λ =
ζ2

2κ4
(1 + ϑ2). (4.25)

Finaly, eliminating Bab leads to

Bab = − 1

1 + ϑ2

[
ϑ
̂̃
F ab +

1

2
εabcd

̂̃
F
cd
]
. (4.26)

It follows that

Laux. = − e

4(1 + ϑ2)

[̂̃
F
µν ̂̃
Fµν −

ϑ

2
εµνρσ

̂̃
Fµν

̂̃
F ρσ

]
− eζ2ϑ2

2κ4
− 1

4
e εµνρσ

̂̃
Fµνψργσλ

+
iζ

4
e Ãν

(
1

κ2
ψµγ

µνργ5ψρ + λγνγ5λ

)
+
ϑ

8
e εµνρσ(ψµγνλ)(ψργσλ)

+
e

4
(ψµγ

µνρλ)(ψνγρλ) +
3eκ2

64
(λγµγ5λ)(λγµγ5λ) ,

(4.27)
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so that the complete lagrangian, upon elimination of Bab and expressed in terms of λ̃ and

of the Poincaré spin connection ωµab(e) reads

L =
1

2κ2
eR− e

2κ2
ψµγ

µνρD(P )
ν ψρ −

eζ2

2κ4
(1 + ϑ2)− ieζ

2κ2
ψµγ

µγ5λ̃

− e

4(1 + ϑ2)

[̂̃
F
µν ̂̃
Fµν −

ϑ

2
εµνρσ

̂̃
Fµν

̂̃
F ρσ − 2 λ̃γµD(P )

µ λ̃

]
+
ieζ

4
Ãν

(
1

κ2
ψµγ

µνργ5ψρ +
1

1 + ϑ2
λ̃γνγ5λ̃

)
− e

4(1 + ϑ2)
εµνρσ(ψµγν(ϑ− iγ5)λ̃)

(̂̃
F ρσ −

1

2
ψργσλ̃

)
+

3eκ2

64(1 + ϑ2)2
(λ̃γµγ5λ̃)(λ̃γµγ5λ̃)− e

32(1 + ϑ2)
(λ̃γµνρλ̃)(ψµγνψρ) + L4,SG,

(4.28)

with field-strength ̂̃
Fµν = ∂µÃν − ∂νÃµ +

1

2
ψµγν λ̃−

1

2
ψνγµλ̃ (4.29)

and with four-gravitino terms L4,SG given in eq. (3.17).

Since

εµνρσ(
̂̃
Fµν − ψµγν λ̃)(

̂̃
F ρσ − ψργσλ̃)

is a derivative, one finally finds

L =
e

2κ2
R− e

2κ2
ψµγ

µνρD(P )
ν ψρ −

eζ2

2κ4
(1 + ϑ2)− ieζ

2κ2
ψµγ

µγ5λ̃

− e

4(1 + ϑ2)

[ ̂̃
F
µν ̂̃
Fµν − 2 λ̃γµD(P )

µ λ̃
]

+
ieζ

4
Ãν

(
1

κ2
ψµγ

µνργ5ψρ +
1

1 + ϑ2
λ̃γνγ5λ̃

)
+

ie

4(1 + ϑ2)
εµνρσ(ψµγνγ5λ̃)

(̂̃
F ρσ −

1

2
ψργσλ̃

)
+

3eκ2

64(1 + ϑ2)2
(λ̃γµγ5λ̃)(λ̃γµγ5λ̃)− e

32(1 + ϑ2)
(λ̃γµνρλ̃)(ψµγνψρ)

+ L4,SG + derivative ,

(4.30)

where the spin connection in the Poincare covariant derivative D(P )
ν is ωµab(e) of (3.15).

In the first line of the above expressions (4.28) and (4.30), the last two terms are such

that the ζ2 contributions in their supersymmetry variations cancel. The second line is the

super-Maxwell kinetic lagrangian with a gauge coupling
√

1 + ϑ2. The third line implies

that both the gravitino and the gaugino λ̃ have U(1) charge ζ/2 in units of the U(1) gauge

coupling of Ãµ. The terms in the fourth line can also be seen in eqs. (4.7) or (4.11). Note

that after canonical normalisation of the gauge and gaugino kinetic terms by a rescaling

of Ãµ and λ̃ with the factor
√

1 + ϑ2, the super-Maxwell part of the lagrangian depends

only on one parameter q = ζ
√

1 + ϑ2/2 which amounts to the physical U(1) charge of the

gaugino. In particular, the cosmological constant is given by

Λ =
2q2

κ4
. (4.31)
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To exhibit electric-magnetic duality between the original F̂µν (eq. (4.1)) and the dy-

namical
̂̃
Fµν (and their supersymmetry partners) and make the connection with the global

supersymmetry case of section 2, we may introduce back a complex gauge coupling in front

of Υ2, as in eq. (2.8):13

Ldef Maxwell = −1

2
Im
[
τ̃Υ2

]
F
, τ̃ = ϑ+

i

g̃ 2
. (4.32)

Restoring the factors of g̃ in the above analysis, it is easy to see that the gauge kinetic

terms in the second line of eq. (4.28) read

− e

4
Im τ

[ ̂̃
F
µν ̂̃
Fµν − 2 λ̃γµD(P )

µ λ̃
]
− 1

8
Re τ e εµνρσ

̂̃
Fµν

̂̃
F ρσ (4.33)

with complex coupling

τ = −1

τ̃
. (4.34)

Hence, the physical complex coupling of the propagating super-Maxwell fields is inverted

with respect to the lagrangian coupling τ̃ . This duality inversion is due to the presence in

the first line of the auxiliary lagrangian (4.20) of terms quadratic in the auxiliary tensor

Bab, as displayed in the solution (4.26). The above expression (4.30) indicates an “electric”

theory, dual to the original deformed “magnetic” theory (4.3), as could be expected since

the starting point was the ζBµν − F̂µν coupling of the original Maxwell field.

Note also the agreement with the globally supersymmetric deformed Maxwell theory

case (2.9) and (2.11). Moreover the cosmological constant reads:

Λ =
ζ2

2κ4

τ̃ τ̃

Im τ̃
=

ζ2

2κ4

1

Im τ
, (4.35)

in agreement with (2.13) for ξ = 0. In the next section, we show that the “electric”

supergravity theory (4.30), (4.33) corresponds to a standard gauging of the R-symmetry

with the deformation parameter ζ being the coefficient of the Fayet-Iliopoulos term.

