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ABSTRACT: Rare kaon decays with missing energy, K — mw+FEniss, have received con-
siderable attention because their rates can be calculated quite precisely within the stan-
dard model (SM), where the missing energy is carried away by an undetected neutrino-
antineutrino pair. Beyond the SM, clean theoretical predictions can also be made regarding
these processes. One such prediction is the so-called Grossman-Nir (GN) bound, which
states that the branching fractions of the K; and K™ modes must satisfy the relation
B(Kp — ™4 Epniss) < 4.3B(K+ — 7+ Eniss) and applies within and beyond the SM, as
long as the hadronic transitions change isospin by AI = 1/2. In this paper we extend the
study of these modes to include new-physics scenarios where the missing energy is due to
unobserved lepton-number-violating neutrino pairs, invisible light new scalars, or pairs of
such scalars. The new interactions are assumed to arise above the electroweak scale and
described by an effective field theory. We explore the possibility of violating the GN bound
through AI = 3/2 contributions to the X' — 7 transitions within these scenarios and find
that large violations are only possible in the case where the missing energy is due to an
invisible light new scalar.
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1 Introduction

The rare kaon decays K; — n%vw and KT — ntvv are known as the “golden modes”
of kaon physics because they can be predicted quite precisely within the standard model
(SM) and are potentially sensitive to the presence of new physics (NP) beyond it [1, 2].
Consequently they have received a great deal of theoretical and experimental attention.
The SM predictions for their branching fractions have been known for many years [3—10],
and their current values are [11-13] B(Kj, — 7vv)sy = (3.0 £0.2) x 107! and B(K+ —
ntud)sm = (8.5 4 0.5) x 10711 which suffer mostly from parametric uncertainties. These
numbers, and their counterparts in many NP scenarios, respect a particularly interesting
prediction, the so-called Grossman-Nir bound [14], which states that B(K; — %) <
4.3B(Kt — ntvw). A key assumption behind this statement is that the K — 7 transition
proceeds from an interaction which changes isospin by Al = 1/2.

On the experimental side, the KOTO collaboration at J-PARC in 2018 set an upper
limit on the neutral mode based on the data collected in 2015 [15]: B(K — TrOVD)KOT015 <
3.0 x 107 at 90% confidence level (CL). For the charged mode, the combined BNL
E787/E949 experiments had earlier yielded B(K+ — 7 vp)ggsg = (1.7377:32) x 10710 [16,
17]. Last year the NA62 collaboration [18] at CERN reported the preliminary limit



B(K'T — ntvi)nas2 < 1.85 x 10710 at 90% CL [19]. All of these results are in agreement
with the SM but leave open a window for NP. This possibility is very intriguing, especially
in light of the recent preliminary observation by KOTO of three candidate events in the
K L — T 0
achieved. If interpreted as signal, they imply a decay rate about two orders of magnitude

v signal region [20], with a single event sensitivity of 6.9 x 107!° having been

higher than the SM prediction and in conflict with the experimentally established GN
bound B(Kp — nvi)an < 4.3B(KT — mTvd)nage = 8.0 x 10710 at 90% CL.

It is interesting that there are NP scenarios which can overcome this requisite. For
instance, as was first pointed out in ref. [21], the branching fraction of K — 7’X, with X
being an invisible particle with mass my chosen to be around the pion mass, can exceed the
aforementioned cap of 8.0 x 10710 because quests for the charged channel K+ — 7t X do
not cover the my ~ m; region to avoid the sizable K+ — 7+ 70 background [17, 18]. This
kinematic loophole has been exploited in recent attempts [22-28] to account for KOTO’s
anomalous events. As another example, imposing the condition mp+ — M+ < my <
Mo —myo renders the K™ — 77X channel closed (here X can be more than one invisible
particle), whereas K — 79X with a big rate can still happen [29]. For other mzx ranges,
the stringent restriction on K™ — 7+ X can be evaded or weakened if X is a particle with an
average decay length bigger than the KOTO detector size but less than its £949 and NA62
counterparts [22-26]. Most of these cases, while still fulfilling the GN relation, only appear
to contradict it by enhancing B(Kj, — n’X) substantially above B(Kj, — 7vi)&%. In a
framework of effective field theory with only SM fields, the introduction of (predominantly)
AT = 1/2 interactions which change lepton flavor/number or possess new sources of C'P
violation also would not bring about a disruption of the GN bound [30, 31]. On the other
hand, it has been proposed that in the presence of additional light particles mediating these
decays the GN bound could be violated [32].

In terms of the branching-fraction ratio rz = B(K — w'vo)/B(K+ — 7tvp), the GN
bound has a theoretical model-independent maximum of rg'N = 4.3, which differs much
from the central value ’I”%M = 0.36 of the SM prediction. A key ingredient in the derivation
of the GN inequality is the assumption that the K — 7 transitions are mediated by a
two-quark s <> d operator, which necessarily carries isospin 1/2 and leads to a ratio of
amplitudes for the neutral and charged modes given by Aﬁéilﬂ/ 02 / .Aé{r:_lﬂ/r i =-1/v2. A
true violation of the GN relation requires the K — 7 transitions to occur via a Al = 3/2
interaction as well, and this possibility has recently been investigated in refs. [31, 33]. A
pure Al = 3/2 operator would result in an amplitude ratio Af(éii{ 2/ Aéﬂzjﬁ > =2 and
thus translate into rl?[:?’/z < 17 [31].

In this paper we present a systematic study on how to overcome the GN bound with
quark-level operators in the context of effective field theory (EFT). Given that the measure-
ments of interest look for K — 7 X with X standing for one or more particles carrying away
missing energy (FEmiss), we will consider for X' several different possibilities: a neutrino-
antineutrino pair (v7), a pair of neutrinos (vv) or antineutrinos (77), an invisible light
new scalar boson (5), and a pair of these scalars (S5). Since an operator directly giving
rise to Al = 3/2 K — X transitions has to contain at least four light-quark fields, the
minimal mass dimension of such an operator is seven, eight, nine, and ten for X = 5,55,



vv or v, and vv, respectively. Being unobserved in the experiments, the neutrinos may
have different flavors and can also be replaced by new invisible light fermions. We suppose
that the new particles are invisible because they are sufficiently long-lived to escape detec-
tion, decay invisibly, or are stable. We will look at a complete set of operators with the
lowest dimension necessary for each of these cases, assuming that the interactions of the
new light particles with the quarks can be described by an EFT approach valid above the
electroweak-symmetry breaking scale.

Before embarking in a detailed study, it is instructive to present a simple dimensional-
analysis estimate for the scale Ayp of NP that is needed in order to produce a rate of
K — 7w X that is comparable in size to the SM rate. To this end, it is useful to recall the
effective Hamiltonian responsible for K — wvv in the SM,

_ Gr VitV X (1)

Hsm = FYu(1 = 75)d > oey"(1 = v5)ve + Hee. (1.1)

V2 1672 ;

in the conventional notation [13], where X (z;) ~ 1.5 from top-quark loops. In contrast, a
generic NP operator which induces a AI = 3/2 transition in the process K — 7 X can be
written as

ENP = W C §F1U’ELF2d X + H.C., (12)
NP

where Ny tells the mass dimension of X' (so N, = 3, Ng = 1, Ngg = 2, etc.), the coefficient

C is a constant, and I'; o represent gamma matrices. At the amplitude level, the Lyp

contribution to K — 7 X relative to the SM top-quark contribution is then

2 038x10°C , 1.3
-ASM ANP ANP ( )

where the large numerical factor reflects the one-loop and CKM-angle suppression of the
SM coefficient, v = 2~ V4G, /2 _ 946 GeV indicates the electroweak scale, and the relevant
hadronic scale is taken to be the kaon mass, my. If the NP is defined to enter Lnp with C of

order one (so any loop or mixing-angle suppression factor is absorbed into Ayp), the result
in eq. (1.3) implies that Axp ~ 2.2TeV, 275GeV, 78 GeV for Ny = 1,2, 3, respectively,
correspond to NP effects at the same level as the SM contribution.

The EFT that we employ in this paper only makes sense for Ayp > v. Otherwise,
the organization of effective operators in terms of their dimensionality breaks down. This
suggests that scenarios with X = S could amplify the rate of K7, — 7°X to the level implied
by the three KOTO events; scenarios with X = S5 may increase the corresponding rate
compared to its SM counterpart by factors of 2; and that scenarios in which X = vv or vv
or vv can only modify the K — 7 4+ Eli rates marginally.

