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ABSTRACT: We present an algorithm that evolves hard processes at the amplitude level
by dressing them iteratively with (massless) quarks and gluons. The algorithm interleaves
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cludes all orders in N, is spin dependent and is able to accommodate kinematic recoils.
Although it is specified at leading logarithmic accuracy, the framework should be sufficient
to go beyond. Coulomb exchanges make the factorisation of collinear and soft emissions
highly non-trivial. In the absence of Coulomb exchanges, we show how factorisation works
out and how a partial factorisation is manifest in the presence of Coulomb exchanges.
Finally, we illustrate the use of the algorithm by deriving DGLAP evolution and comput-
ing the resummed thrust, hemisphere jet mass and gaps-between-jets distributions in eTe™.
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1 Introduction

Modern day experimental particle physics is often performed at hadron colliders. As an

unavoidable consequence, QCD corrections play a large role. Contributions from coloured

radiation, when evaluated Feynman diagrammatically, diverge at multiple points in the

phase space. When regularised and cancelled, the divergences may leave behind large loga-

rithms. The accurate inclusion of logarithmically enhanced corrections is of importance to

both the theoretical and experimental communities. Historically there have been two main

approaches to dealing with QCD radiative corrections: resummations and parton showers.



Resummations look to re-organise the perturbative expansion by classifying the large
logarithms and then summing the perturbation series such that the most dominant loga-
rithmically enhanced terms are included. Towers of logarithms may be further simplified by
making the leading colour (LC) approximation. The re-organised expansions are referred
to by their logarithmic accuracy; leading log (LL), next-to-leading log (NLL), etc. This
procedure has recently been further formalised by work in soft-collinear effective field theo-
ries [1-4]. From this perspective, resummations are renormalisation group flows that evolve
‘safe’ perturbative predictions into regions of phase space where perturbative expansions
would be otherwise ‘unsafe’.

In contrast, parton showers may be thought of as providing an all-purpose approxima-
tion to the resummation procedure. Modern parton showers generate an evolving, classical
system of partons whilst cleverly encoding quantum interference effects (made possible by
working in the LC approximation). The majority of currently available parton showers
claim LL accuracy using the LC approximation [5-11]. The quest to better understand the
data from the LHC is a major driver for increasingly precise parton showers. At present,
there is a growing list of phenomena that parton showers do not encapsulate. This includes
effects sub-leading in colour, some non-global logarithms [12], Coulomb/Glauber exchanges,
super-leading logarithms [13—15] and the violation of QCD coherence (or collinear factorisa-
tion) [16, 17]. Moreover, recent fixed-order studies have cast further doubt on the accuracy
of modern parton showers. It has been shown in [18] that the PyTHIA [10, 11] and DIRE [8]
showers suffer from both incorrect next-to-leading logarithms at leading colour and incor-
rect contributions from sub-leading colour (NLC) at LL. Although these showers never
claim NLL or NLC accuracy, the findings of Dasgupta et al. questions the fruitfulness of
attempts to extend conventional parton showers beyond LL and LC in general. In recent
years, there has been movement towards finding new constructions for partons showers;
constructions more suited to including NLC or NLL corrections [9, 19-26]. However, as of
yet, success has been limited.

The algorithm we present here aims to provide a framework for the development of
future parton showers, enabling them to be systematically improved. We hope it will
also help make more rigorous the link between resummations and parton showers. Our
starting point is the soft-gluon evolution algorithm explored in [25], which we refer to as
the FKS algorithm. The evolution generated by the FKS algorithm is systematic to all
orders in colour and it accounts for the leading soft logarithms. The FKS algorithm was
originally used to derive the super-leading logarithms that may occur in hadron-hadron
collisions [13, 14]. It has been analytically verified for a general hard process dressed with
up to two soft real emissions and one loop [27, 28]. It has also been shown to generate
the BMS equation [29] (it presumably also includes the NLC corrections to it) and it
correctly accounts for the leading non-global logarithms for various observables [25]. The
main goal of this paper is to improve the FKS algorithm by including collinear emissions,
spin dependence and kinematic recoil. The algorithm we present is Markovian and can be
solved iteratively, making it well suited for use as a parton shower.

The remainder of the paper is organised as follows. In the next section, we introduce
the algorithm in a form we refer to as variant A, in which we interleave soft and collinear



emissions. Variant A has the virtue of being a simple extension of the FKS algorithm,
though it suffers from unnecessarily complex colour evolution in the soft-collinear sector.
It also suffers from the fact that we cannot uniquely identify a parent parton in the case of
soft-gluon emission, which complicates the issue of longitudinal momentum conservation.
We are thus motivated to re-cast the algorithm in a more convenient form, which we refer
to as variant B. Specifically, in variant B we manipulate the colour structures of variant
A to isolate the full collinear splitting functions, after which we are able to implement
longitudinal momentum conservation in a simple way. We also spend some time illustrating
how recoils may be included in both variants, though this will only be relevant beyond the
LL approximation. As it stands, either variant A or B could be used to create a fully
functioning parton shower, though B will be computationally more efficient. In section 2.5
we present a manifestly infra-red finite version of the algorithm. This reformulation is
particularly useful for the resummation of specific observables, though it is not so well
suited for use as a general purpose parton shower. This is because the infra-red singularities
are regularised by the explicit inclusion (and exponentiation) of a measurement function.
The second half of the paper is devoted to issues of collinear factorisation and to
providing examples to illustrate how the algorithm is used. In section 3 we discuss the
factorisation of collinear physics from soft physics. We start by considering the case when
Coulomb/Glauber exchanges are turned off (such as would be the case in ete™ collisions).
After this we discuss how Coulomb exchanges can be introduced one-by-one. We will
see that collinear factorisation occurs below the scale of the last Coulomb exchange. This
discussion shows consistency between our approach and the proofs of collinear factorisation
by Collins, Soper and Sterman [30, 31]. After this, we show how DGLAP evolution for
the parton distribution functions emerges [32-34]. We finish the paper by illustrating the
use of the algorithm; by calculating the thrust, hemisphere jet mass, and gaps-between-jets
distributions in eTe~. We leave an extensive discussion of spin correlations to an appendix.

2 The algorithm

In this section we present the algorithm. It is Markovian and interleaves soft emissions and
virtual corrections with collinear emissions and virtual corrections, see figure 1. Successive
real emissions are strongly ordered in an appropriately defined transverse momentum. We
will present two variants of the algorithm, which we refer to as A and B. The two differ
only in where we put the soft-collinear emissions: in A they are in the soft sector and in
B they are in the collinear sector. The second approach allows us to exploit the colour-
diagonal nature of collinear emissions and it makes kinematic recoil more straightforward
to implement. Variant A has the virtue that it is an almost trivial extension of the purely
soft evolution presented in [25]. We present both A and B with the momentum mappings
after each real emission parametrised into two initially unspecified functions. This is so the
algorithm is able to accommodate partonic recoil. Later, in section 2.4, we discuss specific
examples of recoil in action. For processes with coloured incoming partons, the algorithm
should be convoluted with parton distributions functions. We leave a full description of
how to do this to section 4.



Figure 1. A term contributing to evolution of the conjugate amplitude (it contributes to Ag). Red
dashed lines represent the emission of soft gluons and collinear partons are represented by blue dot-
ted lines. Loops (Sudakov factors) have been neglected to avoid clutter. We draw all particles head-
ing to the right, away from the hard process, including incoming particles. In contrast, evolution
of the amplitude will have all particles drawn heading to the left and away from the hard process.

Before plunging in, we should explain the theoretical basis for what follows. Our
algorithm is based on Feynman diagram calculations [14, 25, 27, 32, 35-37] and, in its
present form, captures all of the logarithms associated with the leading amplitude-level
singularities. Therefore the algorithm captures leading logarithms from wide-angle soft
emissions, hard-collinear emissions and simultaneously soft and collinear emissions. This
means the algorithm is guaranteed to capture only the most leading logarithms at cross-
section level. That said, it is also able to capture the leading single non-global logarithms,
even if the global part is double-logarithmic, as is the case with the hemisphere jet mass
for example (see section 4). For any process involving incoming hadrons or measured
outgoing hadrons, the single logarithms from DGLAP evolution are recovered as well (i.e.
parton distribution function and by a simple extension fragmentation function evolution).
We believe our framework to be sufficiently flexible that we can, in the future, extend it
beyond the LL approximation.

2.1 Parton branching with interleaved soft and collinear evolution (A)

The algorithm evolves a hard-scattering matrix, H(Q; {p}), which is defined at some hard
scale () and is a function of the hard-particle four-momenta, {p}. It does so by dressing
with successive soft and/or collinear real emissions and virtual corrections. H(Q;{p}) is
a tensor in the product space of colour and helicity,! defined as H(Q; {p}) = (|colour) ®
|spin)) ® ({colour| ® (spin|). The hard-scattering matrix is defined so that Tr H(Q; {p}) is
the hard matrix element squared, summed over colour and spin.? Successive real emissions
are added via ‘rectangular’ operators, which act as a map increasing the dimension of the
representation of SU(3) x E(2) in which H(Q; {p}) resides. The virtual evolution operators

!This paper only concerns itself with massless partons and so all particles have a definite helicity.
2We may also choose to include averaging factors, a flux factor and the hard process phase-space, so
that it is then the hard-process differential cross section.



are ‘square’ and preserve the representation of H(Q;{p}). Specifically,

do‘o ="Tr (V,U«,QH(Q’ {p})VLQ> = ﬂAO(M, {p})7
nH+1

do; = / H d*p; Tr (Vu7q1LD1un QH(Q; {pH)V qu QDTV/J qu) dIl
=1

(2.1)
=Tr A1 (5 {p} U qu) dly,
doy, = Tr Ay (p; {p}n) Hde‘,
i=1
where
ng+n
(QL, {p}n 1 UQn / H d Di qJ_,an_DnAnfl(QnL; {p}nfl)D V:;l qnl@(QL < QnL)-
(2.2)

At each step, the emission operators (D,,) add one new particle, of four-momentum g,,, to
the set {p}n—1, to produce the set {p},. We use p; € {p}n ={P1, P2, Puy,q1, - qn} to
denote the momentum of the j* parton and 1 < j < ng + n, where ny is the number of
partons associated with the original hard process and n is the number of emitted partons.
Hidden in the emission operators is a map from {p},_1 to a new set, {p},—1. The difference
between these two sets is determined by the way we implement energy-momentum conser-
vation (i.e. the recoil prescription) and it is why there is an extra integral over p; (it is not
a phase-space integral). The virtual evolution operators V5 encode the loop corrections.
To avoid cumbersome notation we write {p}, = {p}n—1 U {gn} is the set of n momenta
including the last emission, ¢,. We have not yet defined the ordering variable, ¢;, ; we will
do that shortly. A generalised observable ¥, with measurement function u,(q1,...,qn), is
then given by?

:/Zdanun(m,m,qn),
= /Z <Hdﬂi> TI"An(:U; {p}n) Un(Qlau-»qn)a
n =1

where dII; is the phase-space for the ith emission (see below). u should be taken either

(2.3)

to 0 or to the scale below which the observable is inclusive over all radiation. The virtual

(Sudakov) evolution operator is*
bdk(U dydqﬁ g Di*Dj ~
Vap=Pexp / TY-T9) {/ R A G = E— -(k)—méi»}
TR L A O S O G i
dk ") dzd¢
soft 02 coll ~
RS Y [y © T [Pl mR . 7)
ve{g.g}
(2.4)

3For fixed Born-level kinematics. Generally the measurement function will depend upon the hard process
momenta P;, which we do not show explicitly.
4The path ordering ensures that the operators are ordered in k’(j‘]) with the largest to the right.



where i and j run over all external legs (those from the initial hard process and also previous
emissions in the evolution). Sij = 1 if both partons 4, j are incoming or both outgoing and
dij = 0 otherwise. 8;;(k) = O(p; - pj — k- (pj + i) and ensures that the phase space of the
integration corresponds to that of a real gluon. Likewise, the z integral is over the range®

(i7i) 2 (i7i) 2
P N 79+1 o2 kL 7 :2p'pi+pi'np'n, (2.5)
2 2 (np)* " 2 2 (n.p)? (p-mn)?

which can be expressed via a single theta function
0;(k)=0(n-p;—n-kn-p+2p-p; —2p- k).

The vectors p and n = (1,7) will be defined shortly: to LL accuracy p = p; and a = 1.
vi, v € {q,g} label parton species. © = g in all cases except when v; = g and v = ¢, then
U =q. ffwi is the v; — v hard-collinear splitting function and it is defined in appendix A
along with the conventions we use for helicity states and antiparticles. Rf;?ft(k, {p}) and
Rfou(kz, {p}) are concerned with the recoil prescription and are included to preserve unitar-
ity, they are defined in (2.11) and (2.12) below. k:fj ) and y are the transverse momentum
and rapidity in the ij zero-momentum frame. To make the (unitarity) link to the real
emissions more explicit, we choose not to use the substitution

(G2 PiDj
A ST R (26)

The real-emission operator is built using two operators:

Si=) (23;(} ;Tg@ (B - €4 (a:)S" + pj - €& (qi)S_“)> R ({p}, (P}, @),
7 i (2.7)
Ci=3 7 P B (0} (7))
such that D; acts as
..D;OD!...=...8,08!...+...c;oC!.... (2.8)

j again runs over all external legs and ¢ labels the emitted parton. S; generates soft
emissions and C; hard-collinear emissions. The symbol A;; is defined so that A;; A = ;3
and (5ﬁnal ((5m‘tlal) is unity when parton j is in the final (initial) state and zero otherwise. P;;
are the amplitude-level hard-collinear splitting functions and are defined in appendix A.
The splitting functions encode DGLAP evolution [32-34] including the spin-dependence.
T? is a basis independent colour charge operator. We have indexed each TY with the leg on
which it acts, i, and by whether it corresponds to the emission of a gluon or not (i.e. the
index g refers to a ¢ — ¢q splitting). S* updates the helicity state by adding the helicity
of the emitted parton, s;. The operators S and T are also defined in appendix A.