5 On the Fayet-Iliopoulos term in supergravity

In the new-minimal formulation, the super-Maxwell theory is obtained from the supercon-

formal lagrangian

Lnew-min, Max =
3

2

[
L ln

L

SS
− L

]
D

− 1

2
Im
[
τW 2

]
F

; τ = θ +
i

g2
, (5.1)

where W is the chiral spinor multiplet of the field-strength F̂µν (up to a sign), defined

in (4.1) and appendix B. With respect to our previous discussion, W is the Maxwell sub-

multiplet of Υ obtained by choosing the deformation parameter ζ = 0.

13It could also be understood as a background value of a holomorphic function of some neutral chiral

matter superfields of the theory. In this case, of course, additional modifications of the lagrangian are

needed which go beyond the scope of this paper.
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We have already seen in (4.13), and it is well-known, that Im[W 2]F is a derivative

irrelevant in the theory. The addition to Lnew-min, Max of

LFI =
3

2
ξ [LV ]D, (5.2)

with a real coefficient ξ, generates the Fayet-Iliopoulos term. This expression couples the

compensating multiplet L to the real w = 0 multiplet V of the Maxwell gauge field Aµ,

corresponding to the chiral field-strength spinor multiplet W . It is invariant under gauge

transformation δV = Λ + Λ (Λ is chiral with w = 0) since [L(Λ + Λ)]D is a derivative.

Notice that one can also write

L = Lnew-min, Max + LFI =
3

2

[
L lnL− L ln

(
Se−ξV S

)
− L

]
D
− 1

2
Im
[
τW 2

]
F

(5.3)

and view the Fayet-Iliopoulos term as a gauging of the U(1) invariance of the (unphysical)

chiral multiplet S.

Using the real multiplet tensor calculus, the product of the real gauge multiplet V in

Wess-Zumino gauge (B.15) with L (3.2) has components

LV =

(
0, 0, 0, CAa, Cλ− i

2
γaγ5χAa, CD + EaAa − χλ−

1

4
χγaγbψaAb

)
,

(5.4)

where the vector field Ea is given in eq. (B.10) (or in eq. (3.8) after Poincaré gauge fixing).

The residual invariance of the Wess-Zumino gauge is the bosonic gauge invariance δAµ =

∂µα. Inserting the w = 2 multiplet LV in the real action density formula gives

D = eCD − e χλ− i

2
eC ψµγ

µγ5λ+ eAµ
[
Eµ +

1

4
ψν [γν , γµ]χ− 1

4
C εµνρσψνγρψσ

]
=
e

2
εµνρσAµ∂νBρσ + eCD − e χλ− i

2
eC ψµγ

µγ5λ.

(5.5)

After Poincaré gauge fixing (3.6),

3

2
e−1ξ[LV ]D =

3

2
ξ

[
1

κ2
D − i

2κ2
ψµγ

µγ5λ+AµEµ
]

+
1

2κ2

3

4
iξAν ψµγµνργ5ψρ (5.6)

and the gravitino acquires a charge under the Maxwell U(1) symmetry.

Collecting the terms in (3.12) and (4.7) with ζ = 0 and combining them with (5.6), we

find that the full lagrangian (5.3) reads

L =
e

2κ2
[R− ψµγµνρD(P )

ν ψρ]−
e

4
F̂µν F̂µν −

e

2
λγaD(P )

a λ+
e

4
ψργ

µνρλ F̂µν

+
3

4
iξAν

[
e

2κ2
ψµγ

µνργ5ψρ +
e

2
λγνγ5λ

]
− 3ie

4κ2
ξ ψµγ

µγ5λ

− e

8
(ψµγνλ)(ψργ

ρµνλ) +
3eκ2

64
(λγµγ5λ)(λγµγ5λ) + Laux. ,

(5.7)

where for simplicity we rescaled the gauge coupling away, and the auxiliary field lagrangian

is

Laux. = −3e

(
Eµ − i

4
λγµγ5λ

)(
Aµ −

ξ

2
Aµ +

κ2

4
Eµ +

iκ2

16
λγµγ5λ

)
+
e

2
D2 +

3e

2κ2
ξ D − 3e(∂µφ)

(
Eµ − i

4κ2
ψνγ

µνργ5ψρ

)
.

(5.8)
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In the last term above, by following the original analysis of [9, 10], we introduced the

Lagrange multiplier φ to impose the condition (3.10) with solution (3.8), so that Eµ is

now an unconstrained vector. Under U(1)R variations, δRAµ = ∂µλT and also δRφ = −λT ,

leading to

δR Laux. =
3

2
i(∂µλT )

[
e

2κ2
ψµγ

µνργ5ψρ +
e

2
λγνγ5λ

]
. (5.9)

This variation cancels the U(1)R variation of the Rarita-Schwinger and Dirac kinetic la-

grangians. The theory has then local U(1)R symmetry, as expected in the new-minimal

formulation, and Aµ + ∂µφ is gauge invariant.

Redefining now the auxiliary U(1)R gauge field as

A′µ = Aµ −
ξ

2
Aµ +

κ2

4
Eµ +

iκ2

16
λγµγ5λ (5.10)

leads to

Laux. = −3e

(
Eµ − i

4
λγµγ5λ

)
(A′µ + ∂µφ) +

e

2
D2 +

3e

2κ2
ξ D

− 3

2
i(∂µφ)

[
e

2κ2
ψµγ

µνργ5ψρ +
e

2
λγνγ5λ

]
.

(5.11)

Solving next for Eµ, A′µ and D gives

0 = Eµ − i

4
λγµγ5λ = A′µ + ∂µφ , D = − 3

2κ2
ξ ; Laux. = − 9e

8κ4
ξ2 (5.12)

while φ can be eliminated by a U(1)R gauge choice.