We will explore all these possibilities in detail to quantify how the underlying NP
interactions influence these kaon decays. To handle a low-energy process involving hadrons,
it is necessary to hadronize the quark-level operators at the mass scale where it takes place.
For our investigation, this entails computing the effects of QCD renormalization group
(RG) running from the electroweak (EW) scale to the chiral-symmetry breaking scale and



subsequently matching the resulting operators to a low-energy chiral Lagrangian suitable
to describe the K — m+FEl,iss transitions. In all the cases, we present numerical results
illustrating the range of values which the ratio rz can take when the NP scale is under a
couple of TeV.

The arrangement of the rest of the paper is as follows. In section 2 we study how
the GN bound can be violated through K — wvv, nvv caused by AI = 3/2 interactions
in the EFT framework where the operators respect the SM gauge symmetries (SMEFT).
In section 3 we extend the SMEFT with the addition of a SM-gauge-singlet scalar S and
carry out a similar analysis with K — 75, 75S. In section 4, we draw our conclusions.
We relegate some extra details to appendices, including the RG running of the four-quark
parts of the operators pertaining to K — 7wS5(S) and their low-energy chiral bosonization.

2 GN-bound violation via EFT operators for K — w2v

2.1 EFT operators for K — w2v

In this section we restrict the fields of the EFT to only those in the minimal SM. Ac-
cordingly, in the kaon decays of concern the missing energy is carried away by a pair of
SM neutrinos (2v). It may have no or nonzero lepton number depending on whether the
underlying interaction is lepton-number conserving or violating, respectively. If the small
contributions to K — 72v from long-distance physics [1, 30, 34-36] are neglected,' the
only possible way to break the GN bound significantly in this case is through the inclusion
of AT = 3/2 operators having nonleptonic parts with at least four quark fields [31, 33]. It
follows that the lowest dimension of quark-neutrino operators with A7 = 3/2 components
is nine.

In the SMEFT treatment the effective operators constructed must be singlets under
the SM gauge group SU(3)¢cxSU(2)xU(1)y, while in the low-energy effective field theory
(LEFT) the operators are to be singlets only under the strong and electromagnetic gauge
group SU(3)cxU(1)em. This means that there are in general more requirements on the
SMEFT operators than on the LEFT ones, which makes the number of quark operators
relatively less in the former case. Since furthermore there is still no discovery of new
particles beyond the SM, we will rely on the SMEFT to perform our examination.

The fundamental fields (with their SM gauge group assignments) available to con-
struct the pertinent operators are the U(1)y gauge field B (1, 1,0), the SU(2), gauge field
W (1,3,0), the SU(3)¢ gluon field G (8,1, 0), the Higgs doublet H (1,2,1/2), the left-handed
quark doublet @ (3,2,1/6), the right-handed quark fields «(3,1,2/3) and d(3,1,—1/3),
the left-handed lepton doublet L (1,2,—1/2), and the right-handed charged lepton field
e(1,1,—1). All the quarks and leptons come in three families. In the SMEFT approach,
operators with four quarks and two neutrinos are necessarily of dimension nine (dim-9) or
higher.

"We also ignore isospin-breaking effects due to the u- and d-quark mass difference and electroweak
radiative corrections.



If lepton number is conserved in the decays of concern,? the responsible operator nec-
essarily involves a pair of L and L, which supplies the v7 pair in K — mvo. One can always
utilize some appropriate Fierz relations to arrange the lepton fields such that they appear
in the operators in the form I_/WL or ED,/pr, with D, being a covariant derivative. To
join E“YML with four quark fields to form an operator that is a singlet under the SM gauge
group, the quark portion needs to have a Lorentz index to contract with the one in the lep-
ton current. The possible lowest-dimension quark parts are (Qv“Q, 37"q)(Qq, @), where
q may be u or d as appropriate, but they have odd numbers of @ and hence are not SU(2) 1,
singlets yet. These quark combinations can be made singlets by incorporating the Higgs
field H, and so the full quark-lepton operators have dimension ten (dim-10). Additionally,
one can insert D in (Qq,dQ)(Qq,gQ) to form singlets, and the resulting operators are also
of dim-10. If the lepton bilinear is I}Dufpr instead, the lowest-dimensional possibilities
of the four-quark portion are gv*qqy°q, ¢"*QqqQ, Qo*qqQ, Qqqe**Q, and QV*QO~ Q.
Again the singlet quark-lepton operators constructed are of dim-10.

If lepton-number violation is allowed, the situation is different, as we have K —
nvv, nov. The lepton bilinear of the lowest dimension can be organized in the form LL°
(IZJWLC) or its Hermitian conjugate, the superscript C signifying charge conjugation. One
can attach the bilinear to QqqQ@ or gQqQ (Qa“pqciQ, Qqqo**Q, or da“quQ) to form a
SM-gauge singlet. Thus, the resulting operators have dim-9, which is less than that of the
lepton-number-conserving ones mentioned in the previous paragraph. Hereafter in this sec-
tion, we concentrate on the dim-9 operators and later briefly comment on the dim-10 case.

It has been shown that all dim-9 SMEFT operators do not preserve lepton and/or
baryon numbers [37]. We will not be interested in the baryon-number violating ones, as
our aim is to study how dim-9 operators give rise to K — wvv, mvv and can violate the GN
bound. In the following we enumerate all of those containing one strange quark, s, and two
neutrinos or antineutrinos. Upon imposing the SM gauge symmetries and applying Fierz
transformations, we find the independent operators that can induce K — 7w to be?

O = €;3611(Qh,Q) (day uy)Lf{n Liy,

O™ = €;60(Qh Q3 [d z’Y“uy)L? Ly,

ogrrved = 6@j5k1(7§ Q3)( ﬂpuy)L[uUWLl}

O™ = €;361(Qh, Q3] [dr ﬂp“y)L[mU“pLB}

OF = eipein(doQp) (daQ))LELYy

0P — (@@ QI ITELY,

O = € i(doQh) (a0 @) LEF ™ L

@pry,aﬁ _ ﬁz‘kﬁjl( MPQl)(d o PQJ)Lck qum (2.1)

2In this and the next paragraph, we suppress the family labels of the SM fermion fields. Generally these
processes may change quark and/or lepton flavors.

3The factorization of the quark and lepton components is guaranteed by the application of Fierz trans-
formations.



where o,p,x,y («,3) denote quark (lepton) family indices, summation over the SU(2)y,
indices 4, 7j,k,l = 1,2 is implicit, and the leptonic scalar (tensor) currents have been
arranged to be symmetric (antisymmetric) in their family indices with the convention
A{QBB} = (AaBg + AﬁBa)/2 and A[CVBB} = (AaBg - AﬁBa)/Q. The two brackets (, )
and [, | in the quark bilinears distinguish the two different ways of color contraction in
the products of four quark fields to form color invariants: g"¢0'q5¢] = (71¢2)(g3¢4) and
5339y = (0162][@3qa), with the color labels m,n = 1,2,3 being summed over. Each

of the operators is accompanied by an unknown Wilson coefficient Cj, so that C7” zyef

Q%P etc. The Hermitian conjugates of Q%448 and O%rY<P contribute

belongs to
to K — mvv.

As already stated, we assume that the SMEFT operators in eq. (2.1) arise from NP
above the EW scale. Consequently, to address their potential impact on K — wvv, now,
we will first take into account the QCD effects causing the coefficients to evolve from
the NP scale down to the hadronic scale, which we select to be the conventional chiral-
symmetry breaking scale A, = 47F; ~ 1.2GeV with F being the pion decay constant.
Subsequently, we will rely on chiral perturbation theory [38-40], in conjunction with spu-
rion techniques [41-43], to derive the meson-neutrino operators which contribute to the
amplitudes for the kaon decays. Based on the chiral power-counting arguments in this
procedure, the operators in eq. (2.1) with the leptonic scalar density are of momentum
order p¥, whereas those with the leptonic tensor current are of order p?. This implies that
the latter operators yield contributions to the amplitudes which are suppressed relative
to those of the former by the factor p,p,/ Ai ~ 0.05. Therefore, upon singling out the
operators in eq. (2.1) pertaining to K — v, mov and neglecting those with the leptonic
tensor current, in what follows we can focus on

0y = (ugvuse)(dry*ur)J 01*™ = (aryuscl[dryur)J

01" = (upyude) SRy ur)J , 0" = (aryude)[5RY ur)J |

02445 — (dpdy)(dpsp) T | 044s — (dpdy][drsy)J

08454 — () (5dp)J 0454 = (dpdy|[srdL)J | (2.2)

where f; p = (1F5)f/2 and the neutrino part is expressed as J = (vEvg) /(1 + bap)-