5We specify the range corresponding to emission off a final state particle, for emission off an initial state
particle exchange p; — p;.



In the soft sector we have introduced an auxiliary vector m. It is uniquely deter-
mined, but only at cross-section level, since we require qﬁm)q(fm/”p#pj = (qu ))2, which
corresponds to choosing 7 to lie in the direction of j and m’ (the corresponding vector
in the conjugate amplitude) in the direction of i. It is only ever this combination that
appears at cross-section level. In the collinear sector, the momentum fraction z; is defined

by (see figure 2):

-
zi = bi for final-state emissions
p-n
_pj-n . .

and z; = for initial-state emissions, (2.9)

p-n
where the light-like four-vector n satisfies n - qi(j_ﬁ) = 0. The light-like four-vector p satisfies
p- ql(in) = 0. Neglecting terms suppressed by the transverse momentum of the emission

(which is permissible in the LL approximation) we may take p = p; for final-state emissions
and p = p; for initial-state emissions, in which case z; is the light-cone momentum fraction.
The precise definition of p is dependent on the recoil prescription, as we illustrate in
section 2.4.

Now we can define the ordering variable, i.e. the definition of a and b in the Sudakov
operator V. We use transverse momentum ordering, where the transverse momentum
should be defined by the parent partons of the emitted parton. Doing this means that we
really ought not to sum over partons in (2.7) and we should replace (2.2) by

ng+n

An = Z / H d4pivqi7qnLD‘ZLnAn—lD‘ZLnTVSL,an@(qJ_ S an_) (210)
=1

Jnsdn,

where D?" is defined by
Dn:EZD#.
Jn
The ordering variable is then ¢, = q,(lj"j;l) if the emission is soft or ¢, = qﬁf”’ﬁ) if the
emission is collinear. At LL, this choice of ordering variable is somewhat arbitrary but being
a transverse momentum it is able to generate the super-leading logarithms correctly [27].
That said, it is not equivalent to the ordering indicated by the results in [27, 28], which is
based on fixed-order Feynman diagram calculations. We have not yet figured out a way to
implement the latter ordering to all orders. In the remainder of the paper, we will use the
simpler (though potentially misleading) notation of equation (2.2).
The recoil functions, S)‘if;’ft*i)%fj,ft and SR;?]‘?H*E)‘{;?JC-’H, encode the maps that implement
energy-momentum conservation. As the algorithm proceeds, each E)f{:f;)ft and 9%%‘?11 will
always collect into the pairs just given. The functions only ever appear singularly to aid

book keeping. They should be constructed out of delta functions and algebraic pre-factors

Singular definitions would require & functions to contain integrals of delta functions which indepen-
dently evolve momenta in the amplitude and similarly for 93" in the conjugate amplitude. The external
momentum integrals, f I d*pr, would the be used to force the two separately evolving momenta to coin-
cide. Giving these definitions provides an entirely unnecessary extra complexity.
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Figure 2. Defining the kinematics: (a) ¢; is emitted off an incoming leg; (b) ¢; is emitted off an
outgoing leg.

relating the momentum from the current step in the algorithm, {p}, to the momentum that
will be carried forwards to the next step of the algorithm, {p} and ¢;. R,f-;’ft and RZ‘?OH are
fixed by SR?;?& and 9%19]‘?”, ie.

/fﬁ%9@Mummhmm?mmmhmznﬁmmmx (2.11)

and

/Hd4 R ({p} {5}, )R (o} (B}, a) = R5™ (ai. {B}). (2.12)

In the LL approximation, Rj?ft = R;OH = 1. S, generates soft emissions and one might
suppose that a suitable choice of recoil (to LL accuracy) is

et orseft — T 6 (on — ). (2.13)

We will shortly see that things are not quite so simple, and that this requires modification.
C; generates hard-collinear emissions, however only the longitudinal component of the
recoil is hard. Therefore, in the LL approximation, we may implement recoils in the
collinear sector via

%Eyll*%%ﬂl — <64( . Z p])éﬁnal + 54( le])cslmtlal) H 54 pk - pk) (2‘14)
k#j

Finally, the phase-space is included via

20, d3¢;
7T2qi2J_ 2E2 '

dIl; = (2.15)
The pre-factor has been included to simplify the definitions of S; and C;, as well as to make
each term in the algorithm dimensionless and keep explicit dependence on the ordering
variable in D;. To simplify the notation, in (2.15) and elsewhere, we will drop the dipole
labels on transverse momenta. It should be clear from the context which partons are
intended. In the case of (2.15), it means we should use the transverse momentum defined
by the parent parton and the vector 7 in the case of collinear emissions or qS_] ) in the case
of soft emissions. It is often useful to note that

205dgi 1 dz d¢i  2a5dg dyde

™ g1 1—2z2m ™ g1 2w

dIl; = (2.16)



where y is the rapidity in the frame defining ¢; | . Using these last two relations the link
between real emissions and virtual corrections is clear, i.e. the square of the emission
operators [ DZDi dIl; is, for ete™ collisions,” equal to minus twice the real part of the
exponent in (2.4).

Using the naive recoil prescription of (2.13) and (2.14), the array of parton momenta
gets modified after a collinear emission, generated by ﬁij, but not after a soft emission
(except to add one new soft gluon of course). Specifically, this means acting with fijf)‘if;’“
maps p; — pj = zpj + O(qr) (for final state partons), and a parton with momentum
¢ = (1 —2)p; + O(qy) is added. As usual, p; is the momentum of parton j prior to the
action of ?ij%%‘?ll. A more careful treatment of momenta is not required to reproduce the
leading logarithms for many observables. However, any observable dependent upon parton
distribution functions or fragmentation functions will be incorrectly calculated because
this naive recoil prescription does not reproduce DGLAP evolution. This is because the
terms with soft-collinear poles are handled in the ‘soft side’ of the algorithm and do not
conserve longitudinal momentum. This manifests as DGLAP evolution with an incorrect
plus prescription, i.e.

14 22 2 i
( +Z> :( ) (14 2), A (4 ), (2.17)
1—2z i 1—2z n

as the soft poles have been removed from the hard-collinear splitting functions defining P;;.
On the flip side, the algorithm works well for event shape observables in eTe™ collisions.
We will refer to the framework in this section as variant A of the algorithm. Within variant
A, this problem could be solved by implementing a universal recoil for all emissions, soft
and collinear, i.e.

/ TTa pe " R5" = / [T % D osstorssfi=, (2.18)
k k 5!

We will not consider universal recoils in this paper and will instead solve this ‘plus prescrip-
tion problem’ another way; by putting the soft-collinear emissions in the collinear sector
of the algorithm. Doing this will lead us to variant B of the algorithm. In section 2.4, we
will use the insight gained from formulating B to show how to solve the plus-prescription
problem within the framework of A.

2.2 Parton branching using complete collinear splitting functions (B)

Soft-collinear poles can be exchanged reasonably simply between eikonal currents and
collinear splitting functions. We will now define variant B of our algorithm, which re-
stores the soft-collinear poles in the collinear splitting functions and removes them from
the eikonal currents. This is a good thing to do for two reasons:

1. Collinear evolution is generated by unit operators in colour space. Making this man-
ifest for the soft-collinear poles simplifies the colour evolution of the algorithm.

2. Putting the soft-collinear poles into the collinear ‘side’ of the algorithm simplifies the
recoil prescription because every collinear emission has a uniquely identifiable parent.

"This caveat is necessary to avoid complications associated with emissions off coloured incoming legs.



Variant B is very similar in form to variant A:

Si=3 (23} ; T ® (5 - € (48" + 5 - e*<qi>sli>> RS ({0}, 15}, 00,
’ (2.19)
> ;“fAm Py % ({0}, (5} ),
with
.. D;0OD! ... = ... 808!, (qi, {p}, {B}) ... +...C;OC] ... (2.20)

The form of S; is the same as in A and the Sudakov changes as

dk(” dydo . (ij)\2  Di'Dj
Vay=Pexp —%:/ ]){/ LMY () (22

o bdk(m) dzd
]:'Lj(ka{p})_Zﬂdl]}Rf;)ft Z/ Z U2/ ¢ 'le ’ )RZQOH :

The only changes relative to variant A are the appearance of f;;/(¢;,{p},{p}) and Fi;(k,{p}),

which specify the prescription for the subtraction of soft-collinear poles from the eikonal
currents, and the replacement of ﬁij with P;;. Explicit dependence on P;; in C; means that
Ci(’)CI now contains the full spin-dependent DGLAP splitting functions [38]. Unitarity
requires that

J T ) (5D B85 = P DR o D). (222)

The functional forms of §;;/(¢;, {p}, {p}) and Fj;(gi, {P}) are uniquely fixed by the choice
of 9‘{‘30“ and 9%50& once we have fixed P;;. Specifically, we can derive variant B from A by
addmg and subtractmg a function:

sPosBTar; + cPocPiar, = sPosHdIl; — 5,08 + CHOCA dIL; +5,0s!,  (2.23)

=sBosPTar; =cBocPTary,
where we have labelled each operator with a superscript indicating which variant it corre-
sponds to and where O is some general operator in colour and spin. The subtraction term
was constructed so that
(7)\2
T (q; 1 )
siOs, = Z 147

- 2
J

(POP], — P;;OPL) Reloreel* all, (2.24)

and after some manipulation is equal to

1; 1, 1; —1;\ 1
ot 2o (o (2 5)
J

@pj)  |aiD; (@pj)  laipj]
dql( d d na. 1mitia. CO COll *

X i B ZW%( D) (657 + 5 By & py)) REGIRE. (2.25)
q;

~10 -



(gip;) and [g;p;] are Weyl products in the spinor-helicity formalism [39]. Also note, siOsl-L
is equal to the collinear limit of S‘ZAOS?T dII; with ql(jlm) ~ quf ). To see the equality we
express polarisation vectors using spinor products,

1 {giF| o [nF)
V2 (g £InF)

where Uéé = (1, Fo1, Foo, 21203)T are vectors of Pauli matrices and n is an auxillary light-like

e(qi, £1) = (2.26)

vector (best chosen to be either p; or p;/).

To complete the definition of variant B we must compute f;;(q;, {p},{p}) and
Fij(qi, {p}). Note that szsi is proportional to the unit operator in colour and helicity.
After taking the trace over helicity space, (2.23) leads to

’L

g7 dy de coftepsoft « i
ZT‘QO gT ) 9 j/(qi) %ijftmij/ft fjj’(q% {p}7 {p}) -
J_

47

dq¥") q do g™ q do
TY gt 944y | Y o msoft msoft * g gt 94, dY
Z J OTj/ (43" dr 0”, <%) ] ij’ Z Tj OTJ (G7) A
3.3 91 J 91

7). ( )mcolliﬁcoll*'

(2.27)

We can use colour conservation to factorise the colour operators and simplify the second
term on the right-hand side, i.e.

d (Jﬁ) (J'J'/)ej(qi) mcoll*%coll

5 4 41
Figr (@i AP} DY) =1 = —5 =4 ; (2.28)
27 dqz(]f) l(jf)eﬂ ( ) %soft msoft
and
qu(J ) qz(j] )0 ((Zz) Rcoll
Fiplaidps}) =1 - —ks S (2.29)

1
dqu_ qzj_)eﬂj( )RSOt

For a universal recoil it is possible to employ colour conservation and write

(s (st
d d
E:’]I‘QO’]I‘QT ik dyd%( i) RPIREN* = EjTQOTHT ql.l dyd%( i) MRS,

('—)) 47 i) 4
zJ_
(2.30)
which enables us to re-write (2.28) as
" g’ ¢%0;(a:)
Fii (@i, {0} {p}) = 1 - = (2.31)

dqz(]f : qz(L)ejj’(Qi)
In the case of a universal recoil prescription, the effects of the recoil can be factorised out of
the emission operators and into a redefinition of the phase space measure. Recoil schemes

that may be universal include the more ‘true to Feynman diagrams’ global prescriptions
which put momenta of partons higher in the chain of emissions off-shell (e.g. see [40] and
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references therein) and schemes which democratically share recoil across a jet or every
parton in the shower. Depending on their implementation, such schemes can be universal
since they globally redistribute momentum across the whole event as a n — n + 1 parton
processes. We leave the specification a universal recoil scheme to future work. For now we
re-iterate that it is only when considering effects beyond LL that (2.31) and (2.28) differ.

Our implementation of recoil is not unique, and it remains to be seen (by performing
analytic calculations at NLL and beyond) the extent to which we will eventually be able to
capture the salient sub-leading logarithms in the framework of our algorithm. A slightly
different approach would be to start with variant B (recall we started from variant A
above) and assume (2.31) holds true. Variant A could then be constructed but it would
now include subtraction functions akin to f;;. In the case of universal recoils, none of this
matters of course.