From the second line of (5.7), one deduces that the U(1) charge of the fermions is

q = 3ξ/4. It follows that the final form of the lagrangian can be written as

L =
e

2κ2
[R− ψµγµνρD(P )

ν ψρ]−
e

4
F̂µν F̂µν −

e

2
λγaD(P )

a λ+
e

4
ψργ

µνρλ F̂µν

+ iqAν
[
e

2κ2
ψµγ

µνργ5ψρ +
e

2
λγνγ5λ

]
− ie

κ2
q ψµγ

µγ5λ−
2e

κ4
q2

− e

8
(ψµγνλ)(ψργ

ρµνλ) +
3eκ2

64
(λγµγ5λ)(λγµγ5λ) ,

(5.13)

in terms of the spin connection ωµab(e, ψ) which still includes the contorsion tensor.14

The theory described by (5.13) is actually the model derived in a Poincaré formulation

by Freedman in 1976 [12]. Indeed, it can be easily transformed from the new-minimal

formulation (5.3) to the old-minimal, exhibiting the gauging of the R-symmetry under

which the chiral compensator becomes charged. This can be done by introducing a real

multiplet U with w = 2 and a chiral T with w = 0 (so that T + T is a real multiplet with

w = 0). One can then rewrite (5.3) as

L =
3

2

[
U lnU − U ln

(
Se−ξV S

)
− U − (T + T )U

]
D
− 1

2
Im
[
τW 2

]
F
, (5.14)

14See eqs. (3.14) and (3.16).
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where the field equation for the multiplet T indicates that U is a linear multiplet: U = L.

On the other hand, solving for U , the field equation is

ln

(
U

Se−ξV S

)
= T + T (5.15)

and then

L = −3

2

[
Se−ξV SeT+T

]
D
− 1

2
Im
[
τW 2

]
F
. (5.16)

Defining the w = 1 chiral compensator S0 of the old-minimal supergravity as S0 = eTS

leads to the old-minimal formulation of the theory

Lold-minimal = −3

2

[
S0e

−ξV S0

]
D
− 1

2
Im
[
τW 2

]
F
, (5.17)

where the Fayet-Iliopoulos term appears as a gauging of the U(1)R symmetry acting on S0.

It is now easy to check that (5.13), and thus (5.3) or equivalently (5.17), is identical to

the lagrangian (4.30) obtained from the deformed Maxwell theory, upon normalising the

kinetic terms and expressing it in terms of the single physical parameter of the Maxwell

sector which is the fermion charge q = 3ξg/4 = ζ
√

1 + ϑ2/2 (upon putting back the gauge

coupling in (5.13) according to (5.3)), implying the identification

ζ =
3

2
ξ , (5.18)

where we restored the gauge coupling g̃ in (4.30) according to (2.8) and used eqs. (4.33)

and (4.34). The equivalence of the two theories (5.3) and (4.15) with gauge coupling (4.32)

thus suggests that the deformation in the Maxwell theory coupled to supergravity exhibits

two properties:

• it corresponds to a “magnetic” Fayet-Iliopoulos term of the gauged U(1)R R-

symmetry, in agreement with the result in global supersymmetry discussed in sec-

tion 2, since their respective gauge couplings are related by the electro-magnetic

duality relation (4.34);

• it provides a different realisation of the Freedman model on-shell (i.e. upon elimina-

tion of the auxiliary fields).

In the next section, we establish this connection by working out the explicit form of the

electric-magnetic duality in supergravity.

6 On the electric-magnetic duality

The fact that the deformed and the standard Fayet-Iliopoulos theory provide different

constructions of the same Freedman model suggests that electric-magnetic duality plays

a role. This is also suggested by the fact that in both descriptions the physical Maxwell

fields are not the same. The goal of this section is to study more precisely this role of

electric-magnetic (EM) duality.
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In the deformed theory of section 4, before elimination of the auxiliary fields, two

abelian gauge fields are present. The U(1)R gauge field appears explicitly (without kinetic

term) and the Maxwell gauge field only appears in Bµν . Since no fields have Maxwell

charge, one can expect that EM duality applies on the Maxwell field. The same situation

occurs in the Fayet-Iliopoulos version of the theory described in section 5. To see this, a

different form of [LV ]D is useful. Starting with the second expression (5.5) and integrating

by parts leads to

D =
e

2
εµνρσ(∂µAν)Bρσ −

i

2
eC ψµγ

µγ5λ+ eCD − e χλ

=
e

4
εµνρσF̂µνBρσ −

e

4
εµνρσBµνψργσλ−

i

2
eC ψµγ

µγ5λ+ eCD − e χλ ,
(6.1)

up to total derivatives. After Poincaré gauge fixing,

[LV ]D =
e

4
εµνρσF̂µνBρσ −

e

4
εµνρσBµνψργσλ−

ie

2κ2
ψµγ

µγ5λ+
e

κ2
D . (6.2)

Thus, the Maxwell gauge field only appears through its field-strength F̂µν and there is a

B ∧ F̂ interaction. Applying EM duality should plausibly lead to a theory depending on

B − ̂̃F , in terms of the magnetic dual
̂̃F of the electric field-strength F̂ .

Consider the product ΥW of the Maxwell W with the chiral spinor superfield having L

as submultiplet. Since ΥW is chiral with w = 3, there is a superconformal action formula

which gives

−1

2
Im[ΥW ]F =

e

8
εµνρσ(F̂µν − ψµγνλ)(Bρσ + ψργσλ) +

e

2
CD − e

4
λ(2χ+ iC γµγ5ψµ)

=
e

4
εµνρσ(∂µAν)Bρσ +

e

2
CD − e

4
λ(2χ+ iC γµγ5ψµ) , (6.3)

omitting derivatives. Then, by comparing (6.1) with (6.3), one finds

Im[ΥW ]F = −[LV ]D + derivative . (6.4)

In global Poincaré supersymmetry, the analogous statement is∫
d2θd2θ LV = −

∫
d2θ χW +

∫
d2θ χW, (6.5)

since Wα = −1
4 DDDαV and any real linear superfield can be written as L = Dχ−Dχ.

To discuss now EM duality, we need to introduce two new multiplets, unrelated to the

ones used earlier. Firstly, a chiral spinor Υ, with components λ, C, D, Bab, χ. Secondly,

a Maxwell multiplet W̃, with components λ̃,
̂̃
Wµν , D̃ and gauge field W̃µ. Consider the

lagrangian contribution (6.3):

−1

2
Im[ΥW̃]F =

e

8
εµνρσ(

̂̃
Wµν − ψµγν λ̃)(Bρσ + ψργσλ) +

e

2
CD̃ − e

4
λ̃(2χ+ iC γµγ5ψµ)

+ derivative . (6.6)
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The field equations of the components of W̃ imply C = χ = 0 and

Bρσ = −∂ρAσ + ∂σAρ −
1

2
ψργσλ+

1

2
ψσγρλ (6.7)

for some gauge field Aµ. In other words, W̃ variation of the action implies that Υ =