2.2 [Evaluation of hadronic matrix elements at low energies

In treating the kaon decay amplitudes, the contributions of the operators generated by NP
above the EW scale are to be evaluated at the low energy of interest. This entails dealing
with the QCD RG running of the Wilson coefficients by resumming the large logarithms
due to the ratio of the EW scale to the chiral-symmetry breaking scale, A, the running
between the NP and EW scales having been neglected. We can use the one-loop QCD
running results of ref. [43],

i C;mcyu B _% _% 0 Ciwyu
Hap \guove ) = "2 \ 3 60p ) \ Guow )

4 C§™\ _ as (2460p—4 2 —4Cp+2 ) [C§™ (2.3)
dp \ Cgry 27 -2 2 -20p-2)\Cdw)’



where in the superscripts 2y = sd or ds, the color number N = 3, and Cp = (N? —
1)/(2N) = 4/3 is the second Casimir invariant of the color group SU(3)c . Taking the
EW scale to be the W-boson mass my,, from the solutions to these RG equations [43] we

arrive at
CT™(Ay) = 0.88 C1™" (mw)
CY™™ (Ay) = 2.74 CY™" (mw) + 0.62 C™V" (myy)
CIMY(AL) = 1.82 CF™Y (myy) — 0.34 CI¥ (myy)
CIMY(A) = 0.52 CE™ (myy) — 0.08 CL4Y (myy) . (2.4)

In the matching to chiral perturbation theory (xPT), the neutrino bilinear in a dim-9
operator behaves as a fixed external source. Thus, we only have to work with the quark
portion of the operator. Suppose the latter has been decomposed into a sum of irreducible
representations of the chiral group SU(3)y x SU(3)r under which the quarks transform as

QL@ — Lap qL,p ) QR7C — qR,p Rgc ’ QRya — Rap QRyp ) m — qup L-;r)c ) (25)

where the indices a, c,p = 1, 2, 3 refer to the flavor space, summation over p is implicit, Le
SU(3)L, and R € SU(3)g. Given that an irreducible representation has the general form

Oq = Tcd,ab (mrqug,a) (% F2qx47b) 5 (2.6)

where the Tq 5 represent pure numbers which depend on the irrep under consideration, the
flavor indices a,b,c,d = 1,2, 3 are summed over, x1,234 = L, R, and I'1 » designate combi-
nations of Dirac matrices, then promoting 7" to be a spurion field that transforms properly
together with the chiral transformations of quarks would render Oy chirally invariant.

On the xPT side, we introduce the standard matrices for the lightest octet of pseu-
doscalar mesons,

™, n + +

- vzt Oﬁ K
D=¢2, — exp | — ) n=| = -%+% K 2.7
3 3 p(ﬂFO NI (2.7)

K~ KO - \/g n
where Fy = F;/1.0627 ~ 87 MeV is the meson decay constant in the chiral limit. Under
chiral transformations the ¥ and £ matrices transform as

Y — LYR', ¢ — LeUT = UeRT, (2.8)

and so U € SU(3)y depends on the meson fields. From the second formula, in terms of
matrix elements we have

éab - ‘z/ap(gﬁT)pb = (Ug)ap(RT)pbv (fT)ab - Rap(gTﬁT)pb = (ﬁgT)ap(‘Z/T)pb : (29)
How to construct the leading-order (LO) mesonic interactions from the quark operators

has been prescribed previously in the literature [41-43]. Accordingly, eq. (2.9) implies that
the matching to xPT involves the substitutions [43]

Ta= & L2 = Sag > Tra = oa Ira = &, (2.10)

where the free indices g are to be contracted when forming an operator with Tiq ,p.



For a given quark operator, the first step in the matching is to decompose it according
to the irreducible representations (irreps) of the chiral group SU(3)zxSU(3)r. One can
easily see that 0¥sdv, Qysdv gudsu and 0¥4s in eq. (2.2) belong to the 8, x 8g irrep of
the chiral group, while Ogdds , 6gdd5 , Ogde, and ﬁgd‘*d belong to the 67, x 6z. Then, after
applying eq. (2.10), one associates with the mesonic counterpart of each irrep a low energy
constant g,,.,,, which encodes nonperturbative QCD effects and is to be determined usually
by fitting to data or a model calculation.

For example, the LEC associated with 0%°% = (urv,sr,)(dry*ur).J, which transforms
as the 87, x 8z under the chiral group, can be called gg,g, and the leading-order chiral

realization of 0% is derived via the procedure
Fy Fy Fy
gusdu — Tf Tsxs € Esobeablp Dol J = 710 Jsxs (6€)32(6T€N T = Tf Jsxs Va2 Xy
9sxs 2 3 070 4 198x8 -3 70
= | —=rK° —n"K™ |J+ FyK " J+---, 2.11
470 (ﬁ ) 42" (2.11)

where F(‘)1 /4 is a normalization factor [42], other contractions among ¢, 0,¢,® in the first
line vanish due to the unitarity of &, and the ellipsis stands for terms with the 7 field
and more than two meson fields. This result is independent of the Lorentz and color
structures of O%Sdu and follows from its transformation properties as an irrep of the chiral
group. Evidently, gg, s has mass dimension two. This example can be understood from
the perspective of bosonization of each quark bilinear: Fierz-transforming qu‘*du yields
—2uuRs7 dR which is summed over the color labels m,n and has a lower-order chiral
realization than (uzv,sr)(dry"ur) being naively taken to correspond to the higher order
(0"2%1)31(270,%)12 due to the derivatives. If the operator comprised instead solely left-
handed quarks, (WW#SL)(E’WUL), its chiral realization would have to be of the form
(0"221) (8, 251),y because no scalar density can be constructed with such quarks.

In table 1 we provide the chiral realization of the quark component of each of the
operators in eq. (2.2) according to their chiral irreps. In the last column, we display the
leading-order contributions to the K — 7 transitions in terms of the mesonic operators

o5, = F§ <K+7r— - \}EK%}) L Q=R (KT V2K, (212)
or their Hermitian conjugates, which correspond to definite isospin changes AI = 1/2 and
3/2, respectively.* Tt is worth noting that in the combination 5QIS 12— 2Q§ 20 which occurs
in all of the lines in table 1 and hence also implicitly in eq. (2.11), the size of the K°r"
term relative to the K7~ one is three times that in Q*lg /2 alone. It follows that every one
of these operators can potentially break the GN relation.

The table also shows that each operator with a tilde and its counterpart without it
have the same chiral realization but their LECs are different. This is attributable to the

fact that the chiral realization of a quark-level operator relies only on its representation

4For completeness, in appendix A we give the decomposition of the quark part of each of the operators
in eq. (2.2) in terms of their AI =1/2,3/2 components.



Operator | Chiral irrep | Chiral realization Contributions to K — 7
pusdu 8L x 8g 1 F30sxsTaSl | —f50sxs (591% - 2Q§/T2)
ﬁ?Sdu 81 X 8r iF(J?gSXSE?’?EL _%sts (5Qf/T2 o 295}2)
Qudsu 8., X 8 iFéggxsEzsﬁh —1598x8 (5@19/2 295/2)
op s 81 X 8r iFoQgsxsEZSEL —T98xs (5Qig/2 - 2Q§/2>
gdds 67, X 6g 1F8 966522552 | — 1596 (5Qig/T2 - 2Q§)2>
0gdds 67, x 6r 1F306 6522532 | — 150645 (5Qig/T2 - 2Q§)2>
pgddsd 6L x 6r 1FG 965523522 | — 1596 (5915/2 2Q3/2>
gdsd 61, x 6R 1F3 96, 6523522 —1596x6 (5Q15/2 - 2Q§/2>

Table 1. The chiral representation and realization of the four-quark portion of each of the effective
dim-9 operators in eq. (2.2) relevant to the K — 7 processes. In the last column, Qf/z and Qg/g
are the mesonic operators defined in eq. (2.12) and correspond to AI = 1/2 and 3/2 transitions,
respectively.

under the chiral group, whereas the LEC encodes QCD effects. Numerically, we adopt the
values of the LECs extracted from ref. [42] which employed xPT to connect the matrix
elements of 7™ — 7~ transitions to kaon-mixing matrix elements for which lattice QCD
results were available. Thus, we have

sxs = —2.9 GeV?, Gaxg = —12.4 GeV?,
oxg = 2.7 GeV?, G = —0.91 GeV?2. (2.13)

2.3 Numerical analysis

From the results of the preceding subsection, we can write down the effective interactions

0

pertinent to KT — ntvy, T ow and K, — 7%vv, %00, namely

C}LSduoqud“ +He = 9858 FOQ §(CusduJ + Cdeu*JT)ﬂ'OKL _ C?Sd“*JTﬂ'_K"'] ,

C%dsuoqfdsu +He = 9sxs8 F02 C?dsue] + Cudsu*JT) OKL _ C?dquW_K+:| ’