2.3 Collinear subtractions and the ordering variable

Before moving on, we’d like to present a slightly more general approach to subtracting the
soft-collinear contribution. This calculation will shed some light on the role played by the
ordering variable. We start by writing®

a dg* [ &k K*( pz,p,k Pi - D
IV = o2 ST Tg/ [ SRRt _PUBL (2 K2 pyi0) 0 (B).
1<J ¢ J

(2.32)
which holds for a general definition of the ordering variable, K?2(p;, p;, k). In order to isolate
the collinear divergence, we should first expose, and factor, the soft divergence. To do this,
it is sufficient to consider any scaling which is linear in the emitted gluon’s momentum
components, such that we can re-write

b2 3 o
anab_%ZTg qrg/ dg? /d kK p“pf’k) iy § (¢ —K*(pi,pj: k) 035 (k),

k)2
1<J ) v J

(2.33)
where n; = ¢;/(S-qi), n =k/(S-k) and S is any time-like four-vector, which we choose to
satisfy S? = 1. The soft divergence is now isolated from the eikonal term, which is singular
only in the collinear limits n; ; - n — 0. The collinear divergences can be subtracted. We
want the ordering variable to become independent of the other parton’s direction in the
collinear limit, such that the entire collinear divergence can be moved into a jet factor that
is trivial in colour space.

We choose to re-write the virtual evolution as In V;, = In W, + In K, where

b2 3
A dq d°k 1
InW,_, = ’]I‘g
HWab = ; / /2E7rSk

(K2(pi,pj;k)

NG Ny 2 2
75 *K iy ';k‘ 911{2
e (q (pi, pji k) 035 (k)

K2 (pis K2(pji k
S T T A i 1)
n;-n nj-n

8(q* — K*(pj; ’f))%’(k‘))v (2.34)

8We ignore hard-collinear corrections and the effects of recoil in this section.
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and colour conservation can now be used to obtain

dq 3k 2 K2(pi; k) 9 9,
anab— / /QE TS RE miom (5(q -K (pz,k:))é?l(k). (2.35)

This factor contains the ordering variable in terms of a single emitter direction, which is
the limiting case of the dipole-type definition in each collinear limit, i.e. K%(p;,p;, k) —
K2(p;; k) as n; -n — 0. Given the Lorentz invariance of the virtual evolution and the
integration measure we can choose S = (1, 6)

In the case of energy ordering, we obtain the following for the subtracted soft evolution:

In W, ZTg ']1‘9/ dE/ < ni.n_nj'n)
energy i< nmn-n;
Qg g g dE ni - N
:—E:Ti-ﬂ" In (2.36)
J
TS a E 2

where the angular integral can be performed using the same integral that gives rise to
angular ordering. And for the collinearly divergent factor:

s dE [dQ 2
= Z / / e (2.37)

There is no need for 6;; since this simply enforces that the emitted gluon should have energy

In K,

energy

smaller than \/%pi -p;j in the ij zero momentum frame, which is automatically satisfied
since a < 2 < b.

Now let us consider the case of transverse momentum ordering. This can be imple-
mented through

i 2pi-kk-p;j
K2(pi,pjik) = (k)2 = 22220 (2.38)
Di - Py
and
K*(p;k) ~2p - k (2.39)

where the similarity sign refers to any function which approaches unity in the limit p-k — 0.
Making the minimal choice, the full evolution becomes

dk dz do
- Zw Tg/ L/l—zz o b1 (k) (2.40)

1<j

oy [ [ [
_ /dk& /1 ald_zz/;if (2.41)

where a = k% /(25 - p;)?. This is the same as the subtraction prescription we introduced

InVg

T

and

In K,

in the last section, with the only difference being that the lower limit on the z integral is
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(approximately) equal to « in that case. Finally, using colour conservation we can compute
InVg, —InKyp and get

In W, :%ZW Tg/ d’“/dyd‘z’ k) — 0;(k)),
T ..
1<J
=2 umm [ A0,
g 1<J
~ 3T Tg/ dhy J, (2.42)
T
1<J

where the second line illustrates the equivalence with the subtraction scheme presented
in the previous section (recall we are ignoring recoil in this section). The approximately-
equal-to sign is because we neglect terms suppressed by powers of ki As expected, this
finite term is the same as the energy ordering case in equation (2.36). The form factor
exp(In W) captures all of the truly wide-angle soft-gluon physics and is essentially the same
as the fifth form factor introduced by Dokshitzer & Marchesini [41].

2.4 A local recoil prescription

Next we will show how a more sophisticated recoil prescription (than (2.13) and (2.14)) can
be implemented. The recoil we choose is based on the one in [42, 43], but extended to work
with colour off-diagonal evolution. The dipole recoil is itself based on Catani-Seymour
dipole factorisation and furthers the work in [44] so that recoil can be implemented in a
dipole parton shower. As a result, this recoil scheme shares similarities with the spectator
recoil prescriptions used in modern dipole showers such as PyTHIA and DIRE [8, 11]. The
idea is not to present a definitive recoil prescription but rather to illustrate how one can be
implemented in our algorithm. To that end, we calculate F;; and 9‘{;?]‘-’“. We also provide
a short discussion on the successes and limitations of the prescription. We then go on to
show that, at LL, the recoil prescription can be reduced to the naive recoil prescription
when implemented in variant B (but not variant A).

To keep things as simple as possible, we will consider the dipole recoil scheme in the
case of only coloured final-state partons. The extension to coloured initial-state partons is
straightforward and can be found by following section 3.2 of [43]. First we will summarise
the dipole recoil for colour-diagonal evolution. It works by adding a spectator particle to
the standard description of a 1 — 2 collinear splitting (p; — pj, ¢;). This spectator particle
absorbs the recoil from the splitting, which would otherwise put p; off-shell. The spectator
particle has a second function: to specify the frame in which the transverse momentum
of the emission is computed. In [43] it was shown that one can obtain the correct colour-
diagonal evolution by choosing the parton that is colour connected to parton j as the
spectator. We will denote the momentum of the spectator parton by p;Lr (the reason for

— 14 —



the LR subscript will become clear). The Sudakov decomposition is

(q(ijR))Q PjLr (G5%) 2 2
pj = zipj — ki + : (q )" =—k1,
J 1) 2 2pj 'ijR 1 1
LR
(qYJ ))2 ijR

(1= 2)ps + K 2.43
qi ( Zz)p] + k1 + 1— % 2p] ] ijR, ( )
LR
PiLR = 1_((]5?3 ))2 1 PiLR, kJ_-ijkJ_-p'LRZO.
J Zi(l - Zl') 2pj 'ijR J J

This now defines a 2 — 3 splitting (p;, PjLR = Giy Djs ﬁjLR) in which ¢; is emitted collinear
to p;. The prescription is momentum conserving, i.e.

Dy +ijR = q; +ﬁj + ﬁjLR

and it ensures that all particles are on-shell at each stage in the evolution. One can check
that this Sudakov decomposition does not change the functional form of the leading-order
collinear splitting functions. Comparing to (2.9), we see that p and n are now fixed: p = p;
and n = p;ur. Working in the LC approximation, the effect of this prescription amounts
to a correction to the single-particle emission phase space [43], i.e.

(45“R)

(G3*%) 2
ss oy = s . cal A A (7 ) 1
dU(anpjap]LR) = o da(p]7ijR) quLR) de Pvivj (Zz) (1 2:7;(1 — ZZ‘) 2])]‘ pyim . (244)

This correction contributes soft-collinear NLLs and hard-collinear NNLLs [43].

The dipole recoil prescription was developed for a leading N. shower and as such is
not completely sufficient for our purposes. That is because, beyond the LC approximation,
the left evolution (of the amplitude) and right evolution (of the conjugate amplitude) are
independent, which means they can evolve to produce colour off-diagonal terms. These are
terms for which the parton j is colour connected to different partons in the left and right
evolution. In such a case p;ir cannot be defined. Instead, we must introduce parton p;r,
which is the colour connected parton to j in the left evolution, and parton p;r, which is
colour connected to j in the right evolution. We will now construct a recoil prescription
that extends the dipole recoil to include colour off-diagonal terms but collapses back to the
dipole recoil in the LC approximation.

To begin, we define a Sudakov decomposition for a 3 — 4 splitting (pj,ij,ij —
qi,ﬁj,ﬁjL,ﬁjR). We aim to construct the decomposition so that recoil is shared equally
between pji and p;r. We also wish to leave the collinear splitting functions unchanged.
Finally, we also require all partons involved to be on-shell. These constraints are fulfilled
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by the decomposition:

i @/
= yp — k
Dj ZiPj 1L+ ” 2pj o
(q(m))2 n
1-— k

= —z)p;+kL+ T
2p iL * DR 2.45
=pj +pr(l 5JL7]R) - \/ 7J n, (2.45)

B = (1= ) p+ 9/ Logloi 11— ),

- | PjL p
Djr =(1- R Y ] n—l(1 5jL7jR),

where
(3712
(G)N2 _ 2 ~_(QL) . A _
(q7 )" = —k1, 2q-pj—7zi(1_zi), - pr=mn-pr =0,
(37)\2
1
(1) ki-pj=ki-n=0, (2.46)

- zi(1 — 2) 2pj -

PiL - DR |DjL - DjR

where 0,1 ;r is the usual Kronecker delta symbol. Note that pj+p;L+p;r = q,—i—pj —l—p]L +p]R,
and so momentum is conserved in the 3 — 4 splitting. Also note that when j& =R =R i,
the emission is colour-diagonal, this reduces to the dipole 2 — 3 scattering with p; +p,ir =
¢i + pj + pjur. Finally, note that every new term relative the dipole recoil is accompanied
by a factor ~, which is two orders higher than the leading terms in the collinear limit and
one order higher in the soft limit. Using this decomposition, the recoil prescription for
collinear emissions is

(J7)\2
*¢Y3CO D 7”]
iRCOH 9% = (\Zj(zqu(L )7p] 7ijal7n)) 54 < j_zipj—i_kl_ (qL . ) n>

- bjL-pir
x o <ij—(1—fy)ij—’y J%LQJ n—fyl(l—éijjR)>
- PjL DR -
x 64 <ij—(1—’y)ij— J2ﬁ2j n—l—'yl(l—djL,jR)) H 5 (p—pr),
k#3450, gR



where the Jacobian, [J;;, can (in principle) be evaluated using

pL pR
2”2

\72] = /d4p;Ld4p;R64 ﬁ]L— (1—')’/) p;L—’y —’}/ l(l 6 L R)

-1

Pt i
x 6% [ pir—(1—7") Pln = ;A/ZR +7/1(1=61 jr) +0 ((qfi /Q)>

One factor of 2;7;; ensures that the integral over the delta functions is correctly normalised
whilst the additional factor of J;; encodes the recoil corrections. This is the factor that
was absorbed into the phase-space in [43], i.e

(437)

(6] q;"
:ﬁ dO'(p],ij,ij)ﬁ
41

dU(Qi,ﬁj,ﬁjL,ﬁjR) dz; ,Pvlv] (Zz) u7z3 (249)
We can extend this prescription to the soft sector using Catani-Seymour dipole factorisa-
tion [44]. The dipole factorisation provides a unique way to split the parent dipole of a
soft emission into two halves, identifiable by their separate collinear poles:

Djr - Dj B Djr - Dj Py’ - Pj
. = L + — 70 .
(gi-p) D5 - @) @G- Dy +D5)Pj- @ Dy - a(Dy + Dj) - G

This provides the means to implement a local recoil using the parton contributing to the
collinear pole in each half of the dipole. Thus we can write

(JJ)) (q (JJ))

(q p] ﬁj mcoll *mcoll p] ﬁj
207 o PN T o
qi (p] +p])(pj : QZ) (p] %)(p] +p]) *qi

soft x¢yasoft __ coll x¢yacoll

(2.50)
From this, Rf;’ft and R;’OH can be evaluated:

(q%7)2p;r - p;
RN (g5, {p}) = 75

‘-71” + ' / ’ RC'OH () = \ZL (251)
2¢; - (pj + ;) (05 - @) i+ ed) j (@i, {r}) j

We can now go ahead and determine the subtraction functions used to define variant B.
Using (2.28) and (2.29) we get

g o0,(a) T
‘}-jj/(Qi’ {p}) =1- (J-Lj/) (ji) Rso]ft
dg;t” 471 055 (a)

(2.52)

Before moving on we want to comment on the discussion in [18], which shows that the
dipole recoil scheme, as implemented in a dipole shower, fails at the level of the NLL
even at LC due to incorrectly assigning the longitudinal recoil after multiple emissions. It
remains to be seen whether this is also true in the scheme discussed here.
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2.4.1 A LL recoil prescription

We can now consider constructing a recoil prescription where we only keep the parts con-
tributing at LL. Firstly note that in the strictly LL soft limit

11 % 11 £t * ft 4 ~
R R7P! = RO R0 = TT 6% (pr — pw)-
k

We can use this fact with variant B restricted to LL accuracy and find

e a0(a)

fii7(qis {p}, AP}) = Fjjr (@i, pj,pjr) =1 = : (2.53)
da7) 405 (a:)
Using the naive recoil prescription,
mg};ll*mgj(?ll — (54(pj - Zi—lﬁj)(sjﬁnal + 54(pj o Ziﬁj)é}nitial> H 54(pk o ka)a
k#j
R vt = ] o' o —be). R =REM =1, (2:54)
k

with (2.53), variant B fully captures the correct DGLAP evolution as longitudinal recoil
is now included in the soft-collinear region. This is not the case for variant A. We stress
that this observation is not a reflection of any fundamental difference between A and B
since, with a complete recoil prescription, A and B are equivalent. Indeed, we can use
the Catani-Seymour dipole factorisation [44], as previously discussed, to extend the naive
recoil prescription so that it does generate longitudinal recoil with variant A, i.e.

g{lg;ll*g{;;jg)ll — (54(pj . Zi—lﬁj)é-]ﬁnal + 54(]?]‘ . Ziﬁj)(s_ijnitial) H 54(pk . ﬁk)7
k#j
G325 =
(qu_ ) pjr - Dy
2(pj - @) Py + Bj) - @i

(@920 - b

2q; - (pj + pj)(Bj - ¢i)

soft xgyasoft __ coll *¢gyacoll coll x¢yacoll

(2.55)

With this, variant A also captures the correct DGLAP evolution.