−W , a Maxwell multiplet. This also indicates that Im[WW̃]F is a derivative for any

pair of Maxwell multiplets and that the contribution (6.6) is invariant under the gauge

transformation

Υ −→ Υ + any Maxwell supermultiplet . (6.8)

Super-Maxwell theory can then be written as

Lsuper−Maxwell = −1

2
Im τ Re[Υ2]F −

1

2
Re τ Im[Υ2]F − Im[ΥW̃]F

= −1

2
Im(τ [Υ2]F )− Im[ΥW̃]F , τ = θ +

i

g2
,

(6.9)

which turns into

LE = − 1

2g2
Re[W 2]F + derivative (6.10)

after the elimination of W̃ leading to Υ = −W . On the other hand, one could instead

eliminate Υ using its field equation

Υ = −1

τ
W̃. (6.11)

One then obtains another form of the theory

LM = −1

2
Im

(
− 1

τ
[W̃2]F

)
= −1

2

1

g2ττ
Re[W̃2]F + derivative, (6.12)

which is the magnetic dual of super-Maxwell theory, with inverted complex coupling τ̃ =

−1/τ .

We next add the new-minimal supergravity (3.3) and the Fayet-Iliopoulos terms to the

lagrangian (6.9):

L = −1

2
Im(τ [Υ2]F )− Im[ΥW̃]F +

3

2
ξ Im[ΥΥ]F +

3

2

[
L ln

L

SS
− L

]
D

, (6.13)

where Υ contains the compensator linear multiplet of the new-minimal formulation. Again,

the field equation of W̃ is Υ = −W and the term proportional to ξ becomes the Fayet-

Iliopoulos contribution (5.2), leading to the action (5.3):

LE = −1

2
Im
[
τW 2

]
F

+
3

2

[
L ln

L

Se−ξV S
− L

]
D

. (6.14)

On the other hand, the field equation of Υ gives now

Υ = −1

τ

(
W̃ − 3

2
ξΥ

)
= −1

τ
(W̃ − ζΥ), (6.15)
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where we used the relation (5.18) between the Fayet-Iliopoulos parameter ξ and the de-

formation parameter ζ used in section 4. Replacing Υ in (6.13), one obtains the magnetic

dual form of the action:

LM = −1

2
Im

[
−1

τ
(W̃ − ζΥ)2

]
F

+
3

2

[
L ln

L

SS
− L

]
D

. (6.16)

The last step is to observe that, if ζ 6= 0 (and thus ξ 6= 0), the gauge transformation

W̃ −→ W̃ +X

Υ −→ Υ +
1

ζ
X ,

(6.17)

with X an arbitrary Maxwell multiplet, leaves the compensating multiplet L and thus the

entire lagrangian invariant. The Maxwell multiplet W̃ can then be absorbed in the chiral

spinor Υ and one can then write the magnetic lagrangian as

LM = −1

2
Im
[
τ̃Υ2

]
F

+
3

2

[
L ln

L

SS
− L

]
D

; τ̃ = −1

τ
. (6.18)

The multiplet Υ in this last equation, which stands for ζΥ − W̃, reduces to a Maxwell

multiplet if ζ = 0; it is the chiral spinor multiplet used in the description of the deformed

theory in section 4. This completes the discussion of EM duality and proves the equivalence,

by EM duality, of the deformed and the Fayet-Iliopoulos version of Freedman’s model.

An alternative description of the D-deformation in supergravity and a derivation of the

electromagnetic duality can be done using curved superspace techniques that we present

in appendix C. In particular, we show that the deformation is dual to a magnetic Fayet-

Iliopoulos term, i.e. to the Freedman model, using similar steps as in section 2 that can be

generalised to the case of supergravity, within the framework of curved conformal super-

space.

7 Concluding remarks

In summary, we have studied in this work a deformation in N = 1 supersymmetry transfor-

mations corresponding to a shift of the real D-auxiliary field of a Maxwell multiplet by an

imaginary constant, modifying the associated supersymmetric Bianchi identity by an inte-

gration constant. In global supersymmetry, the deformed theory is the electric-magnetic

dual of a theory with a Fayet-Iliopoulos term with the deformation parameter mapped to

its constant coefficient. An important property of the deformed theory is that (electrically)

charged states cannot be added, implying that magnetic monopoles cannot exist for a U(1)

with a Fayet-Iliopoulos term.

The coupling of the deformed theory to supergravity is achieved from the observation

that the deformation can be seen as a background value of a linear multiplet which we

identify with the linear compensating multiplet of the new-minimal formulation of N = 1

supergravity. Using the superconformal off-shell framework and introducing a general chiral

spinor multiplet (contaning the field content of a linear and a Maxwell multiplets), we have
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shown that the deformed theory is again dual to a theory with Fayet-Iliopoulos term under

electric-magnetic duality, generalising the result of global supersymmetry. In the absence of

matter, the latter is the old Freedman model (1976) which gauges the U(1)R R-symmetry,

under which the gravitino and gaugino are charged and there is a positive cosmological

constant equal to twice the square of the charge in Planck units (see eq. (4.31)). In fact,

the Freedman model can also be formulated in the new-minimal supergravity framework in

terms of a chiral spinor multiplet containing the U(1)R Maxwell multiplet together with the

linear compensating multiplet. This formulation makes then the electro-magnetic duality

between this model and the deformed theory manifest.

In the deformed theory, however, the Maxwell field is unobservable since it becomes

part of a non-dynamical two-form field component of the chiral spinor multiplet. Upon

integrating out the latter, the auxiliary gauge field of the superconformal R-symmetry

becomes dynamical and the theory is shown to be on-shell, after elimination of auxiliary

fields, equivalent to the Freedman model. This is consistent with the fact that the fermions

(gravitino and gaugino) which are neutral under the orignal Maxwell field of the deformed

theory lagrangian, as expected by the electric-magnetic duality, are charged under the

U(1)R symmetry.

The presence of a constant term in the supersymmetry variation of the gaugino, either

due to the ζ-deformation (4.24) or due to the non-trivial expectation value of the D-

auxiliary field in the Freedman model (5.12), implies the existence of a ‘unitary’ gauge in

which the gaugino vanishes and the lagrangian (4.30) or (5.13) simplifies considerably:

e−1Lunit.gauge =
1

2κ2
[R− ψµγµνρD(P )

ν ψρ]−
1

4
Fµν Fµν + i

q

2κ2
Aν ψµγµνργ5ψρ −

2

κ4
q2 .