4
Ciddsqdids 4 Hc. = Lﬁ;ﬁpg

o
(Cddds J + Qgdds ﬁ) 2Ok, — Cdddsx gt = K*] ’
( Cddsd j | Cddsds JT)

l\D\OJ w\w l\’)\

Cddsdoddsd_i_H_C. = gGXGFOQ

| K — ngsdJn—K+] , (2.14)




and analogous expressions for the tilded operators, where Ji = (Vavg)/(1 + 0ap). With
these, we arrive at the decay amplitudes

3 |

AKL*)WOVQI/B = é FO2 (le + CE) ZVE ) AK+*>7T+I/O¢Z/B = _Z FO CE ’Ta’/g )
3 — 1 _
ARy —n0mam; = g Fg(Ca+Cp)vivg, Akt osntvam, = —1 Fo Cavary, (2.15)

involving the effective coupling constants

O = ggus 1™ (M) + Gses CT (M) + 96 C5 (M) + Foxs C1 (M) .
O = gaxsC1*™ (M) + Jaxs C1°™ (Ax)) + gox6 C51 (Ay) + 6 C5 " (M) (2.16)

which implicitly carry the neutrino family labels o and . From eq. (2.15), we obtain the
spin-summed absolute squares

9 2. 1 .
Z ‘AKLHﬂ’OVaVBF = 372F6L|CA + CB‘ S, Z |AK+~)7T+VO¢I/3|2 = gF(;L|CB|2S>

spins spins

9 2. 1 .
Z Ak 5050551 = 3*2F61 |Ca+Cg|’3, Z AR+ St ooy = gFé [Cal?s, (2.17)
spins spins

where 8 = (p; + p2)?. The vavg and Uavg channels having no interference with each other,
their branching fractions add up to

F4 2

16 14643 2mgo

9 ’CA’A + 63’2
1+ 5aﬂ

FA (|Cal> +|Cp|?
B O +1CO) t [
8 1—}—(5(15 2mK+

B(K[, — mvavg) + B(KL, — m°0,03) =

=142 x 10~

)

B(Kt = ntvaug) + B(KT — 1l i,05) =

0-11 |Cal? + |Cp|?

=6. 1
6.98 x 1+ bus

, (2.18)

where T, and T+ stand for the measured K and K lifetimes [13], the factor 1/(1 +
dap) in each equation accounts for the identical particles in the final state if o = 3, and
dIT3 denotes the three-body phase-space factor. Also, in eq. (2.18) we have defined the

dimensionless parameters

)

Ca = (50 GeV)? [C”fds“(mw) + 3.3C15% (myy) — 0.55C5% (myy) 4 0.15C4454

()|
Cp = (50 GeV)’ [Ofsd“(mw) + 3.3C% () — 0.5509995 () + 0.15égdd8(mw)} :
(2.19)

which incorporate eq. (2.4) for the RG-running effects on the parameters between p = A,
and g = my and eq. (2.13) for the LEC values.
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Assuming that the operators involve only one pair of a and 8 # «, since these modes
do not interfere with the SM ones, we can combine eq. (2.18) with their SM counterparts
to find

B(Kp — 70+ Eniss) = B(Kp — 7T0VI7)SM + B(Kp — 7T01/al//3) + B(K — 7r017a175) ,
B(KT = 7" + Emiss) = B(KT — ntvd)qy + B(IKT — ntvavg) + BIKT — w7t i,78) .

(2.20)
Accordingly, the definition of 73 should be modified, and we now have
B(Kp — 7™ + Emiss) M (Tgp — rngM)e 40.3¢
= = SB B T <().36 : 2.21
BT BT vt B) P T Tte 00T TR (221)

where

e _ BUEL = nup) + By = n°Pap) _ 203 G+ Cp)?
8 B(KT = whvarg) + BIKT = ntoais) — |Cuf* +

- <406,
Cpl

B(Kt — nfvavg) + B(Kt — 7 0,08)
¢ = - . (2.22)
B(K+ — 7T vi)gy

The most recent measurement B(K+ — 7t vi)nage < 1.85 x 10719 at 90% CL [19] entails
that e < 1 and consequently rz is capped to be about 20.5. This can accommodate KOTO’s
anomalous events [20].

Imposing on eq. (2.20) the KOTO 15 [15] and NA62 [19] limits and further assuming

that the only nonvanishing coefficients are C45%(myy) = C1% (my) = Ay?, we have

50 GeV

NP

10
B(K;, — 7° + Eniss) = 3.0 x 1071 +5.7x 107 ( > <3.0x107Y,

50 GeV

NP

10

B(K" — 7% 4 Eniss) = 8.5 x 1071 + 1.4 x 10719 < > <1.85x 10710, (2.23)
where the first number in each line is the corresponding SM central value [11-13]. The
stronger of the empirical limits, from KOTO in the first line, translates into Axp = 53 GeV.
In figure 1 we illustrate the dependence of B(Kj — 7° + Episs) and B(KT — 7t +
Eniss) in eq. (2.23) on Ayxp. Also plotted are the corresponding SM predictions and limits
from KOTO [15] and NA62 [19]. We see that the NP needs to have an effective scale
Axp = O(60GeV) if it is to be responsible for the KOTO anomaly. The preferred Ayp is
significantly below the EW scale ~ v ~ 246 GeV, which implies that for Axp ~ v the dim-9
operators would have negligible impact on K — 7+ FE,;ss and thus respect the GN bound.

If we repeat the above steps with the dim-10 operators discussed earlier, a scaling
factor of v/Ayp will accompany them. As mentioned in subsection 2.1, they conserve
lepton number and hence, if not flavor-violating, interfere with the SM contribution. For
Axp < v, this scaling factor helps raise Ayp slightly, but the latter still will not be very
close to the EW scale, ~wv, if the NP presence in K — w4+ Fiss is to be within the current
experimental sensitivity reaches. Hence for Ayp = v the dim-10 operators would also have

~

very little influence on these modes.
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KOTO bound

B(K - rt+inv)

60 100

Anp [GeV]

Figure 1. The branching fractions of K — mvv, nov arising from the dim-9 operators versus the
NP scale Ayp for the example described in the text. Also displayed are the corresponding SM
predictions for K — wvo (red and blue horizontal bands) and upper limits from KOTO [15] and
NAG62 [19] (blue and red horizontal thin lines). The light-blue region is excluded by the KOTO
bound. The blue dot corresponds to KOTO’s three events.

3 GN-bound violation via EFT operators for K — ©S or #SS

In the preceding section, the problem of the NP scale Ayp being too low can be ascribed to
the high dimension of the SMEFT operators. As sketched in section 1, any NP that can
induce K7 — %X with a rate exceeding the SM expectation without conflicting with the
K™ data must have an effective scale Ayp which goes roughly as (23000 TeV? mNK) 1/(24N),
where mg is the kaon mass and N the mass dimension of the field content of X'. Therefore,
one way to increase Ayp is by reducing the dimension of the operators, which is 6+N. If in
the dim-9 operators examined above the neutrino pair, which has N = 3, is replaced with
a scalar field S, which has N = 1, the dimension of the operators can be decreased by 2
and in turn Ayp can be raised to the TeV level. If X = S5 instead, the scale will become
Axp = O(v). In this section, we explore how SMEFT four-quark operators supplemented
with S, which we take to be real and a singlet under the SM gauge group, can give rise to
K — 7§ transitions which break the GN bound. Moreover, we apply a similar treatment
to the K — w55 case.

3.1 Operators and matching

As is clear from the last paragraph, SMEFT operators that directly give rise to K — 7S
at leading order have to be of dimension seven (dim-7). Since S is a SM-gauge singlet, the
quark portions of these operators are none other than the SMEFT dimension-six (dim-6)
four-quark operators [44, 45] which contribute to nonleptonic kaon decays. In the first
column of table 2, we list these dim-6 operators in the Warsaw basis [45]. In the middle
column, we exhibit the relevant operators with one s-quark field in the LEFT approach [46].
The third column contains the results for the Wilson coefficients at the electroweak scale
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SMEFT operators LEFT operators Matching at the EW scale

9 = (@1,Q)(Q1,Q) 04t = (dryudp) (57" Chay = Cyg + o

Qi = Qr@(QT'Q) | 04" = W) (5T7"dy) Cuad - = Cig "™ = 30"
OVSEE = (@rTAyun)STTA4"dy) | chshh = 4cg) ™!