2.5 A manifestly infra-red finite reformulation

It is possible to re-cast both variants of our algorithm such that the IR divergences, other
than those renormalised into parton distribution and fragmentation functions, explicitly
cancel at each iteration of the algorithm. We will demonstrate this for variant A, though the
procedure is pretty much identical for variant B. Our method closely follows that in [25].

We begin by expressing a generalised measurement function in the soft and collinear
limits as follows

q; soft
Um(Qla cee 7Qm) = U(ij{(hy .. ~an—1an+1a “e. 7Qm})um—1(q17 cee 7qj—17qj+17 cee 7Qm)7

(2.56)
and

ajllai
Um(Qla .. an) = u(qja {Qh e qi +qj7 .. 7Qm})um—1(QI7- -4 + qja o 7Qm)u (257)
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where u(gj,{q}) — 1 as j becomes exactly soft or collinear. For many observables, it is
possible to further pull apart the measurement function by defining an ‘out’ region, where
there is total inclusivity over radiation. For such observables we can write

u(q5,{q}) = Oout(q;) + Oun(g;)uin(g;, {4}), (2.58)

where Ojy/out(¢j) = 1 when g; is in the in/out region and zero otherwise. For a global
observable, the out region has zero extent and so Oy (g;) = 0. First we define

r=r,+7T,,
T, _/(152( u(k, {g})3D; + Y T¢ Tindy;,  dSy =dydg = dz_d‘b ,
T = (1—-2)
lDQ — _Tg . r]rg k.(’LJ) 2 Pi Dy 91 k stqft TUQ PUU z Rcoll
2k ;( i ])( 1L ) (pzk)(pjk) J( ) J Z

Vb = Pexp ( / drL 7 > . (2.59)

After a simple path-ordered operator expansion,
Vas=Vas~ [ dlius{a) Vas,  3DF Vi, L

+/dH1dH2 O (k11 —ko 1) ulkr, {gD)u(ke, {a}) Vaky , 3D3 Vi, |k 3D Vi 5 —
(2.60)

the observable, 3, can be expressed as

= /Z (H dHi) Tr B (p; {pin) Pnlqrs- - - an), (2.61)
n =1

where

Bn(QL; {ﬁ}nfl U Qn)

= qu,an [/ Hd4pz' 55 Dan—l(an {p}n—l)Diz (2.62)
ViB 1P Ly 5 vl e
—0p 3 Bn-1(qn 15 {P}n-1), 7 Dn (G, {PYn-1) | Vg, .4, .91 —qu),

with Bo(q) = VqLQH(Q)VL,Q- We define §* = 1 when parton n is real and 6% = 0
when parton n is virtual, and similarly 67 = 1 — §%. ®,(q1,...,q,) is a measurement
function on the phase-space of real particles. We refer to [25] for its precise definition and
here just present an illustrative example:

(85'05 01 + 85 65°01" + 0503 017 + 05035 0 ) @301, 42, 03)

(2.63)
= 0305 61 ua(gs) + 63 0501 ua(q1, g2) + 6505 01 ua(qu, g3) + 63 65 5y -
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Written in this form, each B,, is explicitly infra-red finite provided the measurement
function is infra-red-collinear safe, and that the evolution is not convoluted with parton
distribution or fragmentation functions. In this case u can be safely taken to zero. In the
case that the evolution is convoluted with parton distribution or fragmentation functions,
collinear poles remain (one for each hadron). These poles are removed by renormalisation
of the parton distribution functions or fragmentation functions, generating their pu depen-
dence. Finally, note that for recursively-infra-red-safe continuously-global observables [9]
in eTe™ collisions B,, = 0 for n > 1 at single-log accuracy. If the observable depends on
fragmentation functions the n > 1 contributions give rise to the DGLAP evolution of the
fragmentation functions (see section 3).

3 Collinear factorisation

Up to this point we have been interleaving the emission of soft and collinear partons to
build up the complete amplitude. As is well known, it is possible to factorise the collinear
emissions into the evolution of parton distribution and fragmentation functions. In this
section, our aim is to explore collinear factorisation within the context of our algorithm.

The plan is as follows. First, we will derive the factorisation of collinear physics into
jet functions; one for each parton in the initial hard process. At first we do this ignoring
the presence of Coulomb exchanges. This result is sufficient to derive DGLAP evolution
(which we do in section 4). After this, we go on to construct the complete factorisation of
collinear physics into jet functions on every hard or soft leg. Finally, we use a path-ordered
expansion of our Sudakov operators, V, to re-insert Coulomb exchanges one-by-one into
the previous results. The result is that collinear evolution below the scale of the last
Coulomb exchange can be factorised. The outcome of which is the general factorisation of
collinear poles into parton distribution functions, as anticipated after the work of Collins,
Soper and Sterman [31].

We provide diagrammatic proofs where possible and only sketch in the text the algebra
that is going on behind the scenes. Throughout this section we leave aside the recoil
functions 93%°f, Ml and the integrals corresponding to the momentum maps between
each iteration of the algorithm. This is to reduce the length of the algebra that remains,
and it is certainly valid to LL accuracy since tracking longitudinal recoil is sufficiently
simple. We also drop the inclusion of measurement functions since they too have no affect
on the discussion. That said, in sections 3.1.1 and 3.1.2, we present a summary of the
results with all of these functions re-instated (for both of variants A and B).

3.1 Factorisation on hard legs without Coulomb interactions

The main result of this subsection is the factorisation of collinear physics into jet functions;
one for each leg emerging from the hard scatter. We do this with Coulomb gluons removed

(0i; = 0) and will discuss their re-introduction in section 3.3. The following manipulations
can equally well be performed using either variant A or B of the algorithm. For concreteness
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Figure 3. Illustrating hard-leg factorisation. Red dashed lines represent the emission of soft gluons
and collinear emissions are represented by blue dotted lines. Circles indicate the hard scale from
which subsequent evolution proceeds. Loops (Sudakov factors) have been neglected to avoid clutter.

we will use variant B whenever an operator needs to be given an explicit definition.” Let
us begin by simply stating the result:

= /Z (deb) Sy (Colfu(1) o Col(i) BY_ (1)) - (3.1)
n =1 m=0 p=0

Figure 3 illustrates what is going on diagrammatically (it shows a contribution with n = 8,
m = 5 and p = 1). The collinear evolution operators for hard legs, which provide an
operator description of a jet function, are constructed iteratively according to

Coly(q1) = V&,

Z;’ (3.2)
COlm(QJ_) Vv CmCOIm—I(Qm J_) G(QJ_ < le)a

q1,9m L

where

bdk i) o2 dqub

a
VC01 =exp |—— Z

(j70)
R qu_
cz_§ :2\FAUPU

’UUJ )

In both operators j sums only over hard partons. The circle operation, o, indicates the
sharing of partons between Col,, (1) and Coll, (1), i.e.

Col,,(qL) o Coll (q) = Ve C,, Coly_1(gm1) o Coll _ (gm.)Ch Veell (3.4)

q1:9m L q1,9m 1"

B),_,, (1) are the scattering matrices evolved using the algorithm, modified so that all

collinear emissions from hard legs have been removed. Specifically,

Z BY (3.5)

9Tn the case of variant A, for the most part, all that must be done is exchange P;; and Pvivj with the
overlined versions ?1’]’ and fuiv ;-
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(a) A term contributing to the (b) A term contributing to the
right, evolution (Bg). right evolution (A§™).

Figure 4. The right evolution (the evolution of the conjugate amplitude) of a hard process after
9 emissions. Red dashed lines represent the emission of soft gluons and collinear emissions are
represented by blue dotted lines. Loops (Sudakov factors) have been neglected to avoid clutter.

where A,,_,, (1) is computed using (2.2) with the collinear evolution off hard legs removed,
i.e. with the replacements D; — D; —C; and Vap— Va7b(V2"’g)_1. The number of collinear
emissions not off hard legs is indexed by p and n — p — m is the number of soft emissions
(in equation (3.1), m is the number of collinear emissions off hard legs). An example term,
contributing to B3(u), is presented in figure 4a.

It may be helpful to contrast Bf (i) with scattering matrices evolved using the FKS
algorithm [25]. We denote the FKS matrices as A% (1) and they can be evaluated using
variant A with Py, = 0; an example is shown in figure 4b. Note that B (1) # Asoft(yy)
for n > 1 since BY (1) still contains the collinear Sudakov factors ‘attached’ to soft partonic
legs. Also note that BY(x) = A (1) and B{(u) = 0 for all i > 0. In section 3.2 we will
generalise the arguments presented here so that we can factorise collinear physics into jet
functions that multiply AEZOft (). However, in this section we will not make any further use
of A% ().

Equation (3.1) can be written more simply by combining the collinear evolution oper-
ators (which are proportional to unit operators in colour space) into a single cross-section
level jet function, Col! (1) o Col,, (1) = 1 ® Col,,(i). Doing this enables (3.1) to be
written as

(1)1 = / > (H dm) S 3 Ty (Cob (1) Tee By (1), (36)
n =1 m=0 p=0

where the traces are over colour, ¢, and helicity, s. However, we avoid working with collinear

factorisation in this form because it does not apply when Coulomb exchanges are present.

Having stated the result, let us now proceed to show how it is derived. The following
commutation relations are important:

D; ~Ci,Cj =0, [Vau(VE) ™, G| =0,

(3.7)

12
12

Vas(Ven T ves| =0, [Di- T v 0.
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Here ~ denotes equality when the operator acts on a matrix element, which is all we ever
encounter.

[Vmb(Vg‘,’g)_l, Vgodl] ~ 0 and [D; — C;, Vgog] ~ 0 are trivial to show as Vg?g is propor-
tional to the identity in colour-helicity space. Diagrammatically, proving

[Vap(VeR) ™ Vil =0

reduces to showing

As ever, a red dashed line is used to represent a soft parton and a blue dotted line represents
a collinear parton. The black dashed line indicates a cut (cut lines are on shell).

[Vap(VER) ™, Cj] =~ 0 and [D; — C;, Cy] ~ 0 can be shown by factorising kinematic
factors from the colour and helicity operators, then carefully tracking the action of the
colour operators so that colour conservation can be applied. Proving the commutators also
requires noting that both soft real emissions and soft Sudakov factors are identity operators
in helicity space, and that helicity states are orthogonal. [Va,b(VZ?g)_l,éj] ~ 0 presents
the biggest challenge. The derivation follows closely the discussion in [14]. It is most easily
illustrated by expressing the operators diagrammatically. Doing so reduces the problem to
showing

(3.10)

Also note that
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implies [D; — C;, C;] ~ 0 since

which trivially follows from (3.10). Using these commutation relations, reconstructing the
separate strong orderings of collinear and soft physics in (3.1) is simply a case of careful
combinatorics and relabelling of momenta. For instance

(3.12)

For the sake of completeness, in the next section we will go ahead and put back 9%,
Rl and the measurement functions. However, we have only proven correctness at LL
accuracy. As such, sections 3.1.1 and 3.1.2 are conjectures. It might be the case that only
certain classes of recoil prescription factorise in this way. We will focus on variant A in
section 3.1.1 and turn to variant B in section 3.1.2, where we show how to re-instate the
plus prescription in the collinear splitting functions. We caution that both these versions
of the algorithm will not produce super-leading logarithms because Coulomb interactions
have been neglected. Therefore they are only suitable for processes with fewer than two
coloured particles in either the initial or final state of the hard process, i.e. eTe™, deep-
inelastic scattering and Drell-Yan.

3.1.1 The details

Now we summarise the results of the previous section and make a conjecture regarding the
inclusion of recoils (recall we left these out of the discussions in the previous section). For
concreteness we use variant A. The evolution has two phases. In the first phase soft gluons
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are emitted:

(0,0) = V,.oH(Q: {p}) V], o = Ao(1; {p}),
o(1.0) = [ TTa'p¥ s Diolar 15 (PHDIVL.,, Ll
= Ay (p; {p}r)dIly = BY(; {p}1)dIly,
do(2,0) /Hd iV gy DaAs (g 15 {p})DIV],  dITdIT, (3.13)

As(p; {p}o)dII dIl, = (BO( ) + Bi(n)) dI;dIl,,

do(n,0) = A (i {p}s) [ [ dlls = ZB H i

i=1 i=1

where f)i =D, — C; and

_Z oL AzlelfR??“({p},{ﬁ},qi), (3.14)

where [ sums only over hard partons. And V%b =Vu5(Vap) ! and

ln)
— o dk; o dzd Rco
Vb = exp [—WE / z/ °p Pouw, “]. (3.15)
1 a

Again, the sum over [ only includes hard partons. In do(n,m), n indicates the number
of soft emissions, which occur during the first phase of the evolution, and m indicates the
number of collinear emissions, which occur during the second phase of the evolution.