Due to the positive cosmological constant, the background metric is de Sitter and the

gravitino describes four propagating helicities despite the absence of an explicit mass term,

since local supersymmetry is completely fixed. This phenomenon is similar to the case of

the Volkov-Akulov model of non-linear supersymmetry [24–26] coupled to supergravity for

vanishing gravitino mass-term [27–29], that can be obtained from the above expression by

setting the gauge field Aµ to zero.

One may worry about possible U(1)R anomalies related to the existence of chiral

fermions. Although there are already several studies in the literature [30–32], a careful

investigation is needed for a firm conclusion, taking into account the de Sitter background

in fermion propagators that also sets a non-vanishing fermion charge and the gravitino-

gaugino mixing in the lagrangian (4.30).

It would be interesting to generalise our analysis in the presence of matter chiral multi-

plets and field-dependent gauge couplings in both global and local supersymmetry. Another

interesting question is to study the effects of the deformation in magnetic monopoles, which

in principle can be described as charged states in the presence of a Fayet-Iliopoulos term

in the dual theory. Finally, one could investigate the case of extended supergravity. In

particular, the general non-trivial deformation of N = 2 supersymmetry transformations

contains three parameters [3, 4] and is necessary for partial supersymmetry breaking [2, 3].

It would be then interesting to work out the coupling of the deformed theory to N = 2
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supergravity,15 and the possibility of partial supersymmetry breaking even in the absence

of hypermultiplets.
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A Conventions and some useful formulae

We mostly follow the notations and conventions of ref. [13], with some exceptions. All

spinors are Majorana and for the chiral projections we use λL = PLλ, λR = PRλ and γ5

instead of γ∗. We use the symbols w, n to denote the Weyl and chiral weight, respectively.

• In local superconformal theory:

latin indices a, b, c, . . . denote the Lorentz (tangent space) indices, and they are raised

and lowered by the flat metric ηab, η
ab = diag(−+ ++).

Greek indices µ, ν, ρ, . . . are world indices, they are lowered by the metric gµν , raised

by its inverse gµν .

Both types of indices are related using the vierbein field eaµ or its inverse eµa . In

particular, we define ∂a = eµa∂µ.

• The antisymmetric symbols εabcd and εabcd are Lorentz tensor with numerical values

±1, 0, ε0123 = −ε0123 = 1. Then, εµνρσ and εµνρσ have Weyl weight w = 4 and −4,

respectively, eεµνρσ and e−1εµνρσ have w = 0 and are numerical with value 0,±1.

The matrices γa are numerical while γµ = eµaγa.

To eliminate the gauge fields of conformal boosts faµ , S supersymmetry φµ and Lorentz

symmetry (the spin connection ωµ
ab), and obtain the 8B + 8F Weyl multiplet of gauge

fields, three invariant contraints are imposed on superconformal curvatures. They are

respectively:

eµaR
ab
µν(M) = −1

2
ψaγνR

ab(Q)− i eρbR̃ρν(T ), γµRµν(Q) = 0, Raµν(P ) = 0 (A.1)

and for the gauge field of Weyl symmetry, bµ = 0 as part of the gauge-fixing to Poincaré

symmetry. The third constraint leads then to eq. (3.14) while the first and second lead to

15Magnetic Fayet-Iliopoulos terms in N = 2 curved superspaces were described in [33, 34].
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the useful formula

eµaf
a
µ = − 1

12

[
R+

1

2
ψµγ

µνρD(P )
ν ψρ −

3i

4
ψµγ

µνρAνγ5ψρ

]
,

γµφµ = − 1

12
[γµ, γν ]Rµν(ψ), [γµ, γν ]φν = −1

2
γµνρRνρ(ψ)

(A.2)

where

Rµν(ψ) = D(P )
µ ψν −D(P )

ν ψµ −
3

2
iAµγ5ψν +

3

2
iAνγ5ψµ. (A.3)

For a chiral multiplet Z = (Z, χ, F ) with weight w = n = 3, the invariant F -density is

given by

e−1[Z]F = F +
1√
2
ψµγ

µχL +
1

2
Z ψµγ

µνψνR, γµν =
1

2
[γµ, γν ]. (A.4)

For a real multiplet V = (C,χ,H,Ba, λ,D) with weight w = 2, n = 0, the D-density is

given by

e−1[V ]D = D + �C − i

2
ψµγ

µγ5(λ+ γbDbχ)− 1

4
ψµγ

µν(HψνL +HψνR), (A.5)

where the superconformal d’alembertian is � = DaDa = eµaDµDa, Da = eνaDν , and we use

Dµ for the covariant derivative of a given field with respect to the relevant local symmetry.

The curvature constraints are used to prove the invariance of these densities.

Some rules of tensor calculus can be found in [8, 13].

Useful identities for γ-matrices include:

γabγ5 =
i

2
εabcdγcd, γabcγ5 = iεabcdγd,

γaγbc = γabc + ηabγc − ηacγb, γabγc = γabc + ηbcγa − ηacγb.
(A.6)

Two useful four-fermion identities are

(λλL)(ψµ[γµ, γν ]ψνR) + c.c. = 2(ψµγνλ)(ψργ
µνρλ) = 2(ψµγνγ5λ)(ψργ

µνργ5λ) (A.7)

and

(λ̄λL)(ψ̄µ[γµ, γν ]ψνR)− c.c. = 2iεµνρσ(ψ̄µγνλ)(ψ̄ργσλ) + 2(ψνγ
νψµ)(λγµγ5λ). (A.8)

B The superconformal chiral spinor multiplet

B.1 Chiral spinor multiplet in the real field basis and its decomposition

The lowest component of the chiral spinor multiplet is a spinor λ with weights w = n = 3/2.

Its highest component is a second spinor χ with w = 5/2 and n = −3/2. The eight bosonic

fields are at the intermediate level with w = 2 and n = 0. They form a Lorentz chiral

bispinor, four complex fields in Lorentz representation (2,1) × (2,1) = (1 + 3,1). They

admit an equivalent formulation in terms of an antisymmetric tensor Bab and two real
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scalars C and D. Since a detailed discussion of this superconformal multiplet does not

seem to be available in the literature, this appendix provides the necessary information.

In this field basis, the Q (parameter ε) and S (parameter η) supersymmetry variations

are16

δλ = −1

2
(C − iDγ5)ε− 1

8
[γa, γb]εBab,

δ C =
i

2
εγ5χ,

δ D =
i

2
εγ5γ

aDaλ−
1

2
εχ,

δBab = − i
4
ε[γa, γb]γ5χ−

1

2
εγaDbλ+

1

2
εγbDaλ−

1

2
η[γa, γb]λ,

δ χ = − i
2
γ5γ

aεDaC − 2iγ5ηC +
1

2
Eaγ

aε.