Qua = (dud)(dy"d) 05 = (dpyudr) SRV dR) Cramgt = Clat

QL) = (wy)(drd) 0y uad " = (Wyaun) (57" dr) Cunsa " = Cug™

QY) = (@) (dT Ay d) | 0V3EE = (T Ay,up)(SRT Ay dr) | CLoff = o812

QW = (@nQ) () OV = (Spydy) ) | ChLR = o

Qul = QT2 Q)@Tyu) | 0™ = (STT Ay ) @RT Ay ur) | O™ = CRM*

QY = (Q1,.Q)(dr"d) 0Vt R = (spyudy) (drydr) crurt =ty

Q) = (@QTA9Q)dr Ay d) | 0" = (LT yud)(drT A ydp) | CUip™ = o

Qi = (@uQr"d) 0yisi"" = (W) (57 dr) crLER = ol

V8,LR __ C(S),1121
wusd — qd

Qi = (QT47,Q)dT v d) | 075" = @ETyun) GRT*dR) | €

uusd

WER — (dp SR V1,LR 1),1121
044ed"" = (drvudr)(BrRY"dR) cyLLR Céd)

VSLR _ o= — VS.LR 8),1121
04ges" = (dLTyudr) SRT*"dR) | Cqy :ngd)

QW | = €;(Qu)(Qid) 051 — (utug)(spdg) ot = ol 1
QW = e (QTAu)(QTAd) | 05587 = (@pTAup) (52T dR) OB = oo 1
05y = (ardp) (STun) Comlt = —Cl it
Ot = @TAdR) T ur) | co = —CpL!
Qéird = ;;(uQ")(dQ7) 05VEL — (wRuy) (5Rdy) contl = Cég’;m*
QW = e (@aTAQ)ATAQY) | 0355 = (wrT*ur)(SRTAd) cos Ll = ol
05p" = (wmde) (Smur) Cudiu = ~Couga’
O = @RTAL)EERT ar) | cogt = —Ca™

Table 2. Columns 1 and 2: the SMEFT and LEFT four-quark operators contributing to K —
mS5(S). Column 3: the results for the Wilson coefficients at the electroweak scale from the matching
of the former operators onto the latter.

from the matching of the SMEFT operators onto the LEFT operators [46]. For the K — 7.5
and K — wSS transitions, we just multiply all those operators by an S field and a pair
of them, respectively, and the matched Wilson coefficients should be understood as new
parameters associated with the operators.

Similarly to what was done in section 2, to examine the impact of each of the dim-
6 LEFT operators in table 2, we begin by decomposing their four-quark combinations in
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terms of the irreducible representations of the chiral group, SU(3)xSU(3)g. Subsequently,
for each of the irreps we derive the chiral realization, as prescribed in subsection 2.2, and
complement it with a low-energy constant. Finally, the resulting meson operators are
expressed as combinations of their isospin components. The first column of table 3 lists
the LEFT operators in table 2 according to their irreps. In the second column we collect
the mesonic operators pertinent to the K — 7 processes. The ones corresponding to the
four-quark operators with purely left-handed or right-handed quarks are written in terms
of the AI =1/2 and 3/2 combinations

1
Q) =F (aﬂwaﬂﬂ— — ﬁaMKOaﬂw()) :

QY = F§ (0, 0/ + V20, K°0"x") (3.1)

respectively. The other entries in the second column involve Qf /2 and Q:f /2 which were
already defined in eq. (2.12). More details on the bosonization of the irreps are relegated
to appendix C. In this table, we also see that there are more LECs than in table 1. For
J1xg and gy .97, which are dimensionless, we adopt

ggx1 = 3.65, gorx1 = 0.303 (3:2)

from ref. [47], whereas gg, g, Jsxs: Igxg aNd Jg, 5 are already given in eq. (2.13). Moreover,
the parity invariance of the QCD suggests that we can set

91x8 = Ysx1 91x27 = 927x1 >
96x6 = J6x6 > 93x3 = 93%3 (3‘3)

and assume analogous relations for the corresponding LECs with a tilde. For the value of
g3 3, there is no estimation yet in literature, and so one can resort to the vacuum saturation
approximation (VSA) which yields g5.3 = ggxg = Bo ~ 4GeV? with By = m2/(m,, +
mq) = m% /(my + ms) and quark masses at a renormalization scale of 1 GeV. Evidently
the VSA number for g4, is not too far from gg.g = 3.2 GeV? in eq. (2.13). Additionally,
one can implement simple scaling to estimate g, 5 = g3><3§6><6/96><6 ~ 1.4GeVZ2.

It is worth pointing out that, unlike those in table 1, the operators in table 3 individ-
ually either respect the GN inequality or are dominated by portions which do, partly due
to the LEC values employed above. The first two sections of the table contain operators
in the latter category as they have QX/Q parts with gg.; =~ 12¢57,;. The operators in

the remaining sections of the table belong to the first category, such as 0 ;/dlu’iR, which by
itself does not affect K; — 7¥ transitions due to its chiral realization being proportional to
_ L . _
2Qf/2+Q§/2 =3F2K"n, and Ug/dzdR, which generates QIS/2+2Q§/2 o Kt~ +K%7Y/y/2
whose two terms have the same relative size as their counterparts in Qf 20 albeit with the
opposite relative sign. Nevertheless, there are countless combinations of the various oper-
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Chiral irrep

Contributions to K — 7

Otisd = Odtiod |arx1 *+ Oiod 51 189271 (2Q‘1//2 - 5Q¥/2> + §98x191

Uxul;ﬁL = szjs’dLL|27x1 + 07‘1/711;5L|8X1 %927x1 (Q‘l//2 + 5Q3‘f/2> - %ggleYp

M UZEQdLL|27x1 + UZS§§L|3x1 31927x1 (Q‘f/z + 5Q:‘3//2) + %ggle}//Q

Ot = 01‘1/;115%5|1><27 + Ugégﬂlxzs 1891227 (2QY/2 - 5Q?Y/2> + é91x8Q¥/2

Orvusd = Onasd rcor + Ot s | 189121 (9‘1//2 + 599‘{/2) ~ 3913391 12

Orvasd = Orasd |rcor + Orvasd s | 319121 (Q‘{/Q + 599‘?/2) + 56912391 /2

UZdlufR = ;/dldqu‘ws + Ul/di;fL/R|8><1 §98x3 (2915/2 + Q??/z)

UlefR = ZﬁiﬁR‘sxs + DZEﬁﬂsm *%(QSXS ) (2Qig/2 + Q§/2>

02" = 00 s 0t s | —Tasss (50 +205),)

Osiia" = Oucid " lsxs + Osdid lsx1 | 72(9sxs — 3sxs) (Qf/Q + 2939/2)

O = 0 s + O s | Agsxs (2050 + ©5)0)

O = OV s+ O s |~ (0es = 3cs) (205, + ©5,)

Ogai " = 00000 s + UgdlédLths ~1998x3 (Qf/Z + 2939/2)

Ugdin = U(‘i/;igs’(fR|8><8 + Ugdinhxs %2(98x8 - 3§8x8> (Qf/Q + 2Q§/2)

Ufi’sSR = Uﬁi;};R‘(jxﬁ + 05i;§R|3><3 _igéxﬁ (5Qiq/2 + 4Q§/2) + %93x39f/2

O = 0 s O s | o1 (950 — 3Txs) (5955 + 4955 ) — & (933 — 3943) @
Diiij = UﬁjR‘éxﬁ + 05;.;5R|3x3 _igéw (5Qf/2 + 4Q§/2) - %93@9?/2

05 = UfgéﬁR‘éxs + 053;§R|3><3 111 (956 — 396x6) (5913/2 + 49?/2) + 75 (93x3 — 393x3) Q1 12
ot = Ufi;fiL}Gxé + Dii;ZL‘gX3 ~5296x6 (5Qf/2 + 495/2) + %93%9?/2

oot =05t 6x6 T UES;ZL‘Exg 111 (966 — 396x5) (5919/2 + 49?/2) + 75 (93x3 — 395x3) Q1 2
UﬁéﬁL = Uf;;ﬁl/}ﬁx(_i + Uﬁiqéxg _igﬁxé <5Qiq/2 + 4Q§/2) - %ggngf/g

O = O o T Onaon |33 111 (966 — 396x5) <5Qf/2 + 4Q§/2) + 75 (93x3 — 395x3) Q1 12

Table 3. The chiral representations and realizations of the LEFT four-quark operators contributing
to K — wS(5). In the second column, Q}//g and Q:‘;/g are the mesonic operators defined in

egs. (2.12) and (3.1) and correspond, respectively, to AT = 1/2 and 3/2 transitions.