The second phase of the evolution dresses the hard legs with collinear emissions:
do(n,0) = Tr (V,.0do(n,0) Vo) = Tr (Ako (s {p}a)

= ZTr (Coli(1) o Colg(n) BE_ (1)),

o(n.1) /1_[(:1410Z 7“ q"“ié”‘*‘lvanLQ do(n,0)

Sl Sl AT .
Vi1 1.0Cne1 Vg ) it = T (Al (15 {phns1)) Al (3.16)

Il
M=

Tr(Coll (1) o Coly (1) BY,_,,(11))dTT 41,

i~
I
=)

Ao (n,m) = Tr (Al (15 o)) [ ] Al
=1

=) "Tr(Coll (1) o Coly, (1) B _, (1) H dIT, 4,

3
I
=)
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~ )
where A7, obeys the recurrence relation

Az-i-m(qJ_; {ﬁ}n&mfl U Qn+m) = /H d4pivqj_,qn+mJ_énerAZ—i—m—l(Qn—i-mJ_; {p}nerfl)

)

& o
X Cn—&-quL,q,H.ml@(QL < Qn—l—ml)-

An observable can be calculated using

where doy, =Y _do(n —m,m).

3.1.2 Recovering the ‘plus prescription’

Now let us turn to variant B. Recall that, in this variant of the algorithm collinear evolution
proceeds using the full DGLAP splitting functions. Things are precisely as in the last
subsection except that we now use the splitting operators without overlines (P;;) and the
functions f and F are to be included in the soft terms. We can go a little further and
expand out the Sudakov factors in order to recover the familiar DGLAP plus prescription.

To that end, we expand the collinear Sudakov factors (V) that appear in the second phase
of the evolution:

b b b
— dk dk

Va,b—]l—/ “F1+/ “rl/ daip, _ (3.18)

a k11 a koo e Kol

where

as 3] dzzd(ﬁz—o co

=SSy [, R (319
l v

Once again, the sum over [ is only over hard partons. Using this, we can regroup terms in
the same way as section 2.5 to generate the plus prescription:

do(n,0) = Tr (do(n,0)) = Tr A",
do(n,1) = /Hd4p¢ Tr (ﬁn+1da(n, 0) ﬁILH) dIl, 41
= Tr A7 (1 {py o)A,

do(n,m) = Tr Aj (1 {p}ntm) [ [ AT
=1

= Zn: Tr ([coljn(m o Coly (1) + O(agnﬂ)} Bﬁ,p(ﬂ)) ﬁ M,
=0 i=1

(3.20)

where

. +
AZer(QL; {Pntm-1U Gnim) = Dn-&-mAZer—l(Qn—&-mL? {P}n+m—l)Dn+m@(QL < Gnim 1),
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using the boundary condition that

A (q) = ﬁn+1Aﬁ+oﬁL+1@((u < nt11)0(gnr11 £ Q), (3.21)

and

(@)
D 49 _
D; = “ A PERR({p} {5} )- (3.22)
l

The sum over [ only includes hard partons. Pj; has been redefined to include the plus
prescription and labelled P:lf. The plus prescription is defined in appendix A. Observables
are computed using (3.17).

3.2 Complete collinear factorisation without Coulomb interactions

Now we are going to go ahead and factorise the collinear physics completely. Once again,
the manipulations are essentially the same for either variant of our algorithm. To be
concrete, we will use variant B whenever an exact definition must be given. As before, we
will begin by stating the final result:

= / 3 (H de) > T ($Colf, (1) o tCol, (1) A3, (1)) (3.23)
n =1 m=0

where have we defined the following operators:

tColy(q,) = Vo

qJ_7Q7
tColyn(q1) = Vi, CrtColy—1(gm 1) O(qL < gy 1),
bdk(ﬂ ) . dzd
Vgt = exp —Z/ ¢ < p; 1) ZT“/ 2dop Poo, |+ (3.24)
(4§70)

qZ it
Z 2\#Au Pi; @(qgﬁ) < pj 1),

and the index j runs over all partons (hard, collinear and soft). We continue to leave
aside the functions 8%, Ml from emission operators and Sudakov factors. These can
readily be re-instated as in sections 3.1.1 and 3.1.2. A$%(y) is as defined in section 3.1
and evolves the same as A, (u) except that C; — 0 and V5 — Vap(ViH ™ = VI,
i.e. it corresponds to summing over diagrams such as the one in figure 4b. Ignoring the
effects of recoil (and Coulomb exchanges) and using variant A, A$°®(;) corresponds to FKS
evolution [25]. One of the possible contributions to tCol:rL is represented in figure 5. In the
figure, we have sacrificed the intuitive picture of a parton cascade in lieu of providing more

detail on the evolution. To construct figure 5, we have employed the Casimir structure of

tcol __ J
Va?b - HUazb
J

Vol to split it apart as
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Figure 5. One of the possible contributions to tCol:rl. Red dashed lines represent soft gluons and
blue dotted lines represent collinear partons. Each line is associated with a Sudakov factor and
circles indicate the scale from which the subsequent evolution proceeds. Circles from which two
lines leave indicate the action of the operator C. Circles from which one line leaves indicate the
scales inherited from the soft evolution phase (not shown). Collinear scales {g; | } are ordered with
respect to each other, as are soft scales {p; | }. Scales connected along lines are also ordered, with
the largest to the left and smallest to the right.

where

b q2.(37)

j as dk ﬁ‘ 3l dZ d¢ o

Uzz,b = exp [_Tr/ k(;ﬁ) @(QE]J_) < ij) E ']I'j2/ o P’U'Uj] , (3.25)
a 1 v

and the product over j is over all partons. In the figures we will be explicit with the
labelling so that it is clear whether Ui » is associated with a hard parton (labelled by @), a
soft parton or a collinear parton, i.e. j e {Q, 150f 2%0ft | (g —qm)soft qoeoll geoll \ - ypeolly,
Something more in the style of our previous diagrams is illustrated in figure 6.

We will now prove (3.23) by induction. First, we assume that

Tr Au(p) = 3 Tr (tColf, (1) o tColy (1) AL, (1)), (3.26)

m=0

where A,, is computed as usual from (2.2). We can see that this is true for n = 1 by
expanding out the tCol operators and Asft:

1
> T ($Colf, (1) o tColy (1) A3, (1))
m=0

_ tcol ¢ tcol ft soft tystcolt ~Af~yrteol t
=Tr (Vi CVie! GVEBH(Q) VS Vil Sl il

tcol ft ft soft T of ft + y7tcol T
+V#C7(C)QVZ?¢I1 1 SlV(SI(l)L,QH(Q)Vm 1 QSlVfZ% LVM,Q >

S <Vsoft Vtcol Clvtcol QVsoft H(Q)VSOSTVtCOIT CIVtCOlT

g1 L Y 91 L q1 L q11,Q M, q11,Q Hyq1 1

ft tcol
+Uut yeol  yysoft Slvcol Vsoft 7QH(Q)VSO T SJ{VsoftT VHC,OQT>

parL S L QL@ L @ 1,Q Beqa L
=Tr (V,LL,!IU_DIV(h L,QH(Q)V;LQDJ{VL,ql L) ) (3.27)
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Soft evolution scale  Collinear evolution (tColy)

......

Figure 6. A diagram illustrating factorised parton evolution. Red dashed lines represent the
emission of soft gluons and blue dotted lines represent collinear emissions. Circles represent the hard
scale from which the subsequent evolution proceeds. Loops (Sudakov factors) have not been drawn.

where we have used Cl = C; = C; as it only acts on hard legs. We have also used
the commutators [Va7b(ng’g)_1,ng’;] ~ (0 and [Vmb(Vg?bl)_l,éj] ~ (, derived in the pre-
vious section, and V., = V., V;,. Notice in the above expressions the theta functions
present in C; and V;?T,Q are always unity on hard legs as the ordering guarantees their
argument is satisfied. We will now show that if (3.26) is true for A, it is also true for
A, 1. We begin by noting that from the Markovian way our algorithm evolves, we can
write A, 1 = An(,u, q1 1) where An(u, q1 1) is computed using our algorithm (as described
n (2.2)) however with the evolution initiated by H(q; 1) = Dquu,QH(Q)V;L,QDI and
with the parton momentum indexed as 2,3,4,.... From this we can use (3.26) to write

n

~ A~ -|- A ~

TrA,(p) =TrAn(p,q11) = § Tr (tColm(u,Qu)otColm(u,qu)AZ‘)ftm(m Q1L))7
m=0

(3.28)

where A% (1,11 ) are generated by the same algorithm as A (1) however using

H(q; 1) as the initial condition. tCol,(u,qi 1) are generated using the iterative relation
in (3.24) but with an initial condition tColg(q.,q1 1) = Vi Next we split apart

q1,91 1"

H(q,) as

A~

H(qu_) _ Slvtcol Vsoft QH(Q)VsoftT Vtcolj[QSJ{

q11,Q Va1, @ 1,Q " q1L
~ tecol £t soft t teol T AT
_I— Cqu(llovaV(S](l)L)QH(Q)Vql JJQVQ1L7QC1' (329)

Using the commutation relations from section 3.1, we can move the collinear operators in
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t

H(q; 1) past the soft operators which construct A%f (1. q1 1) to arrive at

n
~ T ~
TrApa(p)=) Tr (VZfTTQtCOIm(%Qu)OtCOIm(MQu)VZf(ll,QAﬁtlfm(ﬂaQ))
m=0

n
~ A~ -i- ~ ~
+3 Tr (V;‘;TTQCJ{tColm(M,qu)otColm(u,qlL)Clvx‘iQAif_ftm(u,Q)) .
m=0
(3.30)

We can now combine the collinear operators using

tColyn (1, 41 1)C1 Vi o = tCO0Lyg (1)0(gf) > L")

and

tColy, (11, 1 J_)ngoj’Q = tCol,, (1)0(% < ¢5°),

where in the second equality we need to relabel the momenta of collinear partons again so
that they are indexed as 1,2, 3, .... We have denoted the momentum of the hardest collinear
emission generated by the collinear operators, tCol, as qfou and the hardest soft momentum

in AS® (1,Q) as ¢i°". Combining the two sums and theta functions, we arrive at

n+1
Tr Apir(p) = 3 Tr (tcoljn(m otcolm(M)Am_m(m . (3.31)
m=0

Thus we have proven that (3.23) holds for n — n + 1. It is important to note the role of
the theta functions in the definitions of él and Vfl‘fgl. These ensure that the commuta-
tion relations from section 3.1 can always applied. They do this by squeezing to zero the
phase space of any collinear partons generated by C; and V;iOLQ from not-hard legs. To
illustrate this point, we will consider the relevant Feynman diagrams:

(3.32)
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Note that the last term on either side of the equation cannot be manipulated using our com-
mutators and there are no more diagrams we could include which they may cancel against.
Nevertheless terms of this form are generated by our algorithm. They represent a collinear
parton, emitted from a soft parton, restricted so that its transverse momentum is smaller
than the transverse momentum of the soft parton. Using C;, equation (3.32) reduces to

(M| DIDIDD1 M) O(q1 1 — 421)O(g21 — 1)O(Q — a1 1)
= (M|SICICS1 IMYO(Q > g1 1 > w)O(Q > ga 1 > p). (3.33)

3.3 Partial collinear factorisation with Coulomb interactions

Though it is not possible to use the identities in (3.7) to factorise collinear physics past a
Coulomb exchange (i term), it is possible to perform a partial factorisation. Our approach
is to expand each Sudakov operator as a series in the number of Coulomb exchanges
it resums. Consequently, this enables A,, to be expanded as a series in the number of
Coulomb exchanges. We can then factorise soft physics from collinear physics either side
of a Coulomb exchange, using our work in the previous section. The partial factorisation
is illustrated in figure 7. We begin by expanding the Sudakov operator:

dk Zj_h v - .
Vap=Vap—— Z / 11]1) a kli(Ti ’ T?l) i 0y jy Viey 1 b
Zl<]1
b (11]1 g1 1 (iag2)
a dk 110 dk . o (3.34)
S Z / 11?1 / (?2;) Vajks. (Ti ' ng) i i
12<J2 i1<j1 v ® k2J.

g A
X sz 1.k 1 (Til ’ le) Zﬂ-éiljlvle,b ey

where \Afmb is equal to V,; with Sij = 0. Consider using this expanded Sudakov in a parton
cascade. The theta functions describing the integral limits on each im term can be used to
constrain the limits on the transverse momenta of subsequent emissions (after the i7). For

instance
D3V‘13L7Q2LD2V¢12L7111LD1

2L dky | - o

-+ D3/ k Vs kst Z (ngg 'T?Q) T Vi 01
3L 2 12<j2

“Ldky | - .
XDQ/ L A Z(ngl'Tgl)ZWVhLMLDl_'_'“ )

q2 1 11 i1<J1
@dkyy ¢ X

' +DB/ kot Vas ks Z (ng 'T?Q)mv’fuﬁu
I

12<j2
@dky L ¢ e
X D2/ HVqQL’le Z (’]T‘gl . Tjgl)l’ﬁ Vli_,qlJ_Dl
H 11<J1
XO(ka1 >q31)0k1L>q1 >k 1)@ >ki)+..... (3.35)

Therefore, we can treat each Coulomb scale as hard relative to the emissions that follow
it and soft relative to the emission before it. Thus we can perform a factorised evolution
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Figure 7. A diagram illustrating factorised parton evolution including Coulomb exchanges. Red
dashed lines represent soft gluons and blue dotted lines represent collinear partons. Each line is as-
sociated with a Sudakov factor. Circles represent the scale from which the subsequent evolution pro-
ceeds. Circles from which two lines leave represent the action of the operator C. Circles from which
one line leaves contain the scale information from the preceeding soft evolution. Coulomb exchanges
are indicated by vertical zig-zag lines. Momenta are ordered from ‘left to right’, as in figure 5, in-
cluding Coulomb exchanges. (The top half of the diagram lies to the ‘left’ of the bottom half.)

on a hard process up to the scale of the first im term (k1 ). We can take the output from
this evolution,

n\h1l L T 3 l1]1) 11J1
n 12<j2 M1 L1 n m=0

(3.36)
x Tr [ A" (k11) > Colf, (ky 1) o (TY - T )Coly (k1) |,

11<J1

and use it as a new hard process H(k; | ) from which a second factorised evolution can be
initiated. This process can be iterated for each ¢7 term in the expansion, as illustrated in
figure 7. To complete the computation of X, each k; | must be integrated over the range
[, Q). Interestingly, note that any term in the evolution terminating on a im term to the
left of the hard process will cancel against an equivalent term terminating with an im term
to the right. Hence collinear emissions can always be factorized below the scale of the last
Coulomb exchange. This is consistent with the collinear factorisation shown by Collins,
Soper and Sterman [30, 31].
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3.4 Observations on factorisation

Before we leave our discussion on factorisation a few comments are in order. Firstly, we
have not been able to achieve factorisation of collinear emissions past Coulomb exchanges.
This is to be expected and there is already extensive literature exploring this subject [14, 16,
17, 31, 45-49]. That said, it should be possible to factorise more completely than we have
done, by re-expressing the evolution so that all Coulomb terms are only attached to the
initial state partons [17], i.e. so we would have complete factorisation on all final state legs.