(B.1)

In the last variation,

Ed =
1

2
εdabcDaBbc (B.2)

with variation

δEd = −1

4
ε[γd, γa]Daχ−

3

2
ηγdχ. (B.3)

The covariant derivatives are

DµC = ∂µC − 2 bµC −
i

2
ψµγ5χ,

Dµλ = ∂µλ−
3

2
(bµ + iAµγ5)λ+

1

8
ωµab[γ

a, γb]λ

+
1

2
Cψµ −

i

2
Dγ5ψµ +

1

8
[γa, γb]ψµ Bab,

DµBbc = ∂µBbc − 2 bµBbc − ωµbdBdc − ωµcdBbd

+
i

4
ψµ[γb, γc]γ5χ+

1

2
ψµγbDcλ−

1

2
ψµγcDbλ+

1

2
φµ[γb, γc]λ,

Dµχ = ∂µχ−
5

2
bµχ+

3

2
iAµγ5χ+

1

8
ωµab[γ

a, γb]χ

+
i

2
γ5γ

aψµDaC + 2iγ5φµC −
1

2
Eaγ

aψµ.

(B.4)

The 8B + 8F chiral spinor multiplet has two submultiplets with 4B + 4F fields.

Maxwell multiplet. Firstly, choosing C = χ = 0 also requires Ea = 0 and Bab verifies

then Bianchi identity D[aBbc] = 0. The fields λ, D and Bab = −F̂ab form a Maxwell

multiplet with

F̂µν = ∂µAν − ∂νAµ +
1

2
ψµγνλ−

1

2
ψνγµλ (B.5)

which is indeed the covariant field-strength of a gauge field.

16In the conventions of ref. [13].
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The supersymmetry variations read

δAµ = −1

2
εγµλ,

δF̂ab =
1

2
εγaDbλ−

1

2
εγbDaλ+

1

2
η[γa, γb]λ,

δ λ =
1

8
[γa, γb]ε F̂ab +

i

2
γ5εD,

δ D =
i

2
εγ5γ

µDµλ.

(B.6)

The covariant derivative in these expressions is

Dµλ = ∂µλ−
3

2
(bµ + iAµγ5)λ+

1

8
ωµab[γ

a, γb]λ− 1

8
[γa, γb]ψµF̂ab −

i

2
Dγ5ψµ

≡ Dµλ|Maxwell.
(B.7)

Returning to the components of the chiral spinor multiplet, another expression for

Eµ = eµdE
d is

Eµ =
1

2
εµνρσ∂νBρσ −

1

4
ψν [γν , γµ]χ+

1

4
εµνρσψνγρψσC

+
1

2
εµνρσψνγρDσλ|Maxwell +

1

4
εµνρσφν [γρ, γσ]λ− 1

4
εµνρσψνγ

κψρ F̂σκ.
(B.8)

In a Maxwell multiplet, the Bianchi identity leads to

1

2
εµνρσ ∂νF̂ρσ = εµνρσ

(
1

2
ψνγρDσλ|Maxwell +

1

4
φν [γρ, γσ]λ− 1

4
ψνγ

aψρ F̂σa
)

(B.9)

which implies

Eµ =
1

2
εµνρσ∂νBρσ −

1

4
ψν [γν , γµ]χ+

1

4
εµνρσψνγρψσC,

Bµν = Bµν + F̂µν .
(B.10)

The Maxwell multiplet can be alternatively obtained from the real vector multiplet

V = (C,χ,H,Ba, λ,D) with weight w = n = 0. The gauge variation of V is

δg V = V(Z + Z) (B.11)

where Z = (Z, ς, F ) is a w = 0 chiral multiplet and V(Z + Z) is the embedding of Z + Z
in a vector multiplet with w = 0. In components, the gauge variations read

δg C = Z + Z, δg χ = −
√

2iγ5ς, δgH = −2F,

δg Ba = iDa(Z − Z) = i∂a(Z − Z)− i√
2
ψaγ5ς = i∂a(Z − Z) +

1

2
ψaδgχ,

δg λ = δgD = 0.

(B.12)

We can further define

Aa = eµaAµ = Ba −
1

2
ψaχ (B.13)
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which has the gauge variation δgAµ = i∂µ(Z −Z) required for a Maxwell gauge field. The

supersymmetry variation of Aµ is given by

δAµ =
1

2
εγµλ, (B.14)

as expected for the gauge field of a Maxwell multiplet in Wess-Zumino gauge with λ and

D partner components in (B.6).

The gauge transformation in (B.12) enables us to impose the Wess-Zumino gauge

condition on the vector multiplet:

VWZ =
(

0, 0, 0, Aa + i∂a(Z − Z), λ, D
)
. (B.15)

The supersymmetry variations of Aµ, λ and D are those of a Maxwell multiplet (B.6).

Linear multiplet. The second submultiplet is real and linear. In the chiral spinor mul-

tiplet, fields C, χ and Ea transform into each others and they represent the algebra (the

double variations close) if DaEa = 0. Variations of the real linear multiplet are [7]

δ C =
i

2
εγ5χ,

δ χ = − i
2
γ5γ

aεDaC − 2iγ5ηC +
1

2
Eaγ

aε,

δEa = −1

4
ε[γa, γb]Dbχ−

3

2
ηγaχ

(B.16)

with covariant derivatives

DµC = ∂µC − 2 bµC −
i

2
ψµγ5χ,

Dµχ = ∂µχ−
5

2
bµχ+

3

2
iAµγ5χ+

1

8
ωµab[γ

a, γb]χ

+
i

2
γ5γ

aψµDaC + 2iγ5φµC −
1

2
Eaγ

aψµ

(B.17)

and since one can rewrite DaEa = 0 as

0 = ∂µ

(
eEµ +

e

4
ψν [γν , γµ]χ− e

4
εµνρσψργσψν C

)
, (B.18)

the solution is actually eq. (B.10) [7, 8].

The linear multiplet can be embedded in a real multiplet with weights w = 2, n = 0 as

follows:

L =
(
C, χ, H = 0, Ba = −Ea, λ = −γbDbχ, D = −�C

)
, DaEa = 0.

(B.19)

Note that [L]D = 0 up to derivative.