V8,LR
and 0 91929344

For UVl,LR

compared to their 8 x8 counterparts and therefore dropped from the second column.
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ators which could bring about the breaking of the GN bound. Simple instances include
6 10 13 -5 _ . 5V2
Uﬁf—ﬁﬂm’? = @ 927x1 (QY/Q_ZLQ?‘)//Z) = EQWMFOQ (@JKJF&#W "’T 8MK08“71'0> )

1 1 3
VI,LR  oAV1,LR _
Ocquu 305440 = 13 Jsx3 (le/2_4Q§/2> =77 9sxsFo (K+7T +\/§KOWO) : (3.4)

We conclude that judicious choices for the coefficients of the operators would need to
be made in order to evade the bound in a significant manner.” We will encounter more
examples later on.

3.2 Numerical analysis

Summing the mesonic operators in table 3 multiplied by their respective Wilson coefficients
leads to the effective Lagrangian Ly g responsible for K — 7wS. We can express it as

_ b 1 by
Lirs = Fy (a1K+7r - \/iKOF())S + i (aQauKJra”ﬁ — \/QaMKO('?“WO)S + H.c.

1
D FylaiKTr™ — (Reby) K 7] S + = [a20, KT 0" 7™ — (Reb2)0, K ,0"7°] S, (3.5)
0

where a1 2 and by o are dimensionless constants comprising linear combinations of the Wil-
son coefficients Cs, namely

1 V1,LR V1,LR V1,LR V1,LR
a1 = ﬂFO |:6 <2Csduu - Csddd + 2Cuusd - Cddsd )QSXB

V8,LR AV8LR V8,LR AVS8,LR _
- (2Csduu = Coada T 2Cuued — Ciasa ) (9sxs — 3Tsxs)

_9 <CSLLL 4 ¢SLEL 4 oSLER | CSI,RR) o

uusd udsu uusd udsu
3 (\SS.LL | ASS,LL | ~SS,RR , ~SS,RR .
+ 5 (Cuusd + Cudsu + Cuusd + Cudsu ) (g6><6 - 396><6)
SI,LL  AS1,LL , ~S1,RR  AS1,RR )
+3 (Cuusd - Cudsu + Cuusd - Cudsu ) 93x3
1/ SSLL SSLL , ASS,RR  ~SS,RR .
- 5 (Cuusd - Cudsu + Cuusd - Cudsu ) (93><3 - 3g3><i_’)) A ’ (36)

X
1 V1,LR , AV1,LR VLR , AV8LR .
b= 2170 [6 (Csddd + Cidsd ) Jsxs — <csddd *+ Cadsd ) (9sxs — 30sxs)
S1,LL . ~S1,LL . ~S1,RR . ~S1,RR
+3 <Cuusd + Cudsu + Cuusd + Cudsu > Y66

S8,LL
udsu

S8,RR S8,RR

+ Cuusd + cudsu ) (g6><6 - 3§6><6)

1
L (CSS,LL Lc

9 uusd

5This conclusion is in line with what has been argued qualitatively in [32], namely that for heavy
mediators four-quark operators, especially those of the types in the first two sections of table 3, might not
be able to cause K — 7S decays to violate the GN bound by more than a factor of a few. As our examples
demonstrate, preference for the AI = 3/2 components of the operators is required to achieve substantial
violations.
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13 (CSLLL _ ¢SLLL | oSLRR _ CSI,RR) 933

uusd udsu uusd udsu
1/ .s8LL S8, LL . ~S8,RR  ~SS,RR
- 5 (Cuusd - Cudsu + Cuusd - Cudsu )g3><3 A ) (37)
X
_ 3 V,LL V.RR V1,LL V1,RR
az = z=Fp [6 (Cddsd + Cadsa — 2Cuusd ~ 2Cuusd ) (981 — G27x1)
V8,LL . V8RR
+ (Cuusd + Cuusd ) (1198><1 + 4927><1) :|A ) (38)
X

I 3 V,LL | V,RR V1,LL , AV1,RR
b2 = 3550 [6 (Cddsd + Cadsd ) (98x1 +49271) — 6 (Cuusd + Couad ) (29851 + 3927x1)

+ (CVS’LL + CV&RR) (1198><1 — 6927%1) } ; (3.9)

uusd uusd Ay

the subscript A, indicating that the Cs on the right-hand sides are evaluated at p = A,.
These coefficients scale as Axp.
For K — ©SS, the interaction Lagrangian L£x,ss has an expression similar to SLk g,
namely
K07r0> S? + (&2 8MK+8“7T_ — b—Q 0 KO(?”WO) S—Q + H.c.
vz Fg

LKrss = <&1K+7T_ - \%
(3.10)

The dimensionless parameters a;» and 1;1,2 are the same in form as aj2Fo and by 2Fp,
respectively, but with the Wilson coefficients now denoted by Cs, which scale as Ay, because
the underlying quark-level operators are of dimension eight.

321 K —»=«S

From Lk,g, we obtain the amplitudes for K — 7.5 to be

2 2 2
My + M4 — Mg

Ag+_r+vg = a1Fp + as

2Fy ’
2 2 2
My +Mo— M
Ak 05 = —Reby Fy —Reby — £ 5 (3.11)
L 2Fy
and hence the branching fractions
O Y el T AR U
K 16mm3.
2
2 2 2
My +m-4 —m
X |ai + ag — £ 2F75+ S| R, (3.12)
0
B(K, — 1°S) == V(o —m20)? — (2m3, + 2m2, — m3)m}
L Kr 167rm§(0
2
2 2 2
Mo+ Mg — M
X |Reby + Re by —&° 2Fg“ S| 2. (3.13)
0
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To account for the KOTO anomaly, one could consider various possibilities. For illustration,
we look at a scenario in which the only contributing operators are those with purely right-

handed quarks: Uzif’i?f and Di‘gic’lvg)’RR. This implies that a; = b; = 0 and

Fy V,RR vi,RR , 11 _vsRR V,RR V1,RR 2 .V8RR
a9 = F l:(cddsd - 2Cuusd + Fcuusd gSXl — Cddsd — 2Cuusd — gcuusd 927X1 ,

Ax

Fy V,RR vi,RR , 11 _vsRR V,RR V1,RR V8RR
bQ = ? |:(Cddsd - 2Cuusd + Fcuusd gSXl + 4Cdd8d — 3Cuusd — Cuusd 927X1

Ax

(3.14)

V.RR

Moreover, we select C,; ;" = 2cV AR _ (11 /6)cY AR

wund wued  to make the gg, 1 terms above vanish,

changing eq. (3.14) to

5F) V8,RR 253 3 V1,RR V8RR
az = 2 g Chtl T (A, b= =g ( S Ol — LAY ). (3.15)

with which, for mg = 0, we arrive at

V8,RR V1,RR
v B0 0s) L (rsReny? o (Re[CL () ~ 060l (A
B U BET—»tS8) 7 [174asf Cormad ()
(3.16)

It is worth remarking that the potential enlargement of fgp in this equation can be expected

V,RR V1,V8),RR

from the fact that it arises from the quark operators 0, ;" and 0

wusd which, as

rows 4-6 in table 3 show, in the absence of the gg,; portions, generate the combinations
2Q¥/2 — 5Q:‘3//2 and QY/Q + 5Q:§//2 of the mesonic operators defined in eq. (3.1) and hence
all contain significant Al = 3/2 components. Clearly, a much amplified ng can be easily
realized with some more tuning of the parameters in eq. (3.16).

To be more precise in our numerical treatment, we again must take into account the
QCD RG running of the coefficients from the EW scale, which we choose to be the W-
boson mass myy as before, down to the chiral-symmetry breaking scale Ay. The pertinent
one-loop RG equations are available in ref. [48], from which we collect the formulas in
appendix B. We use them to get

CYLIR(Ay) = 1.07CYHIR (myy) — 019 VSR (myy)

uusd uusd
V8,RR V8,RR V1,RR V,RR
Corusd (AX) =1.31C,, . (my) — 0.86 Corusd (mw) —0.16 Chasd (mw), (3.17)

which enter eq. (3.15) and depend on other coefficients. To simplify things further, we can
pick CXJ;?R(mW) = Cg(’iff(mw) = 0 and CZS;?R(mW) = A2, which lead to #}F = 51
in eq. (3.16). This exceeds the maximum r§~ = 4.3 of the GN bound by more than 10
times. For this example, in figure 2 we depict B(K — 7.5) as functions of the S mass mg
with Axp = 1TeV (left panel) and 800 GeV (right panel). In the figure, we also exhibit

the upper limits on B(Kj — 7%S) and B(K+ — 7tS) at 90% CL from KOTO 2015 [15]
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Figure 2. The branching fractions of K — wS versus the S mass mg induced by the dim-
7 operators with NP scales Ayp = 1TeV (left panel) and 800 GeV (right panel), compared to
the experimental upper limits from KOTO 2015 [15] and BNL [17] along with the standard GN
constraint on K; — 7%S from the BNL result. The blue and black curves are related by B(K —
FOS)GN = 43B(K+ — 7T+S)BNL~

and BNL [17], respectively, along with the empirical GN constraint based on the BNL
result: B(Ky — 71°8)an < 4.3 B(KT — 7n+8)Nw, which is reflected by the blue and black
curves in each graph. If Ayp = 1TeV, the left panel reveals that the GN inequality is not
respected in the mg < 110 MeV region, while the current experimental limits are satisfied.
If Ayp is smaller, it is possible to break the GN bound with higher mg values, such as
170 MeV < mg < 240 MeV in the right panel for Ayp = 800 GeV. We conclude that it can
be violated by dim-7 EFT operators with a NP scale Axp = O(1TeV).