Secondly, in order to factorise the collinear physics on all legs we had to keep track
of intermediate soft scales, from which to initialise the collinear evolution. The number of
scales required is equal to the number of soft emissions that occurred prior to factorisation.
This means the fully factorised algorithm is no-longer Markovian. We anticipate that
our attempts to factorise the collinear physics should bring us in to contact with exact
resummations and soft-collinear effective theory (SCET).

It also should be noted that by factorising collinear emissions from the soft evolution,
the soft evolution can be explicitly seen to be independent of spin. This is less evident
in the interleaved variants of the algorithm. Soft gluons, and subsequent collinear par-
tons, trapped between Coulomb exchanges might conceivably contribute non-trivial spin
correlations. This is because, despite equal probabilities for the probability of emission of
positive and negative helicity gluons, a collinear emission originating from a soft gluon may
depend on its helicity (specifically g — ¢qg splitting). This has also been explored in the
literature, where it has been noted that soft gluons in the presence of Coulomb/Glauber
exchanges can generate spin asymmetries [48]. Further discussions on the spin evolution
of the algorithm after factorisation can be found in appendix B.

It is also interesting to consider the consequences of factorisation in the case of vari-
ant B with a universal recoil. A universal recoil allows B to be partitioned in terms of
colour-diagonal evolution generated by C; and colour off-diagonal evolution generated by
S;. Hence, provided the recoil prescription does not change the commutators in (3.7), the
proofs of collinear factorisation we have presented become proofs of the complete factorisa-
tion of colour-diagonal physics from colour off-diagonal. This is for observables insensitive
to the presence of Coulomb exchanges. Since we know that Coulomb exchanges can be
factorised onto the initial state [17], this means that there is a complete factorisation of
colour-diagonal from colour off-diagonal physics in lepton-lepton, deep-inelastic and Drell-
Yan scattering.

Finally, we should remark that it is possible to write down infra-red finite versions of
each of the factorised versions of our algorithm, using the procedure in section 2.5.

4 Phenomenology and resummations
In this section we will first demonstrate how DGLAP evolution emerges. After that, we

illustrate the use of the algorithm by calculating thrust, the hemisphere jet mass and
gaps-between-jets in ete™.
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4.1 DGLAP evolution

We will now show how our algorithm can be used to generate DGLAP evolution, which
resums the collinear physics into the running of parton distribution functions. We focus on
unpolarised incoming hadrons that collide and produce some high-pr system of interest.
We will neglect threshold effects as sub-leading, which is shown carefully in [50-52]. The
methods employed in this section can readily be extended to other processes, including
those dependent on fragmentation functions.

DGLAP evolution [34, 36] states that

polier) :“SZ / C Py (/) (4.1)

where f;(x, ) is the parton distribution function for partons of type i. Pj;(z) are the
regularised splitting functions defined at the end of appendix A. Iterative solutions can be
found by expanding the parton distributions:

£ @) = 100 + 3 (2) 10,0, (4.2)

n=1

where fl-(n) (x,p) =0 for all n > 1. This gives

n 9m—11 d m d AdZm
fi( H)(a?an—u_) _/ - Z/ - Pij(zm) f( (#/2Zms Gm 1), (4.3)
I

qm 1

which has a separable solution of the form fi(n) (r,Q) = fi(n) (z) 5 In"(Q/ ), where fi(n) (x)
satisfies

1
n dzp, n
@) =30 [ Py 1 ). (14)
joor o
We can write this in terms of the unregularised splitting functions (e.g. see [36])

n+1 Z/ dzm z] Zm)f]( (m/zm) —anlpﬂ(zm)fz(n)(xD, (4,5)

where f;n) (z) =0 for z > 1 and we have removed factors of ns from Py.

For hadron-hadron collisions, we label the two incoming partons as a and b and their
momentum fractions in the hard process as x, and x;. We can take the factorised expression
corresponding to variant B of our algorithm (3.1) and attach parton distribution functions:

n n—m

/Z (Hdﬂ) >N /dxadber(coﬂ (1£) © Col,, (1)

m=0 p=0 (4.6)

< B0 )+ {100, 1)}
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Zq,, and xp, are the momentum fractions of partons a and b respectively after m collinear
emissions generated by Col! (1) o Col,,(1); they can be related back to z, and z; by
momentum conservation along the collinear cascade. The x operator acts to attach parton
distributions of the correct flavour/species to partons a and b. There is a technicality
relating to parton flavour. That is because DGLAP evolution cares about quark flavour
whilst we have defined the splitting operators to sum over quark flavours (in the case
g — qq). We could have avoided this technicality by defining the splitting operators per
flavour (i.e. set ny = 1 throughout appendix A). Then we would have to sum over quark
flavours throughout the rest of the paper. Instead, we choose to handle quark flavour by
keeping track of flavour along the evolution chain, and whenever a g — ¢q splitting occurs
we label the subsequent parton flavour generically, i.e. for two-flavours the relevant set of
parton flavours would be {u,,d,d,q,g}. Note that since we evolve away from the hard
scattering, a g — ¢g branching from an incoming g actually corresponds to a ¢ — qg (or
qd — qg) splitting in the usual DGLAP sense. This can be seen in (A.1), where the terms
involving 6}“1“31 and s; = %1 involve the Py, splitting function (the Py, splitting function
appears in the corresponding 6™t terms). With this in mind we have that

do « {f* P} = doag f2 15, (4.7)
a,B

where o and 3 label parton type. For ny = 2, we would have «, 8 € {u,4,d, d,q,9}, and
2ny f, is the singlet distribution function, i.e. f; = (u+ 4 +d +d)/(2n¢) for ny = 2. For
completeness, we here also attach labels A and B to indicate the type of hadron (we will
drop that label elsewhere in this section).

After expanding Colin(,u) o Col,, (1) in powers of ay, then spin averaging at every

vertex, substituting for (4.4) and evaluating the transverse momentum integrals, we find

o [555 (iim)

pale (4.8)

X /dxadxb Tr (sz—m—p(:“)) * {fa(l’m Q) fo(xp, Q) + O(Q?H)} .

Figure 8 illustrates how terms in our algorithm should be grouped in order to generate the
iterative relation in (4.5) and so arrive at (4.8). Hence we see that variant B iteratively
generates DGLAP evolution up to the hard scale. The derivation of fragmentation function
evolution of final-state partons proceeds similarly.

For processes where Coulomb exchanges are relevant, DGLAP evolution is generated
up to the scale of the last Coulomb exchange. Also note that, in the infra-red finite
reformulations of A and B, DGLAP can be found in the B,, for n > 1.

4.2 Some familiar resummations

In this subsection we show how to resum a number of observables in e™e™ — hadrons. The
idea is to use well-known results to illustrate the use of the algorithm. The simplicity of
the hard process means we can use H(Q) = N oyl for the hard-scattering matrix. We
perform all calculations using the LL recoil from section 2.4.1.
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Figure 8. How DGLAP and fragmentation evolution can be constructed from the ay expansion
of our algorithm. The vertical dashed lines here correspond to a cut on all external legs (incoming
and outgoing) and the grey blobs represent the hard process, i.e. the amplitude evolves from the
right grey blob to the vertical dashed line and the conjugate amplitude evolves from the left grey
blob to the vertical dashed line. Solid lines indicate hard partons and blue lines collinear partons.

4.2.1 Thrust

The resummed thrust distribution was initially computed at LL accuracy in [53], then at
NLL in [54]. The current state-of-the-art computation is at N3LL [55]. Thrust is defined as

‘n
T = max 7va p-n

Con Y lpl

where the thrust axis m points along the initial hard parton axis at leading-order

(4.9)

in the soft and collinear limits; see section 3.1 in [54]. We will only need to define
thrust for 3 partons; of which 2 are hard (p; and p2) and one is soft (k). We can
work in the dipole zero-momentum frame using p, = E4(1,0,0,1), p; = E4(1,0,0,—1),
k = (k, coshy, k|, Kk, sinh y), and we can fix 2F; = 2E; = Q). Thrust is evaluated as

T=1

k1 cosh |y| — k sinh|y| (ki)
— +0|=]). 4.10
Q Q2 ( )

When calculated in the hard-collinear limit, we can let 7= 1+ O(k? ) as all partons lie on
the thrust axis up to sub-leading contributions. The thrust distribution Rz is defined as

.1 dz
RT:/dTTr(H(Q))dT/. (4.11)

As thrust is global, the calculation is most readily performed using the manifestly infra-red
finite version of variant A (see section 2.5). Using this, all terms with one or more
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emissions cancel exactly. The measurement function u(k, {0}) is

k:gf@ cosh |y| — /-c(f(D sinh |y|

u(k,{0}) =0© (1

5 (4.12)

T>.

This is unity for a hard-collinear emission, since |y| — oo at LL accuracy. This kills the
hard-collinear terms, since they contain a factor (1 — u(k,{0})) = 0, which is as expected
since they contribute no double logarithms. Thus we can immediately write

S(T) =Tr (Voo Ve o0)on

20 Q k'l r4s,
=T S'IF-‘]-']I‘Q/ L /m k
(aq) (qd)
k™ cosh|y|— k™ sinh |y Do Pi B
xO | T—14+-+ L k3 ] N oy
( Q * (g B (pg ) !
After integrating
20 Q dk(q@ 00

X(T)="Tr (exp - T3 ']I'q/o kﬁf@ 2/0 dy 0;;(k)© ( g (1 T)) N; ou,
- O o o2 (L N1 4.14
= exXp ? ¢ ‘g n ﬁ ¢ OH- ( . )

Here we used the fact that 6;;(k) restricts the integration so that ky < @Q. The colour

trace can be evaluated to give

X(T) Qs | 9 1
Ls e (1 2Tr T9 . T9TY . TY
To |z M7 (Tg - TgTG - Tg) + ..
Qg 1
- L2 (4.15)
57,2
) - “eem? (Y ¢ [ ez ()] ) +
- ¥ 1-T ¥ 1-T
o 1
= N, ——CpIn? [ —— )| .
2 ()
And so we obtain the familiar result:
1 d¥
Rr= | dT ———— —
o= [ gy 16
— —%C dT’M —%C n? 1 (4.16)
=T xF 1— PR \aCr) |
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4.2.2 Hemisphere jet mass

The hemisphere jet mass is subject to non-global logarithms, which greatly increase the
challenge of resummation. It was first resummed at LL and LC in [12]. The current state-
of-the-art is split between fixed-order computation (a2 with leading colour [56] and af
with full colour [57]) and resummation using numerical techniques to introduce full colour
dependence with sub-leading logarithms [58]. The measurement function corresponding to
the hemisphere jet mass in ete™ — hadrons is

ui({ai}) = [ (©(q€5F)+6(q € 57)0(p—mu)), (4.17)

q€{qi}

where S; and S5 are the hemispheres centred on the two primary jets. my is the total
invariant mass in the 52jE hemisphere. The measurement function can be simplified by
considering m4

2
4q;
m2 = E: 2 - q; = E: 2EiEj<1,/1E§). (4.18)
(2

+ +
qi,95 €55 qi,q5 €55

At the order we will perform the calculation we only need to consider one emission, hence

ui(ql) = @(ql S S;F) + @(ql S S;t)@ <p2 — 2E1Ei + 2E1E:|:\/1 — q%J_/E%> ,

O(q1 € S5)+O(q1 € Szi)G) (p2 —Q(q11coshy —q 1 sinhy)) for B < E4,
|0 € 5T+ 0l € 5510 (0 - Frat L) forg, 1 < B,
(4.19)

where E is the energy of the quark/anti-quark defining the Séﬁ hemisphere and Q = 2F..
Note the similarity between this and the measurement function for thrust, which is expected
since it is well known that, at lowest-order, thrust can be expressed as the sum over the
two hemisphere jet masses defined by the thrust axis.