We can in principle decompose the chiral spinor multiplet into two submultiplets: a

Maxwell multiplet with fields λ, D, F̂ab and a real linear multiplet with field χ, C, Bab with

Bab = Bab − F̂ab. (B.20)
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This decomposition is unstable under supersymmetry, but it is consistent. There are

apparently two Ea’s: in the chiral spinor multiplet Ea is defined as the covariant

field-strength of Bab in eq. (B.2), while in the linear submultiplet, Ea is defined by the

constraint DaEa = 0, eq. (B.18). The two definitions are consistent since they lead to the

same solution (B.10) which only depends on the fields of the linear submultiplet.

B.2 Chiral spinor multiplet in chiral multiplet basis

Since the chiral spinor multiplet is chiral with w = n = 3/2, the fields λ, C, D, Bab and

χ can be alternatively written as fields of a chiral multiplet, with components (spinor,

bispinor, spinor):

w = n = 3/2 : λL,

w = 2, n = 0 : − 1√
2

[
(C − iD)I +

1

8

(
Bab +

i

2
εabcdBcd

)
[γa, γb]

]
PL,

w = 5/2, n = −3/2 : − 2i χL − γaDaλR.

(B.21)

These fields transform as expected for the components of a chiral multiplet with w = n =

3/2. This basis is especially useful for computing the square of the chiral spinor multiplet

which has w = n = 3 and can then be used to obtain a superconformal F -density action

formula.

The square Υ2 = (Z, ς, F ) of the chiral spinor multiplet has components

w = n = 3 : Z = λλL,

w =
7

2
, n =

3

2
: ς = −

√
2 (C − iD)λL +

√
2

4
Bab[γa, γb]λL, (B.22)

w = 4, n = 0 : F = (C − iD)2 − i

4
εabcdBabBcd +

1

2
BabBab + 2λγaDaλR + 4i λχL,

where the covariant derivative is given in (B.4). This w = n = 3 chiral multiplet leads to

the superconformal F -density formula

e−1 [Υ2]F = (C − iD)2 +
i

4
εabcdBabBcd +

1

2
BabBab + 2λγaDaλR + 4i λχL

− (C − iD)ψµγ
µλL +

1

4
Bab ψµγµ[γa, γb]λL

+
1

4
(λλL)(ψµ[γµ, γν ]ψνR).

(B.23)

Then we can further compute its real part

e−1 Re[Υ2]F =
1

2
Bab Bab −

3i

2
λγaγ5λAa +

1

2
ψcγ

cabλBab + C2 −D2 − Cψµγµλ

+λγaD(P )
a λ+

1

8

(
(λλL)(ψµ[γµ, γν ]ψνR) + c.c.

)
+ 2i λγ5χ (B.24)

and imaginary part

e−1 Im[Υ2]F = −2CD +
1

4
εabcd

(
Bab + ψaγbλ

)(
Bcd + ψcγdλ

)
+iCλγµγ5ψµ + 2λχ+

i

2
e−1∂µ(eeµaλγ

aγ5λ) , (B.25)
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where we used the four-fermion identity (A.8), as well as the following relation17

2eλγµγ5D(P )
µ λ = ∂µ(eeµaλγ

aγ5λ) +
1

2
eeρa(ψµγ

µψρ)(λγ
aγ5λ) + 3eλγaγ5λ ba . (B.26)

C Deformed Maxwell theory in curved superspace

In this appendix we describe a deformed vector multiplet in curved superspace. To make

contact with the superconformal tensor calculus, it is natural to start by employing the con-

formal superspace approach to four-dimensional N = 1 conformal supergravity developed

by Butter in [23] (see also the seminal work [35]). In this formalism, the superconformal

group SU(2, 2|1) is manifestly gauged in a curved superspace with covariant derivatives

∇A = (∇a,∇α,∇
α̇
) = EA

M
(
∂M − hM

IMI

)
, (C.1)

where EA
M = EA

M (x, θ, θ) is the superspace inverse vielbein18 while hM
I = hM

I(x, θ, θ)

are gauge connections for all the superconformal generators except for translations and Q-

supersymmetry: MI = (Mab,A,D,Ka,Sα,S
α̇
).19 We refer the reader to [36–39] for reviews

on supergravity in superspace while we refer to [23] for detail on conformal superspace

that we will assume in this appendix. Note that the off-shell 8B + 8F Weyl multiplet and

the transformations of superconformal multiplets, can be derived following a θ = θ = 0

component-field projection (see refs. [23, 40] for more detail).

An abelian vector multiplet coupled to conformal supergravity is described by a super-

field Wα field strength which is a superconformal chiral (∇α̇Wα = 0) of weights (3/2, 1)

satisfying the Bianchi identity

∇αWα = ∇α̇W
α̇
. (C.2)

This is formally identical to the flat superspace one, eq. (2.1), as well as its solution which

reads (∇2 := ∇α∇α, ∇2
= ∇α̇∇

α̇
)

Wα := −1

4
∇2∇αV , W

α̇
:= −1

4
∇2∇α̇V , (C.3)

where V is a real scalar of weights (0, 0) and gauge transformation δgV = (Λ + Λ),

∇α̇Λ = 0. The Maxwell theory’s action is based on the (anti-)chiral locally superconformal

action principle (equivalent to the tensor calculus F -term density formula [23])

SMax = −1

2
Im

[
τ

∫
d4x d2θ EW2

]
, τ = θ +

i

g2
. (C.4)

17A useful equation to show (B.26) is ∂µ(eeµa) + 3eba +ωµabe
µb + 1

2
eeρaψµγ

µψρ = 0 using the curvature

constraint Raµν(P ) = 0.
18Which includes the gauge fields eaµ(x) of space-time translations and the gravitino ψµ(x) of Q-

supersymmetry.
19The notation in this appendix differs from the rest of the paper and it adheres (up to some changes

in nomenclature) to the one of [23, 37], which is largely based on [36]. For example, we decompose four-

dimensional Majorana spinors in chiral and anti-chiral parts. Compared to the flat superspace of section 2,

following [23, 37], the spinor covariant derivatives satisfy the conjugation rule ∇α̇ = (∇α). Moreover, the

normalisation of the U(1)R generator A is 2/3 of the generator T used in [13] and earlier in this paper.