322 K —»=wSS

For the three-body decays K — 7SS, the amplitudes are

2 2
R .m +msZ,. — s
At ymtgs = 201 + Gy —5- 2 - ,
Fy
2 2 s
A ~ Mo +Mm S
Afc, 055 = —2Reby — Re by — 1~ F2”° , (3.18)
0

where § designates the invariant mass squared of the SS pair. These bring about another
modified definition of rg,

- B(KL — a0+ Emiss) . B(KL — 7TOUI7)SM + B(KL — WOSS)
BT BKT > 7t + Biss)  B(K+ = 7tui)gy + B(K+ — 77585)

(3.19)

As before, we have many options regarding the parameters which can yield a violation
of the GN bound. This time we entertain the possibility that the operators with purely
left-handed or right-handed quarks do not contribute, implying that as = b2 = 0 and so
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Figure 3. The branching fractions of K — 7SS induced by the dim-8 operators as functions of
the NP scale Ay for mg = 0, as described in the text. Also displayed are the corresponding SM
predictions for K — 7vo (red and blue horizontal bands) and upper limits from KOTO [15] and
NA62 [19] (blue and red horizontal thin lines). The light-blue region is excluded by the KOTO
bound. The blue dot corresponds to KOTQO’s three events.

the branching fractions become, for mg = 0,

.12

TK+ TK+ a1| A

B(K+ — 7T+SS) = 293,173 /H3|MK+—>71'+2S’2 = 2771'3"/713 /H3 =T7x 1011|(I1|2,
K+ K+

TKr, (Re 61)2

I3 = 3 x 102(Reby)?.

(3.20)

TK
B0 1'55) = gt [ MM ol =
KO

Supposing additionally that é; and b, come only from the Jgxg terms in egs. (3.6) and (3.7)

and setting C;{d’j R /2 = ngi’fR = CZL} S’SR = CliiszR = A, we derive
. F? .~ F?3
a) = —0 QSZS s bl - 70 giXS . (321)
4 A, 4 Ag,

In figure 3 we plot the resulting branching fractions of K — 7SS as functions of Ayp.
Evidently, in this particular instance, to boost B(Kj — 7SS) to a level within KOTO’s
current sensitivity reach would need Ayp to be no more than roughly 200 GeV. As can be
inferred from this graph in conjunction with eq. (3.19), for Ayp above this value the GN
bound is no longer violated.

4 Summary and conclusions

Motivated by the recent preliminary observation of three anomalous events of Kj — 7lvi
by the KOTO collaboration, we study in detail the possibility of having new physics re-
sponsible for enhancing the K — 7+ E ;s modes over their SM expectations. We explore

two types of scenarios:
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e NP above the EW scale represented by quark-neutrino interactions which do not
preserve lepton flavor/number.

e NP above the EW scale with new scalar particles that are sufficiently light to be
produced in K — m+ E,;s decays.

The NP is described with an effective Lagrangian above the EW scale that respects the
gauge symmetries of the SM. In all the cases considered, we specifically look for true
violations of the Grossman-Nir bound through four-quark Al = 3/2 interactions.

The NP effects are classified according to the mass dimensionality of the necessary
operators. To this end, we catalogue all the operators that can give rise to the reaction
K — nX with & standing for one or more particles carrying away the missing energy.
As itemized above, we allow X to comprise: a neutrino-antineutrino pair (v7), a pair of
neutrinos (vv) or antineutrinos (rv), an invisible light new scalar boson (S), and a pair
of these scalars (S5). These cases require a minimal dimensionality of ten, nine, seven,
and eight, respectively. On general grounds, we argue that the scenarios with new scalars
(dim-7 or -8 operators) are consistent with sizable boosts in the rate of K — 74 Episs
for NP scales above the EW scale.

We construct the effective Lagrangian for each of the cases and, after identifying the
Al = 3/2 components of the operators, we discuss the renormalization group running of
the couplings down to a hadronic scale followed by the matching of the operators onto chiral
perturbation theory. We present numerical results illustrating the scale of the NP needed
to amplify the K, — 704 Episs rate above the GN bound obtained from the measurements
of Kt — 7T++Emiss-

We find that the production of a single light new scalar via AI = 3/2 interactions
permits enlargements in the K; — 7%+FEpi rate that are big enough to appear in the
KOTO experiment, and we clarify this with figure 2. This is achievable with some degree
of tuning among the coefficients of the operators. Our results are attained for stable new
scalars, but long-lived ones would also work as they have weaker constraints [17].

The production of a pair of the new light scalars could have substantial rate gains
over the SM but not above the GN bound. We depict this in figure 4,° where the blue
area illustrates that increases over the SM by factors of a few are possible while keeping
Axp > v [in contrast, to exceed the bound (explain the KOTO events) would require
Axp < 200GeV (Ayp ~ 160 GeV), as indicated in figure 3]. With a different choice of
parameters, the charged mode could also be amplified by a similar amount.

The production of two neutrinos, on the other hand, suffers from relatively much
greater Ayp suppression. The restriction Axp > v results in very small rises over the SM,
completely within the uncertainty of the SM predictions and thus unobservable.

5To draw the blue region, we use again the example in eq. (3.20), with a; = FOQgSXg/(ZLAﬁP) as in

eq. (3.21), but now let Reb; vary under the condition 0 < |[Reb;| < 3|d1| and demand Ay > v. With
V1,LR _

regard to the operator coefficients in egs. (3.6) and (3.7), one way to accomplish this is to arrange 2C, .’

C;/dld’(fR + ZCXJégR — Czl/dls’(fR =Agt and 0 < C;/db’jR + C}i/dls’dLR < 3, having taken the others to vanish.
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Figure 4. The branching fractions of K — 7+ F ;s in red the 90%-CL SM predictions; in green
the 10 BNL E787/E949 result; in brown the 90% NA62 exclusion; in grey the GN bound; and in
blue a region accessible with K — 7SS for parameters chosen to enhance mostly the neutral mode
with a NP scale Ayp > v.

We conclude that continued improvement of the KOTO upper bound on K; —
794 Fhiss, €ven at current levels which are much above the GN bound, provides relevant
constraints on possible new physics scenarios.
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A TIsospin decomposition of quark parts of dim-9 operators

In this appendix, for completeness we write down the decomposition of the quark portion
of each of the dim-9 operators in eq. (2.2) into its Al = 1/2,3/2 components. This will
allow us to see clearly the difference between them. Since additionally each operator also
causes a definite change Al3 in the third isospin component, we can first group them
according to their Alz values and then express them as linear combinations of their ATl
terms. Inspecting the operators, we find that O%Sdu, ﬁ”de“, Ogdds, and f)gdds have Al3 =1/2,
whereas 0¥dsu  Qydsu gddsd and 099 have Al3 = —1/2. Employing the Clebsch-Gordan
decomposition rule, we then get the following results:

e The Al3 = 1/2 operators:

DzlLsdu — _lousdu + lousdu Ogdds — loddds 1 ddds (Al)

3 LAI=1/2 T 3V1LAI=3/2> 3 3,AI:1/2_§03,AI:3/27
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with their components of definite Al being given by

01ty jo = | (@rvuse) @y ur) — 2(@vess) (A un) — (drvuse) (dryd) | T,
01i_s2 = [ (dse) @y u) + (@se) (dryur) — (@rvse) (drydr) |7
0451 jo = | (@uc) (Arse) + (drus) (wse) + 2(drdr) (drse) | 7

050 = | (L) (dse) + (drus) (Rse) — (drds) (drsi) | . (A2)

and similarly 0% and 0445

e The Al3 = —1/2 operators:

1 1 ! L
d d d ddsd ddd ddd
Y™ = —g0iRi—1/2 + 30T AT=32> 08" = 305AT-1/2 — 505A1-3/2, (A3)

with their components of definite Al being given by

N -(W’YMUL) (5&7"dr) — 2(uryudr) (SrY" ur) — (doyudr) (SRY"dR) ]J :