Again, we can use the manifestly infra-red finite version of A to find X(p):

. 7 - £V X L Vil L val
E(IO) :Tr(VO,QVO,Q)Nc 1O-H_‘_/dHlTr |:V0»(hJ_DlVQIL,QVqli,QD.{VO,q1Lu(ql)
1 , (4.20)
V07Q11_ {V%J_,qull,Qv QD%}VO,qlLU(Qlu{Q)})} @(Q_QIL)NC_IUH+' ..
From the calculation in the previous section, we can immediately write
. 2
Tr(V07QV(Jf)Q) = N.exp [— asCF In? <Q>] . (4.21)
b 7T p

This gives the global contribution. The non-global contributions are found by evaluating
the remaining terms (corresponding to summing over real emissions in (2.61)). This cal-
culation can be found in [25], where the non-global terms are evaluated using the FKS
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algorithm, which is entirely sufficient in this case. Hence we find

2004 as\2 In 2
S(p) = o exp [— ~2Cp In? (Q/p)} (1 — CACHC(2) (?) <Qz/p>
(4.22)
2 as)3 In(Q/p)?
4.2.3 Gaps-between-jets
The LL measurement function in the case of gaps-between-jets is
Un(Qly ceey Qn) = H (@out(Qm) + @in(Qm)@(QO - Qm,L))’ (423)

m=1

where the ‘in’ region corresponds to two cones centred on the two leading jets and the ‘out’
region is the region between these cones. The observable vetoes emissions in the out region
that have transverse momentum greater than Qg. At order a2 this observable is sensitive
to super-leading logarithms [13, 14]. These will be correctly calculated using variants A, B
and their manifestly infra-red finite versions, but not their factorised form unless Coulomb
exchanges are interleaved as in section 3.3). Using the manifestly infra-red finite version
of variant A we correctly find that

2a;CFY1n(Q/QO) (14 0(a?)), (4.24)

SPR—

where Y is the rapidity range of the out region and the (1 + (’)(a?)) factor is the stack
of non-global logarithms, which can be computed by considering real gluon emission into
the out region, as encoded in (2.61). These were calculated up to O(a2) in [13, 14, 59].
We note a kinematic maximum on the rapidity of an emitted gluon, i.e. 2|y| < Yijax =

In (% + % — 1). This means that as Y — Y.« all soft radiation goes into the in

region. At leading-order in the soft approximation Ypax = In(Q/Qo), i.e. for Y > Vi ax the
observable becomes doubly logarithmic.

5 Conclusions

Our primary goal in writing this paper is to provide the theoretical basis for the future
development of a computer code that is able systematically to resum enhanced logarithms
due to soft and/or collinear partons including quantum mechanical interference effects. The
algorithm we present, and its variants, are (mostly) Markovian and their recursive nature
makes them well suited for the task. First steps towards this goal are under development,
using the CVolver code to perform the colour evolution [60-62].

The algorithms in this paper correctly account for the leading soft and/or collinear
logarithms, though we have been careful to try and present them in such a way as to make
the extension beyond LL possible. For example, we have taken account of the momentum
re-mappings that are necessary in order to account for energy-momentum conservation and
we have included g — @ transitions which are strictly single logarithmic.
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A Splitting functions

The splitting operator P;; (see figure 2), which is explicitly used in variant B of our
algorithm, is built from the spin dependent DGLAP splitting functions [38, 64]. It is an
operator in colour and helicity spaces and is defined using the spinor helicity formalism [39].
We use the convention v(p, \) = C@'(p,\) where C' = iv%4°, which defines our crossing
symmetry to have no global minus sign. Using rotatlonal symmetry and parity invariance
one generally can write M({\;}) = M*({—\;}) where M is a matrix element and {);} the
set of helicity states on which M depends. Together these define the correct treatment for
antiparticles, which should evolve as if they are particles with the opposite helicity. Thus
Pz‘j is

277
P, =0, | gfinal Pyq Tg SH Zi "qq (T? s—Li
i 72 J ( QCF 1+Z qlp] QCF 1—|—Z [p]qz ]® )

+ 1 W”(Tg S+1)+ (l_zi>2pgq WU(T9®S )
2Cp(2— 221—1—2 (pjgi) 20r(2—22;+22) quj]

2P 1
+8, _1afinal (T9eS™ oy o (Tjest
5.77_7 ( 2CF 1+Z pj‘]z QCF(1+ZZ'2> <qipj>( ’ )

WZJ (Tg S+1i ))

WZJ T9®S
( ot \/QCF(2—221+23) (Pjai)

final (1-2;)2Pyq 1 i 7 omlm2atd
o 16 _ —1)(TYRPLP2S* 3
ot (\/QTR(l—Q%(l—Zi)) [Pji] (WE =T OB S T)

n % Pag 1 (Wij_ﬂ)(']l‘q@)PzS*%i)
2TR(1-22(1-2)) [pjai] 7

ng 1 1
+ — T!]@S‘i‘ [
\/2CA(1—Z¢+Z§)2 <Qipj>( J )
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24 Pyq 1 , Pgg(l—2))* 1 ,
+ . —(T9®S™") + T —— (TY@P;ST"
\/2CA(1_21‘+Z¢2)2 [Qipj]( g ) 2CA(1—2+27)? [quz‘]( s &S

final (1—%’)277(19 1 ij 7 omplp2e—1i.
o <¢2TR<1—2%<1—%>><qmj>(w DOIGERES ™)

+ %Pag L (Wi —1)(T!@P2S+2:)
2TR(1-22;(1-2)) (:P;) 7

Pyg 1 1
TIRS™
+\/2CA(1—zi+zi2)2 [ﬁ]%]( J® )

24Pgg 1 . Pyg(1—2z;)* 1 .
+ L —(T9@STh) + 99, =% —(TY@PiS™
\/QCA(l—»’Jz‘JrZ?)2 (quz‘>( ! ) 2CA(1—2+27)? <Qipj>( sOFS )

2
e e "P
45 51_nlt1al - TQ@S"_li + “i"ag TQ®S_1i
5531 a( Ce(1-+27) Taipy) e+ el )
(1—2i)*Pyq 1 ij Li
\/nfCF(l_QZi(l_Zi)) [pjqil T )

Z-Qqu 1 L] )
+ : Wi (T @S~
\/nfCF(l_QZi(l_Zi)) (gip;) T )

Zizpqq 1

it [T P 1
+5 . 51;11t1al - qq Tg®Sfli + TQ®S+1Z.
N\ e bl M G a5

(1—2i)*Pyq 1 ij —Li
n W(TY @S~
\/nfCF(l_QZi(l_zi)) (gip;) T )

n % Pag 1 Wi (T9 @)
nfCr(1—22(1-2)) [pjqi] !

e 2nsP 1 5
5. . ginitial \/7 [ 9q T!@P2ST2:
+ 85,195 2 TR(272Z74+212) <p]%>( j® ! )

27’Lf(1_Zi)2qu 1 1mp2a—+ P 1 1;
+ T!QPIP?S™2:)+ 99 TI®ST
\/TR(Q_QZH‘Z?) [Qipj]( s OGS ) Ca(l—zi+27)? <qipj>( ! )

21 Pyq 1 Pyg(1—z)* 1
+ : TIQS™) 44| 72— TIQP;S™h
\/cA<1—zi+z3>2 A AR T e e A A

o 1 2n+P 1 3
5. 51p1tlal\/7 £ 9q Tq PZSiii
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2n¢(l—z;)2 1 1

Tr(2—22+27) (pja) Ca(l—z+27)* [pjail

+ d TY®ST) + 99 ! T!oPlSTh)]. (A.1
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Here s; is the spin/helicity of parton j and z; is the momentum fraction between parton ¢
and its parent parton, j (asin (2.9)). ']I‘? are the basis-independent colour-charge operators
for the emission of a gluon [25, 65]. ’]I‘;]- is the colour charge operator for the emission of a
qq pair from a gluon. In the colour flow basis it is

VIR
N
where 7; exchanges the anti-colour lines associated with the colour line of parton j. For

T¢ = /TRl - Y, (A.2)

example, let parton j have colour line ¢z and anti-colour ¢5, 7; would exchange anti-colour
lines ¢z and és. A full definition of 7;, and other colour flow operators, can be found in [25],
where 7; is written s, 3. Note Tq Tq Tr1.'9 We have defined S® as the operator that
adds a parton with helicity s. Just as TY - TY = C;1, it can be shown that S*-S° = 1. We
have also defined a ‘swap’ operator, W%, which swaps the colour and helicity of particles i
and j. Finally, we defined IP’} as the operator that flips the helicity of parton 7 and }P’? that
halves the helicity of . There is some freedom in how we introduce operators to keep track
of the evolving helicity state (for example one could have instead made use of (S*)f, which
deletes a parton of helicity s). Examples to illustrate the use of these helicity operators
can be found in appendix B. The (unregularised) collinear splitting functions are

1+ 22
Py =C ,
1 12
1+ (1—2)2
Pyq = Cp————,
99 = T (A.3)
Pyg = nfTr(1 — 22(1 — 2)),
z 1-=2
Pgg = 2Ca <z(1—z)—|—1_z+ ~ )
It should be understood that P;; always acts as
P,OP!, = 53(”;*“)?” oSV o1 @ S(“ﬂ ot (A.4)
v, 84, S}
where Sgi.]j ) s a generalised spin operator and S, (5 2%) i a c-number coefficient corre-

7,’1

sponding to a v; — v splitting. For example, when j is a quark
P;OP} = 598t 0T @8t 451 T ost 0T T @s 1t
+8Y TS 0T oSt + 59 T es 1 0T T gs 1t
+S T eWISY 0T @St TWi + {9 T oWish 0T s~ twid
+SUTITIWISH O T @St Wi + 5 I T o Wis 1 0T @S~ W,
(A.5)
where

. (5]ﬁna1 5}nitial . 5§ina1 5}nitial
Z SS?ZU Paq Cp — + + Pyq Cp — + . (A.6)

o 4qi-pj 2z G- pj 4qi-pj 2z G- pj

10Strictly speaking this is only valid when acting on a physical matrix element.
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The Sudakov factors in variant B can be written in a variety of ways using

1—x

1-z 1-z -z
/ dz Pyy = 2/ dz 2Py and / dz (Pyq + Pyq) = 2/ dz 2Pyq.

x

Note also that there is a subtle factor of two difference between initial state and final state
splittings in P;;. The factor arises as partons in the initial state must be convoluted with
PDF's which changes the pole structure of splittings and increases the number of diagrams
that must be summed over relative to splittings in the final state. In the final state (without
fragmentation function dependence), soft poles from real emissions can be found at both
z =1 and z = 0. These poles cancel the poles from loop diagrams. For real emissions in
the initial state, the z = 0 poles are absent due to kinematics whilst the z = 1 poles cancel
the poles from loops. The factor of 2 ensures the correct pattern of cancellations.

Finally, we also note the factors of ny, the number of quark flavours, in P;;. They are
present since we sum democratically over flavours whenever there is a ¢ — ¢g branching.
Note that since we always evolve away from the hard process this means that we sum over
quark flavours in the case of an initial-state ¢ — gq branching. Care must be taken however,
since if the branching cascade terminates with an initial-state quark (or anti-quark) then
it is necessary to divide by a factor of n; before convoluting with the corresponding parton
distribution function. The same holds in the case where fragmentation functions are needed.
In section 4, we introduced the * notation to handle this. Of course, one could set ny =1
in the above splitting operators, after which it would be necessary to sum over flavours as
appropriate.

For variant A, we need the hard-collinear emission operator P;;. This operator is
defined at cross-section level through the relation

L ~1 ijQl; ijQ—1;

D o1 T finalrpg S* S™ WS™ WS Z)
P,,OP! =P,,0P! ﬂi@( —_+ ——t———+ )
IR TR0 P\ Tz aips) | VI—zbia] | VE G /Zib)]

i St sl wist  wis\ T

xOT? ®< —+ —+ —+ = >
V1—zilap;) V1-zipja] VZ({pia) /Zlaibj]

- St S~
_ 261p1t1ang ® < + >
! T \WV1=zi{apj)  V1-zilpjail

i Sli S—1Li T (A )
x OTY @( + ) ; 7
J VI=zi{qip;)  V1—-zipjq]

where O is a generalised operator. Note that ... P;; (’)P;rj ... is not necessarily Casimir in
colour. However, as we observed in section 3, ignoring Coulomb contributions, the collinear
physics can be factorised and becomes colour-diagonal after taking the trace. Therefore,
for processes where Coulomb terms do not contribute (e.g. ee™ and DIS) we could use
the emergent colour-diagonal structure to greatly simplify the P;; and P;; operators. For
example, we could redefine P;; with a simpler amplitude-level statement. To this end, we
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can introduce the hard-collinear splitting functions;

Pag = Pqgq — 2CF1 — = —Cr(1+ 2),
figl;mal = Pgg — QCAl i o= 2CA C +2(1—2) — 2>
Pl — Py — 2Ca [ 2@% =2Cs (2(1—2) —2) (A.8)
Pl — Py, — QCF% —Cp <1+(12—z)2 _ z> Lo p
Pag = Pyg-

The newly simplified ?Z-j is equal to the operator found by substituting P+ P inside P;j,ie.

final final 75final initial initial 75initial

0;" Pyg = 0" Py, and 65 Pyg e 65N P
This new P;; operator is constructed so that when used in the Lh.s. of (A.7) the expression
becomes exact after a trace is taken. Additionally, it correctly computes spin correlations
after collinear factorisation. Simplifying the collinear emission operators would be very

pertinent to an efficient computational implementation of our algorithm.