Chiral weights in the two notations are related by wA = 2/3n and the spinor covariant derivatives satisfy

[A,∇α] = −i∇α, [A,∇α̇] = i∇α̇.
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Next we want to analyse the possible deformation of the vector multiplet Bianchi

identity in superspace. Note that, thanks to the algebra of ∇A, which for instance implies

∇α∇β∇γ ≡ 0 as in the flat superspace [23], equalities ∇2(∇αWα) = 0 and ∇2
(∇αWα) = 0

hold. These properties rely on the weights of Wα and ∇αWα. This implies that the

following deformation of the Bianchi identity is consistent:20

∇αWdef
α −∇α̇W

def α̇ = −4iζ L̂ , (C.5)

where L̂ is a real linear superfield of weights (2, 0) satisfying by definition

∇2
L̂ = ∇2L̂ = 0 . (C.6)

We also define L̂ as the compensating superconformal multiplet leading to new-minimal

Poincaré supergravity. Then eq. (C.5) provides the curved superspace interpretation of the

constraint (3.1) (the factor of i is due to the different convention used in this appendix).

A solution of (C.5) is given by

Wdef
α = Wα − ζΥ̂α , (C.7)

where Wα is a regular undeformed vector multiplet field strength, see (C.2)–(C.3), while

the chiral spinor superfield Υ̂α is such that

∇αΥ̂α −∇α̇Υ̂
α̇

= 4i L̂. (C.8)

The solution (C.7) is gauge invariant under δgΥ̂α = Ŵα and δgWα = ζŴα for some

vector multiplet field strength Ŵα and there is a gauge in which Wα = 0. In other words,

eq. (C.8) is not a constraint. It defines L̂ for any Υ̂α.

The component fields of a Wdef
α coincide with the ones of a chiral spinor multiplet,

(λ,C,D,Bab, χ), and simply arise as

λα := Wdef
α |θ=0 , λ

α̇
= W

def α̇|θ=0 , D = −1

8

(
∇αWdef

α +∇α̇W
def α̇

)
|θ=0 , (C.9)

Bab = Bab|θ=0 , Bab :=
i

2

(
(σab)

αβ∇αWdef
β − (σab)α̇β̇∇

α̇
W

def β̇
)
, (C.10)

while (C,χα, χ
α̇), as well as the component field strength Ea = 1

3! εabcd∇
bBcd|θ=0, are

C = L̂|θ=0 , χα = ∇αL̂|θ=0 , χα̇ = ∇α̇L̂|θ=0 , Ea =
1

4
(σa)

α̇α[∇α,∇α̇]L̂|θ=0 . (C.11)

Local SU(2, 2|1) transformations of a chiral spinor multiplet can be straightforwardly de-

rived from superspace and coincide (up to notation) with the ones presented in appendix B.

The gauge-fixing conditions of dilatations, S-supersymmetry and special conformal

transformations are as in eqs. (3.6), but their formulation in the curved superspace approach

reads

L̂ =
1

κ2
, BM = 0 , (C.12)

20Note that this constraint arises as the obstruction of the closure of the super two-form associated with

an abelian vector multiplet induced by the closed super three-form of a linear multiplet compensator. This

fits with the description of the abelian tensor hierarchy for 4D, N = 1 supersymmetry [41, 42].
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where BM is the dilatation connection which is pure gauge for special (super)conformal

transformations [23]. With this gauge fixing, the residual local transformations are super-

diffeomorphisms, Lorentz, and U(1)R. The last two define the structure group of the

off-shell new-minimal Poincaré supergravity geometry which is described by the covariant

derivatives

DA = EA
M

(
∂M −

1

2
ΩM

abMab −AMA
)
, (C.13)

with ΩM
ab and AM the Lorentz and U(1)R connections, respectively. The geometry of

DA, originally constructed in [43], can be derived by gauge fixing the ∇A derivatives [23].

In the gauge (C.12), and in terms of the DA derivatives, the Bianchi identity (C.5) turns

into

DαWdef
α −Dα̇W

def α̇ = −4iζ̂ , ζ̂ :=
ζ

κ2
, (C.14)

where ζ̂ is a constant, DAζ̂ = ∂M ζ̂ = 0. This is the curved analog of the deformation of a

Maxwell multiplet in flat superspace, eq. (2.4).

The superspace action for a deformed vector multiplet in the new-minimal supergravity

background is then given by21

SM = −1

2
Im

[
τ̃

∫
d4x d2θ E (Wdef)2

]
, τ̃ =

i

g̃2
+ ϑ . (C.15)

It is dual to a vector multiplet action with a Fayet-Iliopoulos term, precisely as shown in

section 6. It is illustrative to show how the argument given in section 2 for the global case

extends to curved superspace. Instead of expression (C.15), one starts from the action

S = −1

2
Im

[
τ̃

∫
d4x d2θ EΥ2

]
− i

2

∫
d4x d2θd2θ EU

(
∇αΥα −∇α̇Υ

α̇
+ 4i ζL̂

)
, (C.16)

where Υα is a chiral spinor superfield with weights (3/2, 1) and U is a zero-weight un-

constrained real scalar. Eliminating U imposes the deformed Bianchi identity (C.5) on

Υα and, with the identification Υα = Wdef
α , one obtains the “magnetic” action (C.15).

Integrating by parts and redefining a full curved superspace as a (anti-)chiral superspace

integral,22 the action (C.16) proves to be equivalent to

S = −1

2
Im

[∫
d4x d2θ E

(
τ̃Υ2 − 1

2
Υα∇2∇αU

)]
+ 2 ζ

∫
d4x d2θd2θ E L̂U . (C.18)

Eliminating the unconstrained Υ leads firstly to

Υα = −1

τ̃
Wα , Wα := −1

4
∇2∇αU , (C.19)

21See [44] for a description in the old-minimal curved superspace geometry.
22Given a real lagrangian superfield L of conformal weights (2, 0), the full superspace integral is related

to the (anti-)chiral superspace action as [23]∫
d4x d4θ EL = −1

4

∫
d4x d2θ E ∇2

L = −1

4

∫
d4x d2θ E ∇2L . (C.17)

Local SU(2, 2|1) invariants can be manipulated by using the rule for integration by parts [23].
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an undeformed abelian vector multiplet field strength, and secondly to the “electric” action

SE = −1

2
Im

[
τ

∫
d4x d2θ EW2

]
+ 2 ζ

∫
d4x d2θd2θ E L̂U , τ = −1

τ̃
, (C.20)

where the second term is the curved superspace description for a standard Fayet-Iliopoulos

term in new-minimal supergravity.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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