0V RY 30 = (ULWUL) (srY"dRr) + (wryudr) Sy ur) — (dryudr) (SR’Y’udR):|J ,

03/ = | (W) (5mde) + (rdy) (5Tur) + 2(dndy) (57d) |

Ogdgé 3/2 = ( urur) (Srdr) + (Wrdy) (SruL) — (drdy) (@dr)} J, (A.4)
and similarly 0%45% and 04952,

B RG running of dim-6 four-quark operators for K — 7wS(S)

The 1-loop QCD RG equations of the Wilson coefficients of the LEFT dim-6 quark oper-
ators relevant to the K — wS(S) transitions are given by [48]

V,LL 20 ) ) . ViLL
Cadsa -5 0 —150-950—5 Caasa
1,LL 1,LL
CZu;d 0 0 —g 0 0 00 Cxus’d
V8,LL 4 5 1 1 V8&,LL
d Cuusd o -3 —6 3 0 -3 0 3 cuusd
— | VLR = = 4 VI1,LR
'udlu Csduu - o1t 0 0 0 0 3 0 0 Csduu ’ (Bl)
V8,LR 4 1 22 1 VS.LR
Csduu 3 0 3 6 3 0 3 Csduu
VLLRE 4 V1,LR
Coddd 0 0 00 O0O0 3 cl
V8LR 4 1 1 22 VS,LR
Csddd -3 0 -3 0 -3 6 -5 Csddd
SL,LL 8 32 56 S1,LL
Cuusd 3 —9 T 9 " 97 Cuusd
S8,LL 8 8 22 S8,LL
i Cuusd _ _% —4 -3 3 T 9 Cuusd (B 2)
Mdﬂ ¢SLLL o | _32 _56 g _8 oSLLL | - :
udsu 9 27 9 wden
S8,LL 8 22 8 S8,LL
Cudsu 3 9 —4 — 3 Cudsu
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The solutions to these equations between the electroweak scale, which we take to be u =
myy, and the chiral symmetry breaking p = A, = 47 F; ~ 1.2GeV are

Clisd 0.76  0.00 —0.01 —0.00 —0.00 —0.00 —0.00\ [ crEr

Couid 0.0l 1.07 —0.19 0.00 0.00 000 000 | |cVLLE

Comad ~0.16 —0.86 1.31 —0.01 —0.03 —0.01 —0.03 | | cV3LE

Cotiu — | —0.01 0.00 —0.00 1.05 0.11 —0.00 —0.00 | | cVLER ’

Chamn ~0.00 0.01 —0.03 051 0.43 —0.01 —0.02 | | cV&LR

Chaid ~0.01 0.00 —0.00 —0.00 —0.00 1.05 0.11 | |cVLER

Chaid . \-0.09 001 003 ~0.01 ~0.02 0.51 0.43 QVSLR .
(B.3)

Cond 2.97 —0.03 —1.17 —0.36\ (coLLE

Comsd _ | -tor 071 084 0.6 | | ciniE -

Codin ~1.17 —0.36 2.97 —0.03 | | ¢OLLE ' :

Codis” J=A, 0.84 —0.16 —1.01 0.71 CSSLL .

All of these formulas are also valid for the chirality-flipped counterparts of the operators.

C Chiral structure and hadronization of quark operators for K — =S(S)

Here we collect the SU(3); x SU(3)g irreducible representations of the dim-6 four-quark
operators examined in section 3 and the corresponding mesonic operators decomposed into
their AI = 1/2,3/2 components. Adopting the normalization convention of ref. [42] for
the chiral realization of each operator,” we have

1 — 1
0ot 121 = [(4din" d=5T7"s1) STud) — (W07 di) (ST s = 5 (@7 a1) (STl )
1 R A T 1
= ﬁgngé1 [4Lu22Lg3_Lu33L§3_Lu21Llf3} D Tgd2mx (2Q¥/2—5Q§//2) =
(C.1)
V,LL L e N 2 N
0 4isa |8x1=5 [(@zy"dr)(SLypur)—(ury UL)(SL%dL)Hg(qm qr) (St vudr)
1 ~ ~ ~ ~ 1
:EQSXIFSL [LN21LT3_LM11L53:| > 698><1Q‘1//27 (C.2)
V1,LL Lo o N — b N |
0. usd |27x1=5 [Buzy"ur)(SLvudr)+2(ury dL)(SL'YuuL)]_g(QL'Y qr)(STVudr)
1 . . 1
:>E.98><1F61 [3Lu11L!2L3+2Lu21L!1L3} 2 1g927x1 <Q¥/2+5Q:‘3//2) ; (C.3)
V1,LL 2. _ _ _ 1, .
O sx1= ¢ (@7 ur) SLyude) —(@ey*dr) (STyuur) 1+ (@27 ar) (Szudr)
1 L, - - 1
:>698x1FSl [Lulllel?,_Lu?lL;fs} 3—398“@‘1//27 (C.4)

"Particularly (5z7y.de)(Szy"de) = %927X1F61EM23D53 and (3Lv.dr)(SrY"dr) = %98X8F042232£3
among the operators with purely left-handed quarks and quarks of mixed chirality, respectively.
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V8,LL 1 gVLLL

Duusd |27><1 3 uusd |27><17 (C5)
V8,LL 11 L e 1
0 pied l8x1= 0 [(@y"dr) (3Typur)— @y ur) (SLyudL )]+ 15(qm qr)(5tvudr)
11 ~ - - 11
7298><1F0 [LMQILT:?)_LMHL%] = %98><1Q¥/27 (C.6)

1
VI,LR _ . .
0 s lsxs=ELvudrL) [(UR’YM’U«R)_S(QR’Y“QR)}

LS 207, +05 C.7
= 7y Isxs 21213 D Ysxs Q7)t93)2 ) (C.7)
V8,LR 1 g L u 1 T L u
Osiuu Isxs == (rdr) |(@ry"ur) =3 @r7"ar) | +5 (5ed] | [ury"ur)—5lar"ar)
1 FY _ P
:>_6Z0 (9sxs—30sxs) 2212133% (30sx5—9sxs) <2Qig/2+Q§/2> , (C.8)

. — 1,
UL%R’sxs:(SLde) [(dRV”dR)—B(QRV”QR)]

4
:>&g 903 D—ig (QS +205 ) (C.9)
4 8x8 23 12 8x8 1/2 3/2 ’

1, — 1, 1, — 1
O s =~ (T | @) @) |+ (vt { i)~ 3 )

1 Fy ~ 1 .
j_gjo (9sxs—30sxs) T228y D [0 (93x3—3Jsxs) (Qf/2+2Q§/2> ; (C.10)
1
050 =5 [(TRuL) (5L )+ (TRdL) (R )
1 Fy 1 s S
2 4 gGXG (223211+213221) ﬂngg <5Q1/2+4—Q3/2> s (Cll)
1
OiizsflbeS:ﬁ [(Wgur)(SrRdL)—(urdL)(SRuL)]
1 Fy 1
:>§Z093><3 (2311 —X13%21) D §Q§X3Q15/2; (C.12)

0555 = — s () (57 )+ () (57 )|+ { () (52 )-+ ([ )

;»F4( 3 Y3311+ 3132 Jox5 3968 5 4073
9ex5— 96><6)( 23211+213 21) — Q1/2+ Qg/g )

84 144
(0.13)
S8,LL L. S r,,__ o
Ousd 13x3=—15 [(@ruL)(SRdL) —(@rdr) (Srur)l+ 7 {(ruL][srdL) — (ardr][SRu)}
F§ _ 303x3—93
:>—4*§ (93x3—373x3) (Z23X11—X13321) D %Qm, (C.14)
S1,LL S1,LL S1,LL,  __  S1,LL{
Uudsu ’6><6 Uuusd 6x6 Uudsu |3><3__Uuusd |3><3’
S8,LL S8,LL S8LL, - S8LL|
Oudsu |6><6 Uuusd 6x6 7 Uudsu |3><3__Uuusd |3><3’ (C15)
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where ¢T = (u,d,s) and I?Z = (X0#x1);;. For the chirality-flipped counterparts of these
operators, the irreducible components and chiral realizations can be obtained from the

above results by making the exchanges L <+ R and ¥ <> ©f. We observe that among these
¢ gVLL 0V1,LL‘ pVS.LL pSLLL S8,LL
operators U .9 18x1> Yyusd 18x10 Yyusd 18x1s uusd,udsu uusd,udsu

exclusively Al = 1/2 interactions.

|3x3, and O |35 generate
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