=)

Pvivj

they are defined with all colour factors removed:

and Py, are splitting functions used exclusively in our Sudakov factors and

| 1
Poq = qq_1_z:_§(1+z)’

—o o 1 14+(1-272 1

Pga =Py z 2z 2’ (A.9)
Py =Ppy =151 —22(1 - 2)),

— 11

ngngg_:—;:(Z(l—Z)—z).

In section 3.1.2 and section 4 we make use of the plus prescription (see (3.22)). Ap-
plying the plus prescription means

1 1
/dxf(I)Jrg(x):/ dz [f(z)g(z) — f(2)g(1)]. (A.10)
0 0

The plus prescription is, in our case, is defined by

/da:P(:c)+OPT(a:)+u(x) :/dx [P(:c)OPT(x)u(a;)
u(l)

—Pl(2)Py(2) O == —OPl (z)Py(z) u(l) . (A11)

2
where the structure of the subtraction terms is determined by the corresponding structure
of the virtual corrections and this simply means that Py is determined using (A.1) but
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with parton j always treated as if it is final state. The two splitting functions affected by
the plus prescription are

1+22\ 1+z 3
ramer (Y25) =er [ o)

A2
z 1—2z ( )

ng = QCA <(1—Z)+ +Z(1 —Z)+

) + %(110A dnsTR)S(1 - 2).

For the other parton branchings, P;; = P;; where 1, j labels parton type.

B Connecting to other work on spin

Our goal in this appendix is to show how our treatment of spin connects with the work of
others, specifically that of Collins [66] and Knowles [67]. We will begin by re-capping the
calculation of the tree-level ¢ — qg collinear splitting using the standard notation. The
matrix element is

g
M?jls ("'aphpj) ZgT}lef\au(pj)aSz(pl)’yu 2 - . Mgl(aplj)a (Bl)
i\ J ng + 1€

where p;; = p; + p;j. MY, is the spin-dependent n-particle matrix element, carrying
n spin indices. M” is defined so that s, (p”)/\;l’;l( - Pij) = M, s, (-, pij). In the
collinear limit, pij is on shell and so we can express it as a product of on-shell spinors, i.e.
pl.j => sy Usij (pij)Us,; (pij). We can then further simplify by replacing Dirac spinors with
massless Weyl spinors, defined in the chiral basis as us = (Zsa, y;rd)T. To avoid clutter, we
will temporarily drop colour factors, factors of g and the denominator of the propagator.
We find

M Copinpg) o €, (i)Y (pi)o Byl (pu)M" (-5 pij) 0,1

l
2 2 (B.2)
+€§ju(Py)~’U (i)t Bﬂf,%g(Pij)Mz ,5(-‘-7192])5

1

2
We can now employ the spinor-helicity formalism [39]. Also applying a Sudakov decompo-
sition, as defined in section 2.2, the matrix element becomes

n+1 »
Ms1 85 (-.-,plapj =g f\/CFj p]pz 81_._5(-..,])2])5 ’7(5)\]71
z 79
j (B.3)
ol s ( pij)d, 16
! Cr( 1+22 [Pzp 1% s lig )0, 20N, 1
o f\/E[pzp 1"'7%(."’pij)(ssn—%é)‘jﬁl‘
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Therefore, for each fixed value of A; there is an amplitude level decay matrix Dgf‘gi de-

scribing the transition of a quark with spin s;; to two partons with spin s; and A so that
MZ;FISZ A\ = Dg‘;l)]./\/lgl s;;» Which can be determined from the above expression. Equivalent
calculations lead to decay matrices for each possible collinear splitting. When computed
for initial-state collinear splittings, these matrices are amplitude-level spin-density matrices
and we denote them with an S instead of a D.

Current parton showers deal with spin by algorithmically evaluating cross-section level
spin density matrices. Consider a 2 — 2 scattering, where each hard parton is coloured.

Then
do o< pL1), P2, Miysasasi M3 g6, D pW (B.4)

815/1p325 S S’ngsg 8353 845217
where M is the full spin-dependent hard matrix element. Summation over spin indices
M and p(z)

015 . are cross-section level spin-density matrices.
1

is implicit in this expression. p <
2

DSZ; and Dgiﬁl are cross-section level decay matrices. D and p are calculated from prod-
ucts of amplitude level matrices, D and S respectively. For instance, after n emissions from
parton 1:
pg)s,l =Y [shstest L shgh T shatgratghit)
A}
where usual matrix multiplication is implied. The algorithm of Collins and Knowles is able
to determine the spin density and decay matrices such that computational time only grows
linearly with the number of partons [66-68].
Now let us turn to the calculation of splitting functions in our notation. We write

MTL

4.5, = (81...54| n), which ignores colour since it is not our focus here, i.e. more

correctly we should write M = ({(c1...cn] ® (51...8,]) In). We wish to define

C1...CnyS1...8n
an operator Pj_,;; that adds a new (collinear) particle (j) to |n) that is emitted off leg &,
Le. [n+ 1e) = Zke{n} Py_ij|n).

As before, we will focus on the ¢ — ¢g collinear splitting. Note that MZIJ_F}SI_M\J_ =
(5184, A\j| Pr—ij [n). Inserting the identity gives

M?ﬁsi,Aj = (s1...8i, Aj| Py Z |1 sk (s sk In)

/ /
81...Sk

o (B.5)
=) (5108, A Prsij s $ie) M, sy
Sk

Comparing to (B.3), it follows that Pj_,;; is (for ¢ — qg)

P, 1 1,
<81...8i,)\j’Pk_)ij‘81...82>:ng sza)m<81...8i,lj‘8 J ‘81...8;C>5

22P 1 L !
+ng\/E<pjpi> (s1...8i,1|S" |51---Sk>58w%5%"1
ZQqu 1
+ngm [pips]
Payq 1
+ng\/@ )

Siéé)‘jvl

S1. ..Si,—lj‘Sflj ‘81 . ..S;>65i7%(5)\].7,1
51

{
{

...Si,—1j|S_1j ’81 . ..s%>5si’7%(5>\j7_1.
(B.6)
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S% must satisfy (s1...s;,s;]S% [s1...5}) = ds;,5, - More generally, we require

J

sty AN
(81...584,8j]S% ‘51--‘5k> =05y 8 - 81.78;6553.789.

This is the definition for S* presented in appendix A.'!
( )

We will now construct a decay matrix D o> for a final-state hard parton j using the

spin operators we have just introduced. Let us first consider the situation where there are
no soft interactions and only include emissions from the initial primary leg, j:

do x

ZZ (n; j| VI oPL Vi VI P VE VP Vo Vo Py, Vi Ingj)

(B.7)

where the partons in the set {i} are transverse momentum ordered. V,; is a Sudakov

as [P+ dk dzde
VTbexp[ a / =L g ’]1‘“2/ ° ¢7va]]- (B.8)
da L

v

factor:

We can evaluate (B.7) by inserting identity operators and extracting Sudakov factors, which
are proportional to identity operators, into a single numerical factor. Hence

do ZZZ#“ it il n]|5]><sj\P;fl. PTP Py

n {i} sjsj

i) (55 i) (B

where each P;r is a ‘pure’ colour-helicity operator with no scalar pre-factor. For instance
P, = ’]I’? ® S in the case of a q"'% — q+ +1 gplitting or P; = Tq ® P}P?S_li in the

case of a g7 — ¢ 2q 3 splitting. #“J ”Z i is a c-number coefficient built from helicity
1

dependent splitting functions and eXpanded Sudakov factors. We can now make the link
with the previous approach, i.e.

T
8]8, _Zz#n And .l SJ‘P Pl/l s

The expectation value is calculable and equals a product of n Casimir co-coefficients, e.g.

i (B.10)

if parton j is a gluon and each operator P; corresponds to a g — gg splitting then the
expectation value equals C} (up to a normalisation for the colour evolution).

Following this procedure, spin-density and decay matrices can be derived using the
algorithm presented in this paper. Let’s see this explicitly. Knowles’ algorithm calculates
spin-density and decay matrices using other intermediate matrices p’, p”, D’ and D" [67].
We will calculate p’ using the factorised form of variant B (which we refer to as B-f), with
LL recoil. pl, describes the distribution of spin states for a give parton after a single

HRepeating this procedure for the other splitting operators leads us to introduce the operators W P}
and P? used in appendix A.
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collinear emission. It is normalised by the trace of itself so that it maintains a probabilistic
interpretation. Knowles begins by defining

*
! !
Zsl,s’l,sg,s’z pswl %1828%15/25/58282

k
g ’ / / ‘/ [/ (S ’
$,81,571,52,85 /05151 51828 5’13’23 8285

Pos = : (B.11)
where p is a spin density matrix for a parton in the hard process that is to be inherited by
a forwardly evolving shower. In the language of this paper p,, o o (s1/H(Q) 181)12 Vi, sos
is the spin-dependent collinear splitting function for the transition s; — sso with parton
type indices suppressed. Importantly, parton type indices are not summed over in V, g,s.
When using Knowles’ algorithm, it is assumed that the structure of a cascade has already
been fully decided; all except the spin that is.

Consider a term from B-f corresponding to one collinear emission from a final-state
hard parton. Labelling this term P’, we have

P = 2525’2 <S, 52 ‘W’anrl Lﬁ:l+1vjn+1L:Q do(n, O)V%HL7(91)71:1VLJ;%JFIL s, 5’2> 5825/2’
Tr(Viguir D1V, 1,0do(n,00Vy 0 oD Vg, )
D sas) <s, 52 ‘PQ W H(Q)PL,| ¢, s’2> 05y,
- Tr(Py H(Q)P)) ' (B.12)

We have used the LL recoil with variant B and so integrals over the recoil functions were
trivial. In the second line, we have labelled the collinear parton as parton 2 and the hard
parton as parton 1. We can insert identity operators and evaluate the trace explicitly to find
231,3’175273/2 <S7 82‘ P2 1 ’81> <8/1‘ P‘IZ- 1 ‘8/7 8/2> pslsll 6523/2

25,51,3’1,52,3’2 <S7 32| P31 ’81> <8/1‘ P;l ‘87 3/2> p818'15825,2

P, = (B.13)

Now note that (ssa| Paq |s1) = Vi, s,s, With the possibilities of parton 2 being a gluon or
quark summed over. Hence

*
- 226{(1’9} Z3175,1’5275,2 pslsll‘/'slszs‘/;/lslgs/582sl2
— : ‘
22e (a9} 2us,sn,8%52.55 Porst Vorsas Vil o Osash

/
ss!

(B.14)

Thus, we have made the link to Collins and Knowles. If we pick either the quark or gluon
term in the numerator and set it 0, then renormalise P!, against the trace of itself, we find

Pz _ D Pt Vorsas Vi by,
88 2575175/1,5275/2 05153%1828‘/828,285825/2 s8
When comparing with Collins and Knowles it was necessary for us to pick a species for
parton 2 as their algorithm is defined for pre-determined decay chains. This is why p’
is typically used without a label specifying the species of the partons involved, as their
species is always provided by context.

12For simplicity we suppose H(Q) to contain a single propagating particle. If we were to introduce more
particles we would have more indices/states to keep track of. This is because collinear emissions do not
involve interference terms.
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We will finish off by calculating p.  for a ¢ — gg splitting. py, ¢, 1s hermitian and so
can be expressed as p,, s = 1+ pio; where o; are the Pauli matrices. Using (B.13) and
normalising correctly gives

2 2
~ P, ~ 22P,
2q.piN/ 7452 P++ +24.Din/ T35 P+ 1
1 (g— 1+z 1+z
Pl . =51 +p3),
(2(1-151'

2

2
P /2P
s+ 2090/ 75 > (p++ +p—)

~ P, 2P, ~ > 2P
/(4—49) 2q'p"\/1+% Tt et + 2q‘pi\/u% T r+ z .
P+_ N P 2 2p 2 - 1+ 22 (Pl - Zpg),
= ~ z
<QQ-pi 14:;2 + 2q.pim > (p++ + p,,)

where ¢ is the momentum of the gluon and 1 — z is its momentum fraction. We also used
(api) (abi)" = lapillapi]* = 2q - ;. It follows that

(B.15)

2 .
p'la—a9) — 1 1+ps 14:22 (1 —ip2) =/ (¢—a9) (B.16)
2\ 2% (p1 +ip2) 1— p3

Similarly, matrices for the other collinear splittings can be found. The most algebraically
complex is the g — gg splitting (as usual). In that case

(172 +2(1 — z)) P3 _ p/(g—>gg)7 (B.17)

p'la—=a9) _ 4 =
++ + %ng + 2(1 — z)(cos(2¢)p1 + sin(2¢)p2) o

where ¢ is the azimuthal angle to the plane of the splitting. The exact angular dependence
depends on the definition of the Weyl spinor products. We have chosen the definition so
as to match with the matrices defined in [67], where a factor ¢/(*1752=%)% has been pulled
out from the definitions of Vj s,s.

Open Access. This article is distributed under the terms of the Creative Commons
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